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Abstract

Understanding and correct mathematical description of electron transfer reaction is a
central question in electrochemistry. Typically the electron transfer reactions are described
by the Butler-Volmer equation which has its origin in kinetic theories. The Butler-Volmer
equation relates interfacial reaction rates to bulk quantities like the electrostatic potential
and electrolyte concentrations. Since in the classical form, the validity of the Butler-Volmer
equation is limited to some simple electrochemical systems, many attempts have been
made to generalize the Butler-Volmer equation.

Based on non-equilibrium thermodynamics we have recently derived a reduced model
for the electrode-electrolyte interface. This reduced model includes surface reactions and
adsorption but does not resolve the charge layer at the interface. Instead it is locally
electroneutral and consistently incorporates all features of the double layer into a set of
interface conditions. In the context of this reduced model we are able to derive a general
Butler-Volmer equation. We discuss the application of the new Butler-Volmer equations
to different scenarios like electron transfer reactions at metal electrodes, the intercalation
process in lithium-iron-phosphate electrodes and adsorption processes. We illustrate the
theory by an example of electroplating.

1 Introduction

Energy conversion in batteries, fuel-cells or redox-flow-cells requires electrochemical surface
reactions to take place at the contact between electrodes and electrolyte. In electrolysis or
electroplating, on the other hand, electrical energy is used to drive a chemical reaction. In all
these applications, it is observed that the surface reaction rate 2, or equivalently the electric

S
current density j°, is related to a potential difference at the interface, the surface overpotential
1s. The most simple relation of this kind is the empirical Tafel-equation [Taf05]

ns = a + b log(j°), (1)

where the coefficient b is called the Tafel-slope and a is a further phenomenological coefficient.
A more general relation that accounts for simultaneous anodic (oxidation) reaction and cathodic
(reduction) reaction on the same electrode surface is the Butler-Volmer equation [BF01, BRGA02,

NTAO04],
] e .0 Qg €9 .0 Qe €g
) =1y eXp( T ns)—lc eXP(- T 775) - (2)

Herein i94/c are called anodic and cathodic exchange currents, respectively, which can be general
functions of the temperature 1" and the concentrations of the different chemical species. The
transfer coefficients a4 and a, are considered as phenomenological coefficients. The Boltzmann




constant is denoted by k& and e is the elementary charge. If the exchange currents are constant,
the Butler-Volmer equation predicts constant Tafel-slope at larger overpotentials. Such a behavior
can in fact be observed, most pronounced in the case of the hydrogen reduction reaction which
shows constant Tafel slopes over a range of several decades of the current ;¢ [Vet61]. In other
reactions a stronger dependence of the Tafel slope on potential and temperature can be observed.
These deviations from the linear Tafel behavior are explained within the Marcus-Hush theories
[Mar56, Mar65, Mar93, Hus58, Hus99]. We do not consider these theories here in detail but only
refer to the comment in the concluding discussion of our results in Sect. 7.

The Butler-Volmer equation is considered to be “the central equation in phenomenological elec-
trode kinetics” [BRGAO02, p. 1053]. All the more it is surprising to find in the literature differences
in the way the potentials are defined, cf. [NTA04] vs. [BvSB09] or [LZ11], and how the exchange
currents depend on the concentrations, cf. [NTA04] vs. [LZ13]. Originally, the derivation of the
Butler-Volmer equation is based on kinetic theory [But24, EGV30]. Recently some approaches
have been made to give the Butler-Volmer equation a thermodynamic justification. A thermo-
dynamic definition of an overpotential as a surface excess quantity was introduced in [KRB96]
and in [KR03] an attempt was taken to give a justification of the Butler-Volmer equation within
a mesoscopic thermodynamic theory. Recently a Butler-Volmer equation for oxidation reaction
in fuel cells was derived within the GENERIC framework [BKO14], and in the context of phase
separating electrode materials, a Butler-Volmer equation in non-equilibrium thermodynamics was
derived [Baz13].

In this paper we derive a general Butler-Volmer of the form (2) which is not restricted to a
specific application scenario. The derivation is based on a thermodynamic consistent model
for electrochemical systems in non-equilibrium and follows from rational arguments. By this
procedure we want to clarify characterization of the different quantities in the Butler-Volmer
equation and the structure of functional dependencies between them. For the derivation of (2) it
is important to bear in mind:

1 The definition of 7)g is not evident from modeling based on non-equilibrium thermodynamics
where the set of thermodynamic variables contains the electric field E = —V ¢ but not a
potential ¢ itself or some potential difference.

2 The interfacial Maxwell equations require that the electric potential ¢ is continuous at an
interface. Therefore no natural potential difference exists, which can be used to define an
overpotential.

3 The generality of z&/c is restricted by the 2" law of thermodynamics. In consequence, the
forward and backward reaction can not be modeled independently.

4 In order to have a general form of the Butler-Volmer equation that does not depend on a
specific experimental setup, the functions have to be expressed in terms of the chemical
potential instead of concentrations or particle densities. Usually Butler-Volmer equations
seem to implicitly assume that materials are modeled as ideal mixtures (of gases).

The underlying model for electrochemical systems in thermodynamic non-equilibrium was for-
mulated [DGM15]. We call this the complete model since the diffuse charge layers are spatially



resolved. The constitutive laws for the interfacial reaction rates are not of Butler-Volmer type.
Under the assumption of appropriate scaling relations, the double layer can asymptotically be
considered in equilibrium. This allows the derivation of a locally electroneutral reduced bulk
model such that all features of the double layer are consistently incorporated into a set of jump
conditions at the interfaces, see [DGM15]. Within this reduced model, we are able to define an
overpotential and to recover relations of Butler-Volmer type for the interfacial reaction rates.

Our approach to generalize the Butler-Volmer equation is contrary to those suggested previously.
Instead of starting from standard Butler-Volmer equation and then using a-priori assumptions
about a specific electrochemical system with its particular double-layer structure to derive new
Butler-Volmer equations, we start from a general thermodynamically consistent model and can
derive a general Butler-Volmer equation which under appropriate assumptions reduces to the
classical variant.

Outline. After the introduction of the notation in the following section, we recapitulate in Sec-
tion 3 the reduced bulk model of [DGM15]. In Section 4, we derive a general Butler-Volmer
equation and then discuss in Section 5 its application to different relevant scenarios. For illus-
tration of the Butler-Volmer equation and the interaction with the bulk transport, we consider
the example of copper deposition and dissolution in Section 6. Finally, in Section 7, we discuss
the range of validity of the underlying assumptions, compare our results with the literature and
discuss the role of the double layer structure.

2 Description of reacting mixtures

Here we introduce the notation for the description of reacting mixtures in subdomains separated
by planar electrochemical interfaces. For simplicity we consider a planar situation where two one-
dimensional regions 2* C R are separated by an interface I = 9T N OQ~. For quantities
defined in the bulk domains there will often be corresponding quantities on the interface I,
indicated by a subscript s.

2.1 Constituents and chemical reactions

In each of the two domains 2* and on the interface I we consider a mixture of several con-
stituents. The total number of constituents in the subdomains Q= is denoted by N + 1 and
the set of constituents is M = {Ag, Ay, -+ , Ay}, usually indexed by o € {0,1,--- | N}. In
general we have different constituents in 2™ and 2, but for the simplicity of notation this fact will
only be indicated if necessary. We assume that each constituent of 2% is also present on I, but
in addition there may be constituents that are exclusively present on . Accordingly, the number
of constituents on I is Ng > N and the set of constituents is Mg = {Ag, A1, -, Ang}-

A constituent A, has the (atomic) mass m,, and may be carrier of charge z,eg, where 2, is the
charge number and ey is the elementary charge. We may have chemical reactions among the
constituents. There are M (bulk) reactions and in addition there may be Mg surface reactions of



the general form

Ri
agAg+ - +ayAy = byA;+ -+ byAy fori € {1,---, M}, (3a)
Ry
Ry
apA + ---+§§VSANS R: gng - ---+133’VSANS fori € {1,---,Mg}.  (3b)
b
The constants a’,, b!, are positive integers and 7/, = b}, — a’, denote the stoichiometric
coefficients of the reactions. The reaction from left to right is called forward reaction with reaction
rate RZJ; > (. The reaction in the reverse direction with rate R > 0 is the backward reaction.
The net reaction rate is defined as R' = R} — R} Since charge and mass have to be conserved

by every single reaction in the bulk and on the interface, we have

N Ng
Z za’yé =0 and Z za’yi =0, (4a)
a=0 a=0 s
N Ng
Z maY, =0 and Z maY, =0. (4b)
a=0 a=0 s

2.2 Basic quantities

In each point 7 € )* and at any time t > 0, the state of the mixture is characterized by the
number densities (na)a:(),l,... N, the barycentric velocity v, the temperature " and the electric
potential . On the interface I the mixture is characterized at any ¢ > 0 by the number densities
of the interfacial constituents, (?a)azo,lv...st, the velocity w of the interface, the interfacial

temperature 1" and electric potential .
S

s

Multiplication of the number densities n, by the mass m,, gives the partial mass densities:

Pa = MM and Pa = MMy - (5)

For the mixtures, the mass density is defined by

N N
pzzpa and p:Zpow (6)
a=0 s a=0 %
The free charge densities are defined as
N N
nt = Z 20 €0Mq and nt = Z Z2a€0Mq (7)
S S
a=0 a=0
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Figure 1: Electric potential © at an interface in equilibrium. The complete model resolves the
boundary layers and the electric potential is continuous (dashed line). The limit A — 0 yields a
reduced model, where the electric potential can be discontinuous at the interface (solid line).

