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Analysis of a tumor model as a multicomponent deformable
porous medium

Pavel Krejci, Elisabetta Rocca, Jirgen Sprekels

Abstract

We propose a diffuse interface model to describe tumor as a multicomponent deformable
porous medium. We include mechanical effects in the model by coupling the mass balance equa-
tions for the tumor species and the nutrient dynamics to a mechanical equilibrium equation with
phase-dependent elasticity coefficients. The resulting PDE system couples two Cahn—Hilliard
type equations for the tumor phase and the healthy phase with a PDE linking the evolution of
the interstitial fluid to the pressure of the system, a reaction-diffusion type equation for the nu-
trient proportion, and a quasistatic momentum balance. We prove here that the corresponding
initial-boundary value problem has a solution in appropriate function spaces.

Introduction

Tumor growth is nowadays one of the most active area of scientific research, especially due to the
impact on the quality of life for cancer patients. Starting with the seminal work of Burton [10] and
Greenspan [35], many mathematical models have been proposed to describe the complex biological
and chemical processes that occur in tumor growth, with the aim of better understanding and ultimately
controlling the behavior of cancer cells. In recent years, there has been a growing interest in the
mathematical modelling of cancer, see for example [1} 2, 5l 19, [16, 20, [22]. Mathematical models
for tumor growth may have different analytical features: in the present work, we are focusing on the
subclass of continuum models, namely diffuse interface models. There are various ways to model the
interaction between the tumor and the surrounding host tissue. A classical approach is to represent
the interfaces between the tumor and healthy tissues as idealized surfaces of zero thickness, leading
to a sharp interface description that differentiates the tumor and the surrounding host tissue cell-by-
cell. These sharp interface models are often difficult to analyze mathematically, and may fail when the
interface undergoes a topological change. Metastasis, which is the spreading of cancer to other parts
of the body, is one important example of a change of topology. In such an event, the interface can no
longer be represented as a mathematical surface, and thus the sharp interface models do no longer
properly describe the reality.

On the other hand, diffuse interface models consider the interface between the tumor and the healthy
tissues as a layer of non-infinitesimal thickness in which tumor and healthy cells can coexist. The
main advantage of this approach is that the mathematical description is less sensitive to topological
changes. This is the reason why recent efforts in the mathematical modeling of tumor growth have
been mostly focused on diffuse interface models, see for example [15, (16} 21} [30} [33, [36, 43|, 50], and
their numerical simulations demonstrating complex changes in tumor morphologies due to mechanical
stresses and interactions with chemical species such as nutrients or toxic agents. Regarding the recent
literature on the mathematical analysis of diffuse interface models for tumor growth, we can further
refer to [11), 12 (13}, (18] 24, 25| [27] [29] as mathematical references for Cahn—Hilliard-type models and
[6, 28] 37, 41] for models also including a transport effect described by Darcy’s law.
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A further class of diffuse interface models that also include chemotaxis and transport effects has been
subsequently introduced (cf. [30, [33]); moreover, in some cases the sharp interface limits of such
models have been investigated generally by using formal asymptotic methods (cf. [42, 43]).

Including mechanics in the model is clearly an important issue that has been discussed in several
modeling papers, but has been very poorly studied analytically. Hence, the main aim of this paper is
to find a compromise between the applications and the rigorous analysis of the resulting PDE system:
we would like to introduce here an application-significant model which is tractable also analytically.
Regarding the existing literature on this subject, we can quote the paper [46], where, using multiphase
porous media mechanics, the authors represented a growing tumor as a multiphase medium contain-
ing an extracellular matrix, tumor and host cells, and interstitial liquid. Numerical simulations were also
performed that characterize the process of cancer growth in terms of the initial tumor-to-healthy cell
density ratio, nutrient concentration, mechanical strain, cell adhesion, and geometry. However, refer-
ring to [47] for more details on this topic, we mention here that many models in the literature are based
on the assumption that the tumor mass presents a particular geometry, the so-called spheroid, and in
that case the models mainly focus on the evolution of the external radius of the spheroid. The result-
ing mathematical problem is an integro-differential free boundary problem, which has been proved to
have solutions (cf. [8],123]) and to predict the evolution of the system. Variants of this approach have
been then considered, e.g., in [17] differentiating between viable cells and the necrotic core. Further
extensions of the model introduced in [47] can be found in [44].

Very recently, in [32], a new model for tumor growth dynamics including mechanical effects has been
introduced in order to generalize the previous works [38, [39] with the goal to take into account cell-cell
adhesion effects with the help of a Ginzburg—Landau type energy. In their model an equation of Cahn—
Hilliard type is then coupled to the system of linear elasticity and a reaction-diffusion equation for
a nutrient concentration, and several questions regarding well-posedness and regularity of solutions
have been investigated.

In this paper, following the approach of [47], we introduce a diffuse interface multicomponent model for
tumor growth, where we include mechanics in the model, assuming that the tumor is a porous medium.
In [47], the tumor is regarded as a mixture of various interacting components (cells and extracellular
material) whose evolution is ruled by coupled mass and momentum balances. The cells usually are
subdivided into subpopulations of proliferating, quiescent and necrotic cells (cf., e. g., [15,16]), and the
interactions between species are determined by the availability of some nutrients. Here, we restrict
ourselves to the case where we distinguish only healthy and tumor cells, even if we could, without
affecting the analysis, treat the case where we differentiate also between necrotic and proliferating
tumor cells. Hence, we represent the tumor as a porous medium consisting of three phases: healthy
tissue 1, tumortissue o, and interstitial fluid g satisfying proper mass balance equations including
mass source terms depending on the nutrient variable ¢. The nutrient satisfies a reaction-diffusion
equation nonlinearly coupled with the tumor and healthy tissue phases by a coefficient characterizing
the different consumption rates of the nutrient by the different cell types. We couple the phases and
nutrient dynamics with a mechanical equilibrium equation. This relation is further coupled with the
phase dynamics through the elasticity modulus depending on the proportion between healthy and
tumor phases. We refer to [19] for a mathematical model of a multicomponent flow in deformable
porous media from which we take inspiration. The mass balance relations are derived from a free
energy functional which, in the domain {2 where the evolution takes place, can be written as

