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Well-posedness of Hibler’'s dynamical sea-ice model
Xin Liu, Marita Thomas, Edriss Titi

Abstract

This paper establishes the local-in-time well-posedness of solutions to an approximating system con-
structed by mildly regularizing the dynamical sea ice model of W.D. Hibler, Journal of Physical Oceanogra-
phy, 1979. Our choice of regularization has been carefully designed, prompted by physical considerations,
to retain the original coupled hyperbolic-parabolic character of Hibler’s model. Various regularized versions
of this model have been used widely for the numerical simulation of the circulation and thickness of the
Arctic ice cover. However, due to the singularity in the ice rheology, the notion of solutions to the original
model is unclear. Instead, an approximating system, which captures current numerical study, is proposed.
The well-posedness theory of such a system provides a first-step groundwork in both numerical study and
future analytical study.

1 Introduction

1.1 The sea-ice dynamic-thermodynamic model

Global climate changes, especially global warming, have large impact on the Arctic sea-ice, which has, in return,
determining effects on not only global climate but also the local and global ecosystem, human activities etc. (see
e.g., [14]). However, the theory concerning the mechanic property of sea-ice remains immature and primitive, as
pointed out by [10], and thus remains mostly open. If the problem is statically determinate, as pointed out in [13],
a sea-ice dynamical model based on the viscous-plastic rheology was introduced in [5], where the thickness of
ice plays an essential role in the thermodynamics, and characterizes the strength of the ice interaction (i.e.,
ice rheology). The velocity of sea-ice u is described by two-dimensional momentum balance equations, where
the viscosity effect is characterized by a viscous-plastic rheology, and the strength of viscosity depends on the
thickness of ice. The mean ice thickness h and the compactness of ice A are described by two continuity
equations with thermodynamic source terms. That is, with a simplified ice rheology (see (T.772), below), the
above quantities are governed by the coupled system,

m(dpu+u-Vu)+ Vp=divS + F, (1.1a)
Oth + div (hu) = Sy, (1.1b)
O A + div (Au) = Sa + Adivu - xya>13, (1.1c)
with
ice mass m = pjceh, (1.2a)
pressure p := cph exp(c,A), (1.2b)

Vu+ Vu' div ul,
p + P

|Vu+ VuT| |divu
F = —mnuj‘ + Ta + Tw, (1.2d)

viscoplastic stress S := , (1.2c)
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air flow stress 7, 1= paCa‘Ug] (Ug cos ¢ + Ug sin ¢), (1.2e)
water flow stress 7y, 1= pWCW]UW - u] [(Uy —u)cosé

+ (Uy — u)tsind], (1.2f)
Sp = [f(h/A)A+ (1= A)F(0)] - X{n>0}: (1.29)
Sa = ((£(0))"/ho)(1 = A) + (—A/(2h)) - (S) ™ (1.2h)

Here X (>0}, X{A>1} are the characteristic functions of sets {h > 0},{A > 1}, defined by
1 h>0, 1 A>1, (1.2i)
= = 2|

M0t =30 p<o, MU T N0 A<,

respectively. In addition, vt = (—va2, vl)T for any vector v = (vq, ’Ug)T; Pice, Pas Pw represent the density

of ice, air, and water, respectively; c,, cq, Ca, Cy are the thermodynamic constants; and U, Uy, ¢, 6 denote
the velocity and stress angle of the air and the water, which, for simplicity of presentation, are assumed to be
constant in this paper.

System is used to simulate the evolution of sea-ice in numerical study. For instance, the model successfully
reproduces many of the observed features of the circulation and thickness of the Arctic ice cover in [5]. See
[6 9L [11] and the references therein for further model development and computational investigation. In particular,
see [7] for a review of an elastic-viscous-plastic sea-ice dynamics model, and [12] for a summary of popular
models.

Despite the high involvement of system (1.1) in applications, the fundamental problem of well-posedness of
solutions is widely open, which is related to the validity of the model as pointed out by [13]. In [4], a linear well-
posedness theory is developed for an approximating model. We would like to point out that the main challenge
in establishing the well-posedness theory is the singularity arising in the stress tensor when |Vu| — 0.
In fact, among the numerical investigations, such singularity is usually truncated, i.e. regularized, by replacing it

with its strictly positive approximation (e.g., v/|Vul|? + &2).

Notably, we would like to point out an investigation of very singular diffusion equations in [3,[2], where the authors

discuss the notion of solutions to v
U
Oiu=div | — ).
|Vl

Similarly, the positive one-homogeneity of the potential related to (1.2c) calls for a subdifferential formulation of
the problem, however set in the Eulerian frame. We leave such investigation to our future study.

In this paper, due to the obstacles mentioned above, we propose to study the following regularized approximating
problem of (T-7): fore,w € (0, 1),

m(Opu+u-Vu)+ Vp=divS, + F, (1.3a)
Oih + div (hu) = Sp.o, (1.3b)
0y A +div (Au) = Sy + Adivu - x4, (1.3c)

where m, p, and F are as in (1.24), (1.20), and (1.2d), respectively, and

Vu+Vu' div ul
Se = Se(p, Vu) :=p - +p v 22 , (1.4a)
\/‘Vu—&—VuT‘ + 2 \/}divu‘ + g2
Shyw :=[f(h/(A+w)A+ (1= A)f(0)] xip>0 (1.4b)
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0))" VISholP+ &% = Sh
Saw ;—(f(hz) (1—4)— 5 [l 2“ P (1.40)
1—A)*
X4 ::1—(1(_ A)+)+w' (1.4d)

To be more precise, we will establish the local in time well-posedness of strong solutions to (1.3) in domain
Q:=T? C R

Theorem 1.1. Consider initial data

(u7 ha A)‘tzo = (uin7 hin7 Ain) S (HB(Q))g (1 5)
to system (1.3), satisfying
O<h<hn<h<oo, and 0< Ay <1. (1.6)
In addition, we assume that .
f<r<,

/ 1" m (1.7)
]+ 1T+ 1) < vy,

for some constants i , ? e R, My e (0, 00). Then there exists a unique strong solution (u, h, A) to system
in[0,T] x Q, forsome T € (0, 00) depending on initial data, with
u e L(0,T; H*(Q)) N L*(0,T; H'(Q)),
h,A € L>®(0,T; H3(Q)), (1.8)
opu, Och, 0t A € L™>(0,T; LZ(Q)),

and
w, by All oo 0,75 m3(02)) + 10l 220,754 (02))

+|0pa, O¢h, O Al| oo (0,7,12(02)) < Ein, (1.9)
0<A<LI, 0<%@ghg4ﬁ,

where €, € (0,00) is some positive constant depending only on initial data. Moreover, the solution is stable
with respect to perturbation of initial data.

