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A coarse-grained electrothermal model for
organic semiconductor devices
Annegret Glitzky, Matthias Liero, Grigor Nika

Abstract

We derive a coarse-grained model for the electrothermal interaction of organic semiconductors. The model
combines stationary drift-diffusion based electrothermal models with thermistor type models on subregions
of the device and suitable transmission conditions. Moreover, we prove existence of a solution using a
regularization argument and Schauder’s fixed point theorem. In doing so, we extend recent work by taking
into account the statistical relation given by the Gauss—Fermi integral and mobility functions depending
on the temperature, charge-carrier density, and field strength, which is required for a proper description of
organic devices.

1 Introduction

Charge transport in organic semiconductors can be modeled at very different scales, ranging from density
functional theory for molecules, master equation approaches for carrier dynamics to drift-diffusion equations
(see e.g. [19]). Transport properties in these materials are heavily influenced by temperature leading to self-
heating effects which in turn have a strong impact on the performance of the device e.g., organic solar cells
and transistors [26, 17]. Moreover, self-heating effects can lead to nonlinear phenomena like S-shaped current-
voltage relations with regions of negative differential resistance. Furthermore, the interplay of self-heating and
temperature activated hopping transport in combination with heat flow results in spatially inhomogeneous current
flow and temperature distribution in large-area organic light emitting diodes [6, 5]. Therefore, we require models
and simulations of the electrothermal interplay in multidimensional organic devices that are as accurate as
necessary but computationally efficient. The idea is to derive a coarse-grained model that combines models for
substructures with different model complexity. Such modeling approaches have already been used for inorganic
semiconductor devices without taking into account the coupling to the heat flow, e.g., in [18, 25, 7].

Starting from a stationary drift-diffusion based electrothermal model (see (2.1)—(2.4)) for organic semiconductors
introduced in [13], we construct a coarse-grained model that retains the strong coupling of the electrothermal
effects but takes into account different depth in the characterization of the current flow. The model results from
combining a drift-diffusion system in critical device subregions with coarser thermistor-like models that are lim-
iting cases of the former for vanishing electron or hole densities for device substructures with highly n-doped or
highly p-doped regions. Thus, we arrive at an effective model with different complexity and coupling interface
conditions among the subregions.

The present paper deals with two tasks: First, we construct a coarse-grained model for the electrothermal
behavior of organic semiconductors by applying coarser models in subregions which reduces the number of
coupled equations. Hence, the full drift-diffusion model is applied only in the electronically relevant subregions
of the device. In particular, the coarser, thermistor type models used for subregions of the device contain an
equation for the net current flow coupled to the heat equation, namely

—V - (a(T,VT,Vp)Ve) =0,

1.1
V- (AVT) = 5(T, VT, V)| Vel, a1

with an effective electrical conductivity function o depending on the temperature and the gradients of tempera-
ture and potential.
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Second, we study analytical properties of this model concerning existence, boundedness and regularity of solu-
tions. The key idea of this modeling approach is to use for device regions with doping of only one charge carrier
type (e.g. near to contacts) a coarser description by a thermistor model combining heat flow and a simpler model
for the current flow. The more detailed electrothermal drift-diffusion model is restricted to electronically relevant
subregions where one balances electron and hole currents and generation/recombination processes. The de-
composition of the semiconductor device into different subregions where different models are applied, requires
transfer conditions at the interfaces among these different subregions to guarantee the continuity of the total
current in the normal direction to the interface. Additionally, we have to ensure that at the interface between the
n-doped (p-doped) subregions and the subregions where a full drift-diffusion type model is applied, the normal
component of the electron (hole) current density as well as the electrochemical potentials of electrons (holes)
are continuous. Moreover, we have to prescribe Dirichlet values for the Poisson equation at the interface to
the drift-diffusion subregion. To ensure the required regularity of the Dirichlet function (see (2.18)), we restrict
ourselves to two spatial dimensions.

A similar derivation was carried out in [12] for classical semiconductors under the assumption of Boltzmann
statistics. In the organic setting, considered in the present paper, the mobility functions are temperature, density,
and electric field strength dependent functions. Moreover, we have to take into consideration the special statisti-
cal relation given by Gauss—Fermi integrals, where its inverse cannot be given explicitly. Thus, in all derivations
only qualitative properties of functions related to G can be used.

In Section 2, we introduce the considered coarse-grained model for the electrothermal behavior of organic semi-
conductor devices, formulate our assumptions and give our concept of solutions. Section 3 contains our main
analytical results concerning a priori estimates (Theorem 3.1) and existence of weak solutions (Theorem 3.2).
The proof of Theorem 3.2 is realized by regularization and Schauder’s fixed point theorem in Section 4. Finally,
we give an overview on properties related to Gauss—Fermi integrals in the Appendix.

2 Derivation of the coarse-grained model

If €2 denotes the domain of the device, the drift-diffusion model introduced in [13] (see also [3, 8]) that describes
the interplay between electronic and heat transport in organic semiconductors is the following,

V- (eVY) =C —n+p,
=V jn=—R, jn=—npnVen,
Vijp=—R, jp=—ppVep,
—V - (AVT) = npun|Veon|* + ppp| Veop|? + R(s0p — n).-

(2.1)

Here 1) denotes the electrostatic potential, ©,,, p are the electrochemical potentials, T is the temperature, € is
the dielectric permittivity, C' := Ng — N, represents the charged donor and acceptor densities, respectively,
and \ is the thermal conductivity. For organic materials, the mobilities of electrons p, = (T, n, |V1)|) and
holes 1, = (T, p, | V1)) are considered to be temperature, density and electric field strength dependent
functions, see e.g. [24, 19]. The chemical potentials are defined by v,, := ¢ — ¢, and v}, := —(¢ — <pp), the
generation/recombination term R and the charge carrier densities n and p are given by,

R=ro(-,n,p,T)np (1 — exp L; (pp) =ro(-,n,p, T)np (1 —exp 2P ; vp),
VY —on+ By on vn +FE, on
— N, (7;— =N, (7;7)’ 2.2
E,— -y, o v+ E, o
=N (—p P-i):N (41” p-l)
p pOg T ) T pOg T 3 T )
with energy levels F,, = —FErumo, £ = Enowmo related to the so called LUMO and HOMO energies

(see e.g. [4]), the total densities of transport states N0, N0 and the disorder parameters o, o,,. These
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parameters are only weakly temperature dependent, and we neglect for simplicity this temperature dependence.
The function G results from the Gauss—Fermi integral

g( / §2) :

,2) ex
= ~ Vo p 2/ exp(z€ —n)+1
see [23]. Properties of the function G needed for the analysis in this paper are collected or proven in Appendix A.

The system (2.1), (2.2) is completed by mixed boundary conditions on I' := 0f2 for the drift-diffusion system
and by Robin boundary conditions for the heat flow equation,

dg, (2.3)

=", pn=0l, e,=¢) onTp,
eV -v=jg,-v=jp-v=0 only, (2.4)
AVT v+ k(T —Ty) =0 on0Q,

where I'p and I' ;v denote the Dirichlet and Neumann boundary parts, respectively, v is the outer unit normal,
and T, is the ambient temperature.

Equations (2.1), (2.2), and (2.4) are already written in scaled form. A similar scaled model frame was used in [14]
for classical inorganic semiconductors. In this model, thermoelectric effects (Peltier, Thomson, and Seebeck) are
not included. Note that in [20, Sect. 11.D] it is argued that in the case of organic semiconductors such effects
are negligible as the thermal voltages are small compared to the applied voltage. For fully thermodynamically
designed energy models for inorganic semiconductors including all these effects we refer e.g. to [1, 2, 16, 21],
where [2, 16] discuss also numerical aspects.

The models (1.1) as well as (2.1) have heat source terms in the heat flow equation that are always nonnegative.
This fact together with the Robin boundary conditions enforces that the temperature for solutions to the model
equations (1.1), resp. (2.1), (2.4) has to fulfill 7" > T,. A corresponding property the coarse-grained model
retains.

2.1 Model reduction for strongly n—-doped regions

In order to derive the coarser model, we assume that the energy levels E;, the densities of transport states NV,
as well as the charged doping densities ¢§,, := Ng, Op = N are spatially constant and that d; < Ny for
1 = n, p. For illustrative purposes, we derive the coarser model for a strongly n-doped region, where the hole
density is negligible with the opposite case running analogously.

We consider the limit p — 0 for the model equations (2.1), (2.4) with the quantities Vo, Vo, ¥, V1), vy, n,
T, and VT remaining bounded. We find 22 — —oo using that p = NpoG((vp + Ep)/T;0p,/T), T > Ty,
and E, is constant. Moreover, we have as a consequence,

vp = =00, pupVep =0, pup|Vpp|* —= 0, 5
+vp .

) =0, R(v,+vp) =mnpro(l — e T )(vn, +vp) = 0.

vn+vp

R=mnpro(l—e" T

For the last convergence, we have additionally to verify that pv, = G((v, + Ep)/T;0p/T)v, — 0 which is
obtained by the following steps: The boundedness of 1" ensures for z > 0 that

v, + E E
i g(2 ) B o
P oo g T T
T
Next, we show that lim_, _~ G(y; 2)y = 0 for arguments y < 0 and z > 0. Since

oo o0

5 &
v/ . — - Y e %
0 Z 27Tg(y, Z)y - / e ezf ¥y df / ezf + e¥ € > ye / e 2e dé.

