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Abstract

Quantum systems which interact with their environment are often modeled by maximal
dissipative operators or so-called Pseudo-Hamiltonians. In this paper the scattering theory
for such open systems is considered. First it is assumed that a single maximal dissipative
operator Ap in a Hilbert space § is used to describe an open quantum system. In this
case the minimal self-adjoint dilation K of Ap can be regarded as the Hamiltonian of a
closed system which contains the open system {Ap,$}, but since K is necessarily not
semibounded from below, this model is difficult to interpret from a physical point of view.
In the second part of the paper an open quantum system is modeled with a family { A(u)} of
maximal dissipative operators depending on energy u, and it is shown that the open system
can be embedded into a closed system where the Hamiltonian is semibounded. Surprisingly
it turns out that the corresponding scattering matrix can be completely recovered from
scattering matrices of single Pseudo-Hamiltonians as in the first part of the paper. The
general results are applied to a class of Sturm-Liouville operators arising in dissipative and
quantum transmitting Schrédinger-Poisson systems.
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1 Introduction

Quantum systems which interact with their environment appear naturally in various phys-
ical problems and have been intensively studied in the last decades, see e.g. the mono-
graphes [18; 21, 35]. Such an open quantum system is often modeled with the help of a
maximal dissipative operator, i.e., a closed linear operator Ap in some Hilbert space $
which satisfies

%m(ADf,f) <0, fEdom(AD),

and does not admit a proper extension in §) with this property. The dynamics in the open
quantum system are described by the contraction semigroup e~#4» ¢ > 0. In the physical
literature the maximal dissipative operator Ap is usually called a pseudo-Hamiltonian. It
is well known that Ap admits a self-adjoint dilation K in a Hilbert space & which contains
9 as a closed subspace, that is, K is a self-adjoint operator in R and

Py (K -2

l9=(Ap —A)~"

holds for all A € Cy := {z € C: Sm (2) > 0}, ¢f. [36]. Since the operator K is self-adjoint
it can be regarded as the Hamiltonian or so-called quasi-Hamiltonian of a closed quantum
system which contains the open quantum system {Ap, H} as a subsystem.

In this paper we first assume that an open quantum system is described by a single pseudo-
Hamiltonian Ap in §) and that Ap is an extension of a closed densely defined symmetric
operator A in $) with finite equal deficiency indices. Then the self-adjoint dilation K can be
realized as a self-adjoint extension of the symmetric operator A@ G in & = H @ L?(R, Hp),
where Hp is finite-dimensional and G is the symmetric operator in L?(R, Hp) given by

. d
Gg := —z% g, dom(G)= {g € W;(R,HD) :g(0) = O},
see Section 3.1. If Ay is a self-adjoint extension of A in $ and Gy denotes the usual
self-adjoint momentum operator in L?(R, Hp),

d
Gog = —i% g, dom(G)=W}(R, Hp),

then the dilation K can be regarded as a singular perturbation (or more precisely a finite
rank perturbation in resolvent sense) of the “unperturbed operator” Ky := Ay @ Gy, cf.
[7, 42]. From a physical point of view Kj describes a situation where both subsystems
{Ao, 9} and {Go, L2(R, Hp)} do not interact while K takes into account an interaction of
the subsystems. Since the spectrum o(Gg) of the momentum operator is the whole real
axis, standard perturbation results yield o(K) = ¢(Ky) = R and, in particular, Ko and K
are necessarily not semibounded from below. For this reason K, and K are often called
quasi-Hamiltonians rather than Hamiltonians.

The pair {K, Ko} is a complete scattering system in & = § & L2(R, Hp), that is, the wave
operators }
Wi (K, Kp) := s- lim e!Fe 1Ko pac(fy)

t—doo
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exist and are complete, cf. [8, 13, 61, 62]. Here P%“(Kj) denotes the orthogonal projection
in R onto the absolutely continuous subspace £%¢(Ky) of Ky. The scattering operator

S(I?,KO) = W—‘r(kv KO)*W—(I?v KO)

of the scattering system {K, K} regarded as an operator in 8%¢(Kj) is unitary, commutes
with the absolutely continuous part K§° of Ky and is unitarily equivalent to a multiplication
operator induced by a (matrix-valued) function {S(\)}rer in a spectral representation
L3(R,d)\, Ky) of K§¢ = A8 & Gy, cf. [13]. The family {S(\)} is called the scattering
matrix of the scattering system {I~( , Ko} and is one of the most important quantities in
the analysis of scattering processes.

In our setting the scattering matrix {§ (A)} decomposes into a 2 x 2 block matrix func-
tion in L?(R,d\,K,) and it is one of our main goals in Section 3 to show that the left
upper corner in this decomposition coincides with the scattering matrix {Sp(A)} of the
dissipative scattering system {Ap, Ao}, cf. [55, 57, 58]. The right lower corner of {S(\)}
can be interpreted as the Lax-Phillips scattering matrix {S*¥()\)} corresponding to the
Lax-Phillips scattering system {K,D_,D,}. Here Dy := L*(Ry,Hp) are so-called in-
coming and outgoing subspaces for the dilation K , we refer to [13, 49] for details on
Lax-Phillips scattering theory. The scattering matrices {S(\)}, {Sp(A\)} and {SEP(A)}
are all explicitely expressed in terms of an ”abstract” Titchmarsh-Weyl function M (-) and
a dissipative matrix D which corresponds to the maximal dissipative operator Ap in $) and
plays the role of an ”abstract” boundary condition. With the help of this representation
of {STF(N\)} we easily recover the famous relation

SEP(X) = W4, (A —i0)*

found by Adamyan and Arov in [3, 4, 5, 6] between the Lax-Phillips scattering matrix
and the characteristic function Wa, () of the maximal dissipative operator Ap, cf. Corol-
lary 3.11. We point out that M(:) and D are completely determined by the operators
A C Ag and Ap from the inner system. This is interesting also from the viewpoint of
inverse problems, namely, the scattering matrix {S(A)} of {K, Ky}, in particular, the Lax-
Phillips scattering matrix {SZ¥(\)} can be recovered having to disposal only the dissipative
scattering system {Ap, Ao}, see Theorem 3.6 and Remark 3.7.

We emphasize that this simple and somehow straightforward embedding method of an
open quantum system into a closed quantum system by choosing a self-adjoint dilation K
of the pseudo-Hamiltonian Ap is very convenient for mathematical scattering theory, but
difficult to legitimate from a physical point of view, since the quasi-Hamiltonians K and
K are necessarily not semibounded from below.

In the second part of the paper we investigate open quantum systems which are described
by an appropriate chosen family of maximal dissipative operators {A(u)}, p € C,, instead
of a single pseudo-Hamiltonian Ap. Similarly to the first part of the paper we assume that
the maximal dissipative operators A(u) are extensions of a fixed symmetric operator A in
$ with equal finite deficiency indices. Under suitable (rather weak) assumptions on the
family {A(u)} there exists a symmetric operator T in a Hilbert space & and a self-adjoint

extension Lof L=A&® T in £ = $ & & such that

Po(L—p) ' Is= (A —p)~",  meCy, (1.1)
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holds, see Section 4.2. For example, in one-dimensional models for carrier transport in
semiconductors the operators A(u) are regular Sturm-Liouville differential operators in
L2((a,b)) with p-dependent dissipative boundary conditions and the ”linearization” L is
a singular Sturm-Liouville operator in L?(R), cf. [10, 34, 37, 46] and Section 4.4. We
remark that one can regard and interpret relation (1.1) also from an opposite point of view.
Namely, if a self-adjoint operator L in a Hilbert space £ is given, then the compression of
the resolvent of L onto any closed subspace § of £ defines a family of maximal dissipative
operators {A(u)} via (1.1), so that each closed quantum system {L, £} naturally contains
open quantum subsystems {{A(u)}, H} of the type we investigate here. Nevertheless, since
from a purely mathematical point of view both approaches are equivalent we will not
explicitely discuss this second interpretation.

If Ag and Tj are self-adjoint extension of A and T in $ and &, respectively, then again L
can be regarded as a singular perturbation of the self-adjoint operator Ly := Ay @ T in
£. As above Lg describes a situation where the subsystems {Ag, 9} and {Tp, &} do not
interact while L takes into account a certain interaction. We note that if A and T" have
finite deficiency indices, then the operator L is semibounded from below if and only if A
and T are semibounded from below. Well-known results imply that the pair {L, Lo} is a
complete scattering system in the closed quantum system and again the scattering matrix
{S(\)} decomposes into a 2 x 2 block matrix function which can be calculated in terms of
abstract Titchmarsh-Weyl functions.

On the other hand it can be shown that the family {A(n)}, p € C4, admits a continuation
to R, that is, the limit A(p+10) exists for a.e. p € R in the strong resolvent sense and defines
a maximal dissipative operator. The family A(u+10), u € R, can be regarded as a family of
energy dependent pseudo-Hamiltonians in §) and, in particular, each pseudo-Hamiltonian
A(p + ZO) gives rise to a quasi-Hamiltonian Ku in 9@ L2(R,H ), a complete scattering
system {K 1 Ao ® —i-L} and a corresponding scattering matrix {S’ (M)} as illustrated in
the first part of the introduction.

One of our main observations in Section 4 is that the scattering matrix {g()\)} of the
scattering system {L, Lo} in $ @ & is related to the scattering matrices {S,(\)} of the
systems {K,,, Ao ® —i-L}, p € R, in H @ L*(R, H,,) via

S(p) = gu(,u) for a.e. peRR. (1.2)

In other words, the scattering matrix {S(\)} of the scattering system {L,Lo} can be
completely recovered from scattering matrices of scattering systems for single quasi-
Hamiltonians. Furthermore, under certain continuity properties of the abstract Titchmarsh
Weyl functions this implies S(\) ~ S#(/\) for all A in a sufficiently small neighborhood of
the fixed energy p € R, which legitimizes the concept of single quasi-Hamiltonians for small
energy ranges.

Similarly to the case of a single pseudo-Hamiltonian the diagonal entries of {S(u)} or
{gu(u)} can be interpreted as scattering matrices corresponding to energy dependent dissi-
pative scattering systems and energy-dependent Lax-Phillips scattering systems. Moreover,
if {SLF(X)} is the scattering matrix of the Lax-Phillips scattering system {K,, L*(R+, H,,)}
and Wy(,,)(+) denote the characteristic functions of the maximal dissipative operators A(u)
then an energy-dependent modification

SEP (1) = Wag (p —i0)*
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of the classical Adamyan-Arov result holds for a.e. u € R, cf. Section 4.3.

The paper is organized as follows. In Section 2 we give a brief introduction into extension
and spectral theory of symmetric and self-adjoint operators with the help of boundary
triplets and associated Weyl functions. These concepts will play an important role
throughout the paper. Furthermore, we recall a recent result on the representation of
the scattering matrix of a scattering system consisting of two self-adjoint extensions
of a symmetric operator from [14]. Section 3 is devoted to open quantum systems
described by a single pseudo-Hamiltonian Ap in §. In Theorem 3.2 a minimal self-adjoint
dilation K in $ @& L?*(R,Hp) of the maximal dissipative operator Ap is explicitely
constructed. Section 3.2 and Section 3.3 deal with the scattering matrix of {IN{,KO}
and the interpretation of the diagonal entries as scattering matrices of the dissipative
scattering system {Ap, Ag} and the Lax-Phillips scattering system {K, L?(Ry,Hp)}. In
Section 3.4 we give an example of a pseudo-Hamiltonian which arises in the theory of
dissipative Schrodinger-Poisson systems, cf. [11, 12, 43]. In Section 4 the family {A(u)} of
maximal dissipative operators in § is introduced and, following ideas of [25], we construct
a self-adjoint operator L in a Hilbert space £, $ C £, such that (1.1) holds. After some
preparatory work the relation (1.2) between the scattering matrices of {Z,Lo} and the
scattering systems consisting of quasi-Hamiltonians is verified in Section 4.3. Finally, in
Section 4.4 we consider a so-called quantum transmitting Schrédinger-Poisson system as
an example for an open quantum system which consists of a family of energy-dependent
pseudo-Hamiltonians, cf. [10, 16, 19, 34, 37, 46].

Acknowledgment. The authors thank Professor Peter Lax for helpful comments and
fruitful discussions. Jussi Behrndt gratefully acknowledges support by DFG, Grant
3765/1; Hagen Neidhardt gratefully acknowledges support by DFG, Grant 1480/2.

Notations. Throughout this paper (9, (-,-)) and (&, (-, -)) denote separable Hilbert spaces.
The linear space of bounded linear operators defined on $) with values in & will be denoted
by [9,8]. If H = & we simply write [$)]. The set of closed operators in §) is denoted
by C($). The resolvent set p(S) of a closed linear operator S € C($) is the set of all
A € C such that (S — )=t € [§], the spectrum o(9) of S is the complement of p(S) in C.
p(5), 0c(5), 0ac(S) and 0,.(S) stand for the point, continuous, absolutely continuous and
residual spectrum of S, respectively. The domain, kernel and range of a linear operator
are denoted by dom (-), ker(-) and ran (-), respectively.