2 2 2

2 2 2

A

where p denotes the fluid pressure and F' is a suitable nonnegative function of the pressure. The
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sum 1) + g represents the interaction potential between tumor and healthy phases, with dominant
component 1 which is convex with bounded domain, while g is its smooth nonconvex perturbation,
which is typically of double-well character. The quantity p represents the mass content of the nutrient.
Notice that the gradient terms in the free energy are due to the modeling assumption that the interface
between healthy and tumor phases is diffuse (we take the parameters in front of the gradients equal
to 1 here for simplicity, but, in practice, they determine the thickness of the interface and have to be
chosen properly). The quantities g, 1, @2 are relative mass contents, so that only their nonnegative
values are meaningful. We also assume that all the other substances present in the system are of
negligible mass, that is, the identity ¢y + 1 + w2 = 1 is to be satisfied as part of the problem.
Hence, we choose the domain of v to be included in the set © := {(p1, ¢2) € R?: oy >0, @y >
0, @1 + @2 < 1}. Classically, ¢ can be taken as the indicator function of © or a logarithmic type
potential (cf. [26]).

Under proper assumptions on the data, we prove the existence of weak solutions for the resulting PDE
system, which we will introduce in the next Section [} coupled with suitable initial and conditions. The
PDEs consist of two Cahn—Hilliard type equations for the tumor phase and the healthy phase with
a PDE linking the evolution of the interstitial fluid to the pressure of the system, a reaction-diffusion
type equation for the nutrient proportion and the momentum balance. The technique of the proof is
based on a regularization of the system, where, in particular, the nonsmooth potential ¢/ is replaced
by its Yosida approximation .. Then, we prove existence of the approximated problem by means of a
Faedo—Galerkin scheme, and we pass to the limit by proving suitable uniform (in €) a priori estimates
and applying monotonicity and compactness arguments. A key point in the estimates consists in prov-
ing that the mean value of the phases belong to the interior of the domain © of 1/, which in turns
leads to the estimate of the mean value of the corresponding chemical potentials in the two Cahn—
Hilliard type equations (cf. [14, 26]). Uniqueness could be proved only in very particular situations, for
example, for smooth potentials v satisfying suitable growth conditions, and under some restrictions
on the interaction coefficients in the Cahn—Hilliard type equations for the phase. We prefer to leave
this argument for further studies of the model.

Plan of the paper. In the next Section [1, we introduce the model deduced from the modeling hy-
pothesis of [47] . In Section |2, we state the mathematical problem and the main results of the paper
concerning the existence of suitable weak solutions for the corresponding PDE system. The proof
relies on the passage to the limit (in Section [4) in a regularized problem, whose well-posedness is
obtained in Section 3

1 Modeling

We follow the modeling hypotheses of [47] and represent the tumor as a porous medium consisting
of three phases: healthy tissue, tumor tissue, and interstitial fluid. We choose the Lagrangian formal-
ism and assume that the evolution of the system takes place in a bounded domain €2 C R? with
Lipschitzian boundary.

The state of the system is described by the following scalar quantities:

o : Relative mass content of the interstitial fluid
1 Relative mass content of the healthy tissue

p2: Relative mass content of the tumor tissue
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w1 : Chemical potential controlling the growth of the healthy tissue

Lo Chemical potential controlling the growth of the tumor tissue
p: Fluid pressure

w: Volume difference with respect to the referential state

0: Mass content of the nutrients

We consider the following evolution system in a given time interval (0,7"):

2
§=0
o0+ div(+ Apr,p2) 0=0, ¢=-DVp, (1.2)
) 1
Vw—i—E(ng,(pg)w—p:@/(E(gpl,wg)w—p)dx, (13)
Q
M1 Apy
€ — 0 , V. ,02), 1.4
(m) (Aw) + (o1, 2) + Vg1, ¢2) (1.4)
So = —7(0) @o(1 — o), S1=7(0) Pop1, S2=7(0)Pops, (1.5)
5]‘ = _VMJ J=0,1,2, (1.6)
po =p, w=wo— f(p), (1.7)

where the dot denotes the derivative with respect to ¢ € (0,7), 0 is the subdifferential of a convex
potential v, g is a smooth, bounded, and possibly nonconvex (typically “double-well”) perturbation of
Y, V is the gradient with respect to the space variable © = (z1, x9,x3), V., is the gradient with
respect to ¢ = (¢1,¥2), A is the Laplace operator, and £;, ¢ are fluxes of the components ¢;, o,
respectively. The above system is coupled with the initial and boundary conditions

0i(0) = @ fori = 1,2, w(0) =w’, 0(0)=o" in Q, (1.8)
Vo, -n=0fri=1,2, & -n=0fri=0,1,2, (-n=r(o—0") ondQx (0,7T),
(1.9)

where n = n(x) is the unit outward normal vector at the point = € 0.

In (T:5), as well as in what follows, for a generic function v € L'(2 x (0,7T')) we denote by

o(t) = ﬁ/ﬂv(m,t} dz (1.10)

for t € (0,7") the mean value of v over €.

