Oberwolfach
Preprints

OwP 2011 - 21
SHABNAM AKHTARI

Upper Bounds for the Number of Solutions to
Quartic Thue Equations

Mathematisches Forschungsinstitut Oberwolfach gGmbH
Oberwolfach Preprints (OWP) ISSN 1864-7596



Oberwolfach Preprints (OWP)

Starting in 2007, the MFO publishes a preprint series which mainly contains research results
related to a longer stay in Oberwolfach. In particular, this concerns the Research in Pairs-
Programme (RiP) and the Oberwolfach-Leibniz-Fellows (OWLF), but this can also include an
Oberwolfach Lecture, for example.

A preprint can have a size from 1 - 200 pages, and the MFO will publish it on its website as well as
by hard copy. Every RiP group or Oberwolfach-Leibniz-Fellow may receive on request 30 free hard
copies (DIN A4, black and white copy) by surface mail.

Of course, the full copy right is left to the authors. The MFO only needs the right to publish it on its
website www.mfo.de as a documentation of the research work done at the MFO, which you are
accepting by sending us your file.

In case of interest, please send a pdf file of your preprint by email to rip@mfo.de or owlf@mfo.de,
respectively. The file should be sent to the MFO within 12 months after your stay as RiP or OWLF at
the MFO.

There are no requirements for the format of the preprint, except that the introduction should
contain a short appreciation and that the paper size (respectively format) should be DIN A4,
"letter" or "article".

On the front page of the hard copies, which contains the logo of the MFO, title and authors, we
shall add a running number (20XX - XX).

We cordially invite the researchers within the RiP or OWLF programme to make use of this offer
and would like to thank you in advance for your cooperation.

Imprint:

Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
Schwarzwaldstrasse 9-11

77709 Oberwolfach-Walke

Germany

Tel +49 7834 979 50
Fax +49 7834 979 55
Email admin@mfo.de
URL www.mfo.de

The Oberwolfach Preprints (OWP, ISSN 1864-7596) are published by the MFO.
Copyright of the content is held by the authors.



UPPER BOUNDS FOR THE NUMBER OF SOLUTIONS TO
QUARTIC THUE EQUATIONS

SHABNAM AKHTARI

ABSTRACT. We will give upper bounds for the number of integral solutions
to quartic Thue equations. Our main tool here is a logarithmic curve ¢(z,y)
that allows us to use the theory of linear forms in logarithms. This manuscript
improves the results of author’s earlier work with Okazaki [2] by giving special
treatments to forms with respect to their signature.

1. INTRODUCTION

In this paper, we will study binary quartic forms with integer coeflicients; i.e.
polynomials of the shape

F(x,y) = apr + a12%y + asx®y? + azzy® + asy?,

with a; € Z, i € {0,1,2,3,4}. We aim to give upper bounds for the number of
solutions to the equation

(1) |F(z,y)] = 1.

Here we will count (z,y) and (—x,—y) as one solution. Let M (F) be the Mahler
measure of F(z,y). In [2] we used some ideas of Stewart [16] to bound the number
of solutions with |y| < M(F)5. We will slightly modify those ideas and use them
to give an upper bound for the solutions of (1) with |y| < M (F)3-5. Then we will
improve the main result in [2] by giving better upper bounds for the number of
solutions (z,y) with large |y| > M (F)° to equation (1). The following is the main
result of this manuscript.

Theorem 1.1. Let F(x,y) be an irreducible quartic binary form with integer coeffi-
cients. The Diophantine equation (1) has at most Up (see the table below) solutions
in integers © and y, provided that the discriminant of F' is greater than Dgy, where
Dyg is an explicitly computable constant.

Signature of F Ur

(0,2) 6
(2,1) 14
(4,0) 26

Signature of F Ur

(0,2) 6
(2,1) 14
(4,0) 26

2010 Mathematics Subject Classification. 11J86, 11D45.
Key words and phrases. Thue Equations, Linear Forms in Logarithms.
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2 SHABNAM AKHTARI

The reason for having different upper bounds for forms with different signature
in Theorem 1.1, relies upon the fact that the number fields generated over Q by
a root of the equation F'(x,1) = 0 have a rings integers with different numbers of
fundamental units.

One can use the method of this manuscript to deal with particular quartic Thue
equations, where more information about the coefficients of the quartic form are
available. Therefore, in applications, the strong condition on the size of discriminant
may be removed.

The equation

ozt —dady — 2 F AP 4yt =1
has exactly 8 solutions (z,y) = (0,1), (1,0),(1,1),(-1,1),(4,1), (-1,4),(8,7),(-7,8)
(see [11] for a proof). The author is not aware of any binary quartic forms F(z,y)
for which the equation F'(x,y) = 1 has more than 8 solutions. Magma [7] did not
find any solution to

ot —d4ay — 2%y + day +yt = —1.

We will always assume that F'(z,y) is irreducible. In fact, when the form F(z,y)
is not irreducible over Z|xz,y], we are in a much simpler situation. In general,
equation (1) may have infinitely many integral solutions; F(x,y) could, for instance,
be a power of a linear or indefinite binary quadratic form that represents unity. If
F(z,y) is not an irreducible form, however, we may very easily derive a stronger
version of our main theorem under the assumption that F(z,y) is neither a 4th
power of a linear form nor a second power of a quadratic form. Suppose that
F(z,y) is reducible and can be factored over Z|x,y] as follows

F(x’ y) = Fl(x’ y)FQ(xvy)a

with deg(F}) < deg(Fy) and F irreducible over Z[z,y]. Therefore, the following
equations must be satisfied:

(2) Fi(z,y) ==+1
and
(3) Fy(x,y) = £1.