Now, let us explain our strategy. Instead of directly constructing solutions to system (1.3), we consider another
regularized system, parametrized by (i, \, ¢, v) € (0,1)%:

m(Opu+u-Vu) + Vp =divS, , \ — tA*u+ F, (1.10a)
Oth + div (hu) = Sp w0, (1.10b)
OrA+div (Au) = Say, + Adivu - x4, (1.10c)

where m, p, F, and x“ are as in and (1.4), and

Sa,u,/\ = Se—i-Su,,\, (1.11a)

Sh,ww = [f(h+/(A+ + w))A + (1 - A)f(O)] ’ X}Vw (1.11b)
L (f(o))Jr A vV ‘Sh,w,u|2 + w? — Sh,w,u

SA,W,I/ = m(l—A)— 2h++y . 2 s (111C)
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with S¢ as in and

Spa = p(Vu+ Vu') + Adivuly, (1.11d)
h-i-
v._ ‘ 1.11
X = (1.11e)

We will construct solutions to system through a contraction mapping argument. That is, we consider a
“linearizationof (1.10), and establish a contraction mapping with respect to L? topology with bounds in a smooth
function space. Then with a uniform-in-(u, A, ¢, v) estimate, we will be able to pass the limit (x, A, ¢, ) —
(0F,0%,0%,0%), and eventually construct the strong solution to (T-3). The proof of Theorem([t.1]is then finished
by showing the uniqueness and continuous dependency on the initial data. We would like to mention that the
key ingredient in establishing the well-posedness of solutions involves showing the monotonicity of S¢(-) in
Vu, which is not trivially obvious due to the fact that S¢(+) is nonlinear in Vu. In particular, we will require the
inequality of the type

(Ss(p17 Vul) — Sg(pg, VUQ)) : (Vu1 - VUQ) Z |V(u1 — UQ)|2 + -

We successfully establish this inequality by writing S (p1, Vuy) —S¢ (p2, Vusg) in a symmetric form (see (4.29),
below).

We would like to make some remarks before going into details of the proof. Our ice rheology is a simplified
version of the one from [5]. For some technical reasons, we are not sure whether Theorem[T.1] will apply to the
original ice rheology from [5]. We have not successfully established a proper uniform-in-¢ estimates of the
solutions to (1.3). Therefore, we have not yet been able to establish a proper notion of solutions to the original
system (1.7). However, our approximation agrees with the most common numerical approaches to (1.1),
which, as we explain before, is restricted to a truncated ice rheology. Thus, in this sense, our analytical results
provide a solid ground for current numerical schemes of (1.1). Another issue is that we only consider the case
when hi, > h > 0, i.e., there is no absence of ice in the domain of study. To carry out the limit . — 0T, more
comprehensive a priori estimates are required. We leave this to future study.

Recently we have learnt an independent study [1] by Brandt, Disser, Haller-Dintelmann, and Hieber. It is worth
pointing out that in this paper, system remains hyperbolic in the equations of i and A, and therefore it
remains a mixed type system, while in [1], the system investigated is parabolic in all components. In particular,
due to the hyperbolicity, system is expected to have a completely different long time dynamics than those
investigated in [1].

This paper is organized as follows. In the next subsection, we will summarize some notations used in this paper.
In Section [2| we will detail the approximation scheme to (7.10). In Section [3] we establish the well-posedness
of solutions to via a contraction mapping argument. Finally in Section |4} we establish the uniform-in-
(i, A\, ¢, v) estimates, and pass to the limit (11, A, ¢, ) — (0F,07,0%,07) to show the existence of solutions
to (1.3). The well-posedness of solutions is then established in Section [4.3

1.2 Notations

We use LP(-) and H*(+) to denote the standard Lebesgue and Sobolev spaces, respectively. For any functional
space X and functions 1, ¢, - - -, we denote by

1,6, llae = Illac + Il + - -

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021



Well-posedness of a sea-ice model 5

In addition,

O
4 '_{0 ifh) <0, V=Yt

Let & € {D,,dy}. For any multi-index (a1, ag) € (ZT)?, denote by 9 := 99195 with v = o + a.
Throughout this paper, we use the notation X < Y to represent X < CY for some generic constant C' €

(0, 00), which may be different from line to line. We use Ca.p,... to emphasize the dependency on the quantities
a, b, - - -. In addition, by H(- - - ), it represents a generic bounded function of the arguments.

2 An approximation scheme to solve (1.10)

2.1 A “linearization” of (1.10)

Given u®, assumed to be smooth enough, we consider first the following coupled hyperbolic system

Othm + div (hnu®) = Shy, w0 (2.1a)
O Am + div (Anu®) = Sa,, wp + Amdivu® - x4, (2.1b)

where Sp,, w1y SAmwws XG> and x4 are defined as in (1.110), (1.71¢), (1.71e), and ({.4d), with h and A
replaced by h., and A, respectively. Here we use the subscript m (short for ‘mapping’) and the superscript o
(short for ‘origin’) to label outputs and inputs in our contraction mapping.

We claim that, at least locally in time, there exists a unique solution (A, Ay) to and (2.1b) with proper
initial data, for smooth enough u®. (A, An) can be arbitrarily regular, provided that u® and initial data are
regular enough. We leave the investigation of the regularity of (hy,, Ay, ) in the subsequent sections.

We remark that such claims follow from the standard well-posedness theory of hyperbolic equations (see, e.g.,
[8]). Hence the proof is omitted.

Let (hm, Am) be the solution to and as above, and consider the following equation:
Picehm O, + LAQUm = _picehmuo -Vu’ — Vpy, + div Se,,u,)\,m + Fms (2.1¢c)

where pr, Se ;a,m, and o, are defined as in (1.20), (T-17a), and (T.2d), with h, A, and u replaced by Ay,
A, and u®, respecitively.

To solve the linear equation by, e.g., a Galerkin method, one will need to deal with the possible degeneracy
of hy,. For this, we subsequently show that for u° smooth enough, with appropriate initial data, h,, and A,
satisfy certain non-degeneracy property.

2.2 Non-negativity and uniformboundof A,: 0 < A4, <1

In this subsection, we show that 0 < A,, < 1 for a smooth enough u®. In fact, we only require that
divu® € L*(0,T; L°°(Q)), 2.2)

for some 1T > 0.

