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Mass transport in multicomponent compressible fluids: Local
and global well-posedness in classes of strong solutions for
general class-one models

Dieter Bothe, Pierre-Etienne Druet

Abstract

We consider a system of partial differential equations describing mass transport in a multi-
component isothermal compressible fluid. The diffusion fluxes obey the Fick-Onsager or Maxwell-
Stefan closure approach. Mechanical forces result into one single convective mixture velocity, the
barycentric one, which obeys the Navier-Stokes equations. The thermodynamic pressure is de-
fined by the Gibbs-Duhem equation. Chemical potentials and pressure are derived from a thermo-
dynamic potential, the Helmholtz free energy, with a bulk density allowed to be a general convex
function of the mass densities of the constituents.

The resulting PDEs are of mixed parabolic—hyperbolic type. We prove two theoretical results
concerning the well-posedness of the model in classes of strong solutions: 1. The solution always
exists and is unique for short—times and 2. If the initial data are sufficiently near to an equilibrium
solution, the well-posedness is valid on arbitrary large, but finite time intervals. Both results rely on
a contraction principle valid for systems of mixed type that behave like the compressible Navier-
Stokes equations. The linearised parabolic part of the operator possesses the self map property
with respect to some closed ball in the state space, while being contractive in a lower order norm
only. In this paper, we implement these ideas by means of precise a priori estimates in spaces of
exact regularity.

1 Mass transport for a multicomponent compressible fluid

This paper is devoted to the mathematical analysis of general class-one models of mass transport
in isothermal multicomponent fluids. We are interested in the theoretical issues of unique solvability
and continuous dependence (in short: well-posedness) in classes of strong solutions for the under-
lying PDEs. To start with, we shall expose the model very briefly. An extensive derivation from ther-
modynamic first principles is to find in [BD15], or [DGM13], [DGM18] for the extension to charged
constituents. There are naturally alternative modelling approaches: The reader who wishes exploring
the model might for instance consult the references in these papers, or the book [Gio99].

Model for the bulk. We consider a molecular mixture of N > 2 chemical species Aj, ..., Ay
assumed to constitute a fluid phase. The convective and diffusive mass transport of these species and
their mechanical behaviour are described by the following balance equations:

Opi + div(piv + J') = r; foreo =1,...,N, (1)
N

O(ov) +div(pv®@v —S(Vv)) + Vp = Z pibi(z, t). (2)
i=1
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D. Bothe, P-E. Druet 2

The equations are the partial mass balances for the partial mass densities p1, ..., pyN of the
species. We shall use the abbreviation g := zf\il p; for the total mass density. The barycentric ve-
locity of the fluid is called v and the thermodynamic pressure p. In the Navier-Stokes equations (2), the
viscous stress tensor is denoted S(V). The vector fields b', . . ., b are the external body forces. The
diffusions fluxes J*, . .., J™¥, which are defined to be the non-convective part of the mass fluxes, must
satisfy by definition the necessary side-condition Zf\il J? = 0. Following the thermodynamic consis-
tent Fick—Onsager closure approach described by [BD15], [DGM18] (older work in [MR59] [dM63]), the

diffusion fluxes J*, ..., JV obey, in the isothermal case,
N
J = —ZMi,j(Pl,...,pN) (Vi — b (x, t)) fori=1,...,N. (3)
j=1
The Onsager matrix M (p1, ..., pn) is a symmetric, positive semi-definite N x N matrix for every
(p1,...,pN) € Rﬂ. In all known linear closure approaches this matrix satisfies
N
> Mij(pr,....px) =0 forall(py,...,pn) €ERY. (4)
=1

One possibility to compute the special form of M is for instance to invert the Maxwell-Stefan balance
equations. For the mathematical treatment of this algebraic system, the reader can consult [Gio99|,
[Bot1], [JS13] or [HMPW17]. Or M is constructed directly in the form P M° P, where M is a given
matrix of full rank, and P is a projector guaranteeing that is valid. The paper [BDb] establishes
equivalence relations between the Fick-Onsager and the Maxwell-Stefan constitutive approaches, so
that we do not need here further specifying the structure of the tensor M.

The quantities w1, . . ., v are the chemical potentials. The material theory which provides the defini-
tion of w is based on the assumption that the Helmholtz free energy of the system possesses only a
bulk contribution with density o). Moreover, this function possesses the special form

Qw:h(plw"apN)a

where h : D C Rf — R is convex and sufficiently smooth in the range of mass densities relevant
for the model. For the sake of simplicity, we shall in fact assume that h possesses a smooth convex
extension to the entire range of admissible mass densities Rf ={p e RY : p; > 0Ofori =
1,...,N}. The chemical potentials i1, ..., jin of the species are related to the mass densities

Pl»---aPNVia
/'I’Z:apzh(pluapN) (5)

In (@), the thermodynamic pressure has to obey the isothermal Gibbs-Duhem equation

N
Z pi dp; = dp (6)
i=1

where d is the total differential. This yields, up to a reference constant, a relationship between p and
the variables p1, . .., py which is often called the Euler equation:

N N
p=—hpr, .., pn)+ Y pipi=—h(pr,....on) + > piOphlpr, ... .pn) . (7)
=1 =1

For the mathematical theory of this paper, we do not need to assume a special form of the free energy
density, but rather formulate general assumptions: The free energy function is asked to be a Legendre
function on Rf with surjective gradient onto R”. For illustration, let us remark that the choices
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Multicomponent compressible fluids 3

B L=k Y, In
B K (S ) b0 S
= Zi\;l K;n; v ((n; 0! + In(n; v*)) + kp 0 Zf\il n; In %

are covered by the results of this paper. In these examples, # > 0 is the constant absolute tem-
perature, n; := p;/m; is the number density (m; > 0 the molecular mass of species A;), and
n = Efil n; is the total number density. The first example models the free energy for a mixture
of ideas gases with a reference value n"® > 0. In the second example, the constants 7/*' > 0 are
reference volumes introduced in [DGL14] to explain solvatisation effects in electrolytes, K > 0 is
the compression module of the fluid, and £ is a general non-linear convex function related to volume
extension. The third example, with constants &; > 0 and «; > 1 shows that more complex state
equations can as well be included in the setting. For the convenience of the reader, we briefly show in
the Appendix, Section[A] that the examples fit into the abstract framework of our well-posedness theo-
rems. We also remark that stating assumptions directly on the thermodynamic potential / is possible,
because it is always possible to find this potential from the knowledge of the chemical potentials or of
the state equation of the physical system, as shown in [BD15], or in the upcoming paper [BDal.

Reaction densities 7; = 7;(p1, ..., pn) or 7y = 1i(p1, ..., p) fori = 1,..., N will be considered
in only for the sake of generality. We shall not enter the very interesting details of their modelling.
We just note that these functions are likewise subject to the constraint Zf\il ri(p1,...,pn) = 0for
all (p1,...,pn) € Rf, which expresses the conservation of mass by the reactions. As to the stress
tensor S, we shall restrict for simplicity to the standard Newtonian form with constant coefficients. The
paper, however, provides methods which are sufficient to extend the results to the case of density and
composition dependent viscosity coefficients.

Boundary conditions. We investigate the system (), () in a cylindrical domain Q7 := Q2x]0, T
with a bounded domain 2 C R? and 7' > 0 a finite time. It is possible to treat the case 2 C R for
general d > 2 with exactly the same methods.

We are mainly interested in results for the bulk operators. Thus, we shall not be afraid of some simplifi-
cation concerning initial and boundary operators. A lot of interesting phenomena like mass transfer at
active boundaries, or chemical reactions with surfactants, shall not be considered here but in further
publications. Boundary conditions are also often the source of additional problems for the mathemati-
cal theory, like: Mixed boundary conditions, non-smooth boundaries, singular initial data. All this can,
however, only be dealt with in the context of weak solutions, and is not our object here.

We consider the initial conditions

pi(z, 0) = pd(x)forz € Q,i=1,...,N, (8)
vi(z, 0) = v?(x) forx €Q,7=1,2,3. 9)

For simplicity, we consider the linear homogeneous boundary conditions

v=0o0n Sy :=00x]0,T], (10)
v-J'=0onSpfori=1,...,N. (11)
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D. Bothe, P-E. Druet 4

2 Mathematical analysis: state of the art and our results

The local or global existence and uniqueness of strong solutions to the class-one model exposed in
the introduction has, from this point of view of generality, not yet been studied. More generally, there
are relatively few published investigations with rigorous analysis about mass transport equations for
a multicomponent system, with or without chemical reactions, being coupled to equations of Navier-
Stokes type. In the theoretical study of this problem two different branches or disciplines of PDE
analysis are meeting each other: diffusion—reaction systems and mathematical fluid dynamics.

The first fundamental observation in studying the system is that the differential operator generated
by the mass transport equation is not parabolic. This is due to the condition (4), which implies that
the second—order spatial differential operator possesses one zero eigenvalue. The total mass density
satisfies the continuity equation 9,0+ div(ov) = 0. One of the coordinates of the vector of unknowns
behaves inherently hyperbolic.

One important question is how to deal with this hyperbolic component. Among the papers repre-
senting most important advances for the understanding of the field, we can mention [HMPW17] and
[CJ15]. The first paper is concerned with local-in-time well-posedness analysis for strong solutions,
while the second deals with globally defined weak solutions for the Maxwell-Stefan closure of the
diffusion fluxes. Both papers, however, rely on the same fundamental idea to eliminate the hyper-
bolic component by assuming ¢ = const. (incompressibility). Under this condition, the Navier-Stokes
equations reduce to their incompressible variant and decouple from the mass transport system. This
system can be solved independently and re-expressed as a parabolic problem for the mass fractions
p1/0,-..,pn/o (in [HMPW17]) or for differences of chemical potentials (in [CJ15]). In both cases
there remains only NV — 1 independent variables. Let us briefly remark that the Navier-Stokes equa-
tions do not occur explicitly in [HMPW17] but are treated (in addition to other difficulties though) in
[BP17]. Note that in [BS16], a class of multicomponent mixtures has been introduced for which the
use of the incompressible Navier-Stokes equation is more realistic: Incompressibility is assumed for
the solvent only, and diffusion is considered against the solvent velocity.

In the context of compressible fluids, the global weak solution analysis of non-isothermal class-one
models was initiated in [FPT08|, where a simplified diffusion law (diagonal, full-rank closure) was
considered so that the problem of degenerate parabolicity is avoided. In [MPZ15] and [Zat15] the
fluxes are calculated from a constitutive equation similar to (3), though for a special choice of the
mobility matrix and of the thermodynamic potential. The global existence of weak solution is tackled
by means of diverse stabilisation techniques and a tool called Bresch-Desjardins technique, which
exploits a special dependence of viscosity coefficients on density to obtain estimates for the density
gradient.

