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Abstract

We consider an Allen—Cahn equation with a constraint of double obstacle-type. This constraint
is a subdifferential of an indicator function on the closed interval, which is a multivalued function.
In this paper we study the properties of the Lagrange multiplier to our equation. Also, we consider
the singular limit of our system and clarify the limit of the solution and the Lagrange multiplier to
our double obstacle problem. Moreover, we give some numerical experiments of our problem by
using the Lagrange multiplier.

1 Introduction

In this paper, for each € € (0, 1] we consider the following constrained Allen—Cahn equation:

W' (uf 011y, o+ (us
(U)+ jo,0%) (U°)

u; — Au® + = = 50 inQ:=(0,T) x Q, (1.1)
887“: —0onY:=(0,T) x T, (1.2)
ut(0,2) = ug(x), x €, (1.3)

where 0 < T < +00, Q is a bounded domain in RY (1 < N < +o0) with smooth boundary
I' := 09, o,, 0™ are given constants with —oo < o, < ¢* < 400, I/ is an outward normal vector
on " and ug is a given initial data. 1V is a potential so that 1/’ is Lipschitz on R. The typical examples
of W are the following:

(1—2%)? 122

W(z):T, W(z) = 5 W(z)=1+cosz, ---etc.

Furthermore, 01, ,+(-) is the subdifferential of the indicator function /|,, ,+(-) on the closed interval
[0, 0*] defined by

o 0, ifz€ o, 0%,
fiou.)(2) = { +o00, otherwise. (1.4)
More precisely, 01}, »+|(-) is a set-valued mapping defined by
0 if 2 <o,orz>o*,

[0, 00) if 2 = 0¥,
Oy, o(2) = 1.5
7-071(2) {0} ifo, <z <o*, (1.5)

(—00,0] ifz=o0,.

The Allen—Cahn equation was proposed to describe the macroscopic motion of phase boundaries. In
physical context, the function u® = u®(¢,x) in (P)*:={(1.1), (1.2), (1.3)} denotes the nonconserved



order parameter that characterizes physical structure. For instance, let v = v(t, x) be the local ratio
of the volume of pure liquid relative to that of pure solid at time ¢ and position x € €, defined by

. the volume of pure liquid in B,(x) at time ¢
v(t,z) = lim :
it B,(2)

where B,(x) is the ball in RY with center x and radius r and |B,(z)| denotes its volume. Put

u(t,x) == (0% — o.)v(t,x) + o, for any (t,x) € Q. Then, we easily see that u®(t, ) is the
nonconserved order parameter that characterizes the physical structure:

us(t,x) = o* on the pure liquid region,

us(t,x) = o, on the pure solid region,

0. <uf(t,x) < o* onthe mixture region.

There are vast literatures of Allen—Cahn equation with or without the double obstacle constraint
015, o+(+). For such works, we refer to [1, 3, 7, 8, 9, 10, 11, 15, 20, 21, 22, 24, 26], for instance.
In particular, Bronsard and Kohn [7] studied the singular limit of (P)* as € — 0 with a bistable potential
W with both wells of equal depth and without the constraint 81[0.*70*}(-). Also, Chen and Elliott [9]
considered the asymptotic behavior of the solution to (P)® with /(z) = —z and with the constraint
0l1_11)(-) as ¢ — 0. But there was no information of an element of 91|y 1)(u°) in [9] as ¢ — 0.
Recently, the authors [12] gave the results of an element of 8[[,171}(#) in (P)* as € — 0 in the case
of W (2) = —z,0, = —lando* = 1.

On the other hand, elliptic and parabolic variational inequalities were considered in connection with
Lagrange multipliers (cf. [3, 4, 13, 14, 17, 25]). In particular, there were some numerical experiments of
PDE'’s by using the Lagrange multiplier (cf. [3, 25]). Note from the constraint that the notion of solution
to (P)® is given in variational sense (cf. Remark 2.1 below). Also, our constraint 81[0*,0*](-) is a set-
valued mapping (cf. (1.5)). Therefore, it is very difficult to make numerical experiments to (P)®. Hence,
it is worthy considering the Lagrange multiplier to (P)° in order to analyze (P)° numerically.

