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In mathematics, the term approximation usually means either interpolation on a point set or
approximation with respect to a given distance. There is a concept, which joins the two approaches
together, and this is the concept of characterization of the best approximants via interpolation. It
turns out that for some large classes of functions the best approximants with respect to a certain
distance can be constructed by interpolation on a point set that does not depend on the choice
of the function to be approximated. Such point sets are called canonical sets of best approximation.
The present paper summarizes results on canonical sets of best Li-approximation with emphasis
on multivariate interpolation and best L;-approximation by blending functions. The best L;-
approximants are characterized as transfinite interpolants on canonical sets. The notion of a Haar-
Chebyshev system in the multivariate case is discussed also. In this context, it is shown that
some multivariate interpolation spaces share properties of univariate Haar-Chebyshev systems.
We study also the problem of best one-sided multivariate L;-approximation by sums of univariate
functions. Explicit constructions of best one-sided L;-approximants give rise to well-known and
new inequalities.

1. Canonical Interpolation Sets of Best L,-Approximation

We start with the notion of a canonical set of best Li-approximation. Let y be a positive Borel
measure defined on the compact set K ¢ R? such that the quantity || ||, := [, | f|du represents
a norm in the linear space C(K) of functions that are continuous on K. Let U be a linear
subspace of C(K).
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1.1. The Problem of Best L (u)-Approximation

Given a function f € C(K), then we have the following.

(A) Best Li(u)-approximation of f by elements of U: find a function uy € U such that

If =uslly < Nf -l Vuel. (1.1)

(B) Best one-sided from above L;(u)-approximation by elements of U: find a function
u} eu, u;'; > f on K, such that

”f—u} S |If-uln Yuel u>f on K. (1.2)

(C) Best one-sided from below L; (u)-approximation by elements of U: find a function
u.f € U, u.y < f on K, such that

|f —wur|l, <||f —ul|, VYuel, u<f on K. (1.3)

Any solution uy of the approximation problem (A) is called a best L;(u)-
approximant to f from U. Any solution of the approximation problem (B) is called a
best one-sided from above L; (i)-approximant to f from U; respectively from below
for the approximation problem (C). When p is the usual Lebesgue measure, we use
the notation Li-approximation, respectively, Li-approximant.

For qualitative results on best L;(u)-approximation from finite-dimensional
subspaces see [1].

1.2. Lagrange Interpolation Problem

Given a function f € C(K). We call a subset X C K unisolvent for U if the interpolation
problem

u(x)=f(x), xeX (1.4)

possesses a unique solution u € U for every f € C(K).

1.3. Canonical Sets of Best L,-Approximation

Let C ¢ C(K) be a class of functions. We say that a set X C K, which is unisolvent for U, is
a canonical set of best L1 (u)-approximation to C, if for all f € C the solution of the interpolation
problem (1.4) is a best L; (i)-approximant to f from U. Analogously, a unisolvent set X* ¢ K
for U (resp., X, C K) is called a canonical set of best one-sided from above (resp., from below)
Ly (p)-approximation to C, if for all f € C the solution of the interpolation problem (1.4)
with X replaced by X* (resp., X.) is a best one-sided from above (resp., from below) L (y)-
approximant to f from U. In the case of one-sided L;(u)-approximation the interpolation
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problem (1.4) is considered in a broader Lagrange-Hermite interpolation sense: for all points
x € X which are interior for K we require matching not only the values of u and f but also
the values of their first (partial) derivatives.

2. Canonical Sets of Univariate Best L,-Approximation

For details on the results in the present section see [1-6]. In the univariate case, when the
set K is an interval [a, b] and the subspace U is finite-dimensional, the problem of existence
and characterization of a canonical set is well studied and is closely related to the notion of a
Haar-Chebyshev system (see [1] for details).

2.1. Haar-Chebyshev System of Order n

A set of n functions {uj, uy, ..., u,} C Cla, b] is a Haar-Chebyshev system (T-system) of order
n on the interval [a, b] if each nontrivial linear combination of u1,u,,...,u, hasat mostn — 1
zeros in [a, b]. In other words, a set of n functions {u1, u, ..., u,} is a Haar-Chebyshev system
of order n on the interval [a, b] if it is linearly independent with respect to an arbitrary chosen
set of n distinct points in [a,b]. We say that an n-dimensional subspace U of C[a,b] is a
Haar-Chebyshev space (T-space) of order n on [a,b] if every u € U, u#0, has no more than
n — 1 distinct zeros in [a, b]. Equivalently, U is a T-space of order n on [a,b], if for every
basis uy,uy, ..., u, of U there exists an ¢ € {-1,1} such that edet {”i(xi)}Zj=1 > 0 for all
a<x;<xp<---<x,<b.Itis also often said that the basis functions 1y, us, ..., u, constitute
a T-space of order n on [a, b].

2.2, Characterization of Best L, (u)-Approximation by Canonical
Interpolation Sets

Following [1], throughout this section we suppose that p is a finite positive nonatomic
measure. The problem of best L;(y)-approximation by a Haar-Chebyshev space has an
elegant solution via interpolation on a canonical set. Let U C C[a, b] be a Haar-Chebyshev
space of order n and let uy, uy, . .., u, be a basis of U. Consider the convex cone C*(U) defined
as

C*(U) = {un+1 : det {ui(x]-) }:;—:11 > 0} (21)

foralla<x; <xy <+ + <X, <Xpy1 <b.

Theorem 2.1. Let U C C[a,b] be a Haar-Chebyshev space of order n on [a,b]. Then the following
holds true.

(a) Uniqueness of the Canonical Set. There is a unique set of points a = xo < x1 < -+ < Xp41 =
b such that

n+1 Xj
-1y J " udu=0, Yuel. 2.2)
j=1 -1

Xj-
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(b) Best Li(pu)-Approximation via Interpolation. Let f € C*(U). Then the unique solution
uy € U of the interpolation problem

up(xj) = f(xj), j=12,...,n (2.3)

is the unique best L (p)-approximant to f from U.

Remark 2.2. Following Theorem 2.1, the set {xi}i_; is a canonical set of best L;(u)-
approximation to the convex cone C*(U) of functions from the T-space U. In many cases
the approximating subspace U can be a kernel of a certain differential operator ©, that is,
U = Ker D and the convex cone C7 (U) of functions to be approximated can be defined by

CoU) :={f €Cla,b] : Df(x) >0 for x € [a,b] }. (2.4)

Remark 2.3. Note that if a canonical set of best Li-approximation exists for a functional set,
then the nonlinear problem of best L;-approximation becomes a linear interpolation problem
in this functional set.

2.3. Best L-Approximation by Algebraic Polynomials

Denote by -1 the linear space of polynomials of degree < n — 1. Taking into account that the
polynomial basis uj = xk1 k=1,...,nofm,iisa T-system of order n on any interval [a, b],
the best polynomial Li-approximant to a given function f from sr,_; can be characterized as
a polynomial interpolant to f with respect to a canonical set if f belongs to an appropriately
chosen convex cone of functions. In this direction we formulate a result due to S. Bernstein
[2,3].

Theorem 2.4. Let f € C"[-1,1] and f™ (x) >0 for x € [-1,1]. Then, the polynomial ps of degree
< n —1is the unique polynomial of best L1-approximation to f from ir,_q on [-1,1] if and only if

pr(xk) = f(xx), 1<k<mn, (2.5)

where the interpolation nodes xx = cos[kar/(n +1)], k = 1,...,n are the zeros of the n-degree
Chebyshev polynomial of second kind

sin[(n + 1)arccos(x)]

Unlx) ===

(2.6)

Remark 2.5. By Theorem 2.4, the interpolation points xx, k = 1,...,n form a canonical set of
best Li-approximation from sr,_; to the convex cone

{f eC"[-1,1] : f™(x) >0, x € [-1,1] } 2.7)

Note that a canonical set may change with respect to the choice of the approximating
space. For example, following Theorem 2.4, the canonical set of best polynomial L;-
approximation depends on the degree of the polynomial approximant.



Journal of Function Spaces and Applications 5

Corollary 2.6. The n-degree polynomial

U, (x) _ sin[(n + 1)arccos(x)]

2" 2n/1 - x2

(2.8)

is the unique monic (with leading coefficient 1) polynomial of degree n which has a minimal Li-norm
(minimal Ly-deviation) on [-1,1].

We formulate a result on best Li-approximation by algebraic polynomials according
to A. Markov (see [2, 3] for details) that is based on the notion of a Haar-Chebyshev system.

Theorem 2.7. Let f € C[-1,1] be such that the set
{1, x, xz,...,x"’l,f} (2.9)

is a Haar-Chebyshev system of order n+1 on [-1,1]. Then the unique polynomial Lagrange interpolant
py to f from g,y with respect to the zeros xi, k =1,...,n of the n-degree Chebyshev polynomial of
second kind is the unique best Ly-approximant to f from ir,_q.