The first paper dealing with the full class-one model exposed in the introduction for more general
thermodynamic potentials i = h(p) and closure relations for diffusion fluxes and reaction terms is
the investigation [DDGG16| and the subsequent [DDGG17al IDDGG17b, IDDGG17c] in the context of
charged carriers (electrolytes). There ideas of [CJ15] were generalised in order to rewrite the PDEs
as a coupled system with the following structure:

(a) A doubly non-linear parabolic system for N — 1 variables ¢, ..., gx_1 called relative chemical
potentials (for instance ¢; :== p; — puyfore =1,..., N —1);

(b) The compressible Navier-Stokes equations with pressure p = P(0, q1, ..., qn_1) to determine
the variables ¢ and v.

DOI 10.20347/WIAS.PREPRINT.2658 Berlin 2019



Multicomponent compressible fluids 5

The concrete form of this system is given by the equations
aR(e, q) + div(R(e, q)v — M(g, q) (Vg — b)) = (0, q).

0o + div(pov) =0,

I (ov) +div(e (v ®v) —S(Vv)) + VP(o, q)

R(o, q) - b(w, t) + 0b(z, 1)

in which M/ € RW-Dx(N-1) s a positive operator, the Jacobian R, € RO -Dx(N-1) ig jikewise
positive definite, and 5, 5, 7 are suitable transformations of the vector of bulk forces and of the reaction
term. This formulation has many advantages, the most obvious one being that it allows to handle the
total mass density with Navier-Stokes techniques and eliminates the tedious positivity constraints on
the partial mass densities. Applying these ideas, we were able to prove the global existence of certain
weak solutions under the restriction that the non-zero eigenvalues of M = M(p) remain strictly
positive independently of the possible vanishing of species.

In this paper, we show that the reformulation based on (a), () is also suited to study the local and
global well-posedness for strong solutions, without restriction on the particular form of the free energy
(inside of the assumption h = h(p) with i of Legendre type, a notion to be defined below), and for
general M = M (p) symmetric and positively semi—definite of rank N — 1. From the point of view of its
structure, the reformulated system of equations consists of the compressible Navier-Stokes equations,
coupled to a doubly nonlinear parabolic system of dimension N — 1 for the unknown ¢q. For N = 2,
the equation for ¢ is scalar, and we would face a variant of the so-called Navier-Stokes-Fourier system
with ¢ playing the role of the temperature, and a density-dependent diffusion coefficient M.

The general method used to study these systems in classes of strong or classical solutions is the con-
traction principle valid for short times or small perturbations of equilibrium solutions (a property some-
times improperly called 'small data’). We have to pay attention to the fact, though, that the parabolic
contraction principle does not apply here in its pure form. There have been two types of attempts to
study mixed systems like Navier-Stokes and Navier-Stokes-Fourier. The first method consists in pass-
ing to Lagrange coordinates, in terms of which there is an explicit inversion formula for the continuity
equation. Then, the density is eliminated, and it is possible to study the parabolic part of the system
with a nonlocal term. This is the approach exposed for instance in [Tan77], [SK81] with short-time
well-posedness results in the scale of Holder spaces (see also [Sol95] for corresponding results with-
out proofs in scale of Hilbert-spaces). The second method sticks to the Eulerian coordinates and it
exploits precise estimates to control the growth of the solution. Early results for this approach are to
be found in [Sol80] for the Navier-Stokes operator in the Sobolev (non Hilbertian) scale of spaces, and
in [MN83|, [Val82, [Val83, [VZ86] for the Sobolev-Hilbert scale. Further short comments on this type of
literature are given after the statement of the main Theorems.

In our case, for N > 2 the parabolic system for ¢ is non-diagonal, but its linearised principal part
in smooth points is still parabolic in the sense of Petrovki, normally elliptic in Amanns notation. This
is clearly a nontrivial extension of the traditional problems of fluids mechanics. We shall study the
problem in the class proposed in the paper [Sol80] for Navier-Stokes: WPQ’1 with p larger than the
space dimension for the components of the velocity and Wp1010 for the densities. For the new variable
q we also choose the parabolic setting of Wﬁ’l. Within these classes we are able to prove the local
existence and the semi-flow property for strong solutions. We shall also prove the global existence
under the condition that the initial data are sufficiently near to an equilibrium (stationary) solution.
Since this result foots on stability estimates in the state space, we however need to assume the higher
regularity of the initial data in order to obtain some stability from the continuity equation. Thus, these
solutions exist and are unique on arbitrary large time intervals, but they might not enjoy the extension

property.
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D. Bothe, P-E. Druet 6

A further feature worth to mention is that in our treatment, the question of positivity of the mass
densities is reduced to obtaining a L>° estimate for the relative chemical potentials ¢, . . ., ¢y_1 and
a positivity estimate for the total mass density p. This is a consequence of the fact that we recover
p1,- - -, py in the form of a continuous map % (o, q) with range in Rf. The positivity of a solution p
to the continuity equation depends only on the smoothness of the velocity field v, while the L> bound
for g is a natural consequence of the choice of the state space. In this way, the question of positivity
is entirely reduced to the smoothness issue, and strong solutions remain by definition positive as long
as they are bounded in the state space.

At last we would like to mention that, while finishing this investigation, we became aware of the recent
work [PSZ18]. Here the authors study the short-time well-posedness for a model similar to the one
considered in [MPZ15| [Zat15], with certain restrictions to some particular choices for the thermody-
namic potentials and kinetic matrix. The paper foots on the same change of variables as in [DDGG16],
and it uses a reformulation similar to (a), (o). The problem is studied in the L L? parabolic setting by
means of the Lagrange coordinate transformation. This approach provides interesting complements
to the methods proposed in the present paper, and vice versa.

2.1 Main results

We assume that 2 C R? is a bounded domain and 7' > 0. We denote Q = Q7 = Qx]0,T'.

In order to formulate our results, we first recall a few notations and definitions. At first for { = 1, 2,. ..
and 1 < p < 400 we introduce the anisotropic/parabolic Sobolev spaces

W24Q) =={u € LP(Q) : D{Du € LP(Q)V 1 <25+ |a] < 20},

lullyzeegy = D 1D{Dsullm)
0<2 f+|a|<2¢

and, with a further index 1 < r < oo, the spaces

Wy (Q) =Wil(@Q) ={ue L’ (Q): >  DiD/ucl(Q)?},
0<B+|al<l

lullyog = S I1D{Dullinr o)
0<B+|al<e

Let us precise that in these notations the space integration index always comes first. For r = 400,
WL, (Q) denotes the closure of C*(Q) with respect to the norm above, and thus

Wol(@Q) ={ue I’¥@Q) : Y. DiDueC(0.T): (@)},

0<B+|a|<e

We moreover need the concept of essential smoothness for a proper, convex function f : RY — R
(see [Roc70], page 251). For an essentially smooth, strictly convex function with open domain, the
operation of conjugation is identical with applying the classical Legendre transform. We will therefore
call b : RY — R a Legendre function if it belongs to C*(RY), is strictly convex, and if |V ,h(p)| —
+o0 for p — 6R$. If the function h is moreover co-finite ([Roc70], page 116), the gradient mapping
Vh is invertible between the domain of /& and the entire space RV. Typical free energy densities h
are co-finite functions of Legendre type as shown in Appendix, Section [Al

Due to (d), the diffusion system () is not parabolic. The matrix M (p) D*h(p) possesses only N — 1
positive eigenvalues that moreover might degenerate for vanishing species. There are therefore only
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Multicomponent compressible fluids 7

N — 1 'directions of parabolicity’ of the mass transport equations. In order to extract them, we shall
need the following standard projector in R :

1
P:RY = {1V} P i=ldpn —N1N®1N.
Let us introduce also
RY ={p="(p1,...,pn) €ERY : p;>0fori=1,...,N},
R, ={p="(p1,...,pn) ERY : p;>0fori=1,...,N}.
Our first main Theorem is devoted to the short-time existence of a strong solution.

Theorem 2.1. We fix p > 3, and we assume that

(a) Q C R? is a bounded domain of class C?;

(b) M : RY — RV*N s a mapping of class C*(R%Y; RN*™N) into the positive semi-definite matri-
ces of rank N — 1 with constant kernel 1V = {1,... 1};

(c) h: Rf — R is of class C* (Rf ), and is a co-finite function of Legendre type in its domain RY ;
(d) r: RY — RY is a mapping of class C*(RY) into the orthogonal complement of 1~ ;

(e) The external forcing b satisfies Pb € W (Qr; RN*?) andb — Pb € LP(Qr; RN*?). For
simplicity, we assume that v(z) - P b(z, t) = 0 forz € 9 and \y—almost all t €]0, T.

(f) The initial data p(l), e p?v : Q0 — R, are strictly positive measurable functions satisfying the

following conditions:

W The initial total mass density 0y == S | p¥ is of class W'(Q);

B Thereismy > 0 such that0 < mg < go(x) forallx € Q);

B The vector defined via i° := 9,h(0, pY, ... p%) (initial chemical potentials) satisfies P 11° €
Wy (G RY);

1-3
B The compatibility condition v(z) - PV u°(z) = 0 is valid in W, 7 (9Q; RY) in the sense
of traces;

92 9_3
(9) The initial velocity v° belongs to W, *(€; R3) withv® = 0in W, *(09Q; R3).

Then, there exists 0 < T™ < T' such that the problem (), (2) with closure relations (3), (B), (7) and
boundary conditions (8), (9), (10), possesses a unique solution in the class

p €W, (Qr RY), veW2 (Qr; R?),

such that, moreover, i := 0,h(0, p) satisfies P . € Wﬁ’l(QT*; R™). The solution can be uniquely
extended to a larger time interval whenever there is o > 0 such that

T*
IP il gy + IV )o@y + lolisrmarey + [ 1V0(s)lcmioy ds <+,

Here z = z(p) satisfies z = ]% for3 < p <5,z > 1arbitrary forp = 5, and z = 1 forp > 5.

DOI 10.20347/WIAS.PREPRINT.2658 Berlin 2019
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Remark 2.2. W A solution (p, v) in the sense of Theorem|(2.1| is strong: The equations (T),
are valid pointwise almost everywhere in (). To see this one uses that (@) implies the identity

J=-M(p)Vp=—-M(p)PVpu.

Since Theorem establishes parabolic regularity for P i, the contributions div J are well
defined in LP(Qr~).

B The result carries over to the case where the potential h has a smaller domain: h : D C
Rﬁ — R, provided that D is open, and that h is of Legendre type in The initial data must
satisfy p° € D. The maximal existence time is then further restricted by the distance of p° to
OD. The case that h is not co-finite, which means that the image of V ,hv is a true subset of R,
corresponds to constraints affecting the chemical potentials, which we do not wish to discuss
further here.

Remark 2.3. Other functional space settings are applicable:

B The parabolic Hélder-space scale C?* 1+% seems to be very natural. It was applied success-
fully to the compressible Navier-Stokes equations with energy equation: see [Tan77|] and [SK81|]
for a (unfortunately very short) proof of local well-posedness;

B The Hilbert—space scale WQ2 S8 with ¢ sufficiently large. In the latter approach one uses the
conservation law structure of the system to derive a priori bounds for higher derivatives of
the solution in L?. For several variants of the method in the case of Navier-Stokes or Navier-
Stokes-Fourier, see [MN83, [Val82, [Val83, [VZ86], [Sol95], or also [CCKO04, |Hof12, IBFJ15] and
references. Usually, somewhat more regularity of the domain and the coefficients is demanded
because it is necessary to differentiate the equations several times.