This means the number of solutions to (1) is no more than the minimum of number
of solutions to (2) and (3). First suppose that F; is a linear form. Then the
equation (3) can be written as a polynomial of degree 3 in x and therefore there are
no more than 12 complex solutions to above equations. Now let us suppose that
F1 is a quadratic form. Using Bézout’s theorem from classical algebraic geometry
concerning the number of common points of two plane algebraic curves, we conclude
that (1) has at most 16 integral solutions.

In this manuscript, we give new and sharper bounds for the number of solutions
to equation (1). The bound given in [2] is improved here mostly due to some
adjustment in the definition of the logarithmic curve ¢(x,y) in Section 6. We also
study the geometry of binary forms with respect to their signature to get amore
precise understanding of the distribution of solutions to (1). We also appeal to a
result of Voutier (Proposition 2.2) to estimate the height of algebraic numbers in
the number field generated over Q by a root of the equation F(z,1) = 0. These
allow us to extend our method introduced in [2] for quartic forms that split in R
to all quartic forms.



UPPER BOUNDS FOR THE NUMBER OF SOLUTIONS TO QUARTIC THUE EQUATIONS 3

2. PRELIMINARIES

Let f(z) = ana™ + ... + a1z + ap be the minimal polynomial of an algebraic

number a # 0. Suppose that over C,
fl@)=an(x—ai)...(z —ap).
We put
M(a) = M(f) = |an| [ [ max(1, o)),
i=1

M (a) is known as the Mahler measure of a.

The Mahler measure of a binary form G(z,y) is defined to be equal to the

Mahler measure of the polynomial G(x,1). In [8], Mahler showed, for polynomial
G of degree n and discriminant D¢, that

1
A=
(4) M(G) > (f) .
n
Let F(z,y) be a quartic form that factors over C as follows
Fz,y) = ao(z — ary)(z — agy)(z — azy)(x — cuy).
The discriminant D of F' is given by
D = DF = ag(al — a2)2(a1 — a3)2(a1 — a4)2(a2 — a3)2(a2 — a4)2(a3 — a4)2.

We call forms F' and G equivalent if they are equivalent under G Lo(Z)-action; i.e.
if there exist integers a; , as , az and a4 such that

F(a1x + agy, azr + aqy) = G(z,y)

for all z, y, where aya4 — asaz = 1. We denote by N the number of solutions in
integers « and y of the Diophantine equation (1). If F' and G are equivalent then
NF = NG and DF = Dg.

Suppose there is a solution (zg,yo) to equation (1). Since

ged(zo,yo) = 1,

there exist integers x1, y; € Z with

ToYyr — 1Yo = 1.
Then
F*(1,0) =1,
where
F*(z,y) = F(zor + 219, Yo + Y19).

Therefore, F* is a monic form equivalent to F'. From now on we will assume F' is
monic.

Let Q(1)? be the embeddings of the real number field Q(a) in R, 1 < o < n,
where {1, ag, . .., @, } are roots of F'(z,1) = 0. We respectively have n Archimedean
valuations of Q(a):

1<o<n.

|p|0' = ‘p(a) ’
We enumerate simple ideals of Q(«) b
valuation of Q(«) by the formulas

v indices o > n and define non-Archimedean

Iplo = (Norm p)~*,
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where
k =ordy(a), p=p,, 0 >n,
for any p € Q*(«). Then we have the product formula :

H |,0|a' =1, pe€ Q(OZ)
1

Note that |p|s # 1 for only finitely many p. We should also remark that if o9 = 71,
i.e.,
oa(z) = 71(x) for z € Q(a),

then the valuations |.|,, and |.|,, are equal. We define the absolute logarithmic
height of p as

1 oo
hip) = — S [log ol .
(p) 2n;|°g|p||

Proposition 2.1. For every non-zero algebraic number o, we have h(a=1) = h(a).
For algebraic numbers aq, ..., a,, we have

hag...an) <h(ar)+ ...+ h(ay)

and
hag + ...+ an) <logn+ h(ar) + ...+ h(ay).

Proof. See [4] for proof. O

Proposition 2.2. (Voutier [17]) Suppose « is a non-zero algebraic number of degree
n which is not a root of unity. If n > 2 then

1 1 (loglogn 3

Let o and 8 be two algebraic numbers. Then the following inequalities hold (see

(5) h(a+ ) <log2+ h(a) + h(B)
and
(6) h(aB) < h(a) + h(B).

Lemma 2.3. (Mahler [8]) If a and b are distinct zeros of polynomial P(x) with
degree n, then we have

|a _ b| > \/g(n)_(7b+2)/2M(P)_”+1,
where M (P) is the Mahler measure of P.

Lemma 2.4. Let f(x) = apz™ + ...+ a1 + ap be an irreducible polynomial of
degree n. and o, be one of its roots. For f'(x) the derivative of f, we have
gt Il < e < M2

where Dy is the discriminant, M(f) is the Mahler measure and H(f) is the naive
height of f.

H(f) (max(L, am])" ",
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Proof. The right hand side inequality is trivial by noticing that
() =nape™ ' + ...+ arx.