2 Self-adjoint extensions and scattering systems

In this section we briefly review the notion of abstract boundary triplets and associated
Weyl functions in the extension theory of symmetric operators, see e.g. [27, 28, 30, 39]. For
scattering systems consisting of a pair of self-adjoint extensions of a symmetric operator
with finite deficiency indices we recall a result on the representation of the scattering matrix
in terms of a Weyl function proved in [14].
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2.1 Boundary triplets and closed extensions

Let A be a densely defined closed symmetric operator in the separable Hilbert space $ with
equal deficiency indices ni(A) = dimker(A* F1i) < co. We use the concept of boundary
triplets for the description of the closed extensions Ag C A* of A in §.

Definition 2.1 A triplet I1 = {H,To,T1} is called a boundary triplet for the adjoint
operator A* if H is a Hilbert space and I'g,T'1 : dom (A*) — H are linear mappings such
that the ”abstract Green identity”

(A*fv g) - (f7 A*g) = (Flfv Fog) - (F0f7rlg)7
holds for all f,g € dom (A*) and the map T := (Tp,T1) " : dom (A*) — H x 'H is surjective.

We refer to [28] and [30] for a detailed study of boundary triplets and recall only some
important facts. First of all a boundary triplet IT = {H,Ty,T'1} for A* exists since the
deficiency indices ny(A) of A are assumed to be equal. Then ny(A) = dimH and A =
A* | ker(T'g) Nker(I';) holds. We note that a boundary triplet for A* is not unique.

In order to describe the closed extensions Ag C A* of A with the help of a boundary
triplet IT = {H,T,T'1} for A* we have to consider the set C(H) of closed linear relations
in ‘H, that is, the set of closed linear subspaces of H x H. We usually use a column vector
notation for the elements in a linear relation ©. A closed linear operator in H is identified
with its graph, so that the set C(H) of closed linear operators in H is viewed as a subset
of C| (H), in particular, a linear relation © is an operator if and only if the multivalued part
mul © = { 1 ( fO/) € @} is trivial. For the usual definitions of the linear operations with
linear relations, the inverse, the resolvent set and the spectrum we refer to [32]. Recall

that the adjoint relation ©* € C(H) of a linear relation © in H is defined as

o — {(:) (W k) = (b, ) for all (l’;) € @}

and © is said to be symmetric (self-adjoint) if © C O* (resp. © = O*). Notice that
this definition extends the definition of the adjoint operator. For a self-adjoint relation
© = ©* in H the multivalued part mul © is the orthogonal complement of dom© in H.
Setting Hop := dom © and Ho, = mul © one verifies that © can be written as the direct
orthogonal sum of a self-adjoint operator O, in the Hilbert space Hyp and the “pure”
relation O, = {(J?/) cfle mul@} in the Hilbert space Ho.

A linear relation © in H is called dissipative if Sm (h’, h) < 0 holds for all (k,h')T € © and
© is called maximal dissipative if it is dissipative and does not admit proper dissipative
extensions in H; then O is necessarily closed, © € C(H). We remark that a linear relation
O is maximal dissipative if and only if © is dissipative and some A € C, (and hence every

A € C4) belongs to p(©).

A description of all closed (symmetric, self-adjoint, (maximal) dissipative) extensions of A
is given in the next proposition.

Proposition 2.2 Let A be a densely defined closed symmetric operator in $ with equal

deficiency indices and let 1 = {H,Ty,T'1} be a boundary triplet for A*. Then the mapping
O Ag=A" [TYVO = A" [ {f €dom (A%): (Tof,T1f) € O} (2.1)
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establishes a bijective correspondence between the set 5(7‘[) and the set of closed extensions
Ae C A* of A. Furthermore
(Ag)" = Ao~

holds for any © € C(H). The extension Ae in (2.1) is symmetric (self-adjoint, dissipa-
tive, mazimal dissipative) if and only if © is symmetric (self-adjoint, dissipative, mazimal
dissipative).

It follows immediately from this proposition that if II = {H,T'¢,T'1} is a boundary triplet
for A*, then the extensions

Ag = A* T ker(Ty) and A; := A*| ker(I';)

are self-adjoint. In the sequel usually the extension Ay corresponding to the boundary
mapping [’y is regarded as a ”fixed” self-adjoint extension. We note that the closed exten-
sion Ag in (2.1) is disjoint with Ao, that is dom (Ae) N dom (Ap) = dom (A), if and only
if © € C(H). In this case (2.1) takes the form

A@ = A" [ ker(F1 — @Fo) (22)

For simplicity we will often restrict ourselves to simple symmetric operators. Recall that a
symmetric operator is said to be simple if there is no nontrivial subspace which reduces it
to a self-adjoint operator By [47] each symmetric operator A in §) can be written as the
direct orthogonal sum Ao A, of a simple symmetric operator A in the Hilbert space

= clospan{ker(A* — ) : A € C\R}

and a self-adjoint operator As in $ © ?) Here clospan{-} denotes the closed linear span.
Obviously A is simple if and only if 9 coincides with $. Notice that if II = {H,To, T}
is a boundary triplet for the adjoint A* of a non-simple symmetric operator A = Ao As,
then IT = {H,T'o,T'1}, where

-~

To:=To | dom ((A)*) and T;:=T; | dom ((A)*),

is a boundary triplet for the simple part (A) € C(Y)) such that the extension Ag = I'(=1@,
O € C(H), in $ is given by Ao D Ay, A@ =T(Ve e C(f)), and the Weyl functions and
~-fields of T = {H, Ty, T} and Il = {H,T,T;} coincide.

We say that a maximal dissipative operator is completely non-self-adjoint if there is no non-
trivial reducing subspace in which it is self-adjoint. Notice that each maximal dissipative
operator decomposes orthogonally into a self-adjoint part and a completely non-self-adjoint
part, see e.g. [36].

2.2  Weyl functions, v-fields and resolvents of extensions

Let, as in Section 2.1, A be a densely defined closed symmetric operator in §) with equal
deficiency indices. If A € C is a point of regular type of A, i.e. (4 — \)~! is bounded,
we denote the defect subspace of A by Ny = ker(A* — \). The following definition can be
found in [27, 28, 30].
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Definition 2.3 Let IT = {H,To,T'1} be a boundary triplet for A*. The operator valued
functions y(+) : p(Ag) — [H, 9] and M(-) : p(Ag) — [H] defined by

YA == ToT M) and  M(A) :=Tiy(A), A€ p(Ao), (2.3)

are called the v-field and the Weyl function, respectively, corresponding to the boundary
triplet 1I.

It follows from the identity dom (A*) = ker(I'g)+Ny, A € p(Ap), where as above Ay =
A* | ker(T'g), that the ~-field v(-) and the Weyl function M (-) in (2.3) are well defined.
Moreover both «(-) and M(-) are holomorphic on p(Ap) and the relations

YA) = (T+ A= p)(Ag = X)) v(w), A p € p(A),

and
M) = M(p)* = A=)y, A p e p(lo), (2.4)
are valid (see [28]). The identity (2.4) yields that M(-) is a Nevanlinna function, that is,
M(-) is a ([H]-valued) holomorphic function on C\R and
- Sm (M(N))

M) =ME) and SRS >0 (2.5)

hold for all A € C\R. The union of C\R and the set of all points A € R such that M can
be analytically continued to A and the continuations from C; and C_ coincide is denoted
by h(M). Besides (2.5) it follows also from (2.4) that the Weyl function M(-) satisfies
0 € p(Sm(M(N))) for all A € C\R; Nevanlinna functions with this additional property
are sometimes called uniformly strict, cf. [26]. Conversely, each [H]-valued Nevanlinna
function 7 with the additional property 0 € p(Sm (7()))) for some (and hence for all)

A € C\R can be realized as a Weyl function corresponding to some boundary triplet, we
refer to [28, 48, 50] for further details.

Let again IT = {H,T,T'1} be a boundary triplet for A* with corresponding ~-field ~(-)
and Weyl function M(-). The spectrum and the resolvent set of the closed (not necessarily
self-adjoint) extensions of A can be described with the help of the function M (-). More
precisely, if Ag C A* is the extension corresponding to © € C(H) via (2.1), then a point
A € p(Ap) belongs to p(Ae) (0i(Ae), i = p,c,r) if and only if 0 € p(© — M (X)) (resp.
0 €0y(©—M(N),i=p,cr). Moreover, for A € p(Ap) N p(Ae) the well-known resolvent
formula

(Ao — A" = (Ao = N+ (N (0 — M(N) (V)" (2.6)

holds, cf. [27, 28, 30]. Formula (2.6) is a generalization of the known Krein formula for
canonical resolvents. We emphasize that it is valid for any closed extension Ag C A* of A
with a nonempty resolvent set.

2.3 Self-adjoint extensions and scattering

Let A be a densely defined closed symmetric operator in the separable Hilbert space $) and
assume that the deficiency indices of A coincide and are finite, i.e., ny(4A) =n_(4) < .
Let II = {H,Ty, 1}, Ag := A* | ker(T'y), be a boundary triplet for A* and let Ag be a
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self-adjoint extension of A which corresponds to a self-adjoint © € C(H). Since here dim H
is finite by (2.6)

(Ao — N7t —(Ag — N7, M € p(Ae) N p(Ay),

is a finite rank operator and therefore the pair {Ag, Ao} performs a so-called complete
scattering system, that is, the wave operators
Wi (Ae, Ag) == s- lim eithe gmitAdo pac( gy,
— =00
exist and their ranges coincide with the absolutely continuous subspace $%°(A4g) of Ag,
cf. [13, 45, 61, 62]. P?(Ag) denotes the orthogonal projection onto the absolutely contin-

uous subspace 9%¢(Ag) of Ag. The scattering operator S(Ae, Ag) of the scattering system
{Ae, Ap} is then defined by

S(Ae, Ag) =Wy (Ae, A0)"W_(Ae, Ao).

If we regard the scattering operator as an operator in H*¢(Ay), then S(Ag, Ag) is unitary,
commutes with the absolutely continuous part

AS¢ .= Ay | dom (Ag) N H(Ag)

of Ay and it follows that S(Ae, Ap) is unitarily equivalent to a multiplication operator
induced by a family {Se ()} of unitary operators in a spectral representation of A, see
e.g. [13, Proposition 9.57]. This family is called the scattering matriz of the scattering
system {Ag, Ap} and is one of the most important quantities in the analysis of scattering
processes.

We note that if the symmetric operator A is not simple, then the Hilbert space ) can be
decomposed as $§ = H @ (H)* (cf. the end of Section 2.1) such that the scattering operator
is given by the orthogonal sum S’(;l\@, Eo) @ I, where Ag = E@ @ A; and Ag = go @ A,
and hence it is sufficient to consider simple symmetric operators A in the following.

Since the deficiency indices of A are finite the Weyl function M(-) corresponding to the
boundary triplet II = {H,T¢,T'1} is a matrix-valued Nevanlinna function. By Fatous
theorem (see [33, 38]) then the limit

M(A+i0) = lim M(X+ie) (2.7)

from the upper half-plane exists for a.e. A € R. We denote the set of real points where the
limit in (2.7) exits by ¥ and we agree to use a similar notation for arbitrary scalar and
matrix-valued Nevanlinna functions. Furthermore we will make use of the notation

Haren = ran (Sm (M(N))), AexM, (2.8)

and we will in general regard Hy; () as a subspace of H. The orthogonal projection and
restriction onto Hp(n) will be denoted by Py and [4,,,,, respectively. Notice that
for A € p(Ag) NR the Hilbert space Hps(y) is trivial by (2.4). Again we agree to use a
notation analogous to (2.8) for arbitrary Nevanlinna functions. The family {Py;(x)}resnm
of orthogonal projections in H onto Hysxy, A € ¥M is measurable and defines an orthog-
onal projection in the Hilbert space L?(R,d), H); sometimes we write L?(R, H) instead of
L?(R,d\,’H). The range of this projection is denoted by L?(R,dA, Hareny)-
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Besides the Weyl function M (-) we will also make use of the function

A= No(A) = (©—M(N) ™,  AeC\R, (2.9)
where © € C(H) is the self-adjoint relation corresponding to the extension Ae via (2.1).
Since A € p(Ag) N p(Ae) if and only if 0 € p(© — M(N)) the function Ne(-) is well
defined. It is not difficult to see that Ng(-) is an [H]-valued Nevanlinna function and hence
No (A +10) = lim._,o No (A + i¢) exists for almost every A € R, we denote this set by XVe.
We claim that

No(A+i0) = (6 - M(A+i0))"!, AexMnxde, (2.10)

holds. In fact, if © is a self-adjoint matrix then (2.10) follows immediately from Ng(X)(© —
M(A) = (0 — M(A))Ne(X) = Iy, A € C4. If © € C(H) has a nontrivial multivalued part
we decompose O as © = O, G O, Where O, is a self-adjoint matrix in Hep, = dom Oyp
and O is a pure relation in Hoo = H © Hop, cf. Section 2.1, and denote the orthogonal
projection and restriction in H onto Hep by FPop and [4,,, respectively. Then we have

A= No(A) = (Oop — PpM(N) In4,,) " Pop, A€ C\R,

(see e.g. [48, page 137]) and from Ne(A + i0) = (Ogp — PopM (X +i0) 9, ) ' Pop for

all A € ™ N ¥Ne we conclude (2.10). Notice that the set R\ (X N XVe) has Lebesgue
measure zero.

