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Abstract

We study parabolic quasi-variational inequalities (QVIs) of obstacle type. Under appropriate
assumptions on the obstacle mapping, we prove the existence of solutions of such QVIs by
two methods: one by time discretisation through elliptic QVIs and the second by iteration
through parabolic variational inequalities. Using these results, we show the directional differ-
entiability (in a certain sense) of the solution map which takes the source term of a parabolic
QVI into the set of solutions, and we relate this result to the contingent derivative of the
aforementioned map. We finish with an example where the obstacle mapping is given by the
inverse of a parabolic differential operator.

Mathematics Subject Classification 49J40 - 35K86 - 49K40

1 Introduction

Quasi-variational inequalities (QVIs) are versatile models that are used to describe many dif-
ferent phenomena from fields as varied as physics, biology, finance and economics. QVIs were
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first formulated by Bensoussan and Lions [8,32] in the context of stochastic impulse control
problems and since then have appeared in many models where nonsmoothness and non-
convexity are present, including superconductivity [4,7,29,37,40], the formation and growth
of sandpiles [5,7,36,38,39] and networks of lakes and rivers [6,36,38], generalised Nash
equilibrium problems [17,24,34], and more recently in thermoforming [2].

In general, QVIs are more complicated than variational inequalities (VIs) because solu-
tions are sought in a constraint set which depends on the solution itself. This is an additional
source of nonlinearity and nonsmoothness and creates considerable issues in the analysis and
development of solution algorithms to QVI and the associated optimal control problems.

We focus in this work on parabolic QVIs with constraint sets of obstacle type and we
address the issues of existence of solutions and directional differentiability for the solu-
tion map taking the source term of the QVI into the set of solutions. This extends to the
parabolic setting our previous work [2] where we provided a differentiability result for solu-
tion mappings associated to elliptic QVIs. Literature for evolutionary QVIs is scarce in the
infinite-dimensional setting: among the few works available, we refer to [25] for a study
of parabolic QVIs with gradient constraints, [26] for existence and numerical results in the
hyperbolic setting, [18] for QVIs arising in hydraulics, [28] for state-dependent sweeping
processes, and evolutionary superconductivity models in [40], as well as the work [19].
Differentiability analysis for parabolic (non-quasi) VIs was studied in [27] and [15].

Let us now enter into the specifics of our setting. Let V.C H C V* be a Gelfand
triple of separable Hilbert spaces with V S Ha compact embedding. Furthermore, we
assume that there exists an ordering to elements of H via a closed convex cone H satisfying
Hi ={h e H: (h,g) >0 Vg € Hi}; the ordering then is ¥ < v if and only if
Yy — ¥ € Hy. An example to have in mind is H = L%(£2) with H, the set of almost
everywhere non-negative functions in H. This also induces an ordering for V and V* as
well as for the associated Bochner spaces LZ(O, T, H), LZ(O, T; V) and so on. We define
Vi :={v € V : v > 0}. We write v for the orthogonal projection of v € H onto the space
H_ and we have the decomposition v = v — v™. Suppose that v € V implies that v € V
and that there exists a constant C > 0 such that forall v € V,

v, < Clivlly .

An example of such a space V is V = WI’P(.Q) for 1 < p < oo; we refer to [1] for a
definition of the Sobolev space WP (§2) over a domain £2.

Let A: V — V™ be a linear, symmetric, bounded and coercive operator which is T-
monotone, which means that

(Av+, v )yxy <OforallveV,
and let @ : L2(0, T;H)— L2(0, T; V) be a mapping which is increasing, i.e.,
if Yy < 2, then @ (Y1) < @ (V2).

Further assumptions will be introduced later as and when required. We consider parabolic
QVIs of the following form.

QVI Problem: Given f € L*(0,T; H) and zg € V, find z € L?(0,T; V) with 7 €
L?(0, T; V*) such that for all v € L2(0, T; V) with v(t) < @ (2)(¢),

T
2(t) = P(2)() : /0 (@) + Az(t) = (1), 2(1) —v(@®)y+v <0,

z(0) = zo. 1
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We write the solution mapping taking the source term into the (weak or strong) solution
as P, so that (1) reads z € P,,(f) (sometimes we omit the subscript). In this paper, we
contribute three main results associated to this QVI:

— Existence of solutions to (1) via time-discretisation (Theorem 9): we show that solu-
tions to (1) can be formulated as the limit of a sequence constructed from considering
time-discretised elliptic QVI problems. This result makes use of the theory of sub- and
supersolutions and the Tartar—Birkhoff fixed point method.

— Approximation of solution to (1) by solutions of parabolic VIs (Theorem 16): we define
an iterative sequence of solutions of parabolic VIs and show that the sequence converges
in a monotone fashion to a solution of the parabolic QVI; this is another QVI existence
result. The existence for the aforementioned parabolic VIs comes from either Theorem
9 or from a certain result of Brezis (which will be given in the relevant section), giving
rise to two different sets of assumptions under which the theorem holds.

— Directional differentiability for the source-to-solution mapping P (Theorem 40): we
prove that the map P is directionally differentiable in a certain sense using Theorem 16
and some technical lemmas related to the expansion formulae for parabolic VI solution
mappings.

Thus we give two existence results and a differential sensitivity result. It should be noted that
the differentiability result essentially gives a characterisation of the contingent derivative (a
concept frequently used in set-valued analysis) of P (between appropriate spaces) in terms
of a parabolic QVI; see Proposition 41 for details.

1.1 Notations and layout of paper

We shall usually write the duality pairing between V and V* as (-, -) rather than (-, -, )y v

. . c .
for ease of reading. We use the notations < and < to represent continuous and compact
embeddings respectively. Let us define the Sobolev—Bochner spaces

W(,T):=L*0,T;: V)NH' 0, T; V*),
Wy(0,T) := L>(0, T; V) N H'(0, T; H),

and defining the linear parabolic operator L: W (0, T) — L?(0, T; V*) by Lv := v/ + Av,
we also define the following space

W:(0,T) :={we W(,T): Lwe L*0, T; H)}.

Note the relationships W (0, T) < W(0, T) and W;(0, T) c W(0, T).

It z € W(0, T) satisfies (1), we say that it is a weak solution or simply a solution. A
weaker notion of solution is given by transferring the time regularity of the solution onto the
test function and requiring only z € L2(0, T; V) N L*°(0, T; H) to satisfy

T
2(t) = P(2)(1) : /0 (W' (O+AZ(O— (1), 2(1) —v(®) <0 Yv e WO, T):v(r) < @(2)(1)

v(0) = zg ()

and we call z a very weak solution. Note that the initial data also has been transferred onto
the test function (indeed, the weak solution is not sufficiently regular to have a prescribed
initial data).
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The paper is structured as follows. In Sect. 2 we consider the existence of solutions to
(1) via the method of time discretisation: we characterise a solution of the parabolic QVI as
the limit of solutions of elliptic QVIs. In Sect. 3, we approximate solutions of the QVI by
a sequence of solutions of parabolic VIs that are defined iteratively. In Sect. 4 we consider
parabolic VIs and directional differentiability with respect to perturbations in the obstacle
and we make use of this in Sect. 5 to prove that the source-to-solution map P is directionally
differentiable in a particular sense. We highlight some possible alternative approaches in
Sect. 6 and finish with an example in Sect. 7.

2 Existence for parabolic QVIs through time discretisation

We prove existence to (1) by the method of time discretisation via elliptic QVIs of obstacle
type. This is in contrast to [26] where the discretisation for evolutionary QVI was done in
such a way as to yield a sequence of elliptic VIs, and as far as we are aware, our approach is
novel in these type of problems.

We make the following basic assumption.

Assumption 1 Let @(0) > 0 and
@: H— C°[0,T]; V). (3)

Let N € N, nV := T/N andforn=0,1,..., N, t,’lv := nh". This divides the interval [0, T]
into N subintervals of length 2V ; we will usually write & for /™. We approximate the source
term by

N = 1/I'/'V £ di
n '_h tN

n—1

and we consider the following elliptic QVI problem.
Discretised problem: Given z)) := zo, find z¥ € V such that

) =4l N N _N Ny N
B a— + Az, — f, .2, —v)<0 YveV: :v<d(z,),_)-

“4)
This problem is sensible since by (3), for fixed ¢, the mapping v — @ (v)(¢) is well defined
from H into V, since we may consider H C L2(0, T; H) (elements of H can be thought
of constant-in-time elements of L2(0, T; H)), and @ (v) can be evaluated pointwise in time.
We consider first the existence of solutions to (4).

N <o) :<

2.1 Existence and uniform estimates for the elliptic approximations
The inequality (4) can be rewritten as
(Z,y F ALY —hfN N N v) <0 Yo<oEHaY ). ®)

We write the solution of (4) or (5)as Qv (hf," +2,",) 3 2/ Related to (5) is the following
VI

FindveV,o<®W)(#): (v+hAv—g,v—¢) <0 VYveV:iv<®&W)(t);
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denote by E; ,(g, ¥) = v the solution of this problem. For fixed ¢ and & and sufficiently
smooth data, this mapping is well defined since the obstacle @ (¢)(¢) € V. To ease notation,
we write Et'{v (g, ¥) instead of E’rf’s v (g, ¥) (where hV is the step size) because specifying
k" is redundant.

Let us make an observation which follows from the theory of Birkhoff—Tartar [12,42].
Suppose there exists a subsolution zg,, and a supersolution z*“7 to (4), i.e., Zgup <
Ex (h N + 2V |, zap) and 2547 > Ex (h £N + 2V |, 25"P). Then the QVI problem (4)

has a solution z¥ = E e (hfN +z flv _1-2 N € [zsub, 2*“P]. The next lemma applies this idea.
Remark 1 1n fact, the theory of Birkhoff and Tartar tells us not only that there exist in general
multiple solutions in [zg, z**7] but also that there exist minimal and maximal solutions (a

minimal solution z,, is a solution that satisfies z,, < z for every solution z; maximal solutions
are defined with the opposite inequality).

First, letus set Apw := w—+hAw (this Ay, is the elliptic operator appearing in (5)) and define
Zn,N as the solution of the following elliptic PDE:

= N N
AnZnN =hfy + 2, -

Lemma 2 Suppose that

f > 0is increasing, zo > 0, (DD)
720 < @(20)(0) and (Azo — f(t),v) <Oforallv € Vy and a.e. t, (D2)
t = @ (v)(¢) is increasing for all v € V. (6)

N

Then the approximate problem (4) has a non-negative solution z,) € [zrll\cl,

Zn,N ). Thus the
sequence {Z,I,V tneN is increasing.

Proof We first show that z(’)v = zo is a subsolution for the QVI for zf' . Indeed, let w :=
Ex (hf{" + 23 z0) which satisfies
w < P(z0)(0) : (w —z0 +hAw — hle, w—v)<0 VveV:v=<d(z0)(0).

The choice v = w + (zo — w)™ is a feasible test function due to the upper bound on the
initial data from assumption (D2). This leads to

(o —w, (2o —w) Ny < h{Aw — fY, (z0 — w)™)
=h{Aw — Azo + Azo — f, (zo — w)™)
< h(Azo — £, (zo — w) ") ( by T-monotonicity of A)

1
ZhMm—EA 7(5) ds, (z0 — w)*)

a1
=A (Azo — £(5), (20— w)™) ds
<0,

again by assumption (D2). This shows that 79 < Ezév (h f]N + zév , Z0) 1s indeed a subsolution.
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The function z; y defined through A,z1 Ny = hle + zo is a supersolution since Z, y =
E.n 1(hf1N +20,00) > En 1(hf1N + 20, Z1,n) (thanks to the fact that @ is increasing). Then

we apply the theorem of Birkhoff—Tartar to obtain existence of zf’ e V with ziv € [z(])v L 21N
Suppose that z,ﬁv € [zflv_l, 2,1,\’] N Q’rﬁl (an + zlllv_l ). Observe that

N _ N,.N _N N N _N N N _N
z, = Ef,fv_l(f" +2, 1,2,) < Et,fv_l(f'“r‘ +20.2) S En(fl T2, %)

with the final inequality because the obstacle associated to ¢}V is greater than or equal to the
obstacle associated to t,/lv_ | by assumption (6). We also have

N N N N N =N
Tt = Ey(fun + 205,000 2 Env (g + 205 Zygr)

that is, z,l,v and quv "1 are sub- and super-solutions respectively for Qtyzlv ( fnl\ﬁrl + zflv ) (and the
supersolution is greater than the subsolution). Therefore, by Birkhoff—Tartar there exists a
Z,],VH € Qtév (f,ﬁl + z[¥) in the interval [z, Z,ﬂ]]. |
It appears that we may select any solution z/¥ as given by the Birkhoff-Tartar theorem in
the previous lemma, regardless of how we choose zflv_l. For example, we may choose zflv_]
to be the minimal solution on its corresponding interval (with endpoints given by the sub-
and supersolution) and zY to be the maximal solution on its corresponding interval, with
no effect on the resulting analysis (though of course, different choices may lead to different
solutions of the original parabolic QVI in question in the end).

We now obtain some bounds on the sequence {z,];’ }. For this, we use the fact that if

f e L*0,T; H), then

2
N 2
ol T e 7

N
>on|
n=1

Lemma 3 Under the assumptions of Lemma 2, the following uniform bounds hold:

Y y = C, ®
" 2
ny |, =c ©)
i=1
1 n N N 2
EZ Zi _Zi_IHH S C (10)
i=1

(The final bound needs symmetry of A and the increasing property of the sequence {z,]lv tnen)-

Proof 1In this proof, we omit the superscript N in various quantities for clarity.

We follow the argumentation of [20, Sect. 6.3.3]. Testing the QVI (5) with v = 0 (which
is valid since 0 < @(0)(#,—1) < D(z,)(t,—1) by assumption on the non-negativity at zero
and the second inequality by the increasing property of @ and the fact that z,, > 0) gives

(e =2 +has —npY, oY) <o,
and using the relation

1
la —bl% .

(@—ba)i = ~ lal’y — = 1612, +
a—v,a)g = < llally — = =
A= 1% =5 e T 5
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we find

1
5 Ulznllyy = lan1 U + lzn = 21l3) +hCa lizally < 1 fa, 2)
< hll fully~ Izally

h hC
I fullde + == llzall?

<
— 2C, 2

with the last line due to Young’s inequality. This leads to
h
2 2 2 2 2
Iz ”H — llzn—1 ”1—1 + lzn — zZn—1 ”1—1 +hC, ”Zn”v = F Il fn ”V* ,
a

whence, summing up between n = 1 and n = m for some m € N, and using (7),

m m
2 2 § : 2 § : 2
”Zm ”H - ”ZO”H + ”Zn - Zn—l”[-] +hca ”Zn ”V <C.

n=1 n=l1

This leads to the first two bounds stated in the lemma. For the final bound, testing (4) with
Zn—1, which is valid since by Lemma 2, 7,1 < z, < ®(z,)(t,—1), we find

in — Zn—
<WTnl+Azn_ﬁ17 Zn _Zn71>507

which leads to

“Zn — Zn—1 ”%—[

h||f||2+
o "niH 2h ’

1
E lzn — Zn—l”%-] +(Azn, 2n — 2n—-1) <

and here we use

(Azn, 2n — Zn—1)

1 1

= 5(Azn —AZy—1,2n — Zn-1) + E(Azn —Azy1,Zn — Zn—1) + {AZp—1,2Zn — Zn—1)
1 1

= §<Azn —AZy—1,20 — Zn—1) + E(Azny Zn)

1
+ §<Azn—l» Zn—1) — {AzZp, Zn—1) + (AZp—1, 2n)
—(Azy—1, Zn—-1)
1 1 1
= 5(Azn —AZy—1,2n — Zn—1) + E(Azny Zn) — E(Azn—ly Zn—1)

to get
1
E llzp — anluqu +{Azy — Azp—1, 20 — 2n—1) + (AZp, 20n) — (AZp—1,Zn—1) < h ”fn”%] .