2.3 Jumps at interfaces

We introduce the boundary values and the jump of a generic function u(t, z) in QOF at the
interface [ as

+ : - -
= lim d = : 8
uly L u o an Mull = uly —ul; (8)

In case that the function u is not defined in either ™ or in 2™, we set the corresponding value in
(8) to zero. The normal v to the interface I always points from €2~ to Q. In this one-dimensional
setting, we have v = +£1.

3 Reduced bulk model for the thin double layer limit

In a previous work [DGM15] we derived a thermodynamic consistent model, which describes
the electrochemical interface between two arbitrary mixtures. This model we call the complete
model, because it spatially resolves the charge layers in the vicinity of the interface, the double
layer. The characteristic length scale for the charge layers is

k’TEO
AL = [ — 9
\ (9)

where k is the Boltzmann constant, n"% denotes a characteristic value for the number density
and L™ is a characteristic length of the system. For example, L™ can be the distance between
two electrodes and "% can be related to the anion and cation density in an electrolyte. Then,

the length AL™ represents the well known Debye length. For a solution of 0.1mol per liter,
AL 2 1.5-1070m.

Since often A < 1, we applied in [DGM15] the method of formal asymptotic analysis to derive
from the complete model a reduced bulk model for the limit A — (. This reduced model is
characterized by simplified bulk equations and new surface equations for the (thin double layer)
interface. The Figure 1 shows the the electrostatic potential at a metal-electrolyte interface given
by the complete model and its approximation by the reduced model.



Model assumptions. The reduced model is derived from the complete model under the
following assumptions, cf. [DGM15]:

1 The parameter \ satisfies the condition A < 1.

2 The system under consideration can be treated as a one dimensional problem.
3 The electric field is quasi-static, the magnetic field can be ignored.

4 Quasi-static momentum balance, viscosity in the bulk domains is negligible.

5 Isothermal case, the bulk temperature 1" and surface temperature 1" are constant and
S
satisfy T' =T
S

3.1 Bulk and interface equations

The reduced model relies on universal balance equations which are independent of the specific
material. In addition we need constitutive equations for the material at hand. In the isothermal
case the universal equations are the balance equations of mass and momentum. In addition
there is a local electroneutrality condition that is a consequence of Maxwell’s equations in the
asymptotic limit A — 0.

Bulk equations. Inthe bulk 2, the electric potential , the velocity v and the number densities
ne fora =0,1,---, N are determined by

M
Or(Mmang) + Ox(Mmangv + J,) = nyf)maRi fora =0,...,N, (10a)
i=1
0,0 =0, (10b)
N
Z ZaCoMg = 0. (10c)
a=0

The quantities J, and o are the mass flux of the constituent A, and the Cauchy stress tensor,
respectively. Note that there are only NV independent diffusion fluxes and the flux .J; is determined
by the side condition Zg:o Jo = 0.

Interface equations. For the interfacial speed w, the electric potential ¢ and the number

S

densities n,, foraa = 0,1, --- , Ng we have
Mg
ﬂ]mana(v—w)l/+Ja’/m:Z’YamaRi, a=0,---,Ng, (11a)
i=1 ° °
[ell =0, (11b)
gr+nt+q =0. (11¢)
S



The last equation is the electroneutrality condition of the double layer I, which is a consequence of
the Maxwell equations in the asymptotic limit A — 0, cf. [DGM15]. In general the determination
of ¢ requires the solution of an additional system of equations that spatially resolves the
layer structure. Therefore the interface equations (11a)-(11c) are not a closed equation system
containing exclusively the variables of the reduced system that were introduced above. But in
many relevant cases, e.g. for the interface at a metal electrode, an explicit solution of the interface
electroneutrality condition (11c) is not necessary. Since it can be decoupled from the rest of
the equation system, and then serves only to determine one remaining surface number density
within a post processing step.

3.2 Constitutive equations

The universal equations (10a)—(11b) need to be supplemented by constitutive equations for the
mass fluxes .J,, the reaction rates R?, R* and the Cauchy stress tensor o. The constitutive
S

equations are restricted by the principle of material objectivity and the 2" law of thermodynamics.

Free energy and chemical potentials. In order to cover a wide class of different materials we
use free energy functions of the general form

pb = pd(T, po, ..., px) pt = pU(T, po, ..., pi) - (12)

Note that due to the asymptotic limit, the free energy functions are independent of the electric
field, cf. [DGM15]. The chemical potentials of the bulk and surface materials are defined by

)
= ap¢ and Yo = ﬁ
dpa s Opa

(13)

[0}

Constitutive equations in bulk. For the diffusion fluxes, the pressure and the reaction rates we
choose the following relations that guarantee the consistency with the 2" law of thermodynamics
particularly the non negativeness of the entropy production

N
M3 — Ho €0 ( 23 20

Jum =3 My (0 (M) L (2205 ) s N re

; ﬁ( T +T mg My v @ (14a)

N
oc=-p with p=p)—Y Manajla, (14b)

a=0

4 XL A XL
exp ( — B > %maua> — exp ((1 ~ )z Z%ﬁmaua)] . (14c)
a=0 a=0

Here Ré and A’ denote positive phenomenological coefficients and M, define the mobility
matrix that must be positive definite. Although not required by the 2" law of thermodynamics, we
assume 0 < 3° < 1. The quantity p is the pressure which is given by the Gibbs-Duhem equation
(14b)s. All constitutive equations are related to each other since they share the dependency on
the chemical potentials and thus on the free energy p.

i
R' = 0




Constitutive equations for the interface. As in the volume, the constitutive relations are all
related to the surface free energy p» and can not be modeled independently of each other. We

S S
choose the following thermodynamic consistent constitutive equations for the reaction rates and
the mass fluxes on [

i Dt
R' = 0
s

s

A? Ns
eXp( 6Z : Zvamaua)

— exp ((1 - BZ)I;_T Z’Vzamalﬁa>] ) (15a)
S (X:O S S

(plv = w))[; = FL=( (1o + 22¢) |} - (10 + 2mp) ), (15b)
(pa(v —w)v + Jov) |7 = :Fﬂgi(exp (8 ma BiDi) —exp ((87 — 1)%§§D§)> :
(15¢)

where RZ, AZ LjE M and BjE denote positive phenomenological coefficients. The coeffi-

cients 51 and ﬁi are usually called symmetry factors. Although not required by the 2" law

S

of thermodynamics, we assume 0 < 3, 3T < 1. By DZ we denote the driving force for
S

adsorption,
Df = ((1a + 220) | = (o + 229)[7) - ((Na oae) = (ko + 20g)). (16)

We highlight, that in [DGM15] linear relations were chosen for all constitutive laws except for
the reactions in the volume and on the surface, where an Arrhenius-type exponential form was
chosen. Here we also choose the exponential relation for the adsorption in (15¢). We note that
near to equilibrium, i.e. |D§| <& 1, (15¢) can be linearized resulting in the constitutive equation

(ol =)+ T) =5 2% [ (0 2200} — (o + 2291
g

(320 - o+ 220)] . 0
which coincides with the respective equation in [DGM15, eq. (30)], if the matrix Maiﬁ is chosen
diagonal.

3.3 Remarks

Electrostatic potential. When deriving a strictly thermodynamically consistent model, the
proper thermodynamic variables is the electric field E = —V p, not the electrostatic potential ¢
itself [MR59, dM84, Mi185]. The explicit dependence of the constitutive relations (15b) and (15c)
on  is only justified as a consequence of the formal asymptotic approach in [DGM15]. Moreover,
in the reduced model above, ¢ is not required to be continuous across the interface and hence
we have to introduce on [ the variable ¢ that is in general not an one-sided limit of ¢ in the bulk.

s



Electrochemical potential. It is remarkable that the constitutive relations (14a), (15b) and
(15¢) depend explicitly on the electrochemical potentials
Mo = fa + 2@ and g = flo + 2. (18)
S S S
If we use the electroneutrality condition (10c) and the charge conservation for chemical reactions
(4b) we can also express the constitutive equations of the Cauchy stress tensor o and the
reactions rates R’ and R in terms of electrochemical potentials. Such that all constitutive

equations (14) and (15) can be expressed in terms of electrochemical potentials instead of
chemical potentials.