In this paper, for each ¢ € (0, 1] we consider an element A* € 0I|,, ,+/(u°), which is called the
Lagrange multiplier to (P)®. Also, we investigate the singular limit of our system (P)® and clarify the
limit of the solution »° and the Lagrange multiplier A° to (P)° as € — (. Moreover, we give numerical
experiments to (P)° in one dimension of space for sufficient small ¢ € (0, 1]. Namely, the main
novelties found in this paper are the following:

(a) We give the characterization of the Lagrange multiplier A° to (P)°.
(b) We show the convergence of the solution «° and the Lagrange multiplier A* to (P)* as ¢ — 0.
(c) We clarify the properties of the limit of u® and A* as ¢ — 0.

(d) We give numerical experiments to (P)° in one dimension of space for sufficient small ¢ € (0, 1].

The plan of this paper is as follows. In Section 2, we state the main result in this paper. In Section
3 we recall the decomposition result of the subdifferential of convex functions. Also, we prove the
main result (Theorem 2.1) concerning the existence-unigueness of solutions to (P)® and properties of
the Lagrange multiplier A°. In Section 4, we prove Theorem 2.2 corresponding to the items (b) and
(c) listed above. In Section 5, we give numerical experiments to (P)® in one dimension of space for
sufficient small e € (0, 1].



Notations and basic assumptions

Throughout this paper, for any reflexive Banach space B, we denote by | - |z the norm of B, and
denote by B* the dual space of B.

In particular, we put H := L?()) with usual real Hilbert space structure, and denote by (-, ) the
inner product in H. Also, we put V' := H'(Q) with the usual norm

1
|zl = {lzli + V2[5 )2, 2 €V,

and denote by (-, -) the duality pairing between V* and V. By identifying H with its dual space, we
have V' C H C V* with compact and dense embeddings; then,

(u,v) = (u,v)y foru € Handv € V. (1.6)

In the proof of Theorem 2.1, we use some techniques of proper (that is, not identically equal to infin-
ity), |.s.c. (lower semi-continuous), convex functions and their subdifferentials, which are useful in the
systematic study of variational inequalities. Therefore, let us outline some notations and definitions.
For a proper, |.s.c. and convex function ¢ : H — R U {400}, the effective domain D(1)) is defined
by
D(¥) = {z € H; 9(z) < 00}.
The subdifferential of 1) is a possibly multi-valued operator in H and is defined by z* € 0v(z) if and
only if
z€ D) and (2%,y —2)g <¢Y(y) —¥(z) forally € H.

For various properties and related notions of the proper, I.s.c., convex function 7/ and its subdifferential
01, we refer to a monograph by Brézis [5].

Next, we give assumptions on the data. Throughout this paper,

(A1) o,,0™ are constants with —oo < 0, < 0% < 400.

(A2) W is a C''-function on R such that W > 0 on R and W’ is Lipschitz continuous on (0., 0%].
Moreover, the equation W + I}, ,+] = 0 has at most k roots &1, &z, - - - , & in [0, 0*] so that
U*§§1<§2<"'<§k§0*.

A3) uf € K :={z€V;o0.<z<oc*ae inQ}forale € (0,1].

Example 1.1. IfW(z) = (1 — 2*)?/4, 0. = —1 and 0* = 1, then, the equation W + I}, .« =0
has exactly two roots &, = —1 and &, = 1.

Example 1.2. IV (z) = (1.5°—2%)/2, 0, = —1 ando* = 1.5, then, the equation W + I, 5] = 0
has exactly one root§; = 1.5.
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Figure 1: The graph of @ + I1-11(2).
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Figure 2: The graph of (1522—_22) + I-11.5(2).

Example 1.3 (cf. [20]). /f W(z) = 1 + cosz, 0. = —3m and o* = 3m, then, the equation
W + 15, »+) = 0 has exactly four roots —3m, —, 7, 3.

N

Figure 3: The graph of 1 + cos z + I|_3 37 (2).

Finally, throughout this paper, C; = C;(+),i = 1,2, 3, - - -, denote positive (or nonnegative) constants
depending only on its arguments.

2 Main results

We begin by giving the rigorous definition of solutions to our problem (P)° (¢ € (0, 1]).

Definition 2.1. A function u® : [0,T] — H is called a solution to (P)° on [0,T], if the following
conditions are satisfied:

(i) v* € Wh2(0,T; H) N L>(0,T;V).



