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Abstract

In this paper, we prove a kind of Abelian theorem for a class of stochastic volatility models
(X, V), where both the state process X and the volatility process V' may have jumps. Our
results relate the asymptotic behavior of the characteristic function of XA for some A > 0 in
a stationary regime to the Blumenthal-Getoor indexes of the Lévy processes driving the jumps
in X and V. The results obtained are used to construct consistent estimators for the above
Blumenthal-Getoor indexes based on low-frequency observations of the state process X. We
derive the convergence rates for the corresponding estimator and show that these rates can not
be improved in general.



Contents

1

Introduction 3
Abelian theorem 5
Estimation of the Blumenthal-Getoor index 6
Proofs 9
4.1 Proofof Theorem 2.1 . . . . . . . . . . . 9
4.2 Proof of Theorem 3.1 . . . . . . . . . . 13
Auxiliary results 16

Appendix. Exponential inequalities for dependent sequences and for empirical charac-
teristic functions 25



1 Introduction

Consider a class of affine stochastic volatility (ASV) models with jumps both in the state process and
in the volatility of the form:

dX, = (ax +bxVii)dt +/Vi_ dWy, + dZi,, (1)
AV = (ay —byVi)dt + ayor/Vi_ dWay + dZsy, (2)

where (W ¢, Wa ) is a two-dimensional Wiener process such that corr(Wy ¢, Way) = p, (Z14, Zat)
is a two-dimensional pure jump Lévy process with an increasing or constant Zs ;, ax, bx are two real
numbers, by, o are two positive real numbers, and ayy > 0. ASV models have got much attention
in the past decade (see Keller-Ressel, 2008 for an overview). Such well-known stochastic volatility
models as Heston, 1993, Bates, 1996 and Barndorff-Nielsen and Shephard, 2001 models are in the
class of ASV models, and this fact allows to treat all of them within one theoretical framework. The
main reason for the popularity of ASV models is their analytic tractability: the conditional characteristic
function of the vector (X;,V;) given (X, Vp) has, for any ¢ > 0, an exponentially affine structure
in (Xo, Vo) and can be efficiently computed via solving a system of ordinary differential equations.
Various analytical properties of ASV models such as ergodicity or the existence of moments have
been extensively studied in the literature (see, e.g., Glasserman and Kim, 2010 and Keller-Ressel,
2011 for the most recent results). In this respect one contribution of the current paper is the derivation
of the so-called Abelian theorem relating the asymptotic behavior of the characteristic function of X}
for any ¢ > 0 to the asymptotic behavior of the Lévy measure of the two-dimensional Lévy process
(Z1, Zy) at the point (0,0). The latter behavior is closely connected to the notion of a Blumenthal-
Getoor index which is the main object of our study. For a one-dimensional Lévy process Z = (Z;)i>0
with a Lévy measure v, the Blumenthal-Getoor index of Z is defined as

BG(Z) = inf {r >0: /|;c|§1 |z|"v(dx) < oo} .

The Blumenthal-Getoor (BG) index is a fundamental characteristic of the Lévy process Z that deter-
mines the activity of jumps in Z. If v([—&, £]) < oo, then the process Z has finite activity of jumps and
BG(Z) = 0. If the Lévy measure v((—o0, —¢] U [¢, 00)) diverges near ¢ = 0 at a rate £ for some
a > 0, then the BG index of Z is equal to o. From a practical point of view, the importance of the
Blumenthal-Getoor index lies in the fact that it determines the smoothness properties of the marginal
density of Z and has significant impact on the convergence of different approximation algorithms for
Z (see, e.g., Dereich, 2011). One of the main results of our study states that the c.f. ¢a(u) of the
increments X, o — X; forsome A > 0 in a stationary regime has a representation

log [oa(u)] = —1u — ou*(1 4+ r(w)), |r(u)| <mu™, u>1 (3)

with some constants 7; > 0, 72 > 0, 73 > 0, 3¢ > 0 and a > 0 depending on the parameters of
the model (1)-(2). The representation (3) reveals the essential difference in the asymptotic behavior
of ¢a(u) between the case of Heston-like ASV models (a, > 0) and the case of Barndorff-Nielsen-
Shephard-like ASV models (ay = 0). While in the first case the asymptotic behavior of log |pa (u)] is



equivalent to —7yu, in the second case log | (u)| behaves like —Tou® as u tends to infinity, where
«v is proportional to the maximum of BG indexes of the Lévy processes Z; and Zs.

The representation (3) is not only of theoretical interest, it can be used to construct statistical pro-
cedures for estimating the Blumenthal-Getoor indexes of the Lévy processes Z; and Z,. Recently,
the problem of estimation of the BG index from the discrete observations of the Lévy process Z or
some other processes based on Z has drawn much attention in the literature. Ait-Sahalia and Jacod,
2009, studied the problem of estimating the so called jump activity index that is defined for any It6
semimartingale X via

JAI(X) = inf {r >0: Z IAX|" < oo} :

0<s<T

where AX, = X, — X,_ is the size of the jump at time s and 7" is a fixed time horizon. Note that
JAI(X) is a random quantity, which is to be determined pathwise. In the case of a Lévy process
X, JAT(X) coincides with the Blumenthal-Getoor index. Obviously, one can compute JATI (X)) if the
whole path of the process X up to time 7" is observed. In a more realistic situation when the process
X is observed on the discrete grid {0, A, ..., An} with An = T'and A — 0 as n — oo (high-
frequency data), Ait-Sahalia and Jacod proposed a method which is able to consistently estimate
JAI(X) and is based on the statistics that counts the “big” increments of the process X. Turning
to the case of low-frequency data, i.e., the case of fixed A > 0 and T" — oo, one may wonder if
any kind of statistical inference is possible in this situation at all. Indeed, one challenge is that the
transition density of X in ASV models is hardly ever known in closed form making the maximum-
likelihood estimation difficult. Furthermore, the volatility process V' is not directly observable leading
to a kind of filtering problem which requires the elimination of V. The latter filtering problem is well
understood in the case of high-frequency data and poses significant problems if A does not tend
to 0. The first results showing that a consistent estimation of the BG index based on low-frequency
data is possible, were obtained in Belomestny, 2010 for the case of Lévy processes. The inference in
Belomestny, 2010 relied on the kind of Abelian theorem that characterizes the decay of the c.f. of a
Lévy process Z. Such Abelian theorems are well known in the literature: Bismut, 1983 showed that
the tail integral v ((—o0, —z) U (z, 4+00)) behaves asymptotically like c;z~7 as  — +o0 if and
only if the characteristic exponent of a Lévy process Z with the Lévy measure v behaves like —cs|u|”
as |u| — oo (here ¢y, ¢z, and 7y are positive numbers). It turns out that the ideas similar to ones in
Belomestny, 2010 can be used to construct estimates for the BG indexes in the model (1)-(2) and the
representation (3) plays a crucial role in this construction.