Remark 2.8. In the particular case f € C™[-1,1] and f™(x) > 0, x € [-1,1] of Theorem 2.4,
the set of functions {1,x, 2,...,x" 1, f1is a Haar-Chebyshev system of order n + 1 in [-1,1].
Hence in this particular case, Theorem 2.4 is a corollary by Theorem 2.7. The notion of Haar-
Chebyshev system implies that f—p cannot have more than n zeros on [-1, 1], where p € 7r;,_1.

2.4. Best L,-Approximation by Trigonometric Polynomials

Let T, be the linear space of trigonometric polynomials of degree < n. Consider the normed
linear space L1[0,2or] of 2or-periodic functions whose absolute value has a finite integral on
[0,2x] and equipped with the L{-norm

21
111l = fo | (0)|de. 2.10)

The linear space T, is a finite dimensional subspace of L;[0,2sr]. For a given f € L;[0,2r],
there exists a best Li-approximant t € T, (see [2] for details). Note that T, is a Haar-
Chebyshev space of order 2n + 1 on [0, 27r). Let C27+1[0,2r) denote the linear space of 2ur-
periodic functions having continuous derivatives of order 2n+1 on [0, 27r). The next theorem
[7] is a canonical set characterization of the best trigonometric L;-approximants from T, to
functions from the convex cone

Gl o { £ feCm0,27), DD F(6) >0 for 0 € [0,27r) } (2.11)
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where the differential operator ®@™*1 is defined as

D@n+) .= Dﬁ<D2 + k2>, D=2, (2.12)
k=1

Theorem 2.9. Let f € C2+1, Then, the unique Lagrange trigonometric interpolant t¢ from T, to f
at the interpolation nodes kor/(n+1), k =1,...,2n+1is the unique best L-approximant to f from
Ty

2.5. Characterization of Best One-Sided L,(y)-Approximation

Best one-sided L; (y)-approximation is related to the principal representations of the measure p,
that is, to the so-called quadrature formulae of Gaussian, Lobatto, and Radau type (for details see
[1,3-6]).

2.5.1. Quadrature Formulae of Gaussian, Lobatto, and Radau Type

Let U be a Haar-Chebyshev space of order n.

(a) If n = 2m, then there exist unique sets of points a < x¥ < x§' < -+ < x5 < b and

. g m
a=x} <xl <...<xl = b, and unique sets of positive numbers {a]G} _, and {af}’,ﬂ0
j= j=

such that the quadrature formulae

m

b
L fdu=QC[f] = Za].c f (x]G> (Gaussian type quadrature formula),

j=1
(2.13)

b m
j fdu=QN[f] = ZOaIL f (xf) (Lobatto type quadrature formula)
a ]':

are exact for all u € U.

(b) If n = 2m + 1, then there exist unique sets of points a = x5 < xf < ... < xf <

and a < x§* < xf* < --- < xR+ = b, and unique sets of positive numbers{ af‘ };ZO and
{a®}™ such that the quadrature formulae
i =0
b m
J‘ fdu=Qr[f] := Zoaf* f <x]1.€*> (left Radau type quadrature formula),
a j:
b (2.14)
f fdu=QX|[f] = z:a;.@r f <xf+> (right Radau type quadrature formula)
a =0

are exact for all u € U.

Let uy,uy,...,u, be a basis of U such that det {ui(x]-)}:’].=1 >0fora<x;<x<---<
x, < b. Hence, the set of functions {uj, u,,...,u,} is a Haar-Chebyshev system (T-system)
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of order n on [a, b] or in other words U is an n-order T-space. The following theorem holds
true.

Theorem 2.10. Let U C Cla,b] be a T-space of order n. Then, for every f € C*(U) there exist
elements of best one-sided Li(p)-approximation from below u.; € U and from above u; € U
Moreover, the best one-sided approximants u.r € U, u;i € U to f and the function f satisfy

(a) QC[u.s] = QC[f] and QL[u;] = Q[ f], if n =2m, and
(b) QR [uup] = Q% [f] and QR*[u 1 = QX[ if n = 2m + 1.

In order to guarantee the uniqueness of the best one-sided L;(y)-approximant to a
given function we need the following restriction on U.

2.5.2. Extended Haar-Chebyshev System of Multiplicity 2

A set of n functions {uy,uy,...,u,} C C'[a,b] is an n-order extended Haar-Chebyshev
system of multiplicity 2 (n-order ET-system of multiplicity 2) on the interval [a, b] if each
nontrivial linear combination ##0 of uy,uy, ..., u, has at most n — 1 zeros in [a, b], provided
that the common zeros of u and u' are counted twice (counting multiplicities 2). In other
words, U is an n-order extended Haar-Chebyshev space of multiplicity 2 (n-order ET-space
of multiplicity 2) on the interval [a,b], if U C C'[a,b], dim(U) = n and each nontrivial
u € U, u#0 has at most n — 1 zeros in [a, b], provided that the common zeros of u and #’ are
counted twice (counting multiplicities 2).

2.5.3. Construction of Best One-Sided Ly (p)-Approximants via Interpolation on Canonical
Sets

For details on the results presented here, see [1, 3, 4] and the references given there.

Theorem 2.11. Let U C C'[a,b] be an n-order ET-space of multiplicity 2 on the interval [a,b].
Then, for every f € C*(U) N C'[a, b] one has the following.

a) If n = 2m, then the unigue solutions u.r and u®. of the Lagrange-Hermite interpolation
q f f grang p
problems

)=f
<x].L>=f'<ij>, i=12...,m-1 (2.15)

are the unique best one-sided from below, respectively, from above L (u)-approximants to f
from U.
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(b) If n = 2m + 1, then the unique solutions u.y and uy of the Lagrange-Hermite interpolation
problems

(2.16)
x;m)' (“})'(xf+) = f’(xf+), i=01,...,m-1,

are the unique best one-sided from below, respectively, from above Ly (u)-approximants to f from U.

Best one-sided Li-approximant to a given function exists and is unique under some
conditions. Next theorem (for details and similar results see [3, 4, 8]) is an example in this
direction.

Theorem 2.12. Let f be a differentiable, 2or-periodic function and let T, denote the linear space of all
trigonometric polynomials of degree at most n. Then, the best one-sided L,-approximant from above,
respectively, from below to f from T, exists and is unique.

Remark 2.13. The set of trigonometric polynomials ¢,(0) = acos(nf), where -1 < a < 1 are
best one-sided from below Li-approximants to the continuous 2sr-periodic function f(8) =
| cos(nB)| from T,,. Hence, continuity is not enough for uniqueness of the best one-sided L;-
approximant to be claimed.

The following theorem (see [7] for details) gives a characterization of the best
one-sided Li-approximants via canonical sets. It can be considered as a refinement of
Theorem 2.12 for functions from the convex cone C2**1.

Theorem 2.14. Let f € C¥™*1, Let t, ¢ € T, be the unique interpolant from T, to f at the interpolation
nodes 2k /(n+1), k =1,2,...,n with multiplicities 2 and t.;(0) = f(0). The interpolant t.s to f
from T, is the unique best one-sided from below Li-approximant to f from T,.

Lett} € T, be the unique interpolant from T, to f at the interpolation nodes 2ksr /(n+1), k =
1,2,...,n with multiplicities 2 and t;(ZJr) = f(2x™). The interpolant £ to f from T, is the unique
best one-sided from above Li-approximant to f from T,,.

In order to proceed with the multivariate case we remark that the above-stated
univariate results are constituted by the following prerequisites.

(1) The domain K where the functions are defined is an interval.

(2) The approximating space U in most of the cases is a kernel of a linear ordinary
differential operator ®, that is, U = Ker ®.

(3) The set on which certain interpolation problem is unisolvent for U consists of a
finite number of points.
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(4) The convex cone Cf, (U) of functions to be approximated is defined by

CHU) ={f:Df exists and Df >0 on [a,b]}. (217)

(5) The best (one-sided) Li-approximants are characterized as Lagrange-Hermite
interpolants on canonical sets.

Conditions (3) — (5) are due to the fact that U is a T-space or ET-space of multiplicity
2. It is known that there are no point-wise Haar-Chebyshev systems in the multivariate case
[9, 10] provided that the interpolation set is of finite number of points and the interpolating
space U is finite-dimensional. This fact is not surprising taking into account that the kernels of
linear partial differential operators are infinite-dimensional linear spaces. Therefore, the natural
interpolation sets in the multivariate case K ¢ R¥ should be nondenumerable point sets, and
more precisely, (d—1)-dimensional manifolds. Hence, an appropriate transfinite interpolation
on lower dimensional manifolds can be a basis for a canonical set characterization of the best
Li-approximants in the multivariate case. However, unlike the finite number of points in
an interval [a, b] which are topologically equivalent, there is a countless variety of possible
interpolation sets (interpolation grids) in the multivariate case and one cannot expect that
there would be a simple characterization corresponding to that in the univariate case.
Instead, one should consider pairs (U, X) consisting of an approximation space U and a
set X C K such that X is unisolvent for U. Such sets X are candidates for canonical sets in
the multivariate Li-approximation. There is no consistent general treatment of the canonical
sets of best approximation in R? and each known result is a solution of a particular problem.
In the next sections we will discuss some of these results and we will focus on multivariate
interpolation and best L;-approximation by blending functions.