The following representation theorem of the scattering matrix {Sg(A\)}er of the scattering
system {Ag, Ag} is essential in the following, cf. [14, Theorem 3.8]. Since the scattering
matrix is only determined up to a set of Lebesgue measure zero we choose the representative
of the equivalence class defined on ¥ N 2NV,

Theorem 2.4 Let A be a densely defined closed simple symmetric operator with finite
deficiency indices in the separable Hilbert space $), let I = {H,Ty,T'1} be a boundary
triplet for A* with corresponding Weyl function M(-) and define Hprxy, A € M as in
(2.8). Furthermore, let Ay = A* | ker(T) and let Ag = A* | TCDO, © € C(H), be a
self-adjoint extension of A. Then the following holds.

(i) Ag° is unitarily equivalent to the multiplication operator with the free variable in
LQ(Ra d)‘7H]\/I()\))'

(i) In L*(R,dX, Har(n)) the scattering matriz {Se (M)} of the complete scattering system
{Ao, Ao} is given by

So(N) = Iry g, + 2iPary/Sm (M) (© — M(N) ™ /Sm (M(N)) [r41,
for all X\ € M nxNe where M(\) := M (X +i0).
In order to show the usefulness of Theorem 2.4 and to make the reader more familiar with

the notion of boundary triplets and associated Weyl functions we calculate the scattering
2 2
matrix of the scattering system {—dd? + 9, —dd?} in the following simple example.
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Example 2.5 Let us consider the densely defined closed simple symmetric operator
(Af)(x) = —f"(x), dom(A)={f€WF(R): f(0)=0},
in L?(R), see e.g. [1]. Clearly A has deficiency indices ny(A) = n_(A) = 1 and it is
well-known that the adjoint operator A* is given by (A*f)(z) = —f"(x),
dom (A%) ={f € WZ(R\{0}) : f(0+) = f(0-), f" € L*(R)}.
It is not difficult to verify that II = {C, Ty, T'1 }, where
Tof i= f/(04) — f(0-) and Tyfi=—f(0+), f € dom (A*),

is a boundary triplet for A* and Ag = A* | ker(I'y) coincides with the usual self-adjoint
second order differential operator defined on W3 (IR). Moreover the defect space ker(A*—\),
A € [0,00), is spanned by the function

T — ei\a””x]RJr (z) + e_iﬁzxngf (), A¢&][0,00),

where the square root is defined on C with a cut along [0,00) and fixed by Sm (v/A) > 0
for A ¢ [0,00) and by v/ A > 0 for A € [0,00). Therefore we find that the Weyl function
M (-) corresponding to IT = {C, Ty, Ty} is given by

D . _
B NEEVIt fa €ker(A* — X)), A¢&][0,00).

Let € R\{0} and consider the self-adjoint extension A_,-1 corresponding to the param-
eter —a~1, A_, 1 = A* | ker(T'; + o~ 'T), i.e.

(A_a-1f)(z) = —f"(2)
dom (A_,-1) = {f € dom (4*) : af(0£) = f'(04) — f'(0-)}.

M(X)

This self-adjoint operator is often denoted by —% + ad, see [1]. Tt follows immediately
from Theorem 2.4 that the scattering matrix {S(\)} of the scattering system {A_,-1, Ao}

is given by
2V — i
2V +ia

We note that scattering systems of the form {—% +ad’, —%}, a € R, can be investigated
in a similar way as above. Other examples can be found in [14].

S(N\) A>0.

3 Dissipative and Lax-Phillips scattering systems

In this section we regard scattering systems {Ap, Ag} consisting of a maximal dissipa-
tive and a self-adjoint extension of a symmetric operator A with finite deficiency in-
dices. In the theory of open quantum system the maximal dissipative operator Ap is
often called a pseudo-Hamiltonian. We shall explicitely construct a dilation (or so-called
quasi-Hamiltonian) K of Ap and calculate the scattering matrix of the scattering system
{I? ,Ag ® Gy}, where Gy is a self-adjoint first order differential operator. The diagonal
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entries of the scattering matrix then turn out to be the scattering matrix of the dissipative
scattering system {Ap, Ap} and of a so-called Lax-Phillips scattering system, respectively.

We emphasize that this efficient and somehow straightforward method for the analysis
of scattering processes for open quantum systems has the essential disadvantage that the
quasi-Hamiltonians K and Ay @ G are necessarily not semibounded from below.

3.1 Self-adjoint dilations of maximal dissipative operators

Let in the following A be a densely defined closed simple symmetric operator in the
separable Hilbert space $) with equal finite deficiency indices ni(A) = n < oo, let
I = {H,To,T1}, A4g = A* | ker(T'g), be a boundary triplet for A* and let D € [H] be
a dissipative n x n-matrix. Then the closed extension

AD = A" [ker(Fl - DFQ)

of A corresponding to © = D via (2.1)-(2.2) is maximal dissipative and C, belongs to
p(Ap). Notice that here we restrict ourselves to maximal dissipative extensions Ap cor-
responding to dissipative matrices D instead of maximal dissipative relations in the finite
dimensional space H. This is no essential restriction, see Remark 3.3 at the end of this
subsection. For A € p(Ap) N p(Ap) the resolvent of the extension Ap is given by

—1 —

(Ap =N)7h = (Ao =N+ (N)(D = MO) AN, (3.1)

cf. (2.6). Write the dissipative matrix D € [H] as
D = Re (D) +iSm (D),

decompose H as the direct orthogonal sum of the finite dimensional subspaces ker(Sm (D))
and Hp :=ran (Sm (D)),

H =ker(Sm (D)) ® Hp, (3.2)
and denote by Pp and [, the orthogonal projection and restriction in H onto Hp. Since
Sm (D) < 0 the self-adjoint matrix —PpSm (D) [#,€ [Hp] is strictly positive and the
next lemma shows how —iPpSm (D) [x,, (and iPp3m (D) [1,,) can be realized as a Weyl
function of a differential operator.

Lemma 3.1 Let G be the symmetric first order differential operator in the Hilbert space
L?(R,Hp) defined by

(Gg)(x) = —ig'(x),  dom(G) = {ge W5 (R, Hp) : g(0) =0}.

Then G is simple, n+(G) = dimHp and the adjoint operator G*g = —ig’ is defined on
dom (G*) = W (R_, Hp)®W3 (R, Hp). Moreover, the triplet g = {Hp, Yo, L1}, where
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g € dom (G*), is a boundary triplet for G* and Gy := G* | ker(Yy) is the usual self-
adjoint first order differential operator in L*(R, Hp) with domain dom (Go) = W3 (R, Hp)
and 0(Gog) = R. The Weyl function 7(-) corresponding to the boundary triplet g =
{Hp, Yo, Y1} is given by

7‘()\ _ {—ZPD%IH (D) r'HDa A€ (C-‘m (33)

1PpSSm (D) M AeC._.

Proof. Besides the assertion that g = {Hp, Yo, T1} is a boundary triplet for G* with
Weyl function 7(-) given by (3.3) the statements of the lemma are well-known. We note
only that the simplicity of G follows from [2, VIII.104] and the fact that G can be written
as a finite direct orthogonal sum of first order differential operators on R_ and R.

A straightforward calculation shows that the identity

(G%g,k) = (9,G"k) = i(9(0+), k(0+)) —i(9(0—), k(0-))
- (Tlga Tok') - (Tog7 le)

holds for all g,k € dom (G*). Moreover the mapping (I'p,I';) " is surjective. Indeed, for
an element (h,h’')" € Hp x Hp we choose g € dom G* such that

and
Of)zi{*(*P Sm (D) 34,) *h —i(~PpSm (D) | )*%h/}
g( N D Hp 5 o

holds. Then a simple calculation shows YTog = h, Y19 = h’ and therefore IIg =
{Hp, Yo, Y1} is a boundary triplet for G*. It is not difficult to check that the defect
subspace Ny = ker(G* — \) is

N = dp{Em e ixe @)¢ E€Hp), AeCy,
AT AT
sp{gc»—>e xr_ (2)€ : SEHD}, reC_,

and hence we conclude that the Weyl function of Ilg = {Hp, Yo, T1} is given by (3.3). O

Let Ap be the maximal dissipative extension of A in $ from above and let G be the first
order differential operator from Lemma 3.1. Clearly K := A@ G is a densely defined closed
simple symmetric operator in the separable Hilbert space

R:=9H0L* R, Hp)

with equal finite deficiency indices ny(K) = ny(A4) + ne(G) < oo and the adjoint is
K* = A* ® G*. The elements in dom (K*) = dom (A*) & dom (G*) will be written in the
form f @ g, f € dom (A*), g € dom (G*). In the next theorem we construct a self-adjoint
extension K of K in & which is a minimal self-adjoint dilation of the dissipative operator
Ap in 9. The construction is based on the idea of the coupling method from [25]. It is
worth to mention that in the case of a (scalar) Sturm-Liouville operator with real potential
and dissipative boundary condition our construction coincides with the one proposed by
B.S. Pavlov [60], cf. Example 3.5 below.
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Theorem 3.2 Let A, I1 = {H,Ty,T'1} and Ap be as in the beginning of this section, let
G and g = {Hp, Yo, Y1} be as in Lemma 3.1 and K = A® G. Then

_ Pplof —Tog =0,
K=K 14 fagedom(K): (1—Pp)(Ty—Re(D)To)f =0, (3.4)
PD(Fl — Re (D)Fo)f + Tlg =0

is a minimal self-adjoint dilation of the maximal dissipative operator Ap, that is, for all
AeCy
=~ -1 _
Py(K—=X) " lg=(Ap—A)""

holds and the minimality condition & = clospan{(K — \)™1§ : A\ € C\R} is satisfied.
Moreover o(K) = R.

Proof. Let v(-),v(-) and M(-),7(:) be the y-fields and Weyl functions of the boundary
triplets II = {7;{, T, Eli arid II¢ = {Hp, Yo, L1}, respectively. Then it is straightforward
to check that IT = {H,T'o,T"1}, where

(3.5)

H:=H @& Hp, fo = <52) and fl = <P1 —Re (D)FO> ,

Ty

is a boundary triplet for K* = A* & G* and the corresponding Weyl function M () and
~-field 4(-) are given by

M) = (M ()~ #e(D) T(OA)) . AeC\R, (3.6)
and
5 = (V(OA) U(OA)> . ACC\R, (3.7)

respectively. Notice also that Ky := K* | ker(fo) = Ay ® Gy holds.

With respect to the decomposition H = ker(Sm (D)) ®Hp ®Hp of H (cf. (3.2)) we define
the linear relation © by

&= {( (v V. oy r(Sm (D) €Hp s eC(H) (3.8)
= (0, —w, w) T tu € ker(S , VW D . .
We leave it to the reader to check that O is self-adjoint. Hence by Proposition 2.2 the
operator Kg = K* | I'YO is a self-adjoint extension of the symmetric operator K =
A®G in & = HOL*(R, Hp) and one verifies without difficulty that this extension coincides

with K from (3.4), K = Kg.
In order to calculate (K — A)~%, A € C\R, we use the block matrix decomposition

M\ MB(N)

M(X) —Re (D) = (Mﬁ(A) MEB (N

) € [ker(Sm (D)) @ Hp| (3.9)

of M(\) —Re (D) € [H]. Then the definition of © in (3.8) and (3.6) imply

—~MENu — ME(M\)v
~ = -1 —w — MENu — MB(M\v ~u € ker(Sm (D)
w—T(A)v " v,weHp
(u,v,v) "



3.1 SELF-ADJOINT DILATIONS OF MAXIMAL DISSIPATIVE OPERATORS 15

and since every A € C\R belongs to p(K) N p(Ky), Ko = Ay ® G, it follows that (© —
M(M\)™1, A € C\R, is the graph of a bounded everywhere defined operator. In order to
calculate (© — M()\))~! in a more explicit form we set

r = —MEMN)u— MENwv,
y = —w—MENu—- MEN\w, (3.10)
z = w—71(Nv.