The paper is organized as follows. In Section 2, we establish and discuss the representation (3). The
estimation algorithm for the BG of Z5 is formulated and analyzed in Section 3. In particular, we derive
the convergence rates for the proposed estimate and discuss their optimality. Section 4 contains the
proofs. Some important properties of the ASV model are collected in Appendix A.



2 Abelian theorem

Denote by 4 and 1, the Lévy measures of the Lévy processes Z; and Z», respectively. Assume that
the following asymptotic relations hold

(AN1)

en / l/l(dl’) = 6071 + 51715)(1(1 + O(E))7 € — +0,
|z|>e

(AN2)

672/ w(dy) = Boz2+ Fr26(1+0(e)), ¢€— 40
y>e

with some 0 < 71,72 < 1, Bo1 > 0,802 > 0and 0 < x1 < 1,0 < x2 < 72. The assumptions
(AN1) and (AN2) imply that the Blumenthal-Getoor indexes of the Lévy processes Z; and Z, are
equal to y; and 9, respectively. Moreover, suppose that

(AE)

by >0, ayo®<?2,
(AM)

/| |z T0uy(da) < oo.
z|>1

The conditions (AE) and (AM) ensure the existence and uniqueness of the solution of (2) together
with the positive recurrence on (0, oo) (see Masuda, 2007). As a result, V' admits a unique invariant
distribution  and V; > 0 almost surely, for all t > 0. If additionally 1} is taken to have the distribution
m, then V, is strictly stationary with the stationary distribution 7. Then the strict stationarity of V' implies
the strict stationarity of the process (X a — X¢)¢>0 for any A > 0. Denote by ¢ the characteristic
function of X; . A — X} in a stationary regime. The following theorem describes the asymptotic behavior
of pa(u) as |u| — co.

Theorem 2.1. Assume that the assumptions (AN1), (AN2), (AE) and (AM) are fulfilled. Then
log|pa(u)| = —miu — u*(L+7(w)), |r(u)| <mu™, u>1, (4)

where Ty > 0,75 > 0,73 > 0, a > 0 and »c > 0 are some numbers depending on the parameters
of the model (1)-(2). In particular,



W ifay > 0, then T is positive, « = max{vy, Y2}, and

(v2—m) Ax1, ify <7,
=19 (1 —7) Axe, ify>,
X1 A\ X2, ify1 = 7y2;

B ifay =0, thent; = 0, @« = max{vyi, 27}, and

(272 — 1) A2x2 AL, ify < 27,
x = (1 —27%)Ax, if vy > 2,
X1A2X2/\1, If’}/l :2’}/2

Discussion It is easily seen that ; > 0 as long as ayy > 0 and 7; = 0 if ayy = 0, meaning that
the asymptotic behavior of ¢ A (u) changes markedly if we move from the Heston-like ASV models
(ay > 0) to the Barndorf-Nielsen-Shephard-like ASV models (ay = 0). Furthermore, if v5 > 71 then
the value of « is always proportional to the BG index of Z5. Hence, in the latter case the problem
of statistical inference on v, can be reformulated as the problem of estimating « in (4), which is
considered in the next section.

3 Estimation of the Blumenthal-Getoor index

Suppose that the discrete observations Xy, Xa, ..., X, of the state process X are available for
some fixed A > 0. First, estimate ¢ (u) by its empirical counterpart ¢,,(u) defined as

n

1 .
(bn(u) — Z GIU(XAk*XA(k—l)). (5)

n
k=1

Note that under the assumptions (AE) and (AM),
1 n
n
k=1

by the Birkhoff's ergodic theorem (see, e.g., Athreya and Lahiri, 2010). Fix some € > 2 such that
260 € N and consider a random function

Va(u) = log {—1og |6, (uw)[**/ |¢n(6u)|*] } -

Furthermore, introduce a weighting function w" (u) = U, 'w'(u/U,), where U, is a sequence of
positive numbers tending to infinity, the function w* is supported on [, 1] and satisfy

1 1
/wl(u)du:O, /wl(u)logudu:l. (6)
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Next, define an estimate of the parameter a in (4) by
o0
ay, = / w (u) Y, (u) du. (7)
0

The estimate (7) can be alternatively defined as o, = [,, 1 with
Un
(L0, lnp) == argmin/ wg"(u)(yn(u) — Iy log(u) — ly)* du,
(lo,l1) 0

where w3 (u) is a suitable weighting function supported on [eU,,, U,,]. In order to see that «, is a
reasonable estimate of o, we introduce a deterministic quantity

Qy = /000 w” (u)Y (u) du
with
Y(u) := log {—log [|¢(u)|*/ |(6u)[*] } = log(27su® R(w)),

where by Theorem 2.1 we have 7y = 7»(6 — 0) and R(u) — 1 as u — +o0. Using Theorem 2.1
one can also show (see Lemma 5.4) that for n large enough,

‘Oé—@n| S CngUn_%, (8)

with some constant C'; not depending on the parameters of the underlying ASV model. Hence, « is
close to &, in the sense of (8); the next theorem shows that &,, converges to «,, in probability.

Theorem 3.1. Consider a class of ASV models of the form (1)-(2) such that the assumptions (AN1),
(AN2), (AM) and (AE) are fulfilled. If a,, > 0 (r; > 0) and the sequence U, fulfills

logn
erp = 2l Wntrnm)Un (0 UL 5 00, - 00
" n ’
then
_ 51,71 —1-5
P < |an — ay| > Cs < (sn (9)
TgUﬁ‘

for some constants Cy > 0, C3 > 0 and § > 0 not depending on «, T, 5 and 73. In the case
ay =0 (rp = 0) we get

~ €2,n —1-6
P{|an—an\>C’27_Ua}§an ,

n

provided

logn o
Eop 1= A W reAmm)Us 0 U, — 00, n — 0.

