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OPTIMAL CONTROL OF NONLOCAL RADIATION 1

Abstract

We consider a control- and state-constrained optimal control problem governed by a
semilinear elliptic equation with nonlocal interface conditions. These conditions occur
during the modeling of diffuse-gray conductive-radiative heat transfer. The nonlocal
radiation interface condition and the pointwise state-constraints represent the particular
features of this problem. To deal with the state-constraints, continuity of the state is
shown which allows to derive first-order necessary conditions. Afterwards, we establish
second-order sufficient conditions that account for strongly active sets and ensure local
optimality in an L?-neighborhood.

1 Introduction

In this paper, an optimal control problem is investigated that arises from the sublimation
growth of semiconductor single crystals such as silicon carbide (SiC) or aluminum nitrite
(AIN). To be more precise, the physical vapor transport (PVT) method is considered, where
polycrystalline powder is placed under a low-pressure inert gas atmosphere at the bottom of a
cavity inside a crucible. The crucible is heated up to 2000 till 3000 K by induction. Due to the
high temperatures and the low pressure, the powder sublimates and crystallizes at a single-
crystalline seed located at the cooled top of the cavity, such that the desired single crystal
grows into the reaction chamber (see [11, 16] for more details). Here, we focus on the control
of the conductive-radiative heat transfer in the reaction chamber, which is denoted by (2.
More precisely, we aim at optimizing the temperature gradient in €2, by directly controlling
the heat source u in 0, := Q\Qg, where {2 denotes the domain of the entire crucible including
the gas phase. Thus, the objective functional, considered here, reads as follows:

1
(P) minimize J(u,y) == = [ |Vy — 2|> dv + b u® dr,
2/q, 2 Ja,

where y denotes the temperature, z is the desired temperature gradient, and (3 is a given
positive real number. Because of the high temperatures, it is essential to account for radiation
on the outer boundary I'y := 9 and on the interface ', := Q, N ﬁg. Thus, y is given by the
solution of the stationary heat equation with radiation interface and boundary conditions on
I', and Iy, respectively:

( —div(ks Vy) = u in €
—div(ky, Vy) =0 in
Iy Iy
SL — — r
(SL) (an) " (8n) & onl,
K @+sa|y|3y:50y4 on 'y
\ 88710 0 ’
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where ng is the outward unit normal on I'y, and n, is the unit normal on I, facing outward
with respect to €2,. Furthermore, o represents the Boltzmann radiation constant, € is the
emissivity, and ks, k4 denote the thermal conductivities in €2, €2y, respectively. Moreover, g,
denotes the additional radiative heat flux on I', which is discussed in more details in Section
1.2. In addition to the stationary semilinear heat equation, the optimization is subject to the
following pointwise state- and control-constraints:

ug(z) < wu(r) < w(z) ae in Qg
(1.1) vo(z) < ylx) < wlx) ae in Qg
Y(x) < Ymax(z) a.e. in Q.

Here, u, and w;, reflect the minimum and maximum heating power. Furthermore, y|q, has to
be bounded by ynax to avoid melting of the solid components of crucible in 2,. Finally, the
state-constraints in {1, are required to ensure sublimation of the polycrystalline powder and
crystallization at the seed, respectively.

The pointwise inequality constraints on the state and nonlocal radiation on I'. represent the
crucial points of the problem. First, pointwise state-constraints are known to be theoretically
and numerically difficult to handle since the associated Lagrange multipliers are in general
only regular Borel measures, see Casas [5, 6], Alibert and Raymond [2] and Bergounioux and
Kunisch [4]. Moreover, due to nonpositivity of G, the nonlinearity in the state equation in
(P) is in general not monotone (see for instance [17]) such that standard techniques cannot
be applied. The analysis of the purely control-constrained counterpart to (P) is already
comparatively comprehensive. Based on the results of Laitinen and Tiihonen [12] for the
nonlinear state equation, first-order necessary conditions for this problem are derived by
Meyer, Philip, and Troltzsch in [15]. Moreover, in [14], second-order sufficient conditions are
established incorporating a generalized two-norm-discrepancy. However, these results cannot
immediately be transfered to problem (P) due to the presence of pointwise state-constraints.
Therefore, the inclusion of state-constraints represent the genuine contribution of this paper
and requires to significantly extend the analysis of the aforementioned references. First, one
has to show the continuity of the solution to (SL) which is performed in Section 2 by means of
results on maximum elliptic regularity by Groger [10] and Elschner et al. [9]. Based on this, a
duality argument allows to discuss the adjoint equation involving measures as inhomogeneity
(cf. Section 4), which leads to the derivation of first-order conditions in a standard way
(see Section 5). Finally, in Section 6, second-order sufficient conditions are established that
account for strongly active sets and guarantee local optimality with L?-quadratic growth in
an L?-neighborhood, i.e. the two-norm discrepancy can be avoided. The associated analysis
follows the lines of a very recent contribution by Casas et al. [7].

1.1 General Assumptions and Notation

We start now by introducing the general assumptions of the problem statement including
the notation used throughout this paper. If X is a linear normed function space, then we
use the notation || - ||x for a standard norm used in X. Moreover, we set X? := X x X.
The dual space of X is denoted by X* and for the associated duality pairing, we write
(., .)x+x. If it is obvious in which spaces the respective duality pairing is considered, then
the subscript is occasionally neglected. Now, given another linear normed space Y, the space
of all bounded linear operators from X to Y is called B(X,Y'). For an arbitrary A € B(X,Y),



OPTIMAL CONTROL OF NONLOCAL RADIATION 3

the associated adjoint operator is denoted by A* € B(Y*, X*), and for its inverse, if it exists,
we write A™* := (A*)~!. If X is continuously embedded in Y, we write X — Y. The trace
operators on I', and I'y are denoted by 7, and 7y, respectively. Throughout the paper, they
are considered with different domains and ranges. For simplicity, the associated operators
are always called 7, and 79 and we will mention their respective domains and ranges, if it is
important. Furthermore, to improve readability, we sometimes neglect the trace operators
in arguments of boundary integrals. The function 1 € L*(I'y) satisfies 1(z) = 1 a.e. on
I'y, while U denotes the set of admissible controls with respect to the control constraints,
ie. U = {u € L*(Qy) | ua(z) < u(x) < up(x) a.e. in Q,}. Further, A function u € L*(Q)
is called feasible for (P) if it satisfies the inequality constraints in (1.1). Finally, by ¢ we
denote a generic positive constant which can take different values on different occasions.
Now, concerning the data specified in (P), we impose the following assumptions:

Assumption 1.1 (A;) The domain Q@ C RY, N € {2,3}, is a bounded open domain with
a Lipschitz boundary I'y. Moreover, 2, C ) is an open subset of Q) with a boundary
I, € Q. In two dimensions, ', is assumed to be a closed Lipschitz surface which is
piecewise C1°, whereas it is of class C' in the three dimensional case. The subdomain
Q, is defined by Q, = 2\ Q,. The distance of T, to Ty is supposed to be positive.