—00 —0o0

00
— yey/ *%(@VZ) +5 df = yeye p) / 7%(£+z d§ = yey const,
o —00
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we find that, 0 > limy_>_oo Q(y; z)y > 1imy_>_oO ye¥ const = 0. In the case of Gauss—Fermi statistics we
have, for v, + E, < 0and T > T, the estimate G((vp + Ep)/T;0,/T) < G((vp + Ep)/T;0p/T,) (see
[18, Lemma 2.1]). Therefore, we obtain,

0> lim g(w-@)vlz lim g(M.@)ﬂp

it T T)T T el T 'T,)T
— lim g<”p+Ep.@>vp+Ep_ lim g(”p"‘Ep.@)&:O_O:
% oo T T, T L/ NN T 'T,)T ’

establishing the last convergence in (2.5).

For the considered case of strong n-doping and negligible p-density (6,, >> 6, = 0), we additionally assume
local charge neutrality. This means that the right-hand side of the Poisson equation in (2.1) fulfils C —n +p =
0p—0p—n-+p = 0, and that we obtain n. = J,, in the limit p — 0. We recalculate a corresponding temperature
dependent "chemical potentialof electrons v, as follows:

For parameters 0 < 6 < Ny, E € R, o > 0, and temperatures T > 0 we look for v = V(T) such that

v+ FE o

H(T,V(T)) = 0, where H(T,v) := NOQ(T; T) —5. (2.6)
Since for all fixed T > 0, 0 > 0 the map v — H(T,v) is a strictly monotonously increasing function
R — (=4, Ny — 9) (see Appendix A), we find that for all ' > 0, ¢ > 0, Ny > & > 0 there is exactly one
solution v = V(T') = TG~} (Nio; %) — E suchthat H(T,V(T)) = 0. Here G~1(y; z) denotes the inverse
of G with respect to i while z is held fixed.
In the case of strong n-doping, we introduce a notion of “chemical potential” of electrons v,, := V,,(T"), where
the function V,,(T") results from uniquely solving the equation (2.6), H(T', V,,(T")) = 0 for the parameters
No = Ny, F = E,, 0 = o,, 0 = d,. Furthermore, we reconstruct an “electrostatic potential” via

Vn = Yn(pn, T) := @n + Vi (T).

Hence, in summary we describe the electrothermal interaction in a very coarse way by the interplay of the
electrochemical potential of the electrons ,, and the temperature 1" via the following reduced coupled system
resulting from the continuity equation for ¢,, and the heat flow equation by using the results of the described
limit procedure,

=V - (Onpin (T, 6, [VPn|)Vion) =0 inQ,
—V - (AVT) = S pin(T, 6, [ V) [ Vion* inQ,

(Onpin(T, 0n, [VPu)Ver) - v =0 onDTn, @n=¢2 onTp,
AVT v+ k(T —T,) =0 onof.

2.7)

Setting the conductivity function & = 0y, i (T, On, |V (0n + Vi (T))
problem is of the form (1.1).

), the potential ¢ = ¢, the resulting

In a completely analogous manner, for a strongly p-doped semiconductor region €2 with 6, >> 6,, ~ 0 we
obtain, under the assumption n — 0 whereas the quantities V,,, Vo, 1, Vi, vy, p, T and VT remain
bounded, the following reduced coupled system for the interaction of the electrochemical potential of the holes
©p and the temperature 7',

-V (5pﬂp(Ta dp, |v¢p|)v‘ﬂp) =0 in{,
—V - (A\VT) = pﬂp(Ta 5137 |v¢p’)|v90p|2 in €2,

(Optep(T, 0p, [NVUp|)Vp) v =0 onT'y, ¢p= gol? onI'p,
AVT v+ k(T —-T,) =0 on0Q,

(2.8)
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with the reconstructed value 1, = 1, (¢p, T') := pp—V,(T') for the “electrostatic potential”, where the function
Vp(T') results from uniquely solving the equation (2.6), H (T, V,,(T")) = 0 for the parameters Ny = Ny,
E = FE, 0 = 0y, and § = J,. Note that, according to (2.2), and using G~ Y(y; 2) for the inverse of G with
respect to y while z is held fixed,

0; o; .
Vi(r) =167 ( o 2B i=np. 2.9)

2.2 Notation and assumptions

In two spatial dimensions, we consider geometric situations as indicated schematically in Fig. 1 and use the
following notation: 2y is the subregion of the device, where we consider the full electrothermal drift-diffusion
model (2.1), §2,, is the n-doped subregion, and {2, is the p-doped subregion of the device. The device region
is defined as © := int(Qy, U Qp U Q). Moreover, we introduce Qp; := int(Qp U Q;), I'p; := I'p N,
I :=int(Qp N ) forj = n,p, and I := I, U I,. By v and vp, we denote the outer unit normals at J¢2 and
0)p, respectively.

v FD jp‘VD =0,
#_n_ H@n]] =0, [[]n . VDH =0,
S b= pn + ValT)
'y Qp 'y Qpn =Qp Uy, Qp,=OQp U,
Qp o '\jn'VD_O,‘
T — [ep]l =0, [jp - vp] =0,
bp Y =pp— Vp(T)

Figure 1: Schematic geometry of an organic semiconductor device partitioned into the different subregions and
transfer conditions at interfaces, where [-] denotes the jump of the argument over the respective interface.

To distinguish the energy levels E;, the disorder parameters o;, and the number of transport states N;q in
the domains €2; (where they are assumed to be constants) from the corresponding parameters in 2p, we
denote them now by E, 0y, and Nio, i = n,p. Moreover, §; denotes the corresponding doping density in
Q;. Additionally, from now on, V;(T") means Lhe functions resulting from uniquely solving the equation (2.6),
H(T,V;(T)) = 0 for the parameters Ny = Njp, E = Eo=06;,6=20;i= n, p.

We work with the Lebesgue spaces L”(2) and the Sobolev spaces W19(2). Moreover, we make use the
following closed subspaces of H' functions: H}Di(QDi) indicates the closure of C'*° functions with compact
support in Qp; U (92p; \ T'p;) with respect to the H(Qp;) norm, H}(QD) is the closure of C'™ functions
with compact support in QpU(9Qp \ I) with respect to the H ! (Qp ) norm. In our estimates, positive constants,
which may depend at most on the data of our problem, are denoted by c. In particular, we allow them to change
from line to line.

We investigate the stationary electrothermal model, which we will introduce in Subsection 2.3 under the following
general Assumption (A). In what follows, let 5 = n, p,

B Q,Qp,Op; C IR? are bounded Lipschitz domains with £, N Q, = 0, mes(I;) > 0, mes(I'p;) > 0
with dist(x, Qp;) > const > Oforallz € I'p;, i # j, and I'xj := 9Qp; \ T'p;, Qp;j U T; are regular
in the sense of Groger [15].

m oD e W), ||o?), S A€ LF(@),0 < X < Xaein 0, A = constin O,

k€ LP(I), H/<;HL1(F) > 0, T, = const > 0, € = const > 0.
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»

~

B The quantities NJO, d;, 0 0j defined for (}; are positive constants, E; is constant. Moreover, 0 < [NV <
N]0<N0<0']§0' 25 <N]0

| Njo,O‘j S Lf(QD),C, Ej S LOO(QD) suchthat0 < N < NjO gW,O <og< 0j <o, |Ej| gE,
|C| < C ae.inp.

B (-, n,pT)=npro(-,n,p,T),wherero(-,n,p,T) : Qpx (0, N)?x(0,00) ++ R is a Caratheodory
function and ro(+, n, p, T) < T a.e.in Qp forall (n,p, T) € (0, N)? x (0, 0).

B 4 Qp; x (0,00) x (0, N) x [0,00) — R are Caratheodory functions such that for all § > 0 there
(Se;(lstsH£ He with 0 < He S po i( Ty, 2) < Hig forall (T, y, 2) € [§,00) X (0, N) x [0,00) ae. in
Dj-

Henceforth, we set p := Mo s U= i, -

From now on, we work with the approximations that (i) the built-in potential is nearly constant in homoge-
neously doped regions and (ii) that the voltage drop over strongly doped regions is very small in comparison
to the voltage drop over the rest of the device. Under these approximations we substitute in €2; the mobility
wi(T, 0;, Vi) by pi (T, 0;,0), i = n, p, and consider the then resulting model equations.

2.3 Formulation of the coarse-grained model

In Q2p, we use the quantities R, n, p as they were defined in (2.2). To simplify the presentation, we introduce
the following quantities in the entire domain 2,

lifx € Qpn lifx € Qp
Xn(z) = { Xp(z) = { ’

0 otherwise , 0 otherwise ,
dn(n, T, [V9]) = Xn (1 = Xp)Sntin (T, 0n, 0) + xnXpnpin (T n, V), (2.10)
dp(p, T, [VY]) = xp(1 = Xn)pttp (T’ 0p, 0) + XnXpPtip (T ps [V, (2.11)
Ro(n,p, T, on, 0p) = xnXpR(n: 0, T, on, ¥p), (2.12)

hQ(n7p7 T7 27 v@nv v‘P}m Sonv Sop) =

(2.13)
dn(na T? Z)’v¢n‘2 + dp(pa Ta Z)|v90p|2 + Rﬂ(n¢p> Ta Pns SOP)(SOP - SOTL)

Using the above notation, the electrothermal behavior of the organic device occupying €2 is now described by
the following stationary system of partial differential equations and transfer conditions:

Heat flow equation for 7" in §2

-V ()\VT) = hQ(n7p7 T7 ’VWa VSOm v@pa Pn, (pp) in Qv

(2.14)
AVT - v+r(T-T,)=0 onT.