(i) There is a function \* € L*(0,T; H) with \° € 01, ,(u®) a.e. in Q) such that

((0), ) + (VU (), Vo) + 5 (WD), 2) + =5 (), 2) = 0
forallz € V anda.e.t € (0,T).

(iii) u(0) = u in H.

We call \° in (ii) a Lagrange multiplier to (P)* on [0, T'].

Remark 2.1. It follows from the constraint 01, -+)(-) and (ii) of Definition 2.1 that the equation (1.1)
is equivalent to the following variational inequality:

(uf(t) + e—le’(uE(t)), u(t) — z)H + (Vus(t), Vu'(t) — Vz),; <0
forallz € K anda.e.t € (0,T).

Now, let us mention the first main result in this paper, which is concerned with the existence and basic
property of the solution and the Lagrange multiplier to (P)¢ on [0, T'].

Theorem 2.1. Suppose that the assumptions (A1)—(A3) are satisfied and let ¢ € (0, 1]. Then, there
exists a unique solution u® to (P)* on [0, T]. Also, there exists a Lagrange multiplier \* to (Pf on
[0, T'] in the sense of Definition 2.1 such that

>0 on{(t,x) €Q; u(t,x) =0"},
N(t,z)¢ =0 on{(t,x) € Q; 0. <u®(t,x) < o*}, (2.1)
<0 on{(t,z) € Q; u*(t,z) = o0.}.

In next Section 3, we give the proof of Theorem 2.1.

Next, we consider the convergence of (P)* as ¢ — 0. To this end, we use the following energy
functional:

1 1
F(u) = / {E|VU\2 + I, o (u) + —W(u)} dr, weV. (2.2)
a2 € €

Now we state the second main result in this paper, which is concerned with the singular limit of (P)*
ase — 0:

Theorem 2.2. Assume (A1)—~(A3). Foreache € (0, 1], letu® be the unique solution to (P)? on [0, T'].
Also, let \* be the Lagrange multiplier to (P)° on [0, T'] in the sense of Definition 2.1. Assume that there
are a function ug € L'(§)) and a positive constant M, independent of ¢ € [0, 1], satisfying uo(x)
takes only a value which is the zero point of W + I, 5+, namely, W (ug(x)) + i, o+ (uo(x)) = 0
fora.e.x € ),

sup F°(uy) < M (2.3)
€€[0,1]
and
hH(l) lug(x) — up(z)|dx = 0. (2.4)
=0 Jo



Then, there are a subsequence {c.} of {e} withe, \, 0 as k — oo, functionsu € L?(0,T; H) and
A € L*(0,T;V*) and a positive number Ny independent of ¢ € (0, 1] such that u(t, x) also takes
only a value which is the zero point of W + I, .+, namely, W (u(t, x)) + Iy, o+ (u(t, z)) = 0 for
ae. (t,x) € Q,

klim u*(t,x) = u(t,z), ae (t,z) € Q, (2.5)
/ [u(ts, ) — ults, z)| dz < Nolty — 1], Vi1, 15 € [0, 7], (2.6)
Q
PH& u(t,x) = uo(z), ae x e, (2.7)
/ |IVu(t)| < No, aete(0,T) (2.8)
Q
and
Ak —— X\ weakly in L*(0,T; V*) ask — oo, (2.9)

where |, [Vu(t)| is the total variation measure of u(t). Moreover, A + W'(u) = 0in L*(0,T;V*),
hence,
At,x) = =W'(u(t,z)), ae (t,z)€ Q. (2.10)

In Section 4 we prove Theorem 2.2 by using a priori estimates of u° and \°.

Example 2.1. IfW(z) = (1 — 2*)?/4, 0. = —1 and 0* = 1, then, the equation W + I}, .« =0
has exactly two roots {; = —1 and §; = 1 (cf. Example 1.1). Then, if the initial data uq(z) takes only
a value —1 or 1 for a.e. © € ), we infer from Theorems 2.1-2.2 that the limit function u(t, x) takes
only a value —1 or 1 for a.e. (t,x) € (). Therefore, we observe that the limit function \ of Lagrange
multiplier has the following property:

At ,z) = —W'(u(t,r)) = —(u(t,z))® + u(t,r) =0, ae (t,z) € Q.

