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ABSTRACT

In this paper, we study an optimal boundary control problem for a model
for phase separation taking place in a spatial domain that was introduced by
Podio-Guidugli in Ric. Mat. 55 (2006), pp. 105-118. The model consists of a
strongly coupled system of nonlinear parabolic differential equations, in which
products between the unknown functions and their time derivatives occur that
are difficult to handle analytically. In contrast to the existing control litera-
ture about this PDE system, we consider here a dynamic boundary condition
involving the Laplace—Beltrami operator for the order parameter of the sys-
tem, which models an additional nonconserving phase transition occurring on
the surface of the domain. We show the Fréchet differentiability of the associ-
ated control-to-state operator in appropriate Banach spaces and derive results
on the existence of optimal controls and on first-order necessary optimality
conditions in terms of a variational inequality and the adjoint state system.

1 Introduction

Let 2 C R3 be an open, bounded and connected set with a smooth boundary T' (since we
aim to apply results from [24], we should at least have I' € C?), and let Q := Q x (0,7T)
and ¥ := ' x (0,7). We denote by 0y, Vr, Ar, the outward normal derivative, the
tangential gradient, and the Laplace—Beltrami operator on I', in this order. We consider
the following optimal boundary control problem:

(CP) Minimize the (tracking-type) cost functional

3((/’57 P IOF)7 uF)

B X B2 . 33 R
= |1 — MQ”%P(Q) TS lp — pg |%2(Q) TS |pr — PEH%Q(E)
B4 . s R Bs
+ B [p(T) — PQ”%?(Q) + B |pr(T) — PFH%?(F) + o | UFH%Q(E) (1.1)

over a suitable set U,g C (H'(0,7; L*(T")) N L>=(X)) of admissible controls ur (to be
specified later), subject to the state system

(1+29(p) O+ g (p) Oop —Ap=0 and p>0 inQ, (1.2)
Onpt =0 on X, (1.3)
Op—ADp+ f'(p)+7(p) =pg(p) inQ, (1.4)
Onp + Oipr + fr(pr) + mr(pr) — Arpr = ur, pr=psx, onx, (1.5)
1(0) = po,  p(0) =po, InQ, pr(0)=po, onl. (1.6)

Here, 3;, 1 < i < 6, are nonnegative weights, and fig,po € L*(Q), ps € L*(%),
pa € L*(Q), and pr € L*(T') are prescribed target functions. Although more general
cost functionals could be admitted for large parts of the subsequent analysis, we restrict
ourselves to the above situation for the sake of a simpler exposition.
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The physical background behind the control problem (CP) is the following: the state
system (1.2)—(1.6) constitutes a model for phase separation taking place in the container
2 and originally introduced in [30]. In this connection, the unknowns p and p denote
the associated chemical potential, which in this particular model has to be nonnegative
(see (1.2)), and the order parameter of the phase separation process, which is usually
the volumetric density of one of the involved phases. We assume that p is normalized
in such a way as to attain its values in the interval (—1,1). The nonlinearities m, 7, g
are assumed to be smooth in [—1, 1], while f and fr are double-well potentials defined
in (—1,1), whose derivatives f’, f{. are singular at the endpoints r = —1 and r = 1. A
typical case is given by the logarithmic potential

f(r)y=fr(r)=¢((1+r)log(l+r)+ (1 —r) log(l —r)), with a constant ¢ > 0. (1.7)

The state system (1.2)—(1.6) is singular, with highly nonlinear and nonstandard coupling.
In particular, unpleasant nonlinear terms involving time derivatives occur in (1.2), and
the expressions f’(p) and f{.(pr) in (1.4), (1.5) may become singular.

The state system has been the subject of intensive study in the past years for the case
that (1.5) is replaced by a zero Neumann condition. In this connection, we refer the reader
to [6-9,11-14]. In [10] an associated control problem with a distributed control in (1.2) was
investigated for the special case g(p) = p, and in [16] the corresponding case of a boundary
control in (1.3) was studied. A nonlocal version, in which the Laplacian —Ap in (1.4)
was replaced by a nonlocal operator, was discussed in the recent contributions [19-21].

In all of the works cited above a zero Neumann condition was assumed for the order
parameter p. In contrast to this, we study in this paper the case of the dynamic boundary
condition (1.5). It models a nonconserving phase transition taking place on the boundary,
which could be, e.g., induced by an interaction between bulk and wall. The associated
total free energy of the phase separation process is the sum of a bulk and a surface energy
and has the form

Frotlpu(t), p(t), pr(t)]

- / (ol ) + Ao, 1) — il 0) ool 1)) + 5IVplar 1)) d
+/F <fr(pr(a:,t)) + 7r(pr(z,t) —ur(z,t) pr(z,t) + %’Vrpr(x’t”?) e, (18)

for ¢ € [0,T], where 7t(r) = forw(g)dﬁ and 7p(r) = for mr(€)dE.

In the recent contribution [22], the state system (1.2)—(1.6) was studied systematically
concerning existence, uniqueness, and regularity. Notice that in [22] more general nonlin-
earities were admitted, including the case that f, fr could be nondifferentiable indicator
functions (in which case f’(p) and f{.(pr) have to be interpreted as elements of the (pos-
sibly multivalued) subdifferentials of f at p and of fr at pr, respectively, so that (1.4)
and (1.5) have to be understood as differential inclusions).

The mathematical literature on control problems for phase field systems involving
equations of viscous or nonviscous Cahn—Hilliard type is still scarce and quite recent. We
refer in this connection to the works [3,4,17,18,27,33]. Control problems for convective
Cahn-Hilliard systems were studied in [31, 34, 35|, and a few analytical contributions
were made to the coupled Cahn-Hilliard/Navier-Stokes system (cf. [25, 26, 28,29]). The
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contribution [15] dealt with the optimal control of a Cahn-Hilliard type system arising
in the modeling of solid tumor growth. For the optimal control of Allen-Cahn equations
with dynamic boundary conditions, we refer to [5,23].

The paper is organized as follows: in Section 2, we formulate the relevant assumptions
on the data of the control problem (CP), and we prove a strong stability result for the
state system (1.2)—(1.6). In Section 3, we prove the Fréchet differentiability of the control-
to-state operator in appropriate Banach spaces. Section 4 then brings the main results of
this paper, namely, the existence of optimal controls and the derivation of the first-order
necessary conditions of optimality.

Throughout the paper, we denote for a general Banach space X by ||-||x its norm and
by X' its dual space. The only exemption from this convention are the norms of the L?
spaces and of their powers, which we often denote by || - ||,, for 1 < p < +00. Moreover,
we repeatedly utilize the continuity of the embedding H'(Q) C LF(2) for 1 < p < 6 and
the related Sobolev inequality

o[, < Callv]lar) for every v e H'(Q2) and 1 < p <6, (1.9)

where Cg depends only on 2. Notice that these embeddings are compact for 1 < p < 6.
We also recall that the embedding H?(Q2) € C°() is compact. Furthermore, we make
repeated use of Holder’s inequality and of the elementary Young inequality

lab| < 7 lal® + % |b]>  for every a,b € R and v > 0, (1.10)
and we set
Qi =2 x(0,t), X :=Tx(0,t), forte (0,77 (1.11)

About time derivatives of a time-dependent function v, we warn the reader that we will
use both the notations d,v, 9?v and the shorter ones vy, vy.

2 (General assumptions and results
for the state system

In this section, we formulate the general assumptions for the data of the control problem
(CP), and we state some preparatory results for the state system (1.2)—(1.6). To begin
with, we introduce some denotations. We set

H:=1*Q), V:i=H(Q), W:={wecHQ): dyw=0 on I'},
Hr:=L*T), Vr:=H'T), V:={veV:urelt}

and endow these spaces with their standard norms. Notice that we have V. C H C V'
and Vr C Hr C V{ with dense, continuous and compact embeddings.

We make the following general assumptions:

(A1) po€W, po >0 ae in Q, py€ H*(Q), pop = po, € H*(T), and

—1 < min po(z), maxpy(z) < +1. (2.1)
€N €N
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(A2) w7 € C?[—1,41]; g € C*[—1,+1] is nonnegative and concave on [—1, +1].

(A3) f, fr € C3(—1,+1) are nonnegative and convex, satisfy f(0) = fr(0) =0, and
there are constants 6 > 0 and Cr > 0 such that

' < olfe(r)] + Cr Vre (=1,41). (2.2)
Moreover, it holds that

lim f0) = lm fir) = —oo, lim f() = lm fir)=+oe.  (23)

(Ad) Uy = {up € H'0,T; H) N L¥(%) : u, < up < u* a.e. on I’ and
| urll z10,1580)nLe (2) < Ro},
where u,,u* € L®(X) and Ry > 0 are such that U,q # (.