B /n [FNS14] the Navier-Stokes-Fourier system was also studied in classes of higher square—
integrable derivatives. In this case the maximal existence time can be characterised by a weaker
criterion. Indeed, the boundedness of the velocity gradient suffices to guarantee that the solution
can be extended.

Proving the local well-posedness for the mixture case in these classes should be possible ‘under
suitable modifications’. The quotation marks hint toward a substantial problem: The principal part of
the parabolic system for the variables q1, . ..,qn_1 is non-diagonal for N > 2. This might be an
obstacle to simply transferring the results.

Our second main result concerns global existence under suitable restrictions for the data. Here the

concept of an equilibrium solution is first needed. An equilibrium solution for (), (2) is defined as a

vector (p7%, ..., PN, vi", vg, vs?) of functions defined in 2 with

p® e WHP(Q; RY), v e W2P(Q; R?)

and the vector field * = d,h (0, p*™) satisfies P p®4 € W2P(Q; RY). For these functions, the

"The concept of a function of Legendre type on an open set is defined [Roc70], Th. 26.5. This is more exact then
speaking of a Legendre function, even if we shall also employ this terminology if the context is unequivocal.

DOI 10.20347/WIAS.PREPRINT.2658 Berlin 2019



Multicomponent compressible fluids 9

relations

div(p M p%) —V(z)=0 fori=1,...,N, (12)
,J ]

div(0® v @ v® — S(Vv™)) + Vp* = Z P (z (13)

=1

are valid in Q. Here we let p*@ = —h(6, p™) + S_~ | p% 2. The boundary conditions are v = 0
on I and v(x)- M; ;(p*) (Vs = (x)) = 0 on 022 We show that the problem (), (2) possesses
a unigue strong solution on arbitrary large, but finite time intervals, given that:

(i) The equilibrium solution and the initial data are sufficiently smooth;
(ii) The distance of the initial data to an equilibrium solution is sufficiently small.

Theorem 2.4. We adopt the assumptions of Theorem but also assume that b = b(x) does not
depend on time with b € W1P(Q; RN*3) and r = 0. In addition, we assume that an equilibrium
solution (p®, v®9) € Whr(Q; RY) x W2P(Q; R3) is given and that the data possess the additional
regularity

0%, o € WP(Q), v € WP(Q; RY), o € WP(Q; R?).

Then, forevery 0 < T' < 400, there exists R, > 0, depending onI' and on the respective norms of
the data, such that if

P 0__ ,eq 0 _eq , _'_UO_Ueq <R

PG = 1o o+ 180 = oy + 100 =0 oy <
the problem (), with closure relations (3), (), and boundary conditions (8), (9), (10),
possesses a unique solution in ()1 in the same class as in Theorem

Remark 2.5. B One particular stability issue for the compressible Navier-Stokes equations and for
the Navier-Stokes-Fourier system is well studied in the Hilbert space setting in [MN83, |Val82,
Val83,(VZ86]. It is proved there that some ‘equilibrium solution’ v®? = 0 and 0®? = const. (and,
in the case of Navier-Stokes-Fourier, °¢ = const.) is globally stable. For initial data sufficiently
close to this solution, there indeed exists a global strong solution (I' = +00). Extensions of
this result to the stability of other stationary solutions are, to the best of our knowledge, not
available.

B Robustness estimates on bounded time intervals are to be found in Theorem 1 of [BFJ15], as
well as more recent references in the stability discussion.

B The additional regularity required in Theorem for the data is sufficient, but might be not
optimal. Since we are interested in a qualitative result we do not attempt to formulate minimal
assumptions in this place.

2.2 Organisation of the paper
Section [3| explains the change of variables in the transport problem, which is the core of our method.

The closely related Section |4] reformulates the partial differential equations and the main results in
these new variables.
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In Section 5] we introduce the differential operators to be investigated in the analysis and the Banach
spaces in which they are defined. We state the C'' —property for these operators and discuss diverse
technicalities such as trace properties and the extension of the boundary data.

Section [6] introduces two methods of linearising in order to reformulate the operator equation as a
fixed-point problem. The first method freezes both the coefficients and the lower-order terms, and is
applied to prove the short-time existence. The second method is somewhat more demanding and
relies on linearising the entire lower-order part of the operators around a suitable extension of the
initial data. This second method allows to prove stability estimates and is used for the global existence
result.

The technical part is occupied by the remaining sections. Section |7| states the main continuity esti-
mates for the inverse of the principal part of the linearised operators.

In Section |8 we apply these estimates to show the controlled growth of the solution and the state
space estimates for the short-time existence and uniqueness. We prove the convergence of the fixed-
point iteration in Section[9]

For the global existence, we prove the main estimate in the section and the existence of a fixed-
point in Section

3 A change of variables to tackle the analysis

The system (T), exhibits several features that might restrain the global well-posedness: 1. The dif-
fusion system is coupled at the highest order; 2. This system possesses mixed parabolic—hyperbolic
character, with possibly degenerated parabolicity; 3. The mass densities are subject to positivity con-
straints. We show in the present paper that there is a reformulation of the problem allowing to eliminate
the positivity constraints on p and to handle the singularity due to M 1Y = 0. A first main idea is to
use the chemical potentials as principal variables. With the help of the conjugate convex function h*
to h, we invert the relation y; = 0,,h(p) fori =1,..., N, which reads

pi = O, h" (1, ..., pn) fori=1,... . N. (14)

If I is of Legendre type on Rf and co-finite, then h* is strictly convex and smooth on R™V. Thus,
the natural domain of 4 is not subject to constraints. The idea to pass to dual variables to avoid the
positivity constraints in multicomponent transport problems is not new. It was probably introduced
first in the context of the weak solution analysis of semiconductor equations (see a. o. [GG98]). The
method has been generalised in the context of a boundedness by entropy method: See, among others,
[JUn15, Jin17] to allow the weak solution analysis of full rank parabolic systems.

In the context of Fick-Onsager or equivalent closure equations for the diffusion fluxes, the PDE system
exhibits a rank N — 1 parabolicity. In the literature, this parabolicity could be exploited by imposing
an incompressibility condition which allows to eliminate one variable: See [CJ15], [HMPW17], [BP17]
for this approach. In these cases the free energy is positively homogeneous, and the thermodynamic
pressure resulting from is constant.

In the paper [DDGG16], we first proposed to combine the inversion formula with a linear trans-
formation in order to eliminate the positivity constraints and to exploit the rank /N — 1 parabolicity,
without imposing restriction on the pressure of the physical system. Note that already in the papers
[BD15l IDGM13] devoted mainly to modelling, the diffusion problem is partly formulated in variables o
(total mass density) and p; — pp, .- ., un—1 — v (differences of chemical potentials). These mod-
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els single out one particular species, introducing some asymmetry. For the theoretical investigation we
shall therefore rather follow [DDGG16] where the choice of the projector is left open.

We choose a basis &1, ..., V71 &N of RY such that ¢V = 1%, and introduce the uniquely deter-
mined ', ..., 7" € R suchthat{' -/ = &’ fori,j = 1,..., N (dual basis). We define

N
Qe ::775-“::anuiforﬁzl,...,]\f—l.

i=1

We call q1, . . ., gn—1 the relative chemical potentials. We can now express

N N
0= pi=1" V" (ma,. .., pn) = O h (g, pin)
=1 i=1
N-1

=1V -V O qé + (o)1)
/=1

This is an algebraic equation of the form F'(u - ™, q1,...,qn_1, 0) = 0. We notice that
a,u-nNFO’L ’ nN7 qi,---;4N-1, Q) = DZh*<,U,)].N ’ ]'N > 07

due to the strict convexity of the conjugate function. Thus, the latter algebraic equation defines the last
component 1 - ™Y implicitly as a differentiable function of o and q1, . .., gy_1. We call this function
# and obtain the equivalent formula

N-1
M:qufg‘f‘//(&Q1a---:QN71)1N, (15)
=1
N-—1
p=Vu" (O + Mo q, ... qn-1) 1Y), (16)
=1
where only the total mass density ¢ and the relative chemical potentials ¢, ..., gn_1 occur as free

variables. Since the pressure obeys the Euler equation (7)

N-1

p=h" () =h"()_ @&+ .40 q.....qv-1)1") = P(o. q). (17)

(=1

Certain properties of the functions .# and P for general h = h(p) have already been studied in the
Section 5 of [DDGG16]. Here we need only the following property:

Lemma 3.1. Suppose that h € C? (Rf ) is a Legendre function in RY, and the image of the gradient
map V ,h is the entire R™. Then, the formula (T7) defines a function P which belongs to C*(R x
]RN -1 ) .

Proof. Due to the main Theorem 26.5 of [Roc70|] on the Legendre transform, we know that the convex
conjugate h* is differentiable and locally strictly convex on the image Vph(Rf) of the gradient map-
ping. In addition, V,A(RY) = int(dom(h*)). By assumption, we thus know that dom(h*) = R".
Since Vh and Vh* are inverse to each other, the inverse mapping theorem allows to show that
h* € C3(RY) if and only if b € C*(RY).
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Consider now the functlon //l introduced in (15). Since it is obtained implicitly from the algebraic
relation 1V -V, h* (-0 qo €44 (1-n™) 1V) — 0 = 0, we obtain for the derivatives the expressions

1 D2 1N . ¢
a@j/(& q) = 21N N 8%///(@ q) = T DN N
in which the Hessian D?h* is evaluated at ;1 = Zé\;—ll Q&4 (0, q1,. .., qn-1) 1V. We thus see
that .# € C*(R, x RN~1). Clearly, the formula (17) implies that P € C?*(R, x RV~1), O

In order to deal with the right-hand side (external forcing), we also introduce projections for the field b.
For{=1,...,N — 1, we define b*(z, t) := S_~  bi(x, t)nf and b(x, t) := S0, b¥(x, t) Y in
order to express

N
bz, t) = b(z, )& +b(x, t)fori=1,...,N.
/=1

For the reaction term r : RY — RN, p— r(p), we define

25 7i( Zsz o, ) +on™)tork=1,...,N —1.