Continuity equation for electrons in Qpp

V- (dn(na T7 |V¢|)V¢’n) = _RQ(n7p7 T? Pns Spp) in QDnv
[[‘Pnﬂ =0, [[dn(n7T7 \VW)V% : VD]] =0 only, (2.15)
On = gpg onpn, Ve, -v=0 ondQp,\I'Dn.
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Continuity equation for holes in {2p,

~V - (dp(p, T, [VY)Vipp) = —Ra(n,p, T, ¢n, p)  in Qpp,
H‘Pp]] =0, [[dp(va7 |v¢’)v¢p ’ VD]] =0 on Ip? (2.16)
¢p =92 onTpp, Ve,-v=0 ondQp,\Ipp.

Poisson equation for the electrostatic potential 1) in {2p

—V-(eVy)=C—n+p inQp,
=29 onl, (2.17)
eVy -v=0 ondp \ I.

The function ¢/ () is defined as,
YP(@) = (1 7)) (9 + Va(T(@)) + () (2 — Vo(T(@))). 218
where V;, and V), are defined in (2.9), and 7 : Qp — [0, 1] is a C'1(Qp) function such that,
7, =0, 7l, =1, |V7r[ <@ (2.19)

For a more detailed description regarding the Dirichlet function 1/1D, we refer the interested reader to [12], where
the Boltzmann case is considered.

Lemma 2.1 Let V;(T) be the functions resulting from uniquely solving the equation (2.6), H(T,V;(T)) = 0
for the constant parameters Ny = Ny, E = E;, 0 = 04,0 = 0;,1 = n, p.

1. T € HY(Qp) andInT € L>(Qp), then Vi(T) € H(Qp) N L>®(Qp), i = n, p.

2. Ifpn, pp, T € HY(Qp) and oy, pp, InT € L°°(Qp) then the function 1) defined in (2.18) belongs to
HI(QD) N LOO(QD)

Proof. 1. The L property results directly from Lemma A.1. Thus it only remains to show that VV;(T") €
L?(92)?. According to (A.6) we evaluate

d 9G -19G _1/ 0 O
(1) = = Vi(T TZ{[* i,i] (M5 2i) 2 1(A;—)} T, 2.2
VVi(T) = FVi(T)V 877(77 a)| 5, (s 2)zi+ G i \Y (2.20)
where 7; = W zi = % Because of In7T" € L°°(2p) and the lower bound of 7; from Lemma A.1,

the estimates in [13, Subsec. 2.1] ensure that %(m, z;) is positively bounded away from zero, and %(m, i)

and G* (]\A‘;Z ; %) are bounded from above which together with T' € Hl(QD) in summary guarantees that
10

Vi(T) € HY(Qp), i = n,p.

2. Due to the properties of 7, ¢, ¢p, the assertion follows directly from assertion 1. [

3 Weak formulation, a priori estimates, and main result

3.1 Concept of solution for Problem (P)

We look for solutions to (2.14) — (2.17) in the following setting. Let s > 2 denote an exponent which will finally be
fixed in Theorem 3.1. A weak formulation of our model is as follows. Find (1, ¢n, ¢p, T) € [(¥P +H} (Qp))N
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L=(Qp)] x [(¢r) + Hp, (Qon)) MW (Qpa)] x [(¢) + Hp,(Qpp)) "W (Qpp)] x {T € H'(Q) :
InT € L*>(2)}, such that

/ va-vwdx:/ (C—n+pipdr Vi € H (Op),
Qp

Qp

/an(n,T,|Vz/J])Vg0n-Vg0ndx+/ dy(p. T, |V|)Vigp - V5, da
Dn

Qpp

= /Q r(n,p,T) (1 — exp %T_%)y@" —p,)dr Vi, € HY.(Qpy), i = n,p, (P)
D

/AVT—Vde+/K(T—Ta)TdF
Q r

:/hQ(n,p,T,|V1/J],chn,V<pp,<pn,g0p)de VTEHl(Q),
Q

where d,,, d,, and hg, are defined in (2.10), (2.11), and (2.13) respectively. We remark that the choice of the defi-
nition sets for (1, ¢y, ¢, T') and Assumption (A) ensure, n, p € L>(Qp), pn (T, 1, [VY|), pp(T, p, |V)),
r(n,p,T) € L=®(Qp), pi(T,8;,0) € L®(Y), d; € L=®(ps), i = n,p, hg € L/?*(Q), and P €
HY(Q) N L>®(2) by Lemma 2.1.

If there is no problem of misunderstanding we leave out the arguments in d,,, d,, 7, hq.

3.2 A priori estimates

The proof of a priori estimates uses similar techniques applied for the inorganic coarse-grained model in [12],
however, some essential modifications related to the statistical relation and the mobility functions have to be
taken into account that are pointed out here.

Theorem 3.1 Under Assumption (A) all solutions (¢, ¢n,¢p, T') to (P) satisfy T = To and |[¢n | oo ()

llpll 700 ) < K with T, and K from Assumption (A). Moreover, there are exponents s, t > 2 and
P

constants ¢y s, CTt, CT,00, Cyp,00 > 0 depending only on the data and the underlying geometry such that

||SDiHW1,s(QDi) < Cpsy L =1, D, HTHWl,t(Q) < Tty HTHLOO(Q) < CTy00; ’WHLoo(QD) < G oo

for any solution (v, o, ©p, T) to (P).

Proof. 1. As in [12, Lemma 3.1] it is verified that T" > T}, a.e. in §2 for any solution (1, ¢y, ¢p, T') to (P).

2. Since the densities and the mobility functions i; are bounded, the techniques in [12, Lemma 3.2] ensure also
in the organic case a constant c;, > 0, depending only on the data, such that

HhQ(’fL,p,T, ’vwlv VLpn, V(va ©n, QOp)HLl(Q) < ey,
(3.1)
HSOnHLoo(QDn) ) H(PPHLOO(QDP) < K.

3. As in [12, Lemma 3.3], we derive constants ¢, > 0, and ¢ > 0, depending only on the data, such that
1T wragy < cqq € [1,2), [Tl z2(ry < er forany solution (¥, ¢, ¢p, T) to (P).

4. Next we aim to find a constant CyT > 0, depending only on the data, such that,

19/ T || oy < €y (3.2)

for any solution (1, @, Pps T') to (P). For this purpose we define in the organic case
0; 0y
K7 := max {‘g*(% ; i) ’}
1=n,p NiO Ta

DOI 10.20347/WIAS.PREPRINT.2822 Berlin 2021
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Have in mind the definition of ¥)” in (2.18) and Lemma 2.1. For L > 0 and £t := max{0,¢}, € =
max{0, —£} we use mz ! € HN(Qp), resp. —mz} ! € H} (Qp) with

zr =min{L,(y — K —F - K\T)*}, Zp:=min{L, W+ K+E+KT)"}, m=2% keN,

simultaneously as test functions for the Poisson and heat flow equation (on £2p). By a Moser iteration technique,
we thus derive upper and lower bounds for ¢ /T". Taking into account that in the organic setting |C' — n + p| <
C + 2N a.e. in {)p and adapting the Steps 1 and 2 in the proof of [12, Lemma 3.4] we establish the desired
estimate.

5. The obtained estimates for 1", ¢, ¢}, and 1 /T as well as the properties of the Gauss—Fermi integral (see
especially Lemma 2.1 and [13, Lemma 2.1]) ensure a.e. in {2p

T/J_Spn'FEn.Uin
T T

Ep_(w_@p) 9p

<n=N ( :
cg<n 09 T T

>, p= Npog< ) <N, (3.3)

where

K+F K+FE

cqi= ﬂg(—Ta — CWT;O) < ﬂg(_Ta — Cyr %) < Mg(w. Ln)

T T
depends only on the data and the underlying geometry. Using additionally the upper and lower bounds of the
mobilities ; and &;, ¢ = n, p, the estimates (3.3), and the upper bound for o and Step 2, we find that the
L°° norms of the right-hand sides of the continuity equations is bounded by a constant cg > 0. The supposed
regularity of go,?, @5 and the regularity result of Groger [15, Theorem 1] for elliptic problems guarantee an
exponent s > 2 and a ¢, s > 0 depending only on the data and the underlying geometry such that

i € WLS(QDi) and HgOi||W1,5(QDi) < Cp,s) 1=n,Dp.