This yields . .
(v 72) =~ (A agororen) (0)

and by (3.3) and (3.9) we have

- (Mf{()\) MB() ) _[D-M), recy, (3.11)
Mz(\) M\ +7(N) D* — M()\), AeC_ ‘
Hence for A € C; we find
(5) - e-won™ ()
which implies
(1) =@ =200 (3) + (0= 2100 ™ 1y = (3.12)
and
v=Pp(D—- M) (5) +Pp(D=MN) " w2 (3.13)

Therefore by inserting (3.10), (3.12) and (3.13) into the above expression for (6 — M(A\)~!
we obtain

~ D — M()\)™ D— M) 11,
@‘M“”lz@%w—ﬁ&»4f&D—M&rﬁW) (3:14)

for all A € C, and by (2.6) the resolvent of the self-adjoint extension K admits the
representation

(K= 2)7" = (Ko = N7 +3(\) (0 = M(Y)T'5007, (3.15)

A € C\R. It follows from Ko = Ao @ Go, (3.7) and (3.14) that for A € C4 the compressed
resolvent of K onto ) is given by

Py(K =X 19 = (A= N+ (D= M) (),

where Py denotes the orthogonal projection in & onto $). Taking into account (3.1) we get
~ -1 _
Po(K—=XA) 1H=(Ap-N"" AeCy,

and hence K is a self-adjoint dilation of Ap. Since o(Gg) = R it follows from well-known

perturbation results and (3.15) that o(K) = R holds.
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It remains to show that K satisfies the minimality condition

R=9® L*(R,Hp) = clospan{(K — X) "1 : A € C\R}. (3.16)

First of all s-limy .o (—it)(K —it)~! = I implies that § is a subset of the right hand
side of (3.16). The orthogonal projection in & onto L?(R,Hp) is denoted by Pr2. Then
we conclude from (3.7), (3.14) and (3.15) that for A € C,

1

P2 (K =X Is=v(\)Pp (D — M) ~(N)* (3.17)

holds and this gives
ran (P2 (K —A) ') = ker(G* —X), A€Cy.

From (3.11) it follows that similar to the matrix representation (3.14) the left lower corner
of (6 — M (X))~ !is given by Pp(D* — M()\))~! for A € C_. Hence, the analogon of (3.17)
for A € C_ implies that

ran (Pp> (IN( - /\)_1 ') = ker(G* — \)
is true for A € C_. Since by Lemma 3.1 the symmetric operator G is simple it follows that
L*(R,Hp) = clospan{ker(G* — \) : A € C\R}

holds, cf. Section 2.1, and therefore the minimality condition (3.16) holds. O

Remark 3.3 We note that also in the case where the parameter D is not a dissipative
matrix but a maximal dissipative relation in H a minimal self-adjoint dilation of Ap can
be constructed in a similar way as in Theorem 3.2.

Indeed, let A and IT = {H,T,T;} be as in the beginning of this section and let D € C(H)
be a maximal dissipative relation in . Then D can be written as the direct orthogonal
sum of a dissipative matrix Do in Hop := H © mul D and an undetermined part or ”pure

relation” Dy, := {(3): ye mul D}. It follows that
B:= A" [F(*l){(g) ty € mulf)} = A* [F(*I)Bm

is a closed symmetric extension of A and {Hop, T'o [dom (B+)> Popl'1 [dom (B+)} is @ boundary
triplet for

B* = A" | {f €dom (A4%): (1 — P,p,)Tof =0}
with A* [ ker(I'g) = B* [ ker(I'g [4om (B+))- In terms of this boundary triplet the maximal
dissipative extension Ay = 'Y D coincides with the extension

Bﬁop = B* I keI‘(Popl_‘l [dom (B*) _DOpFO [dom (B*))

corresponding to the operator part ﬁop € [Hop) of D.
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Remark 3.4 In the special case ker(Sm D) = {0} the relations (3.4) take the form
Fof - Tog =0 and (Fl — Re (D)Fo)f + Tlg = O,

so that K is a coupling of the self-adjoint operators Ay and G corresponding to the
coupling of the boundary triplets 114 = {H,T9,I'1 — Re (D)} and IIg = {H, Lo, T1} in
the sense of [25]. In the case ker(Sm D) # {0} another construction of K is based on the
concept of boundary relations (see [26]).

A minimal self-adjoint dilation K for a scalar Sturm-Liouville operator with a complex
(dissipative) boundary condition has originally been constructed by B.S. Pavlov in [60].
For the scalar case (n = 1) the operator in (3.20) in the following example coincides with
the one in [60].

Example 3.5 Let Q. € LL (R, [C"]) be a matrix valued function such that Q,(-) =

loc

Q+(-)*, and let A be the usual minimal operator in § = L?(Ry,C") associated to the
Sturm-Liouville differential expression f% +Qy,

d2

R
dx?

+Qy, dom(A) = {f € Dyax + : f(0) = f'(0) =0},
where Dpax,+ is the maximal domain defined by
Dmax,+ = {feLz(R+7Cn) :fa fleAC(RJrv(Cn), _f,/ + Q+f € LQ(Rva(Cn)}

It is well known that the adjoint operator A* is given by A* = —% + Q4, dom (4*) =
Dmax,+-
In the following we assume that the limit point case prevails at +00, so that the deficiency
indices ny (A) of A are both equal to n. In this case a boundary triplet IT = {C", Ty, "1}
for A* is

Lof = f(0), Tif:=f(0), f€dom(A*)=Dpax+- (3.18)
For any dissipative matrix D € [C"] we consider the (maximal) dissipative extension Ap
of A determined by

AD = A" [ker(I‘l — Dro), Sm D S 0. (319)

(a) First suppose 0 € p(Sm D). Then Hp = C™ and by Theorem 3.2 and Remark 3.4

the (minimal) self-adjoint dilation K of the operator Ap is a self-adjoint operator in R =
L?(Ry,C") ® L*(R,C") defined by

K(fog) = (-f"+Q.f) ®—ig,
~ f € Dimax.+, 9 € W3 (R_,C") & W, (R4, C") (3.20)
dom (K) =< f'(0) = Df(0) = —i(—23m D)*/2g(0-),
f'(0) = D* £(0) = —i(—2Sm D)'/2g(0+)

(b) Let now ker(3m D) # {0}, so that Hp = ran (Sm D) = CF # C". According to
Theorem 3.2 the (minimal) self-adjoint dilation K of the operator Ap in & = L?(Ry,C")®
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L?(R,CF) is defined by

K(fog) = (—f"+Q+f) & —id,
f € Dimax.+, g € Wi(R_,C*) @ W3 (R4, CF)
dom (§) = § PolI'(0) = Df(0)) = ~i(~=2PpSm (D) Ir,,)'9(0-),
Pp[f'(0) — D* £(0)] = —i(—2PpSm (D) [+,,)"/2g(0+),
£'(0) = Re (D) f(0) € Hp

3.2 Dilations and dissipative scattering systems

Let, as in the previous section, A be a densely defined closed simple symmetric operator
in $ with equal finite deficiency indices and let II = {H,T¢,I'1} be a boundary triplet
for A*, A9 = A* | kerTy, with corresponding Weyl function M (-). Let D € [H] be
a dissipative matrix and let Ap = A* | ker(I'y — DTy) be the corresponding maximal
dissipative extension in $. Since C4 > A — M (\) — D is a Nevanlinna function the limits

M(A+i0) =D = lim M(A+i0) — D

and
Np(A+i0) = lim Np(A+ie) = lim (D~ M(A+ ie)) "

e—-+0

exist for a.e. A € R. We denote these sets of real points A by £ and V2. Then we have
Np(A+i0) = (D —M(\A+i0))"",  AesMaxnie, (3.21)

cf. Section 2.3. Let G be the symmetric first order differential operator in L?(R,Hp) and
let I = {Hp, Yo, T1} be the boundary triplet from Lemma 3.1. Then Gy = G* | ker(Ty)
is the usual self-adjoint differentiation operator in L?(R,Hp) and Ky = Ay & Gy is self-
adjoint in & = $ @ L*(R, Hp). In the next theorem we consider the complete scattering
system {IN(7 Ky}, where K is the minimal self-adjoint dilation of Ap in & from Theorem 3.2.

Theorem 3.6 Let A, II = {H,T¢,T1}, M(-) and Ap be as above and define Hps(y),

Ae XM asin (2.8). Let Ko = Ay ® Gy and let K be the minimal self-adjoint dilation of
Ap from Theorem 3.2. Then the following holds.

(i) K§° = A% @ Gq is unitarily equivalent to the multiplication operator with the free
variable in L*(R, dX\, Harx) ® Hp).

(ii) In L*(R,d\, Har(n) ® Hp) the scattering matriz {S(\)} of the complete scattering
system {IN(,KO} is given by

S(\) = (IHBM) I;SD> + 2i (%1&; %280 € [Huo © Hpl,
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for all \ € SM N XD where

T11(N) = Paryv/Sm (M) (D = M(N) ' v/Sm (M(N) Trty)-
Ti2(N) = Paroy/Sm (M) (D = M(N) ™ /=Sm (D) 44,
To1(N) = Poy/=Sm (D) (D = M(A)) " /Sm (M) [,
Tos(N) = Ppy/=Sm (D) (D = M(\)) ™ /=Sm (D) In,

Proof. Let K = A6 G and let II = {H®Hp, fo, fl} be the boundary triplet for K* from
(3.5). Notice that since A and G are densely defined closed simple symmetric operators
also K is a densely defined closed sm1ple symmetric operator. Recall that for A € C the
Weyl function of II = {H®Hp, Ty, 1"1} is given by

— (M) —Re (D) 0
M(\) = ( ; _iPp3m (D) rHD) . (3.22)

Then Theorem 2.4 implies that
2 M
L (R d\ HM(A) HM(/\)ZHM(X)EBHD, Ae X,
performs a spectral representation of the absolutely continuous part

K° = Ko | dom (Ko) N 8% (Ko)
=Ay DGy | (dom (Ao) ﬂfjac(Ao)) D L2(R, HD) = ASC & Gy

of Ky such that the scattering matrix {S(\)} of the scattering system {K, Ko} is given by
S(\) = Iy
1 —

+ 2Py, \ S (M(V) (6 = M(N) '/ Sm (M(N)) Ix

M (X))

(3.23)

M)

for all A € M n YNe, where PM(/\ and r”zﬁm are the projection and restriction in

H ="H & Hp onto Hiz(n)- Here © is the self-adjoint relation from (3.8) and the function
Ng is defined analogously to (2.9) and

Ng(A+i0) = (6 — M(A +i0)) "
holds for all A € XM 0 2Ns, cf. (2.10).

By (3.22) we have

— . (/Sm (M(\+i0)) 0
Sm (M()\"_ZO)) - ( 0 Pp —Sm(D) pr)

for all A € SM = M and (3.14) yields

6 - M()\_'_Z.O))fl _ ( (D — M(A+i0)~! (D — M(A+i0))~! PFD )

Pp(D — M(A+1i0))~" Pp(D— MA+1i0)"" [,
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for A € ¥M N X Ne. It follows that the sets ¥M NXNe and XM N ENP | see (3.21), coincide
and by inserting the above expressions into (3.23) we conclude that for each A € XM N XN
the scattering matrix {S(A)} is a two-by-two block operator matrix with respect to the
decomposition

HM(A) :HM()\)@HD, )\EEMQEND,

with the entries from assertion (ii). O

Remark 3.7 It is worth to note that the scattering matrix {S(A)} of the scattering system
{K, Ky} in Theorem 3.6 depends only on the dissipative matrix D and the Weyl function
M(-) of the boundary triplet IT = {H, Ty, '1 } for A*. In other words, the scattering matrix

{§ (M\)} is completely determined by objects corresponding to the operators A, Ay and Ap
in $.

Let Ap and Ay be as in the beginning of this section. In the following we will focus on
the so-called dissipative scattering system {Ap, Ao} and we refer the reader to [22, 23, 51,
52, 53, 54, 55, 56, 57] for a detailed investigation of such scattering systems. We recall
only that the wave operators Wi (Ap, Ap) of the dissipative scattering system {Ap, Ao}
are defined by

W, (Ap, Ap) = s- lim 4D e~40 pac(4)

t——+oo

and _ '
W_(Ap, Ag) = s lim e 4peitdopac(4.)

t——+o0

where e =40 := slim,, oo (1 + £ Ap)~", see e.g. [45, §IX]. The scattering operator
Sp =W, (Ap, Ag)"W_(Ap, Ao)

of the dissipative scattering system {Ap, Ao} will be regarded as an operator in $¢(Ay).
Then Sp is a contraction which in general is not unitary. Since Sp and A{® commute it
follows that Sp is unitarily equivalent to a multiplication operator induced by a family
{Sp(\)} of contractive operators in a spectral representation of A3°.