Neglecting the second term and summing this up from n = 1 to n = m and using (7), we
obtain

1 m
= 2 Nlzw = 21l + (Azm, 2m) < (Azo, 20) +C
n=1
as desired. O
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2.2 Interpolants

We define the piecewise constant interpolants

N N
Ny N Nipy o— N
M=) gy @ and 2@ =3 .
n=1 n=1
where y 4 represents the characteristic function on the set A. In order to ease the presentation,

: N ._ [N 4N
we often use the notation 7" := [¢,", 1, 1 ).

Corollary 4 Under the assumptions of Lemma 3, (zNY and (N} are bounded uniformly in
L*(0,T; V)NL>®0,T; H).

Proof Since the TnN are disjoint, we see that

N
b4 H N (t) < Cess su N (1) =
H L°°(O,T;H) te[0,T] T pZXT

tel0,7T]
by (8), and
2 N 2 N
[ = [ [E 0| ~Z [, 2L 0], =
n=1 n=1
by (9). A similar argument leads to the bounds on z. O

To be able to handle the time derivative, it is useful to construct the interpolant

tN N X
N —zo+/ - X vy () ds

N
=V l_,_?(t_t ' ifre N N,

known as Rothe’s function, which also has the time derivative

ZN —ZN .
AN n — . N N
() = 5 = ifr et 1)),

Corollary 5 Under the assumptions of Lemma 3, {2V} is bounded uniformly in Wy (0, T).

Proof We see that

2 N oo
20Ty X_:/,{
2

<2Z/ eI+ h22/ =1 2

o,

AN‘

_thnzn 3+ 3h2 Z[(r—tn D’} ]" Nz =zl

n=1

<Cit35 Z(rn — 6 D llzy =215
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2h &

N N 2
=Ci+ 3 )l -y
n=1

< (y,

with the last two inequalities by (9). Regarding the time derivative, using (10), we find

2 N N
Lz(o’T;H) X; /;'N l H t ( ) H
n= n—

N /
n=1 Tnfl

1 N
W2
n=1

Cs.

BZZ

AN‘

2

N N

Zn — Zp—1
h

H
2

N N
S H

H

IA

2.3 Passing to the limit in the interpolants

By the previous subsection, we have the existence of z, Z such that, for a relabelled subse-
quence, the following convergences hold:

*

Nz in L0, T; H),
N~z  inL*0,T;V), (11)

Nz in W0, 7).

Lemma 6 We have 7 = z. Furthermore,
N~z in L2(0, T; V) and weakly-star in L°°(0, T; H).

Proof Observe that

[ leo-2ul,-2 ],

by (10). Thus as N — oo, z¥ — z¥ — 0in L%(0, T; H). Since zV—z in L?>(0, T; V),
N — zin L2(0, T; H) and we obtain 7N = zin LQ(O, T; H) and weakly in L2(0, T;V).
Now consider

N

2
N N 2
In—1 —Zn in—1 —Zn H =Ch

2
NthZn:

LT NN T NN 2
. A 3
/ Hz_(t) -z (t)H =/ ZX“HJ")(;)(I P DLl
0 H 0 " h u
N N |2
" In —Zpy
= Z Kltn—1,62) O — tn—1) p
n th—1 H
1 fn 2y NP
Ehjz ) 1(f—l‘n—l) Z, —Zn_IHH
n n—
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h
=§Z
n

2
H

N N
Zp T ip—1 H

(see the proof of Corollary 5)
< Ch*

with the final line by (10). This shows that z¥ — 2V — 0in L%(0, T; H), allowing us to
identify Z = z as desired. a

The convergence results above obviously imply that 2V — zin C°([0, T']; H) (due to Aubin—
Lions), so that zg = 2V (0) — z(0), i.e., z has the right initial data. Let us now see that z is

feasible.

Lemma 7 (Feasibility of the limit) Let the following conditions hold:

(0} C Vi = L0 2O, (1) = @ (X0 vaxr, ) @, (12)
v,—vin LZ(O, T; V) and weakly- x in L°°(0, T; H) with v,(t) < @ (v,)(t)
= v() < P)(@). (13)

Then z(t) < @(2)(t) for a.e. t.
Proof Since by (6), forr € TN |,z < ®(V)(tY ) < ®(zV)(¢), we have

N
Ny =Y eEDOx O

n=1

Using the assumption (12) applied to the right-hand side above, we have

N
Hoy<o (Z zy x[,”N],t,;v)(-)> (1) = N)@).

n=1
Passing to the limit here using (13) gives the result. O
Regarding the assumptions of the previous lemma, (13) is a mild continuity requirement

on @ whereas for (12), consider the superposition case @ (v)(¢t) := (13(;, v(?)). Then if
{n}nen C V, we have

D POxgy () =) Bt v)xpy (O,

and now supposing ¢ € T]Ai | for some j, this becomes

Z@(vn)(t)XTnN_l(t) =d(t,vj)=d (r, Zvnxml(t)) =& (Z vnxTnN_l) )

and since j is arbitrary, this holds for all . Hence (12) holds with equality.

In order to pass to the limit in the inequality satisfied by the interpolant z%¥, we have to be
able to approximate test functions in the limiting constraint set. This is possible as the next
lemma shows.
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Lemma 8 (Recovery sequence) Assume the condition

Ve > 0, {wyn}: wy—win L2(0, T; V) and weakly- * in L>(0,T; H), ANy € N :
N 2
Ve = Y [ fewnane - ewolf <e (14)
n=1 Tn—l

Then for every v € L2(0, T; V) with v(t) < ®(2)(1), there exists a v™ € L*(0, T; V) such
that
oV < @)@
oV S v oin L2(0, T;V).
Proof Letv € L2(0, T; V) with v(r) < ®(2)(¢) and define
vy (1) == v(1) + D)) 1) ) — D))

which satisfies v/ (1) < @ (zY) (¢ |) and set

N
V() =) xr, (O + PN ) — P)@)).

n=1

Take € > 0. We have

[ ool =3 [, foeay-scol;

N N v 2
_ ;:‘:/T,{‘Ll ch(z @) t,—y) — ¢(Z)(t)"V

<e
by assumption (14) as long as N > Ny. This shows that v — v. O

Let us consider two cases under which the assumption (14) of the previous lemma holds.
1. SUPERPOSITION CASE. In case where @ (v)(¢) := @ (v(¢)), (14) translates to a complete
continuity assumption. Indeed, the sum term in (14) is

N N , N A A 2
2 /TN |pevoaty - ewol, = 2 /T | un ~ b

Ty . . 2

= [ ey - swn], .

0 \%4
so that (14) simply asks for @(wy) — @(w) in L?(0,T; V) whenever wy—w in
L*(0, T; V) and weakly-* in L>(0, T; H).
2. VI CcASE. When @ (v)(t) = ¢ (¢) for some obstacle ¢ and if Y € C9%([0, T1; V) then for
every € > 0, there exists § > 0 such that [t — s| < é implies |[Y(t) — ¥ ($)|ly < Ve/T.
Whent € TnAil, we have II,ZLV_1 —t| < |t,’,V_l —t,’,v| <hN - 0as N — o0. So for sufficiently

large N, say N > Ny, we have Itfl\LI — t| < 6 and thus
2 2
N \ _ — N \ _
=) :/T"N_l [varp-vol, > /TN [oano @) - owo|
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and so (14) also holds.

Theorem 9 Let Assumption 1, (D1), (D2), (6), (12), (13) and (14) hold. Then there exists a
non-negative solution z € Wy (0, T) to (1) which is the limit of the interpolants {zMY, (ZVY.
Furthermore, the map t — z(t) is increasing.

Proof Letv € L2(0,T; V) satisfy v(¢) < @(z)(¢) and let us take v" as defined in the proof
of Lemma 8. Then by (4),

T
/ @V 0 + AN 1) — V0, 2N @) — oV o)
0

N N

= / L @Yo+ AN @0 = M0, N0 - @)
n=1"1=-1
N N NN

= Z/ < oAzl — N2 - vff(t>>
n=1 tN—l h

<0.

Writing the duality product involving the time derivative as an inner product, we have, using
the convergences in (11) and the weak lower semicontinuity of the bilinear form generated
by A,

T
0> / @2V @), 2N @0 — N @) + (AN @) - V@), N ) - oM @)
0

T
- /0 @), 2(t) — v + (Az(1) — f(1), 2(t) — v(1))

sothat z € P(f) N W, (0, T). Since {z,llv } are non-negative, it follows that z is too.
By (11), it follows that ZNi(t) — z(¢) in H for almost everyt € [0, T]. Letnow s < r

N; Ny _ N;i _ N
and suppose thats € T,/ andr € T, ', withm < n. Then we have zVi(s) = z,,’ <z’ =

ZVi (1) since the sequence {z; "}ien is increasing. Passing to the limit, we find for almost
every r and s with s < r that z(s) < z(r), i.e., t > z(t) is increasing. ]

3 Parabolic Vl iterations of parabolic QVis

In this section, we will show the existence of sequences of solutions to VIs that converge to
solutions of QVIs. We begin with collecting some facts regarding parabolic VIs.
Consider the parabolic VI

T
2(t) =¥ (@) : /0 (@ (0)+ Az(t) — f(1).2() —v(0)) <0 Vv e L20,T; V) st o) < ¥ (1),

z(0) = zp. (15)

We write the solution as z := o, (f, ¥) when it exists. Given f € L2(0,T: H) and vevV
independent of time, the solution z € W, (0, T) exists uniquely, see e.g. [3,9,11].

The problem (15) can be transformed to a parabolic VI with zero initial data with right-
hand side f — Azo and obstacle {r — zo with the substitution u(t) = z(t) — zp:

oo(f — Azo, ¥ — z0) = 03y (f, ¥) — 20.
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We often write simply o rather than o, when we do not need to emphasise the initial data.
The next lemma shows that o is increasing in its arguments.

Lemma 10 (1. Comparison principle for parabolic VIs) Suppose for i = 1,2 that z; €
WO, T) is a solution of (15) with data f; € L2(0, T; V*) and obstacle Y suchthat fi < f»
and Yry < Yrp. Then z1 < 25.

Proof The z; satisfy the inequalities
T
zi(t) =Y () / (z1(0) + Az1(t) = f1(0), z1(t) — w1 (1)) <0,
0

T
2(1) =¥ () : /0 (25(0) + Aza(t) = f2(1), 22(t) — v2(1)) < 0,

for all vy, vo € L2(0, T; V) such that v (¢) < Y1(t) and va(t) < Yo (t). Let us take here
v = z1 — (21 —z2) T, which is clearly a feasible test function, and take vy = zp + (z] —22) "
which is also feasible since

2 =Y tif 71 < 20,
vy < .
21 <Y1 <Y rifzy > 2o,

This gives us
T
/0 (@0 + Az1(0) = fi@0), (1) — 22()™) <0,

T
/0 (25(1) + Aza (1) = fo(t), —(z1(1) — 22(1))T) < 0.

Adding yields
T
/ ((z1 — 22)' (1) + Az1 (1) — Aza (D), (21 (1) — 22(0)) ")
0
< [(510) = 0. @10 = 2200 <0
whence using T-monotonicity and coercivity, we obtain z1 < z3. O

We start by giving some existence results for (15) now in the general case when v is not
necessarily independent of time. The first one is a result of applying Theorem 9 of Sect. 2
using the obstacle mapping @ (v)(¢) = () (it can be seen that all of the assumptions of the
theorem are satisfied, refer also to the remarks below the proof of Lemma 8).

Proposition 11 (Existence via time discretisation) Let i € C 0([0, T1; V) be non-negative
with t — ¥ (t) increasing and let (D1) and

z0 < ¥ (0) and (Azp — f(t),v) <0 forallv € Vi and a.e. t

hold. Then (15) has a unique non-negative solution 7 = o (f,¥) € Ws(0, T) which is
increasing in time.

The next proposition applies a result due to Brezis—Stampacchia (see [30, Sect. 2.9.6.1,
p. 286]) to obtain existence of a very weak solution and then a further argument is required
to obtain additional regularity.
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Proposition 12 (Existence II) Let v € W, (0, T) be such that t — (t) is increasing with
z0 < ¥ (0). Then (15) has a unique solution z = o (f, ) € W (0, T).

Proof First observe that since zg < ¥ (0) and ¢ +— ¥ (¢) is increasing, Theorem 7.1 of [41,
Sect. III] gives the existence of a weak solution z € L2(0, T;V)NL>®,T; H) (see the
introduction for the definition):

T
() =Y (@) : / (V' (1) + Az(t) — f(1),z(t) —v(1)) <0
0
Yve WO, T):v <¢(),v0) = zo.
Indeed, if for simplicity we take zp = 0, the domain of L is D(L) := {v € H! O, T;V*):
v(0) = 0} and the condition (7.5) of [41, Sect. II1.7] follows since ¥ is increasing in time
(see also [41, p. 150]) and condition (7.7) of [41, Sect. II1.7] holds for the function vy := V.

Hence the aforementioned theorem is applicable.
Now, given v € LZ(O, T; V) with v(t) < ¥ (t), consider the PDE

€V, + €Ave + ve = v+ €LY ve(0) = 20,

which, by standard parabolic theory, has a strong solution v, € W (0, T) thanks to the
regularity on . A rearrangement and adding and subtracting the same term leads to

€v. + €Ave — €LY +ve — Y =v — Y,
(ve — ¥)(0) = zo — ¥ (0).

Testing the equation above with (v — %)™ and using the non-negativity of the right-hand
side,

r 1 1
/0 (L(ve =), (e =90 2 | we(T) — ZC 5 o - A0 e

T 2
+ C"/o | e = yaent|,

we find

T T
2
/ | e =y}, < / W(t) = Y1), (&) = Y@ <0
0 0
which implies that ve (r) < ¥ (¢). Then [41, Sect. I1I, Proposition 7.2] implies that the solution
is actually strong, i.e., (15) holds and it belongs to W (0, T') with the additional regularity
Lz € L*(0,T; H),ie., z € W,(0, T). O

Some related regularity results given sufficient smoothness for f can be found in e.g. [10,
Theorem 2.1].

3.1 Parabolic VIs with obstacle mapping
Take @ as in the introduction and fix ¥ € L?(0, T; H). Define the map

Sz (s ¥) 1= o5 (f, P(Y)),
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thatis, z = S;,(f, ¥) solves

T
2(t) < D)) : /0 (Z(1)+ Az(t) — f(), 2(t) — v(1)) <O
Yu e L20,T; V) : v(r) < @(¥)(1),
2(0) = zo.