(Az) The desired temperature gradient z is given in L*(Q,)Y and 8> 0 is a fized constant.

(As) The fized function k € L*(Q) in the semilinear equation (SL) is defined by

| ks(x) ifxe Q,
() = kg(x) if v € Qy,

where kg € L>®(Q) and k, € L>(§,) representing the thermal conductivity of solid
and gas, respectively. Moreover, k satisfies K(x) > Kmin a.€. in 0, with a fived Ky, €

R+ \ {0}.

(Ay) By e € L>®(TyUT,), we denote the emissivity satisfying 0 < emin < e(z) < 1 a.e. on
I Uly. The term o represents the Boltzmann radiation and is assumed to be a positive
real number. The inhomogeneity on the boundary Uy is given by a fized function vy €
L>(T) satisfying yo(x) > 60 >0 a.e. on T'y.

(As) The bounds in the state constraints are Ymax; Ya, Yo € C(QY) with yp(x) > ya(z) > 0 for
all © € Qy, Ymax(x) > 0 for all x € Qy, and Ymax(r) > yo(z) for all x € T',. For the
control-constraints, we assume u,,up € L*(Q) with 0 < uy(x) < up(z) a.e. in Q.

(As) There is a feasible point (y°,u°) € C(Q) x L*(S),) satisfying the state equation and the
inequality constraints in (1.1).

1.2 Some well-known results
In the following, we recall some significant results regarding the nonlocal radiation on I',. as

well as the solvability of the state equation. The results have been discussed in details in [17],
[12], and [15]. We start with the following definition.
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Definition 1.1 The radiative heat fluz q, on I',. is defined by
¢ = (I = K)(I = (1= e)K)) "eoly’ly :== Goly’ly,

where the integral operator K is defined by
(Ky)e) = [ (e 2(e) d,
with a symmetric kernel w. In the case of two-dimensional domain, the kernel w is formally

given by
[n:(2) - (& — 2)][ne(2) - (2 — 7))

w(z, z) ==Z(x, 2) e —af? , Vr,zel,,
and in the case of a three-dimensional domain
w(z, ) = (z, 2) e(z) = 2lmwl) - =)

Tz — x4
Notice that = denotes the visibility factor which is defined by

- [0 ifzEnQ, #0,
“(w’z)_{l if 72N Q, = 0.

For the properties of w and K we refer the reader to Tiihonen and Laitinen, [17]. The following
lemma (see [12, Lemma 8| for the proof) provides some significant properties of the operator
G, which will be useful for our analysis.

Lemma 1.1 The operator G := (I — K)(I — (1 —¢)K) e is linear and bounded form LP(T,)
to LP(T').) for all 1 < p < o0.

In the following, we shortly discuss the existence of solutions of the semilinear equation (SL).
To that end, let us introduce the space

Vi={ve H(Q) | rve L(T,), rv € L¥(Ty)}.

Moreover, we define the operator associated to the left-hand side of (SL) that is formally
obtained by integration of (SL) by parts over the boundaries I, and T. .

Definition 1.2 The operator A:V — V* is given by

(Ao} = [ 59y Vodos [ (GolPoodst [ eolyfye ds. yoeV
Q r To

with G : L°/*(T",) — L>4(T,).

Notice that thanks to the definition of V', the operator A is well-defined and continuous.
Furthermore, E, : L?(Q,) — V* and Ey : L>*(I'y) — V* are defined by

(1.2) (Esu,v) ::/ wdr YveV and (Epz) ::/ zvds Vv e V.
Qs To

Clearly, E, and FEy are linear and bounded in their respective spaces.
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Definition 1.3 A function y € V is said to be a (weak) solution of (SL) if y satisfies the
following operator equation

(1.3) A(y) = Equ+ Eyeoyy in V™.

To show the existence of solutions according to this definition, the theory of monotone opera-
tors is not applicable here, since the operator G is not positive, i.e. v(z) > 0 a.e. on I, does in
general not imply (Gv)(z) > 0 a.e. on I',,, see [13] for details. However, the existence of weak
solutions can be verified by Brezis’ Theorem for pseudomonotone operators, cf. [18]. In fact,
Laitinen and Tiihonen showed in [12] that A is pseudomontone giving in turn the existence
of weak solutions of (1.3). The uniqueness then follows from a comparison principle (cf. [12]).
Furthermore, Meyer et al. [15] showed the boundedness of the solution. We summarize these
results in the following theorem:

Theorem 1.1 Let Assumption 1.1 be satisfied. Then for each u € L*(Q), there exists a
unique solution y € V to (SL) in the sense of Definition 1.3. Moreover, the solution is
bounded, i.e. y € L>(Q2), and satisfies

(1.4) 1yl 2 @) + 1yl zoroore) < (@)1 + [lullz2,) + lollz1s(r,))

with some constant c(§2) > 0.

2 Continuous solutions

Our goal in the upcoming sections consists of providing the first-order necessary optimality
conditions for (P). To accomplish this task, we will utilize the Karush-Kuhn-Tucker theory
(see Section 5 below). Mainly, we follow the lines of [6]. However, to apply this technique,
one has to consider the state constraints in a space such that the convex set, defined by these
constraints, admits a nonempty interior. Here, we choose the space of continuous functions,
denoted by C(€2). Therefore, it is at first necessary to show the continuity of the solutions to
(SL). The subsequent analysis follows a classical bootstrapping argument. Based on Theorem
1.1, one shows that, (SL) admits solutions in the space W¢(Q) with ¢ > N. Afterwards the
continuous embedding W'4(Q) < C(Q), ¢ > N, implies the desired continuity. We start with

a lemma that represents the key-point within the proof of continuity.

Lemma 2.1 There is a positive real number ¢ with N < ¢ < 6 such that the operator B(f) :
Wha(Q) — W' (Q)*, 1/q+1/¢' = 1, defined by

(B(f)y,v) := / kVy-Vode+ [ fyvds, ye W(Q),v e WH(Q),
Q Lo
is continuously invertible for all ¢ € [N, q| and all nonnegative functions f € L>(Ty) that are

positive on a set of measure greater than zero.

Proof. In the two-dimensional case, N = 2, the assertion is an immediate consequence of a
result of Groger [10, Theorem 1]. In three dimensions, N = 3, we apply a result of Elschner
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et al. [9]. First, the Lax-Milgram lemma implies that for every functional g € H'(Q)*, there
exists a unique solution y € H'(Q) of

(2.1) / kVy - Vudz +/ fyvds = g(v) Yo € HY(RQ).
Q To

Let g € WH(Q)* be arbitrarily fixed. Since ¢ > 2, the dual space W' (Q)* is continuously
embedded in H'(Q2)*. Consequently, there exists a unique solution y € H*(Q2) of (2.1) with
g € WH'(Q)* in the right hand side of (2.1).