(A5) Let R > 0 be a constant such that U,q C Ug with the open ball
Upg = {u e HY0,T; Hr) N L=() : ||ullmo.7:m0 )02z < R}

(A6) The constants 3;, 1 < i <5, are nonnegative, and we have that fiqg, pg € L*(Q),
ps € L2(S), po € L3(Q), and pr € L¥(T).

The assumption (A5) is rather a denotation. We also remark that (A3) entails, in
particular, that f’(0) = f{.(0) = 0, and it is easily seen that (A3) is fulfilled for the
logarithmic potentials (1.7), even with different ¢’s for f and fr. In addition, if we assume
that ur € Ug, then it follows from the assumptions (A1)—(A3) that [22, Thm. 2.4] can
be applied. In fact, a closer inspection of the proof of [22, Thm. 2.4] reveals that the
following result holds true.

THEOREM 2.1:  Suppose that (A1)—(A5) are fulfilled. Then the state system (1.2)—(1.6)
has for every ur € Ugr a unique solution triple (u,p,pr) such that

p € H'(0,T; H)NC([0,T); V) N L*(0, T; W) N L™(Q), (2.4)
p € Wh=(0,T; H) N H*(0,T; V)N L>(0,T; H*()), (2.5)
pr € Wh(0,T; Hr) N H'(0,T; V) N L*>(0,T; H*(T)).

Moreover, there is a constant K{ > 0, which depends only on R and the data of the
system, such that

| |l &1 0,1 )0 ([0, 173V L2 0,1 wynLes @) F || pllwes 0,0 mynE (0,757 ) Lo (0,75 H2()

+ HpF||le‘x’(O,T;Hp)ﬂHl(O,T;VF)HLOO(O,T;HQ(F)) < K7, (2.7)

for every solution triple (i, p, pr) corresponding to some ur € Ug. In addition, there are
constants r,,r*, which depend only on R and the data of the system, such that

~1<r, < p(x,t) <r* <41 forevery (z,t) € Q, (2.8)

for every solution triple (u, p, pr) corresponding to some ur € Ug.
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REMARK 2.2: It follows from well-known embedding results (cf. [32, Sect. 8, Cor. 4])
that (H'(0,T;V) N L>(0,T; H*(Q))) C C°([0,T]; H*(Q)), for 0 < s < 2. Therefore,
p € C°Q), and thus pr € C°(X). Moreover, there is a constant K} > 0, which again
depends only on R and the data, such that

0si<3 0<:i<3
TR (Hﬂ(i)(/))Hco@ T Hﬂp(ﬂr)Hco@) < K3, (2.9)

for every solution triple (u, p, pr) corresponding to some ur € Ug. In addition, we have
that 14-2g(p) € C°(Q), where 1 < 1+2g(p) < 1+2[|g(p)llcog) on Q. Hence, rewriting
(1.2) as

3t,u—1++g(p)AM:Z in @,

where it is easily seen that z := —(14+2g(p)) "t g'(p) Op € L=(0,T; H)NL*(0,T; L5(Q)),
we may thus infer from [24, Thm. 2.3] the additional regularity

p € WH(0,T5 H) N H'(0,T5 () N LP(0,T5 W) N L*(0, T3 W6(92))
for every p € [1,4+00). (2.10)
Moreover, denoting by
X := H'(0,T; Hr) N L™(E) (2.11)

the control space for the remainder of this paper, we conclude from Theorem 2.1 that the
control-to-state operator 8 : ur +— (i, p, pr), where it is understood that pr = pj»; on X,
is a well-defined mapping between Ur C X and the space specified by the regularity
properties (2.4)-(2.6).

For later use, we cite a known auxiliary result (cf. [23, Thm. 2.2]).

LEMMA 2.3: Suppose that functions yo € V, a € L*(Q), ar € L=(X), o € L*(Q) and
or € L*(X) are given. Then the linear initial-boundary value problem

Oy—Ay +ay =0 a.e in Q, (2.12)
Ony +Oyr — Aryr + aryr = or, Yyr=1yx, a.e on X, (2.13)
y(0) =y a.e inQ, yr(0)=yor a.e on T, (2.14)

has a unique solution pair satisfying y € H*(0,T; H) N C°([0,T]; V) N L*(0,T; H*(Q))
and yr € HY(0,T; Hr) N C°([0,T); V) N L?(0,T; H*(T)). Moreover, there is a constant
Cr, > 0 such that the following holds true: wheneveryo = 0 and (y,yr) is the corresponding
solution to (2.12)—(2.14), then

Y1l 271 0,610 0.0y MLz 0,6:m2(0)) + 1Yr L 0,680 )nCo (0.0:v)nL2 0,6:12(T))
S CL (HUHLZ(Qt) + HO—FHLz(Zt)) Vt S (O,T] . (215)

We are now going to investigate the stability properties of the state system (1.2)—(1.6).
We have the following result.
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THEOREM 2.4:  Suppose that the assumptions (A1)—(Ab) are fulfilled, and assume that
ur,,ur, € Ug are given and that (p;, pi, pir) = S(ur,), i = 1,2, are the corresponding
unique solutions to (1.2)—(1.6). Then we have for every t € (0,T)] the estimate

11 — p2 | 1 0,90 0.V ynL20,mwy + L1 — P2l (0.4 m)nC0 (0.:v)nL2 (0,652 (@)

+ lp1e = por |l (0,650 (0,0 vinL2 0020y < K5 |lur, — ur, |22, » (2.16)

with a constant K5 > 0 that depends only on R and the data of the system.

PrROOF: Let t € (0,7] be fixed, and suppose that ur,,ur, € Ug are given and that
(i, piy pir) = 8(ur,), ¢ = 1,2, are the corresponding unique solutions to (1.2)-(1.6) having
the regularity properties (2.4)—(2.6) and (2.10). Observe that then the global bounds (2.7)
and (2.9) hold true for both solutions. In the following, we will make repeated use of these
bounds without further reference. We will also denote by C' > 0 constants that depend
only on the data, on ||ur,||x, and on the norms of (u;, pi, pir) in the spaces specified in
(2.4)-(2.6) and (2.10). Now put

W= pi1 = H2,  pi=p1— P2, Pri= pPip — P2p,  Ur P= U, — U,
Y= f+m, = fp+mr.
Then the following system is satisfied:
(14 29(p1)) et + g'(p1) Oepr o — Apn + 2(g(p1) — g(p2)) Orpao

+ 112(9'(p1) = 9'(p2)) Oepr + p2g'(p2) Op = 0 ace. in Q,
Onit = 0 a.e.on X, u(0)=0 a.e in €,

(2.17)

(2.18)

Opp — Dp =1p(p2) —¥(p1) + 1 g'(p1) + p2 (g'(p1) — g'(p2)) a.e.in Q, (2.19)

Onp + Oipr — Arpr = Yr(p2.) — Yr(p1.) + ur, pr=pys, a.e on X, ( )

p(0)=0 a.e.in Q, pr(0)=0 a.e.on X. (2.21)
)

We will now prove a series of estimates in order to establish the validity of (2.16). At
first, we observe that

max g9 (p1) = g9 (p2)| + max [0 (p1) =D (p2)| < Clp| acein Q  (222)

0<i<2 <i<i
max |6 (p1y) = ¥ (p2e)| < Clor| a.c.on 5. (2.23)

The first estimate can be inferred from the stability result of [22, Thm. 2.4], namely that

HMHLOO(O,t;H)ﬂL2(O,t;V) + HPHHl(O,T;H)mco([0,t];V)mL2(0,t;H2(Q))

+ [lor L ©.sancoqoavinzzosm2w) < Cllurllzzo sy - (2.24)

Next, we add u to both sides of (2.17), then multiply by d;u and integrate over @; to
obtain that

t
1
// O dxds + 5 @} < L+ B+ Iy + 1, (2.25)
0JQ
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where the quantities [;, 1 < j < 4, will be specified and estimated below. At first, we
employ the continuity of the embeddings V' C L*(Q) C L*(), as well as Holder’s and
Young’s inequalities, to conclude that

// 1— "(p1 8tp1)u8tudxds
< 0 [ 0+ 1) It s oo
< ¢ [[owrards + ¢ [ (1om@R) Iz as. @20
Similarly, by also using (2.22) and (2.24), we have that
I3: = —/Ot/guz (d'(p1) — d'(p2)) Oepr Oppdzds < C/Ot 101(5) ][4 [|p(s)ll4 |0epe(5)]]2 ds
< & [[owards + ¢ a o)1} [ N0 0

1 [t t
< —// |0, dz ds + C//]udeFds. (2.27)
6 JoJa 0Jr

Moreover, thanks to (2.24) and Young’s inequality, we see that

t 1 t t
—// o g (p2) Opp Opudr ds < 6// |0 dw ds + C’// |0,p|? d dss
0Jo 0/9 0/0
1 t
< 6// 0, p)? dor ds + CHUFH;(O,t;Hr)- (2.28)
0Jo