Egs. represent the mass balance for the three components ¢, 1, @2 of the system, where S;
are the source terms, and where ¢;; are the constant interaction coefficients. Eq. is a diffusion
equation describing the mass balance for the nutrients, with a constant positive diffusion coefficient
D > 0 and with a nonnegative coefficient A depending on 1, 2 and characterizing the different
consumption rates of the nutrient by the different cell types. The coefficient x > 0 in the boundary
condition for ( is the diffusivity of the boundary for the nutrients, and o* is the (given) nutrient
concentration outside the domain. Eq. is the mechanical equilibrium equation, with constant vis-
cosity coefficient > 0 and with positive elasticity modulus E(p1, @) of the tissue which may differ
for different proportions of (¢, and 5. The constitutive functions A, E, f, ~y, the convex potential 1,
the interaction constants, and the initial and boundary conditions satisfy Hypothesis [2.1] below.
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2 Statement of the problem

The quantities @g, ©1, @2 are relative mass contents, so that only their nonnegative values are mean-
ingful. We also assume that all the other substances present in the system are of negligible mass, that
is, the identity g + @1 + @2 = 1 is to be satisfied as part of the problem. The convex functional
has to be chosen in such a way that the closure Dom v of its domain Dom 9} is the set

Dom ¢ = O := {@ = (p1,02) € R? : 01 >0, 5 >0, 1 + @2 < 1}, (2.1)
and for § € (0,1 — (1/+/2)) we define
Os = {p € Int © : dist(p, 00) > §}. (2.2)
Let us first specify the hypothesis about the data of the problem.

Hypothesis 2.1. We fix a constant K > 1 and assume the following hypothesis to hold.

2 2

(1) ZCU =0 foralj =0,1,2, Zcij =0 forall i = 0,1, 2, and there exists some ¢ > (0
i=0 j=0
such that — Zcij|§i — &P = e(|& — &l + & — &l?) forall &, 1,6 € R?;
1#]

(i) F,A:R?*— [0, K] are Lipschitz continuous functions;

(iii) v: R — [—K, K] is a continuously differentiable function,

Y (0)| < K forall p € R;

(iv) f : R — R is a continuously differentiable function, f'(p) > fo for some fo > 0 and all
peR;

(v) ¥ : R* — [0, +00] is a proper, convex, and lower semicontinuous function satisfying @.1). We
further assume that there exist positive constants 8,1, ¢, v’ such that, putting op = § e K12
with K from Hypothesis (iii), the following implications hold:

1) dist(@,05,) < 6r/2 = [§] <V VE € d(@);
(V) ¢ €Oy, lp— @l 2 00/4, pe @ = rlg—E| < (6-€p—p)+¢
VE € 09(p), VE € OP();
(vi) g:© — R is a given function of class C?;

(vii) ©3, 0%, 03, w’, 0° € WH2(Q) N L®(Q) are given initial conditions such that w® = 0,
(09, 99) € O5 with & from Hypothesis (v), ©3(z) + @\ (z) + 5(x) =1 fora.e. x € Q;

(viii) o* € L>(9 x (0,T)) is a given function with ¢* € L*(9Q x (0,T)).

Conditions (v1), (v2) need some comments. They slightly differ from those in [14, Proposition 2.10],
but it is easy to check that they are still satisfied if, for example, v/ is the indicator function of the set
©. Indeed, (v1) holds trivially. To verify that (v2) holds, take any ¢ € © and § € O (p). We first

notice that £ = 0, and
(&, o—v)y>0 Yve®O.
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We are done if £ = 0. Otherwise,

V=@ + 0r—
R

is an admissible choice, and we obtain that (£, o — @) > dr|£|, which is precisely (v2) with 1’ = dr
and ¢ = 0.

In the proof, we need to extend the function ¢ to the whole of R%. We consider an extension such that

Cy == sup{lg(@)|, [Veg(0)], | (Vg (e), ©) | : ¢ € R?} < o0. (2.3)

The main result of the paper reads as follows.

Theorem 2.2. Let Hypothesis [2.1] hold. Then the system admits a solution with the reg-
ularity o; € L®(Q x (0,T)), Vi; € L>=(0,T; L*(Q)), ¢; € L*(0,T;W=12(Q)), s, Vi €
L2 x (0,T)) fori = 0,1,2, (p1(x, 1), pa(z,t)) € O ae, o+ o1 +ps =1 ae, w €
L*(Q x (0,T)), w,Vw, Vi € L>(0,T;L*)), 0 € L* (2 x (0,T)), 0,Vo € L=(0,T;

L?(Q)). The equations ({{.3), (1.5)—(1.7) are satisfied almost everywhere in ) x (0,T), ()19
and (1.4) are to be interpreted respectively as

2
/ ((pl v; + Z Cij <V,uj, VUZ>) dr = / Sz V; dZE, 1= 0, 1, 2, (2.4)
Q Q

j=0

/Q (00 + D (Vo, V) + A1, ¢2) 00) dz + K /(m(g —0")0ds(x) =0, (2.5)
/Q ((11 — B1g(o1, 02)) (v1—1) + (2 — D2g( o1, P2)) (v2—¢p2)) da

—/Q((leav(?fl—@l))ﬂL<V902,V(U2—902)>)d95§/gl(lﬂ(vbvz)—w(%»%))d%
(2.6)

fora.e. t € (0,T) and for all test functions v, vy, v, 0 € W12(Q).

The proof of Theorem is divided into several steps. We introduce a small regularizing parameter
£ > ( and approximate the convex potential v by its Yosida approximation 1/° defined by the formula

o) = min {5l = 2P+ w2 | )

Let us recall the main properties of the Yosida approximation, see [3} 14} [7] for proofs.