We will often omit the subscript zg in S, (f, ) and simply write S(f, v). Let us translate
the content of Propositions 11 and 12 to this setting.

(16)

Proposition 13 (Existence for (16)) Let

t — @ (Y)(t) be increasing, 17
20 < 2 (¥)(0), (18)
and either
(D),
(Azo — f(t),v) <O0forallve Vyandae.t, (19)
®(y) € C°(10, T]; V) and @ () > 0, (20)
or
D) € We(0,T). 21

Then (16) has a solution z = S(f,¥) € W(0, T) with the regularity that, in the first case,
z € W(0,T) is non-negative and t + z(t) is increasing, whereas in the second case,
7€ W (0, 7).

Proof The first set of assumptions imply that the hypotheses of Proposition 11 hold for the
obstacle @ (1), whilst under the second set of assumptions, we apply Proposition 12. O

Remark 2 In this section, it suffices for @ to be defined on LZ(O, T; V) rather than
L%(0, T; H) since that assumption was necessarly only to apply the Birkhoff—Tartar the-
ory in the previous section.

The next lemma states that the solution mapping S(f, ¥) = z is increasing with respect
to the arguments. This follows simply by using Lemma 10 and the fact that @ is increasing.

Lemma 14 (II. Comparison principle for parabolic VIs) Suppose for i = 1,2 that z; €
W (0, T) is a solution of (16) with data f; € L2(0, T:; V*) and obstacle ; such that 1sr
and Y1 < Y. Then z1 < z2.

3.2 Iteration scheme to approximate a solution of the parabolic QVI

We say that a function zg,, € L%(0, T; H) is a subsolution for (1) if zep < S(f, zsub), and
a supersolution is defined with the opposite inequality.

Remark 3 Let @(0) > 0.If f > 0, the function 0 is a subsolution, and the function z defined
by

?+AT- f=0
z2(0) =20
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is a supersolution to (1). Both claims follow by the comparison principle: the first claim is
clear and the second follows upon realising that z = S(f, 0o) > S(f, z). We need the sign
condition on f for zgyy = 0 < 7% = 7.

Lemma 15 Ifd > 0, any subsolution for P( f) is a subsolution for P(f + sd) where s > 0.
Proof This is obvious: if w is a subsolution for P(f), then w < S(f, w) < S(f +sd, w).O

The previous lemma tells us in particular that any element of P(f) is a subsolution for
P(f + sd). The next theorem, which shows that a solution of the QVI can be approximated
by solutions of VIs defined iteratively with respect to the obstacle, is based on an iteration
idea of Bensoussan and Lions in [11, Chapter 5.1] (there, the authors consider @ to be of
impulse control type). The theorem and its sister result Theorem 17 show in particular that
the approximating sequences converge to extremal (the smallest or largest) solutions of the
QVlI in certain intervals.

Theorem 16 (Increasing approximation of the minimal solution of QVI by solutions of VIs)
Let zap € L2(0, T; V) be a subsolution for P(f) such that @ (zsup) > 0 and

20 < D (Zoup)(0). (22)
Let either
t > @ (zsub)(2) is increasing, (23)
@ (zeup) € C°([0, TT; V), (24)
(D),
(19),
@(0) >0, (Ola)
Yy € L20,T; V), t — V(1) is increasing =
t — @ (Y)(1) is increasing, (25)
@: W (0, T) — C°(0, T1; V), (26)
wy,—w in LZ(O, T; V) and weakly-* in L*°(0, T; H) =
@ (wy,) — ®(w) in L*(0, T; V), (02a)
or
Vi € L20,T; V) : ¥ > zeup, t — P (W) (1) is increasing, (27)
D (zsup) € Wr(0, 7)), (28)
DY) >0 Vy e L2(0,T; V), (O1b)
D: W (0, T) — W (0,T), (0O2b)
we W (0, T): w0) =z0 = z0 < Pw)O0), or®(v) < P(w) =
P (v)(0) < P(w)(0), (29)
wy € Wi (0, T), wo—w in L*(0, T; V)and weak-* in L*(0, T; H)
— D (wy) = @ (w)in WO, T), (0O3b)

hold. Then the sequence {7"*},eN denoted by

0.
2" = Zsub,
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7" =8, (f, Y forn=1,2,3, ...,
is well defined, monotonically increasing and satisfies

72" ' z where z € P, (f) is the minimal very weak solution in [Zsyp, 00),
'—zin LZ(O, T; V) and weakly-* in L*(0, T; H).

Furthermore,

— inthe first case, 7" € Wy (0, T) withz" > 0, 9,7"—0,z in L%, T; H)andz € Wy(0,T)
is a strong solution (i.e. it satisfies (1) with additional regularity on the time derivative),
and both 7" and 7 are increasing in time

— or, in the second case, 7" € W (0, T).

Before we proceed, let us observe that

1. since @ is increasing, (Ola) is equivalentto ¢y >0 = @ () >0
2. (03b) implicitly implies that @ (w) € W(0, T).

Proof The proof is split into five steps.
1. MONOTONICITY OF {z"}. The 7" (if they exist) satisfy for all v € L?(0, T; V) with
v(t) < @ (2"~ 1)(¢) the inequality

T

<o H0): /O (@) + A () = [, ") —v(®) =0

72" (0) = zo. (30)
Since z° is a subsolution, z' = S(f,z°%) > z°. Suppose that z/ > z/~! for some j; then
2T = S(f,z9) = S(f,z71) = 2/ (the inequality due to Lemma 14). This shows that z”
is a monotonically increasing sequence.
2. EXISTENCE OF {z"}. For the actual existence, we apply Proposition 13 as we see now.
First case. In case of (D1), (22), (19), (24), (23) and since @ (zsyp) > 0, Proposition 13 tells
us that z! = S(f, zeuwp) € Wi (0, T). We find z' > S(0,0) =0 by Lemma 14, and hence by
(Ola), ®(z') > 0.

Let us also see why z9 < @(zl)(O). The monotonicity above implies that @ (z5,p) <
@(z"). As z! € W,(0,T), (26) implies that ®(z') € C°([0, T']; V), which along with
(24) implies that we can take the trace of the previous inequality at time 0, giving zg <
D (z5up)(0) < D (z')(0) where the first inequality is with the aid of (18). Making use of
(26), the increasing property and (25) (which tells us that ¢ +— <1>(z1 )(t) is increasing, since
t — z'(1) is), Proposition 13 is again applicable and we use it to obtain z2.

By bootstrapping this argument we get that 7" € W, (0, T') is well defined. Furthermore

we have z" > 0 by the sign condition on the data.
Second case. In case of (27) and (28), (18), (17) and (21) and (18) hold for the obstacle zgp
andwe getz! = S(f, zsup) € W;(0, T). Applying (O2b) to this, @ (z') € W;(0, T). Suppose
that the first part of (29) holds. Then since z1(0) = zp, we find that zg < ®(z')(0) and then
again (D2) is satisfied for the obstacle d(zh, giving existence of 2 =8( f, zH. Repeating
this, we get z" € W;(0, T). If instead the second part of (29) holds, we get by monotonicity
that z° < z! and using the increasing property of @, zo < @(z%)(0) < @(z')(0) (the first
inequality by (22)) and again we can apply the existence and proceed in this manner for
general n.
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3. UNIFORM BOUNDS ON {z"}. By (Ola) and the fact that z” > 0, or by (O1b), we find that
0 is a valid test function in (30) and testing with it yields

td (" 2 r 2 r 2 r 2

sar ), " @5 + Ca/o ["®5 < efo [z" @) + Ce /0 If @)1l
which immediately leads to bounds in L*°(0, T'; H) and LZ(O, T; V) giving the weak con-

vergences stated in the theorem to some z, for the full sequence (and not a subsequence)
thanks to the monotonicity property.

3.1. Uniform bounds on 9, 7" under first set of assumptions. In this case, we can obtain a bound
on the time derivative. Indeed, due to the work on the time discretisations in Sect. 2, from
(11) and Lemma 6 we know that for each j, the interpolant (z)N of the time-discretised
solutions is such that (z/)¥ —z/ in L2(0, T; V) and 8;(3/)¥Y —3,z/ in L%(0, T; H). One
should bear in mind that the {(z/)N}y are interpolants constructed from solutions of elliptic
VIs and not QVIs since the {z/} jeN are solutions of VIs. One observes the bound

8th‘

where the constant C ultimately arises from (10). Evidently, it only depends on the initial
data and the source term. Hence, in this case,

< liminf
L2(0,T:H) N—o0o

0G|

<
L2(0,T; H)

32/ —~9,zin L*(0, T; H). (31)

4. PASSAGE TO THE LIMIT. Either of the conditions (O2a) and (O3b) allow us to pass to the
limit in 2" (r) < @(z"~1)(¢) to deduce the feasibility of z since order is preserved in norm
convergence. Now let v* € L%(0, T; V) be a test function such that v* < @ (z). We use

V(1) = 0F () + PN — @(2)(1)

as the test function in the VI (30).

4.1. Under first set of assumptions. In this case, using the strong convergence v" — v*
assured by (02a), we can use (31) and pass to the limit after writing the duality pairing for
the time derivative as an inner product to get the inequality

T
fo @' @), 2() = v* ) H + (Az(t) — f(1), 2(1) —v* (1)) < 0.

4.2. Under second set of assumptions. In this case, we take the limiting test function v* €
W (0, T) with v*(0) = z¢ and rewrite (30), using the monotonicity of the time derivative and
assumption (O3b) (which guarantees that @ (z) € W(0, T'), and hence v"* € W(0, T)) as

T
") 5<b(z”*l)(t):/ () + A" (1) — f(@©), ") = V" (1)) <0
0

Z"(0) = zo.

By (O3b), we find that v — v* in W (0, T'), and hence we can pass to the limit in the above
to obtain (2).

5. MINIMALITY OF THE SOLUTION. Suppose that z* € P(f) is the minimal solution on the
interval [zgb, 00), which in particular implies z* < z. We see by the comparison principle
and since z° = zqp is a subsolution that

= 8(f,7%) = S(f, % = 2°.
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By this, we find z! = S(f, z%) < S(f, z*) = z*. Similarly, z> = S(f, z!) < S(f, z*) = z*,
and thus

Passing to the limit shows that z < z* so that z = z*. O

Remark 4 Note that the compactness assumptions (O2a) and (O3b) are only required for
identifying the limit point z and showing that it is feasible.

Theorem 17 (Decreasing approximation of the maximal solution of QVI by solutions of VIs)
Let 70 := 7% be a supersolution of P(f) and assume that

we Wi (0,7) : w(0)=20 = z0 = 2w)(0), or 2(v)=2P(w) = P (v)(0) < @ (w)(0).

Under the assumptions of the previous theorem (except (29)) except with zgp replaced with
2"P and (27) replaced with

L D)) is increasing for all € LX0, T; V) with yr < 27,

the sequence {7} is monotonically decreasing and converges to a solution 7 € P(f) with
the same regularity and convergence results as stated in Theorem 16. Furthermore, 7 is the
maximal solution of (1) or (2) in the interval (—oo, z*"P].

Proof 1t follows that z € P(f) N (—oo, z*“7] by the same argumentation as in the proof of
the previous theorem. Let us prove the claim of the maximality of the solution. Suppose that
there exists a maximal solution z* € (—o0, z*“7] so that z* > z where z = lim,, 7" with
720 = 75" We have 20 = 2 > S(f,z"*P) > S(f,z*) = z*, and thus z! = S(f, %) >
S(f,z*) = z*. Iterating shows that

2 > z",
whence passing to the limit, z > z*, and thus z = z* is the maximal solution. O
3.3 Transformation of Vis with obstacle to zero obstacle Vls
It will become useful to relate solutions of the parabolic VI (16) with non-trivial obstacle
to solutions of parabolic VIs with zero (lower) obstacle. We achieve this as follows. Take

wo > 0 and define S'wO: L%, T; H) — W0, T) by S'wo(g) := w the solution to the
parabolic VI with lower obstacle

T
w(t)>0: / (W' (1) + Aw(t) — gt), w() —v(t)) <0 Yve LZ(O, T;V):v() >0,
0

w(0) = woy.
Omitting when convenient the subscript, we obtain the following estimate for w; = S(g;):

1 t

S 110 = w21 + Calwn = wnliiag oy, < /0 (§1(r) — ga2(r). wi () — wa ()
which then leads to

Hg(gl) - S(gz) ”LOO(O,T;H) = 2 ”gl - gz”Ll(O’T;H) ) (32)

@ Springer



95  Page 20 of 54 A. Alphonse et al.

and (due to Young’s inequality applied to the right-hand side)

- - - - 1
151 = 56 0,11y + Ca |51 = 862 12 07,0) < @ 81 = 820320, 72v
a

hence also

_ - 1
S(g1) — S8 || Lo 1.1y = —= 81 — &2l 2200, 7;v%) - (33)
” HL (0,T:H) E L=(0,T:V*)
Let us note that (32) in particular implies

_ - 1
HS(gl) - S(gz)”Lp(O,T;H) <2T7 g1 — gz||Ll(0,T;H) . (34)
The relationship between solutions of VIs with non-trivial obstacles and VIs with zero obsta-

cle is given in the next result.

Proposition 18 Let (17), (18) hold and let g € L*(0, T: H), zo € V and € L%*(0, T; V)
be such that @ () € W (0, T).
Then

S20(8: %) = @(W) = Suy(LO(WY) — &) (35)

holds in Wi(0, T) where wg = @ (¥)(0) — zo.
Furthermore, if (D1), (19), and (20) hold, then in fact S;,(g, ¥) € W;(0, T) and hence
the spatial regularity AS;,(g, V) € L0, T; H).

Proof Under the hypotheses, Proposition 13 can be applied to deduce that z := S, (g, ¥) is
well defined in W;(0, T') and it solves the VI (16). Set w := @ (y) — z (which belongs to
W:(0, T)) and observe that
T
| o)+ a0 —w - aw - g0 —w ) <0,
0
w(0) = wo :=PY)(0) —z0 € H.

The upper bound on z¢ implies that wy > 0. Now define ¢(¢) := @ (¢)(t) — v(¢). Then the
above reads

T
w(r) =0: /o (W'(1) + Aw(t) + g(1) — 3P (Y) — AP (), w(t) — ¢(1)) <0

Vo € L2(0,T; V) : ¢(t) > 0,
w(0) = wo.

This shows the desired identity S’wO(Lq)(w) - =w=2W) —z=20)) — S, (g, V).
Under the additional assumptions, Proposition 13 yieldsz € W (0, T) and w = @ () —z €
Wi (0, T) + Ws(0, T). |

4 Expansion formula for variations in the obstacle and source term
The aim in this section is obtain differential expansion formulae for the solution mapping

of parabolic VIs with respect to perturbations on the source term and the obstacle. This will
form the backbone of our QVI differentiability result in the next section.
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4.1 Definitions and cones from variational analysis

To state directional differentiability results for VIs, we need some concepts and notation
which we shall collect in this subsection. Let us define the lower obstacle sets

Koy:={veV:v>0=V, and Kp:={veW(O,T):v(t) € Kgforae.rel[0,T]},

and for y € Ky, the radial cone at y

de(y) {ve W(O,T):3p" >0s.t. y+ pv € Ky forall p < p*}

={weW(@,T):3p* > 0s.t. y(t) + pv(t) € Ko forae.t € [0, T]forall p < p*}.
(36)

We shall consider Ky as a subset of the Banach space L%(0,T; V). The tangent cone is
defined as the closure of the radial cone:

Tlo 2.1 =l V)T]Ko ).