Non-negativity of A,,:

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021
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Taking the L2-inner product of with (—A;l) leads to, after applying integration by parts in the resultant

Ld, - 1 =An)™ N o2
5%“AmHL2(Q) :/<2_(1—Am)++w divu®|Ay,|" d

) B (2.3)
[ Sams = A) do S vl ey |45 2 oy
| A ——
<0
Therefore, applying Gronwall’'s inequality to yields
-2 C [T || divue co() ds|| A— 12
HAm||L2(Q) <e Jo lIdivu®(s)|lLoo () SHAin||L2(Q) =0,
which implies
An > 0.
Non-negativity of 1 — A;:
Consider the following equation for 1 — Ay, derived from (2.1b):
o : o (1 — Am)+
01— Ap) = =Sapwpy —u’- V(1 — Ap) + Andivu (2.4)

(1—An)T 4w

As before, taking the L?-inner product of with [—(1 — Am)_], after applying integration by parts, leads to

1d _ 1. 2 -
5%”(1 — Am) ||%2(Q) = /<2dlvu ‘(1 — Am) ’ + Sapmwu(l — Am) > dx
<0
. (1 - Am)+ —
- m o - m d )
/A divu (l—Am)+—|—w(1 Ap)” dx
=0
which yields
d _ o _
— (1 = Aw) ™ [[F2(q) < ldivu® ] oo (@)1 (1 = Am) 7 [72(q)- (2.5)
dt (@) ()

Then as before, after applying Gronwall’s inequality to (2.5), one can conclude

Apn < 1.

2.3 Non-negativity, lower and upper bounds of 5,

Let h,h € [0,00) be the lower and upper bounds of hiy, respectively, i.e., =0 < h < hiy, < h < oo (see
(1.6)). In this section, we will show that

1 _
-h < hy, <4h
ks <

locally in time. Again we assume that u® has the regularity (2.2).

Non-negativity of /,,:

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021



Well-posedness of a sea-ice model 7

After applying the L2-inner product of with (—hy, ) and applying integration by parts in the resultant, one
has

1d, . _ 1 124 o .o -
§£Hhm‘|i2(9) = _2/‘hm’ divu®dx S ||d1Vu ||L°°(Q)||hm’|%2(9)7 (2.6)

since the term Sj,,  »(—hy,) vanishes. Therefore, applying Grénwall’s inequality to (2:6), as before in (2:3),
eventually implies
hm > 0.

Lower and upper bounds of h;:

Since A, € [0,1], one has ’Shm’w’l,‘ < 3(‘?‘ + ‘ﬂ) Then following the characteristic method, since
hm > 0, one has

815(6’ fg [|div U°||L00(Q)(S) dshm) +ul- V(ei fot HdiVUOHLOO(Q)(S) dshm)
<3([F] + | £De Jo Idiv | Loo () (s) ds

Thus, integrating in the above inequation along the characteristic path given by u® yields
1) < (7 3(07] + £])) x e 0w do 7)
Similarly, one can show that

han(3,) > (h— 3(7] + \f\>t> x el Ol ds. 28)

1 _
Then it immediately follows that Zﬁ < hm < 4h provided that the following conditions are satisfied:

h
A

0<t<
h (2.9)

—  ifh=0,
37+ 1

1/2
e o 1/2( [t 1110 ()2
efot [ldiv u®(s)|| Loo () ds < et (fo flu (S)||H3(Q) ds)

and < 2.

2.4 Non-vanishing total ice mass

Due to the fact that | S, w.»| < 3(|f| + |f|), one can show immediately after integrating (-Ta), that

d _
& [ e < 37| + (2]
Therefore,
;/hindwg /hmdac SZ/hindx, (2.10)
provided

f hin dx

S EAIG e

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021
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2.5 Well-posedness of (2.1c) with strictly positive ice mass

Consider hj, > h > 0. Then we have shown in sectionthat hm > h/4 > 0Olocally in time. Then during this
local time, is @ non-degenerate biharmonic evolutionary equation. Then following the standard Galerkin
method, one can establish the well-posedness of strong solutions to (2.1c), provided that u® is sufficiently
smooth. We omit the details here.

3 Well-posedness of solutions to (1.10) with 4 > 0 and + > 0 fixed

In this section, we aim at showing that the map defined by
M:u’ — up, (3.1)

where uy, is the unique solution to with A, and Ay, being solutions to and (2.7D), respectively,
is bounded in X7+ and contracting with contraction constant 1/2 in L>°(0, T*; L*(Q)) N L?(0, T*; H*(Q2)),
where

Xpe = {uju € L>(0,T* H*(Q)) N L*(0, T*; H*(V)),

3.2
Oru, Viu € L*(0,T% L*(Q)) }, (82

for some T™ € (0, oo) to be determined. Throughout this section, unless stated otherwise, the initial data for
Uy, u’, h, and A are assumed to be in, Wiy, hin, and Ajy,, given in Theorem[1.1] respectively.

Consequently, one can apply the Banach fixed-point theorem, i.e., the contraction mapping theorem, to show
the existence of solutions to system (1.70).

Let ¢in € (0, 00) be the bound of the initial data defined by

|V hin, VAl L1y + [[@inll g2(0) < ¢in (3.3)
3.1 Uniform bounds
Let u® € X« satisfy
2 ! 2 2
s [00(6) iy + [ (10076) oy + 19l ) s < o (0.4

with t € [0, 7], for some ¢, € (0, c0) to be determined later.

Estimates for /,;, and A, Aside from the point-wise estimates deduced in Sections[2.2]and[2.3] we shall need
a uniform H'-estimate for Ay and hy,.

We record the equation after applying 0 € {0,, 0y} to (2-1a), as follows:

0tOhy, +u® - VOhy, + 0u’ - Vhy, + Ohydivu® + hydivou® = 0Sh,, w.0- (3.5)

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021



Well-posedness of a sea-ice model 9

Then taking the L2-inner product of with 4]8hm‘28hm leads to, after applying integration by parts,
d . 4
Oy = —3/dwu0\ahm} do

—4 / (O - Vhuy + hundiv Ou) [Ohn | Ohyy di + 4 / OShun o |l | Oy di

(3.6)
S IVEl| o0 | Vimll 74 () + [l 2o (@) I V20| L1 () [ VA [ 70
+ / |0Sh,, o || 0B | Ol dz.
Meanwhile, simple calculation shows that
1 [ m\
|0Shm | S (5 + 1/2)\% [+ (1 57)[0Am].
where we have used (1.7] . 1.7). Consequently, one concludes from (3.6) that
R 1
HVh 174y S (V] oo )t o+ )HVh I74(0)
[ | Lo 02 3.7
(14 = 2V Ao VAl &)
+ ||hrnHL°°(Q)”VQUOHL4(9)HthHL4(Q)
The estimate for V A, is obtained from in a similar fashion, we record it here:
d o V| g ()
%nmmua o % (1Tl + o
[P [ o=
—|-1+ +w7 |V A HL4 3.8)
1
+ (ﬁ + ﬁ) IV | L3 IV Am 1 31y
+ V20| s [V Aml 31
where we have used the fact that A, € [0, 1].
After combining and and applying Grénwall’'s inequality, one can derive that
sup 1Vhm(s), VAn(s )||L4 < eflhan® (|| hyy, VAm||L4 + Gpai(t)), (3.9)
<s<t
where
t
Hyas () = Coow [ (1 IV0°(6) 120y + () 10
0 (3.10)
+ V20 ()] pao) + [ (s) [z | V20 (5) [ 1)) s,
t
Ghaa(t) = / (L+ ([P (8) | o (0) + V20%(5)[| 1)) ds. (3.11)
0
On the other hand, in direct consequence of equations and (2:7b), one has
Othm, Ot Am <C(l+1/v+[|Vu°
(|0 i Aml|L1(0) ( /v + IV (3.12)

+HhmHL°°(Q)HVUOHL4(Q) + 0’| oo () [ V s VAm\|L4(Q)),

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021
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where we have used the fact that 0 < A,, < 1 and (I.7).