NG



Denote by Ay a class of ASV models (1) such that ay is strictly positive, assumptions (AN1), (AN2),
(AM) and (AE) are fulfilled, and additionally

min{n,n}>7>0, B<T<o0, O<a<a 0<»x<x (10)

in the representation (4). As we will see in the proof of Theorem 2.1, all conditions in (10) can be
reformulated in terms of the parameters of the underlying ASV model (1)-(2). Combining (8) with (9)
and choosing U, in an optimal way, we arrive at

sup P (|a —ay| > Cylog™ n) < Cyn~ 170, (11)
(X, V)eAn

where constants 'y and C5 depend on 7, 7 and & only. Since
et o0
ZP(X,V){\Q —ay,| > Cylog " n} < Cs Zn—lﬂs < o0,
=t n=1

forany (X,V) € Apg, it follows by Borel-Cantelli lemma that the upper bound of the sequence of
events {|a — «a,,| > Cylog" " n}, n € N, is of probability 0, i.e.,

Px.v {|a — ay| > Cylog™* n for infinitely many n} =0,

or, equivalently,
Px.v { lim (log'_‘n la — ozn|> > C’4} =0.
n—oo

In the case ay = 0, i.e., 71 = 0 in (4), one can define a class Agyg with

T>T7>0, <T<0 O<a<a 0<x<x (12)
to get
sup P (\a —ay| > Cy log—#/® n) < Csn~ 70, (13)
(X,\V)eAou

Discussion As can be seen, the rates of convergence of «,, are logarithmic and depend on the up-
per bound & for the BG index «v. The latter feature can also be observed in the high-frequency setup of
Ait-Sahalia and Jacod, 2009. Comparing the first part of Theorem 3.1 with the situation where the Lévy
process Z, is observed directly (see Belomestny, 2010, Theorem 6.7), we immediately realize that the
convergence rates in both cases are of the same order, indicating that the problem of estimating the
BG index of Z5 from the low-frequency observations of the process X has the same complexity as the
similar problem based on direct observations of the Lévy process Z,. Moreover, under the presence of
a nonzero Gaussian part the latter estimation problem becomes even more complex than the former
one, as far as the rates of convergence are concerned. The results of Belomestny, 2010 (Theorem
6.5) also indicate that the convergence rates in (11) and (13) are optimal and can not be improved in
general.



4 Proofs

4.1 Proof of Theorem 2.1

It follows from the general results on affine processes (see, e.g., Duffie, Filipovi¢ and Schachermayer,
2003) that forany s < ¢

$(u,w,t — s|z,v) = E X% X, = 5V, = o]
- {w()(u,w,t - S) + izu + le<u7w7t — 3)} ) (U, U) e R x RZO)
(14)

where g (u, w, t) and 1 (u, w, t) are some complex-valued functions satisfying the system of non-
linear differential equations

o?ap bt (u,w,t) + (2-iavopu — by) Yy (v, w, t) — (u? —ibxu),

awl(é.t,w,t)
¢ . 15
81&0(81;,10,15) = iaxu -+t aV@Dl (U, w, t) + ffooo fOOO (61ux+¢1(u,w,t)y _ 1) V(d[L', dy) (15)

with the initial conditions
1 (u, w,0) = iw, Yo(u,w,0) = 0.

The following lemma easily follows from the standard results on ODEs.

Lemma 4.1. The solution of the equation

P3) — p(w, ), 0w, 0) = i (10

with
®(z) = A2* + Bz — C,
where A, B and C' are complex numbers is explicitly given by the formula

_ 2C(exp(As) — 1) — (A(exp(As) + 1) + Blexp(As) — 1))(i- w)
Alexp(As) + 1) — B(exp(As) — 1) — 2A(exp(As) — 1)(i-w) ’

where A = v B2 + 4AC.

¢<wv S) =

Lemma 4.1 implies that

_ 2C(exp(As) — 1) — (A(exp(As) + 1) + Blexp(As) — 1))(i- w)
Aexp(As) + 1) — B(exp(As) — 1) — 2A(exp(As) — 1)(i- w)

Uy (u, w, s) = (17)

with
A=0c%3, B=2-iayopu—by, C=u’>—ibxu, \=VB2+4AC,
VvV



and

t
o(u, w,t) = iaxut—i-av/ Uy (u,w, s)ds
0

+ /Ot {/_Z /OOO <exp{ium + 1 (u, w, )y} — 1>V(d$,dy)} ds.

Under assumptions (AE) and (AM), the process (V;):>o and, consequently, (X;+a — X})i>0 is er-
godic. Due to (14), the c.f. of the increments X; . A — X; in a stationary regime is given by

(18)

da(u) = B, [evXira=X0] = o0 R_[oVir(08)] — exp {4 (u, 0, A) + (¢ (u, 0, A))},
where 7 is the invariant distribution of the volatility process V" and [ is the Laplace exponent of 7, i.e.,
l(w) = log [/ ey W(dy)] = tlim (0, —iw, t).
0 — 00

As a result,

l(w) = av/ Y1 (0, —iw, s)ds +/ [/ (ewl(oﬁiw’s)y — 1) Vg(dy):| ds. (19)
0 0 0

Our objective is now to infer on the asymptotic behavior of the function

log ’¢A<u)’ = Re {wO(ua 07 A)} + Re {l(wl (u7 07 A))} (20)

as u — 400, where 1, is given by (17), ¢y - by (18), and [ is in the form (19). Consider now two
cases.

Caseay = 0. Wehave A =0, B = —by, X\ = by, and formula (17) boils down to

C :
U1 (u,w,s) = b—(exp(—bvs) — 1)+ (i-w)exp(—bys).
v
Hence
V1(0,w,5) = ie "ow,

¢1(u, 07 5) = BsC = Bs<u2 - 1qu)

with B, = by, (exp(—bys) — 1). Moreover,

l(w) = /0 b { /U h (eE‘bV‘*wy - 1) yg(dy)] ds,
and

A 9] 00
wo(u707 A) — 1aXuA +/ |:/ / (eiu:erBA(uQ,ibxu)e*bvsy — 1) V(dl’,dy)] ds.
0 —00 JO0

10



Formula (20) yields

g [da )] = Re{ /OA { /Z /0°° R P dy)} ds}
el [ [ (e ) ] )

= W1 + Wg.