Example 2.2. IV (z) = (1.5°—2%)/2, 0, = —1 ando* = 1.5, then, the equation W + I, 5] = 0
has exactly one root&; = 1.5 (cf. Example 1.2). Then, if the initial data uy(x) takes only a value 1.5
for a.e. x € €, we infer from Theorems 2.1-2.2 that the limit function u(t, x) also takes only a value
1.5 for a.e. (t,z) € Q. Therefore, we observe that the limit function X of Lagrange multiplier has the
following property:

Mt,z) = —W'(u(t,z)) =u(t,z) = 1.5, ae (t,x) € Q.

Example 2.3. /W (z) = 1 4 cosx, 0. = —3m and o™ = 3, then, the equation W + Ij;, .- = 0
has exactly four roots —3m, —m, m, 3 (cf. Example 1.3). Then, if the initial data u () takes a value
—3m, —7, 7, or 3w for a.e. x € €, we infer from Theorems 2.1-2.2 that the limit function u(t, =) also
takes a value —3m, —, 7, or 3w for a.e. (t,z) € Q). Therefore, we observe that the limit function \
of Lagrange multiplier has the following property:

At,x) = =W (u(t,z)) = sin(u(t,z)) =0, ae. (t,r) € Q.



3 Solvability of (P)°

In this section we consider (P)® for each ¢ € (0, 1]. In fact, we study (P)° by arguments similar to
[12, 19, 24], namely by abstract evolution equations governed by subdifferentials.

Now, we define a functional o on H by

1

— Vz|?dx, ifzeV,
R YA

00, otherwise.

Clearly, ¢ is proper, |.s.c. and convex on H.

Also, we define the proper, |.s.c. and convex functional Zj,, ,~) of H by

T, 0(2) = /gzl[g*,a*](z)d:c forany z € H,

where I}, ,+ is the indicator function defined in (1.4).

Next, we consider the functional ¢ defined by the form:
1
0(2) = @o(z) + gI[g*,g*](Z) forany z € H.
Clearly, o is proper, |.s.c. and convex on H with the effective domain D(¢) = K, where K is the set
defined in (A3).
Here, we recall the following decomposition result of the subdifferential .

Proposition 3.1 (cf. [6, Section 3], [24, Theorem 3.1]). The subdifferential ¢ of  is decomposed
into the following form:

1
Op(z) = Opo(z) + 5_282[0*’0*](2) inH foranyz € H.

By arguments similar to [6, Section 3] and [24, Theorem 3.1], we can show Proposition 3.1, thus, omit
its detailed proof.

Now, we prove Theorem 2.1 by using Proposition 3.1 and applying the abstract theory of evolution
equation associated with subdifferential 0.

Proof of Theorem 2.1. By the same argument as in [12, Section 3], we can show the existence-
uniqueness of a solution u* to (P)° on [0, T'] foreach ¢ € (0, 1]. In fact, we easily prove the uniqueness
of solutions to (P)® on [0, 7'] by the quite standard arguments: monotonicity and Gronwall’'s inequality.

Now, we show the existence of solutions to (P)¢ on [0, T']. We easily observe that the problem (P)*
can be rewritten as in an abstract framework of the form:

d . ) 1, . .
(CP)* { U (t) + Op(us(t)) + ?W (u®(t)) 20 in H, fora.e.t > 0, (3.2)

u®(0) = uf in H.
Therefore, applying the Lipschitz perturbation theory of abstract evolution equations (cf. [6, 16, 23]),

we can show the existence of a solution u° to (P)® on [0, T'] for each € € (0, 1] in the variational sense
(cf. Remark 2.1).



Also, note from Proposition 3.1 that (CP)® is equivalent to:

| B+ dete ) + 0T (1) + (1) 2 0

(CP) (3.3)

in H, fora.e.t >0,
uf(0) = u§ in H.

Namely, there are functions v* € L*(0,T; H) and \* € L*(0,T; H) such that v°(t) € dpo(u(t))
ae.t € (0,7), X € 0], »+(u®) a.e.in Q and (3.3) holds in the following sense:

d 1 1, _
Eug(t) + 0% (t) + 6—2)\5(t) + ;W (u*(t)) =0 in H, forae.t>0.
Thus, from the characterization of Jy,, we easily observe that u° is a solution to (P)* on [0, 7] and

A® is the Lagrange multiplier to (P)° on [0, 7] in the sense of Definition 2.1.