Now, consider the following equation

(2.2) / kVn-Vudzr + / nudr = gv) — | fyvds+ / yodr Yove WhH(Q).
0 Q T 0

Due to y € H(2) and N = 3, it holds that y € L%(Q) and 7oy € L*T). Hence, since
f € L>(Ty), we have fy € L*3(I'y)*. For this reason, since ¢’ € [6/5,3/2] and because of the
continuity of the trace operator from W1%/5(Q) to L*?(I'y) for N = 3, the right hand side of
(2.2) defines an element ¢ € W' (Q)* with

<&V Sy wid (@)= g(v) — fyvds + / yvdr Vv e Wl’q/(Q).
I'o Q

Therefore, in view of our assumptions on §2 for N = 3 (cf. Assumption 1.1) and Remark 3.18
in [9], there exists a real number ¢ > 3 (independent of f, g) such that for all ¢ € [3,¢], (2.2)
admits a unique solution n € W14(Q). Moreover, the solution can be estimated by

gy M < e < e (Il + 0+ 1w Iyl )

< cllgllwre @
with a constant ¢ > 0 independent of g. Clearly, due to H'(Q) C W19 (Q), 1 also solves
//iVn~Vvdx+/(n—y)vdx:g(v)— fyvds, Yve HY Q).
Q Q To

Subtracting the equation (2.1) from the above equation and inserting v = y—n in the resulting
equation, we have

(2.4) it o, 1} 17— 912y < / RV (1 — y)[2de + / (n— y)da = 0.

Notice that we have used (Aj3) in Assumption 1.1 for the latter inequality. Obviously, (2.4)
implies that n(x) = y(z) a.e. in Q and a.e. on I, UTy. Therefore, possibly after a modification
on a set of measure zero, we have y = 1 in W4(Q).

Thus, for g € [3, ], the operator equation
B(fyy=g W (@)

admits a unique solution in W14(Q) for every given g € W (Q)*. Moreover, (2.3) yields the
continuity of B(f)~': Wh?'(Q)* — Whe(Q). O

For the rest of this paper, let us fix an arbitrary ¢ € (IV, ). Next, let us redefine the notion
of weak solutions of (SL).
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Definition 2.1 The operator A, : Wh4(Q) — W (Q)* is defined by

(Ay(y),v) == / kVy - Vv dz +/ (Goly|*y)v ds +/ ealy|Pyv ds
Q

T To
with y € WH(Q), v € W'(Q), and G : L=(",) — L=(T',). Moreover, similarly to (1.2),
the operators E, s : L*(0,) — WY'(Q)* and E,q : L®(To) — W7 (Q)* are given by

(Eysu,v) ::/ wode, YveWh(Q) and (E,oz ) ::/ zvds, Yve Wh'(Q).
0, Ty

Then, analogously to Definition 1.3, a function y € W14(Q) is said to be a (weak) solution of
(SL), if it fulfills the operator equation

(2.5) Aq(y) = Egsu+ Eqo 50y3 i Wl’QI(Q)*'

Notice that A, is well defined since y € W'4(Q), ¢ > N, implies .y € L>(T,) and
oy € L>(Ty), respectively. Moreover, E,, : L*(Q,) — W7 (Q)* is continuous because

of Whe'(Q) < L*¥(Q) with s’ = ]\][Viq;, = (N,Nl)qq,q > 2 for ¢ <6.

Theorem 2.1 For every u € L*(Qy), there exists a unique weak solution y € Wh1(Q) of
(SL) in the sense of Definition 2.1. Moreover, the following estimate holds true

(2.6) Iy llwra < e (1 llullz.) + 19ollzee o) + lellzz 0. + ol e ry))

with a constant ¢ > 0 independent of u, yo.

Proof. As stated above, we apply Lemma 2.1 to the state equation (SL). First, we observe
that the solution of (1.3) for an arbitrary u € L?(),), again denoted by vy, solves

//@Vy~Vvd:z:+/ yvdSZ/ uvdaz—/ ag(y)vds
Q Ty Qs r

(2.7)
+/ (eoyg + ap(y))vds Yv eV
1)

with ag(y) := y—eoly|’y and ag(y) := Goly|*y. Due to Theorem 1.1, we have ag(y) € L>°(Ty)
and ag(y) € L>®(T',). Now, let us consider the following equality

(2.8) (B(1)n,v) :/Q uvalyc—/F aG(y)vds—i—/F (eoyy + ap(y))vds Vv € Wl’q/(Q).

Lemma 2.1 implies that B(1)~! € B(Wh7 (Q)*, W'4(Q)). Moreover, the right hand side in
(2.8), denoted by w,, defines a functional in W4 (Q)*, which is demonstrated in the following.
As mentioned above, embedding theorems imply W7 (Q) — L?(Q) if ¢ < 6. Moreover, the
trace operators 7, and 7 are continuous from W14 (Q) to L (T,) and L™ (Ty), respectively,
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with ' = (]jv__l;,q/ =1 ]\(,]fl_);)_qN > 1. Hence, Holder’s inequality implies
lwyllyrar (@) = sup }/ uvdw—/ ac(y)vd8+/ (eoys + aoly))v d|
HUHWI,q’Zl Qs r To
< sup <||U||L2(Qs) U2 + lac®) = mn vl
(2.9) ol 1,07 =1

+ (loydllzemo) + ool o) ol
< e(llull 2 + 1Gllsee ) 19l e,
o Nyl + Myllzoeqro) + Iyl cy):

with a constant ¢ > 0 independent of u, 3o, and y. Together with (1.4), the latter inequality
ensures |lwy|lyw1a) < co. Therefore, (2.8) admits a unique solution n € Wh4((Q2), satisfying

(2.10) Inllwra@) < 1B gma @y wray 19yl -
An argument analogously to the proof of Lemma 2.1 implies that
n =y in W(Q).
For this reason y € W4(£2) is the unique solution of
(2.11) B(1)y = w, in W7 (Q)*.

Thanks to the definition of B(1), (2.11) is equivalent to

/HVy-Vvdx—F/ yvdS:/ uvdm—/ ag(y)vds—l—/ (eoyitan(y))vds Yve Wh(Q),
Q FO Qs r I‘O

Thus, by the definition of ay(y) and ag(y), y € W4(Q2) is the unique solution of

//{Vy-Vv dm+/ (Goly|*y)v d8+/ ealy|*yv ds :/ uv dm+/ coyivds Yv e WH (Q).
Q . I Q, T'o

Hence, for every u € L?*(€),), (2.5) admits a unique solution y € W14(Q). Finally, (2.6)
follows from (2.10) together with (2.9) and (1.4). O

Remark 2.1 Thanks to W4(Q2) < C(Q), the solution of (SL) is continuous.

Based on Theorem 2.1, we define the control-to-state-operator G : L*(2,) — Wh4(Q) asso-
ciated to (P), i.e. the solution operator for (SL), that assigns to each u € L?*(£2,) the weak
solution y € W14(€2). With this setting at hand, the optimal control problem can equivalently
be stated as follows:

min S = J(w.G()
GW)(@) <u(e)  Voed,
)

(P) subject to  y.(x) < (E.G
(B.G(u)(7) < Ymax(z) V€ Q,,

where E. denotes the embedding operator from W14(€2) to C(Q). Notice that f(u) is clearly
well defined since G(u) € WH(Q) C H'(Q).
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3 Differentiability of the control-to-state-operator

Next, let us turn to the linearized version of (SL). First, recall a result of Meyer, Philip,
Troltzsch [15], that is the following maximum principle:

Lemma 3.1 Suppose that u € L*() satisfies u(x) > 0 a.e. in Q, while yo € L>®(Ty) fulfills
yo(x) > 0 > 0 a.e. on Ty according to Assumption 1.1. Then, the weak solution y of (SL)
satisfies y(x) > 60 > 0 a.e. in Q and a.e. on T, and Ty.