In what follows we derive asymptotic expansions (as u — +o0) for the terms W, and W5. Set ¢, =
I'l—7),d,=T(1—~)sin((1 —v)r/2),and e, =I'(1 —v)cos ((1 —~v)r/2) forany v € R.
For estimating the term 1¥/; we apply Lemma 5.3 with 0 = —Bae ®*u? and ¢ = —Babxe ?Vou
to get

A
W, = —/ [50,2072@2 14+ Ri(0, ¢)] + R(U)] ds+0(1), u— +o0,
0

where Ri(0,¢) = Ao™*2f12/Bo2 + ¢/0, R(u) = —u™ (50,16171 + 61,1d71,X1u_X1> and A is
some constant not depending on the parameters of the model (1)-(2) and A. This gives the expansion

W, = —5&@“ — (5§7ll)u71_><1 - 55712)11?72 - 5;12)u272_2’<2 — 5&112)u2”_1 +0(1), u— 400
with the coefficients

0 = Boady, A,
6&,11) - Bl,ld%—mA?

A A
0 0

y 1 — e~ bvAr
= —Ba)”
Bo,2€7,(—Ba) by
(1) A - _ _ 1— efbVA(’m*Xz)
52’2 _ u2('yz><2)/ AP 20" X2 ds = ¢\, A (=Bp) X2
0 by (72 — Xx2)
559 = bxaly.
Turn now to Ws. Making use of Lemma 5.1 with ¢ = —e *V*Babxu and o = —e V*Bau?, we
arrive at the asymptotic formula
W2 = _/ Qw [BO,QC’YQ (1 + (¢/Q>) + BI,QCW—XQQ_XQ ds + O(l)’ U — 400 (21)
0

or, equivalently,

We = —oub? — 6Qub2 e — 68yl 4 O(1), (22)

11



where
& c
5522) = Umﬁoa%/ 0"ds = Poatyy (—Ba)",
0 Y2by

> Crpg
PG - u—272+2><251 0Cas / 07X s = BraCy,—x —Bp)?TX2
2,2 y4 V2 TX2 0 (72 . XZ)bV ( )

o b
5:&’22) = UQ’YQBO’QC,Ybe/ des — M (_BA>’Y2 ]
0 Y2by
Case ay > 0. Inthis case,
1 1
U (u,w,s) = — u(l + of /u)) , U — +00, (23)
cay (/1 — p* —ip)
webvs
0, - = — 24
wl( ) 1w,5) 1+’IUABS ( )

with B, = by,' (exp(—bys) — 1). By (24), the function [(w) remains bounded for all w such that
Rew > 0. Therefore, we have [(1);(u,0,A)) = O(1) as u — +o0. The asymptotic relation (23)
implies

Re{to(u,0,A)} = —ay [ua*la(,lx/l — pQA] +
A 00 00
e {/ [/ / (6%—[”’1“;1( L=p>+ipJuto(ly _ 1) v(de, dyﬂ ds}
0 —o0 J0
as u — +oc. Furthermore, Lemma 5.3 with o0 = uo—'ay,' /1 — p2 and ¢ = uo~'a;' p gives
Re{vo(u.0.4)} = —ay [uo~"ay' /I =42 A] +
A
+/ [—ﬁo,z (@) 07 [1 4+ Ra(o, ¢)] + R(“)} ds +O(1), u— +o0,
0
where a = p/\/1 — p?, Ra(0,¢) = (BB12/bo2)0 X2, B =11, y,(a)/7,(a),
'R(u) =t (60’1d’71 + 51,1dW1fX1u7X1>
and

T (a) = /000 Z%(cos(ay) + asin(ay)) dy.

12



Denote ¢ = gay /+/1 — p?. Then the following relations hold
ay [ua‘la;lx/ 1—p? A] = ays 'Au,
A U Y2
[ harnt/e) 67ds = s ) (—) A,
0

iy )w .

/ Ro(u)ds = —u™ (ﬁo 1dy, + Brady, —yu ) ), u— +oo.

A
/ R(0)fos 1p(9/0) 0ds = foz 1y
0

M

Combining the last formulas, we arrive at the representation

log [p(u)] = —m1u — A gu™ — Mg 1u™X — A 9u?? — Mo pu™ X2+ O(1), u— 400,
with

= a/Vg_la
Al = Poady,
)\2,1 = ﬁl,ld'yl—xn
M2 = Boary,(a)s 772,

B2 .-
Ao = Poary(a) Bo= 4.
Bo,2

This completes the proof of Theorem 2.1.

4.2 Proof of Theorem 3.1

We begin the proof with the following lemma.

Lemma 4.2. Suppose that

—26
~ 1
En 1= Lei[gl,gn} |¢(u)|} (\)/gﬁn =o0(1), n— 0.

Then there exist positive constants D1, Do, and 6 such that for anyn > 1

Un
p {|ozn — | > Di&, / [w" (u)| [log™" (G(u))] du} < Don 179,
0

where G(u) = [¢(u)[*/ |$(uf)|”.

13
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Proof. We divide the proof into several steps.
1. Denote G,, (1) = |¢n(w)|*?/ |fn(ub)|” . It holds

_ n(@)* = o@)* | [@()* |p(ub)|* — |¢n(ub)]?

gn - g +
X ) A X O o
. §1n(u) + Eon(u) _
— o) |22 L] gupa, )
with
_ (@) — | (u)[*? _ [o(ud)|* — |pn(ubd)|®
e T A P
2. Lemma 5.5 shows that the event
W, = { sup |&en(u)| < By ey, k= 1,2}
u€[0,Uy]
has a probability that tends to 1 as n tends to infinity. More precisely, it holds
POW,) =P ( sup  |&pn(u)| > Blgn> < Dyn™ 70 k=1,2 (29)
u€[0,Un]

for some positive constants By, D5, and 9.