Obviously, Trad (y) C TKZm L20.T: V)(y). We now show that the tangent cone is contained in
a set which has a convenient description (see also the discussion after Remark 5.6 in [15]).

We will need the notions of capacity of sets, quasi-continuity of functions and related
concepts, consult [33, Sect. 3], [22, Sect. 3] and [13, Sect. 6.4.3] for more details. Below,
we shall use the abbreviation ‘q.e.” to mean quasi-everywhere; a statement holds quasi-

everywhere if it holds everywhere except on a set of capacity zero.

Lemma 19 The tangent cone of Ko can be characterised as

Tto L200.7 V)(y) c{ve LZ(O T;V):v(t)>0gq.e on{y()=0}foraetel0,T]}
(37)

where y(t) is a quasi-continuous representative of y(t).

Proof If w € Tﬂrg)d(y), then from (36), w € L2(0, T; V) and there exists p* > 0 such
that y(t) + pw(t) € Ko for almost every ¢ and for all p € [0, p*), meaning that w(r) €
T;é:)d (y(1)) C Tt‘jln (y(t)) for almost every t. This shows that

rad(y) C{weL*0,T:V):w() e T,‘g)n(y(t)) ae.t€[0,T]}
and if we take the closure in LZ(0, T; V) on both sides,

T‘a“Lz(O O Celp2ory) (fw e L*(0,T; V) 1 w(r) € TN (y() ae. t €0, T]}()38)
Suppose that {w,} C L*(0, T; V) is a sequence that belongs to the set on the right-hand
side above with w, — w in L2(0, T; V). Thus, for a subsequence, wy; (1) — w(r) inV
and wy; (1) € Ttan (y(1)) for almost every ¢. Since the tangent cones are closed sets, the limit
point w(t) € T“:)“(y(t)). Hence w € {w € L2(0, T; V) : w(z) € T“t)“(y(t)) ae.t [0, T]}
and the closure can be omitted on the right-hand side of (38).

From [33, Lemma 3.2], Mignot proves the following description of the tangent cone of
Ko:

T§)(y) ={veV:v=>0ge on{y =0},
with y a quasi-continuous representative of the function y. This provides the characterisation

stated in the lemma. O
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The set Ky is said to be polyhedric at (v, A) € Ky x Tﬂgan(O T v)(y)" if

Tlo LZ(O T:V) (y) N )\. = ClLZ(O T:V) (TKO (y) N )\.J—)
where

Hg::LZ(O’T;V)(y)o ={fe LZ(O, T; V*) (f,w) <Oforallw e Tt Ko,L2(0,T; V)(Y)}

is the known as the polar cone. The set is polyhedric at y if it is polyhedric at (y, A) for all
A, and it is polyhedric if it is polyhedric at y for all y. The concept of polyhedricity is useful
because it is a sufficient condition guaranteeing the directional differentiability of the metric
projection associated to that set (see [13,23,33] and also [43]) and this fact ultimately enables
one to obtain directional differentiability for solution mappings of variational inequalities.

Now, the set Ky is not polyhedric as a subset of the space W (0, T') since W (0, T') lacks
certain smoothness properties due to the low regularity of the time derivative. However,
Ko := Ko N W, (0, T) is indeed polyhedric.

Lemma 20 The set Ko is polyhedric as a subset of Ws(0,T) and for (y,X) € Ko X
tan o
T

rad 1 tan 1
lyo.r(TEI D) N2 = T8 )N

={z€ W(0,T) : 2> OW,(0, T)-g.e. in {§ = 0}} N A+
where y is a quasi-continuous representative of 'y and

{J=0}:={pel0,T]x2:3(p)=0}

Proof First note that if v € W,(0, T), 3 (v") = x{y>0,9,v by the chain rule and hence we
have the bound

Jo* ”W o =¢C ”v”L2(o vy T ”afv”L2(o T:H)>

which shows that (-\)™: W,(0, T) — W, (0, T) is a bounded map. It follows that W(0,T)
is a vector lattice in the sense of Definition 4.6 of [43] when associated to the cone K. The
boundedness of (-)T: W,(0, T) — W,(0, T) and Lemma 4.8 and Theorem 4.18 of [43]
imply that Ky is polyhedric in W (0, T) and hence
rad 1y rad 1
clw, 0,1 (T " () NA7) = elw,o,1) (T "(») N A

__ rtan 1
= TKO.WS(O’T)(y)ﬂA .

The space_Ws (0, T) is also a Dirichlet space in the sense of [33, Definition 3.1] on the set
[0, T] x £2 and so, due to the characterisation of the tangent cone in [33, Lemma 3.2], we
find

clw, 0.1 (TE (W) NAY) = (z € Ws(0.T) 12 = 0W;(0, T)-gee. in {j = 0}} N 2.

4.2 Directional differentiability for Vis

We now specialise to the case where the pivot space H is a Lebesgue space, a restriction
which is needed for the results of [15].
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Assumption 21 Set H := LZ(Q, ©) where (£2, X, ) is a complete measure space and let
V C H be a separable Hilbert space.

Theorem 4.1 of [15] states that for wg € V4, the map S‘woz L%(0,T; H) — LP 0,T; H)
(defined in Sect. 3.3) is directionally differentiable for all p € [1, 00), i.e.,

Suo (g + 5d) = Sy (8) + 55, ()(d) + 0(s, d; g) (39)

where s~ 1o(s) — 0in LP(0,T; H) as s — 0T, and § := vao(g)(d) e L2(0,T: V)N
L®°(0, T; H) satisfies, with w = SwO (g), the inequality

§ e Tian N[w + Aw — g]* : i "+ AS—d, 5 — <1|| 0|2
€ K,LZ(O,T;V)(w) w w 8 . 0 ((p ) (p)_i QO( ) H

0
Vo € clwo.r) (TE (w) N [w' + Aw — g]*). (40)

Using this, we shall first work to deduce a differentiability formula for the map S under
perturbations of the right-hand side source with a fixed obstacle.

Remark 5 Our notation emphasises the fact that the higher-order term in (39) depends on
the base point g. This is important because the behaviour of the higher-order terms is in
general unknown with respect to the base points, such as for example whether there is any
kind of uniformity of the convergence of the higher-order terms on compact or bounded
subsets of the base points. Such uniform convergence does hold in cases where the map has
more smoothness, namely if it possesses the so-called uniform Hadamard differentiability
property, but it is not clear whether this is the case for us when such issues become relevant
in Sect. 6.

This is in stark contrast to the dependence on the direction: we know that the terms
converge uniformly on compact subsets of the direction since § is Hadamard (and hence
compactly) differentiable.

Ifd(s) — d, we write
Swp (8 + 5d(5)) = Suy(8) + 58, (8)(d) + 0(s. d, s(d(s) — d); 8). (41)

Let us see why 0 above is a higher-order term. Let h: (0,1) — L2(0, T; H) and take
d(s) = d + s‘lh(f) and p € [1,00). Subtracting (39) from (41), we obtain from the
Lipschitz nature of S,

o(s, d, h(s); =0, d5 )| 1o 7.1y = 158 + s@+s7"h(s)) = (g + 5D Ly 0.7 1)
<277 |h)Li 0.1 (by (34)

141
<2T 7?2 Rl 220,72 b

using 1,2(0, T; H) — LI(O, T; H). The estimate
o(s,d,h(s); g o < — ) zz2o.1.ve + lloGs, d; g 0.T: 4
LP(0,T;H) /C, L%(0,T;V*) LP(0,T;H)

follows from applying instead the Lipschitz estimate (33) to the first line of the above calcu-
lation.

The next proposition guarantees (under certain assumptions) the directional differentia-
bility of one or both of the maps

Sy (W) L*(0,T; Hy) — LP(0,T; H) and S (-, ¥): L*(0, T; H) — LP(0,T; H).
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Proposition22 Let f,d € L*(0, T; H), ¥ € L*>(0, T; V) with ® () € W;(0, T) and let
(17) and (18) hold. Then

S (f +sd, ) = S0 (f, V) + 538, (f, ¥)(d) + h(s,d) in W(0,T) (43)
where, with wo := @ (¥)(0) — zo,
3820 (f ¥)(d) = S, (LD () — f)(d) (44)

belongs to LZ(O, T;V)NL®O,T; H), and h is a higher-order term in L?(0, T; H) for
p € [1, 00) whose convergence is uniform in d on compact subsets of L*(0, T; H).
The directional derivative o := 95y, (f, ¥)(d) satisfies

@ € TE" oo poyy W) N W' + Aw — (LO W) — P :

T
1
/0 ¥+ Ao —d.a— ) = 3 lo O,

(45)
Vo € cly (T w) N [w' + Aw — (Le) — HIY),
w = Sug(LOW) = f) = @) — S5 (f, V).
If additionally, for s > 0,
f + sd > 0 and is increasing, zo > 0, (Ds)
(19),
(18),
(20),
(Azo — f(t) —sd(t),v) <Oforallv e Vi anda.e. t, (46)

then (43) holds in Wy (0, T) N Wy (0, T).

Proof The assumptions imply that Proposition 13 applies and we obtain existence of the
left-hand side and the first term on the right-hand side of (43). We can via Proposition 18
utilise (35) with the source terms f and f + sd to write Sz, (f, ¥) and S;,(f + sd, ¥) in
terms of Sy, and then with the aid of the expansion formula (39), we find
Seo(f +5d,9) = Sey(f s ¥) = Sug (L (W) = f) = Suwy(LP () — f — sd)
= =58, (LOW) — )(=d) — o(s, —d; L&) — f).

4.3 Differentiability with respect to the obstacle and the source term

We clearly need some differentiability for the obstacle mapping to proceed the study further
and this comes in the following assumption which we take to stand for the rest of the paper.

Assumption 23 Suppose that @ : LZ(O, T; H) — W(O0, T) is Hadamard differentiable.

It is necessary for @ to be defined on L2(O, T; H) and differentiable as stated because
it implies the uniform convergence with respect to compact subsets of the direction in
L%(0, T; H) of the difference quotients to the directional derivative of @, which is a fact that
we will use later in Sect. 5.5 in the analysis of some higher-order terms that arise.
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We write, for p(s) — p,
DO +5p) = D) + 5D (Y)(p) + 1(s, p; V), 47)
D +5p(s) = D) + 5P W) (p) + (s, p,s(p(s) — p); P). (48)

Remark 6 Assumption 23 implies, thanks to W(0, T) — cY(o, T71; H)— L?P(0,T; H),
that

&: L*0,T; H) — LP(0, T; H) is Hadamard differentiable for any p € [1,00]. (49)

In this section, we could have merely assumed (49) instead of Assumption 23 and most
results would carry through all the way up to the identification of the term r in Proposition
25 as a higher-order term (and hence the differentiability)

Now if #: (0, 1) — L%(0, T; H) satisfies s_]h(s) — 0as s — 0T, then from (49) and the
mean value theorem [35, Sect. 2, Proposition 2.29],

Hi(s, P, h(s); ¥)—1(s, h; )

= @@ +s(p+s~ ) = PV +50)| oo 7o)

< sup @' +so+2hNAS) | Lo 7.1y
r€l0,1]

LP(0,T;H)

which leads to the estimate
i(s, p, h(s); ‘
|65, p. sy w1 -

< sup |@"W + 50 +2hGNRS)| oo 71y + 16y 03 I Lp0, 1) - (50)
rel0,1] T

Recall that Lv := v’ + Av.

Lemma 24 The map L(®(-)): L*(0, T; H) — L*(0, T; V*) is Hadamard differentiable
with derivative L(®'(Y)(p)) at the point  in direction p, and its higher-order term
L((s, p; ¥)) satisfies

| LiGs. p. sy v

< L(®’ Ah(s))(h
LZ(O,T;V*) = )LES?OI?I) || ( (W + sp + (S))( (S)))”LZ(O,T;V*)

+ LG, o3 Y L20,7: v -
Proof Applying the operator L to (47) we get the following equality in L2(0, T; V*):
LO(Y +sp) = L) +sL(®'(¥)(p) + Li(s, p; ¥).
Due to the estimate
LG, o3 Y20, 7:vey < N0l (s, o5 V)20, 7:v+) + Co l1(s, 05 ¥l L2007 v) 5

we see that L@ is Hadamard differentiable in the stated spaces since @ : LZ(O, T;H) —
W (0, T) is Hadamard differentiable. Subtracting the expansion

LW +sp +h(s)) = LOW) + L' () (p) + Li(s, p, h(s); ¥)
from the equality above, we obtain

Li(s, p. h(s); ¥) — LI(s. p; ¥) = L(® (Y +5p + h(s)) — @Y + 5p)).
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Since the composite mapping L®: L2(0, T; H) — L*(0, T; V*) is Hadamard differen-
tiable, the mean value theorem applied to the right-hand side above implies

Li h : — LI 5
H (s, 0, h(s): ) (s, 03 9) L2(0,T;V*)

< sup L@ W +5p+ 1) RN | 12077
1€(0,1)

[m}

Proposition 25 Assume (17) and let f,d € L*Q0,T:H), ¥,p € L*©,T;V) and
h:(0,1) — L%(0, T; V) with h(0) = 0 be such that, for s > 0,

t— @Y +sp+ h(s))(t) is increasing,
DY +sp+h(s), D' (V)(p) € W(0,T), (51)
20 < P (Y + 5o+ h(s))(0). (52)

Then
Soo(f +5d, 9 +5p +h(s) = Sey (f, ¥) + S, (f, ), p) + (s, p, h(s); ¥)
holds in W;(0, T) where
S (F-9)(d, p) i= @' (Y)(p) + 885, (f, ) (d — LO' (W) (p)),
r(s.p. b W) = 1(s, p. hi Yr) — 6(s, L&' () (p) —d, LI(s, p. h: ¥): L&) — ),
and o := S, (f. ¥)(d, p) € ' (Y)(p) + L*(0, T; V) N L>(0, T: H) satisfies the VI

a— @' W)p) € TE H@W) =) NIY + Ay = f1+:

r 1
/O (@' +Ax —d,a =) < 2 [9(0) = 2’ (PO) 1%,

Yo e LV, T; H) : g — ' (9)(p) € cly (TE4@ () — ») N[y + Ay — F1),
y = Szo(f’ 1#)

If additionally
(Ds),
P +sp+h(s)) e c°([0, T1; V) and DY +sp+h(s)) >0, (53)
(Azo — f(t) —sd(t),v) <Oforallv e Vi ae.t, (54)

then the formula above holds in W (0, T).
If also for p € [1, 00),

H¢/(I// +sp+ )\,h(s))h(s)”LP(O,TQH)

sup -0 ass— 0T,
1€[0,1] s 55)
|L(@ W +5p+ )RS | 20 7.y, N
sup —— =0 ass — 07,
1€(0,1) s

then

LOLMSEY) g iy Lr, 75 Hy ass — 0,
N
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that is, S, : L%(0,T; H) x L>(0, T; V) — LP(0, T; H) is directionally differentiable.