4 Reformulation of the partial differential equations and of the
main theorem

We recall (4) and we see that the diffusion fluxes have the form

ZM,J (p1s -5 o) (Vg =V (z, 1))

Z [ - M, (p1, ... ,,ON)ff (Ve — b — M;j(pi, ..., pn) (VM (0, @) — b(z, 1))

]:1 /=1

1

N
[ZMJ plw"apN)S; (qu_bé)'
j=1

=1

If we introduce the rectangular projection matrix Q, , = ff fort=1,...,N—1landj=1,..., N,
then J = —M Q(Vq — b). Thus, we consider equivalently

Op + div(pv — M Q(Vq —b(x, 1)) =7,

i (ov) +div(o (v ®@v) —S(Vv)) + VP(p, q sz b(z, t)

Next we define, for k = 1,..., N — 1, the maps
N N N-1
=> o= o al+ Mo g, av) 1) (19)
j=1 j=1 =1

Obviously we can express p; : Zk . Ri(o, @) nf + on¥. We note a particular property of the
vector field R.
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Lemma 4.1. Suppose that h € C3(Rf ) is a co-finite Legendre function on Rf . Then, the formula
defines R as a vector field of class C([0, +oo[ xRN~ RN=1) and C*(R, x RY~1; RN-1),
The Jacobian { Ry 4, } k,j—1,...n—1 IS symmetric and positively definite at every (o, q) € Ry x RN-1
and

T H2p% 1N T M2p* 1N
e o QT DY ® QT D21

RQ<97 Q)—Q D7h Q_ D2h*1N . 1N :

In this formula, the Hessian D?h* is evaluated at 1 = Zé\;l Q@&+ M (0, q1, ..., qN_1).

The proof is direct, using Corollary 5.3 of [DDGG16]. Multiplying the mass transport equations with
%, we obtain that

O Ri(0. @)+ div(Ri(o, q)v — (Q7 M(p) Qe (Var — b°) = (QTr)fork =1,....N — 1.

.

It turns out that if the rank of M (p) is N — 1 on all states p € RY, the matrix M(p) is symmetric

and strictly positively definite on all states p € Rﬁ. Making use of (15), (16), we can also consider M
as a mapping of the variables ¢ and g. Using Lemma4.] we can establish the following properties of
this map.

Lemma 4.2. Suppose thath € C* (Rf ) is a co-finite Legendre function on ]Rf . Suppose further that
M Rf — RY*N js a mapping into the positively semi-definite matrices of rank N — 1 with kernel

{1V}, having entries M,; of class C2RY)N C(@f). Then the formula M (o, q) := QT M(p) Q
defines amap M : R, x RN=1 — RW=DX(N=1) jnto the symmetric positively definite matrices.
The entries M, ; are functions of class C*(]0, +oo[xRN1) and C([0, +oo[xRN~1).

Overall, we get for the variables (o, q1, - ..,qn_1, v) instead of (1), () the equivalent equations
0:R(0, q) + div(R(g, ) v — M(o, q) (Vg — b(z, 1)) = (0, q), (19)
0o+ div(pv) =0, (20)
Oi(ov) + div(ov ® v — S(Vv)) + VP(0, q) = Rlo, q) - b(z, t) + ob(z, t). (21)

Up to the positivity constraint on the total mass density g, the latter problem is free of constraints!

Our first aim is now to show that at least locally—in—time the system (19), (20), for the variables

(0, q1,---,qn—-1, v) is well-posed. We consider initial conditions
q(z, 0) = qo(x) forx € €2, (22)
o(z, 0) = go(x) for z € Q, (23)
v(x, 0) = vo(z) forx € 2. (24)

Due to the preliminary considerations in Section (3| prescribing these variables is completely equiv-
alent to prescribing initial values for the mass densities p; and the velocity v. It suffices to define
1’ = 9,h(p°) and then ¢ = u° - ¥ for k = 1,..., N — 1. For simplicity, we consider the linear
homogeneous boundary conditions

v=00onSr, (25)
v-Vg.=0onSrfork=1,...,N —1. (26)
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The conditions and are equivalent, because we assume throughout the paper that the given
forcing b satisfies v(x) - P b(z, t) = 0 for x € ON2 (see the assumption (g) in the statement of The-
orem[2.7). We can also do without this assumption, but at the price of further technical complications
— to be avoided here — due to the need of conceptualising also surface source terms. Owing to the
Lemmas and , the coefficient functions R, M and P are of class C? in the domain of
definitions R, x RN~ The set 2 is assumed smooth likewise (further precisions in the statement of
the theorem). We reformulate Theorem [2.]for the new variables.

Theorem 4.3. Assume that the coefficient functions R, ]TJ and P are of class C?, while 7 is of class
C, in the domain of definition R . x RN~1. Let ) be a bounded domain with boundary 052 of class
C2. Suppose that, for some p > 3, the initial data are of class

2

¢ € W;iE(Q; RN 00 € WHP(Q; Ry), ° € W;i

hSEIN]

(2 R?),
satisfying o°(x) > mq > 0 in Q and the compatibility conditions v(x) - V¢°(z) = 0 andv°(z) = 0
on OS). Assume thatb € W10(Qp; RN =D73) andb € LP(Qr; R?).

Then there is 0 < T™ < T, depending only of these data in the norms just specified, such that the
problem (19), (20), with boundary conditions (22), (23), (24), and is uniquely solvable in

the class
2,1 N— 1,1 2,1 . 3
(qv o, U) € VVp7 (QT*; R 1) X Wp:oo(QT*; R-i—) X Wp (QT*7 R )
The solution can be uniquely extended in this class to a larger time interval whenever there is o > 0

such that

T*
lallces @y T IVallLor@re) + vllLere@re) +/0 [Vu(s)loag) ds < +00,

where z = z(p) is the number defined in Theorem|2.1]

5 Technicalities

5.1 Operator equation

For functions ¢, . . ., gn_1, V1, U2, U5 and for non-negative o defined on 2 x [0, T, we introduce an
operator 7 (¢, 0, v) = (/(q, 0, v), (0, v), F*(g. 0, v)), where

(g, 0. v) == 8 R(0, q) +div(R(e, q)v — M(o, q) (Vq —b(=, 1)) — (0, @)
2*(0, v) := 0yo + div(ov)
(g, 0,v) = 0 (O + (v- V)v) = divS(Vv) + VP (o, q) — R(e, q) - b(w, t) — ob(x, ).
We shall moreover introduce another related operator. This trick allows to deal with the time derivative

of o occurring in 7!, which is a coupling in the highest order. Consider a solution u = (g, 0, v) to
</ (u) = 0. Computing time derivatives in the equation 7! (u) = 0, we obtain that

N-—1
R, (Di0+v-Vo)+ Y _ Ry (0ig; +v-Vg;) + R dive — div(M V)

j=1

= —div(M b(z, ) + 7.
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Here, all non-linear functions R, IR,, R, and Mv T etc. are evaluated at (o, ¢). We next exploit
?(p, v) = 0to see that d;0 + v - Vo = —p divwv. Thus, under the side-condition &7 (o, v) = 0,
the equation 71 (u) = 0 is equivalent to

Ry(0, q) g — div(M(o, q) Vq) 2
= (Ry(0, q) 0 — R(0, q)) divv — Ry(0, q)v- Vg — div(M b(z, 1)) + 7(0, q).

We therefore can introduce ,Qf%v(q, 0, V) = (esszvl(q, 0, v), F*(0, v), @3(q, 0, v)), the first com-
ponent being the differential operator defined by (27). Clearly, o/ (u) = 0 if and only if .7 (u) = 0.

5.2 Functional setting

We now introduce a functional setting for which the short—time well-posedness can be proved by
relatively elementary means. We essentially follow the parabolic setting of the book [LSU68]|, which
relies on the former study [Sol65]. We use the standard Sobolev spaces WP () for m € N and
1 < p < +oo0, the Sobolev-Slobodecki spaces W(€2) for s > 0 non-integer and, with a further
index 1 < r < 400, the parabolic Lebesgue spaces LP"(()) (space index first; LP(Q) = LPP(Q)).

First, we consider the setting for the parabolic variables v and ¢. For / = 1,2,..., the Banach-
spaces W24(Q)) are defined in Section |2 For £ = 1, the space IW>'!(Q) denotes the usual space
Wy (0,T; LP(Q)) N LP(0,T; W?*P(Q)) of maximal parabolic regularity of index p. Moreover, we let
WE(Qr) :=={u € LP(Q) : D3u € LP(Q)V |a| < £}. We denote C(Q) = C*°(Q) the space
of continuous functions over @ and, for o, 8 € [0, 1], we define the spaces of Hélder continuous
functions via

C*2(@Q) i={u € CQ) + [Wlowsg) < +o0}

u(t, z) —ult, y u(t, r) —u(s,
g = s WD ) uts )
tel0, T, z,yeN |£L’ - yl z€Q,t,5€[0,T] ’t - S|
Remark 5.1 (Useful properties of W' (Q):)). W The spatial differentiation is continuous from

2

) . 1=
W2t into W,°, and into C([0, T]; Wy, *(Q));

W The spatial differentiation is continuous from W2 into L°>**~3(Q), into L*'?>*(Q) and into
L3(Q) fors = 2p — 3 + z1 p. Here z; = z1(p) := =2~ for3 < p < 5, 21 €]1, oo| arbitrary

5—p
forp =5, and z; := +o0 forp > 5;

B rFork € Nanda € [0, 1] such thatk + o < 2 — g, the space W»' embeds continuously into
the Hélder space C*+:9(Q), and its elements are bounded;

B The time differentiation is continuous from Wg’l into LP;

22
Proof. The embedding W' (Qr) C C([0, T]; Wy, *(Q)) is known from the references [Sol68],

2

1—2
[DHPO?] and several others. Thus, - is continuous from W21(Q) into C([0, T]; W, *(£2)). With

2

1—-2
the Sobolev embedding theorem (e. g., 8.3.3 in [KJF77] or XI.2.1 in [Vis96]), we know that W, *(2) C

DOI 10.20347/WIAS.PREPRINT.2658 Berlin 2019



D. Bothe, P-E. Druet 16

_3p _ 3p
LG-»7 (). Thus - is continuous into C([0, T]; L& (Q)). For a := 3,3 the interpolation in-
equality (see [Nir66], Theorem 1)

IV fllz=) <CLID* ooy 1£ 15 + C2 I f @)

implies that

2p—3 — 2p—3 2p—3 2p—3
IVal223, a0, < 2273 (C D%l 0 N2 o, + O ll?23, i0,)

Thus Vu € L*>*73(Q). The continuity of - into W-* is obvious. For k € Nand o € [0, 1] such

2

22 _
thatk +a < 2 — ]%, the space IV, 7 (£2) embeds continuously into the Halder space C*+<(Q) (see
[Vis96], X1.2.1). Thus T (Q)) embeds continuously into the Holder space Ch+a0(Q). O

Next, we consider the appropriate functional space setting for the continuity equation. Since this equa-
tion has another type, some asymmetry cannot be avoided. We introduce the space

Wplolo(Q) ={u € LP™(Q) : u, uy, € C([0,T]; LP(Q2)) fori = 1,2,3},

lullwr o o) = llullree(@) + l[tall Lo @) + el o) -
pRa(a)

Remark 5.2 (Properties of W1 (Q)). W The space W, embeds continuously into the isotropic

3 —
Hélder space C'~ 7 (Q), and its elements are bounded;
W The spatial differentiation is continuous from W'} into LP>*(Q);

W The time differentiation is continuous from W,._ into LP>(Q);

Proof. While the two last properties are obvious, we can deduce the first one from the anisotropic
embedding result in the appendix of [KP11]. O

Beside the diverse Sobolev embedding results, we shall use for p > 3 the interpolation inequality (see
[Nir66], Theorem 1)

IV fllzeo@y <CrIID* 1l | f Il ey + Co 1 fll oo (28)

valid with o := 3 + o for any function f in W??(Q).