With the help of Theorem 3.6 we obtain a representation of the scattering matrix of
the dissipative scattering system {Ap, Ap} in terms of the Weyl function M(-) of II =
{H,To,T1} in the following corollary, cf. Theorem 2.4.

Corollary 3.8 Let A, I1 = {H,T¢,T1}, Ao = A* | ker(T'g), M(-) and Ap be as above and
define Har(xy, A € YM as in (2.8). Then the following holds.

(i) AgC is unitarily equivalent to the multiplication operator with the free variable in
L?(R, dX\, Harny)-

(i) In L*(R,d\, Harn)) the scattering matriz {Sp(X)} of the dissipative scattering system
{Ap, Ao} is given by

Sp(N) = Iryy s, + 20Par(ny /S (MA) (D — M(X) ™ /Sm (M(N)) 19,05,

for all \ € M N ENp where M(X\) = M (X + i0).
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Proof. Let K be the minimal self-adjoint dilation of Ap from Theorem 3.2. Since for
t > 0 we have
Pﬁe_“f( [ 9 = s lim Pq (1 + %f() " lg= s lim (1 + %AD)_n = itAp
n—oo

n—00

it follows that the wave operators W, (Ap, Ag) and W_(Ap, Ap) coincide with

PeW, (K, Ko) 1 = s lim Pge'Se= 50 pac( k) 1

t——+o0

= s lim Pﬁeitf{ lg e~ iAo pac(Ag)

t——+oo

and
PaW_(K,Ko) I = s-, lim PyeiRe=itKopec(kp) |

= s lim Py eitK Iy eit4o Pac(Ay),
t——+oo
respectively. This implies that the scattering operator Sp_coincides with the compression
Pgac(ay)S(K, Ko) [gec(a,) of the scattering operator S(K, Ky) onto $?“(Ap). Therefore
the scattering matrix Sp(A) of the dissipative scattering system is given by the upper left
corner B
{I'HM()\) +2iT11(/\)}, )\EZMQEND,

of the scattering matrix {§(A)} of the scattering system {f(, Ky}, see Theorem 3.6. O

3.3 Lax-Phillips scattering systems

Let again A, II = {H,FQ,Fl}, {AD,A()} and G, Go, HG = {HDaTO;Tl} be as in the
previous subsections. In Corollary 3.8 we have shown that the scattering matrix of the
dissipative scattering system {Ap, Ao} is the left upper corner in the block operator matrix
representation of the scattering matrix {S(\)} of the scattering system {K, Ko}, where K
is a minimal self-adjoint dilation of Ap in & = $ @ L?(R,Hp) and Ky = Ay & Gy, cf.
Theorem 3.6.

In the following we are going to interpret the right lower corner of {§ (M)} as the scattering
matrix corresponding to a Lax-Phillips scattering system, see e.g. [13, 49] for further
details. To this end we decompose the space L?*(R,Hp) into the orthogonal sum of the
subspaces

D_:=L*(R_,Hp) and D, :=L*(R,,Hp). (3.24)
Then clearly 8 = 9§ & D_ @ D, and we agree to denote the elements in K in the form
f®g_ gy, fE€EN gr€Drandg=g_ D®gy € L*(R,Hp). By Jy and J_ we denote the
operators

J+:L2(R7HD)_>’Q7 gHOEBOEBg-‘M

and

J_:L*R,Hp) = R g—0Dg_ a0,
respectively. Notice that J, + J_ is the embedding of L?(R,Hp) into & In the next
lemma we show that Dy and D_ are so-called outgoing and incoming subspaces for the
self-adjoint dilation K in K.
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Lemma 3.9 Let K be the self-adjoint operator from Theorem 3.2, let Dy be as in (3.24)
and Ay = A* | ker(Ty) be as above. Then

e itK CDy, teRy, and ﬂ e_itf(Di = {0},

terR
and, if in addition o(Ap) is singular, then
e 5Dy = Je 5D = g*(K). (3.25)
teR teR
Proof. Let us first show that
K 1Dy = JiemG 1D, te Ry, (3.26)

holds. In fact, since e~*“0 is the right shift group we have
e "% (dom (G) N Dx) C dom (G) N Dy, te€Ry,

where dom (G) N Dy = {WH2(R, Hp) : f(z) =0, € Ry}. Let us fix some t € Ry and
denote the symmetric operator A @ G by K. Since

J4 (dom (G) N D4) C dom (K) C dom (K)
the function
frx(s) := ei(s_t)f(Jie_”GO Ipy fr, s€Ry, fie€dom(G)NDy,

is differentiable and
d . i(s—K (7> —is
%ft,i(s) = jels—K (K —0q @ Go)Jie Go Ip. f+ =0, teRy4,

holds. Hence we have f; +(0) = f; +(¢t) and together with the observation that the set
dom (G) N D4 is dense in Dy this immediately implies (3.26). Then we obtain e =KD, C
Di,te Ry and

m e*itIN(Di g m e*itl?Di — m JiefitGODj: — {O}
teR teR4 teR4

Let us show (3.25). Since A has finite deficiency indices the wave operators W (f( , Ao®Go)
exist and are complete, i.e., ran (W (K, Ag @ Go)) = &¢(K) holds. Since Ay is singular
we have B 5

Wi (K, Ao ® Go) = s-, lim (T T )e "

and it follows from (3.26) that Wy (I~(, Ao ®Go) f+ = fx for f € Dy, so that in particular
D. and e #GoD, € R%(K) for t € Ry. Assume now that ¢ € L2(R,Hp) vanishes
identically on some open interval (—oo, ). Then for 7 > 0 sufficiently large e~""%og € D,
and by (3.26) for t > r

eitl?(J+ + Jﬁ)e—i(t—r)Goe—irGog _ eirI?JJre—irGog.
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Since the elements g € L?(R,Hp) which vanish on intervals (—oo, ) form a dense set in
L*(R,’Hp) and the wave operator W (K, Ag @ Gy) is complete we conclude that

U ¢%p, (3.27)
reRy

is a dense set in R?°(K). A similar argument shows that the set (3.27) with R} and Dy
replaced by R_ and D_, respectively, is also dense in £2¢(K’). This implies (3.25). |

According to Lemma 3.9 the system {K,D_,D,} is a Lax-Phillips scattering system and
in particular the Lax-Phillips wave operators

0L = S_t hin eitf(Jie—itGo :L2(R,HD) A

exist, cf. [13]. We note that s-lim;, 1o J;Fe_”GO = 0 and therefore the restrictions of
the wave operators Wi(f(,Ko) of the scattering system {IN(,KO}, Ko = Ay ® Gy, onto
LQ(R,HD), B

Wi(K,Kp) [r2= s—tl}gloo BTy 4 J)em G0,

coincide with the Lax-Phillips wave operators Q4. Hence the Laz-Phillips scattering oper-
ator STF .= Q% Q_ admits the representation

SLP = PraS(K, Ko) [12

where S(K, Ko) = W, (K, Ko)*W_ (K, Ky) is the scattering operator of the scattering sys-
tem {K, Ko}. The Lax-Phillips scattering operator SZF is a contraction in L2(R, Hp) and
commutes with the self-adjoint differential operator Gy. Hence SZF is umitarily equiva-
lent to a multiplication operator induced by a family {S¥(\)} of contractive operators in
L?(R,Hp), this family is called the Laz-Phillips scattering matriz.

The above considerations together with Theorem 3.6 immediately imply the following corol-
lary on the representation of the Lax-Phillips scattering matrix.

Corollary 3.10 Let {IN(,D_,DJF} be the Laz-Phillips scattering system considered in
Lemma 3.9 and let A, I = {H,T0,T1}, Ap, M(-) and Gy be as in the previous sub-
sections. Then Go = G§° is unitarily equivalent to the multiplication operator with the free
variable in L*(R,Hp) = L*(R,d\,Hp) and the Laz-Phillips scattering matriz {ST(\)}
admits the representation

1

SEP(X) = Iy, + 2iPpy/Sm (=D)(D — M(X)) ™ v/Sm (=D) I3, (3.28)
for X € M A SND where M(\) = M(\ 4+ 140).
Let again Ap be the maximal dissipative extension of A corresponding to the maximal

dissipative matrix D € [H] and let Hp = ran (Sm (D)). By [29] the characteristic function
W4, of the completely non-self-adjoint part of Ap is given by

Wa, :C_ — [Hp]
B (3.29)
p— Iy, — 2iPpy/—Sm (D) (D* — M(p)) —Sm (D) [x, -
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Comparing (3.28) and (3.29) we obtain the famous relation between the Lax-Phillips scat-
tering matrix and the characteristic function found by Adamyan and Arov in [3, 4, 5, 6].

Corollary 3.11 Let the assumption be as in Corollary 3.10. Then the Lax-Phillips scat-
tering matriz {SYY(A)} and the characteristic function Wa,, of the mazimal dissipative
operator Ap are related by

SEP(N) = Wa, (A —i0)", AexMnaxpho,

Next we consider the special case that the spectrum o(Ap) of the self-adjoint extension Ag =
A* | ker(T'p) is purely singular, $%°(Ag) = {0}. As usual let M(-) be the Weyl function
corresponding to IT = {H,Tg,T'1}. Then we have Hys(n) = ran (Sm (M (A +140))) = {0}
for a.e. A € UM, cf. [17], and if even (Ag) = 0p,(Ag) then Hpyn) = {0} for all A € M.
Therefore Theorem 3.6 and Corollaries 3.10 and 3.11 imply the following statement.

Corollary 3.12 Let the assumption be as in Corollary 3.10, let Ko = Aq®Go and assume
in addition that o(Ap) is purely singular. Then the scattering matriz {S(\)} of the complete
scattering system {K, Ko} coincides with the Laz-Phillips scattering matriz {SEF(\)} of
the Laz-Phillips scattering system {f(, D_,Dy}, that is,

S(A) = SEP(N) = Wa, (A —i0)* (3.30)
for a.e. X € R. If even o(Ag) = 0,(Ag), then (3.30) holds for all A € XM N xNp,

3.4 A dissipative Schrodinger-Poisson system

In this subsection we consider an open quantum system consisting of a self-adjoint and a
maximal dissipative extension of a symmetric regular Sturm-Liouville differential operator.
Such maximal dissipative operators or pseudo-Hamiltonians are used in the description of
carrier transport in semi-conductors, see e.g. [9, 11, 34, 37, 43, 44, 46].

Assume that —oco < 7 < z, < oo and let V' € L®((z,z,)) be a real valued function.
Moreover let m € L°°((z;, x,.)) be a real function such that m > 0 and m=! € L>°((z;, z.,.)).
It is well-known that

(AN (@) = =5 ———=——f(z) + V() f(z),
fom ' € Wy (2, 2,))
dom (4) == { f € L*((w,20)) : f(z) = flay) =0 ;
(5 /') (@) = (5 F') (22) =0
is a densely defined closed simple symmetric operator in the Hilbert space $) := L?((x, z.)).

The deficiency indices of A are ni(A) = n_(A) = 2 and the adjoint operator A* is given
by

dom (A*) = {f€5’J : f,%f/ € Wzl((xlyfr))}
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It is straightforward to verify that I1 = {C2 Ty, T'; }, where
_( f@) _( (Gt (@) )
ror= (7)) e = (AN ). (331

f € dom (A*), is a boundary triplet for A*. Notice that the self-adjoint extension Ay =
A* | ker(Tg) corresponds to Dirichlet boundary conditions, that is,

dom (A0) = { £ €9+ 1. L € Wh(a1,2). 1 o1) = () = 0}

It is well known that Ag is semibounded from below and that o(Ag) consists of eigen-
values accumulating to +o00. As usual we denote the Weyl function corresponding to
I = {C2,Ty,T1} by M(-). Here M(:) is a two-by-two matrix-valued function which has
poles at the eigenvalues of Ay and in particular we have

Hary =ran (Sm(M(N)) = {0} forall XexM. (3.32)

If oy, 5 € L*((21,7,)) are fundamental solutions of f%(%f’)/ + V f = \f satisfying the
boundary conditions

ox(@) =1, (L¢)\)(m) =0, Ua(x) =0, (E9))(z) =1, (3.33)

then M can be written as

—; —ox(wr) 1
v =gy (7 byen) e e

We are interested in maximal dissipative extensions
AD = A" [ker(Fl — DF())

of A where D € [C?] has the special form

D= (;l _(; ) . Sm(k) >0, Sm(k,) >0, (3.35)

Of course, if both k; and &, are real constants then Hp = ran (Sm (D)) = {0} and Ap

is self-adjoint. In this case Ap can be identified with the self-adjoint dilation K acting in
$H @ LA(R,{0})=9, cf. Theorem 3.2.