Proof Due to assumptions (51) and (52), the left-hand side of the expansion formula to be
proved can be written using (35) in Proposition 18:

Szo(f+sd, Y+sp+h(s)) = P +sp+h(s))—Suw, (L(P (Y +sp+h(s))— f—sd), (56)

where wyg = @ (¢ + sp + h(s))(0) — zo. The first term on the right-hand side here can be
expanded through the formula (48) for @:

DY +5p +h(s) = PW) + 5P (W) (p) + (s, p, h(s): ). (57)

This is an equality in L?(0, T'; H) for all p (and in fact in W (0, T') by assumption). Note
that (51) implies that we can apply L to all terms in (57) and doing so yields

LOW +sp+h(s)) = LOW) + sLD (W) (p) + Li(s, p, h(s); ¥) € L*(0, T; H).

Using this and the expansion formula (41) for S, the second term on the right-hand side of
(56) becomes

Suo (L@ W +sp + h(s)) — f — sd)
= Su (L) — f) + 55, (L&) — )LD W) (p) —d)
+6(s, L®'(Y)(p) — d, Li(s, p, h(s); ¥); LO(Y) — f), (58)

where the second equality holds since every term inside S,,, on the left-hand side is in
L*(0, T; H) and so (39) applies. Now, plugging (57) and (58) into (56) we find

Soo(f +sd, ¥ +sp + h(s))
= DY) + 5P (W)(p) +1(s. p. 1(s): ¥) — Suy(LO W) — f)
— 58, (LOW) — [HLD' )(p) —d)
—6(s, L&' (¥)(p) —d, Li(s, p. h(s): ¥): L&) — f)
= Se(f. ) + (@' (W) (p) + 32 (f. ¥)(d — L&' (Y)(p)) + (s, p, h(s); ¥)
—6(s, LO'(Y)(p) —d., Li(s, p. h(s): ¥): L&) — ),

where for the final equality, we again used the formula (35) which is applicable because (52)
implies that zo < @ (¥)(0), and we used the relation (44) between the directional derivatives
of S and S:

S (LP W) — LD (W) (p) —d) = =S, (f, v)(d — L' (¥)(p)).

We then seta := @' () (p)+3S(f, ¥)(d— L&' (¥)(p)). From (40), (43), (45), the function
§:=3S(f,¥)(d — L&' (Y)(p)) € L2(0, T; V) N L0, T; H) satisfies

8 e Ty 2 (w) N [w' + Aw — (LO(W) = ] :
T 1
fo (@' + A5 = (d = L' W)(p)), 8 = ) = - le O
Vo € el (T4 (w) N [w' + Aw — (L () — HI),

where w = S(L¢(1/x) — ) =@{) — S(f, ¥). Recalling the definition of @ and making
the substitution ¢ := ®'(¥)(p) + z in the above variational formulation for § yields the
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formulation for « stated in the proposition. If additionally (Ds), (54), (53), then Proposition
18 gives the stated regularity.

Dropping now the dependence on the base points for clarity, we estimate the remainder
term r (which is defined as in the statement of this proposition) as follows, making use of
(42) and Lemma 24,

lr(s, o, B Lo, 7: H)

i 5(s, L&’ —d, Li(s, p, h(s)))|
<[t onsnf, o+ [0 Lo @0) —d Lits. 0. ns)
=< sup ”‘p/(lﬁ +S,0 + )Vh(s))h(s)HLp(o T:H) + ||Z(S, IO)HLI’(O,T;H)

r€l0,1] T

1

LP(0,T;H)

Tr A ,
+ e |t | oo poyey T 106 LO @YD) = Dl o 1.1
< sup | @' + 50+ 10DRS) | Lo o 1. gy + 1G5 Pl Lr 0,711
rel0,1]

1
Tr
+ sup | L(@'(¢¥ + sp + Ah(s))(h(s))) vy T ILLGs, P 20,7 v+
«/d (;\e(o,n H “LZ(O,T,V ) L=(0,T;V*)

+ [ots. L&' @0 = D 1o 7011 -

Dividing by s and taking the limit s — O, we see that the remainder term vanishes in the
limit due to assumption (55).

Furthermore the convergence to zero is uniform in d on compact subsets since d appears
only in the final term which we know has the same property as S(-, ¥) is Hadamard differ-
entiable. O

Remarks 26 The assumption /2(0) = 0 in the proposition implies that all assumptions that
hold for the perturbed data also hold for the non-perturbed data (i.e. at s = 0). Without this
assumption, we would have to assume in addition @ (y) € W;(0, T') and (20) and (D1) along
with (53).

5 Directional differentiability

Fix f,d € L*(0, T; H). We begin by choosing an element of P( ) with sufficient regularity
as described in the following assumption.

Assumption 27 Take ug € V, and letu € P, (f) N W(O, T') be such that t > @ (u)(¢) is
increasing.

Refer to Theorems 9 and 16 which give conditions for the existence of suchau € P, (f) and
for the increasing property of ¢ + u(t); if @ then preserves the increasing-in-time property
then one would have the satisfaction of this assumption.

Picking u € P, (f) satisfying Assumption 27, define the sequence

u' = Sy (f +sd,u" "y forn=1,2,3, ..,

s

0._
Ug = u.

Our aim will be to apply Theorems 16 or 17 to this sequence in order to show that, under addi-
tional assumptions, it is well defined and has the right convergence properties. Furthermore,
we also want to obtain expansion formulae for each u.
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5.1 Expansion formula for the Vl iterates

The following sets of assumptions are to ensure that Theorem 16 (or Theorem 17) can be
applied for our sequence {u/},cn.

Assumption 28 Assume

d<0ord=>0, 59)

@' (u): We(0,T) + L*(0, T; V)N L®(0, T; H) — W;(0,T), (L2)

if p € L>(0,T; V), and h: (0,1) — L?(0, T; H) is a higher-order term, then for some
pell,oo),ass — 0T,

{Supxem,u TV @" @+ 50+ AREIRO) | Lo 7,11y = O )
SUPrefo,115 " [ L(P @+ 5p + ()N | 120, 7. y+) = 0
and either
(Dy), (Ola), (02a),
(Aug — f(t) — sd(t),v) < 0Vv € V. and for a.e. t, (60)
@: Wy(0,T) = Wy (0, T)NCO0, T1; V), (O3a)
t — @ (w)(t) is increasing Yw € LZ(O, T; Vi) :t +— w(t) increasing, (O4a)
u e W0, T) with @ (u) > 0, (L1a)
ifd <0,w0) =uy = ug < ®w)(0) Yw € W;(0,T), (61)
or
(Olb), (O3b), (O2b),
t — @ (w)(¢) is increasing Yw € L2(0, T;V), (04b)
@ (u) € W (0, T) and @ (u)(0) > ug, (L1b)
Either w € W;(0,T) : w(0) =z9g = z0 < @ (w)(0), or,
ifd >0, <@(w) = P)(0) < Dw)(0),
whereas ifd <0, ?(v) > @(w) = P (v)(0) < P (w)(0). (62)

Remark 7 Regarding (59), observe that if d > 0, the initial element u® = u is a subsolution

for P(f + sd) sinceu = S(f,u) < S(f + sd, u) (see also Lemma 15) whilst if d < 0 then

u? is instead a supersolution.

Define o' = §! := dS(f,u)(d) and for n > 2, we make the recursive definitions:
8" = 3S(f,u)(d — L® (u) ("),
a =@ (w)a""']+ 8", (63)
0"(s) :=r(s, """, 0" (s)). (64)

To ease the notation on the higher-order terms, we did not write the base point  in the r
term (which originates from Proposition 25) above. We now give two results (with varying
assumptions) in the next proposition concerning convergence behaviour and an expansion
formula for the sequence {uf}.
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Proposition 29 Let Assumption 28 hold. Then {u}},en C W(0, T) is a well defined non-
negative monotone sequence (increasing if d > 0, decreasing if d < 0) such that

ull =u+sa" +0"(@s), ass O, (65)
where
(1) o satisfies the VI
o — @' ()@ e T 2 (@) —u) N[’ + Au — Vi

r 1
/O (¢ + A" —d, " —¢) = 5 0@ - o' (o' 0],
Vo :p— @' @) € cly(TRY@w) —u) N[u' + Au— f1Y);  (66)

() LOWMeL?0,T; H),a"—®' (u)(@"~1)eL?(0, T; V)NL®(0, T; H), L®' (u)(a"")e
L*(0, T; H);

3) s lo"(s) > 0in LP(0, T; H) as s — 0T with p € [1, 00) from Assumption 28;

(4) under the first set of assumptions,

uy—ugs in W (0, T) where u%{ > 0 and ugy € Py, (f + sd) is a non-negative solution;
(5) under the second set of assumptions, u’y € Wy (0, T') and

ull—ug in LZ(O, T; V) and weakly-star in L (0, T; H) where
us € Py, (f + sd) is a very weak solution.

Proof Let us first show monotonicity of the sequence assuming existence. First take d > 0.
Then since u is a subsolution, u < S(f,u) < S(f + sd,u) = u} By the comparison
principle, we find again that u; =S(f+sd,u) <S(f+sd, u;) = u% and in this we obtain
that {u}} is an increasing sequence. Likewise if d < 0, the sequence is decreasing.
1. FIRST CASE. Observe that since © < ®(u) and @ (u) € W,(0, T), by (O3a), we can
take the trace at t = 0 to get @ (u)(0) > wug. Since (Dy), (L1a) and (60) hold and as
(20) is satisfied for the obstacle u (thanks to (L1a) and (O3a)), Proposition 13 implies that
ui = S(f + sd, u) € Ws(0, T) exists and is increasing in time and non-negative.

Regarding the upper bound for the initial data in terms of u!, we argue as follows. For
d > 0, we may apply @ to the inequality u Sl > S(f,u) = u and use the regularity offered
by (03a) to obtain ug < @ (u)(0) < cD(ull)(O). If d < 0, we use the condition (61) to obtain
the same conclusion. Then making use of (Ola), (O3a), and (O4a) we apply Proposition 13
to obtain the existence for each uf and subsequently, using these arguments, existence for
each uf.

We now show the expansion formula (65) by induction.
1.1 Base case. Using Proposition 22 to expand u! = S(f + sd, u), which is applicable
due to (L1a), (O3a), and the increasing-in-time property and the non-negativity of u¢ from
Assumption 27, we obtain a §l= aS(f,u)(d) € LZ(O, T; V)N L*®,T; H) such that

u}:S(f—i—sd,u):u—l—sSl—i-o(s,d), (67)
where
81 Ttan N / A 1. T / A(Sl d 81 < 1 0 2
€ Ko,Lz(O,T;V)(w) [14 + u— f] . o (‘P + — U, - 90) = 5 ||§0( )”H

Vo € clw (TEN(@ ) — u) N [ + Au — f1H),
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and
ol = r(-,0,0) = i(~, 0,0) —o(-, —=d, —d) =1(-,0) — o(-, —d)

is clearly a higher-order term. Finally, assumption (O3a) implies that L @ (u; ye L2(0,T; H),
whilst (L2) gives L(®'(u)(8")) € L*(0, T; H).
1.2 Inductive step. Now assume the statement is true for n = k. By definition,

Ukt = S(f +sd, uf) = S(f + sd, u+ sa* + o*(s)). (68)

This object is again non-negative since u’s‘ > 0 implies that @ (u’s‘) > @(0) > 0by (Ola). We
have u¥ € W;(0, T), and thus by (O3a), @ (uX) € W, (0, T), and since o* = &’ (u) (1) +
8K € W0, T) + L%, T; V) N L2, T; H), (L2) implies that &' (u)(e*) € W(0, T).
Hence (51) holds for obstacle u, direction o and higher-order term ok (s). By (O4a), the
obstacle cD(u/S‘) is increasing in time. Then, since @ is increasing,

@) (0) = @ (u + sa* 4 0 (5))(0) = @ w)(0) > uo.

Proposition 25 can now be applied and we find

Wb = w4 5(@ () (@) 4+ 88,y (f, ) (d — L&' (u)(@))) + 1 (s, ok, oF ()

U+ 5(@' () (@) + 551 + r(s, oF, 05 (5))

= u + saf T 4 oFt! (s)

with k1 e Wy (0, T) N W,(0, T) and 8! = of*1 — &' (u)(a¥) € L0, T; H) N
L%(0,T; H) (we already argued above that L®'(u)(@*) € L*0,T; H)), meaning that
o* !l e W,(0,T) + L>(0,T; V) N L0, T; H) as desired. Under Assumption (L3), by
the same argument as in the proof of Proposition 25, o**! is a higher-order term given that
k .
o~ is.
Regarding the expression for the derivative, we know that o*T! — &'(u)(a*) =

aS(f,u)d — L&’ (u)(e%)) solves the VI that appears in Proposition 22, i.e.,

o — ') (@) € TE 1o payy ) N[+ Au— f1F:

T
/ (@ + AT — & () (@) —d + L' () (@), T — @' () (&F) — p)
0

1
=5 s,
Vo € clw (TEH (@ W) —u) N [W' + Au — f1),
whence setting ¢ = ¢ + @' (u)(a¥) yields

o — ') (@) € TE 12 1oy (W) N[ + Au = f1+:

T 2
[0+ a0t — a1 = ) < 200 - 2@ 0]
0 2 H
Vo : @ — @' ) (@) € cly (TEN(@ ) —u) N [u' + Au— f1*)

as desired.

2. SECOND CASE. We will not repeat some of the same techniques used in the above case
and simply focus on the differences under the different set of assumptions. Due to (L1b), u!
exists by Proposition 13. Using (62) we find ug < @ (u Sl)(O). The monotonicity of {uf},en
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and (62) shows this bound for all «¥. Using (O2b), (O4b) and (62), we infer the existence
for all u} by the same proposition.

We prove the remaining claims again by induction. For the base case, we can expand
ul = S(f + sd,u) by using (L1b) and Proposition 22 directly and we obtain 8! :=

N

dS(f,u)(d) € L*0,T;V) N L>(0,T; H) such that (67) holds. Furthermore, u! €

W (0, T). Now assume the statement is true for n = k so that (68) holds. Since u/s‘ e W:(0, T),
L@ u¥) € L*(0, T; H), and by (L2), since

of =k — @' )@Y + @' ()@ e L20, T; V)N L™, T; H) + W,(0, T),

we have L@’ (u)(aX) € L%(0, T; H) and so assumption (51) of Proposition 25 holds, and as
does (52) as shown above, and the proposition can applied to give

uf“ =u + saft 4 okH(s)

(just like in the proof of the first case) with u**! € W;(0, T) and of*! — &'(u)(o¥) €
L?(0,T; V)N L0, T; H) and L&' (u)(*) € L?(0, T; H) as desired. Note that we used
the fact that (O4b) implies the increasing property of all obstacles considered in the proof.

3. CONCLUSION. The claim of the VI satisfied by the " follows from Proposition 25 whilst
the convergence behaviour stated in the result is a consequence of either Theorem 16 (ifd > 0)
or Theorem 17 (if d < 0), using the fact that (59) implies that u? is either a subsolution or
supersolution. o

Remark 8 Everything up to the convergence of the {u] } stated in the above result holds if we
do not assume (59) and either (O2a) or (O3b) respectively. Also, (L3) was necessary only to
prove that each 0" is a higher-order term.