Now, let u € L?(Q,) with associated state § € W14(Q). Moreover, we assume for the rest
of this section that u(x) > 0 a.e. in €25 such that Lemma 3.1 implies g(x) > 0 a.e. on I,
and I'g. Next, we turn to the derivative of the operator A,, as given in Definition 2.1, at
the point . We already mentioned that 7, and 7y are continuous from W14(Q) to L>°(T,)
and L>(Ty), respectively. Furthermore, the Nemyzki-operator ®(y) := |y|>y is continuously
Fréchet-differentiable from L*°(I, U I'g) to L*°(I, U I'y). Since all other parts of A, are
linear and continuous in their respective spaces, in particular G : L>(I',) — L*(T,), A, is
clearly Fréchet-differentiable from W14(Q) to W1 ()%, and its derivative at ¢ in an arbitrary
direction y € W14(Q) is given by

(A(@.v) = [ 19y Vo de 1 [ (GolgPypo ds
(3.1) ° "
+4/ eo|g)Pyv ds, Yo € WH(Q).
To

By the same arguments, A, is also twice continuously Fréchet-differentiable and the second
derivative at 7 in arbitrary directions yi,y» € W14(Q) is given by

32) (@) lelo) =12 | (Golglymwods +12 [ colglympmvds, Vo e W (@)
s FO

Notice that A!(7) is clearly continuous from W4(Q) x Wh(Q) to W' (Q)*. Now, consider

the operator equation

(3.3) A@y=w in W-(Q)

with a given w € W' (Q)*. Our aim is to show the existence of a unique solution to
(3.3). In [13], an analogous equation in H'()* is investigated. By means of an numerical
example, it is illustrated that the Lax-Milgram lemma cannot be applied to derive existence
of solutions because of the non-positivity of G (see [13] for details). Instead of that, the
Fredholm alternative is employed to prove existence and uniqueness. Here, we argue similarly
which is demonstrated in the following. First, we introduce a linear operator F(y) : L>(I',) —
W4 (Q)*, defined by

(F(g)y,v) = 4/F (GolgPy)v ds Yo € WH(Q).

As already stated in Section 2, the trace operator is continuous from W14 (Q) to L™ (T,),
r’ > 1. Hence, thanks to y € L>°(T',.), F(y) is linear and continuous. Then, together with the
Definition of B in Lemma 2.1, (3.3) is equivalent to

(B(ao) + F(y)7:)y = w,
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where @ is defined by @, := 4eo|y|® such that ay € L>(Ty). Moreover, here and in the
following, 7, is considered as an operator from W14(Q) to L>°(T,). Now, since g(z) > 6 > 0
a.e. on ', Lemma 2.1 is applicable such that
(3.4) y = B(apg) H(w — F(y)1y) = B(ag) 'w — B(ag) ' F(y)7y.
Applying 7. to (3.4), we infer further
(3.5) (I +7.B(a) 'F(@))my = 7.B(an) 'w.
Let us now define a linear and continuous operator F(y) : L>(I',) — L*>°(I",) by
F () = :B(a0) " F(5),
and hence (3.5) is equivalent to
(3.6) (I +F @)y = 7B(ao) 'w in L¥(T,).

We point out that, due to ¢ > N, the trace operator 7, is compact from W14(Q) to L°°(T,)
(see [1]). Hence, F(y) is compact as well.

Assumption 3.1 The operator F(y) : L>®(I';) — L>*(I',) does not admit the eigenvalue
A=-—1

Theorem 3.1 Let u € L*(S,) with u(z) > 0 a.e. in Q, and denote the associated state by
7 = G(u). Moreover, suppose that Assumption 3.1 holds true. Then, for every w € WhHe' (Q)*,
there exists a unique solution y € Wh4(Q) to (3.3) that satisfies the following estimate

(3.7) ly[lwra@) < ¢ ||w||W1«/(Q)*

with a constant ¢ > 0 independent of w. Hence, A (§)~" € BW7 (Q)*, W'4(Q)) holds true.

Proof. Thanks to the compactness of F(y), the theory of Fredholm operators implies that,
either A = —1 is one of countable many eigenvalues of F(y), or I + F(y) is continuously
invertible. Hence, Assumption 3.1 ensures that (I + F(y))~' € B(L>(T,)) such that

ny = (I +F(5))'nB(ay) w.
Inserting this in (3.4), we have
(3.8) y=B(ao) (I = F(H) + F(@) "7 B(G) .
Since Assumption 3.1 ensures that
11+ F(@) s, < oo,

(3.8) immediately implies (3.7). O
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Theorem 3.2 Let u € L*(Q,) with u(z) > 0 a.e. in Qy. Furthermore, suppose that Assump-
tion 8.1 is fulfilled. Then, there exists an open neighborhood U(u) of u in L*(Qs) such that
G : L3(Q,) — W(Q) is on U(u) twice continuously Fréchet-differentiable. Moreover, the
first derivative of G at u in an arbitrary direction u € L*(§),) is given by

(3.9) G'(uu = AL (§) " Eqs u.

with §y = G(u). The second derivative of G at u in arbitrary directions ui,us € L*(§2,) is given
by

G"(@)[wr, uz] = AY(H) " (—AG(D) Y1, y2),

where Aj(y) is defined as in (3.2) and y; = G'(W)u;, i = 1,2.

Proof. First of all, Let us introduce the operator T : W4(Q) x L?(Q,) — W7 (Q)* given by
(3.10) T(y,u) := Ay(y) — Egsu— Eqoeoyp.