Proposition 2.3. The mapping v : R? — [0, 00) is convex and continuously differentiable, and the
so-called resolvent J¢ of 01, defined as

Jo=(I+eo)™ !, (2.8)

where I is the identity, is nonexpansive in R?. The mapping V1 is monotone and Lipschitz con-
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tinuous and has for every ¢ € R? the properties

Vb (0) = (o~ Ig) € Q(Ig) Ve =0, 29
V02 (¢) — m(@% ()] — 0
D 0 0 )
7€ Domow = { R ) A
UE(9) = S IV (PP + () Ve >0, @11)
V() S b(p) as e (0, (2.12)

where m(0Y(p)) is the element of 0v(p) with minimal modulus.
From (2.9)—(2.11) it follows that for every ¢ € R? and every £ > 0 we have
g 1 € €
V() = -l = Tl + ¢ (T0), (2.13)

and from the trivial inequalities ¥)(.J°¢) > |J¢|? — 1 and

2(p, Jp) < ¢2+2+1 J5g02
we obtain that 1
(@) > 902—1 VngRQ. 2.14

We consider the following weak formulation of the regularized problem (1.1)—(1.8):

2
/(gbivi—i—ZCij <V,uj,Vvi>> dx:/SZ-vZ-dx, 1=0,1,2, (2.15)
Q Q

j=0
[ (@0 +D(70.0) + Algr ) 0) do o [ (0= ) dste) =0, 2.16)
Q o0
- (e
v + E(pq, w — = — E(pq, w — dz,
Con ) e = o T Tl — 10 S \E P2~ o T
2.17)
<N1) =— (A%) + YV, (U (01, 02) + 901, 92)) (2.18)
H2 A<P2 v
So=—Q(1—wp), S1=0Qp1, S2=Qpa, (2.19)
v(0) o
Q= — — —, (2.20)
(ol + 1] + @) (|@o| + 21| + [P2])
§=—-Vu; j=0,12, (2.21)
to=p, w=wy— f(p), (2.22)

fora.e. t € (0,7 and for all test functions vy, vy, ve, 0 € WH2(Q).

Assuming that (2.15)—(2.22),(1.8) has a solution, choosing vy = v1 = vy = v in (2.15)), and summing
up over ¢ = 0, 1, 2, we obtain formally from Hypothesis [2.1|(i) the identity

/n (i@> ”dx:/ﬂQ (i%_l) vdz
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for all v € Wh2(), which implies together with Hypothesis [2.1](vii) that, still formally,

2

> iz t)=1 (2.23)

1=0

for all  and t. In particular, the denominators in (2.17) and (2.20) are greater or equal to unity. We
show below that in the limit, as ¢ — 0, all of the ¢; will be nonnegative, and all of the denominators
will be equal to 1.

3 Galerkin approximations

We solve the problem (2.15)—(2.22), (1.8) by Galerkin approximations. We choose the orthonormal
basis {e, : k € NU{0}} C L*(2) such that

—Aep, =X e, InQ, Ver-n=0 ondf, forke NU{0}, X =0,

and for m € N we introduce the functions

o t) =Y duen(w), ™ =" fin(t)er(x) fori =0,1,2,
k=0 k=0

o™ (w, 1) = dn(t)ex (),

k=0

with time dependent coefficients P;x(t), fii(t), 0k (t) which are to be found as solutions to the ODE
systemfor £ =0,1,...,m,

2
/ (@gm)ek - Z Cij <V,u§m), V6k>> dz = / Si(m) erdr, i=0,1,2, (3.1)
Q s Q

/ (6™ ex + D (Vo™ Ver) + A(el™, o4™) o™ey) da + i / (0™ = 0")er ds(x) = 0,
Q o0

(m) F ™ = wi™)
5™+ o™ ] + 5™

1 ) (m “1( M) _ gy(m)
=5 (E(90§ ) of™M) wm™ /(o ) dz, (3.3)
Q

vir™ + B(" ") w

[8] 05"+ 18™] + 8™
) = Pl A — w™)), @4
" = =A™ 4 P (005 (017, 087) + 09 (™ M) i =12, (38)
(m)\ =(m)
o — 1(e™) (3.7)

(g™ + 1071+ 165D (125 + 10|+ 125™))
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where P, : L*(Q) —> Hm := Span(ey, . . ., €,) is the orthogonal projection of L?(Q2) onto H,,,
2™ = (1/|9)) Jo ©\™ dz. The initial conditions are

5(0) = / () ex(z) dz, 5i(0) = / (@) ex()dr, T (2,0) = u(z).  (38)

System (3)—(3-2) is a locally well-posed system of 4(m + 1) first-order ordinary differential equa-
tions for 4(m + 1) scalar unknowns gy, Pix, ¢ = 0,1,2, kK = 0,1,...m, while it is convenient
to interpret (3.3)—(3.6) as constitutive relations. We shall see below in Eq. that the expressions
in the denominators of and are greater or equal to 1, hence the formulas are meaningful.
In particular, since f‘1 is Lipschitz continuous by Hypothesis (iv), the equation defines a
Lipschitz continuous solution operator W : C'([0, T]; R3™+1) — C([0, T]; W2(£2)) which with
given functions ¢;r, © = 0,1,2, k£ = 0,1,...m, associates the solution w™ of (3.3). The exis-
tence of a unique local solution to (3.1)—(3.6) is therefore guaranteed on a nondegenerate time interval
0,7,),0<T, <T.

In order to show that the solution (3.1)—(3.6) is global, we derive some estimates for the solution on
the whole interval [0, 7,,).

3.1 Estimates independent of m

In the series of estimates to be derived in the formulas below, we denote by C' any positive constant
which is independent of m and ¢, and by C*¢ any constant which is independent of m and possibly

depends on ¢. For simplicity, we denote by | - | the norm in L?*(2), and by || - ||y the norm in
Wh2(Q).