Electric current. In the reduced model, the electric current is given by the simple relation

N
=y (19)

Moreover, we can derive from (10) and (11) the following stationary balance equation for the
electric current 7° in the bulk and on the interface

0.7 =0 and [€v] =0. (20)

The electric current is constant in each subvolume QF and continuous at the interface I. Hence
7€ is even a global constant in the whole electrochemical system.

Electric current — reactions rates. In the reduced model there is a simple relation between
the electric current j¢ and the reaction rates R'. We introduce the subset 7+ C M of all

S
species that are present in €. Then multiplying in Q" the surface balances (11a) for the
species A, € J 7 by z,€0/m, and subsequent summation together with (10c) yields

Mg
4 4 . + (10c),(19),(20) .

E ( E ’yflzaeo) ]5%” = E (zaeona(v —w)v + o0 Jal/) |1 =7 v (@1)

i=1 aegt ° agJ+

If there is only one surface reaction, i.e. Mg = 1, we get the direct proportionality
V= (D vazaco) B in 0 22
acgt+ ® °

that allows the alternative formulation of the Butler-Volmer equation (2) as a logarithmic relation
between electric current and the overpotential.

4 Derivation of the Butler-Volmer equation

The above reduced model forms the thermodynamic consistent basis for a derivation of the
Butler-Volmer equations. The derivation is not restricted to a single surface reaction. Therefore



we derive for each surface reaction a correspondlng Butler-Volmer equation. The aim of the
derivation is to identify exchange rates Rf/b, coefficients af/b and the overpotentials 775 in terms

of bulk quantities: number densities n,, and electric potential (. In contrast, the constitutive
relation (15a) for the reaction rates depends only on the interfacial quantities: interfacial number
densities na and surface electric potential <p The necessary relation between bulk and interfacial

quantities is established by the constltutlve relations (15b) and (15c) for the mass fluxes.

Decomposition of the set of bulk constituents. For the derivation of the Butler-Volmer
equation, it is necessary to decompose the set of all bulk constituents into two disjoint sets
M= MTUM", M N M~ = (), such that all constituents A, € M™ are present in Q"
and all constituents A, € M~ are present in {)™. In general, it is possible that a constituent
is present in both bulk domains 2 and Q™. Then, the decomposition of the set M into the
subsets M™ is not uniquely defined.

Assumption of fast adsorption. The constitutive equations (15b) and (15c) for the mass

fluxes are the boundary conditions that describe the adsorbtion of the constituents at the

interface 1. Here we are only interested in the limit case of fast adsorption, i.e. L*¥ — oo and
S

M#* — oo. Then, we obtain the continuity of the electrochemical potentials at the interface
S

(1o + 220)|; = (o + %20)  frae M. (23)

Ma Ma

Equilibrium, Nernst equation. At first we consider the equilibrium, i.e. R* = 0, to show the

S
basic steps for the derivation of the Butler-Volmer equation within the reduced model. We denote
all quantities that depend on the equilibrium state by an overbar. For every surface reaction, we
deduce from R’ = 0 and (15a) the law of mass action, viz.
S

= D YaMala (24)

aEMs

According to (4a), each reaction conserves electric charge. Therefore

0= > ’yama flo Tt ?) - (25)
OéEMS s
Next we use the fast adsorption limit (23) to replace the interfacial quantities by bulk quantities,
; _ _ ﬁ:
0= va(mafia+2ac0)l; + > Ya(Malia + 2a€07) (26)
aEM ae/\/ls\/\/l

where in the first sum the bulk value is taken from Q7T if &« € M™ and else is taken from 2~
As an abbreviation we define the coefficients

Z 7 Za Z ’yaza and Z fyaza (27)

acM+ ® aemM-° aeMg\M °

10



The conservation of charge (4a) implies I, + I'" + I = 0. Now we obtain for the ith reaction
S
the alternative representation of the mass action law

0= 3" Yamaftaly + > Farmafta + Theole] + T'eo(p —l,) . @8)
acM ® aeMs\M

We observe that by using the constitutive equation (23), we are able to express the surface laws

of mass action (24) in terms of bulk quantities. By this we automatically introduce an electric

potential difference [[7] across the interface. In the case Mg \ M = (), and hence I'* = 0 and
S

Fi # (, (28) reduces to the well known Nernst-equation

Tieolgl = = Y Aimaial; - (29)

aeM @

Generalized Butler-Volmer equation. Next we consider an arbitrary time dependent state. In
order to replace the surface chemical potentials in (15a) by the bulk chemical potentials, we apply
the same steps like in the derivation of the Nernst equation in the above version (28). Therefore
we first rewrite the driving force of the chemical reactions (15a) as

D VeMatta = 3 vamaua! P2 Yamatte + Theollel + oo = ¢))
aEMS aeM ® aGMs\M

(30)

Because we want to introduce the overpotential 7)s as the deviation from an equilibrium potential,
we subtract the law of mass action (28) from (30) to get

D YamMatia = D Yama(Ha = fia W+ > Yoma(tta = fia)  (31)

aeMg ® aeM ® aeMg\M ° s
+ T el — wIHJrF’eo(so o|, — (p— 90\ ))

For each surface reaction we define its respective overpotential by

i

ﬂ[@—«p]ﬂ+§—+<f—¢|;—(go—¢|;)>, it #0

s (32)
e—olf —(p—9l7), =0

Mg =

Inserting the identity (31) into (15a) yields net reaction rates R’ in the form of a Butler-Volmer
S

equation, viz.
o’y eg i i aje i
}s% Rf exp( lgT 775> — Rg’ exp<+ £T0n5> . (33)
with the transfer coefficients as
' ,BiAiFﬁr , if0. #0, ‘ (1-— ﬁi)AiFi , it #0,
af =" and a) = SO (34)
gAY it =0, (1—-pHAT", if[, =0,

11



and the exchange rates

R?’i = ]S% exp( —ﬁz >

Zvama po— o), + > vama Ha = ua)D,

aeM ® aeMs\M
(35a)
RO’L Rl exp <<1 — ﬁz 5 Z fyama o — Ha ‘I Z 7ama< o Ma)])
aeM ® aEMs\M y
(35b)

Consistency of constitutive equations. Due to the kinetic approach, Butler-Volmer equations
in the standard literature usually contain an explicit dependency on the number densities 7,
cf. [But24, EGV30, NTA04, BRGAO2, BF01]. In contrast, the general Butler-Volmer equation
above has only an indirect dependency on n, because of the chemical potentials. Such a
formulation in terms of the chemical potentials can also been found in Butler-Volmer equations
which have been proposed recently for specific applications like Li-ion batteries or fuel cells,
cf. [LZ13, Baz13, BKO14]. We want to emphasize the importance of the chemical potentials for
a consistent modeling: In the formulation of the constitutive equations (14) and (15), we followed
the approach of non-equilibrium thermodynamics that imposes compatibility constraints. This has
the advantage, that the modeling is considerably simplified, because once the free energy density
is specified, all constitutive equations are determined uniquely and in a compatible way, up to
the choice of phenomenological coefficients. Compared to (15a), surface chemical potentials
Lo have been replaced by bulk chemical potentials 1, in (33) — (35). By this, we introduced a

éependency of the constitutive law for the surface reactions on the bulk free energy pi). Hence
the surface reaction rates are also related to the constitutive equations in the bulk (14) and can
not be modeled independently of each other. Within our framework, a Butler-Volmer equation
formulated in terms of n, would imply a specific form of the free energy densities and thus
impose compatibility constraints for the other constitutive equations in the bulk and the surface.

Simplification in the absence of exclusive surface species. Although most of the surface
quantities have been replaced by volume quantities, the general Butler-Volmer equation still
contains surface quantities. However, in many electrochemical systems the constituents on the
surface are also present in at least one of the bulk phases, i.e. Mg\ M = (). This leads to a
representation of the Butler-Volmer equation that is independent from the surface quantities and
we get a single overpotential for all surface reactions as well as simplified reaction coefficients
which exclusively depend on bulk quantities,

s=—le—ol. (%)
Ry = Ry exp ( - 51 : Z ’Yama o~ fla) ’f) ) (37)
aEM
Ry" = Ry exp ((1 =875 D Yarma (e — o) !;) : (38)
8 aeM ®

12



The potential difference 7ng then describes the deviation of the actual potential difference gz)]}r —
| from the equilibrium voltage | — @|; of the bulk phases that is in accordance with usual
definitions in electrochemistry [BRGA02, NTA04].