Furthermore, taking account of the definition (1.5) of 01|, ,+|(-), we conclude from A* € O1j,, ,+(u®)
a.e. in () that the signature result (2.1) of the Lagrange multiplier A* holds. Thus, the proof of Theorem
2.1 has been completed. O

4 Singular limit of (P)° as ¢ — 0

In this section we consider the singular limit of (P)* as ¢ — 0, and clarify the limit of the solution u°
and the Lagrange multiplier \°.

We begin by giving the uniform estimates for u® and A® with respect to ¢ € (O, 1].

Lemma 4.1. Suppose all the same conditions in Theorem 2.2. For each ¢ € (0, 1], let u® be the
unique solution to (P)° on [0, T']. Also, let \* be the Lagrange multiplier to (P)° on [0, T'] in the sense
of Definition 2.1. Moreover, assume that there is a positive constant M, independent of ¢ € [0, 1],
satisfying

sup Z°(ug) < M.

e€[0,1]

Then, there is a positive number N, > 0, dependent on M and independent of ¢ € (0, 1], such that

T T
8/ [us (1) |Fdr + sup FE(us(T)) +/ |A°(7)[}edT < N (4.1)
0 0

T7€[0,T
Proof. Multiplying (1.1) by eu;, we get
€ 2 d GrE(,,E
elug (7)|7 + d—f (u*(r)) =0 fora.e.7 >0, (4.2)
T
where .%<(-) is the functional defined in (2.2). By integrating (4.2) (in 7) over [0, t] (C [0,77]), we get

t
- / s ()3 dr + T (1) = FE(uE) < M forali € [0,T]. (43)
0

Also, taking account of the constraint 81[0*7(,*] (+) (cf. (1.5)), we easily see that

o, <uf <o*, ae.inQ. (4.4)



Since W is Lipschitz on [0, 0*| (cf. (A2)), we easily infer from (4.4) that
W' (uE(t,2))| < Ch,  ae. (t,z) €Q (4.5)
for some constant C'; > 0. By (1.6), (4.5) and (ii) of Definition 2.1, we observe from the Hélder

inequality that:

/Ome(t),z(t»dt’ _ /OT(AE(t),Z(t))Hdt‘

T T
< [l ol de+ [ 12 (V0. Va0 ] d
0 . 0
4 / (W E (1)), 2(0)) | dt
< (€2|U§|L2(0,T;H) + VT s[up] |Vus(t)| g + Crv/ T|Q|> |Z|L2(0,T;V) (4.6)
te[0,T

forany z € L%*(0,T;V), where || denotes the volume of §2. Therefore, from ¢ € (0, 1], (2.2),
(4.3)—(4.6), we infer that:

INl2075v) S VM +V2MT + Ci/T|Q| foralle € (0,1]. (4.7)

From (4.3) and (4.7), we infer that the uniform estimate (4.1) holds for some positive constant /V;.
Thus, the proof of Lemma 4.1 has been completed. O

Corollary 4.1. Suppose all the same conditions in Lemma 4.1. For each ¢ € (0, 1], let u° be the
unique solution to (P)* on [0, T']. Also, let Ny > 0 be the positive number obtained in Lemma 4.1. Put

_/ VW(c)do fors € |o.,0"]. (4.8)

Then, the following estimates hold:

sup /|Vh(u£(t,:v))|dx <M (4.9)
t€[0,T] JQ
and
1
< 0\l
fOf allty,ts with) <t <ty <T.
Proof. First, note from (4.8) that h/(s) = /W (s) for s € [0, 07].

Now, we show the estimate (4.9). By (4.1 )s (4.4) and the Schwarz inequality, we have:
[ 1whtetoplds = [ 1tV )
Q Q
:/ SWEE )|V (t, 2) | da

/W (t,x))dz + = /|Vutx|dx
<gzs

<M for aIIt e [0,77.



Thus, (4.9) holds.
Next, we show (4.10). By (4.1), (4.4) and the Holder inequality, we have:

//| “(t,x)))s|dxdt = //|h’ “(t, ) ||ug (t, ) |dedt
(//Ih’ (7)) |2dxdt> (/t ]ui()ﬁ{dt)%
([ [ ([ o)

S(tg—h)%{fi sup Z°(u ())}%

te [t1 ,t2]

< Ny(ty — 11)?

lo\»—\

I\J\H

forallt1,to with0 <t <ty <T.

Thus, the proof of Corollary 4.1 has been completed. O

Now, we prove the main Theorem 2.2, which is concerned with the singular limit of (P)* as ¢ — 0.