To see the left hand side inequality, observe that for «;, a;, two distinct roots of
f(x), we have

a; — | < 2max(1, |a;]) max(1, |aj)).
J J

Then
n n |al _ am|
Flan)l = I lai—anl> I
i1 i i1 i max(1, |a;|) max(1, |ou,|)
> 2n717n(n71) ﬁ ﬁ |ai — aj|
e Pl max(1, |a;]) max(1, |e;])
_ g-(n-1)? |Dr|
M(F)Qn—Q'

O

Suppose that K is an algebraic number field of degree d over Q embedded in C. If
K C R, we put x = 1, and otherwise x = 2. We are given numbers aq,...a, € K*
with absolute logarithm heights h(e;), 1 < j < n. Let logay, ..., loga, be
arbitrary fixed non-zero values of the logarithms. Suppose that

A; > max{dh(a;),|loga;|}, 1<j<n.
Now consider the linear form
L=bloga; +...+ byloga,,
with b1,...,b, € Z and with the parameter
B = maz{l,max{b;A; /A, : 1 <j<n}}

For brevity we put
Q=A;...4,,

C(n) =C(n,x) = %e"(Zn +1+2x)(n+2)(4n + 4)”+1 (;en> ,

Co = log(e* " n5d% log(en)),
Wy = log(1.5eBdlog(ed)).
The following is the main result of [10].

Proposition 2.5 (Matveev). Iflogay,...,loga, are linearly independent over Z
and b, # 0, then

log|L| > —C(n)CoWod?Q.
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3. SUMMARY OF THE PROOF

Suppose that (z,y) is an integral solution to equation (1). Then we have
(z — a1y)(@ — azy)(z — asy)(z — auy) = £1.
Therefore, for some 1 < i <4,
|z — azy] < 1.
Definition. We say the pair of solution (z,y) is related to «; if

[z — iy = min |z —ayy|.

Proposition 3.1. Let F(x,y) be an irreducible monic binary quartic form with
integer coefficients and Mahler measure M (F'). The Diophantine equation (1) has
at most Ny (see the table below) solutions in integers x and y with 0 < y < M(F)>5,
provided that the discriminant of F is greater than Dy, where Dy is an explicitly
computable constant.

Signature of F Ny

(0,2) 5
(2,1) 9
(4,0) 12

Since F(z,y) is monic, (1,0) is a trivial solution to F(z,y) = 1. We will need
to define a subset of solutions to (1), called 2 (see Section 8 for details). This set
contains the trivial solution (1, 0) and 5 other pairs of solution only when F'(z,1) =0
has 4 real roots.

Signature of F' |2

(0,2) 1
(2,1) 1
(4,0) 6

Proposition 3.2. Let F(x,y) be an irreducible binary quartic form with integer
coefficients and Mahler measure M(F). The Diophantine equation (1) has at most
Ny (see the table below) solutions in integers x and y with y > M(F)>®, provided
that the discriminant of F is greater than Dg, where Dy is an explicitly computable
constant.

Signature of F
(0,2)
(2,1)
(4,0)

0 = O
&




UPPER BOUNDS FOR THE NUMBER OF SOLUTIONS TO QUARTIC THUE EQUATIONS 7

4. SOLUTIONS WITH SMALL y; THE PROOF OF PROPOSITION 3.1

We may suppose that F(z,y) is a monic form and has the smallest Mahler
measure among all monic forms that are equivalent to F'. Assume that F(z,1) =0
has r real roots and 2s non-real roots (r + 2s = 4).

Let Yy be a positive real number. Following Stewart [16] and Bombieri and
Schmidt [3], we will estimate the solutions (z,y) to (1) for which 0 < y < Yy. For
binary form

F(z,y) =(x —aqy)...(z — any)
put
Li(z,y) =2 — a;y
fori=1,...,n. Then

Lemma 4.1. Suppose F is a monic binary form. Then for every solutions (z,y)

of (1) we have

1 1
Ly  Lay A

where B1,..., Bn are such that the form

J(u,w) = (u— frw)...(u— frw)

is equivalent to F'.

Proof. This is Lemma 4 of [16] and Lemma 3 of [3], by taking (xo,%0) equal to

(1,0). O
For every solution (z,y) # (1,0) of (1), fix j = j(z,y) with
|Lj(z,y)| = 1.
Then, by Lemma 4.1,
1
7 > = 1685 — Billy| — 1.
For complex conjugate 3; of 3;, where j = j(z,y), we also have
1 _
T 21685 — Billyl — 1.
|Li(z,y)| = 7
Hence )
T = Re(B;) = Billyl — 1,
[Li(z,y)] !

where Re(f;) is the real part of 8;. We now choose an integer m = m(x,y) with
|Re(B;) — B;| < 1/2, and we obtain

1 1
® T2 (-5 -1

fori=1,...,n.

Definition. For 1 <i <mn, Let X; be the set of solutions to (1) with 1 <y <Y
and |L;(z,y)| < ﬁ

Remark When o and a; are complex conjugates, X; = X; and therefore we
only need to consider r + s different sets X;.
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Lemma 4.2. Suppose (x1,y1) and (z2,y2) are two distinct solutions in X; with
y1 < y2. Then

2
2 > Zmax(L,]Bi(21, 1) — m(as,m)]).
yi 7
Proof. This is Lemma 5 of [16] and Lemma 4 of [3]. O

Lemma 4.3. Suppose (z,y) is a solution to (1) with y > 0 and |L;(z,y)| > ﬁ
Then
im(z,y) — Bi(z,y)| <

Proof. This is Lemma 6 of [16]. O

(S IEN

By Lemma 4.1 the form
J(u,w) = (u— fLw) ... (u— Brw)

is equivalent to F'(z,y) and therefore the form

J(u,w) = (u— (B —m)w) ... (u—(Bn — m)w)
is also equivalent to F'(z,y). Therefore, since we assumed that F' has the smallest
Mahler measure among its equivalent forms, we get

(9) [ max(1, B1(2, y) — m(z,y)]) > M(F).

i=1
For each set X; that is not empty, let (z(?),y®) be the element with the largest
value of y. Let X be the set of solutions of (1) with 1 <y < Yy minus the elements
(x MY, (2r+8) y(r+5)) . Suppose that, for integer i, the set X; is non-empty.
Index the elements of X; as

CAR Rl N S OV ON

so that (" < ... <yl (note that (27, y{”) = (2,y®)). By Lemma 4.2

2 (1
—max (1,
7

(@)
i i Y
.60, u)) < Lt
(4)
Yk
for k=1...,v— 1. Hence

H émax (1,

(z,y)eX N X

Bilal) y")) < Yo.