We first handle Eq. (3.2), which is easy. We multiply it by 0r and sumup over k£ = 0, ..., m to obtain
that

dt2/ | o™ ]2dx—|—D/|VQ 2de 4 = / 0™ ds(z) < C. (3.9)

We proceed similarly, multiplying (3.2) by @k and summing up over k£ = 0, ..., m, to obtain that

d
/|@(m)|2dx—|—— (D/ \VQ(m)|2da:—|—ff/ |Q(m)|2d3($)) <C (1+/ ]Q(m)\de),
Q dt Q o0 Q

(3.10)

hence,

Tm
I !Q'(m)|2dxdt+SUDeSS</ vImR@ s+ [ g dso) ¢ @a
0 Q te(0,Tm, 0N

Equation (3-7) is more delicate. We choose an arbitrary v = ;" jviep € H,y,, multiply 3-1) by
v, and sumupover k = 0,...,m and i = 0, 1, 2. From Hypothesis [2.1](i), it follows that

% Q(go(m)+<,0(m)+g0(m)) vdx —/ (So m)—l—S " —i—S(m)) vdx
/ QU (0§ +i™ +™ — 1)v da,
so that necessarily, by Hypothesis [2.7](vii),
0" (@, ) + o™ (@, ) + o™ (1) = 1 (3.12)
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forall (x,t) € Q x [0,1,,).

We further multiply the (4, k)-th equation of (3:1) by fi;x and sum up over i = 0,1,2 and k =
0,1,...,m to obtain

Z/% ul ) dx + ch/ V,uj VM dx—Z/ ,ul(m) dz. (3.13)

,§=0

We treat the three integrals in (3.13) separately. The first integral on the left-hand side can be rewritten
as

2
> / U da — / B (G ) do
i=0 /¢ @

g | (B = w™) 0o ) + g™, )
1 m m
+§(|w§ 4 97 ) 314)
where we denote [ fo p)dp’ for p € R. Note that by (3.3) for & = 0 we have

wmdz =0, hence w™ d:zc = 0 by Hypothesis [2.1(vii).
Q

It is easy to see that w(m) , as a solution to the ODE (3.3), admits an L°°-bound independently of m
and €, namely

supess |w™(z,t)| < C. (3.15)
(z,t) €% (0,Tm)

Indeed, we first add to both the left-hand side and the right-hand side of the term
/- <<,oé’“>>
o6+ ™| + 1™

which is bounded by Hypothesis (iv). We then multiply (3.3) by w™ | use the fact that the mean
value of w(™ is zero and that f is increasing, integrate over ), and obtain that

%/ lw™ (z,t)]*dz < C (1 —I—/ |w(m)(:1c,t)|dx>
Q Q

fora.e. t € (0,7,), hence, [, |w™(z,¢)]*dz < C for t € [0,T5,). In particular, the right-hand
side of (3.3) is bounded independently of m and . We now repeat the same procedure, multiplying
(3-3) by sign w™ without integration over €2, to get that

%|w(m)(:c,t)| <C aeinQx(0,T,),

and we conclude that (3.15) holds true.

Using and we thus have
/ W™ f7 (" —w™) da
Q
= [+ 11+ D™ ™+ B, oyl ™) do

1 [ o m m m
> 5 [ 1 Eds = [ (1667 + 7R + 1657F) da, @.16)
Q Q
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with a constant C' > 0 which is independent of m and <.

To estimate the second integral in (3.13), we use the vector formula
1
(u,v) = =5 (Ju—=of* = fuf* = [v])

to conclude, using Hypothesis [2.1](i), that

~ 2

2
Z%‘ <VM§' )7V/~L¢ )> =—§Zczj!w§- )—VMZ- )|22§Z|VM Vu( )|2. (3.17)

i,j=0 i#j =1

Finally, the integral on the right-hand side of (3.13) can be rewritten in the form

2
> / 5™ ™ da = / S5 M ey = w™) de
i=0 ¢ Q@

2
+Z/S§’”)(—A¢Em) Po(0° (0, ")) de. (3.18)
i=1 749

The function Q(m) defined in (3.7) is bounded in absolute value by the constant /X from Hypothesis
2.1(iii), and also

i (2, )] < K forall 2 €Q, t €[0,T},), i =0,1,2. (3.19)

By Proposition the gradient V,1)° of 1) is Lipschitz continuous with a constant depending on .
We thus obtain from (3.18) that

/ 8™ S (e — wl dx+z / Pr(@0° (01" 05™) + B (@)™ 93™)) da
Q

<€ (1 Il + 160 + 1667 + 0™ 320

The remaining term in (3.18) can be estimated using integration by parts as follows.

2 2
_ (m) (m) 3. _ (m) (m)
;/QSz Ap, " dx ;/Q<VSZ , Vi, >d$

<O (Ve BHVA BV ). B2

Combining (3.13)—(3.21), we thus obtain that

d m m m m m m
= | (Bl = 0t™) + 92 ™) + (o™, o8™) + [Vl [ 4+ Vi) da

(7
Q
2
o (Zwm) —wém>r2> do [ [0 ds

< Ce (1 + Vo™ + |V¢1m)|H + |Vc,0 !H + |('0 |H + |<p |H + |§0 |H> (3.22)
Hence, using (2.14), (3.11), (3.15), and Gronwall’'s argument, we derive from (3.22) the estimate

supess ([ [i(1) + {3 (1) + 4™ 31 (0) + V0™ (1) + V5™ i (1)

te(0,Tm)
o (m)|2 - (m))2 e
§ \Vul — Vo |74 [0 | (x,t) dedt < C°. (3.23)
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Furthermore, differentiating with respect to the spatial variables, we obtain that
V™ + E(ol™ o) W™ 4 ) (c’hE(@oY"), oS NVR™ + BB (o™, wém))V90§m))

(f1) (0" —w(™)

m m —_ m m 1
+ (Vo™ -Ve(™) oo = g™ -t ))V< (m) | 2 ()| 4 () )
|S00 |+|801 |+|902 | |900 |+|801 [+]5 |

(3.24)
Testing by Vw™ and using yields
IV + e[V < 0 (14196 + Ve + V) @2
with some constants C' > ¢ > 0. From (3.12), we immediately obtain the pointwise bound
Vil < [Vei™ | + Vs ace. (3.26)
It follows from (3.23), (3.25), and by comparison in (3.24), that
sup ess (|Vw<m>|H + Vw(m)|H) < C. (3.27)
te(0,T,)
By virtue of (3.4), we have that
Vig™ | < [Vel™] + V™ | + [Va™]| ae. (3.28)