We consider the operator (q, 0, v) — 4/ (q, o, v) as acting in the product space
Xr = W2 Qr RY ) x Wi (Qr) x W2HQr; R?). (29)

Since the coefficients of .o7 are defined only for positive o, the domain of the operator is contained in
the subset of strictly positive second argument

Xry = W2NQr RN x Wl (Qr; Ry) x W2 (Qr; R?). (30)

Since 7 is a certain composition of differentiation, multiplication and Nemicki operators, the properties
above allow to show the following statement
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Lemma 5.3. It the coefficients R, M and P are continuously differentiable in their domain of definition
R, x RN, the operator </ is continuous and bounded from Xy . into

Zp = LP(Qp; RV ™Y x LP=(Qr) x LP(Qr; R?).

It the coefficients R, M and P are twice continuously differentiable in their domain of definition R ; x
RN, the operator <7 is continuously differentiable at every point of Xr .

The same holds for the operator sszv.The proof of Lemma can be carried over using standard
differential calculus and the properties stated in the Remarks [5.1] and In order to save room, we
abstain from presenting it. The same estimates are needed in the proof of the main theorems anyway,
and shall be exposed there. We shall moreover make use of a reduced state space, containing only
the parabolic components (g, v), namely

Vr =W Qrs RYH) x W (Qr; RY). (31)

Some short remarks on notation: 1. We shall never employ local Hélder continuous functions. For
the sake of notation we identify C?(Q) with C*#(Q); 2. Whenever confusion is impossible, we
shall also employ for a function f of the variables € {2 and ¢ > 0 the notations f, = V f for the
spatial gradient, and f; for the time derivative; 3. For the coefficients R, M, etc. which are functions
of p and g, the derivatives are denoted R,, M, etc.

5.2.1 Boundary conditions and traces

As before, we let St = 9]0, T'[. As is well known, there is a well-defined trace operator trg,. €

1
ZL(W,°(Q), LP(Sr)) (even continuous with values in L?(0, T I/Vp1 7(092))). Since W2(Q) C
WI}’O(Q) for £ > 1, we can meaningfully define a Banach space

Trs, W2°UQ) :={f € LP(S7) : 3f e W*(Q), trs,. (f) = [},

|f | 20,0 = inf f 20,0 .
‘ | TI’ST Wp (@ ,}FGWPZLZ(Q), trs, (f):f H “Wp (@)

These spaces have been exactly characterised in terms of anisotropic fractional Sobolev spaces

on the manifold S7. The topic is highly technical. In particular, it is known that Trg,, WpQ’l(Q) =
1 1

W2l o (St): See [DHPQ7], while older references [LSUG8], [Sol65] seem to show only the inclu-

1

sion Trg, W2 (Q) € W25 175 (Sp).

Next, we consider the conditions on the surface €2 x {0}, i. e. the initial conditions. There is a well de-
fined trace operator tro. 01 € Z(C([0,T]; LP(2)), LP(£2)). Note that W244(Q) < C([0,T]; LP(Q2))
for ¢ > 1. Thus, we can define similarly

Trax oyW2(Q) =={f € LP(Q) : 3f € W2*(Q), traxioy(f) = [},

f 20,0 = iIlf f 20,0 .
H ||TYQ><{O}Wp (Q) f.eWI?[’/(Q)JrQX{O}(f):f H ||Wp (Q)

2

2_2
It is known that TrQX{O}WZ?’l(Q) =W, 7(Q),see [Sal65], or [DHPO7] and references for a complete
characterisation using the Besov spaces. Here we can restrict to the Slobodecki space since 2 — }—27 is
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necessarily non-integer for p > 3. The spaces of zero initial conditions are defined via

Wy (Qr) == {u e W (Qr) : u(0) =0},

OW,},’QO(QT) ={u € W;,’;(QT) : u(0) = 0},
0Xr = oW (Qr; RV x Wi (Qr) x oW (Qr; R?),
oYr = oWy (Qr; RV x oW (Qr; RY).

5.2.2 Compatible extension of the boundary data

The boundary operator for the problem (19), (20), on St is chosen as simple as possible: linear
and homogeneous (see (26), (25)). Thus, we consider #(q, o, v) given by

%1(% 0, U) = %1(Q> =ve VQ7
By =0,
%3(Q7 o, ’U) = %3(1)) =0

The operator 4 is acting on the space X7r.

As usual for higher regularity, the choice of the initial conditions is restricted by the choice of the
boundary operator. The conditions ¢ € Trax ;W2 (Qr), v) € Tray(oy W' (Qr) guarantee at
first the existence of liftings ¢° € W' (Qr; RV 1) and 0% € W2 (Qr; R?). Itis now necessary to
homogenise all boundary data in such a way that these liftings are also in the kernel of the boundary
operator. In order to find ¢° € W' satisfying ¢°(0) = ¢° and %1(¢") = v - V¢® = 0 on Sy and
0" € W>' satistying 0°(0) = v” and #3(0°) = % = 0 on Sy, we refer to the LP— theory of the
Neumann/Dirichlet problem for the heat equation (see among others the monograph [LSUG8]). There
is, in both cases, one necessary compatibility condition,

v-Vg®=00n0%, v°=00n0Q,

N
[\
|

2 1—3
p

1— 2-2 3
which make sense as identities in Trogo W, 7 (Q) = W, 7(9Q)andinTragoW, *(Q) = W, *(99).
In order to find an extension for gy € W1P()), we solve the problem

0s00 + div(09©°) = 0, 00(0) = 0o- (32)

For this problem, the Theorem 2 of [Sol80] establishes unique solvability in W;QO(QT) and, among
other, the strict positivity gy > co(2, H@OHWPM(QT;R:%)) inf,cq 00().

6 Linearisation and reformulation as a fixed-point equation

We shall present two different manners to linearise the equation .7 (u) = 0 for u € X with initial
condition u(0) = wg in Trox oy X7

B The first method is used to prove the statements on short-time existence in Theorem 4.3}

B The second technique shall be used to prove the global existence for restricted data in Theorem

2.4
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The attentive reader will notice that the main estimate for the second linearisation techniques would
also allow to prove the short-time existence. However, it has the drawback to be applicable only if
the initial data possess more smoothness than generic elements of the state space X’r. Thus, this
technique does not allow to prove a semi-flow property. For this reason we think that, at the price of
being lengthy, presenting the first method remains necessary.

In both cases, we start considering the problem to find u = (g, o, v) € Xr 4 such that &7 (u) = 0
and u(0) = wug, which possesses the following structure:

0o + diV(Q“) =0,
Ry(0, q) Biq — div(M (o, q) Vq) =g(z, t, ¢, 0, v, Vg, Vo, Vv),
00w — divS(Vv) =f(, t, ¢, 0, v, Vg, Vo, Vv).

For the original problem, the functions g and f have the following expressions

g(z, t, q, 0, v, Vg, Vo, Vv) := (R,(0, q) 0 — R(p, q)) divv — Ry(0, q)v - Vq
— M,(0, ) Vo-b(x, t) — My(o, q) Vg - bz, t) — M(o, q) divb(z, t) — (0, q), (33)
f(z, 1, q, 0,v, Vg, Vo, Vv) := =Py(0, q) Vo — P40, ) Vg —o(v-V)v
+ R(o, q) - b(x, t) + ob(, t). (34)

In the proofs, we however consider the abstract general form of the right-hand sides. We shall also
regard g and f as functions of z, ¢t and the vectors u and D, u and write g(x, t, u, D,u) efc.
6.1 The first fixed-point equation

For u* = (¢*, v*) given in Yz (cf. (37)) and for unknowns u = (g, o, v), we consider the following
system of equations

o + div(pv*) =0, (35)
Ry(0. ¢*) g — div(M (o, ¢*) Vq) =g(, t, ¢*, 0, v*, V", Vo, Vv*), (36)
00w — divS(Vv) =f(z, t, ¢*, o, v*, Vq*, Vo, Vv*), (37)

together with the initial conditions (22), (23), and the homogeneous boundary conditions (25),
([26). Note that the continuity equation can be solved independently for o. Once g is given, the problem

([36), is linear in (g, v).
We will show that the solution map (¢*, v*) — (g, v), denoted T is well defined from Yy into itself.
The solutions are unique in the class Yr. Clearly, a fixed point of 7 is a solution to .27 (q, o, v) = 0.

6.2 The second fixed-point equation

We assume that a reference vector 4° = (¢°, 9°, ©°) € Xr is given and that ¢° and ©° satisfy the
initial compatibility conditions. Moreover, we assume that ¢° obeys (32).

—~

Consider a solution u = (g, 0, v) € Xy to & (u) = 0. We introduce the differences r := q — ¢°,
w:=v—0"and o := g — ¢°, and the vector % := (r, o, w). Clearly, u belongs to the space o Xr
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of homogeneous initial conditions. The equations ,Qf%v(u) = 0 shall be equivalently re-expressed as a
problem for the vector @ via 7 (4° 4+ @) = 0. The vector & = (r, o, w) satisfies

R, 0 — div(M Vr) = g' :=g — R, 8,0° + M AG° — M,Vo-V§° (38)
- M,Vq-Vi°,

0o 4+ div(ov) = — div(gow) , (39)

00w — divS(Vw) =f = f — 00,2° + divS(V2°). (40)

Herein, the coefficients R, R,, etc. are evaluated at (o, ¢), while g and f correspond to and (34).

We next want to construct a fixed-point map to solve (38), (39), by linearising the operators g
and f! defined in and (40). At a point u* = (¢*, 0%, v*) € Xr 4 (cf. (30)), we can expand as
follows:

g:gu»ﬂmz%m»+£{@a%q—¢>+@a%@—@»+@m%v—w>

+(90.)" (@ — @) + (90.)° (00 — 02) + (90.)" - (v —v2)} 6.

Here the brackets ()9 if applied to a function of z, ¢, w and D} u, stand for the evaluation at (x, ¢, (1—
O)u* + 0w, (1 —0)D,u*+ 6 D,u). Inshort, in order to avoid the integral and the parameter 6, we
write

9 =g(z, t, u", Dyu") + gg(u, u*) (¢ — ¢") + go(u, u*) (0 — 0) + gu(u, u*) (v —v")
+ gg. (U, u") - (@ — G3) + o, (U, u*) (0 — 03) + o, (u, u*) - (v — v})
=:g(x, t, u*, Dyu*) + ¢ (u, u*) (u —u*). (41)

We follow this scheme and write in short
9" =g'(x, t, ¢, &°, 0°, @), Ou, 0) + gy (u, @) r + gy (u, 0°) o + gy (u, 0°) w

+gq( W) 1+ gy, (u, @) 00 + gy, (u, @) w,
=%+ (9" (u, @) @. (42)

With obvious modifications, we have the same formula for f!. Now we construct the fixed-point map to
solve (38), (39), (#0). For a given vector (r*, w*) € (Vr, we define ¢* := ¢° +r* and v* := ° +w*.
We employ the abbreviation

u* =(q", €(v"), v") € Xr 4, (43)

where % is the solution operator to the continuity equation with initial datum gq. For @ := (r, o, w),
we next consider the linear problem

Ry(€(v*), ¢) r — div(M (€ (v*), ¢*) Vi) =§° + (¢")' (u*, @°) @, (44)
0o + div(ov*) = — div(go w) (45)
% (v*) dyw — divS(Vw) =f0 + (f1) (u*, a°) a (46)

with boundary conditions v - Vr = 0 on S7 and w = 0 on S and with zero initial conditions. We will
show that the solution map (r*, w*) — (r, w), denoted as T, is well defined from ()7 into itself.