For (z,y) in X but not in X; we have

2
?max (1,

site i )]) <1
By Lemma 4.3. Thus

H ; max (1,

(z,y)eX

86 5P)]) < %o

Comparing this with (9) and since we have at most 7+ s different sets X;, we obtain
|X]

(10) <(§>4M(F)> <Yt
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If Dy satisfies the following numerical inequality

b >44 7 4X6X65
F= 2

DF\T® _ (7\*
il > (=) .
(%) =0

1
From here and the fact that M(F) > (££)° (see (4)), we conclude that if the
discriminant is large enough then M (F') will be large enough to satisfy

then we have

<§>4M<F> > M(F)*/.
By (10),
65log Y,
(11) x| < (r+ S>WM{})~

When F(x,y) has signature (4,0), choose 61 > 0 such that
65 (11
—(—=+0 .
6 (6 + 1) <8

From (10), we conclude that in this case |X| is at most 7 and therefore (1) has at
most 11 solutions with 1 <y < M(f)% 01

When F'(z,y) has signature (2, 1) choose 63 > 0 such that
65 (11
Ix — | —+6 6.
X o < 5 + 2) <

From (10), we conclude that in this case |X| is at most 5 and therefore (1) has at
most 8 solutions with 1 <y < M(f)s +¢2,

We can repeat the similar argument for forms with signature (0,2) and choose

03 > 0 such that
65 /11
2x — | —+0 4.
><64<6+3><

This will give us at most 5 solutions with 1 <y < M(f)%+93. But for this case,
we have more to say in the next section.

Lemma 4.4. Let F be a binary form of degree n > 3 with integer coefficients and
nonzero discriminant D. For every pair of integers (x,y) with y # 0

2n—1nn—1/2 (]\4(P1))n_2 |F(l’7y)‘
a et < )
” |D(F)|1/2]y|

where the minimum is taken over the zeros a of F(z,1).

. T
min
o

Proof. This is Lemma 3 of [16]. O

Lemma 4.5. Let F(x,y) be a quartic binary form with discriminant D, where
|D| > Dy. Suppose that «; is a root of F(z,1) = 0. Suppose that 8 > 0. Then
related to «;, there is at most 1 solution for equation (1) in integers x and y with
(L +6) <y < M(F)35.
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Proof. Assume that (x1,y1) and (z2,y2) are two distinct solutions to (1), both
related to a; with y» > y; > M(F)?. By Lemma 4.4, we have

T2 x

Y2 2

T X2

R B
2347/2 (M(F))>  2347/2 (M(F))?

= DByt ID(F)Y 2yt
2447/2 (M (F))?

= D(E) Pyt

Since (z1,1), (x2,y2) are distinct, we have |zoy; — z1y2| > 1. Therefore,

IN

+ |«

i

1 T2 T M(F)?
vive| =y | T ]t
This is because we assumed that Dy is large. Thus,
yi
12 < ys.

Following Stewart [16], we define §;, for j = 1,2, by
yj = M(F)*.
By (4) the Mahler measure of F' is large and (12) implies that

361 < 6o.
From here, we conclude that
Yo > M(F)>5.
In other words, related to each root «;, there exists at most 1 solution in x and y
with M(F)s +01 <y < M(F)3?. 0

5. PROOF OF THE MAIN THEOREM FOR FORMS WITH SIGNATURE (0, 2)

We will first show that if a pair of integer (x,y) satisfies F(x,y) = £1 and is
related to a non-real root a of F'(z,1) = 0 then

lyl < M(F)?*.

Lemma 5.1. For quartic binary form F(x,y), let a be a non-real root of F(x,1) =
0. If a pair of integer (x,y) satisfies F(x,y) = £1 and is related to « then
27
(13) ly| < ————7 M(F)”/".
(V3 IDel)"

Proof. Let a = v+ it, with t # 0, be a non-real root of F(z,1) = 0. If a solution
(z,y) of (1) is related to « then @, the complex conjugate of «, is also a root of
F(z,1) =0 and we have

T v oty lo — &
T a4l =

Y 2 - 2
Moreover, if 8 # « is a root of F(z,1) = 0 then

Z_8>
Y
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Thus
1 T T
T = |-« H — —
[l YooY
| — @ loe — ]
- 2 H 2
a;Fa
= a—allf/(@)2
By Lemma 2.3,

la—al > V3(4) P M(F) .
This, together with Lemma 2.4, shows that
1 —19_|DF|
—7 > V327 :
ly[* M(F)?

This completes our proof. (I

Suppose that (z1,y1) and (z2,y2) are two solutions related to a fixed root «,
with M ()12 < y; < yo < M(F)%*. Similar to the proof of Lemma 4.5, we
define 9, for j = 1,2, by

y; = M(F)'*%.
Inequality (12) implies that
301 < 6a.
From here, we conclude that if y; > M(F)12 % then

Yo > M(F)*/*,

In other words, related to each root «;, there exists at most 1 solution in x and y
with M(F)1210s <y < M(F)%/4.