3. Forany u € [eU,, U,], the Taylor expansion for the function f(z) = log(— log(x)) in the vicinity
of the point z = G(u) yields

V) = V() = x2(0)Gnl0) ~ G(w) + xa()(Gnlr) — G(w) @
with
_ o1 -1 —1 1+ |log(2)|
Wl =670 o (Gw)  an pa] <27 [SEEL

where by I,,(u) we denote the interval between G(u) and G,,(u). Due to (4),

G(u) = % = exp{2nu® (=0 (1 +r(u)) + 0% (1 +r(0u)))}

< exp {Aluo‘ + Aguo"”} ,

where A; = 275 (0% — 0) < 0 and Ay = 27973 (0 + 0). Hence, G(u) — 0 as u — +o0.
Moreover, the length of the interval |1,,(u)| = G(u)|A,(u)| tends to 0 on the event WV,,, uniformly in
u € [eU,,Uy,]. Thus, I,(u) C (0,1) on W, for n large enough and the maximum on the right hand
side of the inequality in (31) is attained at one of the endpoints of the interval I, (u).
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4. Denote Q(u) = xa(u)(Gn(u) — G(u))?. Lemma 5.6 shows that there exist a positive constant B
such that for any u € [eU,,, U,,] and for n large enough

Wa € {1Q)| < Bs(€1,(u) + &, (w)) [log™" (G(u))|} - (32)

5. The Taylor expansion (30) and previous discussion yield that on the set WV,,,

/0 " () (V(0) — P(u)) du

o — | =

< [t (P g @] + Qw1 ) au

e ot (gt (192 G
< [t i 6 w) (BT pg )+ ) )

By (28), expression in the brackets is equal to

_1Ga(w) — G(u)
G(w)]

|§1,n (u) + §2,n (u)‘
1= &on(u)]

and P can be upper bounded on the set WV, as follows (all supremums are taken over [0, U, ):

P

+ B3(&7 (u) + &, () + B3 (&5 (u) + &, (w)),

Sup [€1,n(w)] + sup [€2,0(w)]

P < + B3 ((sup |&1.n(u 2 4 sup |E2,n (1 2
g ((sup 1.0 (w)])? + (sup|2n(w))?)
2 B¢, -
" 1 2B3B?:* < Dy5,,.
This completes the proof. O

Now we proceed with the proof of Theorem (3.1). First, we get a lower bound for the infimum of the
function |¢(u)| over [0, U,,]. Consider two cases (see Theorem 2.1):

1 ay > 0 (m > 0) In this case,

inf = inf = inf —7nu — nu® (1 4+
Lt ¢ (u) Lt ¢ (u)| ot exp {—7iu — mu® (1 +7(u))}
> inf exp {—Tl’LL — u® — Tngua’”}

u€[1,Uy]
> exp{—(n+n+mnm)U,}.

2 ay = 0 (r; = 0) Following the same lines, we arrive at
inf w)| = inf w)| = inf e —Tou® — u*”
Jnt el = it o] = inf exp {—mu® —rmu® )
> exp{—(rn+mm)Us}.
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Thus, we conclude that &,, < €1, in the first case and ey < €2, in the second one, and therefore the
assumption of Lemma 4.2 is fulfilled in both cases. Next,

llog ™ (G(u))| !

- 219u* R(u)
with 7p = 72(6 — 0*) and
Or(u) — 6%r(Ou)

R(u) =1+ T .
Hence
Un 1 ! |wh (u)| Cy
U 1 _ <
/0 ‘w (u)| |log (Q(u))‘ du 27_6[];11/6 W R (U0 du < -

for some Cy > 0 and the statement of the theorem follows.

5 Auxiliary results

Lemma 5.1. Consider a Lévy measure v on R, that satisfies

() = / T U(dy) = e (B + BiEN(L+ O())), = — 40, @)

with) < x < < 1 and 3y > 0. Denote

Bp.6) = [ (e cos(62) — 1) w(d2),
0
then the following asymptotic relations hold.
(i) As ¢, 0 — oo,

(I)< (b) o _Qﬁy [6007 (1 + ¢/9) + Blcfy—xg_x} + @ (€_¢) ) Q/Qb — —|—OO,
A —¢7 [50617 + Boe, (0/0) + b1 (dv—x + ew—x)(b_x (Q/Qb)} +0(e?), ¢/o— +o0,

where ., = T(1—7), d, = T(1—~)sin((1—~)7/2), ande, = T'(1—~) cos((1—)7/2).
(i) As ¢, 0 — oo and ¢/o = a for some constanta > 0,
®(0,9) = —0" [Bory(a) + Biry—x(a)o™] + O (e79)
with

e_y

ry(a) = /000 yT(cos(ay) + asin(ay)) dy.

Proof. (i) Here we present the proof only for the case ¢/o0 — +oc. The case 9/¢ — +oo can be
treated in a similar way.
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i1. Integrating by parts, we get
/000 (e_@z cos(¢z) — 1) v(dz) = /000 (e_y cos(py/p) — 1) v(d(y/o))
= — (e cos(py/p) — 1) (y/o)|y
~ [ /0 (coston/o) + o/ sinlou/ o))y
Hence

/O N (e % cos(¢z) — 1) v(dz) = —o /O oo(y/@)”ﬂ(y/g)ey—jCOS(czﬁy/Q)dy

! / m(y/@wn(y/mey%y sin(y/)dy

= =0l — ¢ ',
i2. Take H = o” with 0 < p < 1, and represent I, as a sum of two integrals:
I = / (y/ o) (y/ o)== cos(dy/o)dy = / (y/0)"W(y/ o) cos(@y/e)dy
0 0

+ [y e)e v eostoy/ o)y
H
The function o~ "I1(y/p) is uniformly bounded for y > H as ¢ — +o¢. Indeed,

o " Uy/o) < o " 1(H/o)
= o" <5o + L1V (14 O(Qp_l))>
= Boo ™ +51Q—(X+(v—x)p) (1 + Qp—10<1))

and x + (v — x)p > 0. This boundeness of p~"TI(y/ o) implies

/ My ) cos(dy/ o)dy = O(eM).