5 Adaption to different electrochemical systems

In this section, we study two scenarios for the application of Butler-Volmer equations: First, we
consider a prototypical metal-electrolyte interface like it can be found in many electrochemical
applications. Next we turn to the electron transfer reaction in modern lithium-ion-batteries. Here
we are interested in the description of the intercalation material FePO, that undergoes a phase
transition during the intercalation process. Moreover, we discuss the origin of Butler-Volmer type
relations in the case of lithium deposition from an electrolyte to a metallic lithium. In particular we
demonstrate that Butler-Volmer type equations do not always originate from an electron transfer
reaction, but it can result from an intercalation process or a slow adsorption process instead.

5.1 General metal electrode

We consider a metal-electrolyte interface with an electron transfer reaction of the form

Ry

O+ne” =R. (39)
Ry,

Here O and R denote the oxidized and the reduced species, respectively, and n is the number of
transfered electrons. The backward reaction [, in (39) is the oxidation and the forward reaction
S

Ry is the reduction. The stoichiometric coefficients related to (39) are
S

Yo = —1, Yo = —TN and Yr = +1. (40)

We describe the metal as a mixture of free electrons e and metal ions M. The electrolyte is a
mixture consisting of a solvent S as well as anions and cations. The oxidized species O always
is a positively charged cation of the electrolyte. If the reduced species does not coincide with
M, then we assume R to be a further cation species of the electrolyte. Because there are no
exclusive surface species involved in the reaction (39), we can assume that all species which
are present on the metal-electrolyte-interface, are also presentin Q* or Q7 i.e. Mg\ M =0,
and hence I' = 0.
S

Following the convention [NTAO4, pp. 7] we want the anodic (oxidation) reaction to be dominant
for positive overpotential 775. From (33) and (34) we see that ', has to be positive and thus we
choose QT to represent the metal electrode. We denote the electric potential in the metal by
Yr = @]}’ and the electric potential on the electrolyte side by o = <p|j. The overpotential is
then given by

ns = (em — ¢E) — (Pm — PE) - (41)
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Specific bulk material model for metal and electrolyte. To get a fully explicit Butler-Volmer
equation we have to specify free energy densities for the metal and the electrolyte. Here we will
only introduce the chemical potentials and refer for the corresponding free energy densities to
[DGL14a, DGL14b, DGM13].

The elastic model for the metal applied in [DGL14b] implies that the number density of the metallic
ions 1, is constant. Then, the electro-neutrality condition (10c) requires that the electron density
N is also constant. Thus in an isothermal process, also the chemical potentials of the metal ions
and electrons in the bulk are constants in space and time, and we set

Har = [ and He = He - (42)

The electrolyte is assumed to be an ideal mixture. Then the chemical potentials of the electrolyte
species are given by [DGM15, DGL14a]

to = 9o(T,p) + % Iny, foraa = A,C,S. (43)

Here Yo = 1,/ Y571 denotes the mole fraction of constituent A, and g, is the Gibbs free
energy of the corresponding pure substance. In general the pressure dependence of g, is
of outmost importance in the complete model, see [DGM13, DGL14a], which contains more
information on the thermodynamic modeling of electrolytes. Here, in the reduced model, the
pressure is constant due to the momentum balance equation (10b) and the simple constitutive
equation (14b).

Case I: The metal ions are not involved in reaction, i.e. M # R. We obtain the coefficients

I, =n and af = [An and a, = (1—p)An. (44)

In equilibrium, i.e. R = 0, the Nernst equation (28) takes the form
S

_ _ ET . 9o 1 ~
ov — P = —In=+ —(mogo — Mrgr +nmefic) . (45)
ney,  Yr - NeEo

Since the chemical potentials of the electrons are constant, the equilibrium potential o3; — O
varies logarithmically with mole fractions yo and 4y of the ions when pressure p and temperature
T are kept fixed.

In Butler-Volmer equation (33) for the reaction (46) the contributions of the electrons vanish due
to (42). With yo = —1, vg = 1 and pp and pg according to (43), the Butler-Volmer equation
S S

reads

_ A _ —B)A 1—p3)Ane
R=R, (y—Ry—O)gseXp(— — 775) — Ry <y_o y—R>(1 g)sexp (—( D 0775)
s s 170 Yr kT s LUR Yo kT

(46)

with the overpotential g given by (41). When applying (22), we get a Butler-Volmer equation as
a relation between overpotential and electric current, i.e.

BAneg (1 —pB)Aneg
JV|r = jeexp < - = 775) — jaexp (E—TUS) ; (47)

kT
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with the respective anodic and cathodic exchange currents

Jr Yo\ * Jo yr \ "
]8 = neORO <_— —) and ]94 = neoRo (_— _) . (48)
s \Yo Yr s \Yr Yo

When R > 0, then the dominant reaction is the reduction, which depends on the availability of
sufficie;tly many particles of species O. Keeping R > 0 fixed, then we conclude from (46) that
Yo — 0 requires g — —o00. Analogously, assumisng R < 0is a prescribed constant rate, then
the oxidation reaction is dominant and yz — 0 impliessns — —+00.

Further, for yo < 1 we see that already a small overpotential, 0 < ng < kT'/€0, is sufficient
to reach a rate R < 0. Therefore the Butler-Volmer equation (46) implies the expected behavior
that the oxidatiosn is favorable for a low concentration of the oxidized species.

Case ll: The meal ions are the reduced species, i.e. M = R. We obtain the coefficients

'y =zr+n==2 and ar = Az and ap,=(1—-p)Azo. (49)

S

In equilibrium, i.e. R = 0, the Nernst equation (28) takes the form

s

Inyo + (mogo — mprfig +nmefle) - (50)

20€0 20€0

$r — PE =
Since the chemical potentials of the metal ions and electrons are constant, there remains only a
logarithmic dependence of the equilibrium potential ¢ — ©E on yo.

The Butler-Volmer equation (33) for the reaction (46) simplifies considerably because the con-
tributions of the chemical potentials of e and R vanish due to (42). With vo = —1 and uo

S
according to (43), the Butler-Volmer equation reads

BA BAz0 € _\ (1-B)A (1= B)Azo e
R — RO y_o ) exp i Ss—ns J— RO y_O ° exp Lns
s s Yo kT s kT

with the overpotential g given by (41). From (22), we get

ﬂAZo €0 (1 — ﬁ)AZo €0
e -0 S S -0 S S
— s — e , 52
3Vl = je exp ( T ns) Jjaexp ( T 775) (52)
with the respective anodic and cathodic exchange currents
o) w0\
jz = zpeg Ry (—> and jg = zpeo Ry (_—) . (53)
s \Yo 5 \Yo

We highlight two differences to the previous case and (46). First, in (51) there is no mechanism for
7s to blow up if an oxidation at a fixed rate R < 0 is prescribed. Second, the transfer coefficients

S
in front of ng differ between (46) and (51) if zg # 0 and hence zp # n.
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5.2 Lithium iron phosphate electrode

The electrode material LinePO4 (LFP) is a cheap and safe electrode material for lithium-
ion batteries [PNG97]. A LFP electrode consists of a metallic carrier foil, carbon-coated LFP
nano-particles, binder and further additives improving the electric and ionic conductivity and the
mechanical properties of the battery.

We describe the LFP nano particles as a binary mixture of crystalline FePO,- and Li-atoms. The
lithium atoms can move freely through the FePO, crystal lattice [HVdVMC04, Baz13, DJG™10].
Since FePO, has a low electric conductivity, we can neglect the electron transport inside the
nano particles. To establish electric conductivity of the LFP, the LFP particles are coated with
a thin carbon layer [MDCK™07]. Therefore we have free electrons e on the surface, in addition
to the electrolyte and electrode species, as well as the non-reacting carbon. The electrolyte
consists of an organic solvent S, lithium ions Li ™ and the associated anions A.

At the iron phosphate-electrolyte interface, we consider the electron transfer reaction

Lit+ e = 1Li. (54)
The stoichiometric coefficients are
Yi+ = —1, Yo = —1 and Y = +1. (55)

We let QT represent the domain of the iron phosphate electrode. Accordingly the electrolyte
occupies the domain 2~. Then we get the coefficients

r, =0, r-=-1, and r=1. (56)
S
For the phenomenological coefficients a7, we obtain

af = 514 and ap = (1 - ﬁ)A . (57)

s S s S
Since we model the LFP-electrode as mixture of electrically neutral species, there is no space
charge layer inside the electrode. In consequence the electric potential is spatially constant and
satisfies g0|j,r = (. Denoting the electric potential in the electrolyte by yr = |, and in the iron

S
phosphate by o rp = <p|}r the overpotential in (32) can be expressed as

ns = (prrp — ¢8) — (PLFP — PE) - (58)

Specific material model. As before, the electrolyte is modeled as a simple mixture with
chemical potentials given by the constitutive equations (43). The chemical potential of the surface
electrons is assumed to be constant, i.e. y = L. Lithium-ion batteries with LFP-electrodes

are characterized by a phase transition bsetweesn lithium-poor and lithium-rich phase inside
the LFP-electrode [PNG97, WSvAT12, LML'15]. There are several approaches to model for
LFP electrodes taking the phase transition into account [ZB14, BCB11, HYdVMC04, DGH11,
DJG'10]. A common feature of all these models is a non-monotone chemical potential of lithium
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in LFP. The simplest constitutive equation for the chemical potential 141;, that accounts for heat
of solution and the entropy of mixing, is given by

s = o (1= 2015) + 55 (In(ye) — In(1 = w)) (59)

Here yr; = nLi/nFepo4 is the mole fraction of lithium and L is the heat of solution. Mechanical
contributions due to the volume change of LFP during the lithium intercalation are not considered
here.