3. Algebraic Blending Functions

The linear space ur,,—1 of univariate polynomials of degree < m—1 can be defined as the general
solution of the homogeneous, m-order, linear differential equation p™ (x) = 0, x € [-1,1 ].
Hence,

Tm-1 = {p e C™(I) : lez =0, [:= [—1,1]}, (3.1)

where by C™(I) we denote the linear space of functions having continuous m-order
derivative on [-1, 1]. The linear space ir,,-1 is of finite dimension m.
Let I2 = [-1,1]* and

cmt = {f(x,y) : DY f(x,y) € C(IZ>, 0<i<m, 0<j< n}, (3.2)

where D% f(x,y) := (0"7/0x" dy/) f(x,y) is the partial derivative of f of order (i,j). C"™"
denotes the linear space of all real valued functions having continuous partial derivatives up
to order (m, n) on I>.
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The classical univariate polynomials have a natural multivariate extension by the so-
called algebraic blending functions. Let m, n be nonnegative integer such that m + n > 1. The
space B™" of algebraic blending functions of order (m,n) on the unit square I? is defined as

B = {h e C™: D™ h(x,y) =0, (x,y) € I*}. (3.3)

In other words, the linear space B™" is the general solution of the homogeneous, (m, n)-
order, linear partial differential equation D™"h(x,y) = 0 on I? or, saying it differently, the
linear space B™" is the kernel of the linear partial differential operator D™".

Each blending function h € B™" of order (m, n) can be represented in the form

m-1 n-1
h(x,y) = D ar(y)x* + D bi(x)y', ar(y) € C"(I), bi(x) € C"(I) (34)
k=0 =0
and obviously, each such function belongs to B™". Hence,
m-1 n-1
B™" = {h th(x,y) = D ar(y)x* + D bi(x)y', ar e C'(I), by € cm(I)}. (3.5)
k=0 1=0

Note that the above representation of a function from B™" is not unique and the linear space
B™" is of infinite dimension.

4. Transfinite Interpolation by Algebraic Blending Functions

In two-dimensional case, transfinite interpolation (beyond the finite interpolation) is to
construct a simple interpolation function (blending interpolation function for example) over
a planar domain in such a way that it matches (interpolates) a given function and its partial
derivatives on curves. Transfinite interpolation is an approximate recovery of functions via
interpolation with variety of applications, for example, in geometric modeling and finite
element methods. The notion can be extended in a natural way for higher dimensions. The
Dirichlet problem is an example of a transfinite interpolation scheme in the linear space of
harmonic functions.

In contrast to the transfinite interpolation schemes, the classical interpolation schemes
are restricted to a finite or denumerable number of interpolation points. For example,
approximate recovery of a univariate function can be obtained by a univariate Lagrange
interpolation polynomial: let f € C[-1,1] and x1,x5,...,x, be m distinct points in [-1,1].
Then, there exists a unique polynomial interpolant ps € i, to f of degree < m —1 such that

pr(xx) = f(xx), k=1,2,...,m (4.1)

with an error representation formula

0 -pr) = Loy x-x), xe 1], fe(LD. (D)
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Existence and uniqueness of univariate Lagrange interpolants are closely connected with the
notion of Haar-Chebyshev system in the univariate case.

4.1. Haar-Chebyshev Systems in the Multivariate Case

Let us remind that a set of m univariate functions {uy,uy,...,u,,} C C[-1,1] is a Haar-
Chebyshev system (T-system) of order m in [-1,1] if each nontrivial linear combination of
Uy, Uy, ..., Uy, has at most m — 1 zeros in [-1,1]. In other words, a set of m functions is a
Haar-Chebyshev system of order m in [-1, 1] if it is linearly independent with respect to an
arbitrary chosen set of m distinct points in [-1,1]. The concept of a Haar-Chebyshev system
(T-system) is based on counting the zeros and it is essentially restricted to the univariate
case. It is known [9, 10] that there is no universal Haar-Chebyshev system on any set
in R? that contains an interior point, in particular, on I?. Hence, the point-wise Lagrange
univariate interpolation scheme cannot be extended to the point-wise interpolation scheme
in the multivariate case.

However, we can extend the notion of a Haar-Chebyshev system in the multivariate
case with respect to transfinite interpolation by blending functions on grids (curves) with a
prescribed geometry. Being defined as the kernel of the differential operator D", the linear
space B"™" of algebraic blending functions of order (m, n) shares interpolation properties of
the algebraic polynomials. In particular, Lagrange interpolation by algebraic polynomials has
a multivariate extension to transfinite Lagrange interpolation by blending functions.

4.2, Transfinite Interpolation Grid

Let

Wrya (6, y) = [ [ =2) [ [ = w0)- (4.3)
k=1

s=1

We define an (m, n) interpolation grid Gm n associated with the 2 point sets of distinct in each
set points xm = {x;, 1 <s<m}and yn = {yx, 1 <k <n}:

Gmn = {(x,y) er: Wy (X, ) = 0}. (4.4)
The interpolation grid Gmn is a set of m vertical and n horizontal line-segments in I°.

4.3. Transfinite Lagrange Interpolation by Algebraic Blending Functions

Let f € C™". Let x; = {x5, 1 < s <m} and yn := {yk, 1 < k < n} be sets of distinct points (in
each case) in I. Then there exists a unique blending interpolant hy € B™" to f, satistying the
following transfinite interpolation conditions:

("), = fiGua- (4.5)
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By using the univariate fundamental Lagrange interpolating polynomials I, (x), s =

1,...,mand Ik ,(y), k = 1,...,n we give the following explicit construction of the unique
transfinite Lagrange interpolant to f on the grid G, ,:

hy(x,y) = §f<xs,y>zs,m<x> + gﬂx, vl ()

(4.6)
- Z Zf(xsr yk)ls,m (x)lk,n (y)
s=1 k=1
with the error representation formula
D™ f (¢, m)
flx,y)—hs(x,y) = Ti!wx‘“’y“ (x,y), (xy)el? (&n) el (4.7)

From the above error representation formula, for each ¢ € B™" we have h, = g to conclude
that for a fixed (m, n) interpolation grid Gm,a there exists a unique transfinite interpolant hy
from B™" to a given function f € C"™".

In addition, the univariate concept of a Haar-Chebyshev system can be extended in the
infinite dimensional linear space of two-variable blending functions and interpolation grids
consisting of vertical and horizontal line-segments as follows: if h € B™" satisfies hg,,, = 0,
then h = 0 on I. In other words, an (m,n) blending grid cannot be a zero set of h € B™", h being
nonidentically zero on I2.

4.4. Haar-Chebyshev Pair of a Linear Space and a Set of Grids in the
Multivariate Case

In the one-dimensional Lagrange interpolation problem we have a finite set of points which
are similar in the sense they obey the natural ordering on the real line. In the bivariate case
we have set of grid-lines which are also similar to each other in the sense that m of them are
parallel to the one axis, and n of them, to the other. The points where the lines intersect
the coordinate axes are also naturally ordered. Each blending grid G,,, is unisolvent in
transfinite Lagrange interpolation sense for B”". On the other hand, the interpolation sets
in the bivariate (multivariate) case may have diverse geometry and we can not talk about
Haar-Chebyshev systems in general. However, we can argue that the pair of the linear space
B™" and the set of blending grids G, »

{B™", Gmn} is a Haar-Chebyshev pair on I?, (4.8)

where G, , is the set of all blending grids of order (m, n) in I 2, consisting of m vertical and n
horizontal line-segments.
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4.5. Transfinite Lagrange-Hermite Interpolation by Algebraic Blending
Functions

Let
Gmn = {(x,y) er’: Wy yn (X, Y) = O} (4.9)

be (m, n) interpolation grid associated with the point sets xm := { x, 1<pu< m} and yp :=
{y», 1 < v < n}. The interpolation grid G,,, consists of m vertical and n horizontal line
segments on I?. We associate with each point x, a multiplicity s, and with each point y, a
multiplicity j,. Let 3325, = M and 3, j» = N. Then for a given function f € C"¥,
there exists a unique transfinite Lagrange-Hermite blending interpolant ks from BMN to f,
satisfying the transfinite interpolation conditions

DY hy(x,,y) =D*° f(xu,y), s$=0,...,8,-1, p=1,....m, ye[-1,1],

' ' (4.10)
D% h¢(x,y») =D% f(x,y»), j=0,...,5»—1, v=1,...,n x€[-1,1]

with respect to the given (m, n) blending grid G n, where as usual D°f = f.
Explicit construction of the transfinite Lagrange-Hermite interpolant hy to f from