Since V,_1)° is Lipschitz continuous for every € > 0, we obtain from (3.4) that
¥

9 1/2
At < ¢ (1 + / PCRIRER) dx) (3.29)
Q=1

/ ™2 de < C (1 +/ (|gof{”)|2 + |w(m)|2> d:p) . (3.30)
Q Q

We now summarize the above computations in (3.23)—(3-30) and obtain for all ¢ € (0,7,,) that

and

2
/ (Z (1™ P+ 190{™) + o™ + Vo™ + [V + |vw<m>12) (1) da
Q P

2

=0
t

+/ / (Z <’,U@'m)|2 + ‘Vluim)’2> + |w(m)’2 + ‘Q'(m)‘2> (z,7)dzdr < C°, (3.31)
0 J9 \ =0

with a constant C* > 0 which is independent of m. By comparison in (3.5), we have a bound for
Agoim) in L2(2 x (0,T')) which is independent of m, ¢ = 1, 2. Finally, by comparison in 3-1), we
obtain bounds in L2(0, T; W~12(£2)), which are independent of m, for ¢\", i = 0,1, 2. We thus
have sufficient estimates which on the one hand guarantee that the solution exists on the whole time
interval [0,7"] and, on the other hand, enable us to pass to the limit as m — oo in 3.1)-(3-7) and

check that the following statement holds true.

Proposition 3.1. Let Hypothesis[2.1hold and let ¢ > O be given. Then the system (2.15)—2.22),
admits a solution with the regularity ;, 1, ¥V ii, Ap; € L2(Q2 x (0,T)), Vip; € L>(0,T; L*(2)),
©; € L0, T, W=12(Q)) fori = 0,1,2, oo+ 1 +pa = 1 ae, w € L(Q x (0,7)),
w, Vw, Vi € L(0,T; L*(Q)), 0 € L*(Q x (0,T)), 0,Vo € L>=(0,T; L*(Q)).
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We can indeed pass to the limit in the initial conditions for p and w by virtue of (3.11) and (3.27). For
the initial conditions for (;, the argument is standard as well: it is easy to check for each + = 0,1, 2
that

Vn >0V, € L*(Q) 3t, >0

te (0,t,) = Im, e NVm >m, :

[0 - e w0t dx\ <n.
: (3.32)

4 Limitase — 0

In the previous section, we have proved that system (2.15)—(2.22) coupled with initial conditions (1.8
admits a global solution. The estimates that we have derived so far depend on €. We split this section
into two subsections. In Subsection [4.1, we derive estimates independent of € for the solution to

2-15)—(2.22), and in Subsection we prove Theorem [2.2] by passing to the limitas ¢ — 0.

4.1 Estimates independent of €

Let us start with the following result which is a simple modification of [14, Propositions 2.10, 2.13].

Proposition 4.1. Let v satisfy Hypothesis(v). Then there exist some € > (0 and positive con-
stants b, ¢, r such that, for ¢ € (0, ), the Yosida approximations 1)° of 1 have the following proper-
ties:

() dist(2,05,) < 7/2 — [V,u#()] < b;
(i) ¢ €Osp, p €R?, o —@| = 0r/2
= 7|Veh*(0) = Vet (@)] < (Ve () — Vob™ (), 0 — @) + ¢
Proof. We prove the statementfor b =0/, r =1/, ¢ = /+2r'b’, where V', ¢/, ' are as in Hypothesis

2.1|(v). Let us start with part (i), and consider ¢ € R? such that dist(¢, ©s,.) < dr/2. For ¢ > 0,
we define J* as in Proposition and choose any £ € 0v(). We have by (2.9) that

; A L €~ €~
§ 1= VU (9) = Z(¢ = J°9) € dW(J°9),
hence —¢ <é€, é‘s — é> = <J€<ﬁ — @, ég — €> > 0, by the monotonicity of Jv». We thus have

|€E| < b’ by Hypothesis (v), and part (i) is proved.
To prove part (i), let ¢ € Oy, be given, and put & = o7 /(4b’). For £ < £ we have

R . ey OT
6= Il =elé < L,
by virtue of part (i). Hence, dist(J°$, ©;s,.) < dr/4. Let further | — p| > d7/2 for some ¢ € R?.
We denote £° = V,1)°(¢) . We have either

Or

|Jop — J°¢| < R (4.1)
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or

| o — J°¢| > %T. (4.2)
In the case (@.7), we have dist(J*p, Os,.) < d7/2, and we obtain from (i) simply that

rles — & < (€ + €°]) < 200,

If holds, then we have by Hypothesis [2.1](v) that
rlgf =€) < (685, Jo—T0) +¢ = (€—€, =@ ) —ele €+ < (€, 0—p) +¢.
Combining the two inequalities, and using the monotonicity of V,,24)°, we obtain the assertion. |
We actually need the following consequence of Proposition |4.1

Corollary 4.2. Let ¢, &,b, ¢, be as in Proposition[4.1 Then there exists a constant ¢ > 0 with the
property that, for every ¢ < &, for every ¢ € L?*({)) such that p(x) € Os, a.e., and for every
¢ € L*(9), we have that

7"/Q [Vof (p(z)) = Voo (9(z))] dz < /Q<V<p¢€(s0(f€)) — Vot (p(2)), p(z) — ¢(z)) dz+c.
(4.3)

Proof. Let o € L*(Q2) be arbitrarily chosen. We define 0, := {z € Q : dist(¢(z), Os,.) > d7/4},
Q_=Q\Q,. Fora.e. x € Q_,we have by Proposition (i) that
Vo (p()) — Vo (¢(x))] < 2b.
Fora.e. x € €, Proposition [4.1](ii) yields that
|Vt (e(z)) = Ve ((2))| < (Ve (o)) — Vo' (@(2)), () — ¢(x)) + c.