Proof of Theorem 2.2. Let{{1,&, -+ , &} be the set of all solutions to the equation W +1|,, 5] = 0
sothat o, < & < & < -+ < & < o*. Then, we first show the existence of a subsequence {c; }
of {¢} and a function u € L*(0,T; H) such that u(t, z) takes only a value, which is an element of
{&1,&, -+ &}, forae. (t,x) € Q. Also, we show (2.5).

By the definition of & (cf. (4.8)), we easily see that the function 4 is bounded on [0, 0*]:
|h(s)| < Cy foralls € [0, 07] (4.11)

for some positive constant C', > 0. Therefore we infer from (4.4) and (4.11) that:
T
/ / |h(uf(t, x))|dxdt < T|QCY,. (4.12)
0 JQ

Taking account of (4.9), (4.10) and (4.12), we observe that {h(u°)} is bounded in BV ((0,7") x 2)
uniformly in € € (0, 1], where BV ((0,7") x €2) is the space of all functions of bounded variation on
(0,T) x €. Since BV((0,T) x ) is compactly embedded into L' ((0,T") x ) (cf. [2, Corollary
3.49)), there are a subsequence {¢;} C {¢} and a function h € BV ((0,T) x ) such that e, — 0

and
h(ufr) — h in LY((0,T) x Q) as k — oo. (4.13)

Therefore, taking a subsequence if necessary, we obtain:
h(uss(t,x)) — h(t,z), ae. (t,z) € (0,T) x Q as k — oo. (4.14)

Since h is continuous and strictly increasing on [0, c*| (cf. (A2) and (4.8)), we can find a unique
function u (¢, ) such that

h(t,x) = h(u(t,x)), ae.(t,z) € (0,T) x (4.15)

10



and
ut(t, ) — u(t,x), ae. (t,z) € (0,7) x Q2 ask — o0, (4.16)

hence (2.5) holds. Clearly, it follows from (4.4) and (4.16) that:

0. <u<o* aein(0,T) x ) (4.17)

We easily see from (A2) and (4.4) that
(W (u*(t, )| < Cy ae. (t,x) €(0,T) x (4.18)

for some constant C's; > 0 independent of k. Therefore, from (A2), (4.1), (4.4), (4.16)—(4.18) and
Lebesgue’s dominated convergence theorem, we infer that:

0< /0 ' /Q W (u(t, z))dwdt = lim /O ' /Q W (ust (¢, ))dadt

< NT lim &, = 0. (4.19)

k—o0

Thus, we obtain
W(u(t,z)) =0, ae.(t,x) € (0,T) x

which implies from (4.17) that the limit function u of u®* takes only a value that is an element of
161,62, 5 &k )

Next, we show (2.6). Note that from (4.10) the following inequality follows:

/|h Fk(ty, ) — h(u*(ty, x))| dx <// x)))s|dtdx

< Ni(ty — tl)% (4.20)

forallt,towith0 < t; <ty <T.

Taking the limit in (4.20) as k — oo, we infer from (4.4), (4.11), (4.13)—(4.15) and Lebesgue’s domi-
nated convergence theorem that

/Q |h(u(ty, z)) — h(u(te, z))| de < Ny(ta — tl)%

(4.21)
for a.e. 1, to with 0<t; <ty <T.
Note that the limit function u of u°* takes only a value that is an element of {1, &s, - - - , £k }. Therefore,
we easily see that:
|h(u(ty, z)) = h(u(tz, )| = Cslu(ty, ©) — u(tz, )], @22)

ae.x € Qanda.e. ty,t, € (0,7),

where C'3 > ( is a positive constant defined by:

mm{m(@) hy)l; B =Lk }

o* — 0,

03 =

11



Therefore, we observe from (4.21) and (4.22) that:

N

Ny
_ < Ly
/Q ults2)  ults, )| do < 3t — 1) .
fora.e. ti,towith0 <t <ty <T.

By (4.23), we can redefine the function v in order that u(t) € L'(2) is continuous with respect to
t € [0,T]. Therefore, (4.23) holds for all t1,% € [0,7] with t5 > ¢4, thus, (2.6) holds by defining
NO = Nl/Cg.