BMN g

m Sup—1

hy(x,y) = 3, XD f ()l (%)

pu=1 s=0

n j»-1

+ 2, 20V f(y)ln () (4.11)

v=1 j=0

Z D*I f(x, yV)l;,M (x)l{),N (),

where the fundamental Lagrange-Hermite interpolation polynomials l;, M), p=1,..m

and li, ~(y), v=1,..., nsatisty the interpolation conditions

Dr'Ol;M(xK) =0yx0sr, «=1,...,m, r=0,...,5,-1,
_ (4.12)
Do’rlf),N(y,() =6yx0jr, k=1,...,m,1r=0,..., -1
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4.6. Error Representation of Transfinite Lagrange-Hermite Interpolation by
Algebraic Blending Functions in Terms of B-Splines

Let

Qi sm)iynin) (0 Y) = [ [(x =) [ [ -w)", (4.13)
u=1 v=1

where sy = (51,...,55) and jn == (j1, ..., ju). Then the following error representation formula
holds

f(xy) =hi(x,Y) = Rusm)itymin) (X )
1 (4.14)
* f f BM-1:{(xm5m),21 (0) BN -1y ), 21 () DMN f (0, w0) do dw,
-1

where Bpi_1;[(xpsm),x] 1S the normalized B-spline of degree M — 1 with knots (x;,,x) of
multiplicities (sm,1) and Bn-1[(y,ja)y] 1S the normalized B-spline of degree N - 1 with
knots (yn,y) of multiplicities (jn,1). For details on B-splines see [11-13]. As a corollary
we obtain Cauchy error representation for transfinite Lagrange-Hermite interpolation by
blending functions

DM,N g
f(x/y)—hf(xry)=#Q<xm,sm>;<ymin>(xry)/ (xy)el, (gn)err. (415

Note that hy = g for a blending function g € BM™N. Therefore, each blending function from
BMN can be represented as transfinite Lagrange-Hermite interpolant on a grid consisting of
horizontal and vertical line-segments.

Remark 4.1. The multivariate results which resemble the broadest extent the univariate
theory concern transfinite interpolation and best L;-approximation by algebraic blending
functions. For simplicity of the notations the results on transfinite interpolation and best L:-
approximation by algebraic blending functions are stated in the bivariate case d = 2 although
they are entirely valid in higher dimensions.

5. Best L,-Approximation by Algebraic Blending Functions

Let (¥, o ||) be a normed linear space. Let U be a subspace of . Then u; € U is called best
approximant to f € ¥ from U if forallu e U

1f = usll < 1 =l - (5.1)

Let f satisfy D™" f(x,y) > 0 on I? and let h € B™". Then an (m, n) blending grid is a maximal
set of zeros for f — hin a sense that if f(x,y) — h(x, y) = 0 on (m, n) blending grid G n, then
f(x,y)-h(x,y)#0for (x,y) € I?\ G n- In other words, f—h cannot vanish on Gy, n U (x0, Y0),
where (x0,¥0) € I? \ Gmpn-
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Approximation by blending functions is useful in problems of improving the efficiency
of data transfer systems, image processing, reducing the size of the table of a function of many
variables, cubature formulae, and numerical solution of differential and integral equations.
For results on existence of best algebraic blending L;-approximants see [14, 15]. The above
notion of a Haar-Chebyshev system in the multivariate case is essential in the proof of the
next theorem (see [16] for details).

Theorem 5.1. Let f € C™" satisfy D™" f(x,y) > 0 for (x,y) € I>. Then f possesses a unique best
Li-approximant from B"™" that is the unique transfinite Lagrange interpolant hy to f from B™" with
respect to the blending grid

n

i=1 j=

Em,n = {(x,y) : H 1 (x-x) (v -vy)) =O}, (5.2)

where xx, 1 <k <m and y;, 1 < j < nare the zeros of the Chebyshev polynomials of second kind
U, (x) and U, (y), respectively.

Remark 5.2. Following Theorem 5.1, we conclude that the blending grid G is the canonical
set of best Li-approximation from B"" to the convex cone

{f eCcm” <Iz> : D" f(x,y) >0 for (x,y) € Iz}. (5.3)

Note that in the above convex cone, the non linear problem of best L;-approximation becomes
a linear one.

Corollary by Theorem 5.1 is the interesting fact that the best Li-approximant to the
polynomial x™y" from B™" is also a polynomial, namely;,

and in particular the unique polynomial of minimal L;-norm (minimal L,-deviation) on I?
from the class of monic polynomials {33 377 aii X'y Ay =1} is 27U, () U, (y).

U,, (x)un (y)

2m+n

<|lx"y" = h(x Y|l 2y, heEB™ (5.4)
Ly (I?)

Remark 5.3. Note that in contrast to the result in Theorem 5.1, the best uniform (Chebyshev)
approximant from B! to f € C'! satisfying D! f(x,y) > 0 for (x,y) € I?, is never unique
unless f € B! (see [17] for details).

6. Lagrange-Hermite Transfinite Interpolation by Trigonometric
Blending Functions

In bivariate case, transfinite interpolation by trigonometric blending functions is to construct
a blending trigonometric interpolant over a planar domain in such a way that matches
(interpolates) a given function and its partial derivatives on curves that constitute the
interpolation set. For details on the results in the present section see [7].
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Let C2+121+110,2,7)? be the vector space of two-variable functions f(6,7) which are
2sr-periodic in each variable and

@(2m+1,2n+1)f(9, 11) - ©22m+1)©1(12n+1)f(9, 71) (6.1)

is continuous on [0,27)?, where D"V = D¢, (D2 + k?) and Dy = 0/00 is the partial
derivative with respect to 6. The vector space B}, , of trigonometric blending functions of order
(m,n) is defined as

B, = {ht(e, 1) € Crmlanel g o2 EmHA2 Dy (9 ) = 0}_ (6.2)

Each trigonometric blending function h; € B}, , can be represented in the form
h(6,71) = Z [ak (17) cos(kB) + by (17) sin(kB)] + Z [cp(0) cos(pn) +d,(0)sin(pr)],  (6.3)
k=0 p=0

where ay, by, ¢, and d), are sufficiently smooth 2sr-periodic functions.

Remark 6.1. Note that the above representation of h; € B, , is not unique in contrast to the
uniqueness of the corresponding representation in T,.

Let 511 = (60,01,...,60,,), 0<0p <01 <--- <0, <2 bel; +1 interpolation nodes
with positive integer multiplicities X;l = (Ao, Ay, ..., Ay) and let ﬁlz = (Mo, M,---, M), 0 <

Mo < M < -+ <1, <2x bel, +1 interpolation nodes with positive integer multiplicities

.Blz = (Po, P1, -, Pr)-

6.1. Construction of Lagrange-Hermite Transfinite Interpolation by
Trigonometric Blending Functions

Let f(6,7) € C¥*2+1[0,2;)2 Given the interpolation nodes with corresponding
multiplicities (6, A;,) and (77, B;,), Z?:o Ai =2m+1and Z;ZZ o Bj = 2n+1. Find a trigonometric
blending function hys € B!, , of order (m,n), satisfying the following Lagrange-Hermite

interpolation conditions (f /) denoting the partial derivative '/ f/00'0n/):

h;/lj’(())(eﬁlrl) :f(i,o)(651,1,l), i:0/1/"'/'k51 _1; 51:0/1/"'111; ( )
6.4
0,7 i .
hﬁ,ff)(e,qsz) = fOD(0,1,,), j=01,...,p~1; 55=0,1,...,1.