When F(z,y) has signature (0,2) Choose 5 > 0 such that

65 (17
2x —|-—=+86 3.
" 64 (12 - 3> =

From (10), we conclude that in this case |¥| is at most 2 and therefore (1) has at
most 4 solutions with 1 <y < M(f)1+0,

Since F' is monic, (1,0) is a trivial solution to equation (1). Therefore, when F
has signature (0, 2) the number of solutions to (1) does not exceed 6.

6. TRANSCENDENTAL CURVE ¢(z,y)

Fix a positive integer k. Define

(14) bu(a,y) = log | 2L m)
|f(oum)|F

and

(15) ¢(m,y) = ((bl(a:,y),¢2(m,y),¢3(x,y),¢4(x,y)).

Let ||¢(z,y)|| be the Ly norm of the vector ¢(x,y).

Remark. In [2], a logarithmic curve ¢(x,y) is defined by taking k = 3. The
new general definition of ¢(z,y) in this paper gives us the freedom of choosing k



12 SHABNAM AKHTARI

large enough to make our approximations sharper. In order to have our estimations
correct it is sufficient to take k = 90.

Lemma 6.1. Suppose that (z,y) is a solution to the equation F(x,y) = 1, where
F' is the binary form in Theorem 1.1. If

| —aqy| = min |z — ajy|

then
6. 9)1 < 6 lo —— + [4(L.0)] .
Proof. Let us assume that
’x—asjy|<1, for1<j<p
and
|z — ap,y| > 1, for 1 <k<4-—p,

where 1 < p, s;,b, < 4. We have

lv —apyl = =7
S AT
Therefore, for any 1 < k < 4 — p, we have

log |z — ap, y| < plog ———.
|z — asyl
Since

o — aqy| = min |z — oy,

we also have
[log |z — v, y|| < Nlog |z — sy
From here, we conclude that
oz )l < oL, 0)[| + (4 = p)plog |z — asy|| + p[log |z — csyl|
[6(1,0)[| + (5p — p*) [log [« — ]| -
The function A(p) = 5p — p? obtains its maximum value 6 over p € {1,2,3,4}. O

In the following lemma we approximate the size of f'(«) in terms of the discrim-
inant and heights of f , where f’ is the derivative of the polynomial f and « is a
root of f =0.

Lemma 6.2. Suppose that F is a monic quartic binary form. Then (1,0) is a
solution to the equation |F(z,y)| =1 and

6(1,0)]| < 410g (2% DI M(F)E),
Proof. By the definition of ¢(z,y),
D4k
1@l

Substituting the lower bound for the |f’ (am)|E from Lemma 2.4 completes the
proof. O

||¢>10||<Zlog

m=1
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7. EXPONENTIAL GAP PRINCIPLE
Here, our goal is to show

Proposition 7.1. Suppose that (x1,y1), (z2,y2) and (xs,y3) are three pairs of
non-trivial solutions to (1) with

lzj — aqy;| <1,
and |y;| > M(F)*5, for j € {1,2,3}. If [|¢(z1,y1)]l < |lo(x2, y2)|| < (23, y3)]|

then
lete sl

|¢(x3,y3)| > 0.00014 exp ( :

In [2], we showed that when F'(x,y) splits in R, i.e. when the signature is (4,0),
assuming that y3 > y; > M (F)®, one can get the following inequality

(1, y1)ll +\f
6) 2V3log

that is sharper than the inequality in Proposition 7.1. This makes the value of Dy
in our main theorem smaller and does not decrease the upper bound for the number
of solutions.

Observe that for three pairs of solutions in Proposition 7.1, the three points
d(z1,y1), O(x2,y2) and ¢(x3,ys) form a triangle A. To establish Proposition 7.1,
we will find a lower bound and an upper bound for the area of A. Then comparing
these bounds, Proposition 7.1 will be proven. The length of each side of A is less
than 2 ||¢(x3,y3)|]. Lemma 7.2 gives an upper bound for the height of A. Let
(,y) # (1,0) be a solution to (1) and let ¢ = %. We have

l6(as, y3)]| > exp (

o(z, log b,
; If’ )\

where,
by = ~(3,=1,—1,—1), bz = ~(=1,3,~1,—1)
1— 4 ) ) ) ) 2 — 4 3y ) )
1 1
b3_ Z( 17_17?)’_1)’ b4:Z(_17_1>_173)5

Without loss of generality, we will assume that ay is a real root and for the pair of
solution (z,y) we have

|z — aqy| < 1.
We may write (see the definition of ¢(x,y) in (15))
3
(16) Ha =Yg e 4 b,
i=1 If(a )\
where, for 1 <i < 3,
3
1 t— 1 t—
ci =bi+ba, Fy =1og|7°‘4L _ gzlog%
|f/(ca)[* = ()|

One can easily observe that

c;i L by, forl <i<d4.
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Lemma 7.2. Let
3
L= log Mci +2bs, z€R
i=1 |f/(cvi)]?
Suppose that (x,y) # (1,0) is a pair of solution to (1) with

[z — ey = min [z —a;y|

and y > M(F)35. Then the distance between ¢(x,y) and the line Ly is less than

oy (21220

Proof. The proof goes exactly as the proof of Lemma 6.3 in [2]. O
Lemma 7.2 shows that the height of A is at most

2 exp (Il¢(fﬁ61@/1)|> |

Therefore, the area of A is less than
a7) 2| (w3, ys3)] exp <—||¢(f56171/1>||> .