Remark 6.1. If (r, w) is a fixed point of T, thenw := @° + (r, o, w) is a solution to < (u) = 0.
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Proof. To see this, we note first that a fixed point satisfies 7 (r, w) = (r, w), hence the following
equations are valid:
Ry(q. € (v)) O — div(M(q, € (v)) Vr) =¢" + (¢") (¢, € (v), v), ©°) @,
0o 4+ div(ov) = — div(gow) ,
€ (v) Ow — divS(Vw) =1+ (') (g, €(v), v). @) @
Adding to the second equation the identity (32), valid by construction, we see that ¢ := X +oisa

solution to the continuity equation with velocity v and initial data ¢". Thus ¢ = % (v) (uniqueness for
the continuity equation, cf. Proposition [7.7| below). Now, we see by the definitions of (¢')" and (f')’

(cf. (42)) that
9"+ (9" ((q, €(v), v), &°)u =3° + (¢") (" + 7, " + 0, 0" + w), @°) (r, 0, w)
=g"(¢" +r, 0+ o, 1° + w)

and, analogously, f*+ (1) ((g, €(v), v), 4°) & = f'. Thus we recover a solution to the equations

@8). @9) and (@40). O

6.3 The self-mapping property

Assuming for a moment that the map 7, (¢*, v*) — (g, v) via the solution to (35), (36), is well
defined in the state space )/r, then the main difficulty to prove the existence of a fixed-point is to show
that 7 maps some closed bounded set of V7 into itself. If 7 is well-defined and continuous, we shall
rely on the continuous estimates

1(g, D) llwz1(@urr-1)xw@umsy < W Boo (@7 07)llwza g mv-1y w2t (qurs) » (47)
valid for all £ < 7" with a function ¥ being continuous in all arguments. Here R, is a parameter stand-

ing for the magnitude of the initial data ¢°, oy and v" and of the external forces b in their respective
norms. An important observation of the paper [Sol80] is the following.

Lemma 6.2. Suppose that Ry > 0 is fixed. Suppose that for allt < T, the inequality is valid with
a continuous function V = U(t, Ry, n) > 0 defined for allt > 0 andn > 0 and increasing in these
arguments. Assume moreover that W (0, Ry, ) = W°(Ry) > 0 is independent of ). Then there are
to = to(Ro) > 0 andng = no(Ro) > 0 such that T (¢*, v*) := (q, v) maps the closed ball with
radius 1o in Yy, into itself.

Proof. We have to show that 7y := inf{n > 0 : ¥(ty, Ro, n) < n} > 0, since then implies
I7(a", )y, < ¥lto, Ros 1", v*)llw,) < 117 0|y, »

whenever ||(¢*, v*)|y,, < 70. Hence T maps the closed ball with radius 7 in Vj, into itself. Now
no = 0 vyields W(ty, Ry, n) = 0 by the continuity of ¥ (and since W is nonnegative by assumption),
hence implies the contradiction ¥ (0, Ry, n) = ¥°(R,) = 0. O

The strategy for proving Theorem [2.4] shall be quite similar. We use here the map 7, (r*, w*)
(r, w) defined via solution to (44), and (46). In this case, the fixed-point we look for is in the space
oV and we expect a continuity estimate of the type

||(T7 w)HOyT < \Il(Ta Ro, Rlv ||(T*7 w*)HOyT)‘ (48)

Here R, stands for magnitude of the initial data ¢°, gy and v° and of the external forces b, while the
parameter R, expresses the distance of these initial data to a stationary/equilibrium solution.
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Lemma 6.3. Suppose that T’ > 0 and Ry > 0 are arbitrary but fixed. Suppose that is valid
with a continuous function V = W (T, Ry, Ry, n) defined for all Ry > 0 andn > 0, and increasing
in these arguments. Assume moreover that V(T Ry, 0, n) = 0 and that V(T, Ry, Ry, 0) > 0.
Then, there is § > 0 such that if Ry < &, we can find g > 0 such that T maps the set {u € (YVr :
”TLH)}T < ’)70} into itself.

The proof can be left to the the reader as it is completely similar to the one of Lemma(6.2] In order to
prove the Theorems we shall therefore prove the continuity estimate (47), (48). This is the main object
of the next sections.

7 Estimates of linearised problems

In this section, we present the estimates on which our main results in Theorem are footing.
In order to motivate the procedure, we recall that we want to prove the continuity estimate for
the map 7 in Section [} With this fact in mind it shall be easier for the reader to follow the technical
exposition. The proof is split into several subsections. To achieve also more simplicity in the notation,
we introduce indifferently for a function or vector field f € W2!'(Qr; R¥) (p > 3 fixed, k € N) and
t < T the notation

A//(tS f) = HfHWIEvl(Qt;Rk) + Slilt) Hf(a 5)” 2- (49)

2 .
Wy P (QRF)

Moreover, we will need Holder half-norms. For «v, 5 € [0, 1] and f scalar-valued, we denote

._ |f(z) — f(y)] _ |f(t) = f(s)]
[flea(o) == o e [fleaqor) == #ilﬁﬂ BT
[fleas@ry = sup [f(-; D)]ca) +suplf(z,-)]lcsor) -

te(0, T e

The corresponding Hélder norms || f]|ce(q), || fllceor) and f € C*#(Qr) are defined adding the
corresponding L°°—norm to the half-norm.

7.1 Estimates for a linearised problem in the variables ¢, ..., qgn—_1

We commence with a statement concerning the linearisation of /! (cf. 27)).

Proposition 7.1. Assume that R, M: R, xRN=1 — ROV=Dx(N=1) a6 mans of class C" into the
set of positively definite matrices. Suppose further that ¢* € W' (Qr; RN™!) and o* € W, (Qr)

(p > 3) are given, where ¢" is strictly positive. We denote R}, := R,(¢", ¢*) and M* := M(o*, q*).
Fort < T, we further define

m*(t) == inf p"(z,s) >0, M*(t):= sup p'(z,s).
(m,S)EQt (:E,S)EQt

2
We assume that g € LP(Qr; RN1) and ¢° € W7 (1) are given and that v - V¢°(x) = 0 in the
sense of traces on 0S). Then there is a unique q € Wg’l (Qr; RN™1), solution to the problem

Ry q: — div(Mv* Vq)=g inQp, v-Vg=00nSy, q(z,0)=¢"(z)inQ. (50)
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Moreover, there is a constant C' independent on T', q, 0* and q* as well as a continuous function
Uy = Wy(t, ay,...,aq) defined for allt > 0 and all numbers a,, . . . ,ag > 0 such that for allt < T
and 0 < 8 < 1, it holds that

V(t;q) <CUyy |(1+[07]

B
c?2(Q P

P

W= W (t, (m (), M), lg"(0)llesw), ¥ (t: ¢7), o]

2
B lg° +
t)) lq IIWz_z(Q) lgllzr@n |

cP3 (@) IVellzr=@n)-
In addition, W, is increasing in all arguments and the value ¥1(0, ay,...,as) = ¥{(ay, as, as3)
does not depend on the last three arguments.

Proof. We prove here only the unique solvability. Due to the technicality, the proof of the estimate will
be given separately hereafter. After computation of the divergence and inversion of R; in (50), the
vector field q is equivalently asked to satisfy the relations

g — [R]7VM* Aq=[R] g+ [R] ' VM* - Vg . (51)

The matrix A* = [R}]~ M* is the product of two symmetric positive semi-definite matrices. The
Lemma|[C.1]implies that the eigenvalues are real and strictly positive. Moreover,

/\min(ﬁ*)

Ammax (M*)
N/ ey S )\mln(A*) S )\max(A*> S
None ()

. (RZ) . (52)
Thus, the equations are a linear parabolic system in the sense of Petrovski ([LSU68|, Chapter VII,
Paragraph 8, Definition 2). We apply the result of [Sol65], Chapter V recapitulated in [LSU68], Chapter
VIl, Theorem 10.4, enriched and refined in several contributions of the school of maximal parabolic
regularity as for instance in [DHPQ7], and we obtain the unique solvability. Note that in the case of the
equations (51), this machinery does not need to be applied in its full complexity. The reason is that the
differential operator of second order in space is the Laplacian in each row of the system. Using this
fact, the continuity estimate for the system can be established by elementary means, as revealed
by the proof of Lemma below (Appendix, Section [B). From the estimate we can easily pass to
solvability by linear continuation. O

Due to its technicality, the proof of the estimate is split into several steps. The first step, accomplished
in the following Lemma, is the principal estimate. Subsequent statements are needed to attain the
bound as formulated in Proposition|/.1

Lemma 7.2. We adopt the assumptions of Proposition Then for B €]0, 1] arbitrary, there is a
constant C' independent on'l’, q, 0* and q¢* such that, forallt < T,

Y (t; q) <C ¢g, (1 + [07] +llallwrog,)

2

+C o7, (l9llzr @) + IVO" - Vo + IV - Vil rqy)) -

Fori = 0, 1, there is a continuous function ¢} = ¢ (a1, as, ag) defined for all a1, as, a3 > 0 and
increasing in each argument, such that 5, = ¢} ((m*(t)) ™", M*(t), Ilq*[| Loc(q.; RN -1))-

Remark 7.3. The proof shall moreover show that the growth of gzﬁz;’t, <b’{7t can be estimated by a

function of the minimal/maximal eigenvalues of the matrices R; and M™*, and of their local Lipschitz
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constants over the range of (o*, q¢*). To extract this point more easily, we define for a Lipschitz contin-
uous matrix valued mapping A : R* x IfRi]/V_l — RN~ x RN-! taking values in the positive definite
matrices (for instance A = R, or A = M), and fort > 0 functions

)\o(t, A*) ;= inf )\min[A<Q*<x7 S), q*(iL', S))]?