6. Consequently, the right-hand side of the heat flow equation (2.14) belongs to LS/Q(Q) and the LS/Q(Q)
norm is bounded by some constant ¢ > 0. Here, we used for the reaction heat that 7' > T, a.e. in {2 and
||<Pz'”Loo(QDi) < K, i = n,p. We apply regularity results for second order elliptic equations with non-smooth
data in the 2D case. According to [15, Theorem 1], there is a t* > 2 such that the strongly monotone, Lipschitz
continuous operator A : H'(Q) — H(Q)*,

(AT, w) := /()\VT Vw +Tw)dz, we HY(Q),
Q

maps W () into and onto W~ 1E(Q) for all £ € [2, ¢*]. Here, W—1¢(Q) means W' (Q)* with =1
Next we define t € (2,t*] by

2t*
’t*—2}
25 " s o 2t*
4—s s—2 tr=2

t* if € [1

This definition guarantees that L%/2(€2) < W~ 1t(Q) := W' (Q)*. Remark 13 in [15] then ensures T 1t
estimates for solutions to problems of the form AT = F(T), where F is any mapping from W12(Q) into
W=LH(Q). In our case, we use

FT)w) = [ (hanp, T V6] Vn iy s y) + T) wea
Q
+ / k(T — T)wdl Yw e WH'(Q).
r
Thus, we find a ¢y > 0 such that the weak solution 7" to the heat flow equation belongs to Wht(Q) and

[T lly1e(q) < er- The continuous embedding of WH(Q) in L>=(Q) ensures 1Tl oo () < €700~ More-
over, together with (3.2) we therefore obtain [|4| ;. (q,) < €y,00, Which finishes the proof. [
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3.3 Main result

Theorem 3.2 Under Assumption (A) there exists a solution (1, ¢y, ¢p, T') to Problem (P).

We give the detailed existence proof in Section 4. It consists of the following steps: First, we consider a regular-
ized Problem (P;s) with regularization parameter M . Second, for solutions to (P;;) we ensure a priori estimates
and higher integrability properties for the electrostatic potential, quasi Fermi potentials, and the temperature
that are independent of M (Theorem 4.1). Finally, we prove the solvability of (P;s) via Schauder’s fixed point
theorem. The regularization of Problem (P) consists of a manipulation of the statistical relation (see (4.1)) giving
regularized densities which in the right-hand side of the Poisson equation, the flux terms, reaction coefficient,
and the source term of the heat equation. Thus, if we choose M > Cy T With ¢y 7 from (3.2), the manip-
ulation of the statistical relation in the regularized problem does not become active. Therefore, by solving the
regularized Problem (Pys), the proof of Theorem 3.2 is completed. Moreover, let us note that the regularization
argument is necessary since we can not apply the Moser technique for the fixed point iterations to obtain a priori
estimates, computed in (3.2), also for the expression /1" with the frozen argument 7', since 1" does not have
to fulfill the heat equation.

As for the electrothermal drift-diffusion model and the thermistor model, uniqueness of the solution to (P) is not
to be expected since organic semiconductor devices have the potential for S-shaped current-voltage relations
with regions of negative differential resistance, see e.g. [3, 5].

As a consequence of Theorem 3.2 we obtain the following result concerning the thermodynamic equilibrium.

Corollary 3.1 We suppose in addition to Assumption (A) that gof) = constinQp;, © = n, p, and <p5 = gof in
Qp. Then there exists a unique solution to Problem (P). Moreover, it is the thermodynamic equilibrium and has
the form (", ¢}, o, T*) = (¥, P gol? ,T), where p* € H'(Qdp) is the unique solution to the nonlinear
Poisson equation in )p,

—V (V) =C — Nnog(QMML' ‘L") +N OQ<W @)7

T. Ta T. T,
with the boundary conditions 1* = {P* on I, eVy* - v = 0 0n 9Qp \ I, where
PP = (L= 7)(0r + Va(Ta) +7(07 = Vo(Tu))- (34)

Proof. Let (1, ¢n, ©p, T') be an arbitrary solution to (P) guaranteed by Theorem 3.2. The test function (¢, —
b Yp— goll,)) € H} (Qpn) X Hﬁp(QDp) for the continuity equations yields under the additional assumption
of the corollary that

0= [ dlVeldr+ | rnp.T) (exp P F2 1) (pn - o)
Qpi Qp T

i=n,p

The integrands in all occurring integrals are nonnegative and the positivity of d; in 2p; for i = n, p guarantees
that V; = 0 a.e. in {)p;. From the prescribed boundary values we obtain ¢,, = go,? = ‘Pz? = @p. Therefore,
all source terms in the heat equation (2.14) vanish. This ensures together with the Robin boundary condition that
T = T,. Thus it remains to solve the Poisson equation where n and p on the right-hand side are substituted
according to Gauss—Fermi statistics

¢*_¢£+En,al

Ey — (711*—80;?) @)
Ty Ty '

n:Nnog( - 7

). p=Npg(

As Dirichlet function the function 1)”* defined in (3.4) has to be prescribed. [J
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4 Proof of main result

4.1 The regularized Problem (Py)

Let M > 0 and kps(y) := min{max{y, —M }, M }. Our problem reads as follows: Find (¢, ©n, @p,T) €
(6P + HE (D)L= ()] X [(#2+ Hb, (Q0n)) W ()] x (92 + HE, (Qop)) TV (Qpp)] x
{T € HY(Q) : InT € L>(Q)} with

/ eV - Vipdr = / (C —ny +pu)bdz Vi € HE (Qp),
QD QD

/Q dp(npr, T, |VY|) Vo, - VP, dx + /Q dp(pa, T, [VY|)V@p - V@, dx

Dn Dp

— [ s ) (1= e P2 6, ~ B e Vo€ B0 i=np, P
Qp

/AVT-Vde—{—//{(T—Ta)TdF

Q r

:/hQ(nM,pM,T,|V¢],chn,V<pp,<pn,g0p)de VTEHl(Q),
Q

where the regularized densities 15y and pjs have to be determined pointwise by

ny = an)g(kM(%) - %%En; %» M = Npog(w - kM<g>§ @)- (4.1)

4.2 A priori estimates for solutions to Problem (Pj;)

Theorem 4.1 Under Assumption (A), each weak solution (1, py,, pp,T') to the regularized Problem (Pps)
fuffills the estimates T" > T,, a.e. in (),

1@ill oo (py) < B Nillwrs@p) < Cousr @ =10, 19/ T || ooy < Cyyrs
Qi) (i) (@)

HTHL2(F) < cr, ||THWM(Q) < crg, ||T”Loo(Q) < CT,005 ”1/1”1100(913) < Cyo0

with the exponents s,t > 2 from Theorem 3.1, the constants T,,, K from Assumption (A) and cr, ¢y, /T Cop,s5
CTt, CT 00, @Nd Cy, o from Theorem 3.1.

Proof. 1. We apply the techniques used in the proof of Theorem 3.1. The estimates of the first three steps remain
valid with the same constants for solutions to Problem (Py) if one substitutes hq (n, p, T, |V|, Vo, Ve,
@ns pp) by ha(nar, par, T, VY|, Vion, Vo, on, ¢p), see especially (3.1) and || T']| 2y < cr. In Step 4
of the proof of Theorem 3.1, we have now to use that the (regularized) right-hand side of the heat equation is
nonnegative and |C' — nys + pas] < C + 2N a.e. in Qp. Then exactly the same arguments ensure that
19/ T || oo () < €y With ¢y 7 from (3.2).

2. The bounds T' > To, |0/T ooy < cyyr
nyr,pv < N for the regularized densities a.e. in {2p (with ¢; defined in (3.3)) not depending on the reg-
ularization level M. Thus, we can repeat the Steps 5 and 6 of the proof of Theorem 3.1 with the same constants
now for solutions to Problem (Py). O

SOiHLoo(QDi) < K guarantee the estimates ¢; <

4.3 Existence result for the regularized Problem (Pp;)

Theorem 4.2 Under Assumption (A), there exists a weak solution (1, ¢y, ©p; T') to the regularized Problem
(Par)-
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The proof of Theorem 4.2 is based on Schauder’s fixed point theorem. First, we introduce the iteration scheme,
then we discuss subproblems with frozen arguments, then we verify the needed continuity properties of the fixed
point map, and finally we prove the solvability of the regularized Problem (P ). In the following, the constants
are allowed to depend on the regularization level M.

4.3.1 Iteration scheme

We work with the non-empty, bounded, closed, convex set

N = {(gpn,gop,T) € H'(Qpy) x H (Qpp) x WHM(Q) il grapy < carmts
(4.2)
il Lo (p) < Ko i =np, [Tllwriar o) < eren, T2 T aecin Q},

where cpr 1 > 0 will be defined in (4.8) and Lemma 4.2;t5; > 2 and ¢g¢,, > 0 will be introduced in (4.10)
and Lemma 4.3. In particular, we find a constant T, such that 7, < T < Ty, for all (o, gop,T) € N.Fora
simpler notation, we use the auxiliary function

+ n_En n
UG o op )= NpoG (ks (B): ) — Mg (o ()~ 2222 7).