Let us now estimate the area of A from below. Since

F(z,y) = (x — aay) (@ — azy)(z — azy)(z — ouy) = £1,
we conclude that = — a;y is a unit in Q(«;) when (x,y) is a pair of solution to (1).
Suppose that (z1,¥y1) and (22, y2) are two pairs of non-trivial solutions to (1). Then

olar,) = olaz ) = (1og )=

T — a1y
T2 — Q1Y2

T1 — 04l
T — 0iqlY2

log

geeey

Since =% g a unit in Q(«;), by Proposition 2.2, we have

T2 —OQ;Y2
—a log log 4
||5||8h<””1 ay) >2(Og o8
To — O;Y2

log 4
Now we can estimate each side of A from below to conclude that the area of the
triangle A is greater than

3
> > 0.026.

loglog 4\ °
\/3( 508 ) > 0.00029.
log 4

Comparing this with (17) we conclude that

2 |6 (xs, ys)|| exp (Whyﬂﬂ

6
Proposition 7.1 is immediate from here.
Note that when Q(cy;) is a totally real field, we have a better upper bound for
the size of €}

) > 0.00029.

1
el > 410g? LY5

(see exercise 2 on page 367 of [14]). Now we can estimate each side of A from below
by

1
4v/31og* +T\/5
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In order to study the curve ¢(t), we will consider some well-known geometric
properties of the unit group U of K = Q(«), where « is a root of F(x,1) = 0.
Let r be the number of real conjugate fields of K and 2s the number of complex
conjugate fields of K. Then by Dirichlet’s unit theorem, the ring of integers Oy
contains 7 + s — 1 fundamental units and there are three possibilities:

If F(x,1) = 0 has no real roots, we call F' a form of signature (0, 2).
If F(x,1) =0 has 4 real roots, we call F' a form of signature (4,0).
If F(x,1) = 0 has 2 real roots, we call F' a form of signature (2, 1).

Here we are working with quartic forms (r +2s =4) we have r +s —1=§ +1
fundamental units in Og. Let 7 be the obvious restriction of the embedding of
Q(a) in C*; ie. 7(u) = (u1,u2,us, us), where u; are algebraic conjugates of u. By
Dirichlet’s unit theorem, we have a sequence of mappings

(18) 7:Uw+—V cC
and
(19) log: V — A,

where V' is the image of the map 7, A is a r + s — 1-dimensional lattice, and the
mapping log is defined as follows:
For (z1,...,Zr4s-1) €V,

log(xla cee 7xT+S—1) = (IOg ‘xl" B log |:E7“+S—1|)a

where r and s are defined in Dirichlet’s unit Theorem. We have r +s —1 < 3. If
(x,y) is a pair of solutions to (1) then

(z — azy)

is a unit in Q(«;). Suppose that Q(«;) is a real number field and
Ao A

are fundamental units of Q(«;) and are chosen so that

log (1(A2)), -+, 10g (T(Arts))

are respectively first to r + s — 1 successive minimas of the lattice A. Let us assume
that

[log (T(A2))[| < ... < [llog (T(Ar45))]l
form a reduced basis for the lattice A, so that

r+s

(20) o(z,y) = ¢(1,0) + ka log (T(Ak)) , my, € Z,
k=2

(21) ([ og (r(Ae))I| < [[6(2,y) — (1, 0)] -
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8. GEOMETRY OF ¢(z,y)
Lemma 8.1. For every fized integer m, there are at most 2r + 2s — 2 solutions
(z,y) to (1) for which in (20), myys = m.
Proof. Let S be the (r + s — 1)-dimensional affine space of all vectors
r+s

#(1,0) + ZM log (7(A:)) (ni € R).

i=2
Let pty+s = m. Then the points
r+s—1

¢(1,0) + Z pilog (T(Ai)) +mlog (T(Arts))
=2

form an (r + s — 2)-dimensional hyperplane Sy of S. Put f(t) = F(¢,1). For t € R,
define y(¢) and z(t) as follows:

y) = L@
z(t) = ty(t).
Similar to ¢(x,y), we define the curve ¢(t) on R:
o(t) = (¢1(t), P2(t), ¢3(1), Pa(t)) ,

where, for 1 <m <4

Om (t) = IOg

D&ummwmw
T .
| (cm)*

Observe that for an integral solution (x,y) to (1) and ¢(x,y) defined in (15), we

have
o(x,y) = ¢ (;”) .

Let N = (N1, No, N3, Ny) € S be the normal vector of S;. Then the number of
times that the curve ¢(t) intersects S; equals the number of solutions in ¢ to

(22) N.¢(t) = 0.
We have
lim log|t — ;] = —oc0
t—mc;r
and
lim log |t — a;] = —o0.
t—a;

Note that if «; is a non-real root of F'(x,1) then &;, the complex conjugate of «; is
also a root and we have

log |t — ;| = log |t — @;].
If a1,...,a, are the reals roots and 41, ..., 45, ¥rysti,. .., Q425 are non-real

roots with o,y sk = @1k, then the derivative % (N¢(t)) can be written as %,

where Q(t) = (t—a1) ... (t —a)(t — apg1) ... (t — apys) and P(t) is a polynomial
of degree r + s — 1. Therefore, the derivative has at most r + s — 1 zeros and
consequently, the equation (22) can not have more than 2r + 2s — 2 solutions. O
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Lemma 8.2. Let F' be an irreducible monic quartic form. Suppose that (x,y) is a
solution to the Thue equation F(xz,y) = +1 with y > M(F)>°. Then

(L, 0)| < oz, )l -
Proof. Let a, ..., a, be the roots of F(z,1) = 0. Then

T T T T +1
(; - al)(g - 012)(; - as)(; —ou) = e

There must exist a root a; so that ‘% - ozj’ > i By Lemma 2.4 and since y >

M (F)3®, the absolute value of the term ¢;(z,y) alone exceeds ||¢(1,0)]|| (see Lemma
6.2). O

Recall that we assumed F(z,y) is a monic form. Therefore (1,0) is a trivial
solution to the equation F(z,y) = £1.