Theorem 6.2. Let f(6,7) € C™12m1[0,2r)%. Given the interpolation nodes with corresponding
multiplicities (6}, ;) and (7], B,) such that 3L; \i = 2m + 1 and z;z: oBj = 2n+1, then there
exists a unique trigonometric blending interpolant hy s from B}, , (of order (m,n)) to f satisfying the
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transfinite interpolation conditions (6.4). In addition, the following point-wise error representation
holds:

©(2m+1,2n+1)f(§’ C)
[m!)? [n!]?

f(6,1m) —her(0,1) = [B1(6,71) - hup, (0,1)], (6.5)

where (£(0,1),8(6,1)) € (0,27)%, B1(6,71) := B1(0)By (1) and Bi(0) = 6 — 7, 6 € [0,221) is the
first univariate Bernoulli function.
6.2. Uniqueness of the Lagrange-Hermite Trigonometric Blending Interpolant

Suppose that there is another trigonometric blending interpolant hy, s € B, , to f satisfying
the interpolation conditions (6.4). Evidently, ht,ﬁtf = hy s. Therefore, by using (6.5)

@(2m+1,2n+1)'flt,f @& 0)
T T PP [B1(6.71) = e (6. )] =0 6.6)

Ed ;lt,f = ht,flf,f = ht,f.

hif—h

Lemma 6.3. Let hy g, (6, 7) be the unique trigonometric blending interpolant from Bl , to By(6,1) =
B1(0)Bi1(n) satisfying the transfinite interpolation conditions (6.4) on the interpolating grid

Il
Gy, = {(9,71) ef02x)*: ] ©0-6,)(n-1ns) = 0} - (6.7)

51 20,5220

Then, [B1(0,1) — hyp,(0,1)] #0 for each point (6,1) ¢ G, 1,

Corollary 6.4. Let hys be the unique trigonometric blending interpolant from By, to f €

mmn

C2m+1.2n4110, 257)? satisfying the transfinite interpolation conditions (6.4). If D@m+12n+1) £(& &) 20
for (¢,¢) € [0, 271')2, then f(0,1) — hys(6,7) #0 for (0,1) € Gy, 1,

7. Best L,-Approximation by Trigonometric Blending Functions

Consider the normed vector space L;[0,27]* of functions that are 2z-periodic in each
variable, whose absolute value has a finite integral on [0,27r]* and equipped with the norm

271
||f||L1 027 = .[f[oz . |f(6,1)|dA = <Fubini s Theorem> Jfo |f(6,1)|dOdn,  (7.1)

where A is the area measure. Denote for simplicity [|f|l; = [|fIl1,o2,2- We restrict Bﬁn,n to
B!, C Li[0,2x]%.
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Let us consider the convex cone
6im+1'2n+1 — {f e (C2m+12n+1 [0, 271_)2 . ©(2m+1’2n+1)f<9, Tl) >0 for (9, 11) c [0,2]1_)2}' (7.2)

We construct best Lj-approximants from B!, , to functions in the convex cone Caml A,
Following the interpolation problem (6.4) let 0 = {fim/(m+1),i =1,...,2m + 1} and
n = {jr/(n+1),j =1,...,2n + 1}, where all interpolation nodes are of multiplicity 1.
By Theorem 6.2, there exists a unique trigonometric blending interpolant h;s € B!, , to

f e G121 on the blending grid
~0 } (7.3)

consisting of 2m + 1 vertical and 2n + 1 horizontal line segments. The next theorem (see [7]
for details) demonstrates that the interpolation grid Gmn is the canonical sets of best L;-
approximation from BY, ,, to the convex cone C3"™"*"*.

17T
0- (m+1)

2m+1,2n+1 [

Gmn = {(9,11) ef02r)*: ]

i=1,j=1

[’1 } (njf )

Theorem 7.1. The unique trigonometric blending interpolant hys € B, , to f € C7"*" o the
blending grid G n is the unique best Li-approximant to f from B, .-

8. Canonical Set of Best L,-Approximation on a Triangle

Another canonical set result is presented in [18], where the domain is a triangle A € R?. The
approximating space consists of all functions that are sums of functions of the barycentric
coordinates {.\;}7_, with respect to the vertices of A:

B(A) = {h € CB(A) : h()tl,)tz) = hl()tl) + I’lz()tz) + h3()t3),/\1 + )Lz +)L3 = 1, li > 0} (81)

B(A) is the kernel of the differential operator &> which acts on the linear space C°(A) and is
defined by

0o 0 0 0
3 e
0 f(.)tl,)tz) = a)tl a.)uz <8)L1 a)tz>f(/\1,)t2) (82)

Let M := My U My U M3 be the union of the medians { ,/Ili}?:1 in A. The following
interpolation theorem holds true.

Theorem 8.1. Let f € C3(A). Then there exists a unique transfinite interpolant hy € B(A) to f
such that

(hf) = fin (8.3)

Moreover, if f € C™(A) for some m > 3, then hy € C™(A) as well.
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On the basis of Theorem 8.1 and an appropriate error representation formula, the
corresponding best L;(A)-approximation is characterized in terms of a canonical point set.
The convex cone here is defined by another differential operator D (see [18, page 456] for
details) that is represented in terms of d° in a bit intricate way involving infinite series. The
canonical result of best Li-approximation reads as follows.

Theorem 8.2. Let f € C3(A) satisfy ) f > 0on A. Then, the unique transfinite interpolant hy from
Theorem 8.1 is the unique best Ly-approximant to the function f from B(A).

Remark 8.3. By Theorem 8.2, the point set / is a canonical set of best L;-approximation on a
triangle.

9. Best L,-Approximation by Harmonic Functions

Here, we discuss results on best Li-approximation of subharmonic functions by harmonic
functions. Let B(r) denote the open ball centered at 0 of radius r > 0 in the d-dimensional
space R? and let B := B(1) be the unit ball centered at 0 in R% and By := B(27'/¢). Denote
by JH(B) the linear space of harmonic functions on B and let S(B) denote the convex cone
of subharmonic functions on B. Let f € C (B) be continuous on the closed unit ball and let
f € S(B). A function hy € C(B) N H(B) is called a best harmonic Li-approximant to f on B if

”f_ hf”Ll(B) < ”f_h||L1(B) 9.1)

for all h € C(B) N H#(B). The next theorem gives a canonical set characterization of the best
harmonic Li-approximants to the convex cone C(B) N S(B) (see [19] for details).

Theorem 9.1. Let f € C(B) N S(B). Then the harmonic function hy is a best harmonic Li-
approximant from C(B) N H(B) to f if and only if

(i) hf = f on OBy (that is, hy is a transfinite harmonic interpolant to f on 0By);

(ii) hy < fon B\ By.

Remark 9.2. 1f a best harmonic L;-approximant to f € C (B) N S(B) exists, then it is unique.
However, a best harmonic L;-approximant to an arbitrary function f € C(B) N S(B) need not
exist. For example, g(x, ) := x*y* is a subharmonic polynomial on the unit disk in R?> which
does not possess a best L;-approximant from C(B) N<#(B). However obviously, D*2g(x, y) >
0 and according to Theorem 5.1, a unique best L;-approximant on [-1,1]* to g from B>? exists.
For other results on best harmonic L;-approximation see [20, 21].

Remark 9.3. The constructive characterization of Theorem 9.1 is in terms of the Dirichlet
problem on 0By. It can be considered as a transfinite interpolation problem by harmonic
functions on the spherical interpolation grid 0By. The canonical set of best harmonic L;-
approximation to the convex cone C (B) N S(B) on the unit ball is dB,.
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10. Best One-Sided L;-Approximation by Algebraic Blending
Functions

Let f € C(I?). A function h* € B™" is called best one-sided from above L;-approximant to f
from the linear space B"™" if

W2y, et [ w-p <[ m-p  ao

for all h € B™"(I?) such that h(x,y) > f(x,y), (x,y) € I*>. Analogously, we define best
one-sided from below Li-approximant to f from B"".

This type of one-sided L;-approximation (with respect to a convex set rather than
a subspace) has been a subject of much research activity (see [1] for details). The results
in this area have mainly dealt with the case when the best approximant is from a finite-
dimensional linear space. However, as we have mentioned above, the linear space B"™" of
algebraic blending functions of order (m, n) is of infinite dimension.

First we reformulate a general result in the particular case of B™" approximating linear
space (see [22, 23] for details). It shows that the canonical sets must satisfy certain conditions.

Theorem 10.1. Let f € C(I?). Let
U(S) = {h e B™": h(x,y) = f(x,y) on IZ}. (10.2)

Let h* € U(f) and let Z = Z(h* — f) be the zero set of (h* — f) in I>. Then, the following are
equivalent.

(a) The blending function h* is a best one-sided from above Li-approximant to f from B™" on
I

(b) Gaussian property for the zero set Z holds

h >0 whenever h € B™", h>0 on Z. (10.3)
IZ

(c) The domain I? is a quadrature domain with respect to the point set Z and the linear space
B™"; that is, there is a positive measure p with support in Z such that

h= f hdyu (10.4)
12 Z

forall h € B™".

By analogy with the canonical sets in the best Li-approximation by blending functions
one can expect that the best one-sided L;-approximants by algebraic blending functions are
Lagrange-Hermite transfinite interpolants on grids consisting of vertical and horizontal lines.
However, Theorem 10.1 and the next result (see [24] for details) show that this is not the
case: transfinite interpolation grids consisting of vertical and horizontal line-segments in I cannot
be canonical sets of best one-sided Li-approximation by blending functions.
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Theorem 10.2. Let m > 1 and n > 1. Then there exists an algebraic blending function h € B>
such that it is positive on the Legendre (m, n) grid

Gmar = {(x,y) € P+ Lu(x)La(y) =0}, (10.5)

where Ly, and L, are the Legendre polynomials of degree m, respectivelyn, that is,

hep., > 0, (10.6)

m,n,L

but its integral on I? is negative:

f h< 0. (10.7)
IZ

Analogous result concerning best approximation by trigonometric blending functions
is published in [7].