The fixed point map Q : N — N, (¢n, p, T') = Q(&n, Pp, T) is defined by the following three steps:
1. For given (&n, Op, T) € N, functions V},, V,, defined in (2.9), and 7 from Subsection 2.3 we construct the
H'(Qp) function

PP =(1 = 1) (B + ValD)) +7(3p — V(T)) (4.4)

(see Lemma 2.1). By Lemma 4.1 there is a unique weak solution ¢ € JD + H}(2p) to the nonlinear Poisson
equation

~V - (eVY) = C +UW, Py §p, T) in Qp,

~ 4.5
Yp=9P onl, eVi-v=0 ondQp\I. (49)

2. We introduce the quantities

~ P 755"_E".@ =~ Eyp +30p7
ny = Nnog(kM(T) ~ 3 f>’ PM = pOg( T kM(

(0 Op
= ) T) (4.6)

Ti

With frozen coefficients d,, (1, T, ), dp (P, T, |V1)|) and reaction rate coefficient 7 := r(nas, par, T),
we solve (4.7) to obtain a weak solution (¢, ¢p):

-V (dn(ﬁMaTva ]VM)V@”) = RQ(ﬁMaﬁvav ©n, QDp) in QDnv
[on] = 0on I, [[dn(ﬁM,T, IV ) Ve, - VDH — 0on I,

Pn = 905 onI'pn, Ve, v =0 elsewhere,

(4.7)
-V (dp(ﬁM’ j:" ‘VlM)v‘pp) = _RQ(ﬁMvﬁM7 T> Pn,s ‘pp) in QDp>
[ep] = 0on I, [{dp@M,TV, V)V, - VD]] =0on I,
$p = @5 onI'py, Vg, v =0 elsewhere.

Dy

According to Lemma 4.2 we obtain a unique weak solution (¢n,@p) € (pf + Hp, (Qpw)) X (@)

Hlljp (2pp)) to (4.7). For some exponent sp; > 2, the solution fulfills the following estimates

||QOZHL°°(QD1) S K’ ||9071HH1(QD1) S CM,H17 ||()07;”W1751V1(QD1) S CM87 /L = n7p7 (48)
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which are uniform with respect to (&, &y, T') € N.

3. These estimates together with 7257, pas < N guarantee that the right-hand side of the heat equation,

—V - (AVT) = ho(iinr, pars T, V|, Vo, Vo, on, 0p)  in €,

(4.9)
AVT v+ k(T —T,) =0 onI’

belongs to L/2(Q) with uniform L*/2 bound for all possible (#,, Z,,T") € AN. Lemma 4.3 ensures a
unique weak solution 7' € H'(12) to (4.9). For some t,; > 2 it fulfills

[T\l wrins () < ey, and T =T, (4.10)

which in summary demonstrates that Q(¢y,, @p, T) = (¢n, op, T) €N

4.3.2 Solvability of subproblems and estimates for their solutions

Lemma 4.1 (Poisson equation) We assume (A). Let (¢, ©Pp) T) € N be arbitrarily given and zZD be defined
by (4.4). Then there exists a unique weak solution) € ¥? + H 11 (Q2p) to the nonlinear Poisson equation (4.5).
There exists a constant ¢, g1 > 0, not depending on the choice of (¢r, $p, T') € N, such that ||| ;1 <
Cw’Hl .

Proof. 1. Using Assumption (A) and Lemma 2.1, we have HJDHHl(Q | < cfor all (gpn,gop, ) e N for
D

1/;D as in (4.4). Note that HTH < ert,, implies HfHL < T, (comp. (4.2)). By the properties of the

Wwhitnm .
Gauss—Fermi integral, for given (&y,, ¢p, T') € N the operator Bz, 5,7 YP + HE (Qp) — (HE(Op))*,

By iyt i= [ 90-F00r— [ (6,505 T) +C)Tw. ¥ € 1} ()
QD QD

is strongly monotone and Lipschitz continuous (where we use that || V-|| .- is an equivalent norm on H}(Qp)
since mes(/) > 0, that 89 5 (m:2) € (0,1) foralln € R, z > 0, and that T > T,). Thus, the unique solution

(NS {ED + H} (Qp)to B 1) = 0 is the unique weak solution to (4.5).

(@’VMSZINT)
2. Applying the test function ¢ — @ZD € H{(Qp), we derive
o7

e P e

-

Hl(Qp) — H}(p) H1(Qp) LY(9Qp)

With Young’s inequality and the fact that HQZDH < ¢, we estimate ||[¥|| ;1 < ¢y, g1 independently of

H'(Qp)
the choice of ¢y, $p, T') € N, which gives the desired constant. [

Taking into account that T > T,, that z — G(n, z) is monotone increasing for negative arguments 7, and that
n — G(n, z) is monotone increasing for positive z (see Appendix A), we find

K+E K+E
ew = NG(— == = M;0) < NG( - == — ;%)
- Ta Ta T
_E _
< Nnog(kM<i> P n;(;n> =ny
T T T
Similarly, we obtain for pj; defined in (4.6) that
cy < nu, pv < N ae.in Qp. (4.11)
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Additionally, taking into account the boundedness of the mobility functions, upper and lower bounds for the
ionized dopant densities d; in £);, 7 = n, p, we find constants cpy;, caze > 0 such that

eant < dnpr = du(7ipr, T, [VY]) < earu ae.in Qpn,

CML S C%M:: dp(ﬁM,’f, ‘V”(M) S CMq Qa.C. in QDp-

Moreover, note that the reaction rate coefficient 7 : = rLﬁM,ﬁM, T') is non-negative and has a uniform upper
bound on §2p. Having at hand the estimates (4.12) for d; s and the upper bound for 7, we can apply the same
arguments as in the proof of Lemma 4.2 in [13] to verify the following result.

(4.12)

Lemma 4.2 (Continuity equations) We assume (A). Let (¢p, ©p, f) € N. Then (4.7) has a unique weak
solution (pn,pp) € (@ + Hp,(Qon)) x (¢ + Hp,(Qpp)). For some exponent syr > 2, it fulfills
©illywtisar (On) < CMs, @ = 1, p. These estimates and s are

||<PiHLoo(QDi) <K, SOiHHl(QDi) < CmHY

uniform with respect to (¢, ¢p, T) € N.

Lemma 4.3 (Solution to the heat equation) We assume (A). Let (¢, (ﬁp,f) € N. Then there exists a
unique weak soluton T € H'(Q) to (4.9). It satisfies T > T, a.e. in Q. Additionally, there is an ex-
ponent ty; > 2 and a constant cr,, > 0 independent of the choice of (py, ¢p,T) € N such that

||T”W1»iM(Q) < CTtyr-
Proof. Lemma 4.2, (4.12) and the boundedness of 77 guarantee a ¢y > 0 such that

[7((exp e 1) (e - ¢p)|

<ec 1=n
LS]\/I/Q(QDi) >~ CHM, » Dy

CZ’MW%\Q‘

(4.13)
<cgm-

LsM/2(Qp)

Thus, the right-hand side hq (T2ar, Par, f, V|, Vo, Vo, on, ©p) of equation (4.9) has a uniformly bounded
L*M/2(Q) norm (sp/2 > 1) for all (P, @p, T) € N Therefore, there is exactly one solution 7' € H'(Q) to
the linear heat equation (4.9) with Robin boundary conditions. We introduce the exponent 5 via

. 4s
2 < sy = M

< sum (4.14)

and find by Grdger’s regularity result [15] (analogously to Step 6 of the proof of Theorem 3.1 with 534, st
instead of s, t*, t) an exponent ty; > 2,

5 21
#, it M e[, M]
. Sa — 2 =2 L
MUY 28y Bu 2%, ot thy,

— it =
4—sp sy—2  ty—2

(depending only on the data and the geometric setting) and a constant ¢z, > 0 such that ||7'|| 1.6, @ <

Cr,t,, Uniformly for all (@n, Pp, f) € N. (Here we applied (4.13) and the fact that the definition of ¢5; ensures
the embeddings L5M/2(Q) — LM/2(Q) — W bim (Q) = Wt (Q)*.) Since the right-hand side of the
heat equation (4.9) is nonnegative, the test of (4.9) by —(T'—1,)” leadsto T > T, a.e.in). [

4.3.3 Complete continuity of the fixed point map O
Here we prove the complete continuity of the fixed point map Q : N+ N/, which directly implies the continuity

of Q. This proof is done in several steps: Let 3 — &; in H'(Qp;), i = n, p, and T! — T in Whin(Q).
Then we verify
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1. PP = P in H(Qp) (Lemma 4.4),
2. ! — 1 in H'(Qp) for solutions to (4.5) (Lemma 4.5).

3. For each non-relabeled subsequence {l}, there is a sub-subsequence {I;} such that Vi)' (z) —

Vi(x), Y (z) = ¥(z) a.e. in Qp (Lemma 4.6).

4. Solutions (¢, ¢}) to (4.7) converge strongly to (¢n, ©p) in H (Qpn) X H' (2py) (Step 2 in the proof
of Theorem 4.3).

5. Solutions T" to (4.9) converge strongly to T"in W 11 (Q) (Step 3 in the proof of Theorem 4.3).

Lemma 4.4 We assume (A). Let (B, $p, T), (&, @é,fl) € N foralll. If (L, @é,fl) — By §p, T) in
HY(Qp)? x Whis () then P! — P in HY(Qp) for the Dirichlet functions constructed by (4.4).

Proof. 1. Have in mind the definitions (2.18), (4.4) and the proof of Lemma 2.1. Let (&', gb’é, fl) — (@n, @p, T)
in H1(Qp)? x WM (Q). The convergence of the terms in (4.4) with ; follows directly from @} — &; in
H'(Qpy), i = n, p, and the definition of 7 in (2.19). The difficult part are the convergences of V;(T").