Butler-Volmer equation for LFP. The Butler-Volmer equation for the reaction (54) at the iron
phosphate-electrolyte interface is given by

. 51;160 . (1- ﬁ)éeo
R = Rjexp ( -7 ns> — Rj exp (k—TnS) (60)
with the coefficients
_ BA
Yit 1 —yni Yui _ :
RO—R0<_L —?{Ly—LGXP<+%(QL1—yLi))) , (61a)
s Ui+ 1 — 9L yui
_ _ (1-p)A
Yri+ 1 — Yri yui I _ s
R0:R< Texp<—2—yi—yi> ) (61b)
b X0 Yt 1 — Y T kT(L L)

Compared to the Butler-Volmer equation (46) for the metal-electrolyte interface, the structure of
the transfer coefficients is more complex because of the dependency on the lithium mole fraction

YrLi-

For intercalation electrodes, the overpotential should blow up if the electrode is completely filled
or empty, cf. [LZ13]. This requirement is satisfied by the Butler-Volmer equation (60): During the
intercalation of lithium in the electrode, the reduction is the dominating reaction and thus the
reaction rate in (60) has to be positive. Assume an intercalation process with a fixed positive
rate }s% > 0. For y;; — 1, the transfer coefficients yield and R? — 0 and Rg — +400. Then,

the Butler-Volmer equation (60) implies ng — —o0. Analogously, for deintercalation process
with a constant negative reaction rate R < 0, the overpotential has to increase 7g — oo for

yri — 0.

5.3 Lithium electrode

The metallic lithium electrode in contact with an lithium conduction electrolyte serves as an
example where the Butler-Volmer equation does not originate from an electron transfer reaction.
Instead, the Butler-Volmer equation here can result from two different processes: i) surface
reaction without charge transfer and ii) adsorption. Let the domain Q" represent the metallic
lithium electrode and {2— represent the electrolyte domain. The electrolyte consists of lithium ions
Li™, the associated anions A and a solvent S. As already described in Section 5.1, the metal
electrode consists of positive metal ions Li;; and free electrons e ~. Since Li* and Li}, have
the same charge number, an electric current can not originate from an electron transfer reaction
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between these two species. However measurements show, that also this process generates an
exponential relationship of Butler-Volmer type between the overpotential of the lithium-electrolyte
interfaces and electric current [MBS87]. Therefore this behavior has to originate form one of the
three mechanism:

1 Adsorption of the lithium ions from the electrolytic solution to the metal-electrolyte interface.

2 Intercalation of lithium from the electrolyte phase to the metal phase, i.e.

Lij; = Li* at I. (62)
3 Adsorption of lithium ions and electrons from the metal to the metal-electrolyte interface.

In general the third mechanism is assumed fast compared to the other, and therefore can not the

origin of the non-linear relationship between overpotential and current. The fast adsorption is

modeled by L — oo in (15b) and M — oo in (15c). We obtain on the lithium metal side the
S S

equations

€0
i+
(luLzM + mLin

OIF = (et +572-9)  and (e — 229)] = (e — 32¢) . (63)
s M LZL s ¢ s €s

We denote the potential in the lithium metal with o5, = |; and in the electrolyte with o = |} .

Accordingly, we define the overpotential as g = Yy — g — (@M — @M). Now we show that

both cases, a slow reaction and a slow adsorption, result in a Butler-Volmer equation of the same

type.

We use the same constitutive relations for the metal and the electrolyte as in Section 5.1.

Case 1: Slow reaction and fast adsorption. Let the reaction (62) be the limiting process. We
can assume that the fast adsorption assumption (23) is satisfied, i.e.

(Ha + 2220)|] = (o +Sit0) @ = Lit A, S, (64)
and the results of Section 4 are applicable. In particular we can use the results of Section 5.1,

since the derivation holds also in the case where no electrons are involved in the reaction (39).
We have

5AZLZ‘+ €0 (1 — 5)A2Li+ €0
-e 0 S S 0 S s
=o€ - — , 65
Jvlr = jeexp < T 775) J.A €Xp ( T 775) (65)
with anodic and cathodic exchange currents
=\ (1=9)4 \ P4

394 = ZLi+ €0R0 (yLer > and jg = ZLit+ eoRo (%Lﬁ) . (66)

s \YLi+ s \YLi+
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Case 2: Fast reaction and slow adsorption. The reaction (62) is fast compared to the ad-
sorption. We can assume that the kinetic parameter for the reaction rate meet Ry — oo in (15a).
S

Then the law of mass action reads
l:Lﬁ = ’leiL . (67)

To simplify the argumentation in the following, we assume that the adsorption of the solvent
S(= Ap) to the metal-electrolyte interface is fast, i.e. L~ — 400 in (15b), and we have
S

psly = s - (68)

Further, we assume that the anions cannot adsorb at the metal surface, i.e. M, = 0 in (15c),
S
and we obtain from the constitutive relation (15c¢)

(PA(U—UJ)V+JAV)|I_ =0. (69)

These assumptions yield that the electric current j¢ at the interface is given by the lithium flux

jvly = meLOﬁ (pLﬁ(v —w)v+ JLZ'+I/) ‘; ) (70)

This relation follows from the simple relation (19) for the electric current, the local electroneutrality
condition (10c) and the equation (69).

The lithium flux in (70) is given by the constitutive relation for the adsorption, equation (15c¢),
(priv (v —w)v + Jpev)|,
=M <6Xp (B =5+ BLﬁDLH) —exp (B — D)5E BLﬁDLﬁ)) - ()

Here, the driving force is defined as
D= ((um + ;ﬁfgo)}I) ((um + nL;*f f)> . (72)

Using the relation (63); we can write the driving force as

Dy = ((um + Lt \I) - ((uux{ + %g&)‘j) . (73)

As in the derivation of the Butler-Volmer equation we introduce an equilibrium state in which

i+ €0 — — Zr1:+€0 — .
the driving force vanishes, leading to (uLZJr + LLZ )‘I = (NL@ + ;lT )|1 The driving
force (73) can be written as

Dy = (poi+ = firi+) |, = (priv = fivie) U - %’75 ’ (74)

where we have replaced the electric potentials by the overpotential ns = (0 —@)|7 — (0 —@)|; -
With the chemical potentials (43) for the lithium ions of the electrolyte and the constant chemical
potential for lithium metal according to (42), we get for the current

ﬁgﬁ— BZﬁ— 2Lit€o ( 5Lz+) L2+ 2Lit€o
: Ns | — jaexp
—JA

T kT 775) (75)

Jv|r = joexp ( -
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with the exchange coefficients

_ 1-87 . )B~ - B
-0 _ RLit€o [ Yrit ( ﬁLﬁ—) s Lit .0 _ Zrit€o [ Yri+ BLi"' s Lit
Ja=Mj ., — and  jo =M, — .
3 mr;+ Yri+ 8 mpri+ Yri+
(76)

These relations are identical to the Butler-Volmer equation (65) resulting from the surface reaction.
This is remarkable, because of the thermodynamic origin of the non-linear relations, which are
derived in one case from an adsorption process and in the other case from an surface reaction.
Therefore we can not conclude from a Tafel-plot whether the adsorption or the surface reaction is
the limiting surface process.

6 Example Electroplating

The electroplating of metals serves as a simple example of an electrochemical process with a
surface reaction that can be described by a steady state. We consider an aqueous copper sulfate
solution between two parallel copper plates, as shown in Figure 2. The domain of the electrolyte
is 2~ and we let Q" denote both electrodes. We model copper electrodes as a binary mixture of
free electrons e and cuprous ions Cu ™. The electrolyte consists of water H,O as the solvent S,
the anions SO~ and the cations Cu?", in the following also denoted by A and C, respectively.

Q+ Ve | Q_ LV Q+
— ()= () —
j j

o] o fo

a 1, I, ¢

Figure 2: Experimental setup for electroplating: aqueous copper sulfate solution bounded by
two copper electrodes. The surface normal v always points to the electrodes. The role of the
electrodes as anode or cathode depends on the direction of the imposed current j°v.