5.2 Properties of the iterates

In this section, we give some basic attributes of the directional derivatives «” and the higher-
order terms o". One should not forget that these objects are time-dependent, and we will
always denote the time component by #; this should not be confused with the perturbation
parameter s.
Lemma 30 The following properties hold:
1. Fora.e.t €0, T],

al(1) =0, g.e. on {u(t) = @) (1)},

o (1) = @' W)@ ")), g on{u(t) = @) (0)} forn > 1.
2. The sequences

{o" }nen and {a" + s~lo" ($)}nen

are monotone (increasing if d > 0 and decreasing if d < 0) and have the same sign as
d.

3. (0" 4+ 510" (5)) ;=0 = O.

4. @' (u)(a") has the same sign as d.

Proof The first claim follows from the set that the «” belong to and the characterisation of
Lemma 19. The second claim is true since the sequence u is increasing or decreasing in n
and due to (65) and the vanishing behaviour of s~10"(s) and the fact that ufy — u has the
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same sign as d (since if d > 0, u] is increasing and hence greater than u whilstifd <0, u!
is decreasing and smaller than ). For the third claim, in (65), take the trace + = 0 (which is
valid since uff, u were defined to have trace ug at ¢ = 0) to obtain

uo = ug + (sa” +0"(s))|;=o.
Finally, we have that

D(u+ ha™) — D(u)
h 9

@' (u)(a") = lim
h—07t

where the limit is in L? (0, T'; H), and hence, passing to a subsequence, the limit also holds
at almost every time strongly in H:

/(@) = lim P+ hfa”;(_t) SOI0)
e j

which is either greater than or less than zero depending on the sign of «” which in turn
depends on the sign of d (see part 2 of this lemma). O

The first part of the previous result tells us about the quasi-everywhere behaviour of the
directional derivatives on the coincidence set. We can say a little more about them in an
almost everywhere sense.

Lemma31 We have
o' <0 ae on {u = @ (u)} with equality if d > 0.
If @ is a superposition operator, then for each n,
a" <0 ae on{u= @)} with equality ifd > 0.
Proof From sa" = u" —u — 0" (s), since u” < @ (u'~!) < ... < &"(¥) = @"(u), we find
sa < @"(u) —u — 0" (s). (69)

On the set {u = ® (1)}, we get sa! < —o!(s) and dividing here by s and sending to zero, we
see by the sandwich theorem that if d > 0, ! = 0 on {u = @ (u)}. If @ is a superposition
operator, observe that if 7 is such that u () = @ (u(¢)), then in fact

u() = @"(u(r)) foranyn € N.

Using this fact on the right-hand side of (69) gives us the result. O

5.3 Uniform bounds on the iterates

We give a result on the boundedness of the directional derivatives " under two different
sets of assumptions. The first set requires some boundedness conditions on the obstacle
mapping including a smallness condition, whilst the second requires instead some regularity
and complementarity (for the latter, see [21, Sect. 7.3.1] for the parabolic VI case) for the
system.
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Assumption 32 Suppose that either

”¢/(u)(an_l)”L2(O,T;V) =Cy H“n_l ||L2(0,T;V) ’

”3!@/(”)(“”71)”LZ(O,T;V*) =G ”O‘W1 ||L2(0,T;V) )
[#' @@ D)}, = e g rv, + €
CpCT + C5 + C5 < Cy,
or
W 4+ Au— f)(u — ®wm)) =0ae.on(0,7T) x £,
@' (u)(@") =0a.e.on{u =)},
&' @)@, <C.

where all constants are independent of n.

(L4a)
(L5a)
(L6a)
(L7a)

(L4b)
(L5b)
(Léb)

Regarding the fulfillment of assumption (L5b), Lemma 30 may be helpful for certain choices

of @ in applications.

Proposition 33 (Bound on {«"}) Let Assumption 32 hold. Then o —« in L2(0,T; V).

Proof 1. UNDER BOUNDEDNESS ASSUMPTIONS. First suppose that (L4a) — (L.7a) hold. In
(66) take ¢ = @’ (1) (") as test function (this is admissible since zero is contained in the
radial cone and the orthogonal space that the test function space is obtained from) to get

T
/ (3,9 W)@ H + Ad" —d, " — @' ()" 1)) <0.
0

We can neglect the term (d, @' (1) (" 1))y due to part 4 of Lemma 30 which tells us that

both d and @’ (u)(«™) have the same sign. Hence the above inequality becomes

Ca ”"‘n “iZ(O,T;V)
T
< / (Ad™, &' () (@" ™)) + (d, ") i — (3P W) (@" "), " — &' (u)(@" "))
0

<G || 20,71 [ @' @@ D 120 7.y + 1l 20.7:0) | 20,7 )

n 1 / n—1 2
o HLZ(U,T;V) T3 [ )@=y

+ 8@ W@ 12(0.T: V%)

1
-5 le'w@Hol;,
< CCY |l | 20,71 o l20.7:v) F 1207 | || 207219
_ 2
+C3 H“n 1” L2(0,T;V) ”O’n ” or:vy T C3 Ho‘n 1” rorvy t ¢
(by (L4a), (L5a) and (L6a))
= (CpC +C3) ||o” HLZ(O,T;V) ! HLZ(O,T;V) + 1l 20.7:m) " ||L2(0,T;V)
12
+C3 " 2oy +C
_ G+ 6

2
=5 (Ho‘n Hiz(o.r;\/) + e LZ(O,T;V)) +Cp ”dHiz(O,T;H) +p " HiZ(O.T;V)

+C3 Ho‘n_l ”iz((),T;V) +C.
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Defining a, := |lo" || 12(0,7, v this reads

1 1
(Ctl - E(CbCT + C;) - P) (1’% = (E(Cbcik + C;) + C'?) a,zl_l + Cp ”d“%Z(O,T;H) +C

which we write as

2
ColldI2 2 7.+ C

1+
ot Ay

where we have denoted
A] = Ca 2(CbC1 +C2) 1Y and A2 = 2(CbC1 +C2)+C3

Solving this recurrence inequality leads to

—1
_ 2 _(A)"
al < (Az>n 1a2 + G ”d”U(OsT:H) +C [l ( 1)

n —= 1 A
Al Al -2

We evidently need Ay < A; for this sequence to be bounded uniformly, that is,

1 * * * 1 * * * * k

E(Cbcl + CZ) +C3 < Ca - E(Cbcl +C2) —p Cbcl +C2 + C3 < Ca — P
i.e., (L7a). Under this condition, the bound is uniform and there is a weak limit for a subse-
quence of {&"},cn. Since the " are monotone, they have a pointwise a.e. monotone limit
which must agree with « so indeed o —« in LZ(O, T;V).
2. UNDER REGULARITY ASSUMPTIONS. Now assume instead that (L4b)—(L6b) hold. We

want to show that ¢ = 0 is a valid test function in the VI (66) for «”. Thus we need to prove
that —@'(u) (" 1) € clw(THfg;)d(qb(u) —u) N[ 4+ Au — £15). On this note, observe that

T
/ f W+ Au— o' W)@ = / W'+ Au— )@ w)(@"")
0 2 {u=® (u)}
+/ W + Au— )@ (u) (@)
{u<®(u)}

= [ ' + Au— )@ @) @"~")  (by (L4b))
{u=2 ()}
=0. (by (L5b))
The assumption (L5b) implies that —®' (u) (" ") > 0 ae. on {u = ®(u)} and thus it

belongs to T]Igd(u —dWw)Nu + Au — f]l (see (36)) and this is obviously a subset of its
closure in W. Therefore, O is a valid test function in (66) and testing with this we find

T n n 1 ’ n—1 2
/O(Aa —d.a" < 3 |2 @ HO,

which easily leads to the desired bound due to the assumption (L6b). As before, the mono-
tonicity of the sequence implies the convergence for the whole sequence. O
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5.4 Characterisation of the limit of the directional derivatives

We now want to study the limiting objects associated to the sequences {«"} and {§"}. First,
we introduce the notation BY (1) to stand for a closed ball in L4 (0, T; H) around u of radius
€

Bi(u) :={ve L0, T; H) : lv—ulpeo.r.m) <€}
and introduce some assumptions that will be of use here and in further sections.
Assumption 34 Suppose that
@' (u)(-): LZ(O, T;V)— LZ(O, T; V) is completely continuous, (L8)

L(®'(u)(-)): L*(0, T; V) — L?(0, T; H) is completely continuous, (L9)

and assume that there exists € > 0 such that for all z € L%(0, T; H) N B (u) + BS (0) and
ve L0, T; V)NLPO,T; H),

”@/(Z)v”LP(O,T;H) =< Kik ”v“Ll’(O,T;H) ’ (LIO)
H¢/(Z)UHLZ(O,T;V) =< Kik ”v”LP(O,T;H) ’ (Lll)
||al‘(<pl(z)v) ||L2(0,T;V*) = Kék ”v”LP(O,T;H) ’ (le)

where
1
Tr(K;Cp+ K;)
_— 2 <
VCa

KF+ (L13)

Here, p € [1, c0) is as in Assumption 28.

Regarding (L8), it may be helpful to note that Assumption 23 implies that @ : L>(0, T; V) —
W (0, T) is completely continuous. As a precursor to characterising the directional deriva-
tive ¢, we study the limit of {§"}, <y in the next lemma. Since §" = o” + @' (u) ("), if
@' (u)(-): L0, T; V) — LP(0, T; H) is bounded, we can find a subsequence of {6"},eN
such that §"/—§ in L?(0, T; H) for some §. In fact under additional assumptions the con-
vergence holds for the full sequence as shown below.

Lemma 35 If (L8) holds, then §"—§ in L%(0,T; V).

Proof With the aid of Proposition 33, we can pass to the limit in (63), which is "t =
@' (u) (") — 8", to find the weak convergence in L2(0, T; V) of the whole sequence {§"}
to some § € LZ(O, T;V). O

To characterise § as the solution of a VI in itself, it becomes useful to define the set
Cgy(y):i={v e LZ(O, T;V):v()>0q.e on{y() =0}forae.t €[0,T]}.

Lemma 36 Under the conditions of the previous lemma, § satisfies

r 1
8§ € Cry(u — @) N[ + Au— 1+ /0 (Z+A8—(d— L' (w)(@),8 —2) < 3 O

Vz € cly (TP W) — u) N[’ + Au — f15).
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Proof From (45), 8" satisfies the VI

8" e T 2 (@) —w) N [ + Au — F1+

T
/ (& + A" — (d— Lo/ (). 8" — 2 = L 101
0
Vz € cly (TEN@ ) —u) N [’ + Au — f1).

We can pass to the limit here using the convergence result of the previous lemma and the
continuity of @' (u)(-): L%(0,T: H) — W(0,T) (noting that " — « in L%(0,T; H)
thanks to V <> H ) and the limiting object § satisfies the inequality stated in the lemma.
We must check that § € Cg (@) —u) N [u + Au — f]J- too. It is clear that the
orthogonality condition is satisfied due to the convergence in the previous lemma. By (37),

8"(t) > 0q.e.on{u(t) = D))} ae.rt.

Due to Mazur’s lemma, there is a convex combination

N (k)

ve= Y a(k);8!

j=k

of {§"},en such that vy — § in L%(0, T; V). Since this convergence is strong, for a subse-
quence, vy, (1) — &(¢) in V and hence pointwise g.e. for a.e. t € [0, T'].
By definition, §" (r) > 0 everywhere on {u(¢) = @ (u)(t)} \ A, (u)(t) where A, (u)(t) C
{u(t) = @ (u)(t)} is a set of capacity zero; this implies that
Uk, (1) = 0 qe. on {u(r) = @)} \ UL A ()(0), (70)

and using the fact that a countable union of capacity zero sets has capacity zero and the
inequality (70), we can pass to the limit to deduce that §(f) > 0 quasi-everywhere on
{u(t) = @(u)(t)} forae.r € [0, T]. O
Proposition 37 Under the conditions of the previous lemma, « satisfies the QVI
o — @' (u)(a) € Cry(Pw) —u) N [u + Au — 1+
/OT<w’ +Aa—d,a —w) < % |w(©) — &' W@ O],
Yw:w— @ (u)(a) € ch(THrg(‘)d(@(u) —u) N[ + Au— f17h).
Proof From the definition of «” in terms of §” in (63), we obtain
a=o (u)(a)+36.

Using this fact in the QVI for § given in Lemma 36 yields
T
[ @+ aa+ a0 @@ -d.s-2
0
l 2 rad _ / L
=3 1zl Vz € clw (T, (@) —uw) N{u + Au — f17)

which translates into the desired result after setting w := @'(u)(«) + z. m}
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5.5 Dealing with the higher-order term

We come to the final part which consists in showing that the limit of the higher-order terms
0" is indeed a higher-order term itself. The idea is to be able to commute the two limits
0" (s) . . 0"(s)

lim lim and lim lim
n—-oo g0t § s—>0tn—>o0 §

and this can be done typically under a uniform convergence of one of the limits. Such a
uniform convergence is assured by the next proposition but first we need a technical result
which tells us that the sequence {u}} stays close to u for small s. Define

TPCoKf KIT?
VCa VG
Lemma 38 Under assumptions (L10)—(L13), if € < € and
- €/Ca(1 - C*)

T
||d||L2(0,T;V*) Tr

C*" =K+

)

then {uf}nen C Bg(”)

Proof The continuous dependence estimate (33) for the map S along with L*°(0,T) —
L1(0, T) for any ¢ > 1 yields the following estimate for f, g € LZ(O, T;H)and ¥, ¢ €
L*(0,T: V) with ® (%), @(¢) € Wy (0, T):

1S(g, ¥) — S(f DllLao,7:m)

l

f

s e@) = 2@llso.r:m + 7=

1

IL(@(@) = LWD)I20.7:v%

T a
v Ca

0,7;V*)
C 1
<o) - ¢(¢>||Lq(0TH)+r||¢<¢> W)l 20.1:v)

1 1

T
+ Non 10 (Y) — 3Pl 20,7:v+) + —F= «ﬁ lg — fllz20,7:v - (71)

Since u € W(0, T), Assumption 28 implies that @ (1) € W, (0, T) and we can apply (71) for
V=8(f +sd,u)andu = S(f,u) to get
TL
1 si4
ug —u an = = dll20,1;v% >
” s ”Lq(O,T,H) \/a L(0,T;V*)

so that u! € Bg (u) if s is sufficiently small. Let us fix ¢ = p. Applying the mean value
theorem to the first three terms on the right-hand side of (71) and taking in addition ¢, ¥ €
L?(0, T; H) N BY (u) so that for any A € [0, 11, A¢ + (1 — M)y € L*(0, T; H) N BY (u) as
well and we can use assumptions (L10)—(L12) to get

1S(g, ¥) — S P ro.1:m)
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1

1 1
TPCpyKy  KiT?