H
As a result,

I - / <y/@>m<y/@>ey%y cos(dy/Q)dy + Oe™).

i3. Ifp — ooandy < H, the assumption (33) implies

H Giy H Giy
Iy = fo | —cos(oy/o)dy+ o™ / cos(¢y/0)dy
o Y 0

yV_X
oo [1 g +0(e™")
¢ AR Y '
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Note now that
/H (by/o)d /OO (dy/0)d /Oo (by/0)d
—— COoS 0 = — cos(oy/o)dy — — cos(oy/o)dy
o Y Y Y o Y g Y

— /OOO ey;j cos(¢y/0)dy + O(e’HH’V).

Analogously,

H eV 0 oy i B
/ = cos(¢y/o)dy = / = cos(¢y/o)dy + O(e™ " H*7),
0 0

and we conclude that

0o e Y [e%) e~V
L = By / yTCOS(¢y/Q)dy+51@_X / = cos(¢y/o)dy + T,
0 0

where
" H H H
1 — — —y - — —
T1 = ( X ; y’YXl >+O(€ HPY)‘FO(Q Xe H” X)—l—O(e
= O(c7e™).
i4. Since

0 -y
/ - cos(hy)dy < e,h7™',  h — 400
o Y

with e, = I'(1 — ) cos((1 — v)7/2), we get

01 = 6 [Boes (0/6) + Brer o (0/0)] +O™), 0.6 0.

Similarly, using the fact that
o) e Y )
/ —sm(hy)dy =d,h"™", h— o0
o Y

with e, = I'(1 — ) sin((1 — v)7/2), we arrive at
¢71]2 ¢7[,80d + brdy— ¢~ ] (_H)» 0,9 — oo.

(if) The first three steps are the same as i1, i2 and i3.
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ii4. Introduce

> e Ycos(ay
ooy [,

yW
then
01 = ¢ |, () + B,y (@)™ + O (7).
Analogously,
0" 'y = ag' I, = ag” [5011)7(@) + 51w7,x(a)Q*X} +0 (e
with

* e Ysin(ay)
w-(a) :/0 Tdy.

It remains to note that
r(a) = vy(a) + aw, (a).

Lemma 5.2. Consider a Lévy measure v onR \ {0} that fulfilles
Gle) = / v(d) = (B + Bie¥(1 + O()), & = +0 (34)
|z|>e

with) < x <y < 1and 3, > 0. Denote

Then as u — 400,
V(w) = —u(fody + Bidy ™) + O(1).

Proof. For the sake of simplicity we consider only the case of even measure v.

1. First, we apply the integration by parts to get

+o0
V(u) = —/0 (cos(uz) — 1)dG ()
= — (cos(uz) — 1)G(z) g u/o h sin(ux)G(z)dz

0

_ /0 " ()G )
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2. Take H = u” with 0 < p < 1, and represent the last integral as a sum of tho integrals:

/0+°° sin(2)G(x/u)dr = /OH sin(e)Gla/u)de + /I:OO Gl
= L+D

The integral I, is bounded, because G(x/u) is uniformly bounded for x > H by G(H /u).

3. Next, we apply (34) to I;:
. /0 sine) (/) (Bo + By (2/u)* (140 (z/u) )

= ﬂozﬂ/ Sln(x)dx—l—ﬁlu“’_x/ Sm(x)dx—i—ﬁﬂﬂ_x_l/ sin(x) "
0 0

xy xY—X 0 xY—x—1

Note that the integral fOH sin(x)z~"dx can be represented in the following way:

/oH i - /Ooo D) g / ") g d, +O(H™).

x x H x

Analogously,

H -
/ sm($) dr — d’y—x —f—O(H_(’Y_X)).
0
Finally, we arrive at
-[1 = Bod’yu’y + /Bld'y—xuv_x + Tla
where

T, = O(u(l—p)v) + O(u(l—p)(v—x)) + O(uPO=x0) = O(u(l—p)v)_

Lemma 5.3. Let v be a two-dimensional Lévy measure on R X R with marginals v, and v, and

assumptions (AN1) and (AN2) are fulfilled. Denote

Qo) = [~ [ (ewfive— (e +i0} - 1)utana)

for any real numbers u, 0 and ¢. Then

Re{Q(u, 0,0)} = ®(p,¢) + R(u) + O(1),  u,0,¢ — +o0
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with

B(p.0) = [ (e eos(o) 1) mldy
and

R(u) = —u“(ﬁo,ld%+ﬁ171d%,X1u’Xl).

Moreover, the following asymptotic relations hold as ¢,  — +00

Re{Q(“) 0, ¢)} = _60,20’72972 []' + Rl(ga gb)] + R(“’) + 0(1)7 Q/¢ — +OO,
RG{Q(U/, o, ¢)} = _BO,QTWQ (a)g’yz [1 + RQ(@? (b)] + R(U) + O(1>7 ¢/Q = a,
where
Ri(o,¢) = A%Q_m + ?, Ra(0,9) = (Bf12/Fo2)o
0,2 0

and A, B are two absolute constants.

Proof. We have
Re(Q(u.0.0)] = [ (exp(—ay)costen) — )l
[ teostun) = 1) expl-n) costomw(da. )
w [ sintua)sin(ou) exp(—en(de.dy) = ¥(e.6) + h(w.0,0) + L, 2.0).

Consider for simplicity the case of the Lévy measure v with independent components. In this case
(see Cont, Tankov, 2004),

I(u,0,9) = /_OO (1 — cos(ux))vi(dz),  Iy(u,0,¢) = /00 sin(ux)vy (dx).

o0 —00

The asymptotical behavior of these integrals is given by Lemma 5.2. Other statements directly follow
from Lemma 5.1. The constants A and B are equal to

A= C’yzfxz/c'yzv B= Tya—x2 (a)/r’ya (a).
This completes the proof. O

Lemma 5.4. For any n large enough, it holds
o — ay,| < ersU,” (35)

with some constant ¢ not depending on n.
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Proof. Denote

Un
/ w (u) log(2rpu® R(u))du
0

Un

Un
la —ay,| = a—/ wU”(u)y(
0

Un U"
= |a — log(27y) / w (u)du — o w" (u) logu du — / w" (u) log R(u)du
0 0 0

- /Un w¥ (1) 10g<1 + briu ) — Qo‘r(ﬁu )

! Or(sU,) —HO‘T(HSU)
= w'(s)log( 1+ = - ds‘.
[ v =)