Further, we set § = G(u) and hence, by the definition of the solution operator G, y € W14(Q)
is the unique solution of

A7) = B, + B geoys in WhHT (Q)*.
Thus, it holds that T(y,%) = 0. Moreover, Since 4, : W4(Q) — W7 (Q) is twice con-
tinuously Fréchet-differentiable, T : W¢(Q) x L*(Q,) — WH7(Q)* is twice continuously
Fréchet-differentiable. By (3.10), 9,7 (g, @) : Wh4(Q) — W7 (Q)* is given by
0,T(y,u) = A'(y).
Therefore, Theorem 3.1 implies that 9,T(7,a)~' € B(W1' (Q)*, W4(Q)). Thus, taking ac-
count of the implicit function theorem, there exists an open neighborhood U (@) of @ in L*(€,)
such that the control-to-state operator G : L*(Q,) — Wh4(Q) is on U(u) twice continuously

Fréchet-differentiable. The first derivative of G at @ in an arbitrarily direction u € L?(),) is
given by

(311) g/(ﬂ)u = _ayT(y: ﬂ)ilauT(Z% ﬂ)u = A;(g)ilEq,s u.
Moreover, the second derivative of G at @ in arbitrary directions uy, us € L*(Q,) is given by
G" (@)1, uz) = —0,T (g, @)~ 05, T (g, 0)[y1, yo] = A(5) ™ (—AG (@) w1, v2)),

where y; = G'(@)u;, i = 1,2. Notice that 92,7 = 92,7 = 0 and 9, T = 0 was used for the
computation of G”. O

Remark 3.1 Notice that the additional assumption u(z) > 0 a.e. in Qg is automatically
fulfilled for all u € U, since uy(x) >0 a.e. in Q.
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In view of the definition of A/(y) in (3.1) and formal integration by parts, the equation
AL(J)y = Egsu in (3.11) can be considered as the variational formulation of the following
linear PDE:

—div(ks Vy) =u in €,
—div(ky Vy) =0 in Qg

12 0 On), = 5 (0n,9), —~ 1GolgPy =0 on T,
KsOpoy +4eolyl’y =0 on Iy,
Similarly, Aj(7)n = —A;(7)[y1, 2] is interpreted as variational formulation of
—div(ks Vy) =0 in
(3.13) —div(ky, Vy) =0 in €,

Hg (anry)g — Rs (anry>s - 4G0’|ﬂ|3y =—12 GO_'@@ Y1Yy2 on Fr
KsOnoy + 4eolyl’y = —12¢e0|j|7y1y2 on Iy,

Definition 3.1 Let u € L*(Qy), u(z) > 0 a.e. in Q, and § = G(u) be given. Then, a
function y € W4(Q) is said to be a (weak) solution of (3.12) for u € L*(S) if it satisfies
the following operator equation:

A(§)y = Eysu in W (Q),

where A}(7) is as defined in (3.1). Moreover, n € WH4(Q) is the (weak) solution of (3.13)
for given yy,yo € WH(Q) if it fulfills

Al = =A@y, 2] in WH(Q).

4 Adjoint equation involving measures

In this section, we discuss the adjoint equation to (3.3), given by
—\% : 1, *
(4.1) A(m)'p=g in WHQ),

where A/ ()" : W' (Q) — W4(Q)* denotes the adjoint of A/(y) and g is a given element
of Wh4(Q)*. We already know from Theorem 3.1 that, under Assumption 3.1, A} () is an
isomorphism from W4(Q) to W9 (Q)*. Thus, the adjoint operator A(y)" - wh'(Q) —
Wha(Q)* is in turn continuously invertible and consequently, (4.1) admits a unique solution

pEWl’ql(Q),q’* ;< ﬁ,due toq> N.

Lemma 4.1 Let u € L*(S,) with associated state §y = G(u) satisfy u(x) >0 a.e. in Q. Fur-

thermore, suppose that Assumption 3.1 is satisfied. Then, Al(j)™* € B(W(Q)*, W7 (Q))
holds true.
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The concrete form of A/ (7)* follows from
(A (@), V) wray wra = (s A@)0)wrar wrary: = (Ag ()0, P)wrarye wa
:/an-Vvdx—l—él/ (Golg|*v)pds
Q

r,

+4/ ealy’pvds Yo € WH(Q).
To

Since the embedding W14(Q)) — C(Q) is continuous and dense, one has the embedding
C(Q)* — Wh(Q)* with the associated embedding operator E*. Further, we define by M(Q)
the space of all regular Borel measures on the compact set . By the Riesz-Radon theorem,
cf. [3], it is well known that the dual space C(2)* can be isometrically identified with M (Q)
with respect to the duality pairing

(s P)e@y @ = / pdp, ¢ €C(Q), pe M)

Q

According to this, we are allowed to insert regular Borel measures as inhomogeneity in (4.1).

Moreover, given a u € M(S2), the operator equation
—\ * * . 1, *
(4.2) A )p=Ep in WH(Q),

is equivalent to

/KVp-Vvdx+4/ (Ga|y|3v)pd8+4/ eo|g>pv ds
0

T FO
(43) = (E:,u, U>W1,Q(Q)*7W1,q(ﬂ)

= {1, Ecv)e@y ey = /QEcv dp Vv e Wwhi(Q).

As mentioned in Section 2, the trace operator is continuous from W14 (Q) to L™ (T,), ' =
% > 1. Moreover,_v € Wh1(Q) clearly implies v € L"(T,) due to the continuous
embedding W(Q)) — C(Q). Hence, if we consider G as an operator from L"(T,) to L"(T,),

one obtains
[ @olgPuwds = [ olaPicpods

where G* : L"(I',) — L"(T,) is the adjoint of G, i.e. G* = (I — (1 — &)K*))"'(I — K*)
(cf. Definition 1.1). Notice in this context that K is formally self-adjoint due to the symmetry
of its kernel. In view of this and formal integration by parts, (4.2) and (4.3), respectively, can
be considered as a variational formulation of the following linear PDE with measure data on
the right hand side:

—div(ks Vp) = pjo, in €
—div(kg Vp) = pyo, in €y

4.4 0 9
( ) Kg (8_]?) — Ky (a—p) — 4O'|g|3G*p = K, oOn L,
nr/ g nr/ s

\ KsOnop + 40 |y*p = pyr,  on T,
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where pq,, fa,, #r,, and g, denote the restrictions of p on €y, g, T';, and 'y, respectively.
In other words, 1 € M(Q) is decomposed into p = o, + fo, + fr, + Hjry, Where pa_, fio, .,
ppr,, and pp, are Borel measures concentrated on €y, €2, I, and I'y.

Definition 4.1 Let j € WH9(Q) be given. Then, a function p € W (Q), ¢’ < &, is said
to be a (weak) solution of (4.4) if it satisfies the operator equation (4.2).

Clearly, Lemma 4.1 implies that there is a solution of (4.4) in the sense of Definition 4.1.
Furthermore, the right-hand side in (4.2) can be estimated by

(B, Y)wra@)ys wia)

HE:NHWL‘I(Q)* = sup

y#0 ||?J”W1»q(ﬂ)
(1 EcY) ey c@ f*y dp
< csup (7) @ “ — :C||N||M(§)
y#0 ||y||C(Q) y#0 ”yHC(Q)

such that one obtains the following result:

Theorem 4.1 Let u € L*(Q,) with u(z) > 0 a.e. in Q, and the associated state is denoted
by y = G(u) € WH(Q). Furthermore, suppose that Assumption 3.1 is satisfied. Then,
A ()™ € BOWH(Q)*, WH(Q)) and consequently, for every i € M(Q), there exists a unique
solution p € WH9(Q) of (4.4) in the sense of Definition 4.1 that satisfies

Pl ) < e llillme

with a constant ¢ > 0 independent of L.