Since the triples belong to A/, we have uniform L bounds for @ﬁ, 0, i =n,p,0 < T, < Tl, T < T,.
The results of Appendix A, especially Lemma A.2, ensure the needed continuity and differentiability properties
of T' '—>~Vi(T) for TCL < T < T,. We use the notation of Appendix A and demonstrate the weak convergence
of TV;(T") — 7V;(T) in H*(Qp).

The compact embedding of W () into L>°(2) ensures T' — T in L>®(Qp). Moreover, T! — T
in Whin (Q) yields that VI — VT in L?(Qp)?. Let v € H'(Qp) be arbitrary. Due to the continuous
differentiability of the map 7" — V;(1") and Lemma A.2 we have

dV;

fl—T’

ma (9)) 0.
L2 Ge[Ta,Tu]

[ oV vy vz < el

For the gradients of 7V}, we use the following decomposition

/QD V[T(Vi(fl) . Vi(f)ﬂ Vode =1 + I, + I,

where
dvi

‘Il‘ = ’/ Vi(T ))VT V’Udm‘ <l ||T - T’ L eer[r%aaﬁu] d—T(G)‘ — 0,

dVi  ~ dV;
L| = | [ o[ T |
‘2 /QT[dT( g )}V Vodz

d*V;
< o |71 (6)] 0.
¢lollm Lo GE[Ta,Tu] dT2() -0

In the last estimate, we used “Tvl“Hl o) <cuwve HI(QD) ' 5 Tin L*>°(Qp), and the boundedness of

Z;V; (0). Moreover, we have
I3 := V(T — ) Vo T—(T)d -0
Qp dT’
since the product of 7, (:1‘1/3 (T), and Vv can be used as test function for the weak convergence of VI'! — VT

in L2(9D>2. O
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Lemma 4.5 We assume (A) and consider (gZﬁl, @é, Tl), (@n> Pp, Tv) € N with @2 — @i in H'(Qpy), i =
n,p,andT" — T in Wwhitnm iQ) Let ! and 1) denote the unique weak solutions to (4.5) corresponding to the
Dirichlet functions P! and ()P . Then ' — + in HY(Qp) and ! — ¢ in L™ (Qp) for allr € [1, 00).

Proof. 1. Let 1) be the solution to (4.5) corresponding to the boundary function {/;D and let 12}7 S {/;Dl —|—H11(QD)
be the unique solution to the linear elliptic problem

—V - (eVY) = C+ U, By §py T)  In O,

1Zl :QZDZ onl, 5V1Zl~u:0 on 9Qp\ 1. (419)
Thus, w! := ¢ — ¢l is the solution of —V - (eVw') = 0 with mixed boundary conditions, where the Dirichlet
function is given by wP! = P — )Pl The map that associates the solution w' € w?* + H} (Op) to wb!
is bounded and linear, and therefore continuous. According to [22, Prop. 4.2, p. 159] itAis also continuous with
respect to the weak topology meaning that wP! — 0in H(Qp) implies w! = ¢ — ¢! — 0in H'(Qp) and
Yt = in L"(Qp), r € [1,00).

2. Using the test function ! — @l € H{(Qp) for problem (4.5) with solution ¢! and for problem (4.15) with
solution 9! yields
17
R

~

S/QD(U(w 767179/5]371,:[) - u(wa @nﬂzp,f)> (wl _ wl)d$

= /Q (U, s B T U, B B, TO+U, B, By T U, G s T) ) (80 d
D

The monotonicity of 77 — G (1, z) gives (U (', &L, B, TV — U, &L, &L, TH) (' —¢') < 0

ince (! ,~,~ Nn,N,N € uniform bounds and especially the lower boun or the tempera-
Si &, 8L, T, (@n,@p, T) € N (uniform bounds and lly the | bound T}, for th

tures are available) , we have continuous and bounded derivatives gg gg in the considered arguments that

guarantees
U, By Bl T = U, By By T < ear (|81 — 9| + |8 — Bul + 18 — Bpl + [T = T1).
In summary, we obtain

e (e

~l _~
H(Qp) L2(Qp) + H@" P

tla-a

L2(Qp)

u

) o=+

L2(Qp) L2(p) L2(9p)

which ensures the convergence 1! — 1@ — 0in H'(Qp) because of Step 1 and &, — &, (ﬁé — Pp,
T = Tin L?(Qp). Together with QZI — 1pin H'(Qp) from Step 1, this yields ¢! — 1 in H'(Qp) and thus,
Yt = in L7(Qp) forallr € [1,00) asl — co. [0

Lemma 4.6 We assume (A). Let ((ﬁﬁl,ﬁé,Tl) (@n, @p, T) € N with ¢t — @i in HY(Opy), i = n,p,

and T! — T in Whtn (Q), let 1/}1 and v denote the corresponding unique weak solutions to (4.5). Then
for all non-relabeled subsequences {1} there exists a sub-subsequence {l},} such that ' (z) — 1)(x) and
Viplk(2) — Vip(z) a.e. inQp.

Proof. 1. We exhaust the Lipschitz domain Qp C R? from inside by subdomains wk, wk CC €p as follows:
We define

Qpp = {1’ € Qp: dist(x,(?QD > h}, Qpop, 1= {HT € QOp: dist(m,@QD > Qh}
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Since ()p is Lipschitz, we find some 0 < ho < 1/2 such that for all 0 < h < hy the set {2pgy, is @ nonempty
simply connected subdomain of Qp. We set now h = h, k € N, and w} := Qg and wi == Qpopk. Then

by construction, wi C wi. , k € N, and limj,_, mes (Qp \ wi) = 0.
2. For arbitrary fixed k € N, let v, € C§°(§2p) be such that v (z) = 1in w? and v(x) = 0in Qp \ wi.
Then ui; = b where 1) := (! — 1)) with 9! from the proof of Lemma 4.5 has zero boundary values on

—1
the entire boundary 9Qp and HukaWLQ(QD) < ¢ for all [. Moreover, since V - (V') = 0 (¢ = const), it
results

V- (Vi) = V- (V(ud)) = %V - (V) + 2V - Vi + 3V - (V)
= 0V - VO + 'V - (V) =: fL.

—1
Since Hw H 1) are uniformly bounded and vy, € C°°(Qp) we find that for fixed & the right hand sides f,i
D

—
are uniformly bounded in L?(€2p). Since w,% CC Qp and uﬁg =1) on wz, we obtain according to Theorem 8.8

. . . 2
(p-173) in [10] the uniform estimates on wj,

g <l

ka

l
W2:2(w HukHW22 2
2(wi)

S k]

Thus, we find a subsequence {li,} and ¢* € W2 2(wk) such that w i — ¢ in W2(w?) and therefore
.

P — p*in W1’2(w,%). By Lemma 4.5 we know 1/1 — 0Oin Hl(wk), the uniqueness of the weak limit
ensures ¥* = 0, meaning " — 1 in HY(w?).

3. The construction of a subsequence {@Zlk} of {@l} for the whole domain 2 is as follows: For all & € N, we

choose some 12]71@ c {{b\lk]‘} with qu;lk — ¢H (which is possible due to Step 2), and we obtain

W1(w?) S 2F

o) A (/ V(" — )] do + /Q L 0)lar)

+H¢HH1(QD))meS(QD\W )2 =0

i[5

1 l
kl;m 2—k—|— hm c Hwk

since Hd}lk’

P and |9l g1, have a uniform bound and mes (2 \ w?) — 0. This L* convergence

ensures a non-relabeled subsequence such that V@lk () — Vi(x) ae. in Qp. Since 12’ — ¢t = 0in
H'(Qp) by Step 2 of the proof of Lemma 4.5, we find for a non-relabeled subsequence that also Vi)' () —
Vi(x) a.e.in Qp.

4. The convergence 1)’ (x) — ¥(x) a.e. in Qp for a subsequence follows directly from Lemma 4.5. [
Theorem 4.3 Under Assumption (A), the map Q : N — N is completely continuous.

~1 ~ ’Vl ~ ~ -~ . ~1 ~ . 1 ) . "’l -~ .
- : ) ) b ny ) (2 1) - b ’
Proof. 1. Let (&y,, 80, T"), (@, Pp, T) € N with & @i in H(Qpi), 1 n,p, and T T in

WL (Q2). We have to show that (¢, o, TV) = Q(&%, &, T') — (pn,p, T) = Q@n,&p,T) in
HI(QDH) X Hl(QDp> X Wl’tM (Q)

The assumed weak convergences imply the strong convergences @ﬁ — @;in L"(Qpi), i = n, p, and T =T
in L"(Q) for all 7 € [1,00). Lemma 4.5 guarantees for the corresponding unique weak solutions to (4.5) that
also i)' — v in L"(Qp), r € [1,00) and Lemma 4.6 ensures that for any non-relabeled subsequence of
solutions 1 we can find a sub-subsequence such that %7 () — () and Vi)Y () — Vi) (z) a.e. in Qp.

2. In this step we verify the strong convergence cpé — ©; in Hl(QDi), 1 = n, p. By Lemma 4.2 we have for

the solutions <pl to (4.7) that H%HHI (1) < ¢, - We show that all weakly convergent subsequences of
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{(¢, @é)} in H'(Qpn) x H'(Qpp) converge weakly to the same limit (¢, ). Then using [9, Lemma
5.4] we have (L, L) — (¢n, pp) in H(Qpn) x H(Qpp) for the entire sequence and as a consequence
(pé — ©; in LQ(QDi).