Finally, we use (2.10), (2.22), (2.24), and Holder’s inequality to conclude that

L= —2/7(9(/)1) —9(p2)) Oupo Opdxds < C/tH@tuz(S)Ha [0eu() |2 [| () ][5 ds
//@Mwmm+c/n@m\ww>mw
[/@M%mb+0mepIW/H%u)M®

< E/O/Q\GtMdeds + O llurl g - (2.29)

Thus, combining (2.25) with (2.26)-(2.29), we have shown the estimate

1 [t 1
—[/@m%mu+—mwm
3 Jo/o 2

t
< Cllurlliorawy + C/O (L + 101 ()IV) ()T ds (2.30)

| /\

| /\

where the mapping s +— ||0;p1(s)||?- is known to belong to L'(0,7). We may therefore
employ Gronwall’s lemma to infer that

il et o,:mn e 0,6v) < C |l ur| L2007 - (2.31)
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It then easily follows by comparison in (2.17) that also

HAM”H(W;H) < C(HatﬂHH(o,t;H) + ||MHL°°(0,t;V) + HPHL‘X’(O,t;V) + H@PHL?(o,t;H))
<] uFHLQ(o,t;HF), (2.32)

whence, by virtue of standard elliptic estimates,

il 205wy < Cllurllz2,my) - (2.33)

This concludes the proof of the assertion. O

3 Fréchet differentiability
of the control-to-state operator

In this section, we establish a differentiability result for the control-to-state operator
8. To this end, we fix some ur € Ugr and set (ji,p, pr) = S(ur), which implies that
(i, p, pr) satisfies (2.7), (2.9), (2.10), and pr = pjx; a.e. on X. We then consider for a fixed
perturbation h € X (see (2.11)) the linearized system

(1+29(p)) 0m + ¢'(p)Orpn — An
= =2¢'(0) 0 — ng"(p)0p¢ — g (p) O a.e in Q, (3.1)
Oa =0 a.e.on X, 7n(0)=0 a.e in Q, (3.2)
0C = ACH (["(p) +7'(p) = 1g"(P)) C = ¢'(P)n a.e. in Q, (3.3)
OnC + 0iCr — Arér + (ff(pr) + 7r(pr)) e =h, (=g, a.e on X, (3.4)
¢(0)=0 a.e in Q, ((0)=0 a.e. onI. (3.5)
Provided that the system (3.1)—(3.5) has for every h € X a unique solution triple (7, ¢, (r),
we expect that the Fréchet derivative DS(ur) of 8§ at ur (if it exists) ought to be given

by D8(ar)(h) = (n,¢,Cr). In the following existence and uniqueness result, we show that
the linearized problem is even solvable if only h € L*(Z).

THEOREM 3.1:  Suppose that (A1)—(A6) are satisfied. Then the system (3.1)—(3.5) has
for every h € L*(X) a unique solution (n,(,(r) such that

ne€ HY(0,T; H)NC°[0,T); V)N L*(0,T; W), (3.6)
¢ € HY0,T; H)nC°([0,T]; V)N L*0,T; H*()), .
(r € HY(0,T; Hr) N C°([0,T); V&) N L*(0, T; H*(T)). (3.8)

Moreover, the linear mapping h — (n,¢,(r) is continuous as a mapping from L*(X) into
the Banach space

2 :={(p, p, pr) € (H'(0,T; H) N L*(0, T; W) x (H'(0,T; H) N L*(0, T; H*(%2)))
x (H'(0,T; Hr) N L*(0,T; H*(T'))) : pjs = pr a.e. on B} .
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ProoFr: We use an approximation scheme based on a retarded argument method.
To this end, we define for every 7 € (0,T) the translation operator T, : C°([0,T]; H) —
C°([0,T); H) by setting, for all v € C°([0,T7]; H),

T (v)(t) :=v(t—7) if t>7 and T;(v)(t) :=v(0) if t<T. (3.9)
Notice that for every v € H*(0,T; H) it holds that

[vl1Z2(q,) + T Iw(0)I[F  for all ¢ € [r, T,

I 2, < 3.10
170Nz = { t|lv(0)]|3  for all t € [0, 7], (3.10)
10:T-(0) 17200 < N10wll72q, for a.e. t € (0,T), (3.11)
while for every v € C°([0,T]; V) we have
V0|25, + TIIVU(0)||% for all t € [, T],
T_(v)||? < L2(Q) 3.12
IV <U)”L2(Qt) - { t||Vo(0)||%, for all t € [0, 7]. (3.12)

Now, let N € N be fixed, 7y := T/N, as well as t, := n7y and I, := (0,t,), for
0 < n < N. We then consider for every n € {1,..., N} the initial-boundary value
problem

(1+29(p) Ot — Ann = = Try (10-1) 9'(P)Oep — 29'(p) Oufi G

— ug"(p)OpCn — ng (p)0¢, a.e. in Qx I, (3.13)
Onn = 0 a.e.on I'x1,, 1,(0)=0 a.e in Q, (3.14)
G — AG + (f"(p) +7'(p) — 119" (P)) Go = 9'(P) Try (1) a.e. in Q@ x I, (3.15)

angn + atCnr - AFCnr + ( f‘,(ﬁF) + Wf‘(ﬁf)) Cnr = hy Cnr = Cnlr‘xjn7 a.e. on I' x Ina
(3.16)

G(0)=0 a.e. in Q, (. (0)=0 a.e. on I. (3.17)

Here, we notice that the operator 7T, acts on functions that are not defined on the whole
of 2 x (0,T); however, its meaning is still given by (3.9) if n > 1, while for n = 1 we
simply set T (7,—1) = 0.

The plan of the upcoming proof is as follows: in the first step, we show that the
above initial-boundary value problems have unique solutions (7, ¢, Gnp) forn=1,..., N
with the regularity as in (3.6)—(3.8). Once this will be shown, we can infer from the
uniqueness that

anQxIN_l =71N-1, <N|Q><[N_1 = CN—lv

which then entails that, for almost every (z,t) € @Q,

Ty (v—1)(z,t) = a2t — 7v) = v (@, t — 7v) = Ty () (2, ).

It then follows that (n™,(", (f) := (nn, N, Cnp) is for 7 = 7 the unique solution to the
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retarded initial-boundary value problem

(1+29(p) 0™ + T-(n") g'(P)Osp — An’

= —2¢'(p) 0t " — 1g"(p) O:p (" — g’ (p) 0:(7  ave. in Q, (3.18)
Oa” =0 a.e.on X, 7n7(0)=0 a.e in Q, (3.19)
00— AT+ (f"(7) + () — B (P = ¢ T () e in Q. (3.20)
OnC" + O(f — Arr + (frlpr) + mp(pr)) 0 =h, (G =(%, ae on X, (321
¢"(0)=0 a.e.in Q, (f(0)=0 a.e. on I. (3.22)

Once the unique solvability of (3.18)-(3.22) will be shown for 7 =7y, N € N, in the
second step of this proof we will establish sufficiently strong a priori estimates, which are
uniform with respect to N € N, and then pass to the limit as N — oo by compactness
arguments to show the existence of a solution (7,(,(r) having the required regularity
properties. As a byproduct of our estimates, we will obtain the uniqueness of the solution
and the continuity of the mapping h — (n, ¢, (r).

Pursuing our plan, we first establish the unique solvability of (3.13)—(3.17) for every
n € {1,...,N}. To this end, we argue by induction. Since the proof for n = 1 is similar
to that used in the induction step n — 1 — n, we may confine ourselves to just perform
the latter.

So let 1 <n < N, and assume that for 1 <k < n — 1 unique solutions (7, Cx, () to
the system (3.13)—(3.17) have already been constructed that satisfy for 1 < k < n—1 the
conditions

me € H'(Ii; H) N CO(I; V) N L2 (I; W),
G € HY(I;; H) N C%(L;; V) N L2 (Ii;; H*(Q)),
Ckr S Hl([k; HF) N CO<[_k; Vp) N LQ(Ik; H2<F)> (323)

First, we apply Lemma 2.3 to infer that the initial-boundary value problem (3.15)—
(3.17) has a unique solution pair with ¢, € H'(I,; H) N C°(I,; V) N L*(1,,; H*(Q)) and
Cop € HY(I,; Hr) N C°(1,; Vi) N L2(I,; H*(T')). We then insert ¢, in (3.13). Obviously,
we can rewrite the resulting identity in the form

1

where 1+ 2g(p) € C°(Q), and where, owing to (2.4), (2.5), and (2.10), the right-hand
side z is easily seen to belong to L*(Q2 x (0,1,)). It thus follows from maximal parabolic
regularity theory (see, e. g., [24, Thm. 2.1]) that the initial-boundary value problem (3.13)—
(3.14) enjoys a unique solution 1, € H'(I,;; H) N C°(I,,; V) N L*(1,; W).