5 First-order necessary optimality conditions for (P)

Before we establish Karush-Kuhn-Tucker (KKT) type optimal conditions for (P), let us shortly
address the existence of an optimal solution. Clearly, thanks to (Ag) in Assumption 1.1,
standard arguments imply the existence of at least one (global) optimum (cf. also [15, Theorem
5.2]). Due to the nonlinearities in the state equation, uniqueness of the optimal solution can
certainly not be expected. Let us now introduce the notion of local optima:

Definition 5.1 A feasible control u of (P) is called a local solution for (P), if there exists
a positive real number ¢ such that f(u) < f(u) holds for all feasible u € L*() with |ju —
ﬂHLz(QS) S E.

Throughout this section, let @ € U be a local solution of (P), and assume that Assumption
3.1 1s fulfilled at u. Notice that everything what follows also holds for a global optimum of
(P). To apply the KKT theory, the existence of an interior (Slater) point with respect to the
state constraints in (1.1) has to be assumed. This assumption is referred to as the so-called
“linearized Slater condition”:
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Definition 5.2 Let u € U be a local solution of (P), and assume that Assumption 3.1 is
fulfilled at w. We say that u € U satisfies the linearized Slater condition for (P), if there
exists an interior point ug € U such that

Yo(z) + 0 < E.G(u)(x) + E.G (0)(ug — u)(x) < yp(x) — 0 Ve Q,,
E.G(1)(x) + EG (0)(up — 1)(x) < puuslz) —6 Vo T

with a fixed 6 > 0.

Notice that u € U automatically satisfies u(z) > 0 a.e. in ), (cf. Remark 3.1) such that
Assumption 3.1 implies that G'(@) : L*(Q,) — W14(Q) is well defined.

Definition 5.3 The Lagrange functional £ : U x M(Q,) x M(€,) x M(Q,) — R for (P) is
given by
E(U, :u) = f('LL) + <,usa Ecg<u> - ymax>s + <Mga Ya — Ecg<u>>g
+ (gy EeG (1) = ),

with <'7 '>g = <'7 '>C(§g)*7c(§g)7 <'7 '>s = <'> '>C(§S)*7C(§S)7 and H= (Nsa ,uga Mg)

Since G is twice continuously Fréchet-differentiable at u (see Corollary 3.2), it is straight
forward to see that f is twice continuously Fréchet-differentiable at %, and its derivative at
u € L*(Q,) in an arbitrary direction u € L?(,) is given by

fl(u)u = /Q (VG(u) — 2) - VG (@)udr + 8 | audz.

g Qs

Due to G(u) € WH(Q) and z € L*(Q,)", the first addend defines an element of W(Q)*
such that linear and continuous operator L : Wh(Q) — Wh4(Q)* exists with

(Ly,v) = / (Vi —2)-Vodz, veWh(Q)
Qg
where § = G(u) € W'(Q). With this setting, f'(2)u = (Ly,G'(a)u) + B(u,u). Notice
that since f and G are continuously Fréchet-differentiable at u, £ is continuously Fréchet-
differentiable at u such that the following definition makes sense:

Definition 5.4 let u € U be a local solution of (P), and suppose that Assumption 3.1 is ful-
filled. Then, pu, € M(S), i € M(Qy), and iy € M(Qy) are said to be Lagrange multipliers
associated to the state constraints in (P), if it holds that

(5.1) OuL(t,p)(u—u) >0 Vuel,

(5.2) s >0, pt>0, ub>0,

(5.3) / (EG(U) = Ymax)dpts = / (Yo — EcG(0))dpg = / (E.G () — y)dpy = 0,

Qg Qg

where we set = (i, 1y, ,ug).
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Notice that if v € M(Q), then we write
v>0 < /ydzij Vye{yeC®)|y(z) >0vVar e}
Q

The following theorem states the first-order necessary optimality conditions for (P), i.e. the
existence of Lagrange multipliers in the sense of Definition 5.4. The proof can be found for
instance in [6]

Theorem 5.1 Let u be a locally optimal solution of (P) satisfying the linearized Slater condi-
tion. Furthermore, let Assumption 3.1 be satisfied. Then, there exist corresponding Lagrange
multipliers (s, p, b)) € M(Qq) x M(Qy) x M(Qy) according to Definition 5.4 such that
(5.1)~(5.3) are satisfied.

Next, let us transform (5.1)—(5.3) into the optimality system of (P) by introducing the adjoint
equation. First, by the definition of £ and (3.11), (5.1) is equivalent to

(AL(@) ™ (Ly + E}ps — Epg + E:,LLZ) By s(u—u))

(5.4) 1g)s s
+ (B, u—1u)n,) >0 Yuel.

Consider now the following operator equation

—\ % — * * a * b : 1, *
(5.5) Ay p =Ly + EZps — Epg + EZp,  in WH(Q)
which is equivalent to

/ kVp-Vudr + 4/ (Golyl*v)pds + 4/ eoly|*pv ds
Q Ty T'o
(5.6) = / (Vy — 2) - Vodx + / Evdus — / E.v dug
Qg Qs Qq

+/Q Ecvd,ug Vo e Wh(Q)

(cf. (4.2) and (4.3)). Asin case of (4.4), (5.6) can be considered as the variational formulation
of

—div(k,Vp) = —Ay +divz + (,ug — fig)ia, in g,
—div(ksVp) = s, in Q,
0 0 0y

(5.7) Kg Py Ks - 4o|g)PGrp = — LA n, on Iy,

On, On, ) on, b a

g + (:ug - /’Lg + /’LS)‘FT
0
/isa—p + deoy)’p = [s[To on I'y.
\ L

Again, the multipliers are decomposed into their restrictions on €, Q4, I';, and I'y, respec-
tively. Analogously to Definition 4.1, we define solutions to (5.7):

Definition 5.5 A function p € W (Q) is said to be the weak solution of (5.7) if it satisfies
(5.5).
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Clearly, thanks to Lemma 4.1, there exists a unique solution of (5.7) in the sense of Definition
5.5 (cf. Theorem 4.1). Using the definition of p and (5.4), (5.1) can be transformed into

(5.8) %(u,u)(u—u):/ (p+ pu)(u—u)de >0 Yuel.
Qs
By standard arguments, a pointwise evaluation of this equation implies
1
(59) u= Pad{ - Bp(z)}7

where Puq : L?(Q) — L*(€,) denotes the pointwise projection operator on the admissible set
U. In this way, we find the following theorem that states the first-order necessary optimality
conditions for (P):

Theorem 5.2 (First-order necessary optimality conditions for (P)) Let u € L*(€,)
be an optimal solution of (P) with the associated state §j = G(u) € W14(Q), ¢ > N. Suppose
further that u satisfies Assumption 3.1 and the linearized Slater conditions. Then, there exist
an adjoint state p € WH7(Q), ¢ < %, and Lagrange multipliers p, € M(Qs), 1y € M(Q,),
and HS € M(ﬁg) such that the following relations are satisfied:

e the state equation (SL) in the sense of Definition 2.1

the adjoint equation (5.7) in the sense of Definition 5.5

the projection formula (5.9)

the nonnegativity of the Lagrange multipliers (5.2)

the complimentary slackness conditions (5.3).