Definition of the set 2. Assume that equation (1) has more than 2r + 2s — 2
solutions. Then we can list 2r+2s—3 solutions (z;,y;) # (1,0) (1 < i < 2r+2s—3),
so that r; = ||¢(z;,y;)| are the smallest among all ||¢(z,y)||, where (x,y) varies
over all non-trivial pairs of solutions. We denote the set of all these 2r 4+ 2s — 3
solutions and the trivial solution (1,0) by 2.

Corollary 8.3. Let (z,y) € 2 be a solution to (1) with y > M(F)35. Then

log (rA2))l < - < [llog (r(Ars)) | < 2 I 6(2, )]l -

Proof. Since we have assumed that [[log (7(A2))|| < ... < |llog (7(Ar+s))]], it is
enough to show that |[log (T7(Ar15))|| < 2||¢(z,y)||. By Lemma 8.1, there is at least
one solution (zg,yo) € 2A so that

r+s

é(x,y) — B0, y0) = Y _ kilog (t(\)),
=2

with k, # 0. Since {log (7()\;))} is a reduced basis for the lattice A in (19), we
conclude that

log (T(Arr )l < llo(2,y) — b0, yo) | < 2][¢(z,y)]|-
(]

Lemma 8.4. Suppose that (z,y) is a solution to (1) with y > M(F)>°. We have

|D|1/12
)

Jote )1 108 (

Proof. Let o; and «; be two distinct roots of quartic polynomial F'(z,1). We have
1 1
T—yo; T — Yoy
lai — ay] [yl
|z — yail|lz — yay|

€¢i(1)0)7¢'i(w’y) —_ 6¢j(1»0)7¢j (1371/)

lovi —

|z — yaillr —ya;|”



18 SHABNAM AKHTARI

Since |¢;| < [|¢[| and [|¢(1,0)]| < [|¢(z, y)|, we may conclude
(262u¢<z,y>n)6 > 1 LIRS V53

xr — Yoy, X — Yo
1<i<j<4 ya ya;

9. PROOF OF PROPOSITION 3.2 FOR FORMS OF SIGNATURE (4, 0)

Let (z,y) # (1,0) be a pair of solution to (1) and
r+s
$(x,y) = 6(1,0)+ Y _mylog(r(\r)),  mx €L

k=2
Let us set ¢t = % and define

(t — ai) (o — o)
T; :(t) :==1o .
1:3() g (t—a])(ol4_a2)
Notice that
Qg — O t—Oéj
g(@,y) =T, ;(t) | T +og’t_ai
Q4 — O Tr — oY

(23)

4
A

log |\ ;] + Z m; log %a

= A%l

Qg — QG

Qg —Qy

where \; ; = log and A, and A} are fundamental units in Q(«;) and Q(«;),

respectively.

Lemma 9.1. Let (z,y) be a pair of solution to (1) with |y| > M(F)35. Then there
exists a pair (i,7) for which

i) < exo (1220,

Proof. This is a consequence of Lemma 7.2 and the proof goes exactly the same as
the proof of Lemma 6.8 in [2]. O

Let index o be the isomorphism from Q(a;) to Q(«;) such that o(a;) = a;. We
may assume that o(\;) = A} for i = 2,3,4. Let (z1,v1) , (x2,92) , (x3,y3) be three
distinct solutions to (1) with

n > M(F)3'5

and
|z — aayr| = 121%14 |z — auyk|  k€{1,2,3}.
This assumption will lead us to a contradiction at the end of this section, implying
that related to each real root of F(z,1) = 0, there are at most 2 solutions with
y > M(F)35. Recall that related to a non-real root, there exists no such solution.
Put ry = ||¢(xk, yr)|| and assume that r; < ry < r5. We will apply Matveev’s

lower bound to
r+s

T j(w3,y3) = log | Nii| + Y my, log
k=2

| Akl
AL
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where (i, j) is chosen so that Lemma 9.1 is satisfied and mj, € Z. Forms of signature
(0, 2) have one fundamental unit and forms of signature (2, 1) have two fundamental
units. Moreover, if ); ; is a unit then we can write T} ;(z,y) as a linear form in
fewer number of logarithms. We remark here that when dealing with linear forms
in 2 logarithms, one can use sharper lower bounds (see for example [6]).

Suppose that A is a unit in the number field and X is its algebraic conjugate.
We have

MY = h(Y) = £ flog (7))

where h is the logarithmic height and | |; is the L; norm on R* and the mappings
7 and log are defined in (18) and (19) . So we have

B = £ low (r()), < 2 Jlog ().

where |||| is the Ly norm on R"™*~1. Since ay, a; and «; have degree 4 over Q, the
number field Q(au, i, ;) has degree d < 24 over Q. So when A is a unit

) max{an( ). fos(| | < max{2an(). ow| D1y < 12 0w (O

In order to apply Theorem 2.5 to T ;(x,y), we will take , for k > 1,
Ay, =12 log (r(V)).
By (21) and Lemma 8.2, we have
Ak < 24”¢($ay)Ha for k> 1.