($78)€Qt

M(t, AY) = sup Amax[A(0" (2, ), ¢"(x, s))],
(Ivs)th

L(ta A*) = Sup ’89A<Q*(.Z', 5)7 q*(:c, 5))’ + Sup |8QA(Q*('T7 8)7 q*(l’, 8))‘ .
(z,5)€Qt (7, 5)€Q:

It is possible to reinterpret these expressions as increasing functions of (m*(t))~!, M*(t), and
1¢* || oo (,: -1y In the statement of Lemmal7.2, we then can choose

* AT * (¢, M*)
¢Ot ::)\O(ty Rq) + /\1(t, M ) max{l )\10 - R* }
| )‘% . min{1, Ao(t, M*)}
0 (t7 Rq) Al(t i )
A (tﬁ*) . N
et S ) M) 4+ Aot 7)) (LG M) + L(t, R))
* . |
win{l, 3675} Ad(t, Ry)
* _(1 +L<t7 M*)) maX{L /}\1((7?]\}%[;))}
A | (53)

2 y Xo(t, M*
A3 (t, Ry) min{1, 3 RJ}

The proof is interesting, but lengthy. Since the use of Hélder norms to control the dependence on the
coefficients is a classical tool, we prove these statements in the Appendix, Section

In order to prove Proposition [7.] we need some reformulation of the estimate of Lemma([7.2]

Corollary 7.4. We adopt the situation of Proposition and for B €]0, 1], we denote

¢2,t = ¢0,t ( lo ]Cﬁg(Qt) g ]Cﬁ’g(Qt)) ’
2p

2p 2p
Bf i==¢5, + 1+ (¢7,)P73 (sup |¢"(s)[| o2+ [[Vo lLeee@n) P~ -

2
s<t W, P(Q)

Then there are constants ¢, co, independenton'l’, q, o* and q*, such that

Yt q) <a (1 tp B} exp(cyt [Bf]P )) (¢2t Hq sz % )+ (ﬁ{t HQHLP(Qt)>-

Proof. We start from the main inequality of Lemma|7.2] Raising it to the p—th power, we obtain

PP 0) G @ T 1y e,

p
p

+ Cp (D1) (lgll7n g +1IVE" - Valiug, +IVe - Vallig,) - (64

We use the identity ||Q||p WEQ) fot ||CI(3)||€V1»P(Q) ds and, further, the fact that HQ(S)HWIW(Q) =
t
sup, <, [|¢(7)|| Wi 2 and see that Hq||€V;,o(Qt) < [y sup, <, ||Q(T)||ZV2_%(Q) ds.

P
P
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Owing to the G. N. inequality (28),

IVa(s)|l @) < Ci1D?q(s)]| 300 lla(s) I iy + Ca lla(s)] ooy
1 a1
for a := 3 + 5. Employing also Young's inequality, ab < eaa + ¢, ¢ 1-a bl-a, valid for all € > 0
and a, b > 0 it follows that

1Yo - Vall, < / V0" ()2 [Va(s)[E, ds
o [ Ve @RI g s G [ 9l
[ 1o ds ¢ o / T s+ o [V I lats s
/|D2 |pd8+/ 19() Ly (ca €5 [V ()57 + Co V" (s)) ds 55)

Here we have denoted by | - |, the norm in L"(2) in order to save room. Similarly,

t t »
IV - Vil <e / D(s)2ds + / () (o ™5 [V (8)[5°7 + Co V' ()[2) ds
0 0

(56)
In and we estimate roughly ||¢(s)||r() < sup, <, |lg(7)]] -3 Using the abbreviation
= W, P(Q
F*(s) = [IVq*(s)[[1n(q) T IV " (5) |70, it follows that
t
* * 2
Vo™ - VqHI]iP(Qt) +1Va 'VQHIzp(Qt) < 2e /0 |D7q(s)l} ds (57)

¢
+/ sup [lg(s)||” ,_2 [Co € T=a (F*(s))T=o + Cy F*(s)] ds .
0 r<s WP (@)

Recalling (54), we choose € = . This, in connection with (54] , now yields

(¢1 P

1 t
37D LG (B I,y (@) gl + B / fe)ds). (69
W, P(Q) 0
f(s)=supllg(s)[” , >
T7<s )

=7
p

E(t) = (05" + Gpa (6] ,) 75 sup(F*(s)) 7 + Cy (47 ,) sup F*(s) .

s<t s<t
The latter inequality implies that f(t) < fo s) ds. By Gronwall's Lemma, we obtain
that f(t) < A(t) exp(t E(t)), which means that
sup lq(s)[1” , 2 < e ((05)7 117 2+ (8107 llgllfni,) exp (LE(®)) . (59)
s<t » Q) W, P()

Combining and we obtain that

1
5 77t 0) < 6 [(95,) IIqOII’V’VQ_%(Q) + (&5 )" 91500 [1+t E(t) exp(t E(t)].  (60)

P
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Estimating F*(s) < (sup,; [|¢*(s)

2
p

[ +]|V 0*|| v (,) )P, e obtain after another application
Wy )
of Young’s inequality with power 1/« that

(©

_Db
1—a (sup ||¢*(s)||

9 2
Sgt Wp P

B(t) < ¢ (83, +1+ (67,) o F IV lnx@0) 5]

We raise both sides of to the power 1/p. Recall also that o = % + 2% and the claim follows. [J

To conclude the section, we show how to obtain the estimate of Proposition as stated. We start
2

Al ich @5, := ¢ ¥ ¥ .M L 7.2

from the Lemma , in which @5, 1= ¢g, (1+ [0 ]C& o +[q ]Cﬁ’g(Qt)) oreover, emma

shows that ¢, = ¢g((m*(t))~", M*(t), ||¢*||L~(q.)) is an increasing function of its arguments.
First, we roughly estimate

B
2

SN

2
G5 <¢p. 11+ g ]Cﬁ’g(Qt)] [T+ [o ]Cg,g(Qt)] (61)
Making use of the Lemma we can further estimate the quantities [q*]Cﬁ’g(Qt) and ||q* || Lo (q,) in

the latter expression. Define v as in Lemma For0 < § < min{1, 2 — %} it follows that
* < * 0 LKk
190 02, < OO U O leny + £ ¥ (25 4°) 2

where we assume for simplicity C'(¢) > 1in Lemma Using that ¢ is increasing in its arguments,
we obtain with the help of

5 <gp((m* ()™, M*(@t), C(t) (la" (O)leney + 1 7 (¢ 4°))) %

X [1+C) (lg"O0)llesy + 7t ¢7))]7 -

Cbs,t [1+[q"]

(NI

P2 (Q)

™[N

The latter expression is next reinterpreted as a function ¢} of the arguments ¢, (m*(t))~1, M*(t),
1¢*(0)[|c# () and #(t; ¢*), in that order. This means thatfor t > 0 and a1, ..., as > 0, we define

o5ty ar, ... a4) = Pplar, az, C(t)(ag+1"aq))[1+ C(t) (ag+ 17 a4)]% )

This definition shows in particular that ¢3(0, ay, ..., as) = ¢i(a1, az, Cyas) (1+Cy ag)% is inde-
pendent on a4. Moreover, in view of (61),
G0 < G (") M), 14" O)lesay, ¥ NI+ 10 g o )P0 ©)
We next invoke Lemma|[7.4] where we have shown that
H(t ) <alb P02 g , + 0t Dol 1400 5 expleat B, (o9
2p 2p

andthat B = ¢35, + 1+ (47 ,)P~3 (sup,<, Hq*(S)HW%

p

>+“VQ*HLP’°°(Qt))p 3. Due to (63), we

can bound ¢3 and see that tr B; is estimated by a function ¢} of the quantities ¢, (m*(¢)) ™!, M*(t),
1g*(0)[| ¢y, ¥ (t; ¢°), and [Q*]Cﬁg V0* | r.(q,), in that order. The function ¢} is defined

via

2
P(Q

Q1)

B 2p
2

1 * * —
Ox(t, ar, ... a6) =tr [1+ @3(t, ar,...,aq4) (14 as)2 + @7 (a1, as,a3) (ag + ag)?=3] .
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In particular, ¢;(0, a) = 0. Moreover we obtain with the help of (64) that

2 0
S
W,

P

V(t; q) <c1 (14 ¢34 exp(ez [03,]7)) (¢35, (1 + [07]

@ ot P19l rr@n) -

2
P(

We define Wy, := (1 + @3, exp(ca [¢],]7)) max{¢3,, ¢],}. More precisely, for all non-negative
numbers aq, . . ., ag, we define

U (t, ay,...,a) :=(14+ @;(t, ay,...,a) exp(cs [Ps(t, ar,...,a6)")) %

x max{¢3(t, ai,...,a4), ¢i(a1, az, as)} .

By means of the properties of ¢3 and ¢}, we verify that

2 *
‘111(0, Qy, ... 7%) = max{qﬁg(al, as, Cy 03) (1 + Cy CL3)‘37 ¢1(a1, ag, a3)}
=: U{(ay, as, as), (65)

which is independent of the arguments (a4, as, ag). This is the claim of Proposition We could
further specify the function U by means of (53).

7.2 Estimates for linearised problems for the variables v and p

After these technicalities we can rely on estimates already available. We first quote [Sol80], Theorem

1.

Proposition 7.5. Suppose that o* € C*°(Qr),0 < a < 1, is strictly positive, and denote M*(t) :=
22

maxg, 0*, m*(t) := ming, o*. Let f € LP(Qr; R?) andv® € W, (£2; R3) withv® = 0 on 9.

Then there is a unique solution v € W2 (Qr; R?) to ¢* v — divS(Vv) = f in Qr with the
boundary conditions v = 0 on St and v(x, 0) = v°(x) in ). Moreover, forallt < T,

* 2
Y (t; v) <C 5, (1+suplo(s)lcag) = (Ifllr@o + 1001 ooz +vllzen) s
s<t Wp (V)

() ()"

With a Gronwall argument like in Lemmal7.4}, we can get rid of [|v]| 1o (,)-

Corollary 7.6. Adopt the assumptions of Proposition Then there is C' independent ont, o*,1°, f
and v, and a continuous function ¥y = \112(75, ai, a9, CL3>, defined for allt > 0 and all a1, as, az >
0, such that

) )

. 2
Y (t; v) <C Wy (14 Sgl;[@ ()]ce@)e (1 flr@n + 110° 5

Wp %(Q)
oy 1=t (m* (1)), M* (), suple" (s)]cee) -

s<t

The function V4 is increasing in all its arguments and the value of V5 (0, a1, as, az) = ¢i(ay, as) is
independent on ag.
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Proof. Introduce first the abbreviation gzggt =5, (1+ Supsgt[g(s)]ca(g))%. We raise the estimate
in Prop. [7.5]to the p—power and obtain that

PPt 0) <6p (85,0 (1 1agan +Hv°\|” /Hv M@ ds) -

We then argue as in Corollary , using Gronwall. We let Uy, := o5, (1+ th (b* C (% t)pt) and
the claim follows. O

We recall one further Theorem of [Sol80] concerning the linearised continuity equation.