Now that the unique solvability of the retarded problem (3.18)-(3.22) with the re-
quested regularity is shown for every 7y = T//N, N € N, we aim to derive a number of a
priori estimates that are uniform in N € N. In this process, we denote by C' > 0 constants
that may depend on the data of the state system but not on N € N. For the sake of a
better readability, we will suppress the superscript 7 or 7y during the estimations, writing
it only at the very end of each step. We also make repeated use of the global estimates
(2.7), (2.9) and of (2.10) without further reference.
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FIRST ESTIMATE:

We add 7¢'(p) 8;p to both sides of (3.18) and observe that we have 8,((5 + g(p)) n*) =
(1+29(p))ndm + ¢ (p)dypn?. Therefore, multiplying by n and integrating over Q,
where 0 < ¢t < T, and recalling that ¢ is nonnegative, we find that

1 t 3
5/ [n(t)]* dz +// VPP deds < >, (3.25)
Q 0/

where the expressions I;, 1 < j < 3, will be specified end estimated below. At first,
employing Holder’s inequality, (3.10), (3.12), and the continuity of the embedding V' C
L4(€2), we obtain from Young’s inequality that

1'1:2// p) 0 (n — Try(n)) ndzds

< C/O 10e0(s)l[4 (In($)[la + | Try (n(s))l4) [In(s)]|2 ds
<5 W) as + ¢ [ o) o)l ds. (326)
By the same token, we have that
Bi=— [ [ oo+ ng'0)ap) Cndads
< C/O I8:fis)lls + 110:p(s)[6) 1<(s)l[2 [[n(s)]]5 ds
<3 [ W@Eas + ¢ [ (0o« 1056)13) KOs 627

Moreover, from Young’s inequality it follows that

t t t
—//ﬂg’(ﬁ)@tgndmds < 1// 10,¢?dxds + C// n*deds.  (3.28)
0/a 4 JoJa 00

Hence, combining the estimates (3.25)—(3.28), we have shown that
t 1 t t
o) + [ InEas < 5 [ [ ocPands + ¢ [ (10wl nts) i as

+ C/O (I0ez() 11§ + 10ep ()15 ) IS ()17 s, (3.29)

where the mappings s — [|0,(s)||?, and s — [|0;ji(s)||? are known to belong to L'(0,T).

Next, we observe that Lemma 2.3 can be applied to the system (3.20)—(3.22), with

a:=f"(p)+7'(p)—ng"(p) € L*(Q), ar := fy(pr) + mp(pr) € L¥(X), 0 :=g'(p) Try(n),
and op := h. We then obtain from (2.15) the estimate

HCH%Il(O,t;H)ﬂCO([O,t];V)mL2(O,t;HQ(Q)) + “CFH?{1(O,t;HF)ﬂCO([O,t];Vp)ﬂLQ(O,t;H2(F))

t t
< [Inolas+c [ [ ppards. (3:30)
0 oJT
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Combining this with (3.29), and invoking Gronwall’s lemma, we have thus shown that,
for every t € (0,7] and N € N,

1™ 1200 0.:mnz200v) + 1S 3 (0.4 50)0c0(0.4:5v)n L2 0.2 ()

+ ”Clz‘—N||%Il(O,t;Hr)ﬂC’O([O,t];VF)HLQ(O,t;HZ(I‘)) < CHhH%Q(O,t;HF)' (3.31)

SECOND ESTIMATE:

We now multiply (3.18) by 0;n and integrate over @), where 0 < t < T. Since ¢ is
nonnegative, we obtain

4
[ o aras + Siwaol; < > 332

where the expressions J;, 1 < j < 4, will be specified and estimated below. At first, we
invoke Holder’s and Young’s inequalities to obtain that

ni= = [[ 4000700 andrds < € [ 10561 1T 6Dl (o) s

s [[1omtards + ¢ [ 105601 170 oDl 05 333

IN

where the second integral on the right-hand side, which we denote by I(t), can be esti-
mated as follows: by the definition of T, and since n(0) = 0, we obviously have that
I(t) =0 if 0 <t < 7y, while for 7y <t < T it holds that

t t—TN
10 = [ 100 Ints = mlfds = [ 1ot + m)l Il ds. (3340
TN

Hence, it is clear that

t
16) = [ et IR ds - for every t € [0,7]
0

where the function ¢ : [0, 7]? — R is defined (almost everywhere with respect to s) by

0 if t <7y and s €|0,7]
o(s,t) =< ||Op(s+71n)||3 ift>7yvand 0 < s<t—71y
0 ift>ryvandt—7ny <s<T.

On the other hand, it holds that (s, t) < @(s) for every (s,t) € [0,T]> where

B(s) = 10,5(s +Ta)||3 if 0<s<T -1y
‘ 0 HT—-—mny<s<T.

Thus, we also have

I(t) < /0 ?(s) |In(s)|Ii ds  for every ¢ € [0, T] (3.35)
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and @ is obviously bounded in L'(0,7"), uniformly in N € N.
Next, owing to Holder’s and Young’s inequalities, and invoking (3.31), we find that

t t
Jyim -2 / / J(0) B O deds < C / 10:71(3) 6 ()13 194 (5) |2 ds

1/t , S
=3 / [0 dzds + € s (o) / [9,7(s) 2 ds
1 t
< 5/0/9|0t77|2dxds + ClIhlZ20.00, - (3.36)
as well as
t t
hi= = [ [ ag @ owcamazas < ¢ [ 10)le 16ts)la fon(s) s
0JQ 0
1 t
S g‘/O/Q |at77|2 d:EdS + CHhH%Q(O,t;HF)' (337)

Finally, owing to (3.31) once more, we obtain that

t 1 t t
Jy = —//,ug’(p)@tgé?mdxds < —// |0m|* dzds + C// |0,¢|* dz ds
0/Q 5 JoJa 0/Q

1 t
< 5/0/Q |Oim|? dz ds + C||h||2Lz(07t;HF). (3.38)
Combining the estimates (3.32)-(3.38), we can infer from Gronwall’s lemma that

™ |2
17 N||H1(o,t;H)mLoo(o,t;V) < C'||h||2L2(o,t;HF)- (3.39)

Then, by comparing in (3.18) and using the full regularity of (i, p) (in particular (2.10)),
we easily check that also

1|12
|An NHLQ(O,t;H) <C ||h||2L2(0,t;HF) g (3.40)
whence, by standard elliptic estimates,
1|12
||77 NHLQ(O,t;W) S ¢ ||h||%2(0,t;Hr) : (341)
In conclusion, by virtue of (3.31), (3.39), (3.41), and since the embedding (H(0,¢; H) N
L2(0,t; H*(Q))) € C°([0,t]; V) is continuous, we have shown the estimate
™ ‘|%{1(O,t;H)ﬂCO([O,t];V)ﬁLQ(O,t;H2(Q)) + [I¢™ H%Il(O,t;H)ﬁCO([O,t};V)ﬂLQ(O,t;HQ(Q))
+ I 12 .mmynooqoavinrz oy < CNAI220 k0

forall N € N and t € (0,7]. (3.42)

We are now in a position to show the existence of a solution to (3.1)—(3.5). Indeed,
thanks to (3.42), there are functions (7, (, (r), such that, for a subsequence which is again
indexed by N, we have for N — oo that

N~ —n  weakly in H'(0,T; H)nC°([0,T); V)N L*(0,T; W), (3.43)
("™ — ¢ weakly in H'(0,T; H)NC"([0,T];V) N L*(0,T; H*(2)), (3.44)
(N — (r weakly in H'(0,T; Hr) N C°([0, T); Vi) N L*(0,T; H*(T)) . (3.45)
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This implies, in particular, that the initial and boundary conditions (3.2) and (3.5) are ful-
filled, and, since C|T2N — (s weakly in L2(0,7; H*?(T')) by (3.44) and the trace theorem,
we have that (x = (r almost everywhere on X.