Let us first consider the situation where both x; and k, have positive imaginary parts.
Then Hp = C? and the self-adjoint dilation K from Theorem 3.2 is given by

K(feg ogy) = (—3(5f) +VF) e —ig_ e —ig,,

dom K = f’%fl € W21((xl7$r))a: Tof —YTog =0, .
g+ € W3 (R4, C?) " (T'; —Re(D)To)f +T19=0

Here I = {C?, Y, Y1} is the boundary triplet for first order differential operator G C G*
in L2(R, C?) from Lemma 3.1 and we have decomposed the elements f @ g in § @ L?(R, C?)
as agreed in the beginning of Section 3.3. Let us set

0= (1)) se00) = (303):
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Then a straightforward calculation using the definitions of II = {C?,Ty,I'1} and IIg =
{C%, Ty, Y1} in (3.31) and Lemma 3.1, respectively, shows that an element f & g_ & g+
belongs to dom (K) if and only if

(5 ) (@) + Ff (1) = —i/23m (k1) g1(0-)
(55 1) (1) + Faf (1) = —in/23m (k1) g1(0+)
(/") (@0) = o f(2r) = i7/23m () g, (0-)
(5 /") () = Frf(2r) = i/23m (K1) g, (0+)

holds. We note that this dilation K is isomorph in the sense of [36, Section I.4] to those
used in [11, 12, 43, 44].

Theorem 3.6 and the fact that o(Ap) is singular (cf. (3.32)) imply that the scattering
matrix {S(A)} of the scattering system {K, Ky}, Ko = Ag ® Gy, coincides with

SEP(\) = Iez + 2i7/=Sm (D) (D — M(A)) "' v/=Sm (D) € [C?]

for all A & 0,(Ag) N R, where M(X) = M (X +40) (cf. Corollary 3.12). By (3.35) here

—SQm (D) is a diagonal matrix with entries \/Sm (x;) and /Sm (k). We leave it to the
reader to compute SZ¥(\) explicitely in terms of the fundamental solutions ¢y and ) in
(3.33). According to Corollary 3.11 the continuation of the characteristic function W4, of
the completely non-self-adjoint pseudo-Hamiltonian Ap from C_ to R\{o,(A¢)} coincides
with STF(N\)*,

Wap (A —i0) = Iez — 2iy/=Sm (D) (D* — M(3) ™' /=Sm (D) = SP(\)

Next we consider briefly the case where one of the entries of D in (3.35) is real. Assume
e.g. 1 € R. In this case Hp = C={0} @C, Pp is the orthogonal projection onto the second
component in C? and G is a first order differential operator in L?(R,C). The self-adjoint
dilation K is

K(fog-@gy)=(—1(Lf) +V) ®—ig &—ig,,
_ 1 1 PpTof —Tog =0,
domE = {7 mfeewvlvaé(ml(’cﬁg))’ : (1— Pp)(I1 —Re (D)To)f =0, ¢,
g£ & W2 (B Pp(Ty — Re (D)To)f 4+ Y19 =0

and explicitely this means that an element f @® g_ @ g+ belongs to dom (K ) if and only if

(1) (@) = R f(2,) = i7/25m ()94 (0+)
(gt f)' (@) = e f () = i/25m ()9 (0-)
(ﬁf) (1) + K f(x) =0

holds. The scattering matrix of {I~( , Ko} is given by

SEP(N) = Ingpy + 2iSm (k) Pp (D = M(N) ™" Iy, A XM,

which is now a scalar function, and is related to the characteristic function of the maximal
dissipative operator Ap by SEF(\) = Wy, (A —i0)*.



4 ENERGY DEPENDENT SCATTERING SYSTEMS 27

4 Energy dependent scattering systems

In this section we consider families {A_;(y), Ao} of scattering systems, where 7(-) is a
matrix Nevanlinna function and {A_,(y)} is a family of maximal dissipative extensions of a
symmetric operator A with finite deficiency indices. Such scattering systems arise naturally
in the description of open quantum systems, see e.g. Section 4.4 where a simple model of a
so-called quantum transmitting Schrodinger-Poisson system is described. Following ideas
in [25] (see also [15, 20, 31, 40, 41]) the family {A_.(,)} is “linearized” in an abstract way,
that is, we construct a self-adjoint extension L of A which acts in a larger Hilbert space
@ & and satisfies

~ -1 -1

Po(L=X) Is=(A_ron—A)

so that, roughly speaking, the open quantum system is embedded into a closed system. The
corresponding Hamiltonian L is semibounded if and only if A is semibounded and 7(-) is
holomorphic on some interval (—oo, 7). The essential observation here is that the scattering
matrix of {E, Lo}, where Ly is the direct orthogonal sum of Ay and a self-adjoint operator
connected with 7(-), pointwise coincides with the scattering matrix of a scattering system
{I? , Ko} as investigated in the previous section. From a physical point of view this in
particular justifies the use of quasi-Hamiltonians K for the analysis of scattering processes
in suitable small energy ranges.

4.1 The Straus family and its characteristic functions

Let A be a densely defined closed simple symmetric operator in the separable Hilbert
space $) with equal finite deficiency indices ny(A) = n < oo and let IT = {H,To,T'1} be
a boundary triplet for A*. Assume that 7(-) is an [H]-valued Nevanlinna function and
consider the family {A_(y)},

A,T()\) = A* [‘ker(Fl + T()\)Fo), A E (CJr,

of closed extension of A. Sometimes it is convenient to consider A_.(y) for all A € b(7),
that is, for all A € C\R and all real points A where 7 is holomorphic, cf. Section 2.2. Since
Sm7(A) > 0 for A € C, it follows that each A_.(y), A € C,, is a maximal dissipative
extension of A in . The family {A_; ) }aec, is called the Straus family of A associated
with 7 (cf. [59] and e.g. [24, Section 3.3]) and for brevity we shall often call {A_ -y}
simply Straus family.

Since H is finite dimensional Fatous theorem (see [33, 38]) implies that the limit 7(A+40) =
lime—. 10 7(A + i€) from the upper half-plane exists for a.e. A € R. As in Section 2.3 we
denote set of real points A\ where this limit exists by 7. If there is no danger of confusion
we will usually write 7()) instead of 7(A+140) for A € X7. Obviously, the Lebesgue measure
of R\ X7 is zero. Hence the Straus family {4_,(y)}rec, admits a continuation to C UX"
which is also denoted by {A_,(y)}, A € CLUXT. We remark that in the case Sm (7(A)) =0
for some A € Cy UX" the maximal dissipative operator A_;(y) is self-adjoint.

Let M(-) be the Weyl function of the boundary triplet II = {H,T'¢,T'1}. Then M(-) is an
[H]-valued Nevanlinna function and Sm (M (X)) is strictly positive for A € C;.. Therefore

N_royN) ==t + M), recy,
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is a well-defined Nevanlinna function, see also (2.9). The set of all real A\ where the limit

N_rupio)(A+0) = lim —(r(A+ie) + M(A+ ie)) "

exists will for brevity be denoted by ¥. Furthermore, for fixed A € X" we define an
[H]-valued Nevanlinna function @_,(x)(-) by

Qron(i) = —(r) + M(w) ™", pecCs, (4.1)

and denote by X?* the set of all real points y where the limit
Q,T()\) (,u + ZO) = GEIEO Q,.,.()\) (M + 7:6) (42)

exists. Notice that the complements R\ ¥V and R\ ©9* are of Lebesgue measure zero.
The next lemma will be used in Section 4.3.

Lemma 4.1 Let A, IT = {H,To, 1}, M(-) and 7(-) be as above. Then the following
assertions (1)-(iil) are true.

() If A\ € X7 and p € SM N X9, then the operator T(\) + M () is invertible and

(7 + M(w) " = Tim (7(\) + M(u +ie)) . (4.3)

(i) IfA € X" NEM XN then the operator T(\) + M () is invertible and

(T(N) + Z\l()\))_1 = GEIEO(T(/\ +ie) + M(A+ ie))_l. (4.4)

(iii) IFA€STNEMASY, then A € S9 and

(7 + M) = Tim (v(A) + M(A+ i) (4.5)

Proof. (i) If A € X7, p € M then lim,_, 1o(T(A) + M (p +i€)) = 7(A\) + M (u). Since

(70 + M (i +86)) Qi) (1 -+ i€) = Q_yny (1 + i€) (F(A) + My + i) = — I

for all € > 0, we get

—Irg = (T(A) + M(1)) Q-3 (1) = Q70 (1) (T(N) + M (1))
for A € ¥7 and p € XM N X9 which proves (4.3).
(i) For A € ™ N XM clearly

CETO(T(/\ +i€) + M (X +ie€)) = 7(A) + M(N)
exists. Since (7(A) + M(A))N_-3)(A) = N_; o)A (T(A) + M(X)) = —Ij for all A € C,.
we have
—Iy = (T(\) + M(N))N_r () (A) = N_r () (V) (T(V) + M (X))
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for A € X7 N XM N XN which verifies (4.4).

(iii) Let A € YN XM N BN, Let us show that A € X9 ie., we have to show that
lime . 1o(T(\) + M (X +ie)) ! exists. Since 7(\) + M ()) is boundedly invertible and 7(\) +
M (X + i€), e > 0, converges in the operator norm to 7(A) + M(\) the family {(7(\) +
M (X +i€)) " }eso is uniformly bounded. Using

(r(A) + M(A +i€)) " = (r(A) + M(N) ™

— —(T(N) + M(A+ie)) " (M +ie) — M(N) (r(\) + M(N) ™', e>0,

one obtains the existence of lim._, 1o(7(\) + M (A +i€))~! and (4.5). O

Let A, IT1 = {H,Ty,T'1} and M(-) be as in the beginning of this section and let as above
7(-) be a matrix Nevanlinna function with values in [H]. For each maximal dissipative

operator from the Straus family {A_; () }aec, the characteristic function Wy is given
by

T(X)

Wa_ i Co = [Heon) (4.6)
1

o I+ 20Pr00V/Sm (V) (T(A)T + M (1) /S (T(V) T

see [29] and (3.29)), where we have used H,(n) = ran (Sm (7(\))), A € X7, and denoted
QY

the projection and restriction onto H,(x) by Pr(n) and [, ,,, respectively.

If we regard the Straus family {A_;(} on the larger set Cy U X7, then for A € X7 the
characteristic function Wa__, (-) is defined as in (4.6). Notice that in the case Sm (7(\)) =
0 for A € X7 the characteristic function of the self-adjoint extension A_.(y) of A is the
identity operator on the trivial space H,ny = {0}. Since the characteristic functions
Wa_ (), A € CL UXT, are contractive [H,(y)]-valued functions in the lower half-plane,
the limits

WA—T(,\) (:u - iO) = eLiIEO WA—T(A) (1 — ie)
exist for a.e. pu € R, cf. [36]. The next proposition is a simple consequence of Lemma 4.1.
Proposition 4.2 Let A, I = {H,T9,T1} and M(-) be as above and let 7(-) be an [H]-
valued Nevanlinna function. Let {A_;(x}rxec,usr be the Straus family of mazimal dis-

sipative extensions of A and let WA#M)(-) be the corresponding characteristic functions.
Then the following holds.

(i) If A€ X7 and p € XM N X9, then the limit Wa__, (u—i0) exists and

WI‘LT(A) (N - iO) =
Iy, ) + 20Pr )/ Sm (T(A)) (T(A)* 4+ M ()*)~H/Sm ((V) Tre ) -

(i) If A € ST NEM N XN then the limit Wa (A —10) exists and

EES
WA—T()\) (A —10) =
I,y =+ 20Pr 0/ S (V) (T(A)* + M(A)*) ™1 /Sm (T(N)) T2,y -
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4.2 Coupling of symmetric operators and coupled scattering sys-
tems

Let, as in the previous subsection A be a densely defined closed simple symmetric operator
in $ with equal finite deficiency indices and let IT = {H, Ty, I'1 } be a boundary triplet for
A* with corresponding Weyl function M(-). Let 7(-) be an [H]-valued Nevanlinna function
and assume in addition that 7 can be realized as the Weyl function corresponding to a
densely defined closed simple symmetric operator 7' in some separable Hilbert space &
and a suitable boundary triplet Il = {H, Ty, Y1} for T*. It is worth to note that the
Nevanlinna function 7(-) has this property if and only if Sm (7())) is invertible for some
(and hence for all) A € C; and

lim 1(T(z‘y)h,h) =0 and lim ySm (7(iy)h, h) = 0o (4.7
Yy—00

y—oo Yy
hold for all h € H, h # 0, (see e.g. [48, Corollary 2.5 and Corollary 2.6] and [28, 50]).
In the following the function —7(-) and the Straus family

Aoy =4"1 ker(Fl + T()\)FO) (4.8)

are in a certain sense the counterparts of the dissipative matrix D € [H] and the corre-
sponding maximal dissipative extension Ap from Section 3.1. Similarly to Theorem 3.2
we construct an ”energy dependent dilation” in Theorem 4.3 below, that is, we find a
self-adjoint operator L such that

Py(L=N" o= (A,0y—A) "

holds.