Using the fact that (V1% (¢(z)) — V0% (¢(2)), p(x) — ¢(x)) > 0 a.e., we can combine the two
inequalities and obtain that

1V @) = ot (@)l do < [ (907 pla) = Vo (G, (o) = L) dr
+ Q| + 2rb|Q2_].
Putting ¢ := |2|(c + 2rb), we complete the proof. |

We now estimate the distance of the functions @;(t) from the boundary of ©. To this end, we choose
Vg = V1 = v9 = 1 and put

_ (o)
(Jool + 1] + le2l)(I@ol + [@1] + |@2l)
We obtain
.o ()
©o(t) = W/Qf(x,t) (1 —o(x,t))de, (4.4)
= o)
OB /Q D2, 4) o (2,1) da, (45)
=y Pol(t) . o ) do
Pa(t) = Q) /QF< 1) pa(x,t) dz. (4.6)
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From Hypothesis[2.1(ii) it follows that |T'(z, ¢) (L— o (z, t))| < [T(2, )| (|1 (2, t)|+|p2(z, 8)]) <
K fora.e. (x,t) € Q x (0,T).By Hypothesis(vii), we have @,(0) > §/+/2 > 0, hence,

@o(t) > @o(0) e ™t > 0 forall t € [0,T]. (4.7)

Lower bounds for ¢, ¢ are more delicate to obtain. These functions are continuously differentiable.
Therefore, there exists some 7. € [0, 7] such that

@i(t) > de X forall t € ]0,7.], i = 1,2. (4.8)

Put T = max{7. € [0,T] : inequality (4.8) holds}, and assume that 7 < T for some ¢ < &.
For definiteness, we can assume that

@1 (TF) = ge K1, (4.9)
Taking into account (@.7), we have that 1 — @, (t) — @2(t) = Po(t) > (6/2) e %t in [0, T7]. Hence,
denoting o = (901,902) we have dist(p(t),00) > (6/2) e 5T > 67, so that p(t) € Oy, for

all t € [0,T7].
Let us denote i = (i1, fiz). From and it follows that
()] < /(IVWE(SD)IﬂLIng(SD)I)dI < / Vo™ (p) = Vg™ (@) dx + (b + Cy)[€2], (4.10)

where we have used Hypothesis [2.1](vi) and Proposition [4.1](i). We further obtain from Corollary [4.2]

and (2.18) that
1
01 < 7 [ (V0(9) = Vs (). = @) da (b IO+ 5

r

=1/< Vol (0), 0 — @) dr + (b + Gyl +

_ (/\wr?dx /< 9(p), 0 — @)dx—y/g(u?@_@)dx)

+(b+Cg)yQ\+;. (4.11)

We now use again 2:3), the fact that [, (1, » — @) da = [, (1 — fi, o — @) da, and the elemen-
tary inequalities

[le=eba<c [ wetan [jn-ptac<c [ |vaPar, @
Q Q Q Q

to conclude that there exists a constant M, which is independent of ¢, such that for all ¢ € [0, 7] we

- (1) <M<1+ </ V| (z,t daz) </ IVl (z,t) dx) 2). (4.13)

We now repeat the estimation procedure from Subsection test the ¢-th equation in (2.15) by
v = u;, and sum up to obtain, similarly as in (3.13)—(3.16),

. 1 1
U (F(SOO —w) + V() + g(p) + §\V90|2 + §|w|2) dx
Q

~ 2

2
1
+§/ (E (|VM1—VM0|2)+§|U'J|2> dz < E /Si,uz‘dx"‘K/lw’de (4.14)
0 — Jo Q

=1
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fora.e. t € (0,77). We have

2 2
Z/SiﬂidISCZ/ |pil[ | dz,
i=0 v i=0 Y&

hence, by virtue of (4.12), (4.13), and the hypotheses on F and g,

[l + 5+ (98 fof?) (.8

i /ot/Q (g(wui = Viol*) + Wz) (z,7)dzdr

t
30/ (1+/(!w!2+|Vso!2+|s00|2+\w1|2+\wz|2) (m)dx) dr.  (4.15)
0 Q

We have for all (z,t) € Q x [0, T7] the identity po + @1 + @2 = 1 and Vg = =V — Vo,
hence, |Vuo| < C(|Vyo| + |[Vw]|). Note that, repeating the computations leading to (3:15) and
(3.27), we derive the estimates

supess |w(z,t)| < C, supess(|Vuly + |Vw|y) < C, (4.16)
(x,t)eQ2x(0,TF) te(0,T7)

with C' > 0 independent of . The Gronwall argument and (2.74) now yield that

2
/Q(|w’2+77/15 —|—Z |S0i|2+ |VS02'|2)> (1) do

1=0

2

//(Znﬁ+wmﬂﬂw)mﬂmwsw @17)
=1

for every ¢ € [0, 7], with a constant C* > 0 which is independent of . By comparison in (2.15),
we get the bound

T*
/ 1) oy dt < €, i=0,1,2. 4.18)
0

To make the list of estimates complete, recall that the upper bound in (3.9)—(3.10) is independent of
m and €, so that

Tz
supess (|o(t) i + [Vol)|u) < C, / 6 dt < C. (4.19)
0

te(0,T)

The next step consists in proving that 7. = T'. To this end, we split for each ¢ € [0, 7] the domain
() into three parts, namely

Qg(t) = {.T e€Q: ng(QZ,t) > O},

() ={r e Q:0> ¢ (r,1) > -/},

Qo(t) ={z € Q: =4 > ¢y (z,1)}.