Estimates for u,,

Taking the L2-inner product of with 2uy, + 29;uy, — 2Au,, leads to, after applying integration by parts,

d ., 172 1/2
Pl L hi P, V0, il I >V 720

ice

2 pi 20, PV, VP 3 g

= /loiceathm}um‘2 dxr +2 / pice(th ’ V)um - Opuy dx

R1 R2

_ /piceathm‘Vum}2 dr —2 / Picehm (0 - V)u’ - (uy, + Opuy — Auy,) do (3.13)

R3 Ra

—Q/me (U + Opuy — Auy,) dx + 2/]—'m (U + Opuy — Auy,) dz

R5 RG

+2 / divS. yam - (Um + Opuy — Auy) do .

Rr

We obtain the following estimates for the R ; terms by applying Holder’s inequality and the Sobolev embedding
inequality:

R S 110l L2 () a1y

Rao S 10l L2 (o) IVamll L2 @) VAl L4 (o).

R3 S 10kl | L2 [ Vam| 240

Ra < ”hmHLOO(Q)HU-OHL‘*(Q)HVUOHL‘l(Q)Hatumvumvv2umHL2(Q)7

Rs S I Vomll 20 [100m, U, V|| r2(0),

Re S (14110l z2(0) + 1Pl oo o) 10°] £2(0) ) 100, Ui, V0m|| £2(0),

1
R7 < (ngmHLC’O(Q)”VQUOHL?(Q) + (14 NIV | 20y + | VPml 22(0))

X H@tum, Upn,, VgumHL2(Q).

To deduce the above estimates, consider b > 0 and let ¢ satisfy and (2.11). Therefore, the estimates
in Sectionguarantee that 0 < 1/4h < hy, < 4h < oo. Consequently, (3.13) yields, after applying the
Sobolve embedding inequality and Hélder’s inequality,
d1/2,1)2 1/2,1/2 1/2v2 2
%Hpic/e hl/ um,pic/e hL2Vuy,, 2V um||L2(Q)
1/2
+ 2Hloic/e h11n/28tum7 41/2v2um7 Ll/QvgumH%Q(Q)

< C, ani(10chml sy + IV hm, VAm|74(0))

- S

1/2 1/2
% (o3 T, oyl BV, 12V [ 2 + 1).

ice

(3.14)

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021



Well-posedness of a sea-ice model 11

Furthermore, consider ¢ small enough such that

t
Hpa1(t) + Groaa(t) < C, 5t /282 + ( /0 1V0°(5) |2 ds) /)

<C, gt PP+ ) <,

(3.15)

where we have applied Hélder's inequality. Then and imply that, after applying the Sobolev embed-
ding inequality,
IV A, V Am, O, O Aml Loy < C i, (14 €57). (3.16)

w71/7h7cin

Consequently, (3.14) yields the following estimate:

t
sup. [t (5) 3 + / (197 ()2 3 + 1t () 250 gy s
0<s<t 0

C _

&1, Aw Ve, 1 2

a Ce,L,mw,u,h,h,cm[( e s TR CR A R COL) +1] (3.17)
Evuv)\vw7’/7b7h7cin72 o

C _
_ E7M7A7W7V7b7h7cin71 2
S CE7L7N7A7W7V7b7h7Cin |:2 (2 A\ hﬁ 9 - 1) + 1 ’
E3 s AW, V51, 1, Cin

provided that ¢ is small enough and where we have made the choice

C —

fp— _ 5)#))‘7W7V7ﬁ’h)cinyl 2

co T CS,L,M,)\,UJ,V,@,h,Cin |:2 (2 — - 1) + 1:| ) (3'18)
€51 A,V 1P i, 2

where the right-hand side is as in (3.17). Then (2.9), .11), (3.15), and (3.17) imply that, there exists T* €
(0, 00) such that

t
s (e + [ (1006 )+ lon()e) ds <o @158

and
1 — 1
Zﬁ < hm < 4h, 2/hindx < /hm dr < 2/hin dx, (3.19b)

for ¢ € [0,7*]. In addition, using equation (T-10), it is easy to obtain

t
[ 1800y ds < (3.20)

Therefore, 91, defined in (3.1), maps X7+ into itself for such choices of 7 and ¢,,.

We remark here that, cg — oo as t — 07, i.e., the estimates we obtain here depend on ¢ > 0. We will remove
the dependency of ¢ in Section

3.2 Contraction mapping and well-posedness

For j = 1, 2, consider u? € X7« satisfying (3:4), and let hyy, j, A j, and Uy, j = im(u;’) be the solutions to
(2.1a), (2.1b), and (2.1c), respectively, with u® replaced by u;-’ and with the same initial data. Then we have the

estimates of /iy, j, A j, and uy, j as in Sections2.2]and 2.3} as well as (3:76) and (3:19a).
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X. Liu, M. Thomas, E. Titi 12

In the following, let o € (0, 1) be a constant to be determined later. Denote by
Ohm = hm,l - hm,% 0AN = Am,l - Am,Qa
o o o (3.21)
U = Uy, 1 — Up2, O0u’:=uj—uj.

The notations
OPm; 0Se 1 xm> 0Fms OShum w,vs 0S A o> OX A, 5
have similar meanings. Then dh,, 0 An, duy, satisfy
0t6hm + div (0hmu?) + div (hm,200°) = 0Sh,, w.vs (3.22a)
010 Am + div (§Au?) + div (Am20u®) = 0S4, w.
S Apdivug - x5, | + Amadivou’ - x5, | + Amadivug - ox%, (8.225)
PicePm,1 040U + picedhmOitim o + tA%0Uy = —picehm 1uf - Véu®

‘ (3.22¢)
—picehm,100° - VU3 — picedhmug - Vug — Vépy, + div S, jxm + 0Fm.