First we fix a separable Hilbert space &, a densely defined closed simple symmetric op-
erator T' € C(®) and a boundary triplet I = {H, Yo, T1} for T* such that 7(-) is the
corresponding Weyl function. We note that 7" and & are unique up to unitary equivalence
and the resolvent set p(Tp) of the self-adjoint operator Ty := T | ker(Yg) coincides with
the set h(7) of points of holomorphy of 7, cf. Section 2.2. Since the deficiency indices of T
are ny(T) = n_(T) = n it follows that

L=A&T, dom L =dom A ® domT,

is a densely defined closed simple symmetric operator in the separable Hilbert space £ :=
$H @ 6 with deficiency indices ni (L) = ny(A) + ny(T) = 2n.

The following theorem has originally been proved in [25, § 5]. For the sake of completeness
we present another proof that differs from the original one, cf. [15].

Theorem 4.3 Let A, II = {H,T, 1}, M(-) and 7(-) be as above, let T be a densely
defined closed simple symmetric operator in & and Iy = {H, Lo, L1} be a boundary triplet
for T* with Weyl function 7(-). Then

ZL*r{f@gedom(L*): ?2?1?;328} (4.9)
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is a self-adjoint operator in £ such that
Po(L—2)"" o= Ay —A)
holds for all X € p(Ag) Nh(T) NH(—(M + 7)~ 1) and the minimality condition
£ = clospan{ (L — /\)_1573 : A € C\R}

is satisfied. Moreover, L is semibounded from below if and only if Ay is semibounded from
below and (—oo,n) C h(7) for some n € R.

Proof. It is easy to see that Il = {H & H,To,T1}, where Ty := (I'g, Yo)T and Ty :=
(I'1,Y1)7, is a boundary triplet for L* = A* & T*. If 4(-) and v(-) denote the y-fields of
Il ={H,Ty, T} and Iy = {H, Yo, Y1}, respectively, then the v-field ¥ and Weyl function
M of Tl = {H @H,fo,fl} are given by

= (5 8) 2= (4 8).

A€ p(Ao) Np(Ty), Ag = A* [ ker(Ty), To =T | ker(Yy). A simple calculation shows that
the relation

w, —w

0= {<( (”’”)T)T) v, w € H} cC(Ha™H) (4.10)

is self-adjoint in H @ H, hence the operator Lg = L* | I'~Yeisa self-adjoint extension of
Lin £ =$H®® and Lg coincides with L in (4.9). Hence, with Lo = L* | ker(Ty) = Ag®Tp
we have B .

(L—N""=(Lo— N7 (0 - M) 5O, (4.11)
for all A € p(L) N p(Lo) by (2.6). Note that the difference of the resolvents of L and Ly is a
finite rank operator and therefore by well-known perturbation results L is semibounded if
and only if Ly is semibounded, that is, Ay and Ty are both semibounded. From p(Tp) = h(7)
we conclude that the last assertion of the theorem holds.

Similar considerations as in the proof of Theorem 3.2 show that

Tt _ (M) 7)) (MO +7(N) !
(@-MMN) ' =- ((M(/\) +7())7 (M(V) + TW“)

holds for all A € p(L) N p(Lg). Therefore the compressed resolvent of L has the form

(4.12)

Py(L=2)7"19= (A= )" =N (MO +7(0) ()
and coincides with (A_ () — A)~! for all A belonging to
p(Lo) N p(L) = p(Ao) N () Nb(=(M +7)77),

see Section 2.2. The minimality condition follows from the fact that T is simple,
clospan{ker(7* — X) : A € C\R}, and (4.11) in a similar way as in the proof of Theo-
rem 3.2 ]
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Example 4.4 Let A be the symmetric Sturm-Liouville operator from Example 3.5 and let
IT = {C", T, I'1 } be the boundary triplet for A* defined by (3.18). Besides the operator A
we consider the minimal operator 7' in & = L?(R_,C") associated to the Sturm-Liouville

. . . 2
differential expression —dd? +Q_,

2
T — _% +Q-, dom(T) = {g € Duax,— : 9(0) = ¢'(0) = 0}.

Analogously to Example 3.5 it is assumed that Q_ € LL _ (R_,[C"]) satisfies Q_(-) =
Q_(-)*, that the limit point case prevails at —co and the maximal domain Dyax,— is
defined in the same way as Dmax,+ in Example 3.5 with R and @4 replaced by R_ and
Q_, respectively.

It is easy to see that IIp = {C™, T, Y1}, where
Yog:=g(0), Yig:=—¢'(0), g€ dom(T*)= Dpax,—, (4.13)

is a boundary triplet for T*. For f € dom (A4*) and g € dom (T™*) the conditions I'of —
Yog=0and I'; f + T19 =0 in (4.9) stand for

f(0+) =g(0—) and f'(0+)=g'(0-),
so that the operator L in Theorem 4.3 is the self-adjoint Sturm-Liouville operator

~ d?

I =_2 Q+(‘T)v :L'GRJM
dz?

+Q, Q(x)—{Q(x)’ CER..

in L2(R,C").

Let A, 1T = {H,T,T1}, M(-) and T, IIr = {H, Yo, Y1}, 7(:) be as in the beginning of
this subsection. We define the families {H;(z)}rexm and {H-(x) }res- of Hilbert spaces
HM(,\) and H.,-(,\) by

Hary = ran (Sm (M (A +10))) and  H(z) = ran (Sm (7(A + i0))) (4.14)

for all real points A belonging to XM and X7, respectively, cf. Section 2.3. As usual the
projections and restrictions in H onto Hjys(x) and H,(y) are denoted by Pps(y), | and
Pr(ny, 7,y Tespectively.

Harn)

The next theorem is the counterpart of Theorem 3.6 in the present framework. We consider
the complete scattering system {L, Lo} consisting of the self-adjoint operators L from
Theorem 4.3 and

Lo:=Ag® Ty, Ag=A"[ker(Dy), To=T"ker(Ty),

and express the scattering matrix {S(\)} in terms of the function M(-) and 7(-).

Theorem 4.5 Let A, I = {H,To,T1}, M(-) and T, Tl = {H, Yo, Y1}, 7(-) be as above.
Define Hyrny, Hr(xy as in (4.14) and let Lo = Ao ® Ty and L be as in Theorem 4.3. Then
the following holds.
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(i) L§c = Ag° & T§° is unitarily equivalent to the multiplication operator with the free
variable in L*(R, dX\, Harx) @ Hr(y))-

(i) In L*(R,d\, Harn) @ He(n)) the scattering matriz {S(\)} of the complete scattering
system {L, Lo} is given by

= . T11(>\) flg()\)
\) =T _9i [ 4 - H H 4.1
S( ) Hu)®Hr () i <T21()\) T22()\) € [ M(X) & 7'(/\)]’ ( 5)

for all A € M A LT N YN, where

T11(A) = Py y/Sm (M (X)) (M(A) + 7( (

Ti2(A) = Paroyv/Sm (M) (M(A) +7(V) 7' v/Sm (7)) [, )
To1(N) = Proyv/Sm (r()) (M(A) +7(N) ' v/Sm (M) 1345,
Toa(N) = Py /Sm (r(0)) (M(N) +7(V) "' v/Sm (r(V) e,

Proof. Let L = A@® T and let I = {HeH, Lo, fl} be the boundary triplet for L* from
the proof of Theorem 4.3. The corresponding Weyl function M is

e di = (MO B veptann pim), (4.16)

and since L is a densely defined closed simple symmetric operator in the separable Hilbert
space £ = $H @ & we can apply Theorem 2.4. First of all we immediately conclude from

M M T
HM(/\)ZHM(,\)EBHT()\), Aey¥ =¥"nNxT,

that the absolutely continuous part L§¢ = A§® @ T§° of Lo is unitarily equivalent to the
multiplication operator with the free variable in the direct integral L?(R, AN\, Harony @
H-(»)). Moreover

S(\) = I, + 2P,/ Sm (M(N)) (0 — M(N) "/ Sm (M(N) o (4.17)

holds for A € ¥M N YNe where © is the self-adjoint relation from (4.10), the set Ve is
defined as in Section 2.3 and PM(,\) and FHM@) denote the projection and restriction in

'H @ H onto HM( NE respectively.
For A € M A $Ne we have

Jim (6~ M(+ i€)) " = (6 = M(A+i0))”

and

©-MN) =- ((M(A) () (M) +T(A))1) ’
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cf. (4.12). This implies that the sets YMA¥Ne and ¥M A YT AEN coincide. Moreover, by
inserting the above expression for (6 — M(\))~%, A € M AX™AEY into (4.17) and taking
into account (4.16) we find that the scattering matrix {S(A)} of the scattering system
{L, Lo} has the form asserted in (ii). O

The following corollary, which is of similar type as Corollary 3.12, is a simple consequence
of Theorem 4.5 and Proposition 4.2.

Corollary 4.6 Let the assumptions be as in Theorem 4.5, let Wa__ () be the character-
istic function of the extension A_,(y) in (4.8) and assume in addition that o(Ag) is purely
singular. Then L§¢ is unitarily equivalent to the multiplication operator with the free vari-
able in L*(R, d)\, Hr(n)) and the scattering matriz {g()\)} of the complete scattering system

{E,LO} s given by
SO =Wa__,, (A —i0)*
; ~1
= IHT(A) - 2ZPT(/\) Sm (T(/\))(M(A) + T(A)) Sm (T()‘)) rHT(A)
for a.e. X € R. In the special case o(Ay) = o,(Ao) this relation holds for all X € M N
TTNEN.

Corollary 4.7 Let the assumptions be as in Corollary 4.6 and suppose that the defect of
A is one, ne(A) = 1. Then

SN =Wa . (r—i0)y =X

T(A)

holds for a.e. A € R with Im 7(\ + 0) # 0.

4.3 Scattering matrices of energy dependent and fixed dissipative
scattering systems

Let A, I = {H,To,I'1}, Ag = A" [ ker(I'0) and 7(-) be as in the previous subsections and
let {A_()} be the Straus family associated with 7 from (4.8). In the following we first fix
some p € CLUXT and consider the fixed dissipative scattering system {A_.(,), Ao}. Notice

that if y € 37 it may happen that A_.(,) is self-adjoint. Let us denote by K, the minimal
self-adjoint dilation of the maximal dissipative extension A_.(,) in $ @ L? (R, dX\, Hr ()
constructed in Theorem 3.2. Here the fixed Hilbert space H(,) = ran (3m (7(x))) coincides
with H if 4 € C4 or Hr(,) is a (possibly trivial) subspace of H if u € X7. Furthermore,
if Ky = Ay @ Gy, where Gy is the first order differential operator in L?(R, d), Hr(wy) from
Lemma 3.1, then according to Theorem 3.6 the absolutely continuous part K§¢ = A§°® Gy
of Ky is unitarily equivalent to the multiplication operator with the free variable in the
direct integral L2(R, d)\, Harx) ©Hr(u)) and the scattering matrix {5, (A)} of the scattering

system {K;u Ky} is given by

o . Tll, ()\) Tlg’ ()\)
Su(A) = Iy ps oy @H ) — 20 <T~21 Z()\) ng Z(/\) S [HM(A) S HT(H)], (4.18)
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for all A € M N ¥9 where
Tll,u(/\) PM(A) Sm M()\ (
Tiou(A) = PM(A)\/ m (M ()(
T21 (/\) T (T(M))(T(M
Toou(N) = Priy/Sm (7(1)) (7 (1) +

and M(X) = M (X +10). Here the set ¥9# and the corresponding function A — Q_-(,)(A)
defined in (4.1)-(4.2) replace V2 and A\ + (D — M(X))~! in Theorem 3.6, respectively.

M)~

The following theorem is one of the main results of this paper. Roughly speaking it says
that the scattering matrix of the scattering system {L, Lo} from Theorem 4.5 pointwise
coincides with scattering matrices of scattering systems {K,,, Ko} of the above form.

Theorem 4.8 Let A, II = {H,To,T1}, M(-) and T, TIr = {H, Yo, Y1}, 7(-) be as in
the beginning of Section 4.2 and let Loy = Ay & Ty and L be as in Theorem 4.3. For
pu € X7 denote the minimal self-adjoint dilation of A_;(,) in $H @ L*(R, Hrw) by K,
and let Ky = Ag @ Go, where Gy is the self-adjoint first order differential operator in
LZ(R,HT(M)).