Next, we show (2.7). At first, we note from (2.4) that
ug®(x) — up(x), ae.x € Q ask — oo (4.24)

by taking a subsequence if necessary. Therefore, by (2.3), (4.11), (4.24) and the continuity of h, we
easily obtain from Lebesgue’s dominated convergence theorem that:

lim / |h(ugt (z)) — h(up(x))| dz = 0. (4.25)

k=00 Jo
Now, taking t; = 0 in (4.20), we have:
/ |h(ug — h(u*(ty, x))| dx < N1t§ for all ¢, € (0, 7. (4.26)
Taking the limit in (4.26) as k — o0, we observe from (4.13)—(4.16), (4.24) and (4.26) that:

1
/ h(uo()) — h(uts, 2))|dz < Ny, ae.ts € (0,T]. (4.27)

Note that ug(x) takes only a value that is an element of {£;,&s, -+, &} for a.e. x € €. Also, note
that u(t) € L'(Q) is continuous with respect to ¢ € [0, T']. Therefore, we easily see from (4.22) and
(4.27) that:

Ny L
/ Juo(r) — ults, 1) de < 21} foralty € (0,7], (4.28)
Q 3

Thus, by taking the limit £ — 0 in (4.28), we observe that (2.7) holds.

Next, we show (2.8). By (4.9), (4.13) and the lower semicontinuity of the total variation under Lt-
convergence (cf. [2, Proposition 3.6]), we observe that

/ IVA(t)| < Ny, ae.te(0,T), (4.29)
Q

where [, |Vh(t)] is the total variation measure of h(t). Since u(t, x) takes only a value, that is an
element of {&1, &, - -+ , &k}, forace. (t,z) € (0,7T) x €, we infer from (4.15) and (4.22) that

N

IVu(t)| < =L, ae.te(0,T). (4.30)
Q CS

Hence, (2.8) holds.

Finally, we show (2.9)—(2.10). By the uniform estimate (4.1), we easily see that there is a subsequence
of {&1,} (which we denote &}, for simplicity) and a function A € L?(0, T’; V*) satisfying (2.9).

12



From (A2), (4.4), (4.5), (4.16) and Lebesgue’s dominated convergence theorem, we infer that:
W' (u*) — W'(u) in L*(0,T; H) as k — oo. (4.31)
By (1.6), (4.1) and (ii) of Definition 2.1, we have that:

A<W@+WMWMMmﬂ
_ /O (O (1) + W (s (1)), 2(6)) st
g/o }(sﬁuik(t),z(t))H{dtJr/o |en (Vu(t), V(t)) | dt

3 3
<ex vV INilzlr2omm) + i V2T N1 |2| 20y
forany z € L*(0,T;V).

From (2.9), (4.31) and the above inequality, we see that

T T
/ (M) + W' (u(t)), z(t))dt = klim (A%F(t) + W (u*(t)), z(t))dt < 0. (4.32)
0 —>Jo
Since z € L?(0,T;V) is arbitrary, we infer from (4.32) that
A+ W (u)=0(€ L*(0,T; H)) in L*(0, T;V*). (4.33)
Hence, we conclude from (4.33) that (2.10) holds. Thus, the proof of Theorem 2.2 has been completed.
O

5 Numerical experiments in one dimension of space

In this section, for each € € (0, 1], we consider the following special case of (P)¢, denoted by (1D)*:

u®  Ol_qq(u®
i =g, — 2 Ao

(1D)° WE(0) = wE(t,1) =0, te(0,T),

T\ 1
u®(0,2) = ug(x), x€(0,1).

50 inQ:=(0,T) x (0,1),

Remark 5.1 (cf. [12, Theorem 2.2]). The problem (1D)¢ is a special case of (P)° when we use the
following setting: Q2 := (0,1), W(z) = (1 — 2%)/2, 0. = —1 and ¢* = 1. Therefore, we easily see
that the equation W + I|,, 5] = 0 has exactly two roots {; = —1 and §; = 1. Hence, if the initial
value uo(x) takes only a value —1 or 1 for a.e. x € €, we infer from Theorems 2.1-2.2 that the limit
function u(t, x) takes only a value —1 or 1 for a.e. (t,x) € (0,T) x 2. Also, we observe that the
limit function A of Lagrange multiplier has the following property:

[ 1 on{(t,x) € Qs ult,x) =1},
A= { -1 on{(t,x) € Q; u(t,z) = —1}. (5.1)

In this section, we consider the problem (1D)° numerically for sufficient small ¢ € (0, 1].