After taking the L2-inner product of (3.22a) and (3.22b) with 4]5hm}25hm and 4‘5Am ‘25Am, respectively, and
applying integration by parts in the resultant, one has

%|y(shm,5Am|y§4(Q) = —3/divu§(}5hm\4+ 16Am|") da

Rs

—4 / (6U° - V2 |5hun| *0hn + 50 - V Ay 2|5 A |6 Ar) dix

Ro

—4 /(hmgdiv 5u0‘5hm‘25hm + Ay 2div 5u0‘5Am’25Am) dx

Rio

(3.23)
+4 / divud|§Am[ x4, , du+4 / Amadivou® |5 An|*0Anxs, | du

'R11 R12

+4 / Am2divug|§ A |*6Amox%, do + 4 / IS o | Ohun | Sl e

R13 7214

+4 / 38 A0 |6 Am| 0 Ay it

-~

Ris

In the following, we sketch the estimates of the R; terms by applying Holder’s inequality and the Sobolev
embedding inequality:

11,
>+ ol sl )

Rs+Ri1+Riz S <HdiV uf || e () + (
X [|0hm, 0 Awl| 740
o .24
Ro S [100°] e (@) | Vo 2, V A ol| ()| 6Fom, 6 A4y (5.24)
Rio + Riz S (b + 1)|div 6u’| i) [ 6m, 6 Aml|74(0

Ris+Ris S Cq, l16hm, 5AmH4L4(Q)7

7“}7”’
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Well-posedness of a sea-ice model 13

where we have used the identity

5( g > _ g 9209
g+e) g+e (a+e)lete)
forg = (1 - An)" =1 — Ay, inthe estimate of % in R13. In view of and (3.24), one has

[P, 6 Aml|7(0) < C.

G',E,w,l/,h,to,tin |

d 2 2
%\ |0hm; 0 Am 40y + l100°|32(q)- (3.25)
where we have used and (3.9). Consequently, applying Gronwall’s inequality to (3.25) yields

sup |[6hm(s), 6 Am(s) “%4(9)

0<s<t
t _ 1/2
=7 </0 H5uo(s)||§{2(9) d5> P N G

where we have also employed Young'’s inequality.

(3.26)

Taking the L?-inner product of (3.22¢) with 2du,, and applying integration by parts in the resultant yields

d
Pice%Hhrln/i(sumH%%Q) +2LHV25umH%2(Q) = Pice/athm71‘5um‘2dx

Rie

-2 / piceéhmatum,Q - OUy, dw —2 / picehm,l(ui) : v)éuo “ouy dx

Ri7 Ras

—2/picehm,1(5uo-v)u§-5um dx —2/Pice5hm(“3'v)“g'5um da (3.27)

'ng RQO

+2/5pmdiv<5um d:c+2/div585,#,>\7m‘5um dx

Ra1 Ra2

+2/5fm-5umd:v.

Ros

In the following, again, we sketch the estimates for the terms R ; by applying Hélder’s inequality, the Gagliardo-
Nirenberg inequality, and the Sobolev embedding inequality:
3/2 1/2
Ri6 S 10k 11| 2oy 16017500, 160|171
1/2 1/2
Rz S 1100t |20 [0l o [90m | 55 19001 117y
Rig S hllu? | g2 IVOUC || 20 |00l 20,
- 1/2 1/2
Rag S R0w|| aggy 0011377 ) | V08 | 3 0y 100 20,
Rao S 10hml| 2o [0Sl g2 VUS| Loy |60ml| 220

Ro1 S (14 1)|[0hm, 6 Am |l 12(0)[IVOum|| 120
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2
Ros S (L+h+ Y [0l () (160 120y + 167mll 22(0)) |00m 220
j=1

To estimate Ro2, we rewrite it as

Roo = 2/div [(Vou® + (Vou®) ") + Adiv du’ly] - duy, d

o o\ T : o
+ 2/div [pm,ﬁ( Vu’ + (Vu') ) +pm715( divu’ly )} - OUpy, dx
\/|Vu0+(Vu0)T|2+e2 V|divue|? + g2

o o\ T : o
+2 / 5pm[ vus + (Vu3) 4 divwly ] . Vouy, d.
VIVUug + (Vug) T2+ 2 (/|divug]? + &2

Therefore, applying Hélder’s inequality and the Sobolev embedding inequality implies

Raz S Cepun(1+h+ [Vhm 1, VAm 1| La@) 100 g2 (0 0um | 2 (0

2
7 o o 1/2 1/2
+ Ceh Y 1Vl 20 V00 o 1ty 1t 1517
j=1

+ (L + 2)[[0hm, 6Am | L2() VOum|| L2(0).

where we have used the identity

og
(Jpiz) = e
|g]? + €2 lg1]% + €2
B 925|9‘2
ViIg? + 21922 + 2(V191P + €2 + ]g2? + £2)

for g = Vu? + (Vu®) " and div u®l, respectively.

Then, after substituting the bounds in (3.16) and (3.19a) and applying interpolation inequalities, one can obtain
from (3.27) that

d
Pice@“’lrllq/i(gum”%?(m + LHéumH%{Q(Q) < Ca,a,u,A,co,cm”5um||2L2(Q)
+ G+ ||atum,2”%2(9))(||5hm”%4(9) + ||5hm’5Am||2L2(Q)) (3.28)

+ 0160|720
where Young’s inequality is applied.

Thus, after substituting (3.26) into (3.28) and applying Gronwall’s inequality to the resultant, one has

t
sup. [5ua(5) iy + [ 180 () ey 45 < 0C, 7,
0<s<t 0

t
2 2
>< eXp [CU7L7N7A’h?h7€7w7V7cD7‘11] (t + t )] /O ||6UO||H2(Q) ds‘

Therefore, after choosing o and ¢ small enough, one can conclude that

t
sup (51 (5) 2y + / 810 (5) 2y s
0<s<t 0

1 0 e
<5 (o, 19w o+ [ 1900 ).

0<s<t

(3.29)
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Well-posedness of a sea-ice model 15

Now we update the smallness of 7, so that (3:29) holds true for ¢ € (0,7*]. Then the map 901, defined in
(3-7), is contracting with constant 1 /2. By means of Banach'’s fixed point theorem, we conclude that there exists
a unique solution to (1.10) in X=.