When a current ;€ is applied to the electrodes, copper is oxidized at the anode .4 and cupric
ions are dissolved from the the anode interface I 4 into the electrolyte. On the other side, at
the interface I, the cupric ions are reduced and incorporated into cathode C. If the plates are
sufficiently large the process is one dimensional. The overall dissolution/deposition process can
be split into several steps:

B adsorption/desorption of Cu™ between electrode bulk and surface,

M electron transfer reaction
Cu®t +e” = Cu'. (77)

B adsorption/desorption of Cu** between surface and cations of the electrolyte.

The adsorption in the first and third step is considered inherently fast compared to (77) such that
assumption (23) is valid.
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Bulk transport. The momentum balance (10b) implies that the pressure in QT and Q~ is
constant p = py. Since we do not consider solvated ions here, we may assume that all
particles are of the same size. Then the constitutive model for an incompressible simple mixture
[DGM15, DGL14a] together with global electroneutrality according to (10c) leads to the relations

na+ne +ng =n) (78a)
zZana + zene =0, (78b)
where nsef is constant total number density of particles. The species A, C and S of the electrolyte

satisfy the stationary version of the mass balance equations (10a). In the absence of bulk
reactions we have to solve in {2~

on (mAnAv + JA) =0, (79a)
Oy (mcncv + Jc> =0, (79b)
O (pv) =0, (79¢)

where we replaced the partial balance of S by the total mass balance. In addition there are two
more constraints. First, we have to specify the total amount of copper sulphate dissolved into the
water by prescribing the average number density noc of cations in the electrolyte. Second, an
absolute reference value for ¢ has to be defined, e.g. ¢ = 0 at .

The boundary conditions (11a) for the species A, C and S at the interfaces are
mo/yoz}jA/C = (mana (U - w.A/C)” + Jay)|I_A/[C ) (80)
S

where I 4/c and w4/c denotes the reaction rates and the interfacial speed at 14 and I¢,
S
respectively. For the reaction (77) we have v¢ = —1 and v4 = s = 0. We multiply (80) with

S S S

Za€0/ My for each a.. Then summation and the electroneutrality (78b) yields

—zceoRyc=— Y (=2Ja)li,. . (81)
a€{A,C,S}

With (21) we conclude that zceg R 4/c = j°v and get the boundary conditions
S

MaYa je = —Zc€o (mana (U - wA/C) + Ja) fora {A, C7 S} : (82)

s |I_A/C

Summing the boundary conditions (82) for « = A, C, S shows

meye J° = —zo€o (p (v —wae))lr, . - (83)

s

From (79c) we conclude w4 = we. Thus we can choose a coordinate system such that
w4 = we = 0. The explicit form of the boundary conditions (82) is

—(mAnAU—i-JA):O, (84a)
—zceg (mencv + Jo) = meye 5°, (84b)
—2c€o pv =meYc J - (84c)

S
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Figure 3: Solution of (84) over space for different applied currents and a salt concentration of
0.5 mol //. Left: We observe almost linear concentration profiles n with a slope proportional to
J¢. Right: electrostatic potential ¢ in the electrolyte domain 2.

The boundary conditions can be extended to hold in the whole electrolyte domain €2~ by applying
(79). We emphasize the direct proportionality between the electric current ¢ and the barycentric
velocity v in the electrolyte in (84c). For this reason as long a electric current flows, the barycentric
velocity can not be neglected, as it usually is done in the literature.

To solve the system (84) numerically, we choose a diagonal mobility matrix with M,, =
B,Tm?n,, leading to the diffusive fluxes

Jo = —kT Byma (@ma — matag) g naza]:—%f?xgp> Ca=AC. (8
Note that there is no pressure dependence in (85) because d,p = 0. Simulation for 2~ of
length L = 1cm and using material parameter according to Table 1 yields solutions ¢ and ¢
as plotted in Figure 3. We observe a nearly linear spatial distribution of the cations with a slope
that is proportional to the imposed current j°. With increasing current, we observe a nonlinear
behavior of the electrostatic potential ¢ near the cathode, where the cation concentration gets
low.

A:SO;~ C: Cur S: H,O
my =96.078u me  =63.546u mg =18.015u
Ba =336 x10"s/kg B =5.61 x 10 s/kg -

Table 1: Material parameters used for the calculations, cf. [Lid05].

Butler-Volmer equation. A Butler-Volmer equation for the reaction (77) can be derived in
the context of case Il of Sect. 5.1. The choice of 2T above and (77) imply 'y, = z¢ = 2.
Experimental measurements in [BM59] show that a4 ~ 1.5 and a¢ ~ 0.5. We thus choose
1;1 = land § = 1/4 to get from (51) at [ 4 and I

pop (reN o (Lle N (ney (B "
s 0 e eXP 2k:TnS 0 ne *xp 2k:T775 ’ (86)
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Figure 4: Tafel plot from the reaction (77) and the computed electrolyte concentrations at I 4 and
I according to (84) with noc = O.5mol/€. Dashed lines for fixed cation concentration no = noc
at 4 and I show the linear Tafel slope in the large overpotential regime.

Using the electrolyte concentrations at the interfaces from the previous computation, we can
determine from (86) the overpotential at the anode and cathode, see Figure 4. In the Tafel plot
we observe a nearly linear slope over one decade of the imposed current densities. When ;¢
gets larger, the Tafel plots deviate from the linear behavior. This effect is due to the dependency
of the exchange currents on the concentration of the species. The observed deviation is much
more pronounced at the cathode, where n — 0 for larger imposed current densities.

Polarographic curves. From the computed overpotential we can not directly infer the poten-
tial difference [[]] over the double layer, since by definition 75 also depends on the chosen
equilibrium values. But, since in the experimental setup considered here the electrodes consist
of the same material, the equilibrium potential [[] is the same at /4 and I. We denote the
electrostatic potential in the bulk of the electrode A and C by ¢ 4 and ¢, respectively. Then the
voltage over the complete electrochemical cell is

A - - C
YA —pc =05+l — el — 1, (87)
where n?/ © denotes the overpotential at I 4,c, respectively. At a certain imposed current where

nc approaches 0 at I, the overpotential at the cathode, and thus also ¢ 4 — ¢¢, has to blow
up, as discussed in Sect. 5.1. Motivated by the diffusion limited current in [BBC05], we define

ji e 4zoeg /{:Z Be noc ' (88)
For a diluted electrolytes, we observe that the blow up of the cell voltage occurs close to j¢ = j7,
see Figure 5. Increasing the salt concentration, i.e. increasing n%, the characterization of the
limiting current by 75 gets less and less sharp, as the blow up of the cell voltage occurs at higher
imposed currents. This discrepancy has to attributed to the simpler bulk model in [BBC05], where
v = 0 is assumed in {2~ and the ion—solvent interaction is neglected.
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Figure 5: Limiting current causing a blow up of the cell voltage. Left: polarographic curves for
different salt concentrations. we observe a blow up of the cell voltage for different applied current
J¢. Right: polarographic curves where the current is rescaled by j; defined in (88).

7 Discussion

7.1 Validity of the Butler-Volmer equation

The Butler-Volmer equation is not a universal natural law but its validity is limited to certain
application scenarios. Our general Butler-Volmer equation (33) can only be valid as long as the
assumptions of the underlying reduced bulk model hold. First of all, the reduced bulk model
requires that “the Debye length is small”. That means, we choose a characteristic length scale
L for the electrochemical system under consideration, such that the overall size of the system
is comparable to L™ and the curvature of surfaces is less than 1/L7“ef. Then the Debye length,
which controls the width of boundary layers, has to be smaller than L by some orders of
magnitude. In consequence, the Butler-Volmer equation (33) can not be applied in the context of
nano-systems. Second, the derivation of the reduced bulk model is based on quasi-equilibrium of
the boundary layer. For this, it is necessary that relaxation times of the layer are small compared
to the macroscopic experimental timescales. In [DGM15], a macroscopic time scale of tf = 10s
was used. This certainly rules out the application of (33) in processes where excitations by short
pulses or medium to high frequencies are applied. Moreover in the reduced model, we assumed
isothermal systems. If the surface reactions are strongly endothermic or exothermic, the energy
balance can not be neglected and the procedure of the asymptotic analysis of [DGM15] has
to be applied to the larger system of equations and might possibly lead to different relations.
Finally, we remark that in some cases it might be more appropriate to assume that the number
densities of the surface species are comparable to those in the volume. This would necessitate
the inclusion of a material model for the surface species and lead to different coupling conditions
of the surface species to the bulk equations.