Moreover, thanks to [32, Sect. 8, Cor. 4], we may without loss of generality assume
that, for every p € [1,6),

N~ —mn  strongly in C°([0,T]; LP(2)), (3.46)
("™ — ¢ strongly in C°([0,T]; L*(Q)), (3.47)
™ — (r strongly in C°([0,T]; LP(T)) . (3.48)

In addition, it holds T, (n™) — n strongly in L*(Q), and it is easily verified that

T (™) g'(p) Op — ng'(p) Oip, 9'(P) O (™ — ¢'(p) O ¢,
1g"(p)0pC™ — g"(p) 0pC, g'(p) Toy(M™) — ¢'(p)n, all weakly in L'(Q). (3.49)

Therefore, we may pass to the limit as N — oo in (3.18)—(3.22), written for 7 = 7y, to
conclude that the triple (n, ¢, (r) is in fact a solution to the system (3.1)—(3.5) that enjoys
the regularity properties (3.6)—(3.8). Moreover, passage to the limit as N — oo in (3.42),
using the weak sequential semicontinuity of norms, yields that

2 2
H”flHHl(o,t;H)mco([o,t];V)mL?(o,t;m(Q)) + HCHH1(O,t;H)ﬂCO([O,t];V)ﬂL2(O,t;H2(Q))
+ HCF"%{1(O,t;Hp)ﬁCO([O,t];Vp)ﬂLz(O,t;HQ(F)) < CHhH%Q(O,t;HF) for all ¢ € (0,77. (3.50)

It remains to show that the solution is unique, which, in view of (3.50), would entail
that the linear mapping h — (1, ¢, (r) is continuous from L?*(X) into Z. So let us assume
that two solutions (1, G, (i), @ = 1,2, satisfying (3.6)-(3.8) are given. Then the triple
(7,¢,¢r), where n :=m1 —m, ¢ := (1 — (2, v = (1 — Cop, satisfies Eqgs. (3.1)-(3.5) with
h = 0.

At this point, we can repeat the estimations performed in the FIRST ESTIMATE above,
where the only difference (which even simplifies the analysis) is given by the fact that in
Eq. (3.1) the term 7 ¢'(p) 0;p appears in place of the expression T,(n™) ¢'(p) O,p occurring
in Eq. (3.18). We thus can claim that the estimate (3.31) is valid with (™, (™, ()
replaced by (n,(,(r). Since h = 0 in the present situation, we obtain that n = ¢ = 0
almost everywhere in (), and (r = 0 almost everywhere on ¥. This concludes the proof
of the assertion. O

We are now in a position to prove the Fréchet differentiability of the control-to-state
operator. We recall the definition (2.11) of X and state the following result.

THEOREM 3.2:  Suppose that the conditions (A1)—(A5) are fulfilled. Then the control-
to-state operator 8 : ur — (u, p, pr) is Fréchet differentiable as a mapping from Ur C X
into the Banach space

Y= {(w,p,pr) € (L¥(0,T5 H) N L*(0,T5V)) x (H'(0,T; H) N L*(0,T; H*(R2)))
x (H'(0,T; Hr) N L*(0,T; H*(T'))) : pr = ps a.e. on B} .
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Moreover, for every ur € Ug, the Fréchet derivative DS(ur) € L(X,Y) is evaluated at
any h € X by putting DS(ur)(h) := (n,(,Cr), where (n,(,Cr) is the unique solution to
the linearized system (3.1)—(3.5).

PROOF: According to Theorem 3.1, the linear mapping h +— (n",¢", (&) :== (n,¢, )
is continuous from L?(¥) into Z and thus, a fortiori, also from X into Y. Hence, if the
derivative DS(ur) exists and has the asserted form, then it belongs to L(X,Y).

Now notice that Ug is open in X, and thus there is some A > 0 such that ur +h € Ug
whenever ||h||x < A. In the following, we consider only such perturbations h. We then
put, for any such A,

(", p" pr) == 8(ar + h), M =p"—p—n", Y =p"—p—C" yt=pt—pr -G,

where (ﬂ: P ﬁr) :

= 8(ur) and (n",¢", () denotes the umque solution (n,(,(r) to the
linearized system (3.1

)—(3.5). Notice that we have yh = yIE’ as well as

e HY0,T; H)nC°([0,T]; V) n L*(0,T; W), (3.51)
y" € HY(0,T; H) N C°([0,T); V)N L*(0,T; H*(Q)), (3.52)
yr € HY(0,T; Hr) N C°([0,T); Vr) N L*(0, T; HX(T")). (3.53)

We also notice that the global bounds (2.7) and (2.9) are satisfied for (u", p", pk), and,
owing to Theorem 2.4, we have the global stability estimate

11" = Bl 0. mmyncoqo.gnrzoewy + 110" = bl o.mm)n00(0.0:v)nz2(0.652(9)

+ [lpk = prll e (oavincz sy < Ki |hlosmy Yt€ (0,T).  (3.54)

Moreover, by Taylor’s theorem and (2.9), it holds that

|F(0") = f(p) = 1" (B) C"| + |9(p") — 9(p) — o' (p) "] + |9’ (") — d'(P) — 9" () ¢"|

+ |m(p") = w(p) —7'(p) ¢"| < C ("] + 1" = p*) aeinQ, (3.55)
| fe(pt) = fr(pr) = fi(pr) Gb| + |me(pr) = mo(pr) — mr(pr) G
< C(lyt| + lof - pr\Q) a.e. on %, (3.56)

where, here and in the remainder of the proof, we denote by C' > 0 constants that may
depend on the data of the system but not on the special choice of h with ||h]x < A. The
actual value of C' may change between lines and even within formulas.

According to the definition of the notion of Fréchet differentiability, we need to

show that

= 0. 3.57
i Tl (3:57)

It thus suffices to prove the existence of an increasing function Z : (0, A) — (0, +00) such

that limy\ /\(2) =0 and

th”%OO(O,T;H)HL?(O,T;V) + Hyh"%II(O,T;H)HB(O,T;H?(Q)) + Hyl@ngﬁll(O,T;Hp)ﬁL?(O,T;H?(F))
< Z(IMllm o) - (3.58)
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To begin with, using the state system (1.2)—(1.6) and the linearized system (3.1)—(3.5),
we easily verify that the triple (2", y", y}) is a strong solution to the system

(1+29(p) 2" + g (P)pr 2" + g (p) yt — AZ"
=—2(g(p") = 9(p) (Wl — 1) — 27 (9(p") — 9(p) — ¢'(P)C")
— i (9 (0") — g’ (p) — d"(B)C") — (' (p") — g'(p)) (o} — pr)
- (u" /1) (g =g @) o+ (") (o} — )] ae inQ, (3.59)
Onz" =0 a.c.on X, 2"(0)=0 a.e. in Q, (3.60)
yr — — (") = f(p) = ["(p)C") = (x(p") = 7(p) — 7' (p) ¢")
+9'(p) 2" + (") =g (p) - g"(p)C")
+ (1" =) (") —d(p) ae nQ, (3.61)
Oy + Ot — Aryl = — (fL(pt) — filpr) — f(pr) ¢f)
— (mo(pt) = mo(pr) — 7(pr)Cl), ot =yls,  a.e. on X, (3.62)
y"(0)=0 a.e. in Q ypr(0)=0 a.e on I, (3.63)

In the following, we make repeated use of the mean value theorem and of the global
estimates (2.7), (2.9), and (3.54), without further reference. For the sake of a better read-
ability, we will omit the superscript h of the quantities 2", y", yf during the estimations,
writing it only at the end of the respective estimates.

FIRST ESTIMATE:

Let an arbitrary ¢ € (0,7] be fixed. First, let us observe that 9 ((3 + g(p))z?) =
(1+2g(p)z2 + ¢ (p) pr 2% . Hence, adding the same term z to both sides of (3.59) for
convenience, multiplication by z and integration over (); yield the estimate

| Groon) 20+ [l ds< [ oL @6

where the quantities I;, 1 < j <7, are specified and estimated as follows: at first, Young’s
inequality shows that, for every v > 0 (to be chosen later),

t t t
—//ug’(p)ytzdxds < ’y// y?drds + g// Z*dzds. (3.65)
0/ 0/ 7 JoJa

Moreover, we have, by Holder’s and Young’s inequalities and (3.54),

b= =2 [ [ o) = o) (= ) 2z ds

t

< C [ lp"(s) = ps)lo 1t (5) = Fie(s)ll2 [|2(5) I ds

0
< Clp" = plleoqoagy 11" = Bl oy |21 L2000

C
<7y ||Z||2L2(0,t;\/) + ; ”h||4L2(0,t;HF)' (3.66)
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Next, we employ (3.55), the Holder and Young inequalities, and (3.54), to infer that

I3: = —2//,ut ) —g(p) — ¢'(p)¢") zdx ds

<cC / / 7l (9] + 19" — pP) |2l de ds
0

< 0/ 172 (s)lls (N (s)lls N12(s)ll2 + [1p"(s) = A()IE [12(5)]l2) ds

| /\

/ 12 1) ds + C / LI ds + C / 10"(s) = p(s)]1 ds

<c / (L 1)) (I + 1)) ds + C Il - (3.67)

Likewise, with (2.9), (3.55), (2.16), and the Holder and Young inequalities, we find that
t

——[[#ac) - 90) - ") zawas < [ [ l(ol + 16 = o) el s
0/Q

C/O 17e(s)lls (Il (s)lls + [1p"(s) = B(s)IIE) ll(s)l|2 d ds

AN

t t
< [ Il ds + C [ 1aI 1) ds + € a1 = ()}

t t
< C/O ly(s)IIi- ds + C/O 17 ()3 112(s)7 ds + C 1Al 20,6511y - (3.68)
In addition, arguing similarly, we have