What is left is to show that such solutions are stable. Namely, they continuously depend on the initial data. Let
(uj, hj, Aj) be two solutions to (T-10), associated with initial data (in,j, hin,j, Ain,j), 7 = 1,2, satisfying
(3:3). Then it is easy to check that and still hold true with du®, du,,, 6hy, S A replaced by
du:=u; —ug,dh := hy — hy,dA := A1 — As, with additional initial data on the righthand side, i.e.,

t
sup ([6h(s), 0A(s)|[74(0) + 10u(s)l[72(0) +/0 [50(s) (|32 ds

0<s<t (3.30)

(Q))'

S C. v hicocin ([Rin,1 — hin,2, Ain,1 — Ain,?”%4(9) + ||Win,1 —

Hence, we have established the local-in-time well-posedness of strong solutions to system (1.10). We would like
to remind readers that the estimates obtained in this section depend on (i, A, ¢, V). In the next section, we aim
at removing such dependency.

4 Well-posedness of solutions to (1.3) with i > 0

41 (u, A, ¢, v)-independent estimates of solutions to (1.70)

We shall only present the uniform-in-(, A, ¢, /) a priori estimate in this subsection, based on which the standard
different quotient argument can be established.

Throughout this section, we use the notation X < Y to represent X < C'Y for some generic constant C' €
(0, 00), which may be different from line to line, and depend on &, w, h, h, but is independent of (u, A, ¢, /).

To begin with, let

E(t) = sup [[u(s), hls), A3y / ()24 g s, @)

0<s<t

and
€(t) i= sup [[u(s). h(s), A(s)
//( |V3(Vu(s) + Vu' (s))? n |V3div u(s)|?

(4.2)
dz ds.
(IVu(s) + Va' (s)]2 + £2)372 (\divu(s)]2+€2)3/2> v

One can easily check that £ and € are essentially equivalent in the sense that estimates on one imply estimates
on the other. Indeed, it is trivial that € < £. On the other hand, applying integration by parts yields that

1
/yv4u|2dx= 2/\v3(Vu+VuT)|2dx—/|v3divu\2dx

. . (4.3)
3 3 V3(Vu+ Vu')|? |V3div u|?
S (e’ + ||u”H3(Q))/<(’vu+ Vu' 2 4 £2)3/2 - (|div u|? + 2)3/2 d.
Therefore, we have
) S EM) S (1+t+ E2(1)€(1). (4.4)
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Estimates for 1 and A

It is easy to check that (2.3), (2.5), (2.6), (2.7), and (2.8) also hold true with Ay, hy,, u’ replaced by A, h, u,
respectively. Therefore, for s € (0, t) with ¢ satisfying (2.9), with u® replaced by u, we have

1 _
0<A<1,  0< h<h<dh (4.5)

Notice that the smallness of ¢ here is independent of (u, A, ¢, /).

Next, we shall establish the regularity estimates of A and h. Indeed, after applying 9> to (1.10b) and (1.10c),
one can obtain the following equations:

00°h +u-VOh = S ., — 0°(hdivu)
+(u-Voh—0*(u- Vh)),
KOPA+u-VIPA=0°Sa,, +0*(Adivu - x¥4)
—9*(Adivu) + (u- VO*A — &*(u- VA)).

(4.62)

(4.6b)

Then, applying the L?-inner product of and (@.6b) with 203h and 93 A, respectively, and integration by
parts in the resultant leads to

%Ha%n%g(m = /(divuya3h|2 — 20%(hdiv u)9*h) dx

-~

I

(4.7a)
+ 2/(u V& h — 0*(u-Vh))0*hdx +2 / O*Sh ., 0*h dz,
o) %;
d : :
ﬁH@SAH%z(Q) = /(le u|0°A* — 20°(Adivu)0°A) dx
Iy
+2 / (u-VO@PA—-0*(u-VA))dz+2 / Sy, 0* Ad w7b)

-~

s Zs

+2/33(Adivu-x°j)83Adx.

17

Directly applying Hoélder’s inequality and the Sobolev embedding inequality leads to the following estimates:
Ti+Zo+Zy + Is + Zr S H(||u, h, AHH3(Q))

(4.8)
Hlall sy by Al g)-

Similarly,
I3 +Zs S H([h, Al s(ay)- (4.9)

Therefore, after substituting estimates (4.8) and (4.9) into and (4.7D), one can derive that

d
g\\aghﬂ?’z‘m%qm SHw, by Allgs ) + 1l gl All s o)-
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Well-posedness of a sea-ice model 17

Similar estimates also hold for lower order derivatives. Hence we have shown that
d 9 2
Zlh, Allzragy < Kl by Allsy) + Cpllull a1, Al o

for some constant Cw Wi € (0, 00), independent of ¢+ and v. Consequently, applying Gronwall’'s inequality

concludes that

sup ||h(s), A(s )HHs Q) <e Conti Jo 1as)l ga o ds

0<s<t

t
(i Al + [ HC006), ), A o) ).

(4.10)

Estimates for u

After applying 02 to (1.702), one can obtain the following equation:
m(0:0%u + u - Vo*u) + VoPp = div 9°S. + div 9°S,,
—A2Pa 4 P F + [moyo>u — 93 (moyu)] (4.11)
+[mu - Vo*u — 8*(mu - Vu)].

Then, applying the L?-inner product of (4.11) with 203u and integration by parts in the resultant leads to
d 1/2;1/243 3
2o h 2072 ) + 20l VOl 2 ) + 20 + V) [div 0Pl g

+20[|V?0%u|| 72 ) = / [piccOih + div (picohu)] \03u|2 dx

e

—2 / %S, : VoPudx +2 / [md,0°u — 93 (mdyu)] - udx

412
Lo Tio ( )

2 /[picehu - Vo*u — 33 (picchu - Vu)] - PPudz

~~

I11

+2/83pdiva3udx —2/82}"-84udx.

112 1-13

The estimates of Z;, j € {8, 11, 12}, are standard, which we will record below. Applying Hélder's inequality and
the Sobolev embedding inequality yields that

Ts < (10l 20y + [1div (hw) || 20)) [10°all 20 0% ul i1 ()
S (1Pl oo ) + VAl Lag) 1l Fs o 1l 240

T S I sy lall s oy 1l 40,

Tiz S (1Al ) + DIl s llullmao)

(4.13)

To estimate Z; 3, notice that

10°Fllz2() S 10%(1Uw = ul(Us = w)llz2(0) + 17l g2 (@) llall 2(0) + Lo-t,
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where 1.0.t represents lower order terms of u. Direct calculation yields that

GQ(IUW —u|(Uy — u)) = |Uy — u]@Q(UW —u)
(Uy —u) - 9(Uy, —u)

+2 Uy —ul J(Uy —u)
(Uy —u) - &*(Uy —u) + [0(Uy —u)?
*( U, —ul
((Uy =) - 3(Uy — u))* .
O )

which implies

10° (|0 — ul(Uw = u)) [l z2(0) S U = ullfp2(0) + U — ullzpz (o,
Therefore, we have