Let {(0l, k) } be a subsequence that converges weakly to some (¢, ©%) in H'(Qpn) x H'(Qpp). We
verify that ¢} = ;. Since (ﬁl — @ in L2(Opy), le — Tin L?(€2), and because of Lemma 4.6 we
obtain, for a further, non-relabeled subsequence, that gp — @; a.e.in Qp;, T — T ae.in Q, P — 1)
and Vy'* — V1) a.e. in Qp. Due to the continuity of the functions (1, ¢,,, T') + Nnog(%; ),
(Y, 0p, T) = Npog(M %), (n,p, T) + r(n,p,T) for T > T, as well as the continuity of the
functions d; (with respect to T, n, p, and \V¢| and because of the L bounds and the lower bound for the
temperature for (&l , gl T, (B, @p, T) € N we find for that subsequence

T Nn0g<kM(le) _ BloFu, g, > = = nOg(kM(%) En_thn, G”)7

T T T T T
E ! E

P = Mo (S50 —bor (55): ) = o 1= Mo (552 —bur(§): ),

4 < Sy e . (4.16)

Tk r(nM,pM,T’“)—>r:: r(nar, o, T)  ae.in Qp,

A% = d (A, T |V )) = doar == do(7iar, T, [V4)) ae. in Qpn,

dy o= dp(Ply, T, [VU¥]) = dyar = dp(Par, T, |VY|) ace.in Qpy.
Using (¢ — oy, goi,k — (p) as test function in (4.7) gives

2 / {d5, Vol — dinVii} - Vil — i) da

i=n.p l (4.17)

= [ (oo o 2) (e P ) (- )
We write

Ak, Vol = dk V(o — i) + dE, Ve,
lk _ lk —
1 o Pk — ik
7'k exp 7%% = (7% —F)exp =L Tl
e lk _ lk —
_ b — s ol <p
exp ——=—— —exp ——=——— exp ——=—
+ 7| exp Tir Xp 7 + rexp
~ o~ l

Having in mind that 7', T > T}, a.e.in Q, ;, (pf;’“ € [~ K, K] ae.in Qp;, exp 2222 < ¢, the Lipschitz
continuity of the map T — exp 2272 for (¢n, ¢p, T) € [ K, K2 x [T, ), the bounds from (4.12) and

mes(I'p;) > 0 we derive from (4.17) the estimate

Ik _

~ n (pp QOn_@p)( M Ik )
—_— — —_— — — d

<CZHV ) 1

1= =n,p

lk

i=n,p

~ 2
Cil-k - di 2 Vv i 2 d.%')
L2(Qp;) </QDi ‘ M M‘ | ¥ ‘

1
2 ~ ~
gy ([, Pe=7Par) + 7=, ).
L2(Qpy) Qp L2

Due to (4.12) and [|¢i| g1 (qy,) < car,m the first integral on the right-hand side has an integrable majorant.
Since by assumption, the function 7 is bounded also the integrand of the integral in the last line has an integrable

+c
i=n
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majorant. Using (4.16) we apply Lebesgue’s dominated convergence theorem for both integrals to show that they
tend to zero, and by assumption, T% — T in L?(£2). Therefore, in summary it follows H(pl.’“ — 4 ’

H'(Qpi)

0 for the subsequence related to the a.e. convergence of go cpp ,le wlk Vi/)lk Since by assumption go
also weakly converges to ¢; for this subsequence, we find that ¢; = ¢; and that the entire subsequence
converges weakly to ;, ¢ = n, p.

Since the subsequence was arbitrary, we verified that all weakly convergent subsequences of { (¢!, wé)} con-
verge weakly to (0, ). Thus, by [9, Lemma 5.4] it follows (¢l 4,0;)) — (¢n, pp) in HY(Qpn) x H(Qpp)
for the entire sequence.

In summary, we know that the subsequence {goi’“} is strongly convergent, goﬁ’“ — ; in HY(Qp;), and the
entire sequence gpé — (; in Hl(QDi). The uniqueness of the weak limit guarantees that every strongly
converging subsequence converges to ;. If there would be any subsequence {cpi"} that does not contain any

> « for all [,,. We lead this to

converging subsequence then there would be a o > 0 such that Hgoz” — ©; o

a contradiction again by the method of this Step 2 using the convergences a.e. of @i”, Tl", 1/11”, and VI/JI” fora
corresponding non-relabeled subsequence. Therefore, we obtain goli — ;in Hl(QDi) for the entire sequence,
1 =n,p.

3. It remains to verify that T' — Tin Wl’tM(Q) for the corresponding solutions to (4.9). According to
Lemma 4.3 we have HTlHWLtM < cry,, for all l. First, we show that all weakly convergent subsequences
of {T'} in WM () converge weakly to 7. Then, we have 7' — T in WM (Q) for the entire sequence
(9, Lemma 5.4]). Let for some subsequence {T%*} and some T* € W (Q) hold true that 7% — T*
in W htm (€2). We verify that 7 = T'. We consider a further non-relabeled subsequence, where especially
cpék — @ in HY(Opy), goi’“ — ; a.e. in Qp;, T — T ae. in Q, Y — 4p and Vylr — Vi ae.
in Qp, ¢ = n,p. Our construction of 537 and t); > 2 in Lemma 4.3 ensures the embedding LgM/Z(Q)
— Wi (Q) = Wl’t'M(Q)*, where é + é = 1. The result of Grdger [15] for the linear heat equation
guarantees the estimate,
Hle _

S

(4.18)

HWUM(Q whitn' () Lm/2(Q)’

with the right-hand sides Elﬂ = hg(ﬁé\’j[,pM, T | Vle | Vil Vgo i cpi,k) and hq := ha(Mar, D,

T, VY|, Vo, Vo, on, ¢p). We have to show hl’“ ha ‘ — 0. Since

LSJ\/I/Q )

VO 2 — ding| Vi)
A%,V (01 — o) ||Vl ]+ d [V s [V (0 — 03)] + |d%, — dinr| [V ei

d,
<

we find with (4.14)

Snm/2

LSMm/2

|51Vt ? = dnr I Vioil

< C/Q (IV (el = @2Vl 72 4 [T i1 29 (ol — i) 72
Di
+ I = DP9 i) da

SAI/2 1 gM/Q SIM/Q 3 ~ I~ /2 S
(e N o e /Qm % — Gt [V i i,

<CHQO — Y5

Using the a.e. convergence Jﬁ’jw — CZM and the integrable majorant c|V<pZ-|§M, Lebesgue’s dominated

!
0 — @i o 0 and

convergence theorem gives the convergence to zero of the last integral. Since
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Moreover, exploiting
w— o on — 0
7k = Fand exp 22— s exp 2P ae.in Qp,
Tl T
. . _ =72 3 . . .
and the integrable majorant (4K7N "~ exp %)SM/Q Lebesgue’s dominated convergence theorem gives for this
subsequence

e Al _ S /2
/ i (exp LA 1)(@%’“ — ) - ?( exp 2P 1) (pn —@p)|  dz =0,
Op T T

Thus, in summary we have Hﬁlg’; — EQ‘ — 0. Due to (4.18) this ensures 7% — T in Whim(Q).

L¥M/2(Q)
According to [15], the solution to (4.9) with right hand side hq is unique, and it follows that T —~ T* =T in
Whitnm (€2), for this subsequence. Since we verified for arbitrary weakly convergent subsequences Tl — T*
in WM (Q) that T* = T, we obtain the weak convergence of the entire sequence 7" — T in W hiM (Q).

To conclude: We know that at least for one subsequence {le} is strongly convergent, Tl — Tin Whinm (Q),
and for the entire sequence 7" — T in letM(Q). The method of Step 3 and the uniqueness of the weak
limit guarantees that every strongly converging subsequence converges to 7. If there would be any subse-
quence {Tl”} that does not contain any converging subsequence then there would be a o > 0 such that
HTZ" — THW1>tlv1 ©) > « for all [,,. As in Step 3, we lead this to a contradiction using the convergences a.e.

for a corresponding non-relabeled subsequence. Finally, the entire sequence T" must strongly converge to 1" in
WLt () which finishes the proof.  [J

4.3.4 Solvability of (Pas)

Here we prove Theorem 4.2. The set A" is nonempty, closed, and convex in H1 (Qpy ) x H (Qpp) x W ().
Applying Theorem 4.3 and Schauder’s fixed point theorem, we obtain at least one fixed point (¢y,, Pp, T)eN
of Q. For this fixed point, we define as in (2.18) the Dirichlet function

1/1D = (1 — 7') ((pn + Vn(T)) + T((Pp - ‘/p(T)) S HI(QD) N LOO(QD)’

solve by Lemma 4.1 the problem B(,,, . )% = 0, and gain a unique weak solution ¢ € VP + HH(Op) to
the nonlinear Poisson equation (4.5). It remains to show that the quadruple (v, ¢y, ©p; T) lies in the correct
spaces in the sense of (Pyy).