I = — /7 i (") =g () (b} — pr) zdads

< ¢ [ 1) = A6l )~ Al (5 s
<C ||P - p||00([o,t];v) ||Ph - ﬁ||H1(o,t;H) ||Z||L2(o,t;V)
< [ 1N ds + S bl (3.69)
as well as
Ig:= — /Ot/g pe (1" = 1) (9'(0") = d'(p)) zdxds
<cf s () — )]l () = ()], 112(5) o s

IN

t
C/O 15} z(9)1 7 ds + C || — ﬂuéo([o,t};v) 1" — ﬁ“zct)([o,t];x/)

t
< C/O 12e()I Nl(s)I1Z ds + C lRllz2 0 serrr) - (3.70)
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Finally, we find that

= / (1 = 1) 46" (o — ) 2w ds

< / 11" (s) = a(s)ls Nt (s) = pe(s) |z [|(s) [l ds
< Cllp" - filleoo,g;v) " — Pl 121 20,6v)
' 2 SR
<y [ = ds + S Al - (3.11)
In conclusion, combining the estimates (3.64)—(3.71), and choosing v = &, we have
shown that
3 120 + 5 [ 1Ol < ¢ [ e+ c g
9 H A% oo Yy L2(0,t;Hr)
2 2
e / (L + 1aIE + 1)) (Hy I +IP@IL) ds. 61)
0

where we observe that, in view of (2.4) and (2.10), the mapping s — ||f:(s)[|2 + ||p:(s) |3
belongs to L*(0,T).

SECOND ESTIMATE: We now observe that y” satisfies a linear problem of the form
(2.12)—(2.14), where in this case a = 0 and ar = 0, and where ¢ and or are equal to the
right-hand sides of (3.61) and (3.62), respectively. We therefore have, with this choice of
g,0r,

19" |1 0,650 00 (0.0:v)nE2 02 (9)) + YR 1 (0,60 ) 00 (0,41 Ve )12 (0,0 H2(1))
< Cr(llollz@y + llorllizs,y) Ve (0,T]. (3.73)

Now, using (3.55), (3.56), and the stability estimate (2.16), we easily conclude that

t
o1l < C/O/Q (Iy" + [ + " = p|* + " — Al p" — p]?) dwds

t
S C/o[) (|yh’|2+ |Zh|2) drds + OHh’H%P(OJ;Hp)? (374)
t t
2 4
lorlZags,) < C// |yk|” dTds + c//|pfrz_pF, T ds
0T oJr
t
2
= C//F yr|” AT ds + C 20 41y - (3.75)
0

Thus, combining the estimates (3.72)—(3.75) and invoking Gronwall’s lemma, we have
proved the estimate

HZhH%‘O([O,t};H)ﬂLZ(O,t;V) + HyhH%Il(o,t;H)ﬂCO([O,t};V)ﬂLZ(O,t;HQ(Q))

+ H?JII:L||%{1(o,t;HF)mCO([o,t];VF)mL2(o,t;H2(F)) < CHh”i?(o,t;HF) (3.76)
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where C' is a sufficiently large constant. Therefore, the condition (3.58) is satisfied for
the function Z(\) = C' A1, This concludes the proof of the assertion. O

We are now in the position to state the following necessary optimality condition, which
is a simple standard application of the chain rule and of the fact that U,q is a convex set.
We thus may leave its proof to the reader.

COROLLARY 3.3:  Let the general hypotheses (A1)—(AG6) be fulfilled, and assume that
ur € Uaq 1s a solution to the control problem (CP) with associated state (ji, p, pr) = S(ur).
Then we have, for every vr € Uaq,

o [ [@-iammavar + i [ [ parcavar s [ [ - oo earar
T B / (A(T) = po) C(T) dz + B / (pr(T) — pr) Go(T) dT

T
+ ﬁﬁ//ﬂr (’Up—ﬂp> dl'd¢ Z O, (377)
0JI

where (n, ¢, Cr) denotes the (unique) solution to the linearized system (3.1)—(3.5) associated
with h = Ur — ur.

4 Existence and necessary optimality conditions

In this section, we state and prove the main results of this paper. We begin with an
existence result.

THEOREM 4.1:  Suppose that the conditions (A1)—(A6) are fulfilled. Then the optimal
control problem (CP) admits a solution ur € Uaq.

PROOF: Since U,q # 0, we may pick a minimizing sequence {ur,}nen C Uaq for
the control problem. Now put (fin, pn, o) = S(ur,), where p,. = Pryss for n € N.
By virtue of the global estimates (2.7), (2.9) and of the separation property (2.8), and
invoking [32, Sect. 8, Cor. 4], we may without loss of generality assume that there exist
some ur € U,q and functions fi, p, pr such that, as n — oo,

ur, — ur weakly-star in H'(0,T; Hr) N L>=(3), (4.1)
pn — fi - weakly star in H*(0,T; H) N L>=(0,T; V)N L*0,T; W) N L*>(Q)
and strongly in C°([0, T]; H) N L*(0, T; L™(R)), (4.2)
pn — p  weakly-star in W'°(0,T; H) N H'(0,T; V)N L>(0,T; H*(Q))
and strongly in C°(Q), (4.3)

Pnp — pr weakly-star in W>°(0,T; Hr) N H'(0,T; Vr) N L>(0,T; H*(T)),  (4.4)
—1<r. <pulz,t) <r*<+1 V(z,t)€Q. (4.5)
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In particular, it holds p,. = py, — pjs strongly in C°(X), which entails that pr = pix
on Y and, thanks to the assumptions (A2) and (A3), that

(p,) — d(p)  strongly in CO@Q) for € {94 f', 7}, (4.6)
Dr(par) — Gr(pr) strongly in CO(T) for dp € {ff,mr}. (4.7)

Moreover, owing to the trace theorem,
Oufin — Onfl, Onpn — Onp, both weakly in L2(0,T; HY*(I")), (4.8)

and it obviously holds 7i(0) = o, p(0) = po, and pr(0) = po,.. In addition, it is easily
verified that

pin g (pn) = 19" (D) tin g (pn) Orpn — 1g'(p) Dup,  both weakly in L*(Q).  (4.9)

Now, we let n — oo in the system (1.2)-(1.6), written for (i, pn, pne) and the right-
hand side ur,. It then follows from the above convergence results that (i, p, pr) solves
(1.2)-(1.6) with the right-hand side wr, that is, we have (g, p, pr) = S(ur), whence we
infer that the pair ((f, p, pr), ur) is admissible for (CP). Its optimality is then a simple
consequence of the weak sequential semicontinuity properties of the cost functional J. [

We now turn our interest to the derivation of first-order necessary optimality conditions
for problem (CP). For this purpose, we generally assume that the hypotheses (A1)-(A6)
are fulfilled and that ur € U,q is an optimal control with associated state (i, p, pr) =
8(ur) having the properties (2.4)—(2.6) and (2.8). We aim to eliminate the quantities
n,(,(r from the variational inequality (3.77). To this end, we invoke the adjoint state
system associated with (1.2)—(1.6) for ur, which is formally given by:

—(1+29(p))pe —9g'(P) pep — Ap = g'(p)a+ i(f — fig) in Q, (4.10)
Oap=0 on X, p(T)=0 in Q, (4.11)
—q—Aq + (f'(p) +7'(p) — 19" (P)) q

=9 (p) (Ape — up) + B2(p — pg) in Q, (4.12)
Onq — Oigqr — Arqr + (f(pr) + 0(pr)) qv = Bs(pr — ps), ar=gqx, on X, (4.13)
q(T) = Ba(p(T) — pa) in Q, gqr(T)=PBs(pr(T) —pr) on I' (4.14)

At this point, we simplify the problem somewhat by imposing the following additional
condition:

(A7) It holds that (S.(p(T) — pa), Bs(pr(T) — pr)) € V.

Observe that (A7) is obviously satisfied if 54 = 85 = 0. Another situation, in which (A7)
is fulfilled, is given in the case when we have 3, = 5, po € V, pr € Vr, and pr = ﬁg‘r. In
view of the fact that always p(T') € 'V, these conditions for the target functions pqo and
pr seem to be quite natural.