Then for each p € EMNETNEN the value of the scattering matriz {5“()\)} of the scattering
system {K,,, Ko} at energy A = p coincides with the value of the scattering matriz {S(\)}
of the scattering system {L, Lo} at energy A = u, that is,

S(p) = gu(/i) forall pe My NV, (4.19)

Proof. According to Lemma 4.1 (iii) each real up € ¥ N X7 N XY belongs also to the set
@, Therefore by comparing Theorem 4.5 with the scattering matrix {S,,(\)} of {K,,, Ko}
at energy A = p in (4.18) we conclude (4.19). O

Remark 4.9 We note that Theorem 4.8 in a certain sense justifies the use of self-adjoint
dilations (or quasi-Hamiltonians) in the analysis of scattering processes for open quantum
systems. Indeed, if we e.g. assume that the functions M(-), 7(-) and (M (-) + 7(-)) ! are
continuous on an interval I C R containing the pomt i, then for A € I the scattering
matrix {S (A)} of the scattering system {K u, Ko} is a ”good” approximation of the "real”

scattering matrix {S(A\)}, A € I, of the scattering system {L, Lo}

Remark 4.10 The statements of Theorem 4.5 and Theorem 4.8 are also interesting from
the viewpoint of inverse problems. Namely, if 7(-) is a matrix Nevanlinna function, satisfy-
ing ker(3m (7(A))) = 0, A € C4, and the conditions (4.7), and if {A_.(5), Ao} is a family
of energy dependent dissipative scattering systems as considered above, then in general the
Hilbert space & and the operators T' C Ty are not explicitely known, and hence also the
scattering system {L, Lo} is not explicitely known. However, according to Theorem 4.5 the
scattering matrix {S()\)} can be expressed in terms of 7(-) and the Weyl function M (), and
by Theorem 4.8 {S(\)} can be obtained with the help of the scattering matrices {S,,(\)}
of the scattering systems {I?#, Ky}
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The following corollary concerns the scattering matrices {S_-(,)(A)} of the energy depen-
dent dissipative scattering systems {A_,(,), Ao}, p € X7.

Corollary 4.11 Let the assumptions be as in Theorem 4.8 and let p € XM N XY™ N XV,
Then the scattering matriz {S_;(,)(N)} of the dissipative scattering system {A_. (), Ao}

at energy A\ = p coincides with the upper left corner of the scattering matriz {S(A\)} of the
scattering system {L, Lo} at energy A\ = p.

Let again K u be the minimal self-adjoint dilation of the maximal dissipative operator
A_ () in HOLA(R,d), Hr(u))- In the next corollary we focus on the Lax-Phillips scattering

matrices {SL¥ ()} of the Lax-Phillips scattering systems {I?H7D77H7D+7H}’ where
D_, :=L*(R_,H,p) and Dy, :=L*(Ry, Hy)

are incoming and outgoing subspaces for [?m cf. Lemma 3.9. If WA#(“)(-) is the char-
acteristic function of A_,(,), cf. (4.6), then according to Corollaries 3.10 and 3.11 we
have

n)>

(1)

SEEN) =Wa_,,, (A —i0)*
= Ing = 2iP- () y/Sm (T(V) (7() + M(A))_l Sm (7(N)) [,

for all A € M N %@ cf. Proposition 4.2 and Corollary 4.6. Statements (ii) and (iii) of
the following corollary can be regarded as generalizations of the classical Adamyan-Arov
result, cf. [3, 4, 5, 6] and Corollary 3.11.

Corollary 4.12 Let the assumptions be as in Theorem 4.8 and let p € M NLT N LN,

(i) The scattering matric {SE”(N)} of the Lax Phillips scattering system
{I?H,D_,M,D_hu} at energy A = p coincides with the lower right corner of the
scattering matriz {S(\)} of the scattering system {L, Lo} at A = p.

(ii) The characteristic function Wa__ . (-) of A_;(,) satisfies
Syl () =Wa_ ) (u—i0)*
= Ity = 2P V/Sm (7)) (7 () + M ()~ V/Sm () e -
(iii) If o(Ap) is purely singular, then

§(lu) = S;I;P(:u) = WA—T(H) (1 —1i0)"

holds for a.e. p € R. In the special case o(Ag) = op(Ag) this is true for all p €
sMAxTnEN.
4.4 A quantum transmitting Schrodinger-Poisson system

As an example we consider an open quantum system of similar type as in Section 3.4.
Instead of a single pseudo-Hamiltonian Ap here the open quantum system is described by
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a family of energy dependent pseudo-Hamiltonians {A_.(y)} which is sometimes called a
quantum transmitting family.

Let, as in Section 3.4, (x;,2,.) C R be a bounded interval and let A be the symmetric
Sturm-Liouville operator in = L?((x,z,)) given by

dom(A)=¢feNn: flw)=f(z)=0 ;
(7 f) @) = (5 f") (22) =
where V,m,m~! € L>°((x,2,)) are real functions and m > 0. Let v;, v,. be real constants,
let my,m, > 0 and define V,m € L*(R) by

B o x € (—o0, 2]
V(z) =< V(z) ze€ (x,z,) (4.20)
Uy x € [z, 00)
and
my x € (—o0,x]
m(z) =< m(z) =€ (x,z.) (4.21)
m, € [z, 00)

respectively. We choose the boundary triplet IT = {C?,Ty,T'; },

f(a) > < (g f) (21) ) :
r = ) r = s ed A R
Of ( f(xr) 1f _ ggimf/) (‘Tr) f om( )
from (3.31) for A*.
In the following we consider the Straus family
A_T(/\) = A" [ ker(I‘1 + T()\)Fo), AE (C+ @] ET,

associated with the 2 x 2-matrix Nevanlinna function

WEE o

. A—v, ’
0 BV
here the square root is defined on C with a cut along [0, 00) and fixed by Sm (v/A) > 0 for
A ¢ [0,00) and by VX > 0 for A € [0,00), cf. Example 2.5, so that indeed Sm (7()\)) > 0

for A € C; and 7(A) = 7(A), A € C\R. Moreover it is not difficult to see that 7(-) is
holomorphic on C\[min{v;, v, },00) and X7 = R. The Straus family {A_,y}, A € CLUXT,
has the explicit form
(Ao f) (@) = _§£E@f@) +V(z)f(2),
1 g 1
fa lmf/ € W2 ((xla l'r)\))iav (423)
dom (A,,,-()\)) =< fen: (%f ) (Il) = 71\/ 2mllf(‘rl)’

(g f) (@r) =iy 50 f ()
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The operator A_.()) is self-adjoint if A € (—oo, min{v;,v,}] and maximal dissipative if
A € (min{v;,v,},00). We note that the Straus family in (4.23) plays an important role
for the quantum transmitting Schrédinger-Poisson system in [10] where it was called the
quantum transmitting family. For this open quantum system the boundary conditions in
(4.23) are often called transparent boundary conditions.

We leave it to the reader to verify that the Nevanlinna function 7(-) in (4.22) satisfies the
conditions (4.7). Hence by [28, 48, 50] there exists a separable Hilbert space &, a densely
defined closed simple symmetric operator 7 in & and a boundary triplet Il = {C2, T¢, Y1}
for T such that 7(-) is the corresponding Weyl function. Here &, T and Il = {C2%, T, Y1}
can be explicitly described. Indeed, as Hilbert space & we choose L?((—oc0,z;) U (2., 00))
and frequently we identify this space with L?((—o0,z;)) ® L?((x,,0)). An element g € &
will be written in the form g = g; ® g, where g; € L?((—o0,1;)) and g, € L?((x,,)).
The operator 7" in & is defined by
1d 1 d
—5 = + vig(x) 0

T ) = 2 dx my dLgl(x) ,

(Tg)(x) < 0 1ALy (2) + 0,9, (2)
9 € W3((—o00, 1)) & W3 ((z, 00)) }
gi(x1) = gr(zr) = gi(x1) = g (z1) =0 [~
and it is well-known that T is a densely defined closed simple symmetric operator in &

with deficiency indices ny (T) = n_(T) = 2. The adjoint operator T is given by

—1d L dg ()4 ugz) 0 )

T* ) = 2 dxr m; dx
o)) = . 141400+ (o)

dom (T™) = {g =g Dgr €6 : W2((—00,21)) ® W2 (20, oo))}
We leave it to the reader to check that Iy = {C?, Yo, 1}, where
1 7
gl(xl) ) < T om gl(‘rl) )
Yog := and Yig:= it ,
0d < gr(r) 19 27}17‘9’;‘(‘%"“)

g =g ® g, € dom (T*), is a boundary triplet for T*. Notice that Ty = T | ker(Yg) is the
restriction of T* to the domain

dom (Tp) = {g € dom (T%) : gi(x;) = gr () = 0},

that is, Ty corresponds to Dirichlet boundary conditions. It is not difficult to see that
o(Tp) = [min{v;, v}, 00) and hence the Weyl function corresponding to Il = {C2?, Yo, T1}
is holomorphic on C\[min{v;, v, }, c0).

dom (T') := {g:glGBgr €6

Lemma 4.13 Let T C T* and Iy = {C?, Yo, Y1} be as above. Then the corresponding
Weyl function coincides with 7(-) in (4.22).

Proof. A straightforward calculation shows that

hiae) = — e exp { /B0~ ) (@ — )}

le(/\ - Ul)

belongs to L?((—oo,x;)) for A € C\[v;,00) and satisfies

————— h h = \h .
9 dw my dx (@) +vha(x) ()
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Analogously the function

By (@) 1= m@)p{ 2,0, )}

belongs to L?((x,,00)) for A € C\[v,, 00) and satisfies

—iﬁmirﬁk,«,k(x) + ’Ul,«kl,«,k(.f) = Ak7-7)\($).

Therefore the functions
hy=hx@®0 and ky:=0dk,

belong to & and we have ker(T* — \) = sp{hx, kr}.
As the Weyl function 7(-) corresponding to T and Il = {C?, Y, T1} is defined by

Tlg)\ = ?()\)Tog)\ for all g € ker(T* — )\)7

A € C\[min{v, v, }, 0), we conclude from

Tihy = m and Yohy = 2mi(A—vr)
2 0 0

1 0
T1k>\ = — < 01 ) and TOkA = i
2\ T V2 Oy
that 7 has the form (4.22), 7(-) = 7(-). 0

and

Let A, I = {C2,Ty,I'1} and T, Iy = {C2,Yp,T1} be as above. Then according to
Theorem 4.3 the operator

~ Tof —YTog =
L;:A*@T*r{f@gedom(A*eaT*): F?§+T?z:8} (4.24)

is a self-adjoint extension of A® T in $ @® &. We can identify H & & with L2((—o0, 1)) ®
L?((zy,2,)) ® L?((w,,00)) and L?(R). The elements f&gin HS, f€H, g=g®g. €S
will be written in the form ¢; ® f ® g.. The conditions I'gf = YTog and I'yf = —T1g9,
f € dom(A*), g € dom (T™*), have the form

(f6m)=(aten ) ama (el )= ( —mgg(fl)> )

Therefore an element g; & f @ g, in the domain of (4.24) has the properties

gi(x1) = f(x:) and  f(zr) = gr(2r)

as well as

milg;(xl) - (;f’> (z:) and <171sz) (ar) :n,lL gr(ar)

r
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and the self-adjoint operator L in (4.24) becomes

Ligefeg)=
*%d%m%ﬁgﬂrvlgz 0 0
1d1d
0 “ademas TVE 0
0 0 “ 24z m, dz9r T Urdr

With the help of (4.20) and (4.21) we see that (4.24) can be regarded as the usual self-
adjoint second order differential operator

on the maximal domain in L2(R), that is, (4.24) coincides with the so-called Buslaev-Fomin
operator from [10].

Denote by M(-) the Weyl function corresponding to A and the boundary triplet II =
{C2,To,T1}, cf. (3.33)-(3.34). Since o(Ag) consists of eigenvalues Corollary 4.6 implies

that the scattering matrix {S(A)} of the scattering system {L, Lo}, Lo = Ao ® Tp, is given
by

- _ -1
SN) = I,y — 2iPr00V/Sm (V) (M(A) + 7(N)) v/ Sm (T(N)) T3,

for all A € p(Ag) N XN, where
{0}, A€ (—oo,min{v;,v,}],

HT()\) = ran (C‘}m (T(/\))) = (Cv A€ (min{vla vr}v max{vl, UTH,
C?, € (max{v,v,},00).

The scattering system {Z7 Lo} was already investigated in [9, 10]. There it was in particular

shown that the scattering matrix {S(A)} and the characteristic function Wa__, () of the
maximal dissipative extension A_,(y) from (4.23) are connected via

S(A) = Wa__,, (A —i0)*,

—7(N)

which we here immediately obtain from Corollary 4.6.
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