10.1. Best One-Sided L,-Approximation by Algebraic B''-Blending Functions

We give a constructive characterization in terms of canonical sets for the best one-sided L;-
approximant to a function f € C!! satisfying D' f > 0 on I? from the infinite-dimensional
linear space BY"!. The best L;-approximants are transfinite Lagrange-Hermite interpolants on
the diagonals of I? as canonical sets. The occurrence of the diagonals as canonical sets of best one-
sided Ly-approximation (not interpolation grids consisting of vertical and horizontal line-segments in
12 1) is a fact which, to the best of our knowledge, has been first observed in [25].

Note that

B = {h(x,y) : h(x,y) = a(x) +b(y), a € C'(D), be C'()}. (10.8)

In other words, we approximate two-variable functions by sums of univariate functions on
12,

The proof of existence, uniqueness and explicit construction of the best one-sided L-
approximant from above and from below consists of three main steps (see [25, 26] for details).

(A) Transfinite Lagrange-Hermite Interpolation Formula on an Appropriate Grid with an Error
Remainder Term

Theorem 10.3. Let f € CL.
(a) The B! blending function

(%, y) = f(-1,-1) + fx DY f(t,t)dt + I ! D' f(t,t)dt (10.9)
-1 -1
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is the unique Lagrange-Hermite transfinite interpolant to f from BY! satisfying the transfinite
interpolation conditions

<h}>w = fiar, (grad h;)w = (grad f) - (10.10)
on the main diagonal A* of I>. Moreover, the error representation formula holds
Fo)-n o) -2 LD 2 e, @mer. 0
(b) The B! blending function
ho(x,y) = f(-1,1) + fxl DY f(t,~t)dt - jj DY f(t,~t)dt (10.12)

is the unique Lagrange-Hermite transfinite interpolant to f from BY! satisfying the transfinite
interpolation conditions

(h*f)lA* =fla, (grad) Hufia, = (grad) f . (10.13)

on the antidiagonal A, of I>. Moreover, the following error representation formula holds:

11 o
fry) = hey(xy) = %(p’)(xw)z, (x,y) €D, (p,0) e I” (10.14)

The following observation is an essential fact in the proof of the next theorem. Let f
satisfy D'f(x,y) > 0 on I? and let h € B"!(I?). If (f = h) = 0 on A and (grad (f - h)) 5+ =
(0,0), then (f —h) #0 on I? \ A*. In other words, (f —h) can not vanish on A* U (xo, yo), where
(JC(), ]/0) € I? \ A*.

(B) Transfinite Cubature Formulae on A* and A, with B! Blending Degree of Precision
Let f € C'1. Then
sz— ZLf(x,x)dx = —ng'lf(a,ﬂ), (a,p) € I (10.15)
In particular
LZ h = 2Lh(x, x)dx, heB". (10.16)

Analogously,

sz— Zfl(x,—x)dx = %D“f(y,éi), (y,6) € I”. (10.17)
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In particular

f h = zf h(x,-x)dx, he B (10.18)
12 1

(C) Constructive Characterization of the Best One-Sided Ly-Approximants from BU1.

Theorem 10.4. Let f € C! satisfy D' f(x,y) > 0 for (x,y) € I?. Then we have the following.

(a) The function f has a unique best one-sided from above Li-approximantfrom BY'. The
unique best one-sided from above Li-approximant h; is characterized by the Lagrange-

Hermite type transfinite interpolation conditions on the main diagonal A* of I*:

(h}>|A* =fians ( grad h})w = (grad f) - (10.19)

(b) The function f has a unique best one-sided from below Ly-approximant from Bl
Theunique best one-sided from below Li-approximant h. is characterized by the Lagrange-
Hermite type transfinite interpolation conditions on the antidiagonal A, of I*:

(h*f)lA* =fla, (grad h*f)|A, = ( grad f)lA*’ (10.20)

Proof of Theorem 10.4. We sketch the proof of (a). The proof of (b) follows the same steps.
Given f € C'! such that DV f(x,y) > 0 for (x,y) € I>. By Theorem 10.3, . > fon 12

Consider an arbitrary blending function h € B! such that h > f on I?. By using the transfinite
cubature formula from (B), we have

f]z(h_f) B I12<h_h}> +I12<h} _f>
=2 J'll (h - h;) (x, x)dx + Lz (h; - f) (10.21)

> [ (1),

taking into account that J'El(h — h*)(x, x)dx > 0 which follows from h > f on I? and (h})IA* =

f|a+- Hence,
_ > * 10.22
le(h f) 2 Lz<hf ’f>' ( )
for each function h € B! satisfying h > f on I°. O

Uniqueness of the Best One-Sided from above Li-Approximant from B! to f in the Convex Cone
{feCY: DM f(x,y)>0,(x,y) €I*}.
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Figure 1: f(x,y) = xy and h}(x, y).

Suppose that h € B! is another best one-sided L;-approximant to f from B'!. It
follows from (10.21) that fa+ = (h})IA‘ = hja. From h > f on I?> we conclude that

(grad h) 5. = (grad f) .. By Theorem 10.3, h = h’. The proof is completed.

Example 10.5. Consider f(x,y) = xy, D" f(x,y) = 1 > 0. According to Theorem 10.4, the
transfinite Lagrange-Hermite interpolant to f from B!

(%, y) = f(=1,-1) + jx DY f (¢, t)dt + le DO f(t,t)dt
-1 -1

x Yy 2
=1+J‘ tdt+f tdt=xJ2ry

-1 -1

. (10.23)

is the unique best one-sided from above L;-approximant from B! to f(x,y) = xy (see
Figure 1).

Example 10.6. Let f(x,y) = xPy9,x >0, p >0,y >0, g > 0,p+gq = 1. We compute
DYWf(x,y) = pxP~ly, D' f(x,y) = gxPyi!, DV f(x,y) = pgx?~ly7t > 0 for x, y > 0.
According to Theorem 10.4, the transfinite Lagrange-Hermite interpolant to f from B!

i (x,y) = f(0,0) + fx DY f(t, t)dt + fy D' f(t,t)dt
’ ‘ (10.24)

x v
=I pdt+j gdt = px+qy
0 0

is the unique best one-sided from above L;-approximant from B! to f(x,y) = x”y4 on [0,1]%.
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10.2. Best One-Sided L,-Approximation by Algebraic B>'-Blending Functions

Next theorem (see [27] for details) gives characterization of the best one-sided Li-
approximants by algebraic B>!-blending functions in terms of transfinite Lagrange-Hermite
interpolation on canonical sets.

Theorem 10.7. Let f € C*! and D*' f(x,y) > 0 for (x,y) € I.
(a) Let

v o= {(x,20x]-1) :x e [-1,1]}. (10.25)

The function f possesses a unique best one-sided from above Ly-approximant h* from B>*. The unique
best one-sided from above Li-approximant h; to f is characterized by the simultaneous Lagrange-

Hermite type transfinite interpolation conditions:
(hj‘>|v* = fir (grad h}>|v* = (grad f).. (10.26)

(b) Let

v, = {(x,1-2x]): x € [-1,1]}. (10.27)

The function f possesses a unique best one-sided from below Ly-approximant h, ¢ from B*>!. The unique
best one-sided from below Li-approximant h.s to f is characterized by the simultaneous Lagrange-
Hermite type transfinite interpolation condition:

(hup)y, = fiv., (grad hup)y, = (grad f), . (10.28)
The following two steps (see [27] for details) are essential in the proof of Theorem 10.7.

(A) Transfinite Interpolation Formulas with Remainder Term

Let f € C*! and let h} and h, be the transfinite interpolants to f from Theorem 5.1. Then

f(xy) -hy(xy) = —W (y - 2lx] + 1) (y + /x| + 1), (10.29)

where (x,y) € I> and (¢1,m1) € I* and

f(xy) =he(xy) = W (v -2/x| +1)°(~y + 4|x| + 1), (10.30)

where (x,y) € I> and (&, 12) € I%.
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Figure 2: f(x,y) = x%y, h’}(x, y) and h.s(x, y).