The Marcus-Hush theory is often used in situations where the classical Butler-Volmer equations
fails. In particular, the Marcus-Hush theory is able to describe curved Tafel slopes which are
interpreted as a dependency of the transfer coefficients on the overpotential. Curved Tafel
slopes have been reported e.g. in [ST75], but usually this requires non-steady state techniques.
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Experimental conditions to observe curved Tafel slopes under steady-state conditions were
described in [Fel10] and experimental results have been reported for a “redox couple that has a
pathologically small rate constant” [FV11]. We note that because the Butler-Volmer equation (33)
is formulated in terms of chemical potentials instead of number densities, it seems possible that
applying a material model different from the simple mixture would allow for curved Tafel behavior.
The same also holds true for temperature dependence of Tafel slope. In a series of comparative
studies [LWH™ 11, HWLP* 11, HLRC12], experimental data of square wave voltammetry and
cyclic voltammetry was fitted to Marcus-Hush and Butler-Volmer theory. The results indicate
some quantitative weakness of the Marcus-Hush theory. We remark that cyclic voltammetry or
square-wave voltammetry require the inclusion of a time scale into the model equations that is at
least one order of magnitude lower than the t"¥ = 10s considered here. Thus, in our point of
view, a simulation of these processes should be based on the the complete model of [DGM15].

7.2 Comparison with the literature

General metal electrode. The textbook literature provides Nernst- and the Butler-Volmer
equations for the electron transfer reaction (39) at a metal electrode which we can compare with
the respective equations in Sect. 5.1. For the Nernst equation, we find

ke g_o

=< ) . (89)

kT
<kA Yr

[NTAO4, (8.20)]: Oy —pp=—In
neg
Here k 4,¢ are the rate constants related to the anodic and cathodic reaction, respectively. The
same structure of the Nernst equations can be found e.g. [BRGA02, (7.40)] and [BFO01, (3.2.2)],
only the rate constants are replaced by a reference potential. All these equations show the same
logarithmic dependency on the equilibrium concentrations yo and yr as (45).

For the Butler-Volmer equation, the overpotential s defined in [NTA04, (8.21)] is identical to (41)
and in our notation the authors state the Butler-Volmer equation:

INTAO4, (8.24)]: j°v|; = j%exp < — BIZLTGOUS) — %exp (%7}5) . (90)

The same structure of the equation can be found in [BRGAO02, (7.23)]. We observe that the
exchange currents are the same for the anodic and the cathodic current, i.e. j94 = jg =49,
what is not compatible with our approach to guarantee the consistency with the 2" law of
thermodynamics. Moreover j¢ — 0 then always implies 17 — 0. In contrast, the overpotential
defined in Section 4 depends on the chosen equilibrium state with its respective electrolyte
concentrations at the interface. A deviation from the concentrations of the reference state then
implies a non-vanishing overpotential even for 3¢ = 0.

The dependency on the concentrations is specified as
[NTAO4, (8.23)]:  j° = neo k3 ki P vy " . (91)

As a consequence, for a low amount of the oxidized species yo << 1, the Butler-Volmer equation
(90) implies that a high overpotential ng > 0 is required in order to maintain an oxidation
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reaction, i.e. current j€v|; > 0 and R > 0 respectively. This is contrary to the expected behavior
S

of an electron transfer reaction at an metal-electrolyte interface. Our Butler-Volmer equations
predicts the behavior correctly, see Sect. 5.1. Moreover, the transfer coefficients in (90) coincide
with the coefficients in (47), but in general are different from those in (52). Thus, (90) can not
directly be applied, if the reduced species is the electrode metal or the current is caused by a
combination of adsorption and electron transfer like in Sect. 6. Finally, we note that in (46) and
(51) there is an additional coefficient A that can be used for further modeling.

s

Copper dissolution. For a macroscopic description of the copper dissolution process, the
reactions at the electrode surfaces are often given in the form [BM59, NTA04]

Cu®t +2e¢~ = Cu. (92)
Moreover, this simple reaction is then decomposed into the two elementary steps

Cut4+e = Cu, (fast) (93a)

Cu*"+e = Cu'. (slow) (93b)

At first glance these descriptions of the copper dissolution might seem fundamentally different
to the one in Sect. 6. Whereas there is a two electron reaction in (92) and two single electron
reactions in (93), there is only a single electron transfer reaction in (77). But since the electrodes
consist of cupric ions Cu ™ and free electrons e ~, rather than of neutral copper atoms, we may
replace in (92) and (93a) Cu by Cu™ + e ~. Then, the first step in (93) takes the form of an
adsorption, instead of an electron transfer reaction. As outlined in Sect. 5.3, also this adsorption
step is related to a charge transfer that causes an electric current. According to [BM59], the first
step (93a) is inherently fast compared to (93b), such that for the derivation of a Butler-Volmer
equation assumption (23) is appropriate.

Another problem might arise when trying to apply standard Butler-Volmer equations from the
literature, e.g. [NTAO4, (8.24)]. There the transfer coefficients depend on the number of transfered
electrons and this number seems to differ between (77) and (92). But one has to keep in mind
that [NTAO4, (8.24)] is derived for a reaction where the electrode metal is not involved (case | of
Sect. 5.1). For the copper dissolution, we have to apply case Il of Sect. 5.1 instead. There, the
transfer coefficients depend on the charge number of the cations which does not differ between
(77), (92) and (93b).

Lithium iron phosphate electrode. A main aspect of [Baz13]is the formulation of a consistent
Butler-Volmer equations for electron transfer reaction at the interface between a LFP particle and
an electrolyte. A phasefield model of Cahn-Hilliard type is used to describe the phase transition
within the LFP particles. For this purpose, the constitutive equations are extended to include
higher derivatives of the lithium concentration, scaled by a small parameter. Since the phase
transition mainly takes place in the interior of the LFP particle and not at the particle surface
where the Butler-Volmer equation has to be applied, it is possible to compare our theory with the
Butler-Volmer equation of [Baz13] when the small parameter is set to 0. Moreover, we neglect
the elastic contributions considered in [Baz13].
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The Butler-Volmer equation in [Baz13, eqn. 71-72] for a single reaction of the general form (3b)
reads in our notation

R = Ro (exp (= §5277) — oxp (1530 ) - (94)

In contrast to our notation 7 is the activation potential, [Baz13, egn. 69]. It is defined as

Ng
= (e + 20T (95)
a=0
If we consider a single surface reaction and we assume that all surface species exist in the
bulk, then the Butler-Volmer equation (94) is consistent with our general Butler-Volmer equation
(33)—(35b).

For the reaction Li*™ + e~ == Li, the properties of double layer are neglected for the deriva-
tion of the Butler-Volmer equation in [Baz13]. Nonetheless, the Butler-Volmer equation in [Baz13,
egn. (78)-(86)] is consistent with our Butler-Volmer equation (60), if we assume i) a constant
chemical potential for the lithium ions zi1;+ in the electrolyte, i) 5 = 1/2, and iii) the phenomeno-
logical coefficient fsio is defined as

fjo = (1 —yul})exp (ieTO,uLz’[ )gfo : (96)

This coincidence can be explained by the fact that M. Bazant has correctly recognized that the
driving force of electron transfer reactions are the bulk electrochemical potentials and not the
bulk chemical potentials. Note that using the bulk electrochemical potentials in the formulation of
the Butler-Volmer equations implies that the absorption on the surface of bulk species is implicitly
assumed in equilibrium.

7.3 Alternative constitutive relations for reaction rates

The Butler-Volmer equations in this work are based on the specific choice of the constitutive
relations for the reaction rates R, viz. equation (15a). In the following we want to specify and
S

discuss three alternative constitutive relations for the reaction rates and their implications for the
derivation of Butler-Volmer equations. For simplicity we consider a single surface reaction,
Ry
apAg + - +ang Ay, == boAg+ -+ + by Ay, . (97)
S s R, s S

The entropy production for a single surface reaction is, cf.[DGM15],

1
——DR>0, 98
KT s (98)
where D is the driving force for the surface reaction,

Ns

D=Y" YaMala - (99)

a=0°
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An Arrhenius ansatz of the form

A

R = Lo(l — exp (ﬁD)) with A, Ly>0, (100)

satisfies the entropy inequality. From a mathematical point of view only the sign of the phe-
nomenological coefficients A and Lo is restricted by the entropy inequality (98). However the

coefficients A and Lo can be arbltrary functions of the fields of matter and the electromagnetic

fields as Iong as they are positive and satisfy the principle of material frame indifference. This
gives us some freedom for the formulation of different kinds of constitutive relations for the
reaction rate. Independent of the specific choice of L below, the relation (100) for the reaction

S
rates always implies D = 0 and R = 0 in thermodynamic equilibrium. Next we discuss three
S
different choices of L.
S

Case l. For the derivation of the consitituive relations (15a) used in this work, it was assumed
in [DGM15] that the phenomenological coefficient L is a function of the driving force D, i.e.
S

A
Lo = Roexp(—ﬁﬁD) with Ry > 0. (101)

Here the exchange rate R[) and the symmetry factor 5 are assumed to be constant. Note the
entropy inequality does not restrict the sign of ﬁ The coeff|C|ent Lo is choosen such that the
reaction rate R yields symmetric terms for the forward reaction R ¢ and backward reaction Rb,

A A
szljf—ljszs;O(exp(—ﬁkiTD) —exp((l—ﬁ)kiTD)>. (102)

S

The corresponding Butler-Volmer equation (33) is derived in Section 4, and reads

20 0s) - (103)

R Rf exp( T

)—R,?exp(—l—

Qr
kT
The choice leads to transfer coefficients s, and the exchange rates Rf/b that are independent
of the overpotential 7)g, see (34) and (35).