We have the following result.
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THEOREM 4.2:  Suppose that (A1)-(A6) hold true and that ur € U,q is an optimal
control whose associated state (fi, p,pr) = S(ur) fulfills (A7). Then the adjoint state
system (4.10)—(4.14) has a unique solution (p,q,qr) such that

p€ HY0,T; HYnC°([0,T7); V) N L*(0,T; W), (4.15)
q € H'(0,T; H)nC°([0,T]; V) N L*(0,T; H*(2)), (4.16)
qr € H'(0,T; Hr) N C°([0,T); Vr) N L*(0,T; H*(T)). (4.17)

PrROOF:  First, we rewrite the backward-in-time system (4.10)—(4.14). To this end, we
define the functions

/j(I,t) = /jL(:L',T—t), ﬁ(mvt) = ﬁ($7T_t>7 ﬁr<.’1},t> = ﬁF(x7T_t>7
/lQ(x7t> = ﬂQ(ZL‘vT_t)a ﬁQ = ﬁQ(xaT_t>7 ﬁg(l',t) = ﬁZ(va_t)7

and consider the initial-boundary value problem

(1+29(p) Oy + 9'(p) by — Ay = ¢'(p) 2+ Bi(fi — fig) a.e.in @, (4.18)
Ony=0 a.e.on X, y0)=0 a.e in §, (4.19)
Oz = Az + (f"(p) +7'(p) — 1g" () 2

=g (p)(Oifty — i Oy) + Ba(p — pg) a.e.in Q, (4.20)
Onz + Orzr — Arzr + (ff(pr) + 71 (fr)) 2r = B3(fr — px)

and 2pr =2y, a.e.on X, (4.21)
2(0) = B4(p(0) — po) a.e.in Q, 2p(0) = B5(pr(0) — pr) a.e.on I. (4.22)

Obviously, any sufficiently smooth solution (y, z, zr) to (4.18)—(4.22) induces a solution
(p,q,qr) to the adjoint system (4.10)—(4.14) (and vice versa) by putting

p(z,t) =ylz, T —t), qx,t):=2(x,T—-t), qr(z,t)=2p0(x,T—1). (4.23)

Observe that, thanks to assumption (A7), we have (2(0), 2r(0)) € V. In addition, we recall
the global bounds (2.7), (2.9), and the regularity result (2.10), which yield, in particular,
that

a:= f"(p)+7'(p) — ig"(p) € L™(Q), ar = fr(pr)+ mp(pr) € L=(%),
ot € L*(0,T; L%()), 0p € L*0,T;V). (4.24)

We aim to show that the system (4.18)-(4.22) has a unique solution triple (y, 2, zr) having
the same regularity as requested for (p, ¢, gr) in (4.15)—(4.17). We divide the proof of this
claim into several steps.

STEP 1:

We first prove uniqueness. To this end, suppose that two solutions (v;, z;, zi.), @ = 1,2,
with the asserted regularity are given. Then the triple (y, z, zr), where y := y; — ya,
Z 1=z — 2o, 21 i= 21, — Za., Satisfies the system that results if in (4.18)—(4.22) the terms
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containing the factors (;, 1 < i <5, are omitted. In particular, z(0) = 0 and 2p(0) = 0.
We then can infer from Lemma 2.3 that, for every ¢ € (0,77,

HZH%P(O,t;H)ﬁCO([O,t] NL2(0,6H2(2) T ||ZF||?11 (0,6 Hp)NCO([0,¢];VE)NL2(0,6H2(T))
<, HaHiz(Qt), with o := g( p) (Ofiy — [ Oy), (4.25)

where, here and in the remainder of the uniqueness proof, we denote by C;, ¢ € N, positive
constants that depend only on the data of the system and on norms of the solutions. Now,
by Holder’s and Young’s inequalities, we have that

t
oy < Ca [ [ 1oy~ RO ds ds
0JQ
t t
< ¢ / / P dzds + C / 10112 1y ()2 ds
0 0
t t
< 0 / / P dzds + C; / 1B ly(s)|2ds,  (4.26)
0 0

where the mapping s — ||0;/i(s)||2 belongs to L'(0,T).

Next, we add y on both sides of the equation resulting from (4.18), multiply by 0.y,
and integrate over @)y, where t € (0,7]. Since g(p) > 0, we obtain from Holder’s and
Young’s inequalities that

t 1 t ~

[ 10 azas + 51wl < ¢ [ [ 1102l + 0+ ) o) dras

0 0
1 t t t ~

< [ [k acas « e [ o2+ aeds + [ oale (o)l o) ds

0JQ 0JQ 0

1 t t t ~

5 [ [owPazds v o [ [+ avds + o [ sl o) lfas, @420
0JQ 0JQ 0

IN

where the mapping s +— ||9;p(s)||#- belongs to L*(0,T).

Now, we multiply the inequality (4.27) by 4 Cy C3 and add the result to the inequality
(4.25). Taking (4.26) into account, we then conclude from Gronwall’s lemma that y =
z=0 in @ and zr = 0 on X, whence the uniqueness is proved.

Step 2:

We now approximate the system (4.18)—(4.22), where we employ a similar approach as
in the proof of Theorem 3.1. To this end, we consider for 7 = 7y := T/N, N € N, the
retarded system

(1+29(p) 0y™ +d'(p) 05T+ (y") — Ay”

= g(p) T-(2") + Bi(h — fig) aean’ (4.28)

Ohy" =0 a.e.on X, 3y (0)=0 a.e in Q, (4.29)

02" — Az +az" = ¢ (p )(@uy —[oy") + Ba(p— pg) a.e.in Q, (4.30)

On2" + Ozl — Arzf + ar 2zl = B3(pr — px), Zy =2z a.e.on X, ( )

(4.32)

27(0) = B4(p(0) — pa) a.e.in Q, 21(0) = B5(pr(0) — pr) a.e.on T,
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with the translation operator T, introduced in (3.9), and where a, ar are defined in
(4.24). Putting again 7y := T/N, t, := n1y, and I, := (0,t,), 1 < n < N, for fixed
N € N, we then consider for every n € {1,..., N} the initial-boundary value problem

(1+29(p)) Oyn + 9'(P) 0P Ty (Yn—1) — Ay

)T (o) + Bili— i) ae i Qx 1, (133)
Onyn =0 a.e.onl'x[,, y,(0)=0 a.e. in Q, (4.34)
ath - Azn + azZn = g/(ﬁxat,& Yn — /latyn) + ﬁZ(ﬁ - ﬁQ) a. €. in Q X Ina (435)
Onzn + Ozng — Arzp, + ar 2z, = B3(pr — px), Zny = Znp a.€oon I'x I, (4.36)
2n(0) = B4(p(0) — pa) a.e.in Q, 2,.(0) = B5(pr(0) — pr) a.e.on I (4.37)

Here, it is understood that T, (y,—1) = 0 and T (2,-1) = Ba(p(0) — pg) for n = 1. Using
induction with respect to n, we again find that (4.33)—(4.37) has for every n € {1,..., N}
a unique solution with the requested regularity. Once more, we confine ourselves to show
the induction step n —1 — n. So, let 1 < n < N, and assume that for 1 < k <n—1 the
unique solutions (yx, 2k, 2k ) have already been constructed that satisfy the conditions

yr € H' (Ii; HY N C°(I;; V) N L*(I;; W),

2K € Hl(Ik; H) N Co(jk; V) N L2<Ik; HQ(Q)),

Zkr € Hl(lk, Hp) N OO(]_k, VF) N L2<[k; HZ(F» (438)

Since p € C%(Q) and 9,5 € L*(0,T;V), we obviously have that

1+29(p) € C°(@Q), 9'(p) Try (20-1) = 9'() 0up Ty (Y1) + Bu( — fiq) € L*(I; H).

We thus can infer from, e.g., [24, Thm. 2.1] that the initial-boundary value problem
(4.33)—(4.34) enjoys a unique solution y,, € H'(I,,; H) N C°(I,; V) N L*(1,,;; W). We then
substitute y,, in (4.35), recalling that (z,(0), z,.(0)) € V. Moreover, we readily verify that

9 (P)(Oepryn — i Oxyn) + B2(p — pq) € L*(In; H),  Bs(pr — px) € L*(1,; Hy).
Hence, we can infer from Lemma 2.3 the existence of a unique solution pair (z,, z,,.) with
2, € HY(L,; H)NC°(L,; V) N L*(1,,; H*(2)),
Zne € HY(I,; Hr) N C°(1y; Vi) N LA(1,; H*(T)).

Arguing as in the proof of Theorem 3.1, we then conclude that (yn, zn, 2n;.) is the unique
solution to the retarded problem (4.28)-(4.32) for 7 = 7.