Tr
Ki+ +—= .
1 N NoH Iy —llLro.7:m) JC lg — Flle20,1:v%)

T
=C* W = llpro.r:m + —=llg = fllp20.7:v+
( ) r ( )

for all such ¢, . Since u Ju € L0, T; H) N Bp(u) with L& (u}) 6 L?(0, T; H) from
Proposition 29, the above formula is applicable for uA = S(f +sd, ug 1y and u, and we get
for sufficiently small s that

1

sT»r
g “”Lp(o rm =C7 g “”Lp(o,T;H) + N ldllz20,7:v%)
l
(C* + 1) ﬁ ”d”L2(0 T:V*)»

Le., u? € Be(u). Arguing by induction, the general case satisfies the estimate

1

sT?
lus =l ooy < C* uy™" - u”LP(O,T;H)+\/7C7”d”L2(O,T:V*)

and by solving the above recurrence inequality, we find

1

luf =l oo, 7m0y < (CH'THH(CH" 24+ CF ])f ldllL20.7; v+
1
1 sTr
=< Tﬁﬁ ||d||L2(0,T;V*)

<e€

where we used the formula for geometric series (recall that (L13) says precisely that C* < 1).
]

Proposition 39 Suppose Assumptions 32 and 34 hold. Then s~'0"(s) — 0in L?(0, T; H)
as s — O uniformly in n and thus the limit lim,,_, o, 0" is also a higher-order term.

Proof The proof is in four steps.
STEP 1. We first collect some estimates. From the expansions

DU+ sa" N =dw) + s W)@ ") +1(s,a" ),
D+ s+ 0" (s) = D) + 5P (W)@ + (s, ", 0" (),

we get, from subtracting one from the other and using the mean value theorem,

i a1 0 )|

L2(0,T:V)

< SzJpl) [®' @+ sa" " + 20" (s)) (0"~ l(s))||L2(OTV)+ |2¢s, " )||L2(0’T;V)
A€

= ASE)P]) ”® (g™ P (1= M)+ sa" ) (0" l(s))”LZ(O vyt ”l(s o )”L2(0,T;V)'
€

(72)
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Now take

€v/Ca(1 —C*) €

s < 7o := min s o
sup,, lla ||L2(0,T;H)

1
||d||L2(0,T;V*) Tr

(the supremum over 7 is sensible due to Proposition 33). Then ug‘_l e B (u) for all n by
Lemma 38, so that Au” ! +(1—A)u € B (u) for € (0, 1), and we also have sa”~! € B2(0)
and hence )\u?_l +(1 =2 (u+sa"" 'y e BY (u)—i—Be2 (0). Thus assumption (L11) is applicable
on the right-hand side of (72) and we obtain

HlA(s, o1 0" (s))

1 n—1
L20.7:V) <K} || R(s) ||Lp(o T T ”l(s o )||L2(0 T:V)" (73)
Secondly, arguing as before, by differentiating in time the expansions for @ (u + sa"~ ') and
@ (u + sa" ! 4 0"~ 1(s)), taking the difference and using the mean value theorem (bearing
in mind that (3, @)’ (z)(b) = 9,®'(z)(b) by linearity) and applying assumption (L12),

05,01 0" 9))]

< K3 ” " 1(S)||LP(OTH)+ Hatl(s o l)”LZ(OTV* :

L2(0,T;V*)
(74)
STEP 2. By definition of 0" in (64),
o"(s) =I(s,a" ' 0" () — b(s. L&' w)(@" ™) — d, Li(s,a" ", 0" 1 (5))),
and using the boundedness estimates (50), (42) and assumption (L.10),
lo" O p 0.7 1)
n—1 n—1 n—1 n—1
= A:(%pl) H¢> (U +sa AN (S))HLP(O,T;H) + Hl(s’ “« )”LP(O,T;H)
b T - ”*l(s))H + Ho(s qu/(u)(a””)—d)‘
JCa ’ L2(0,T;V*) ’ LP(0,T;H)
1
| n—1 n—1 TP s nl p—l
= Ki o (S)HLP(O,T;H) + Hl(s’a )HLP(O.T;H) + JCa Lits,a™, 0 (S))HLZ(O,T;V*)
. / n—1y _
+ oG, L&' @@ d)Hmo,r;H)'
We estimate the third term above using (73) and (74) of Step 1:
Li . n—1 , o 1 ’
H (5, () L2(0,T;V*)
<Gy Hﬂ&a - ,0"_1(S))’ + Btf(s,a”_l,O”_l(S))’
L2(0.T:V) L2(0.T:V*)
-1 -1 -1
< K3Cp ”0” (S)HLP(O,T;H) +Co HI(S!O‘” )”L2(0,T;V) +K3 ||0n (5) LP(0,T;H)

+ H L (s, O‘n_l)”LZ(o,T;v*) :
Inserting this back above, we find
”0n () ”LP(O,T;H)

1
Tr(KiCp+ K%) B
< (Kj+ i/C% : )H(’n I(S)HLP(O,T;H) + ”l(s’“n 1)HLD(O,T;H)
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7 oYy + - o
B orn* 7
+ ||o(s, Lo ()"

I(s, Olnil)“ L2(0,T;V*)

—d) ”LP(O,T;H)
1

_ _ »Cyp _
<C ”0n l(s)”LP(O,T;H) + ”Z(S’O‘n I)HL/J(O,T;H) + ﬁ ”l(s’“n l)”LZ(O,T;V)

15,0 D o1 + 06, L@@ ™) =D Lo,

r ”8f
for some C < 1 by (L13). The above can be recast as
a"(s) < Can—1(s) + bp—1(s),
where
an(s) := ||0n(S)HLP(O,T;H)’
1
_ T?»Cp _
bu1(s) = [l(s, 0" 1)”L/’(O,T;H) + N iGs, 0" l)”LZ(O,T;V)
1
f ”3tl(s o )”LZ(O,T;V*) + ”"(s’ Lo w)(@" ") = d) HLP(O,T;H)'

The recurrence inequality can be solved for @” in terms of a; and the b;:
a" < C" a4+ C"by +C" by + -+ Chyo + by 1. (75)

STEP 3. Let us see why

by—
n=1(5) — 0 uniformly in 7.
S

By the weak convergence of {«”} in L2(0,T; V) (and hence strong convergence in
L%(0, T; H)), {«"} is a compact set in L2(0, T; H). Since ®: L*(0, T; H) — W(0,T)
is Hadamard differentiable, it is compactly differentiable, meaning that s7(s,e") = 0in
W (0, T') uniformly, thus the first three terms in the definition of b, are taken care of. For the
final term, we note that {L®’ (u) (™)}, is also compact in L%(0,T; H) by (L9). Therefore,
for any € > 0, there exists a 71 > 0 independent of j such that

b (s 1-C

sgrlﬁﬁgg \78 (76)
s 2

STEP 4. As 01(s) = r(s,0,0) = o(s, d) is a higher-order term, we know that there is a
7 > 0 such that

loGs, lizro,7:H) €

§<T) —m —————— < — a7
N

[\)

Now recalling (75), for s < min(zg, 71, 72),

lo" () Lro,7: ) < n loCs, d)iLro,7:m) +C,,,zbl(S) JrC,,,gbz(S) 4ot bn—1(s)
s - s s s

+ Cn—3

||o<s,d>||st<o,T;H> . Cn_zbls(s) bzs(S) L

N

1-C
<E+¥(C”‘2+C”_3+-~-+C+l)

|
™)
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(for any € > 0 by (76) and (77))

e e(1-0O)(1—-C"h
=3t 2(1-0C)

This shows that 0" (s) /s tends to zero uniformly in 7. O

We are finally in position to state the main theorem which condenses the various intermediary
results we obtained above.

Theorem 40 Let Assumptions 21 and 23 hold and take u € P, (f) satisfying Assumption
27. Let also Assumptions 28, 32 and 34 hold.

Then there exists aug € P(f +sd) such that, under the first set of assumptions of Assump-
tion 28, us € Wy (0, T) is a (strong) solution whereas under the second set of assumptions of
Assumption 28, ug € L2, T: V)NL®,T; H)isa very weak solution, and ug satisfies

us =u+sae+ogs, ass 0,
where

0—S—>0inL1’(0,T;H)ass—>0+,
s

with p € [1, 00) is as in Assumption 28, and « satisfies the parabolic QVI

a— @ (u)(a) € Cry(® W) —u) N [u' + Au — 1+
T 1
/0 (' +Aa —d, 0 —w) = 5 |w(©) — @' W@ O],
Yw :w — @' (u)(a) € ch(THg)d(cD(u) —uw) N[ + Au— f1H).

Let us relate this result to notions of differentiability commonly used in set-valued and multi-
valued analysis. Recall that the map P: F =2 U has a contingent derivative 8 at (f, u) (with
u € P(f)) in the direction d, written 8 € DP(f, u)(d), if there exist sequences 8, — f,
d, — d and s,, — 0 such that

U+ spBn € P(f + sndy).

We claim that P does indeed possess contingent derivatives and our main results furnishes
us with one such contingent derivative.

Proposition 41 The map P: F = U has a contingent derivative o € DQ(f, u)(d) given by
the previous theorem with either of the following choices:
F=L? (0,T;Hy) and U = W(0,T),

mnc

(where L?

10, T; X) means increasing-in-time elements of L*(0, T; X)) or

F=L*0,T;H) and U =L*0,T;V)NL®0,T; H),

Proof Indeed, given u € P(f) and sequences s, — 0 and d, = d, we can, by Theorem 40,
find uj € P(f + s,d) such that

u) = u ~+ s, + 0(sy; d) and hence u + s, 8, = uj, € P(f + s,dy),
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where the sequence
n o(sp; d) _ uw, —u

Sn Sn

Bn = ay

is such that 8, — « as n — oo because the term o(s,,; d) is higher order. O

6 Other approaches to differentiability

We now discuss some possible alternative approaches to deriving Theorem 40 (or a variant of
this theorem). The idea here is to bootstrap by using the already-achieved results on elliptic
QVIs in [2], however, we shall see that this is not at all straightforward.

6.1 Time discretisation and elliptic QVI theory

One idea is to apply the elliptic QVI theory of [2] to the time-discrete problems and then
pass to the limit there. With the definition

W N (2) = DY),

recall the notations defined in Sect. 2; in particular Qz,{\’ is the solution mapping defined as
zZ € Qz,{V (g) if and only if

z2e€V, 25 NG@) i {(z+hAz—g,z2—v) <0 YveV vV, | nN(2).
With u{)\' 1= ug € V for a given initial data, set
uy = Qv (hfy +u) ).

Under the assumptions on the source f and the direction d in Sect. 2, we know by [2, Theorem

1] that there exists u !} € Qv (f{" +uy + shd{") and y{¥ := Q/y (hf{" + uo)(hd{) such
’ 0

that

N N N N
Ug 1 = Uy +Sy1 +01 (s),
where oiv (s, hd"; hle + uf)v) is a higher-order term. Since ”?,/0 = uf)v,

Vo= ul +hAul ) = (Y + shd), uly —v) <0 Yve Vv <ol )e).

{uy;,

In a similar way, since uév = Qth (h sz + uflv ), we know that there exists a function uiv 5 €
Qv (hfy' +ufl +s5(hdy +ai') + o7 (5)) and ;" = leN(hsz +ul)(hd} + V) such that

N N N, N
ug, =uy; +sy; +0;5 (s),

where oév (s, hdﬁv + a{v, of' (s); hsz + ull\') is a higher-order term and since u{v + so:{v +
Neoy_ N
o] (s) = Us 1o

Wly —ul | + nAu), — (nf +shdd),uly —v) <0 Yo eV:iv<dwl)a)).

Along these lines, we obtain the following lemma.
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Lemma 42 Given u defined as above, there exists uﬁ\,’n € Qv 1 (hfN +ul | +shal) and

ynN such that

u?{n = uﬁl\' + synN + o,llv(s), (78)

where y,fv satisfies

N =N+ hAyY —ndY yN —v) <0 Yo e K'Y,
K'(w):={peV:ip< W,{’N(u,llv)(w) g.e. on A(ul)
&lu) —u)  +hAu) —nfY o — W) @) (w) =0}, (79

n

and
oflv(s) = 0’11\/(5,’ hd,llv + y,fv_l,oflv_l(s); hfrfv + uflv_l)
is a higher-order term. Here, .A(uN) = {uV u, = lI/n_LN(uflv)}.

Proof We prove this by induction The base case has been shown above. Suppose it holds for
the nth case. Then given “n+1 =Q, N (hfn+l + uN) there exists

uj'\{nJrl € Qt’ﬁl (hf + u + s(hdn+l + ynN) + ON(S)) = Q(hfnJrl + ”f n + shd +l)
(thanks to the formula relating uﬁv , and u!Y) such that
N1 = hEN 4y ‘v (h hd,)
Usnt1 = QtN ( fn 1T uy, ) +SQtN ( f 1 tuy, )( n+1 +J/n )+0n+](5)

=up,, + sQ N (hfn+1 +up Y (hdYy 4+ y) + o)1 ()
= “n+1 + SVn+1 +0n+1(5)’

which ends the proof. O

By definition, uY, solves the QVI

ul, < @@l )(r,{V_l) Sl —ul, + hAuY, — (N 4+ shd)), ul, —v) <0 (80)

forallv e Vsit.v < (D(uf.\f n)(tflv_l). It is then clear from (80) (since the structure of the
time-discretised QVI is the same as those considered in Sect. 2 and we can apply the same
argumentation as there) that the interpolants us N constructed from {u 2 InenN and which
satisfy

T
/ (@i (0) + Aug (1) = fV (@) = s (@), u () =V () <0
0
are bounded in the appropriate spaces and hence there exists a u, such that u" — u; and
T
/ (Opus (1) + Aug(t) — f(1) —sd(1), us(1) —v(1)) =0
0

Vo e L20,T; V) : v < ®(uy),

ie., u; € P(f + sd). Clearly, similar claims are true for u®, iV Constructed as interpolants

from {u ,I,V Inen. We now need to obtain uniform bounds on the yn and the higher-order term.
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Lemma 43 Suppose that v = 0 is a valid test function in (79) (which is the case in the VI
setting). Then

2
N
Vi HV =C

v

n
+h
G

and hence

<C

N
HV L2(0,T;V) —

N
| 17"

Proof Since 0 is feasible, the proof for the boundedness of the first two estimates follows
that of the first two estimates of Lemma 3. The proof of Corollary 4 shows that these bounds
imply the boundedness in the Bochner spaces above. O

Multiplying (78) by x ] and summing up over N, we find

ufv =uM + syN + oN(s).
Due to the bounds on the left-hand side and the first two terms on the right-hand side, we can
pass to the limit in 0" too and we find

us =u+sy* +o*(),

for some y* € LZ(O, T;V)NL*®0,T; H), and the equality also holds in this space. It
remains to be seen that o* is a higher-order term and to characterise the term y*.

Here we come to a roadblock since we do not know how the terms 0"V depend on the
moving base point and thus we cannot say anything about the uniform convergence of the
o" and are unable to identify the limit of the higher-order terms as higher order; recall that
we warned the reader of this issue in Remark 5. Alternatively, if we were able to identify
y™* as o from the previous sections, this would suffice to show the higher-order behaviour.
But it seems difficult to handle the constraint set satisfied by ¥, and obtain a type of Mosco
convergence for recovery sequences to approximate the limiting test function space.