The definition of N ensures T’ € {u € H(Q2) : Inu € L>°(Q)}. Since (n, ¢p, T) is a fixed point of O,
the regularized continuity equations (middle equation in (Ps)) hold true and Step 2 of the proof of Theorem 3.1
for Problem (P) can be applied with the same constants for the regularized situation, see especially (3.1).
Therefore, the estimates in Step 3 of that proof remain valid with the same constants, now for the heat equation
with the regularized right-hand side, giving especially HTHLQ(F) < cr. Since (¢n, @p, T') is a fixed point of Q,
Lemma 4.2 guarantees ¢; € Wl’sM(QDi), 1 = n, p. Now the Poisson equation and the heat equation (first
and last equation in (Pys)) are simultaneously fulfilled. Thus, we can repeat the arguments in Step 4 in the proof
of Theorem 3.1 (see also Step 1 in the proof of Theorem 4.1) to obtain an L°° estimate for ¢/ /T" with exactly
the same bound c,, /7. Now we proceed as in Step 2 in the proof of Theorem 4.1 and repeat Step 5 in the proof
of Theorem 3.1 to ensure that ¢; € W (Qpy), i = n, p. Therefore, (¢, o, ©p, T') solves Problem (Pyy)
which proves Theorem 4.2.

Therefore, also the proof of Theorem 3.2 is finished.

5 Discussion

In this paper, we studied a coarse-grained model for the electrothermal behavior of organic semiconductor
devices under some simplifying model assumptions. For example, we neglected the temperature dependence
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of £, and E,, the disorder parameters 0,,, 0, the total density of transport states /V;o and the charged doping
densities Ng and NV, . This was done so as not to overload the analytical estimates and to concentrate on the
main coupling mechanisms and their analytical treatment in the case of organic semiconductor devices. In [12],
we presented an existence proof for a coarse-grained model in the inorganic case with Boltzmann statistics
where the temperature dependencies of band edges, effective density of state and charged doping densities
are fully contained.

A Appendix: Properties of the Gauss—Fermi integral

Here we collect needed properties of the statistical relation for organic semiconductors from [4, Section 2.1],
[11, Lemma 2.1], [13, Lemma 2.1] and derive some further needed properties. The Gauss—Fermi integral is
given by

£2 1
g : / ex ——)
m.2) ~ Vor P exp(z§ —n) +1

Note that G(0, z) = % forall z > 0. For p € R and z > 0, the partial derivatives of first and second order exist
and are given via

d¢. (A1)

aG 8 exp(z 1)
o009~ 7 Lo (=S Yt
N Y €2\ exp(z€ —n)é
0:90 9 === | oo e g+ 2%
G 1 §% exp(2€ —n)lexp(z€ —n) — 1]
AT B Y = arEs i
%G I £\ Eexp(z€ — )1 — exp(2€ — )]
oz ") = ﬁ/ eXp{ - 5} exp(2€ — n) + 1]3 %
629 £\ &% exp(z€ — n)lexp(z€ —n) — 1]
522 f/ { 5} lexp(2€ —n) +1]3 %
They satisfy 5 5 5
oz € 01) and tim o) = tm 5 () =0,
and
P >0 ifn<0 1
8*9(77;2) =0 ifn=0 and ‘7 ;2 )‘ < (1+exp|ny) Vz2>0,VneR (A.3)
z
<0 ifn>0

which ensures a constant ¢, , > 0 such that ’ ~G(n; )‘ < ¢ forallp € R with || < & and all z with
z 2 z > 0. Moreover, we find some ¢ z > 0 such that

oG

a—(n, z) > cpz foralln € Rwith [n| < kandall zwithz > 2 > 0. (A.4)
n

This estimate follows directly from the inequalities
0G I £\ exp(6—1n)
n2) > = [ ew(-5 e
™ lexp(2€ — 1) + 1]

e expl=z—lu
)& oG ) + 17

1
> \/17/ exp (—
exp (—z — k)

> Jon / exp ( )d§ oxpG LR+ 12
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By G 1(y; 2), we denote the inverse of G with respect to the first variable and for fixed 2. For parameters
0<d< Ny, E€R,0>0,andT > 0, let the quantity V(1) = TG~ (No’ %) — I be the unique solution

to H(T,V(T)) = 0 as in (2.6), where H(T',v) := NoG(“FE; Z) — 0.

Lemma A.1 1. IfT > T for some T} > 0,25 < Ny, and V (T') solves H(T',V (T')) = 0 then
0 o

~1
TG <Fo’ ﬁ) _E<V(I)<-E. (A5)

Proof. By 6 = NoG(n;z) and 25 < Ny we get n = W

V(T) < —E. According to [13, Lemma 2.1] we find

]30 :g<n; %) Sg(n; %)

V(T)+E
T

< 0 which ensures the upper estimate

Since G is monotone increasing in the first argument, it follows > gt (N%; %) which gives the

desired lower estimate. [

Lemma A.2 We assume 26 < Ny, 0 < T; < T < T, forsome T}, T,, ando > o > 0. Let V(T) solve

H(T,V(T)) = 0. Then the derivatives 3. (T) and iTZ (T") are bounded by constants depending on T}, T,.

Proof. 1. Since B—H(T, v) = %% (”+E' ") > 0 for all v € R the implicit function theorem can be used to

T T
obtain with the abbreviations 7(7") = W z = 7 the relation
%(T) _ _[%(T,V(T))}_lg?(T V(T))
)] [Emum s Bom)] s

=[G (0m:2) ] 5 (nme2)e 467 (52)
4V (T)

for all T'" > 0. Note that for temperatures with upper and lower bounds, we get bounds for o> see (A.3),
(A.4), and Lemma A.1. Therefore, using |V (T') — V(T1)| < |97 ( 9)] | for some Ty € [1},Ty,], we
obtain the continuity of the map ' — V' (T').

2. Moreover, implicit differentiation gives (here we leave out the arguments)

0*H 0*H dV O’H (dV 2 OHAV
— +2——(T —(— T )
o " 2gearar D T g \ar'") Ty a1 =
and results in ) 3 o2 o2 o2
d-v HN-L70°H H dV H dV 2
o0 =(50) 7t 2 670+ 52 (o) )
a2\ ="\%) o2 "2aerar ™D+ g2 \ar ™
where it remains to show that the term in the bracket stays bounded for temperatures with upper and lower
bounds to establish the boundedness of % (T"). Note that

da72
O*H _ No %G
902~ T2 o
U NG o o2
Ny oG PG 92]7
arov 12 lan T a2 T Bzon
PH  NordG oG 9%G , PG G G %G, oG
ar? _T2[8n T3 T aE T T et o maan 1t 52 + 9,7
oG oG g G 0°G »
— 2= 2 — 2 .
T[@M”@ 2t gl T2t g

DOI 10.20347/WIAS.PREPRINT.2822 Berlin 2021



A coarse-grained electrothermal model for organic semiconductors 23

Next, we verify the boundedness of g g aazagn g P9 50r0< Ty <T < Ty, 0>c>0,and |v| < c. Because

of 3(/35?;1)13) < 1forally > 0, we find from (A.2) that
¢?
827]7 ‘_\/7/ exp 7}d€_1
In the expressions for and azan respectively, in (A.2) we write
& exp(z€ —n)lexp(z€ —n) —1] _ E%exp(2€)  (exp(2§) + 1) exp (—n)[exp(z§ — 1) — 1]
lexp(2€ —n) + 13 (exp(2€) + 1) lexp(2€ —n) + 12
and
fexp(z{ =)l —exp(z{ —m)] _  Lexp(2§) (exp(2§) +1)% exp (=n)[L — exp(2€ —n)]
lexp(z€ —n) +1]3 (exp(z€) + 1)2 lexp(z€ —n) +1]3
Since (g;?’;?ﬂ))t, (Jg;(xyp)ﬂgQ < lforally € R, we can estimate the absolute value of the first factor on the

right-hand side of the first equation by Z% and in the second equation by % To handle the absolute value of the
second factor in both equalities, we set a := exp(z§), b := exp(—n) and have to estimate

[(a+1)%b(ab—1)|  |a®b? + a?(2b? — b) + a(b* — 2b) — b|

_ for a, b > 0.
(ab+ 1) 36 + 30202 + 3ab 1 1 ora,b>0

In case of b > 1 (meaning 1 < () we estimate

[(a+1)%b(ab—1)] _ a®b* +2a%0> + ab® + b b(a®b® + 2a2b* + ab+ 1) <b
(ab+1)3 a3 +3a2b2 +3ab+ 1 a3 +3a2b2 +3ab+1 T

For the case b < 1 (meaning 17 > 0) we find

[(a+1)%b(ab—1)| _ |a3b®+a?(263—b?)+ab(b?—2b)—b?| < a®b® + a?b® + 2ab + 1 < 1
(ab+1)3 B b(a3b? + 3a2b? 4 3ab + 1) ~ b(a®h3® +3a%0? +3ab+1) ~ b’

Therefore, in both integrands of 2 and aza , the absolute value of the second factor in both equalities can be
estimated by exp(|7n|). In summary, we end up with

2
9°G 1 1
G 02)| < e, [ 2)| < S exalal

This guarantees for arguments 7 = “£ and z = Z with [v| < ¢, |E| < o, and 0 < T} < T' < T, uniform
bounds for all the second derivatives of g O
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