It is straight forward to see that, if u,, u; € W9 (€),), then P,y is continuous from W4 ()
to W' (Q,) such that the following regularity result for the optimal control is obtained:

Remark 5.1 If ug,u, € W7 (Qy), then the optimal control @ is a function in W' (Qy,),
N
q < 575-

6 Second-order sufficient optimality conditions for (P)

In the following, we present second-order sufficient optimality conditions for (P) that guar-
antee local optimality in an L?-neighborhood. The investigation of second-order sufficient
optimality conditions for semilinear control problems with pointwise state constraints was
originally undertaken by Casas et al. in [8]. They suggested second-order optimality condi-
tions that deal with strongly active sets. However, owing to the presence of the two-norm
discrepancy, the result only provides sufficient optimality conditions for local solutions in
L>(Q). Later on, Casas et al. [7] modified this result and arrived at sufficient conditions
that are in some sense less restrictive than the original one. In particular, under certain
assumptions, these conditions ensure the existence of local solutions in L*(€2). The result is,
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however, not directly applicable for (P) since we here deal with a nonmonotone operator G
and the objective functional in (P) is different from that considered in [7]. However, thanks to
Theorem 3.2, we obtain analogous second-order sufficient conditions for the existence of local
solutions to (P) in L?(),). At this point, let us underline that the proof of Theorem 6.1 below
basically follows the lines of a similar technique proposed in [7]. First of all, let us define the
operator S : L*(Q,) — C(Q) by S = E.G. Since the embedding W4(Q) — C(Q) is compact
(note that ¢ > N) and by the continuity of G, the operator S = E.G : L?(Q,) — C(Q) is as
well compact.

Definition 6.1 Letu € U be a feasible control of (P) with the associated state G(u) =y. We
assume that there exist ul, ub € M(Q), s € M(Q) and p € WH7(Q), 1 < ¢ < N/(N - 1),
satisfying (5.1)-(5.3) and (5.7).

(i) The conver, closed subset Hy C L*(Qs) is given by:

Ha = {h € L*(Q) | h(z) :{ i 8 Z‘C ZEQ zza(:c) 1

(i) The subset C; C Hy is defined as follows:

Ca = {h € Hy | h satisfies (6.1),(6.2) and (6.3)}

(6.1) h(z) =0 if p(z)+ Bu(r)#0
> 0 if g(x) =yalz), x €€y
(6.2) n(z) =< < 0 if glz)=y(x), v €
< 0 if §() = Ymax(z), T € Qs

(6.3) | o= [ wdiy= [ =0,
Qg Q Qs

g9

where y, = §'(a)h.
(11i) We say that u satisfies the second order sufficient condition (SSC) if

2L,

holds true for every h € Cy \ {0}.

Theorem 6.1 (Second-order sufficient optimality conditions for (P)) Let u € U be
a feasible control of (P) and let Assumption 3.1 be fulfilled. Furthermore, assume that there
exist p2, pb € M(Qy), ps € M(Q) and p € WH(Q), 1 < ¢ < N/(N — 1), satisfying (5.1)-
(5.3) and (5.7). If u additionally satisfies (SSC), then there exist positive real numbers € and
0 such that

)
f(a) + 5”“ - EH%Q(QS) < f(u),

holds true for every feasible control u of (P) with |[u — @l 2@,) < €. Hence, u is a local
solution of (P) according to Definition 5.1.
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Proof. Let us assume the contrary: There exists a sequence {uy}52, C L*(Qs) of feasible
controls of (P) such that:

1 . _
(6.4) f(a)+ EHUk - ﬂ||2L2(QS) > f(ug) Yk € N and k11—>I£lo |up — || 20,y = 0.

We define hy, = (uk —a) with a = |Jup — @l|p2(q,). Thus, ||hg|lr2@,) = 1 holds for all
k € N. For this reason there exists a subsequence denoted w.l.o.g. again by {hx}32,, which
converges weakly in L2(Q ) to some h € L*(Q,), i.e., hy — h as k — oo.

First, we show that 25 (a, u)h = 0. Since uy, is feasible for all k € N, the first order necessary
conditions, see (5.1), imply
1 0L oL

0 < ——(u,p)(ux —u) = %(ﬂ,u)hk Vk € N.

Thus, since h, — h as k — oo, we find

oL oL —
. < —(u = —(u .
(6.5) 0< lim ==(a, p)hy = —(a, w)h
On the other hand, the feasibility of uy, for (P) implies that £(ug, 1) < f(ux) and hence from
(6.4) we infer that

_ 1 _ _ 1 _
(66)  Llup, 1) < flw) < F@) + plls = Wl = LG 0) + Lllug = allFaq, YEEN,

where we used the complementary slackness conditions (5.3). Furthermore, Theorem 3.2
implies the existence of an open Ball B,(u), with radius r > 0, around @ in L?*(£2,) such
that G is twice continuously differentiable on B, (). Since {u}52, converges strongly to u as
k — oo, there exists in particular an index number ky € N such that

(6.7) wy € By(u), Yk > k.

Notice that we define ugu := {up+t(a—wy) | t € [0, 1]} and hence for all & > ko, uyu C B,(a).
Consequently, for every k > kg, there exists a point wy, between u and @ (i.e. wy € ugu) such
that

oL oL

(68)  Llup,p) = L(8 ) = 5~ (wp, 1)y — 1) = ax 5~

Therefore, from (6.6)-(6.8), we obtain:

oL

(6.9) 5

1
(wk,u)hk < EHUk — ﬂ||L2(QS) V k> k.
Due to the strong convergence of uy, to @ in L?(€2,), it holds that klim wy, = @ in L*(Q,) and

consequently 2= (wy, ) — 9L (@, pu) strongly in L*(Q)*, as k — oo. For this reason, the weak

convergence of hy to h in L2(Qs) implies:

oL oL -
lim %(wk,u)hk = %(ﬂ,u)h.

k—o00
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From the above equality and by (6.4) as well as (6.9), we infer further

oL -
h <0,
8u< uh <
which implies together with (6.5)
oL -
6.10 —(u, u)h = 0.
(6.10) L .1

Next, we show that h belongs to Hg, cf. Definition 6.1. Since uy, is feasible for (P) for every
k € N, one finds that

3 > 0 if a(x)=1u,
hk(x):ak(uk—u)Z{g 0 if ugxg u

b([L’)

Consequently, {hy.}32; C Hg. Since Hy is convex and closed, the weak limit h belongs to Ha.
Now let us prove that h € C;. This is shown in three steps:

(i) The weak limit h € Hy satisfies the condition (6.1):

From the projection formel (5.9), we infer that

> 0 if a(z) = u.(x),
(6.11) plx)+pu(z) =< = 0 if wu(x) <u(zr) < ugx),
< 0 if  a(z) =u(z).
Moreover, since h € Ha,
(6.12) (p+ Bu)h >0 ae. in

On the other hand, (6.10) implies that

oL - _
0=""( u)hz/m(pwa)hdx

(cf. (5.8)). Consequently, by (6.12), h(z) = 0 if p(z) + Bu(z) # 0 such that h satisfies (6.1).