6.2 Elliptic regularisation of the parabolic (Q)VI

Another possible approach is through regularising the parabolic QVI as an elliptic QVI,
applying the elliptic theory of [2] to the regularised problem and then passing to the limit in
the regularisation parameter. This elliptic regularisation of parabolic problems can be seen
in the work of Lions [31, p. 407].

The ideais to include in the parabolic inequality a term involving the second time derivative
of the solution, i.e., —eu”” with € > 0; more precisely we wish to consider the QVI

T
u(t) < @) () : / (—eu”(t) +u'(t) + Au(t) — f(1), u®) —v(1)) <0
0

Yo e L2, T: V) :v(t) < ®w) (@),
u(0) = 0,
u'(T) = 0. (81)

The ‘final time’ condition is necessary to have a well defined problem. Define V := {v €
Ws(0, T) : v(0) = 0}. Integrating by parts in (81) and using the initial and final conditions
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on u and the test function space, we obtain the weak form: find u € V with u(t) < @ (u)(¢)
such that

T
2/0 €@ (), u' (1) —v' ) g + (' (1) + Au(t) — f(t), u(r) —v()) <0

YoeV st v() < @),

u(0) =0,

u'(T) = 0. (82)
Thinking of the time component as simply another space dimension, the resulting elliptic

operator A: V — V*is

T
(Au, w) :=/ e, W + W', wyg + (Au, w)y=y,
0

which is clearly T-monotone, bounded and coercive in the Sobolev—Bochner space V; for the
latter, observe that

T
1
/ W wn = 5 (T, = 0.
0

Clearly the solution of (82) depends on € so let us write it as u€. Working formally, we may
apply [2, Theorem 1.6] and we find existence of a u§ solving (82) with source term f + sd
and a o€ such that

ui = u + sa + 0°(s),

where o€ is a higher-order term. As for €, it satisfies a¢ € K" (@) and

T
/ (ed;0f, 90 — V) + (8,05, a€ —v)g + (Aaf,af —v) — (d, a0 —v) <0
0

Yu € K (af),
K (w) :={p € V:p <& u)(w) qe. on Awu) and (Au¢ — f, ¢ — &' (u)(w)) = 0}.

Testing (82) with v = 0, we obtain the bound
o0 2 oy + 3 Vw7, + Co Ml iy, = €
elot N2, ™ 5 WML, m) T Ca itz vy = &>

so u€ is bounded in at least L2(O, T;V)N L0, T; H) uniformly in €. In a similar way,
u$ is also bounded in this space uniformly in € and s. Let us also suppose that we have a
uniform bound on «€. Then it remains to be seen that the limit of the o€ is a higher-order
term, and this is where we once again run into problems. A monotonicity in € result on the
solutions of (82) would be useful.

It is worth remarking that this technical issues also arises in the VI case and in the simpler
unconstrained (PDE) case.

7 Example
We study here an example where the obstacle mapping is given by the inverse of a parabolic

differential operator. This example is motivated by applications in thermoforming (which is
a process that manufactures shapes such as car panels from a given mould shape; see [2]
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and references therein for more information): in [2], we studied an elliptic nonlinear PDE-
QVI model that describes such a thermoforming process but in reality, the full model is a
highly complicated evolutionary system of equations and QVIs involving obstacle maps that
are inverses of differential operators. As a first initial step on the road to studying the full
problem, we consider a simplification and study the following example.

LetH = L2(0, w)and V = HO1 (0, w) and consider the following nonlinear heat equation:

w' + Bw = g(¥) on (0, T) x (0, w),
w(-,0) =w(,0) =0 on(0,7T), (83)
w(0, 1) = wo on (0, w),

where

(1) g: R — Ris C!, non-negative and increasing,

(2) 8.8 € L¥R),

3) g ¢": L2(0, T,H)— LZ(O, T; H) are continuous,

(4) g: L*(0, T; H) — L*(0, T; H) is directionally differentiable,

(5) B: V — V*is a linear, bounded, coercive and T-monotone operator giving rise to a
differentiable bilinear form,

(6) wo € Vand ¢y € L0, T; V) are given data.

We denote by C f and C (f the constants of boundedness and coercivity for the operator B
while A: V — V* denotes an operator which is assumed to satisfy all assumptions given in
the introduction of this paper and it should also give rise to a bilinear form which is smooth.
Letting W = H 2(£2), we further assume that

(7) A: L2(0,T; W) — L*(0,T; H),
(8) the following norms are equivalent:

lullp20.7:my + WAull 2071y s Nulliz, 7 my + 1Bull 20, 7:my s Nl 207wy -

This equivalence of norms assumption is related to (boundary) regularity results which follow
given enough smoothness of the boundary and depending on the specific elliptic operators,
see [16, Theorem 4, Sect. 6.3]. The equivalence of norms implies

weL*0,T;V): Bwe L>0,T; H) = we L*0,T; W). (84)

Define @ () := w as the solution of (83). By the standard theory of parabolic PDEs,
@ maps L%(0, T; H) into W, (0, T). This regularity implies (using the equation itself) that
for ¢ € L2(0, T; H), B&(y) € L*(0, T; H) and hence by (84) and the assumption on the
range of the operator A, @ (V) € L0, T; W) and A® () € L*(0, T; H). It follows then
that L& () € L2(0, T; H) too (recall that L = 9, + A). Since @ () € L%(0,T; W) N
H! (0, T; H), the theorem of Aubin—Lions [14, Theorem I1.5.16] gives the continuity in time
d(y) € CO(0,TL; V).

We proceed now with checking the assumptions that will eventually enable us to use
Theorem 40.

Lemma 44 Assumption 23 on the Hadamard differentiability of @ holds and the directional
derivative satisfies

@' (Y)(h) = @o(g' (Y) ()

where @ is the solution mapping associated to the equation (83) with zero initial condition
(i.e. @g is the same as D except for the initial condition).
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Proof Take ¥, h € L%(0,T; H) and denote wy := ®( + sh) and w := @ (). Their

difference satisfies
<ws - w>’ B (wx - w) _ 8 +sh) - g(lﬂ),
s s s

(ws —w)(0) =0.
Consider the solution 7 of the PDE

n'+ Bn=g'(¥)(h),
n(0) = 0.

Letting (wy — w)/s =: ng we observe

g,

h) —
(e — ) + Blns — ) = 5¥ +Ss) g

whence, through standard energy estimates,

lns — nllpoo, 7.1y + Ins — nll200,7:vy) < C g (W) (h)

k]

L2(0,T;H)

” g +sh) —g(¥)
N

which implies that n; — nin LZ(O, T; V)NL®(0, T; H) due to the differentiability assump-
tion on g. We also have

H g — n/”LZ(O,T;V*)
gW +sh) —gy)

: +CCY s — nll20,75v) »

L2(0,T;V*)

g

=c|

and hence ng — nin W(0, T') showing that @ : L%(0,T; H) — W(0, T) is differentiable as
desired with @' () (h) = ®o(g’(¥)(h)) being the solution of the same PDE with source term
g (¥)(h) and zero initial data. Along the same lines as the previous arguments, @’ () (h) €
W0, T). O

Given a source term f € L*(0, T; Hy) and initial condition ug € V. satisfying ug <
@(0)(0) = wo and (60), we fix a solution u solving the QVI

T
Findu € W(0, T) withu < ®(u) : / (W' (@t) + Au(t) — f(t), u(t) —v(t)) <0
0

Yoe L0, T;V):v < &),
u(0) = ugp. (85)

The fact that such a solution indeed exists will be shown later.

Lemma45 Letd € L0, T; Hy) be such that f + sd is increasing in time and let wo € V..
and Bwg < 0. Then Assumption 28 holds.

Proof We showed in the previous paragraph the satisfaction of (O3a), and the condition (61)
is irrelevant since d > 0. Let us check the remaining assumptions.

— Regarding the increasing property of @ in time, we argue as follows. Making the substi-
tution w = w — wy in (83) in order to remove the initial condition, the transformed PDE
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* w' + Bw = g(¥) — Bwy on(0,T) x (0, w),
w(,0) =w,w)=0 on(,T7T),
w(,) =0 on (0, w).

The solution of this can be written in terms of the Green’s function

2.2

2 T T _nfmot
G(x,y, 1) = 7 Zsin (%) sin (%) e 12
n=1

through the integral representation

t pL
w(t, x) ;:/ / (g (s, y)) — Bwo(y))G(x, y,t —s5) dyds.
o Jo
Take ¢ to be increasing in time. For t; < 17,

'lI)(t],x) - a)(t2! .X)

n L

=/0 /0 (. ) — Buo)G (. y. 11 — 5) dyds
n L

_/0 /0(g(‘/f(s,y))—Bwo(y))(;(x’%tz_S)dyds
1 L

:/0 /O(g(‘p(ll—I’,)’))—Bwo(y))G(x7y’r)dydr

123 L
—/0 /0 gty —r,y)) — Bwo(»))G(x,y,r) dydr

(wherer :=1t; —s)

L
:‘/0 A (g(W(tl _r’y))_g(‘/’(tz—r,y))G(x,y,r) dydr

1) L
—/ /0 (W (ty —r,y)) — Bwo(y))G(x, y,r) dydr
n
<0

since v is increasing in time and g is increasing which implies that the first term is less
than zero, and the second term is also clearly non-positive as its integrand is non-negative
(due to the assumption on wy). This shows thatt +— w(?) = w(t) —wo = @ (Y) (1) —wo
is increasing, implying (O4a).

If Y1 < ¢p and w; := @ (Y;), the difference solves

(wi —w2) + B(wi — wa) = g(¥1) — g(¥),

with zero initial data. Testing with (w; — w>)" and using the fact that g is increasing,
the right-hand side is non-positive, showing that @ (V1) < @ ().
Multiplying the equation by w™ leads to

1d
570 I+ €2 w < ). —wHm <0,

since g > 0, which shows that @ (1) is non-negative too as long as wg € V., thus (Ola)
and (L1a).
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— Let ¥,,—v in L2(0, T; V) and set w,, := ® (¥,) and w := ® () so that
w), + Bw, = g(Y) and w'+ Bw = g().

Subtracting one from the other and testing with the difference, we obtain

1d
2 dt
Making use of Young’s inequality on the right-hand side and then integrating over time, we
find due to the continuity of gin L2(0, T'; H) thatw,, — win L2(0, T; V)NL>®(0, T; H)
and so (02a) is also valid.
— Ifh, € L?(0, T; V), ®'(¥)(h) = ®o(g’ (¥)(h)) € Wy (0, T) and by the same reason-
ing as above, we find L&’ () (h) € L*>(0, T; H), giving (L2). The property (L3) will be
shown below.

lwa — wliFy + CE llwy — wlly < lgWn) — 8@ g llwn — wlly -

Let us return now to the QVI (85).

Lemma 46 A solution u of (85) exists with all the stated properties. Furthermore, the assump-
tions on u in Assumption 27 also hold.

Proof We aim to apply Theorem 16. Indeed, taking the function O as a subsolution (by
the comparison principle), we showed above that @ (¢) € c%0, T1; V) for any ¥ €
L%(0, T; H) which ensures (24) and (26). We also proved in the same lemma the valid-
ity of (Ola) and (O2a) as well as the increasing-in-time properties (23), (25) for @, hence
there is au € W, (0, T') solving the above QVI and Assumption 27 is met. ]

Lemma 47 The local hypotheses comprising Assumptions 32 and 34 hold.
Proof Leth € L%(0, T; V) and n := @' (u)(h) so that

n' + Bn=g'(uh,
n(0) = 0.

— From the standard energy estimate

1 r r
E||n(r>||%,+cf/0 Il sfo & @hmu < ] 19l 10l

we find

2 B 2
5 0,700y + Ca M0, 7,v) = 18"l Il zooco. 7y 10 L1 0,7 ) -

which leads to 5
T /

H¢/(ll)(h) ”iZ(O,T;V) S !iﬂm ”h”iZ(O,T;H) 3 (86)

a

i.e., (L4a) after using the continuity of the embedding V — H.
— The second estimate above also leads to

1 2 B 2 2 2
(5 - e) oo 0,7: ) + CE N3 200 72y < 1€ [ Ce W11 0 710y
2 2
< [¢'l5% CeT Wrl720 7.1y -
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whence (L6a):

TC
| @)y ||L°°(0,T;H) = ”g/Hooﬂ 1/27_66 1l 20,7 1) - (87

For (L5a), we simply use the equation itself and (86):

| 8: @) () HLZ(O,T;V*) < &'l oo 18l 20, 7:v) + C5 | @ @) (h) HLZ(O,T;V)

/ | T
S (1+Cb 2CB>||h||Lz<o,T;H>- (88)
a

Therefore, if T and/or || g ||Oo is sufficiently small, assumption (L7a) holds.
The estimate (86) yields the first property in (L3) whilst (86) and (88) yield the second

property.

Regarding the completely continuity requirements of Assumption 34, let us take i, —h
in L2(0, T; V) and define w, := @ (u)(h,) = Po(g’ (w)(hy)) and w = &' (u)(h) =
Do (g’ (u)h). We see that

w), + Bw, = g'(u)h, and w’ + Bw = g'(u)h,

which immediately implies

T
Callwn = w2 gy, < / (&' W)y — g G Wy — W),
o 0

on which using the boundedness of g’ and the strong convergence h,, — hin L>(0, T'; H),
we get that w, — w in L%(0, T; V), giving (L8).
We also have that L®'(u)(h,) = (3; + A)@o(g' (w)h,) = (8, + A)w, = (3; + B)w,, +
Aw, — Bw,, which implies that
| L@ @) () = L' @YD) | 120 710,
= g’ Why — &' @h + (A = BYwn = w)| 12,71
f ||g/(u)(hﬂ - h) ||L2(0,T;H) + ”A(wl‘l - w)”Lz(O,T;H)
+I1B(wy — w)ll 20,7 1) - (89)

The first term on the right-hand side converges to zero because g’ is bounded. For the
third term, we note the following standard estimate for linear parabolic PDEs (using the
differentiability of B):

”wn - w”WS(O,T) S C “g/(u)(hn - h) ||L2(O,T;H)

whence

1Bwn — Bwll 200,71y < ”3/(”)01" —h) HL2(O,T;H) + Hw; - w/HLZ(O,T;H)

< Clg'@ 0 =) 20 7.4 -
Regarding the second term of (89), we manipulate using the equivalence of norms as
following:

lA(w, — w)”LZ(O,T;H) < Cyllw, — w”LZ(O,T;W)

<G (”wn - w”LZ(O,T;H) + 1B(w, — w)“LZ(O,T;H))
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and we apply again the estimate from the previous step on the right-hand side and this
eventually leads to (L9).

— The bounds (86), (87) and (88) imply (L10), (L11), (L12) and the smallness condition
(L13) holds again if T or || g’|| _ is sufficiently small.

[m}

Having met all the requirements, we may apply Theorem 40 to infer that the solution mapping
taking f +— u in (85) is directionally differentiable in the stated sense and the associated
derivative solves the QVI

o — Bo(g' (W)(@)) € Cy (Bw) — ) N [u' + Au — fT* -
T
/ (W + Ad—doo — w) < % w13
0

Vw :w — o8/ (u)(@)) € clw (TEYP W) —u) N [’ + Au — f1).
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