(B) Transfinite Cubature Formulae on v* and v, with B>! Blending Degree of Precision

Let f € C*>!. Then

1
.[12 f= ZI 1f(x,2|x| -1)dx - % Dz'lf(pl,ol), (p1,01) € I?,
) (10.31)

1
1
f f= Zf f(x,1-2]x])dx + 3 Dz'lf(pz,oz), (p2,02) € I2.
r -1

Example 10.8. Consider f(x,y) = x>y, D*'f(x,y) =2 > 0 on I?. Then, by Theorem 10.7, the
B*! transfinite blending interpolant

4 > > 1 3
‘ A iy 1032

to f is the unique best one-sided from above Li-approximant from B>! to f(x,y) = x?y.
Analogously, the B>! transfinite interpolant

4 1
hp(x,y) = =5 xlx| + 2 = (14 )’ (10.33)

to f is the unique best one-sided from below L;-approximant from B*! to f(x,y) = x*y (see
Figure 2). Note that the best one-sided approximants to the polynomial f(x,y) = x>y are not
polynomials. Moreover, they have a limited C>!-smoothness, contrary to the unconstrained
best Li-approximation by blending functions (see Theorem 5.1).
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10.3. Best One-Sided L,-Approximation by B>*-Blending Functions

Let f € C** and D**f(x,y) > 0 for (x,y) € I*. Then (see [28] for details), the unique best
one-sided from above L;-approximant h; to f from B?? is the unique transfinite Lagrange-
Hermite interpolant to f on the canonical grid

x = {(xy) e x| = |y|} (10.34)
satisfying the transfinite interpolation conditions
(h}>|x = o (gradh; >‘X = (grad f),,. (10.35)

For f(x,y) even with respect to one of the variables x or y, the unique best one-sided
from below Li-approximant h,¢ to f from B>? is the unique transfinite Lagrange-Hermite
interpolant to f on the canonical grid

o ={(xy)ePilxl+|y| =1} (10.36)
satisfying the transfinite interpolation conditions
(h*f)|o = fio, (grad h.y )\o = (grad f)|<>~ (10.37)

Surprisingly, there is no universal canonical grid for the entire convex cone
{fec® D?f(xy) 20, (xy) e I?} (10.38)

concerning the best one-sided from below L;-approximation from B>? (see [28] for details).

The best one-sided from above Li-approximant to f has the smoothness of f. The best
one-sided from below Li-approximant to f (if it exists) is a blending transfinite spline function
with two line-segment knots {(x,0) : x € I} and {(0,y) : y € I}.

Example 10.9. Consider f(x,y) = x’y?, D**f(x,y) = 4 > 0. Then h(x,y) = (x* +y*) /2 is the
unique best one-sided from above Li-approximant to f(x,y) = x?y? from B>? and

1 4 1
he(x,y) = §<x4 + y4> - §<|x|3 + |y|3> +xt+yt - c (10.39)

is the unique best one-sided from below L;-approximant to f(x,y) = x*y* from B*? (see
Figure 3). Note that h, ¢ C3° U C%. Hence, the best one-sided from below L;-approximant
from B*? to f does not inherit the smoothness of f.
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Figure 3: f(x,y) = x*y?, b} (x,y) and h.s (x, y).

11. Best One-Sided L;-Approximation by Quasi-Blending Functions

The characterization result of best one-sided L;-approximation by algebraic B>!-blending
functions (see Theorem 10.7) has a natural extension to approximation by quasi-blending
functions (see [29] for details). Define the space QB™! of all quasi-blending functions of
order (m,1) by

QB™ .= { he C(12) : D' k(- y) € my 1 forafixedy € I}, (11.1)

where ur,,,_1 is the space of all univariate algebraic polynomials of degree not exceeding m — 1.
Any h € QB™! can be represented in the form

m-1
h(x,y) =b(x) + Zaﬂ (y)xt, (x,y)el? (11.2)
p=0

with ag,a1,...,am1 € C'(I) and b € CO(I). Obviously, this representation is not unique.
The canonical sets v, and v* for the best L-approximation by B>!-blending functions (see
Theorem 10.7) are examples of the so-called m-oscillating point sets.

Given m + 1 points =1 = xg < x1 < --- < x,,, = 1. Let 7 € {-1,1}. A continuous function
¢ : I — Iis called m-oscillating if

(1) ¢(x) =n(-1)F, 0<p<m;
(ii) The restriction ¢ := @|[x, , x,] is @ homeomorphism between [x,1,x,] and I.

A point set I' € I? is called m-oscillating if it is the graph of an m-oscillating function.
The m-oscillating point sets are unisolvent for the following transfinite interpolation by quasi-
blending functions.
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Letm € N, f € C™!(I?), and T be an m-oscillating point set associated with a given
m-oscillating function ¢. Then, there exists a unique quasi-blending function h € QB™!
satisfying the following transfinite interpolation conditions:

he=fr, (D) = (D" f)‘r. (11.3)

We define two m-oscillating point sets which turn out to be canonical sets of best L-
approximation by quasi-blending functions from QB™!. Given m € N and x,s € (-1,1),
consider the functions

P’E(1+s)/2,—(1+s)/2) (x)PIE(1+s)/2,—(1+s)/2) (—X), if m = 2k,

X,8) = ey o _ 11.4
Gm (%, ) PU=9/2-049/2) () pla=9/200431/2) ) fm=2k+1, (114

where P,(,a’ﬂ ! denote the corresponding Jacobi polynomials of degree n. Each polynomial
gm(:,s) has m distinct zeros -1 < ¢1(s) < --- < @, (s) < 1. Moreover, it can be shown (see
[29] for details) that the inverse functions ¢, := qr;l C[xu-1,x4] — I, 1 < p < moexist, are
continuously differentiable, and join together to an m-oscillating function ¢ : I — I such that
the quadrature formulae

1
[ feow axay=2[ fspo)ds [ feow) dxay=2{ fs-pe)ds 115)
2 -1 2 2

are exact in the space QB™!, Let the m-oscillating point sets I';, and L,, be given by

T, = {(x, (-1)"p(x)) €e*:x€ I},
(11.6)

L, = {(x, (—1)m+1(p(x)> €el*:xe I}.

The next theorem shows that the sets I',, and L,, are canonical sets of best one-sided Li-
approximation from QB™!.

Theorem 11.1. Let f € C™1(I?) satisfy D™ f > 0 on I%. Then the following holds.

(a) The function f possesses a unique best one-sided Ly-approximant from above from QB™1.
The best one-sided from above approximant hj} is characterized by the following Lagrange-
Hermite transfinite interpolation conditions:

0 (1), = @) (), =(0%) o

[T

(b) The unique best one-sided from below Ly-approximant h.ys to f from QB™ is characterized
by the following Lagrange-Hermite transfinite interpolation conditions:

() (np)y, =fir, G (D) = (D"f) . (118)
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12. Best One-Sided L,-Approximation by Sums of Univariate Functions

Here we present a multivariate extension of Theorem 10.4 (see [30] for details). Let d > 2 and
C'4 be the linear space of all differentiable functions f, defined on the d-dimensional cube
14 := [-1,1]* and having continuous mixed derivatives

2
DM f = o l1<i<j<d. (12.1)

We denote by B the subspace of all d-variable functions h which are sums of univariate
ones, that is,

d
BlA .= {h e C": h(x) = h(xy,...,xa) = ). hi(xi)}. (12.2)
i=1
or equivalently
Bl'd:{h eC": D! h=0, 1§i<j§d}. (12.3)

Let A* := {(t,...,t) € I?: t € [-1,1]} be the main diagonal of the d-dimensional cube I¢. Let

grad f := (ﬂ ﬂ) (12.4)

ox1” 7 Oxy

denote the gradient of the d-variable function f.

12.1. Transfinite Lagrange-Hermite Interpolation to a Function f € C'“ from
B'“ on the Diagonal A* of 1

Theorem 12.1. Let f € CY4. Then we have the following

(a) The function b, € B4, where

) & (7 of
W(x1,..0,xa) = f(=1,..,-1) + ;L a—xi(t,...,t)dt (12.5)

is the unique transfinite interpolant to f from BY satisfying the following Lagrange-
Hermite transfinite interpolation conditions:

(h;)w = fia, (grad h})w = (grad f),,.. (12.6)
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(b) The following error representation formula holds

(xi x])

ISEIOREEDY ax,ax] (¢1))

1<i<j<d

where x = (x1,...,x4) € [Yand ¢ ;; € I

31

(12.7)

Proof. Proof of (a). Let x = (x,...,x) € A*. Then (ah}/axi)(x) = (0f/oxi)(x,...,x) =

(0f/0x;)(x) and, from here, (grad h})w = ( grad f)IA*'

Proof of (b). Let x = (x1,...,x4) € I%. Without any restriction (with a permutation
of the variables if necessary) we suppose x; < x;--- < x4. Consider the auxiliary function
g(x) = f(x) - h;(x). Then by (12.5), gja- = 0 and (grad g)w =0, and in view of this, for each

i,1<i<d

- _g.(xil--*rxi)

( ) (xll . rxd) axl

ax,

d 1 628
] _J'=%‘:¢i(xi =) .[0 0x;0x; [+ 5(xi = x1), - Xa + 5(xi = xa)ds,

Denote xx := (xk, ..., Xk, Xk41,---,%4), k=1,...,d,x1 =x= (x1,...,%x4), Xa = (x4, ..

using the representation (12.8) for 0g/0x; we obtain

Kl Xk+1
() = D [g(xk) - g(xk)] = f tg(t b Xpi, ..., xg)dE
k=1
d-1 expa k
:_Zf Za_g(t"'/trkarl/o--,Xd)dt

k d Xkl 152
— o 8
=22 2 f (t xz)fo G, Kos)ds

(12.8)