(ii) The weak limit h € Hy satisfies the condition (6.2):
Let us set § = S(u) and define the sets A,, A, and Ap.x by

A, = {xe§ | J(z) = ya(2)},
Ay = {z € Q| 42) = w()},
Amax = {2 € Q| 9(%) = Ymax(7)}

Since uy, for every k € N, is feasible for (P), we obtain for all k£ € N:

S(ug)(x) — ylz )>0 Vo € A,.

|ur — @]l 20,
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Additionally, by passing to the limit & — oo, we obtain due to the continuous Fréchet
differentiability of G : L*(Q,) — W"¥(Q) at u and the compactness of the embedding
Whi(Q) — C(Q) :

S'(a)h = lim §'(@)hy = lim S =) Slw) = S(@)

k—o00 koo [lug, — 120,y k—eo [lup — Ul 2(a,)

in C(Q).

Thus, S'(w)h =: y;, satisfies: yj,(z) > 0 for all # € A,. In a similar way, we show y;(x) < 0
for all x € A, and y;(z) <0 for all x € Apax.

(iii) The weak limit h € Hy satisfies the condition (6.3):

The complementarity slackness conditions (5.3) imply that u$ = 0 on 0, \ Aq, ,ug = 0 on
Q, \ Ay and ps = 0 on Q \ Apax. In view of (6.10), we hence obtain

oL
013 0= @i =f@ht [ dit [ i~ [
u max Ay Aq

On the one hand, we have due to the non-negativity of ps, g, ,ug and (ii)

(6.14) / yrdpty <0, / Yadps <0 and —/ yrdpg < 0.
-Ab max Aa

On the other hand, by the assumption (6.4)

f'(@w)h = lim f'(@)h; = lim f' (@) (uy, — u)

k—o0 k—o0 Huk —UHLz Qs)

~ m fur) — f(u)

k—oo Huk — ﬂHL?(Q )

(6.15)

.1 _
< lim o lue = allr2,) = 0.

From (6.13), (6.14), and (6.15), we infer that

/ Yrdps = / yrdpy = / yrdpg = 0.
max Ab Aa

Therefore, since i, = 0 on Q, \ Amax, pg =0 on Q,\ A, and pth =0 on Q,\ Ay, (iii) is verified.

Thus, we have just shown that h € C;. Let us now demonstrate that A = 0. From this, we
obtain the desired contradiction. Again, since G is twice continuously differentiable on B, (),
for each k > ky there exists a point z;, € L*(€,) between uy, and @ (i.e. zp € upti) such that

oL a2 L
L(up, 1) = L@, 1) + a7~ (1, p)hi + =

where ky is as defined before in (6.7). By rearranging and dividing by a2 /2, the above equation
is equivalent to

8£ 82£

32£ _ 0?L

[%(7%/’[’) ou B (Zka )] h‘i Vk 2 kO'
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Hence, since uy, is feasible for (P) and [|hx||12(q,) = 1 for all k € N, the latter equality together
with (5.1) and (6.6) imply that

1 0*L 0*L

0L _
a, phi, < -+ 152 (@ 1) = 55 G W)lls2@) YV E 2 ko,

o

where B?(L*(€,)) denotes the space of bounded bilinear forms from L?(Q) x L*(£2,) to R.
Notice that 2275(-, w) is continuous from L?(€2) to B?(L*(Q,)), and hence since hm 2k =1 in

k—o00

L?(€2,), the right hand side of (6.16) converges to zero as k — oo. We consider now the left
hand side of (6.16). For each k € N, we set v, := G'(u)hy, and wy, := G”(u)h? and hence

(6.16)

0*L _
53 (@ =[Vullza,) + (VI = 2, Vi) 2, + Bllbelz 0,

(6.17) b "
+/wk dus—l—/wk dug—/wk diy.-

Qs Q, Q,

Obviously, since G'() is continuous and linear from L?(2,) to W(Q) and hy, — h in L2(€2,),
one finds

(6.18) Viyr — Vi in L2(Q)  as k — oo,

with y; = G'(@)h. Moreover, the second term of the right hand side of the equality (6.17) can
be written as follows, cf. [13] p. 79,

(6.19) (VY — 2, Vwg) 20, = —12 / (Golylyyn)g ds — 12 / eo|ylyyrg ds.
- r

0

Here, ¢ is the solution of the following PDE

—div(k,Vq) = —Ay+divz in Qg

—div(ksVgq) =0 in Q,,
9, 9, Jdy
Jq
+4eolylPq =0 on Iy,
" ono

i.e. (5.7) without the multipliers on the right-hand side. It is straight-forward to show that
Assumption 3.1 implies the existence of a unique solution ¢ € H*(€), cf. [13]. Now, since hy,
converges weakly to h as k — oo, and due to the compactness of the embedding W'4(2) —
C(f2), we obtain kh_{go yr = y5 in C(Q) with y; as defined above. Hence, from (6.19), one finds:

k—oo

lim (Vy — 2z, Vwg) 12(,) = hm { — 12/(Ga]y|gy,3)q ds — 12/50|§|gjy,§q ds}
T, To

6.20 7|7 yly
(6.20) = - 12/(Go\y|yyi)q ds — 12/€0|y!yyiq ds

Ty T'o

=(Vy — z, V) 120,
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where wy, = G”()h? or equivalently wy, = —(AL(7)) " AL(Y)[ys, ya) (see Theorem 3.2). In view

of (3.2), A7(y) is obviously continuous from C( ) x C(Q) to W' (Q)*. Thus, together with
the compactness of the embedding W14(Q) < C(Q2), Theorem 3.1 implies that hm wg = wy,

in C(Q) (recall that wy, = G"()h? or equivalently w —(AL () ALy )[yk,yk]). Therefore,
one obtains as k — 00:

(6.21) /wkduga/ wrdjig, / wkd,ug—>/ w,—lduz, / widps — [ widps.
) o) Q Q, Q. Qs

g g g9

Applying (6.16)-(6.21) and together with the weak convergence of hy to h in L%*(Q), we
continue with

0*°L

53 (@ =Vl Ea,) + (V3 = 2 Vun) iz, + Bl 2o,
+ / wrdfs — / wpdpy + / widpy
QS Qg Qg
L 2
0L 0*L
<k1520{ 55 (@ 1) = 53 (o ) 2220 } = 0.

For this reason and since h € Cg, (SSC) implies that A = 0. Thus, we have y; = 0 and
wp = 0 and consequently, klim (VY — 2, Vug)2(0,) = 0. In view of (6.16), (6.17), and since

|Pkll2,) = 1 for all k € N, we therefore arrive at

1.0°L, _ a
1= ||hk||%2(gs) SE [?(u,u)hz — (VY — 2, V) r2(0,) + /wkdug - /wkd,uz - /wkd,us}
Q, a, a.
1.1 0L L
ﬁ[ || ( M) — 5 = (25 W)l B2 (22 (020)

— (V§ — 2, Vwg) 12(0,) + /wkdug — /wkdug — /wkdus}, YV k> k.

Q, Q, Qs

Finally, by passing to the limit k& — oo, the theorem is verified. U
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