Now we need to estimate A;.

log(

Lemma 9.2. Let F be an irreducible binary quartic form with integral coefficients.
Assume that (z,y) is a solution to (1) with y > M(F)35. Then, we have

h(‘“’“‘“) < 21052 + 2 é(a,y)].
ap — Q5

Proof. Let 8; = ¢ — ya;. We have
ok —ai _ P — B
ap —oa;  Br—

Thus by (5) and (6),
h (w) < 2log 2 + 4h(By).
Qp —

To complete the proof, we will show that

h6e) < 516Gl

Set
v; = log |Bi| = ¢i(z,y) — ¢:(1,0) for i€{1,2,3,4}
and
17: (1}171}2,'03,'114)-

Since B is a unit, we have

4

1 1 .

h(Br) = gz |vil = §(81782’83784) U,
i=1
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where s1, $2, 83,84 € {+1,—1}. Since ||(s1, $2, 83, 84)|| = 2, we obtain

L.
n(e) < 171,
On the other hand, we have
17 < lle(@, y)ll + 16(L, 0)|| < 2[lp(z, y)|-

This completes our proof. ([l

Set, for k € {1,2,3},
e = [lo(@r, yr) |-

We may take
Ay = 48log 2 + 48r

(recall that o, o; , a; are algebraic conjugates). Since m; = 1, we will put
B = max{1l,max{m;A;/A; : 1<j<4}}.

Since we assumed that 7()\;), 2 < i < r+s—1 are successive minimas for the lattice
A, we have

Imj Aj| < s+ [lo(1,0)] < 273.

Thus we may take B = 13 (see (21)).
Proposition 2.5 implies that for a constant number K,

log T; (w3, y3) > —K 1 logrs.

Comparing this with Lemma 9.1, we have

(_g?’> >—-K r‘f log s,

or
"3

< 6K ri.
logrs "

Thus there is a computable constant number K1, so that
(25) rs < Ky,

This is because 73 is large enough by Lemma 8.4. But by Lemma 7.1 we have

T1

ra > 0.00014 exp ( - ) .

This is a contradiction, for by Lemma 8.4,

>110 |D|T12
=508 Ty

and D is large. Thus, there are at most 2 solutions (x,y) with y > M (F)3 related
to each real root a;. The proof of Proposition 3.2 for forms with signature (4,0)
is complete now. This argument can be used for forms with signature (2,1), as
well and will give us an bound of 17 upon the number of solutions to (1) for this
case. In the next section, we will see that for forms of signature (2,1) we do not
need to consider the set 2(, as the lattice generated by the fundamental units of the
corresponding number field is contained in a plane.
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10. PROOF OF PROPOSITION 3.2 FOR FORMS OF SIGNATURE (2, 1)

Let F(x,y) be a quartic form of signature (2,1). Suppose that (z1,y1), (z2,y2)
and (z3,ys) are three pairs of non-trivial solution to (1) with

|.’13j — a4yj\ <1,

and |y;| > M(F)3® for j € {1,2,3}. We will assume a4 is real (recall that related to
a non-real root, there exists no solution (z, y) with |y| > M (F)3-®). The real number
field Q(a4) has two fundamental units A2, A3 chosen so that log (7(A2)),log (7(A3))
are successive minimas of the lattice A, with

(26) [[log (7(A2)) |l [llog (7(A3))[| = %Vol(A),

where Vol(A) is the volume of fundamental parallelepiped of lattice A. If (z,y) is
a solution to |F(x,y)| = 1, then

¢(]"7y) € ¢(170) + A=Ay
Note that
Vol(A) = Vol(A,).
For distinct pairs of solution (z1,y1), (22, y2) and (z3, y3) , three vectors ¢(z1, y1),

(2, y2) and ¢(x3,y3) generate a sub-lattice of A; with the volume of fundamental
parallelepiped equal to 2A. Therefore,

(27) 2A > Vol(A1) = Vol(A).
On the other hand, by (17), A, the area of A is less than
R

This, together with (27) gives

(28) p(z3,y3)l| >

VOL(A) exp <||¢($167 y1)> '

Let us replace Proposition 7.1 by the above inequality when F'(x,y) has signature
(2,1).
Put ry = ||¢(xk, yx)|| and assume that r; < ro < r5. We will apply Matveev’s

lower bound to
r+s

A
T; j(x3,y3) = log |\ 5] + ka log Al
k=2

ALl
where (i, 7) is chosen so that Lemma 9.1 is satisfied and my, € Z. Similar to Section
9, let index o be the isomorphism from Q(«;) to Q(«;) such that o(e;) = ;. We
may assume that o(\;) = X, for i = 2,3,4. Recall that related to a non-real root,
there exists no such solution.

We use our estimation from Section 9 for A; and B:

Ay = 48log 2 + 48r

and r
B=-2,
12

For fundamental units A\, with k € {2, 3}, using (24), we may put
Ap = 12][log (r(A))] -
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Theorem 2.5 and (26) imply that for a constant number K,
log T; j(zs,y3) > —K r1log rsVol(A).

Comparing this with Lemma 9.1, we have

(_67“3> > —K ry logrsVol(A),
or ,
5 < 6K ryVol(A).
log rs

Thus, since rj is large enough by Lemma 8.4, there is a computable constant number
K>, so that

rg < Ko 7“1V01(A)
(compare this with (25)). But by ( 28) we have

o Y 2.

Consequently, for some positive constant K3,
r
r1 > K3 exp (é) .

This is a contradiction by Lemma 8.4 and since the discriminant is large. Thus,
there are at most 2 solutions (z,y) with y > M(F)3?® related to each real root «;.
The proof of Proposition 3.2 and Theorem 1.1 are complete now.
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