Case Il. In the first case the forward and the backward reaction are driven by the same driving
force D. But sometimes it could be favorable that the forward reaction is driven by the educts
and the backward reaction is driven by the products only, see for example [BF01]. To this end we
decompose the driving force D into educts and products according to

Ng
D=Dy—D;  with Df_Zaamaua and Dy =Y bamafta (104)

a=0

Then we choose
Lo = Roexp (77 Dy) - (105)
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Inserting (105) into (100) leads to

A A
]Si’ = Jj’o(exp (ﬁDf) — exp (ﬁDb)> ) (106)

This choice leads to some difficulties in the derivation Butler-Volmer equation. To illustrate that
we consider the simple surface reaction O +ne~ = R at a metal-electrolyte interface. We
set A = 1 and follow the notation of Section 5.1. When carrying out the same steps as in the

S
Section 4, we obtain

~ Ry (z—i) exp (;—;(wE - @E)) . (107)
We observe that the forward reaction depends only on the oxidized species, whereas the
backward reaction depends on the reduced species. This is in agreement with the formulation of
the Butler-Volmer equation in [BF01, egn. 3.4.10]. However, a definition of an overpotential is not
that obvious from (107). One could define the overpotential as s = (¢y — ¢r) — (Pm — PE),
and then shift the remaining terms depending on the potentials into the definitions of the transfer
coefficients or exchange rates. But then we have exchange rates or transfer coefficients that are
functions of the electric potentials, what is in contrast to [BF01, egn. 3.4.10].

Case lll. An common concept in chemistry is the introduction of reaction paths and transition
states. From this concept microscopic models for the reaction rates are derived. Important
contributions in this field are the theories of Marcus and Hush, see [Mar56, Mar65, Hus58, BF01,
Baz13]. From our point of view reaction path as well as the transition state must be considered
as new objects in non-equilibrium thermodynamics. They called internal variables and need
new evolution equations. However, we can include the main results of Marcus and Hush in our
concept by taking into account a quadratic contribution of the driving force D in (101). We choose
for the phenomenological coefficient

A
Lo = Roexp (— 7(8+ 3)D) . (108)

The newly introduced parameter \ represent the reorganization energy, which is a microscopic
energy contribution. The great achievement of Marcus and Hush was to link the reorganization
energy to measurable quantities, such that the predictions of reaction mechanisms were possible.
Insertion of (108) in (100) yields

S S

l?—]s%o(exp (%(—BD—%))—QX]) (%((1—5)D—DT2))> : (109)

The resulting Butler-Volmer equation from this choice is derived in analogous way to Section 4.

We obtain ase e
0 0 0 0
IS%:Rfexp(— T ng)—RbeXp(+k—T775) . (110)
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The overpotential is defined as in Section 4, equation (32). In contrast to the first case the
definitions of the transfer coefficients and the exchange rates are function of the overpotential,

ay = AT + P50 and ap = (1 — AT — Pgees (111)
and
Rj = Ry exp (( — 8 s %—(D*;;Ws))D*> : (112)
Rngs%o exp (((1—?)%—%%)D*) : (113)
D* is an abbreviation for
D=3 Z;ma (Ha — fia) \f + 0> Z;ma (’ja - /za> (114)
aEM aEMg\M

and the constant I is defined as

(115)

T F-l- ) if F+ 7é 0 )
|\, €T, =0.
S
The dependency of the transfer coefficients on 7)5 is identical to that, which is proposed in [BFO1,
eqn. 3.6.15b]. However, the dependency of the exchange rates on the overpotential is missing in
[BFO1].

The dependency of the transfer coefficients on the overpotential, more precisely the quadratic
dependency of Ly on the driving force D, leads to curved Tafel slopes [Mar93]. When the
reaction rates are moderate, such that D > D? than the quadratic contribution of D in (109) is
approximately small compared to the linear one, such that the first and the third case behave
identical.

Although the constitutive relations for the reaction rates and their corresponding Butler-Volmer
equations are different in the three cases, in thermodynamic equilibrium all constitutive relations
satisfy D = 0 and R = 0 due to the underlying thermodynamic consistent relation (100) for the

S
reaction rates.

7.4 Inclusion of double layer effects

The constitutive law (15a) gives a thermodynamically consistent relation between the surface
reaction rates and the the chemical potentials at the surface. A drawback of this relation is that
the involved quantities are not directly measurable but only their according bulk values. Bridging
this gap is the exceptional value of Butler-Volmer equation (33).

In contrast, the literature starts from measurable bulk values “just in front of the double layer”
and derives a Butler-Volmer equation for the surface reaction rates based on kinetic arguments.
According to the standard model of the double layer, one has to pass from the bulk through
the “diffuse part of the double layer” to reach to so called outer Helmholiz plane where the
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reaction is supposed to take place. For the diffuse layer, the validity of Gouy-Chapman model
is postulated resulting in an exponential relation between the species concentration and the
electrostatic potential. This motivates a modification of the overpotential attributed to Frumkin
[Fru33], cf. [INTA04, SS10]. There are two mayor objections: first one should note the critics by
Newman [NTAO4, p. 227] that microscopic double layer modeling lacks a “firm macroscopic basis”
in thermodynamics, and thus “can-not be applied with any certainty to solid electrodes”. Second,
we emphasize, that instead of postulating a double layer structure, the structure should be a
consequence of the model equations. As demonstrated in [DGM13, DGL14a], a dilute solution
assumption in general is not valid in boundary layers and thus the Gouy-Chapman model is not
applicable there. For a correct description of the complete layer it is of outmost importance to
account for of electric and mechanical effects.

The combination of a Poisson-Nernst-Planck model (PNP) that resolves space charge layers
with a generalized Frumkin-Butler-Volmer equation (gFBV) was proposed in [IKV77, BBCO05]
and analyzed in detail in [BBC05, BvSB09]. Again, there is a specific double layer structure
postulated: a Stern-layer structure consisting of a compact layer in front of the reaction plane
followed by a diffuse layer. The compact layer is characterized by a linear spatial profile of the
electrostatic potential. The overpotential which enters the gFBV is then defined as the voltage
drop over the compact layer whereas the diffuse layer has to be resolved by the bulk equations.
Compared to the standard models there is an advantage that with the combination of the gFBV
approach and the PNP system, it is possible to apply more realistic boundary conditions for
the electric potential. Moreover one might argue that this concept is superior to the standard
approach with a locally electroneutral bulk model since no quasi-equilibrium for the diffuse part of
the double layer is assumed. Nevertheless there is a specific Stern layer structure postulated with
a constant compact layer. But from [DGL14b], we see that instead the diffuse layer is constant
whereas the saturation layer varies with the potential drop over the double layer and the spatial
profile of the potential is not linear there.

In [BBCO5] there are also asymptotic limit equations derived for thin double layers. This limiting
procedure corresponds to the formal asymptotic analysis used in [DGM15] to derive reduced bulk
model of Sect. 3. But there are differences: The underlying PNP system in [BBC05] is missing
the pressure dependence of the chemical potentials and the momentum balance. Both are
indispensable for correct description of boundary layers. For the postulated Stern layer structure
there is an additional parameter controlling the partition of the double layer into the compact
and the diffuse part. In the one extreme case, the “Gouy-Chapman limit”, there is no potential
drop over the compact layer. This means that the Nernst-Planck flux has to be applied up to
the reaction plane leading to the well known problems of possibly negative concentrations and
thus leading to a reaction limited current. In the other limit, the “Helmholtz limit®, there is only the
compact but no diffuse layer. That means that the complete double layer has been replaced by
an ad-hoc postulated structure with a linear profile of the potential.

To summarize our point of view about the role of the double layer structure for the Butler-Volmer
equation: when the assumptions of the reduced model are appropriate, i.e. the double layer is
asymptotically in quasi-equilibrium, then the Butler-Volmer equation (33) already gives an exact
description of the situation at the reaction plane and we can not get better by “correcting” the
bulk values according to any kind of assumed double-layer structure. On the other hand, if the
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scaling is not appropriate, then the Butler-Volmer equation should not be used at all but instead
the complete model of [DGM15] in combination with the original constitutive laws (15a) for the
reactions at the surface.
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