Since the function w' is supported on [, 1], the lower bound of the integral can be changed to ¢. It
follows from
Ir(u)] < mu™, u>1

that
Or(sU,) — 0%r(0sU,)
0 — 6

eTg(SUn)_% + 90‘73(9$Un)‘” I N el
< — U r r -
= 0 — 6o S —
for n large enough (more precisely, for n s.t. eU,, > 1). Hence for n large enough

Or(sU,) — 6%r(0sU, )

6 — 6« - 2
and
0+ 0~
a—a,| <U " wt “*ds, 36
o anl < 700 [ )
as |log(1 + x)| < 2|z| forany |z| < 1/2. The observation that the integral on the right hand side of
(36) is finite completes the proof. O

Lemma 5.5. Let the assumptions (AM) and (AE) be fulfilled. Denote
|9 (w)|* — o(w)[* |6(ub)|” — |¢n(ub)|”

§in(u) = ;o Sonl(u) = : (37)
|p(u)[* |[p(ubd)[?
and
2 logn

Ep = inf . 38
= |t tetwl] )

There exist some positive constants By, Bs, and § such that
P< sup |Epn(u)| > Big, p < Bon 170 k=1,2. (39)

u€[0,Un]
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Proof. Denote

T 16a()* — |6(u)]?|

H = L&&fm‘@““)'} e O |
20

T 6 (uB) 2 — |$(ub)?

B = L&&fm]‘(ﬁ(“)'} B A P

Substituting (37) and (38) into (39), we obtain an equivalent formulation of the statement of the lemma:

i H1 > Bl < BQH_1_6

logn

v/ Hy; > B < Bgnilié.

logn

Y

(40)

Denote w*(u) = log~'/?(e + |u|). The quantity H; can be upper bounded as follows:
|0 (W)]** = 6 (u)*|

20 su
N

€[0,Uy] infy,cp0,0,] |P(u)]?
< 20 sup |¢n(u) — P(u)]

u€[0,Uy]

) ww
= 2 ués[ggn} |:1Il s€[0,Un ]'UJ*( ) ‘¢ (u) ¢(U)’
< 20/log(e +U,) sup [w*(u)|p,(u) — ¢(u)l]
uE[O Un]

< C1y/logn :[Blg][w*(U)l%(u) — P(u)]]
< Ciylogn Sup [w*(u) |¢n(u) — G(uw)]],

for some constant C';. The quantity [, can be upper bounded in a similar way:

0 supyeio.vn 10n(W)]* — [¢(u) ]
infyep,0,0) [6(w)]?

H, < { inf |¢(u)|]

u€[0,Uy]

20—2
i 2
< [ue[lor,lfiné]W(u)‘] ue?élgne]\l% — |o(u)?]
< 2 sup |pn(u) — d(u)]
u€[0,Un 0]
< Gy 10%71825 [w*(u) |pn(u) — @(u)]] .

Note that under the assumptions (AE) and (AM) the sequence Xya — Xp—1)a, bk = 2,...,n,is
strongly mixing and ergodic with exponentially decreasing mixing coefficients (see Masuda, 2007). By
the Proposition 6.3, there exist positive constants B{O), Bs and 9 such that

P{\/@igg[ W60) = o] > B < Bt
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Combining this result with the upper bounds for H; and H», we arrive at

P{ v Hy > 01350)} < P{ " sup [w* (w) |dn(u) — @(u)|] > Bf))} < Byn'?

logn o logn uer

and

Pl s> canl} < p{ [ sl ou) — o] > B} < B

logn logn yer

Formulae (40) follow with B; = B\” - max {Cy, Cs}. O

Lemma 5.6. Denote Q(u) = x2(u)(Gn(u) — G(u))? and let g, = o(1). Then

W = { sup | (v)| < Bi&n, k= 1,2} - {IQ(U)| < By(€7 ,(u) + &, (w)) [log™ (Q(U))|}

ve[0,Un]

for some positive constant Bs, n large enough, and all u € [eU,,, U,,].

Proof. Denote

|log (G (u))]
S(u) = .
R NN
By formula (28) and a trivial inequality (a + 0)? < 2 (a® + b?), we get
Ealu) + &, ()

(Gu(w) = G(u))” = G* (WA} (u) < 2G%(u)

(1= &onlu)®

Hence

Let us now show that for n large enough

1
W, C {w DA (u)] < 5}
In fact, we have on W,, for n large enough:

(€10 (1) + Eon(w)] _ sup [§0(w)] + 5up [€n ()]
1= &a(w)]  — 1 —sup [0 (u))|
2B, 1

It L g
= 1-B&, — 2

[An(u)| =

because £,, = o(1). By (31), we get

» 1+ |log(2G(w))]
IX2(u)] <2 cehn) | 2G2(u) log?(2G(u)) |
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where I (u) is an interval between 1 and 1 + A,,(u). On the set W,,, we have I, (u) C [1/2,3/2].
Therefore

1+ | log(=G(u)
s [ et } [ 1og (G(u)|

)
(1 + log(3G(u))|) [log (G(w))]
llog(1G(u))|”

Since Sup,e (s, v, 19(u)| = 0as n — oo, the function [xa(u)| G*(u) | log (G(u))] is bounded on

X (u)] G%(u) [ log (G(u)] < 27

2—1

[eUp, U] by a constant C'. So, we have proved that on W,
2C
(1= &m(u)*’

S(u) <

for u large enough. Moreover, it holds on W,

Sw £ —S < swp SR < :
(1 - 62,71(“)) u€[0,Un] (1 - SQ,H(U)) (1 - Supue[O,Un] |€2,n(u)|)
C
< — <
S AoBayp =

for some B3, C' = 2C and n large enough. This completes the proof.

6 Appendix. Exponential inequalities for dependent sequences
and for empirical characteristic functions

The following theorem can be found in Merlevéde, Peligrad, and Rio, 2009.