Let us start with €25(¢). By definition (2-7) of )°, we have for x € (25(¢) that
1

1

Vel 1) 2 o min (o) = 20

5 (4.20)

B
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By virtue of (4.17), we have

2\/€
1Qs(8)] < 5/— (4.21)
We now rewrite Eq. in the form
B(1) = Bt ( [ o]+ ) Dz, ) or(o, ) da,
Qo(t) Q1(t) Qa(t)
where
|tz -Kao.
Qo(t)
[ B E R e
Q1(t)
1/2
[ renatniez -k [ jearz ki) ( / |¢1<x,t>|2dx)
Qz(t) Qz(t) Q
> —V2KeV*,
Hence,
@1(t) = @o(t) / D(x,t) pi(x,t) do > —K(@1(t) + Ae'/?) (4.22)
Q

with a constant A > 0 which is independent of £. We thus obtain a lower bound for @1 (), namely
(note that ¢ (0) > & by Hypothesis [2.1](vii)),

P1(t) > 6e M — AVt (1 — e K1) > s — A/ (4.23)

for t € [0,T7]. We see that for € > 0 sufficiently small, condition is violated. Hence, by (4.8),
T =T and the estimate (4.17) holds globally in [0, 7.

4.2 Proof of Theorem

We show that passing to the limit as € — 0 in (2.15)—(2.22) we obtain a solution to (1.1)—(1.7) in the
sense of Theorem We label here the solution (11;, p;, w, o) of (2.75)—(2:22) with the upper index
€ in order to emphasize the dependence on ¢.

The estimates (4.17)—(#.19) are independent of £ and hold globally on [0,7]. We can therefore
extract a subsequence € — 0 such that

B Vi — Vg, fori=0,1,2, Vo — Vo, Vw® — Vw weakly-starin L>(0,T; L*(Q2));
B o°— 0, 45—, Vs — Vu fori=0,1,2, w° — w weakly in L*(Q x (0,T));

B — @ fori=0,1,2 weaklyin L*(0,7; W~ 12(Q)).

Using the Sobolev embedding theorems, the trace theorem, and the Lions compactness lemma [40),
Theorem 5.1], we obtain the convergences, passing again to a subsequence of € — 0 if necessary,

B " — o, w® — w,stronglyin C([0,T]; L*(2));

B o — @ stronglyin L?(Q x (0,7)),for i = 0,1,2;
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B o — p stronglyin L*(0,T; L?(99)).

We can pass to the limit in all of the terms in (2.15)—(2.22), and the limit initial condition (1.8) is
obtained by an argument similar to (3.32). The variational inequality (2.6) needs to be paid some
attention. Since 1)° is convex, we can rewrite (2.18) as

/Q (15 — Dug(5, 05)) (01 —5) + (155 — Oog (5 05)) (va—p5) da

—/Q(<V¢§7V(v1—¢i)>+<V<P§7V(vz—<ﬂ§)>)dxS/Q(we(vl,vz)—lbs(w‘i%)) dz
(4.24)

fora.e. t € (0,7) and for all test functions vy, vy € W12(Q). We now choose an arbitrary test
function A € L?(0,T), A(t) > 0 a.e. From the above convergences, it follows that

T T
liminf/ /|Vg0§(x,t)|2/\(t) dxdtZ/ /|Vgpi(x,t)|2)\(t) dz dt,
0 Q 0 Q

e—0

and, using (2.12), we obtain the pointwise limit lim._,o¥° (v, v2) = ©(v1,v2). We multiply both
sides of the inequality (4.24) by \(t), integrate over ¢ € (0,7") and pass to the limit to obtain

/0 / (11 — D191, 02)) (01—1) + (112 — Bag(ipr, 92)) (va—sp2) ) A(E)

- / / ((Veor, V(o1—01)) + (Vor, ¥ (v—2)) JA(E) der dt

/ /w v1, v2)A(t) do dt—hmmf/ /1/)5 07, ©5)A(t) de dt (4.25)

for all test functions vy, vy € W12(Q). It remains to prove that we have

T T
timint [ [ 0 A= [ [ bt el )0 dedt
v oo (4.26)
If is fulfilled, then, on the one hand, holds and, on the other hand, we conclude that
Y(p1(z,t), pa(x,t)) < oo almost everywhere. This means, in particular, that (1 (x,t), po(z,t)) €
© for a.e. (z,t) € Q x (0,7). Hence, as mentioned on the last line of Section |2, the identity
| o] + 1|+ 2] = wo+ 1+ 2 = 1 holds almost everywhere, so that coincides with (T-3),

and (2.19)—(2.20) coincides with (1.5).
To prove (4.26), we first notice that by (4.14) we have

supess/ V(o (z, 1)) dx < C.

te(0,T

For simplicity, we omit for a moment the arguments (z, ¢) and write simply ¢°, ¢ instead of ¢*(z, ),

¢(x,t). By (2.13), we have

1
V) 2 5ol = T ae (4.27)
Hence, fora.e. t > 0,
/ l° — J )P da < 26/ P (¢°)da < Ce. (4.28)
Q Q
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We thus have for a.e. t > 0, by the triangle inequality, that

| S5 (t) — () |u < |J°9(t) — o™ ()| + |9°(t) — 0()|a < Ce+ [¢°(t) — p(t)|n. (4.29)

We know that ° converge to ¢ in L?(2x (0, T)). In particular, it follows from (#.29) that J¢¢° (x, t)
— (z,t) a.e.in Q x (0,7). On the other hand, by (2-17) we have

V(%) > (J°¢°) ace, (4.30)

and (4.26) follows from (4.29)—(4.30) and from the lower semicontinuity of 1. We thus obtain the
inequality

/0 /Q (11 — O1g(o1, p2))(V1—p1) + (p2 — Dog(p1, 2)) (va—p2) ) A(t) dz dt
~ [ [ (Fr Vo) + (Von Va0 it

< /OT/Qz/)(vl,vg)/\(t) dxdt—/OT/Q@/)(gpl,gag)/\(t) dz dt (4.31)

for all test functions vy, v, € WH2(Q), A € L?(0,T), A(t) > 0 a.e., which is equivalent to (2.6).
This completes the proof of Theorem
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