.,X4). By

(12.9)
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where Xg1x = (t,...,t, X1 + S(E = Xk41),...,Xq + s(t — x4)). Changing twice the order of
summation in (12.9) and applying the integral mean value theorem we obtain

d-1d-1 d Xkes1 1 aZg
00=33 3 [ 0w [ G condsas

d-1 d_j=1 (xea 1 g2
g
= (t—x;) f ——— (Xs ) dsdt
i=1 j§1 k=i ’[xk 7)o 0xidx;
. (12.10)
O L L2 e —x)" (a—xy)
i i 11
ZZ[ ) ]Di,j g (xk,/)
i=1j=i+1 k=i
DY (g”)( )" Liell, 1<i<j<d
i=1j=i+1
This completes the proof. O
12.2. Transfinite Cubature Formula, Exact in the Linear Space B'*
Let h € B, Then the following transfinite cubature formula holds:
f- : f h(xi,...,x3)dxy - dxg = 2471 f h(t,..., t)dt. (12.11)
I A*

Proof. Integrate (12.7) on I4 for f = h € B'4, taking into account that hj = hif h € B" and
the representation (12.5) of h;. O

The next theorem gives a canonical set characterization of the best one-sided from
above Li-approximant from B4 to a function, belonging to the convex cone

c#i={feC: Dl f20 on I} 1<i<j<d]. (12.12)

Theorem 12.2. Let f € C*. Then the unique transfinite Lagrange-Hermite interpolant h} from B4
to f satisfying the transfinite interpolation conditions

<h}>w = fir,  (grad h})w = (grad ), (12.13)

is the unique best one-sided from above Ly-approximant to f from B4,

Proof. By (12.7) we conclude that f(x) < h;(x), x € I4. Taking into account the cubature
(12.11) we conclude by Theorem 10.1 that the transfinite interpolant h;“, to f is the best one-

sided from above Li-approximant to f € C* from B4
Uniqueness of the Best One-Sided from above Ly-Approximant from BY4 to C*4.
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Suppose h € B, h > f on I? is another best one-sided from above L;-approximant to
f € C* from B'4. Then, by using (12.6) and (12.11) we obtain

0= [, (5-1)= [ -1 =] (-1

=2‘“L*<h}—h> =2‘“J.N(f—h) <0.

(12.14)

Hence, hja- = fia-. However, h > f on I and from here, (grad h)a- = (grad f)a By
Theorem 12.1 we conclude that h = h}. The proof is completed. O

Remark 12.3. According to Theorem 12.2, the set A* is the canonical point set of best one-sided
from above L;-approximation from B to the convex cone C*4.
Denote by E“ the set

El:={e =(e1,...,€4), ei=%1,i=1,...,d} (12.15)

of all d-dimensional vectors with entries + 1. For a fixed ¢ € E“ consider the e-diagonal of
I% A, = {(e1t,... eqt) : t € [-1,1]}. By using the linear transformation u; = ¢;x;,i = 1,...,d,
the following corollary by Theorems 12.1 and 12.2 holds.

Corollary 12.4. Let, for a fixed vector &€ = (e1,...,€4) € E4, the function f € C'¥ satisfy
gig; Djif200on I, 1<i<j<d. (12.16)

Then the unique Lagrange-Hermite interpolant

EiXi

d
e p(x,.,xa) = f(=€1,...,~€a ) + Zg,-f a—j:(glt,...,gdt)dt (12.17)
i=1 -1 1

vom B to f, satisfying the transfinite interpolation conditions
8 14
(e ) o, = finer (grad i ,f>m£ = (grad f) s (12.18)

is the unique best one-sided from above Ly-approximant to f from B,

Remark 12.5. Theorems 12.1 and 12.2 are common basis for well-known classical and new
inequalities. For example, the inequalities 9, 13, 16, 25, and 61 published in [31] are
corollaries from the explicit constructions (12.5) and (12.7) of the best one-sided from above
Li-approximants to appropriately chosen functions (see [30] for details). More precisely,
the right-hand side expressions of these inequalities are best one-sided from above L:-
approximants to the left-hand side ones in the sense of Theorems 12.1 and 12.2. We give
some examples.

For a set of d numbers {xi,...,x4} denote x. := min{xy,..., x5}, x* =
max{xi,..., xq}.



34 Journal of Function Spaces and Applications

Example 12.6. Consider f(x1,...,x4) = xf1~-~xzd, where x; > 0,p; > 0i = 1,...,d and
>4 p; = 1. We compute

of pi-1 4 pj. azf pi-1__pj-1 - Pk
5 %) = pix; ITx" 5o ) =P px; IT x>0 (12.19)
i j=lj#i Lgd] k=1k #i,j

forx; >0,i=1,...,d. Then

» ~ d Xi af p
f(xl,...,xd)—f(x*,...,x*)+§ x*a—xi(t,...,t) t

d X d
= ZI pit' ' [T tat (12.20)
i=1 70

j=lj#i

d X; d
=ZI pidt = pixi
i=1 70 i=1

is the unique best one-sided from above L;-approximant to f from B on [x,, x*]?. Hence,

xlljl...xgd Sp1x1+...+pdxd (1221)

with the case of equality only for x; = --- = x4. The inequality is easily extended to x; > 0, i =
1,...,d. This is the well-known inequality between the geometric mean and the arithmetic
mean of a set of nonnegative numbers.

Example 12.7. Let f(t) be a univariate function satisfying f'(t) + ¢f"(t) > 0 for ¢ > 0. Then, for
the d-variable function f(x7---x4),x; >0, i =1,...,d we compute

o ]
a—i(x)= [.H.xj fl(xi-xa)

o*f [ a ] [ 4 d
axiax]_(x): H Xk f,(xl"'Xd)+ H Xk H X f”(xl"'xd) (12.22)

k=1k#i, k=1k#i s=1,5#]

L 4 L

d
= | IT x| (Flaxa)+ Geaeeexa) f'(xaeoxa)) >0
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forx; >0, i=1,...,d. Inview of Theorems 12.1 and 12.2 the unique transfinite interpolant to
f from B on [x,, x*]

Wy (x1,.. xa) = f(x) +ZJ . ., bdt
- (12.23)

)+ S j Fp () = L Sr(x)

is the unique best one-sided from above L;-approximant to f from B4 on [x,, x*]?. Hence,
1 d
flrn-xa) < 5 Z f(xid) (12.24)
with the case of equality only for x; = --- = x4.
Example 12.8. Let f(t) = (B+1)", >0, a >0, t > 0. We compute
Fi(t)+tf"(t) = (B+1) a(B+at) > 0. (12.25)

Then as a corollary by Example 12.7, we obtain the inequality

d

S(p+x)’, xi>0,i=1,..d (12.26)

i=1

Ul =

(b1 )" <

with the case of equality only for x; = - - = x4. Obviously, the inequality holds for x; > 0, i =
1,...,d.

Example 12.9. Let f(t) = sin(t),t > 0. We compute f'(t) + tf"(t) = cos(t) — tsin(t) > 0 for
t € (0,t,), where t, = 0.8603336 is the unique solution of the nonlinear equation cot(t) = t,t €
[0, 7r /2]. Then, following Example 12.7, we obtain the inequality

1 d
sin(ar -+ xa) € 5 3 sm< ) O<x;<t’/d 1<i<d (12.27)
i=1

with the case of equality only for x; = --- = x4. Obviously the inequality holds for 0 < x; <
£/?, 1<i<d.

Example 12.10. Let the univariate function f(¢) satisfy 2f'(t) + tf"(t) > 0 for t > 0. Consider
the d-variable function

foenxa) = f< ! > x>0, 1<i<d. (12.28)

1<igjed \Xi T %)
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Computing partial derivatives of f we obtain

L ()
axl i (i xg) T\ XX
o2 f
fo__ 2 3f’< 1 >+ ! 4f”< ! ) (12.29)
0x;0x; (xi+x]-) X + Xj (xi + x7) Xi + Xj

1 o1 1 af 1
C(xmitx) [Zf <xi+xi> ' (x,-+x]-)f <xi+xf>] "

where 1 <i < j < d. In view of Theorems 12.1 and 12.2, the transfinite interpolant to f from
B on [x,,x*]*

~ d f
Wy, xa) = (X0 x lea_

d(d 1) <2L> <d—1>i2fxl 412]( <2t> y (12.30)
)

-5 (s

i=1

is the unique best one-sided from above L;-approximant to fN from B, Hence, the following
inequality holds:

d
> f<x,~ixj> dzl Zf<2x1> (12.31)

1<i<j<d i=1

with the case of equality only for x; = - -- = x,. In the particular cases f(t) = t and f(t) = In(t)
we obtain the inequalities

1 -1& 1 1 d o1
g 1 > = In < — Z — (12.32)
1<ig<aXi v Xj Gl e xitx o 2
with the case of equalities only for x; = -+ = xg4.
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