Tis S N0°Fll 2@ l0*ull 2y S (lallfrs ) + 1hllFz @) + 1) lull i) (4.14)
In order to estimate 77, we first rewrite Z1( as follows,

Tip = —2/83m8tu -Qudr + 6/5‘m8t6u -9*tudr, (4.15)

where we have applied integration by parts. Next, we will use equation (T.70a) to substitute J;u and 9,0u in
(4.15). Indeed, after rearranging (1.10a), it follows

divSeun , F Vo o At

81511: Vu—. y
m m m
8t8u:d1vaSguA B leSZ’“’)\am Bi_ ia
m m
_%8]9+Vp8 —o0u-Vu—u-Vou
A20u A2u
— +¢ 28m.
m

Then similarly as before, directly applying Holder’s inequality and the Sobolev embedding inequality leads to,
|0¢ul| L2y + 10:0ul| 12(0) S H(l[ullzs@), 1Al z2(0), 1P 22(0))
(1 + 7l a2 (o) llull s )
Therefore, one can derive that,
Tro SIO°mll 22y ll0¢ul| ooy 107l La o)
+ [10m|| oo () 1000 | L2 (0 0™l L2 (02 @16
SHUal g3y 1Al z20)s 17l 73 @) 1l 72

+ (IRl s ) + 1Bl 1all ooy lal o)

Lastly, we will estimate Zg. Notice that,

.
Ty = —/a3<p Vu+ Vu ) L 83(Vu+ Vu' ) dw
VIVu+ vVuT |2 4 2

DOI 10.20347/WIAS.PREPRINT.2833 Berlin 2021



Well-posedness of a sea-ice model 19

—2/83 (pdwu>03divudx.
V|divu|? + &2

Denote by Du € {Vu + Vu', div u}. In this notation, estimating Zy amounts to determining an estimate for

Du
a3< ) &Dudz.
/ p\/\Du\Q—i-gQ ne

Direct calculation shows that

/53 (pD“ > . 9®Dudz = /p< 0Duf’ __(Du-9Du) ) da
V/Duf? + 2 VDu2 + 2 (|Dul? +£2)3/2
4 /p(Du -9Du)(9*Du - #*Du) + (Du - 8°Du)(0Du - 93Du) J
(IDuf? + £2)3/2
Ly
B 3/ (0Du - 9*Du)(Du - 93°Du)
(|Dul? + £2)3/2
Lo
+g /p(Du -0Du)(Du - 8*Du)(Du - 9*°Du)
(IDuf? + £2)5/2
L
_3 /p\@Du\Q(ﬁDu - 0%Du)
(|Dul? + £2)3/2
Ly
49 /p(Du -0Du)?(dDu - #*Du) + |dDu|?(Du - 9Du)(Du - 3Du)
(IDuf? + £2)5/2
Cs
15 /p(Du - 0Du)?(Du - 3Du)
(|Dul? + £2)7/2

L

X

dr

dx

dzx

dzx

dr

Du Du
2 3 2 3
L7
Du - 9°Du

ol ldind Y
P pup + 22

Ls

+ [ &

Notice that
|03Du? (Du - 9°Du)? _r |03Du|?
Duf + 2 (Dul? +e2)32 =" (|Duf? +£2)3/2"

Therefore, applying Hélder’s inequality and the Sobolev embedding inequality implies that,

|Cal + |L5] + [ Lol + |L7] + | Ls] S [Pl s (1 + [DulGeq))10°Dull 120y,
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3/2
L1+ Lol + L3]S [Pl oo oy D32 0 1D 370y

Therefore, X )
D 0°D
/83 piu -63Dudﬂc252/Mda}
JDup 22 (Duf? + £2)372
—Ipll 3 (1 + IIDuHm Q>)||33DuHL2(Q

3/2
—Ipll oo ) D32 ) [ D37

Thus, we have shown that, thanks to the fact p > ¢,h/4 > 0,

7. < _Echh/ |03 (Vu + Vu')|? 4o |93div u|? "
9=""4 (I(Vu+ Va2 +2)32 " “(|divul? + £2)3/2

3/2 H H3/2

(4.17)
+H([[a, A, bl ms @) lullza@) + ullys

In addition, notice that, according to (4.3),

Iallga) S lallms@) + 1V ll2 ) S Il

. /2 (4.18)
3 3 |V3(Vu—|— VUT)|2 |V3leu|2 !
+ [(5 + Hu||H3(Q))/<(|vu+vuT|2 ) + (|div u|? + £2)372 dz| -

To sum up, after substituting estimates (@.13), (4.14), (4.16), (#.17),and (4.78) into (4.12), and applying Young’s
inequality, one can derive that

1/2
R A I | Y A
+526pﬁ / 103(Vu+ Vu')? |03div u|? "
8 (|(Va+Vul)2+e2)3/2 " (|divul? + £2)3/2
< H(Huv A7h”H3(Q)7L)7

which implies, recalling ¢ € (0, 1),

t
sup [Vu(s) gy + = 2) [ IVl ds

0<s<t

¢ |83(Vu(s) + VuT(s))|2 |83div u(s)\2
<) (((Vu@) VAT ()P + 22 T ([diva(s)P +z-:2>3/2> e ds

t
< Cs,h,hHVguinH%%Q)Jr/o H([[u(s), A(s), h(s)|| m3(a), v) ds,

for some constant C' ehh € (0, 00), independent of y, A, ¢, and v.

Similar estimates also hold for lower order derivatives. Thus one can conclude that, for ¢ << 1 small enough,

sup ”u(S)H%{iﬂ(Q)

0<s<
|‘93 Vu(s) + Vu' ( )2 63div u(s)|? )
2 dxd
< +VuT( ) ’2—|—€2>3/2 (\divu(s)]2—|—52)3/2 T as (419)

< C. il / H(l[u(s), A(s), h(s) | 2 ds.
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Uniform estimates
The summation of (4.10) and (4.19) leads to

_41/2¢1/2
€(t) < <ec“h’ht o +Cg,h,h>

X HhinvAin7uinH12T—I3(Q) +1x H(G(t))>

1/2
172,372 3
< (60 w2 [errerem] Cehh)

X (HhinaAin,uinH%{:a(Q) + 1 X %(@(t))),

where we have applied (4.3) and Young’s inequality in the second inequality. Consequently, for £ small enough,
independent of 1, A, ¢, , one can conclude that

€(t) < C. i X Ihin, Ainy tinll32 0 (4.20)

and, thanks to (&.3),
E(t) < ¢?

mn?

(4.21)
for some constant €, € (0, o0), depending only on ¢, w, h, h, and
[ Ain, Ain, Win || 73 ()

Thus we have established the (1, A, ¢, /)-independent estimates. Therefore, together with the well-posedness
theory in Section [3/and continuity arguments, the existence time of solutions to (1.10) can be extended to some
T** € (0, 00), independent of (u, A, ¢, ), which might be larger than 7.