Note that the constraint 81[,1,1] (+) is a set-valued mapping (cf. (1.5)). Therefore, it is very difficult to do
numerical simulations (to (1D)%). To handle the set-valued constraint O1|_ 1 (+), we use the Lagrange
multiplier \° (to (1D)%). Taking account of (5.1) (cf. Theorems 2.1 and 2.2), we propose the following
numerical algorithm, denoted by (NA)®.

13
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Figure 4: The graph of @ + I1y(2).

Numerical Algorithm (NA)® to (1D)°

(Step 0) Fix the small parameter ¢ € (0, 1], and choose the initial data uj, € K. Put u,, = uf and
Up—1 = UG-

(Step 1) If —1 < u; < 1, then, go to (Step 3); Otherwise, compute a Lagrange multiplier A}, by:

o —Up + Up_y

X oi=¢ — =y 4+ e2(Uf) o + 1S,

where At is the time mesh size and (qu)m is the second-order central difference approximation
for the Laplacian of u,.

(Step 2) Test:if A7 = 1 (resp. —1), then, set u;,  ; = 1 (resp. —1); Otherwise, go to (Step 3).
(Step 3) To determine u, , , solve (1D)* without the constraint 01— 11(-).
(Step 4) Redefine 5, sothatu; , € [—1,1].

(Step 5) Setn =n + 1, and go to (Step 1).

Remark 5.2. Blank et al. [3] had already proposed the numerical algorithm, called a primal-dual active
set method, which is similar to (NA). However, there was no result on the value of a Lagnange
multiplier in [3] (cf. (5.1)).

To make numerical experiments, we use the following data.

Numerical Data

mQ=(0,1)and 7 = 0.01.
B The mesh size of space Ah = 0.005 = 1/200.

B The mesh size of time At = 0.2 x Ah? = 0.000005 = 1,/200000.
Now, we consider the following initial data u (), which converges to ug(x) defined by

= { L teel:=[04,07)
YW= —1, itz e Q\ J

14
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Figure 5: The graph of initial data u§(x) in the case ¢ = 0.07, 0.05, 0.03, 0.01, 0.007 and 0.0051.

By using the numerical algorithm (NA)® with numerical data as before, we have the following numerical
experiments (Figures 6-11) to (1D)°. From these results, we easily see that the solution u°(t, =) takes
avalue 1 or —1 in very short time if € is sufficient small.

Figure 6: Behaviour of a solution u®(t, z) with ¢ = 0.07.
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Figure 7: Behaviour of a solution u®(t, z) with € = 0.05.

/////
I
/ Il/

[, W‘
rr“ﬂ‘u il

W

-1
-1.5

s
’ i I

I ,/// /, Iwyw W]“
Nl

0.002

TIME

Figure 9: Behaviour of a solution u®(t, z) with e = 0.01.
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Figure 11: Behaviour of a solution u® (¢, x) with e = 0.0051.

Remark 5.3. To handle the set-valued constraint OIj_11)(-), we can consider some approximat-
ing method. For instance, for 6 > 0, we use the following Yosida approximation (01j_1,1))s(-) of
01(_1,1)(+) defined by:
z—1]t —[-1—2]"
(0l1-1,1))s(2) = [ ] 5[ ] forall z € R,

where [z]" is the positive part of z. Then, we observe from [5, Chapter 2, Section 4] that (01_1 17)5(-) —
011_11)(-) as 6 — 0. Now, for each 6 > 0, we consider the approximation problem of (1D)?, denoted
by (1D);5:

. .ous (Of-yy)s(uf) .
W —uE, — 6—24—% =0 inQ:=(0,T) x (0,1),
(1D); WE(H0) =i (t,1) =0, te (0,T),

u®(0,2) = ug(z), x€(0,1).

Then, we have the following numerical result to (1D)5 by using the standard forward Euler method for
(1D)5 with the same numerical data as before.

From Figure 12, we easily observe that in order to get stable numerical results, we have to choose the
suitable constants ¢, § and the mesh size /\t, A\x. Therefore, if we make a numerical experiment of
(P)® for sufficient small £, we had better consider the original problem by using a Lagrange multiplier
method: a primal-dual active set method in [3], (NA)® as above, and so on.
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Figure 12: Behaviour of a solution u* (¢, x) with e = 0.007 and § = 0.01.
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