Theorem 6.1. Let (Zy, k > 1) be a strongly mixing sequence of centered real-valued random vari-
ables on the probability space (2, F,P) with the mixing coefficients satisfying

a(n) < aexp(—cn), n>1, a>0, c>0. (41)

Assume that supy~, |Zi| < M a.s., then there is a positive constant C' depending on ¢ and & such

that
n C<,2
P Z; > < — .
{Z ‘C}‘GXP{ nv2+M2+Mclog2<n>]

forall( > 0 andn > 4, where

v’ = sup (E[Zif +2 Z Cov(Z;, Zj)> :

! j>i
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Corollary 6.2. Denote
p;=E [ZJ? log2(1+9) (ij|2)] =12
with arbitrary small € > 0 and suppose that all p; are finite. Then

Z Cov(Z;, Zj) < C'max p;
J

J>i
for some constant C' > 0, provided (41) holds. Consequently the following inequality holds

v? < supE[Z,])* + C'max p;.
: J

)

Proof. Due to the Rio inequality
a(]i—il)
Covz.2)l <2 [ Qalu)Qz (i
0
where for any random variable X we denote by () x the quantile function of X. Define

px =E [X2 Jog2(1+e) (|X|2)} :

The Markov inequality implies for small enough u > 0

1/2 -1
Px [ 27 2(1+¢) 2 } Px
P ('X > u1/2\1og(u)\<1+e>> < B |Xog™ (X)) | T

% Jog—2(1+e) ( Px )
) u 10g2(1+a) (U)

— ylog 20+9) (ﬂx log’2(1+€)(u)> <u

u)

and therefore

1/2
Px
< .
Qx(u) < ul72[log (u)](1+2)
Hence
a(lj—il) -
VPP e
|Cov(Z;, Z;)| < 2/ TJrg)du < 2y/pip; log % (al|j — i)
0 ulog (u)
and 1
> Cov(Zi, Z;) < Cy/pip; ) i

j2i J>i

with some constant C' > 0 depending on &.

26



Let Z;, 5 = 1,...,n, be a sequence of random variables. Define
1 n
On(u) = - Z exp(iuz;).
j=1

Proposition 6.3. Suppose that the following assumptions hold:

(AZ1) The sequence Z;, j = 1,...,n, is strictly stationary and is cc-mixing with mixing coefficients
(az(k))ren satisfying

az(k) < apgexp(—ask), keN
for some &g > 0 and &y > 0.
(AZ2) Ther.v. Z; possess finite absolute moments of orderp > 2.
Let w be a positive monotone decreasing Lipschitz function on R, such that
0<w(z) <log™*(e+|z]), z€R (42)

Then there is &' > 0 and &y > 0, such that the inequality

n 1
P i om0l > € < B @

holds for any & > &y and some positive constant B depending on &.

Proof. Denote W, (u) = ¢, (u) — E[¢,(u)]. Consider the sequence A, = ¢*, k € N and cover
each interval [—Ag, Ax] by My = (|2A4x/v]| + 1) disjoint small intervals Ag 1, ..., Ag s, of the

length 7. Let w1, - . . , Uk, ar, be the centers of these intervals. We have for any natural £ > 0
max sup  W,(u)] < max  max [ Wy (um)
k=1,....K Ap_1<|u|<Ay " k=1,...K |ug m|>Akr_1 " m

+ Juax  nax ugkgm Wi (1) = W (wkm)|-

Hence

P( max  sup  |[W,(u)| > A) <> Y P(Walukm)| > A/2)+

k:].7~--7K Ak,1<\u|§Ak k=1 {‘Uk,m‘>Ak—1}

lu—v|<y

P < sup (W, (v) = W, (u)| > )\/2> . (44)
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It holds for any u, v € R
(Wa(v) = Wa(u)] < 2w(lo]) — w(|u])]

+% Z lexp(ivZ;) — exp(iuZ;)| + [¢p(v) — ¢(u)|

j=1

(u =)

IN

1 n
Lw - Z EZ ) 45
+-> 1Z| +ElZ| (45)

J=1

where L,, is the Lipschitz constant of w. The Markov inequality implies

1 n
Pl - Z;| —E|Z|] > < Pn7PE
(nZn |~ ElZ] c)_c n

j=1

n p

> 112l —E|z]]

j=1

for any ¢ > 0. Using now Dedecker and Rio inequalities and taking into account the assumptions
(AZ1)-(AZ2), we get

p
< Cp(d)nP/Q,

n

> 11zl - E|Z|

=1

E

where C,(ay) is some constant depending on @ = (ay, &) and p from assumptions (AZ1) and
(AZ2) respectively. Hence,

P (% 1z > 2 E|Z|) < Co(@)n A (E|Z)) . e
j=1

Setting 7 = A\/(24 max{E|Z|, L,,}) and combining (45) with the inequality (46), we obtain

p ( sup  [Wh(v) = W, (u)| > )\/2) < Byn P2 (47)

lu—v|<y

with some constant B; not depending on A and n. Let us turn now to the first term on the right-hand
side of (44). If |uy | > Ag—1, then it follows from Theorem 6.1 and Corollary 6.2

P (| Re W (ugm)] | > A/4)

< Byexp <—

Bg)\zn >
dw? (A1) og? ) (w( Ay 1)) + Mog?(n)w (A1) /)

P (| Im [Wa (tgm)] | > A/4)

< Bjexp (—

Bg)\2n )
dw?(Ag_y) log2(1+6) (w(Ap_1)) + Mog?(n)w(Aj_1)
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with some constants By, Bs and B, depending only on the characteristics of the process Z. Taking
A = (n~Y21ogt? nowith ¢ > 0, we get

Y P(Walurm)l > A/2) < ([24k/7] + 1)

{lug,m|>Ap-1}

X exp (_ Bs/\2n )
4w?(Ag—1) log™ 9 (w(Ag 1)) + Alog?(n)w(Aj_1)

< ANY2 exp <_ B(?log(n)
~ w2(Ag_1)log” ) (w(Ag_1))

) log™ V2(n), n— oo

with 7 = 2(1 + £) and some constant B > 0. Fix § > 0 such that B > d and compute

Z P(’Wn(uk m)’ > )\/2) < h—0B(k=1),1/2 log(rfl)/2(Tb)efB(kfl)((2 log n—0)
{llug,mlI>Ap—1}
< ek(lfOB) log(r—l)/2<n)efB(k71)(C2 log n—6)+log(n)

alf (?logn > 0 we get asymptotically
K
> P(Walww)| > 4/2) S logt D2 (m)e (B Dks),
k=2 {|luk,ml>Ar—1}

Taking large enough ¢ > 0, we get (43). O
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