4.2 Limitas (u, A\, ¢,v) — (07,07,0%,07)

Denote by (u,M,W, hu«\,wv AW\MV), the solution constructed above to system (1.10). With (4.7), (4.21), and
by comparison in system (1-10), it is easy to check that we have the following uniform-in-(, A, ¢, ) estimates:

(LN W Au,,\,L,V||Loo(o,T**;H3(Q)) + ||uu,/\,L,1/||LQ(O,T**;H4(Q)) (4.22)
+”6tuu,)\,L,I/7 ath,u,)\,L,m atAu,)\,L,V||L°°(0,T**;L2(Q)) < G,

for some constant €, € (0,00), and T** € (0, 00), independent of y, A, ¢, and v. Therefore, applying the
Aubin-Lions lemma yields that there exists (u, h, A) satisfying and (T.9), such that, as (p, A, ¢,v) —
(()-i-’ 0-&-7 O+, 0-&-),

Uy, —u in C(0,T" H3(Q)),
hyruw — h in C(0,T*; H2(R)),
Apsiw — A in C(0,T*; H*()),
(Wrow B Agr) > (wh 4) in IRO,T5EYQ),
U, —u in L2( 0, T**:H 4(9)),
(B n iy Oy riws Ot Aprin) = (Opa, Oph, 0, A) in L°°(0, T*; L*(9)),

and it is easy to verify that (u, h, A) satisfies system (T-3) in (0, 77*].
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4.3 Well-posedness of solutions for system (1.3)

To deduce the well-posedness of solutions to system (1.3), it remains to establish the uniqueness and the
continuous dependency of solutions on initial data. Indeed, this can be done following similar arguments as in
Section which we will sketch below.

Denote by (uj, hj, 4j), j = 1,2, two solutions to system with initial data (Win j, Rin,j, Ain,j) within
((),Tj**],j = 1,2, as constructed above, respectively. In particular, and hold for (uj, ki, A;),
j = 1,2.Further, letdu := uj —ug, 6h := h1—ha,0A := A1 — Ay, and 175 := min{T7*, 15"} € (0, 00).
The triple (du, dh, § A) satisfies the following equations:

Picen10:0U + picedhdpug = div 6S, — Vip
—piceh1uy - Vou — picchidu - Vug — picedhug - Vug + 0.F,
,8h + div (5huy) + div (hadu) = 38, (4.24b)
00 A + div (0Auy) + div (A20u) = 684, + 0Adivuy - X5,
+Aadivéu - x5, + Aadivug - 0.

(4.243)

(4.24c)

After taking the L>2-inner product of (#.24a), (@.24b), and (@.24c) with 26u, 26h , and 20 A, respectively, and
applying integration by parts in the resultant, one has

d
%Hpilc/th}/Q(Sl’lH%Z(Q) = —2/555 : Viu d90+/pico<9th1|5u‘2d$

-~ ~~

2:14 Il5
—2/pice(5h8tu2~5uda:+2/5pdiv5udx+2/5]—"5udx (4.25)
Ti6 Ta7 Iis
—Q/pice(hlul -Véu + hiou - Vuy + dhuy - VUQ) -oudz
Thg
d . .
$||5h||2L2(Q) = /d1vu1|5h2dx 2/d1v (hgdu)dh dz
20 Z (4.26)
+2/5Sh7w5hdx,
—_———
Iao
d . .
£||5A||%2(Q) = —/dlvu1|5A2dw —2/d1v (A26u)0Adx
ngg Toy
2 [ 68S4,0Adr+2 [ divuy - x4, 042 d
+ / A, x + / ivuy - x%, [0A]" dx 4.27)

Iss Is6

+2/A2divc5u~X‘I‘il&Adx+2/A2divu2-5xj6Ad:1:.

Tov ZIog
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Then it is straightforward to check that, thanks to the uniform bounds in (1.9),

> TS 160, 6h 6A] 2 g + 16w, 65, A 120y I VU 2

(4.28)
15<j<28

To estimate Z14, we will have to investigate the monotonicity of S, which is an important ingredient in our proof.
Notice that

Vu+ Vu'
VIVu+ VuT 2 4 &2

20S. : Véu = 5<p > :6(Vu+Vu')

divu
V|divul? + &2

For Du € {Vu + Vu',div u}, direct calculation yields that

+24 <p ) odiv u.

5<pD“):1< n___, P >6Du
V/|Dul? + &2 2\/|IDuz]2+¢2 /|Duy|? +¢&2
1 ((Duy + Duy) - 6Du) x (p1Duy + paDuy)

2 {/IDuy? + £2/|Dug|? + £2(\/|Dwi |2 + €2 + /|Duy? + £2)

(4.29)

+5p( DU1 4 DUQ )
2 \/|Dui2+¢e2 /|Dug|? + &2 '

Therefore

Du 5p< Duy Dusy )
0| p———== | - 6Du= — + -0Du
(p\/|Du\2—|—€2> 2 \/|Dui2+e2 /|Dug|? + &2
+1 M
2 /IDu;? + 2/|Dua|? + e2(\/|Dwy |2 + €2 + /|Dug|? + £2)

with

M := (p1v/|Dur|? + €2 + pay/|Dua|2 + £2) (v/[Duy 2 + €2 + /|Dus|? + £2)
><\(5Du]2 — ((Du1 + Duy) - (5Du) X ((plDul + paDuy) -6Du)
Z Chvcine‘éDu|2’
for some constant C, ¢, € (0, 00) depending on h and €;;,. Therefore, one can derive that
Ty S —Cepe,, ([VOu+ Vou' |72 + [|divoul|a ) 4.30)
+[[0h, §A| L2yl Voull £2(q),

for some constant C. , ¢, € (0, 00) depending on ¢, h, and €;,. In addition, using integration by parts, one
can derive that,
IV8ullZ2() < [IVou+ Vou" |72 + [divoulfaq). (4.31)

Consequently, after substituting (4.28), (4.30), and (4.37) into (4.25), (4.26), and (4.27), summing up the results,
and applying Young’s inequality, one can conclude that

d
1P 0u, 8k, 54| T2 o) < G, NIyl 1y * 6, 61, 5 g,
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which, after applying Grénwall’s inequality, yields

sup [[5u(s), 5h(s), 6A(s)|3z 0 < Ce

0<s<T** |6uin’ 5hin7 6Ain||%2(9)’ (4.32)
S55492

in |

with some constant C¢,, € (0, 00), depending on the initial data. The uniqueness and the continuous depen-
dence on initial data of solutions to system follow from (4.32).
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