STEP 3:

In this part of the existence proof, we derive a priori estimates for the approximations
(yn, 2N, 287 ); N € N, where we denote by C;, ¢ € N, positive constants that may depend
on the data but not on N € N. For the sake of a better readability, we omit the superscript
Ty in the estimates, writing it only at the end of each estimation step.
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FIRST ESTIMATE:

We add y on both sides of (4.28), multiply the resulting identity by 0,y, and integrate
over (Q, where 0 < ¢ <T. Since g(p) > 0, we then find that

4
/ / Ol drds + 2 [y(0)l < Z (4.30)

where the quantities [;, 1 < j <4, are specified and estimated below. Clearly, by Young’s
inequality and (A6) we infer that

I = //y@tyd:cds < // 0y? dx ds + C’l// ly|* dz ds, (4.40)

Iy = // fi— fig) Oy drds < —// |0y|? dzds + Cy, (4.41)
I3 —// Ty (2) Oydads < // |0y|? dz ds + Cg// | T () d ds
< —// |Oy|? dods + 04// |z]*dxds + Cs, (4.42)
5 JoJa 0/Q

where in the last estimate we have employed (3.10). Finally, we argue as in the estimates
(3.33)—(3.35) to conclude that

I : = // 0)0p Try (y) Oy d ds

t
< & [ [ 1wk aras + s [l as (4.43)
oJa 0
where the function
Clop(s+Tn)IF fO0<s<T—7y
s+—>¢(8)._{0 oy

is bounded in L*(0,7), uniformly in N € N. Combining (4.39)—(4.43), we have thus
shown the estimate

1 1 t
R 107210, + 3 Iy} < Cr + Csllzl20, + Cg/o (L+(s)lly(s)[lf ds . (4.44)

SECOND ESTIMATE:

Next, we add z on both sides of (4.30), and zr on both sides of (4.31), and multiply
the first resulting equation by 0,z. Integrating over )y, where 0 < ¢ < T, we find the
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inequality

t t
1
[ [1aerazas + [ [1aaaras + 5 (101 + IR,
0JQ oJIT
t t
< // (1+ lalli=) |2 12| de ds +// (1+ llacl =) |22 [Bizc] D ds
0JQ 0JQ
t t
+ [ //(ﬁ—ﬁQ) Oyzdxds + ﬁg //(ﬁp—,ﬁg) Opzp dI' ds
0JQ 0JQ
t
+ Cuo [ [ Qo] + 17l i) 012] dodis
0JQ

+ 5 (18:(p(0) = po)lly + 1185(pr(0) = pr)ll5s.) (4.45)

| =

and observe that the terms in the last line are finite by assumption (A7). Thanks to (A6)
and Young’s inequality, the first four summands on the right-hand side are bounded by
an expression of the form

1
7 (192320 + 10020 l3amy ) + Cua (1 + Ilagy + Narlfawy) - (4.46)

Moreover, since i € L>°(Q), we have

t
- 1
Cu [ [ lallow] 10214 ds < J10z13ngy + CralOwlag - (447)
0JQ

In addition, by also using Hoélder’s inequality,

t t
Cho / / B4l |12 drds < Cig / 10u(5) 6 l1y(3) 15 19ez(5) |2 ds
0JQ 0
1 b
< 1102 agy + O / 10,(s) 12 lly(s) 1% d. (4.48)
Combining the estimates (4.45)—(4.48), we have thus shown that

1 3 1
1 19211220 + 7 103rllz2sy + 5 (@1 + 2r @)1

< Cu (1 + el + larllia, ) + Crz ol

t
+ 014/ 10() 16 1y ()13 ds + Chs (4.49)
0

where the mapping s +— ||0;fi(s)]|2 belongs to L*(0,T).

Now, we multiply (4.44) by 1042 and add the resulting inequality to (4.49). It then
follows from Gronwall’s lemma that, for all ¢ € (0,7] and N € N,

Y™ [ e 0,6:m)nLe 0,6v) + 112 [ 0 (0,6, ) Lo0 (0,15
+ |20 | 0,10y A= (0,60) < Clie - (4.50)
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THIRD ESTIMATE:

Now that the basic estimate (4.50) is shown, we can easily conclude from comparison in
(4.28) and (4.30), respectively, that

1AYllr2@) + [1A2]l12@) < Chr, (4.51)

whence, using the boundary condition in (4.29) and standard elliptic estimates, we deduce
that

yllz20.rw) < Chs. (4.52)
Moreover, we invoke [1, Thm. 3.2, p. 1.79] to conclude that

T T
| IOt < Cuo [ (1500 + I ot

which entails that

||z||L2(0,T;H3/2(Q)) < Oy (4.53)
Hence, by the trace theorem (cf. [1, Thm. 2.27, p. 1.64]), we have that

HanZHLZ(QT;HF) S 021 . (454)
Comparison in (4.31) then yields that

| Arzr|l L2,y < Co2, (4.55)

and it follows from the boundary version of the elliptic estimates that

|zl 20,2 (r)) < Cos (4.56)

At this point, (4.50), (4.51), (4.56) allow us to improve (4.53) as

|zl L2012 (02)) < Coa - (4.57)

Recalling that the embeddings (H'(0,T;H) N L*(0,T; H*(Q))) < C°([0,T];V) and
(HY(0,T; Hr) N L*(0,T; H*T)) c C°([0,T); V&) are continuous, we have finally shown
the estimate

HyTNHHl(o,T;H)mCO([O,T];V)mm(o,T;W) + HZTN HHl(o,T;H)mCO([o,T];v)mLZ(o,T;HZ(Q))

+ HZ;N”Hl(O,T;HF)HCO([O,T];Vp)ﬂL2(O,T;H2(I‘)) < Cys. (4.58)

STEP 4:

We now conclude the existence part of the proof. To this end, we observe that (4.58)
yields the existence of a triple (y, z, zr) such that, at least for a subsequence which is
again indexed by N, we have that

Yy~ —y weakly in H'(0,T; H)nC°([0,T]; V)N L*(0,T; W), (4.59)
2N — z  weakly in H'(0,T; H)NC°([0,T]; V)N L*(0,T; H*(2)), (4.60)
2N — zp weakly in H'(0,7T; Hr) N C°([0,T); Vr) N L*(0, T; H*(T)) (4.61)
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as N — oo. We are now in a similar situation as in the proof of Theorem 3.1 after showing
the corresponding convergence results (3.43)—(3.45). Adapting the arguments used there
(with obvious modifications) to our situation, we can conclude that (y, z, zr) is in fact a
solution to the transformed system (4.18)—(4.22) having the asserted regularity properties.
As this is a rather straightforward repetition of the argumentation utilized there, we may
allow ourselves to leave it to the reader to work out the details. Since, as it was shown
in Step 1, such a solution is uniquely determined, we can conclude that the adjoint state
system (4.10)—(4.14) has indeed a unique solution satisfying (4.15)—(4.17). The assertion
is thus completely proved. [l

We now can eliminate the functions (7, ¢, (r) from the variational inequality (3.77).
We have the following result.

COROLLARY 4.3:  Suppose that (A1)-(A6) are satisfied, assume that ur € Unq is an
optimal control whose associated state (fi, p, pr) = 8(ur) fulfills (A7), and let (p,q, qr) be
the corresponding unique solution to the adjoint state system (4.10)—(4.14) established in
Theorem 4.2. Then there holds the variational inequality

T
// (QF + 56 ﬂr) (UF — ﬂr) dI'dt > 0 Vor € Uyg. (462)
0JIT

PROOF: Let vr € U,q be arbitrary, and let h := vr — up. We multiply (3.1) by p,
(3.3) by q, (4.10) by —n, (4.12) by —(, add the resulting equations and integrate over @
and by parts. A straightforward calculation, in which many terms cancel out, leads to
the identity

T T
//@((Hzg(ﬁ))pmqq)dxdt+//(cranq—qramdrdt
0JQ 0JI

T
+//{3tﬂg’(ﬁ)Cp+ﬂg”(ﬁ)8tﬁﬁp+ﬁg’(ﬁ)ﬁtcp+ﬂg’(ﬁ)éﬁtp} dz dt
0JQ

- —m/f/ﬂ(n—ﬂ@ndxdt—B%Z(ﬁ—ﬁ@cmw (4.63)

Clearly, the integrand in the curly brackets equals 9;(f1 ¢'(p) ¢ p), whence the correspond-
ing integral vanishes since ((0) = p(7') = 0. Moreover, owing to (3.4) and (4.13),

T T
/ / (Co Ong—qr 0C) AT dt = / / (9h(ar ) +Bs (Pr—ps) o —ar(vr—ir)) AT e, (4.64)
0JI 0JI

because the terms involving the Laplace-Beltrami operator cancel each other. Recalling
that n(0) = ¢(0) = p(T) =0 in 2 and (r(0) = 0 on I', invoking the end point conditions
(4.14), and rearranging terms, we finally arrive at the identity

//u fqQ ndxdt+ﬂz//p hq Cdxdt+63//pr—pz ¢rdl’dt

L 8 / (P(T) — pa) ((T) da + B / (pr(T) — pr) Co(T) dT

_ /0 T/F gr (o — ) dT dt (4.65)
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The assertion then follows from insertion of this identity in (3.77). g

REMARK 4.4: If 35 > 0, then (4.62) implies that @r is nothing but the L*(%)-
orthogonal projection of —f; Lgr onto Uag.
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