Proposition 7.7. Suppose that v* € W' (Qr; R®). Suppose that oy € W'P(Q) satisfies 0 <
mo < 0o(z) < My < +00 inS2. Then the problem 0,0+ div (o v*) = 0in Qr with o(z, 0) = go(x)
in €2 possesses a unique solution of class Wplolo (Qr) for which

mo [(bat]’l < o(z, t) < My g, forall (x, t) € Qr,

with ¢E,t = e\/g“”;””"’l@t). Moreover, forallt < T and0 < o < 1,

J3le" @2+3)v3 /3
Vo(t)llLe) < V3[dg,] " 2" (IIVool ey + V3 [loollzoo () 1Veell o1 (qn) »

[o(t)]ca(a) < 32 [0 ([eo]ca() + V3 [l 0oll () /0 [v3(8)] e ds) -

For v < 1, there is ¢ = ¢, such that for all (z, t) € Qr,

t
@)oo <elallena dia (102l w1, g + (107 1m(00 8507 (1 + [ )oniey d))

Proof. The three first estimates are stated and proved explicitly in [Sol80Q]. In order to estimate the
time Holder norm, we invoke the formula

o(z, t) = 00(y(0; t,z)) exp (— /Ot divo(y(r; t,z), 7) d7> .

We shall use the abbreviation F'(t) := — fo divo(y(r; t,z), 7) dr. The map 7 +— y(T; t, x) is the
unique characteristics through (i, t) with speed v*. Recall also the formula given between numbers
(15) and (16) in [Sol80] via

[0y (3 t,0)| < V310" |l r) G - (66)

Making use of the latter, we show for s < ¢ that
[F'(t) — F(s) é/ [[va (7 IILoo<Q>dT+/ | divo(y(r; £,2), 7) — divo(y(r; s,2), 7)|dr

IIUm(T)IILoo(Q) dT+3/ [va(T)lco(e) (sup |y(T; o, x)|)* dr (1 — )
s 0

o€[s,t]

1 (03
<32 (t = 8)" (lvall .2

t
1, a * * \Q
Heon T3272 ([0 L= 95.0) /[vx(T)]ca(m dr).
(Qt) 0
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For s < t, we have

o(x, t) — o(z, 8) = (00(y(0; t,2)) — 00(y(0; 5,2)) €D + 0o(y(0; 5,2)) (F® — )

By means of (66), it follows that

lo(z, t) — oz, s)| <
[o0]ca (@) (V3 0™ || oo (@) @)™ (t — 8)* €7D + || 00| 1 () €™ HFOHFOT | P(4) — F(s))|
<c(t—5)" @5, [l 0ollca@) X

t
X ([[v2ll o2z )+ 07l oo @) ¢’é,t)“(1+/ [v2 ()o@ dT)) -
L (Qt) 0

We also need to restate these estimates as to be later able to quote them more conveniently.

Corollary 7.8. We adopt the assumptions of Proposition|7.7, Define m(t) := infg, ¢ and M (t ( )=
supy, 0. We choose b=1- ; Then there are functions Vs, V., Wr of the variables t, Mo,
1V 0ol Lr(2y @and ¥ (t; v*), in that order, such that

% SUs(t, mg”, V(5 07), M(E) < Walt, Mo, V(8 0")),

IVoll e~ @) <Valt, m61> Mo, Vool ey, ¥ (E; v)),

[Q]Cﬁ Z(Qu) —\Ij (t mO 9 M07 HVQOHLP 7/<t, U*)) .

Fori = 3,4, 5, the function U, is continuous and increasing in all variables, and V;(0, a1, ..., a4) =
UY(ay, as, as) is independent on the last variable a, = ¥ (t; v*). (The function U3 depends only
ont, ay oras and agy).

Proof. The Sobolev embedding theorems imply that ||v} || () < C'[|v*|| w2 (). It therefore follows
from Holder's inequality that [|v} || o1 (g,) < Ct'r [0*[lyw21(q,)-

Thus ¢, < exp(Ctl’% HU*Hsz,l(Qt)). Invoking the Proposition

1

mt) =

1 * 1 1-1 *
o eXP(\/§||%||L°°71(Qz)) Sﬁo exp(C't 7 v ||W3’1(Qt))
=WUs(t, my", ¥ (t; v)).
Thus, choosing V3(t, ay, a4) := a4 exp(C’tI*% a4), we have ( < W3 and ¥3(0, a, as) = aq
is independent on a4. Similarly M (t) < My exp(C't'~ , [|v* \|W5,1(Qt)). Moreover, again due to the
Proposition[7.7]
« 12+45)V3
Vo)l < V3 [05% #Y? (I Vool o) + V3 looll (o)
1 _1
< V365 (IV eoll oy + Neollzeo) VBE T [[oasl i)

1 _1 1
3 eXp(C(2+];)\/_lf1 1"z (gn) (IV ol o) + [leoll ) V377 [[vaallri@n)

’ (Qt))
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1 _1
We define Wy(t, a1, ..., a4) := exp(C (2 + %)\/gtlfp as) (a3 + az /3t P ay). Then we clearly

can show that ||V o(t) || o) < V3 Uu(t, mg', Mo, [|Voollze, ¥ (; v*)). As required, the value
of W4(0, ay,...,as) = agis independent on ay.

Fora=1-— %, the Sobolev embedding yields ||v}(t)||ca) < C'||v*(t)||w2s(q)- Thus
o t
ol0lceon < 3 650" (arlowco + Vi ooy [ 5(6Nowioy ds)
0

o 1, Ll
< 3% exp((14 @) Ct'77 [0l y21(q,) ([e]cai) + V3l ol o) C 17 [0*[ly21(q,) -

Moreover [0o]ce(q)y < C'||V ool Lr(q)- Thus for \Ifél)(t, ai,...,ay) = exp((1+a) ct' as) (az+

Ay a4 tl_%), we find [o(t)]ca(q) < C'\IJél)(t, mgy ", Mo, |[Voollre, ¥ (t; v*)). Note that \Ifél)(O) =
as. For z € 2 and o < 1, we can invoke Proposition to estimate [0(2)]ce (o). If @ < 1 — %,

Holder’s inequality implies for r = —(1@1};;1 >0

3 tr % 1-1 * 3
Moreover, forall v < 1 — =, we have Jolwi(M)]ee@ydr < Ct 77 | w21 (g, Fora=1—"*we
define r = 2 and we see that

1 2
lo(%)]ce0.0) < ¢lleollcaca) exp(C’tl P lv ||W§‘1(Qt)> (Ct3 I ||Wp2’1(Qt)
* || o 1-1 * 1-1 *
+ [0 Zoe (@) exp(C a7 [[07[lyp21g,)) (L + CT7 v HszJ(Qt))) :

We can estimate ||v*|| 1o (q,) < sup,<; ||v*||W2_%(Q) and || 0o |lce @) < Mo+ C'||V ool Lr()- Then
we define ’

‘IIéQ)(tv Ay, ... ,CL4)
1-L 2 1-1 -1
= (a3 + Cay) exp(Ct Pay)(t3as+af exp(Cat Pay)(1+Ct Pay)),

and find that [o(z)]ca(04) < U The value U2(0, ay,. .., as) = (a3 + C as) a% is not yet inde-
3
pendent of a,. But for arbitrary 0 < o < 1 — %, it also follows that [0(7)]ca’ (g ) < Ctr \I/ég).

The function \I/é?’) (t, a1,...,aq4) := e \I/gQ)(t, ai,...,ay) now satisfies \Ifé?’)(O, a) = 0in-

dependently on ay. Moreover [0(z)] oo’ (o) < \I/é?’). Thus for 5 = 1 — %, we have [Q]Cﬁ %o <
) ’ T

C (\Ifél)+\11é3)) =: C'U5.Clearly U5(0, ay,...,a4) = \Ilél)(o, aip,...,ay) = az. We aredone. [

8 The continuity estimate for 7

We now want to combine the Propositions [7.1]and [7.5] with the linearisation of the continuity equation
in Proposition [7.7]to study the fixed point map 7~ described at the beginning of Section [6|and defined
by the equations (35), (36), (37). For a given v* € W (Qr; R?) and ¢* € W' (Qr; RV 1), we
introduce the notation ¥ *(t) := ¥ (t; ¢*) + ¥/ (t; v*). To begin with, we need to control the growth
of the lower order terms in (35), (36), (37).
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Lemma 8.1. Consider the compoundT' := Q x RN~1 x R, x R? x RVN-1X3 x R¥3 x R?, and
a function G defined on T'. For u* = (q*, o*, v*) € Xr, we define G* := G(z, t, u*, Diu*).
Assume that the function G is satisfying for allt < 'I" and x € ) the growth conditions

|G(x, t, u”, D}cu*)|
< ea(m* @) ) (1G G, D]+ g™ + Wl + e, 0] (et +1a2D)

inwhich 1. < ri < 2— 2+ ﬁ and G € LP(Qr), H € L>?(Qr) are arbitrary and c;
is a continuous, increasing function of two positive arguments. Then, there is a continuous function

Ve = Vq(t, ai,...,as) defined for all non-negative arguments such that
1G*|eri@ < Palt, (m* ()™, M*(t), [[(a7(0), v O -z b IV lleeqn, V(1))
The function W is increasing in all arguments and U(0, a1, ..., a5) = 0 foralla € [R,]°.

Proof. With the abbreviation ¢§ := ¢1((m*(¢)) ™1, ||¢*|| L@, + [|v*]| Lo (qu) + M*(t)), we have by
assumption

IIG*IILP(Qt <ci (1Glze(@o + Mgzl + [0zl o ) + N3] + laz]) Hl o)

¢t (IGNe@n + gzl + il Zory ) + gzl + le2M o (@ HHHme(Qt))

}—‘-X- }—‘%

Thanks to the Remark 5 | the gradients ¢}, v} belong to L™ (Qr) for r = 2p — 3 + =, and for
x (5- )

(5 32)
|

LT (@)

all t < T the inequality ||qx||v~ Q) < II%IILOO 230, 165 is valid.

Thus, if 71 p < 7, we obtain that ||¢%|| i (q,) < Ot~ [Q"""" ¥ (t; q). Moreover, since p <
G sp)+,We have ||¢*[| zr.o (@) < C sup,; [|¢*(s )H 2 g W|th C' depending only on 2. The terms

containing v are estimated the same way. Overall, We obtaln for G*
G |zr @0 < CF (IGlle(@ny + O (7O + | Hllzer (o) (105 re @) + 77 (1)),

inwhich C7 = Cy((m*(£)) ™", [lg* |2~ (@.) + 1v* || L= (q.) + M*(t)). Invoking the Lemmal|C.2]to esti-
mate ||¢* HLoo @) < 1g° | Lo () + 17 ¥*(¢) and the same for v*, we see that this estimate possesses
the structure claimed by the Lemma. O

We are now ready to establish the a final estimate that allows to obtain the self-mapping property.

Proposition 8.2. There is a continuous function s = Ws(t, a1, . .., as) defined on [0, +oo[xR7,
increasing in all arguments, such that for the pair (q, v) = T (¢*, v*) the following estimate is valid:

V(t) < s(t, mg', Mo, [Veollwoe, I1(a”, 0Ol .2 77(1)).

W (@)

Moreover, for alln > 0

ws (0, mg", Mo, |V gl oz 0z )
(0 m5" Mo [l 171 g o Il

2p
1+ ||V o) P3| ¢° _2
) O+ IV eoll@)? = ) acg

+1

2p P
1 -3 [ M.\ p 2p
N (—) (—) (1 + [Voollowen) 73 07| .
Mo Wp

min{1, mo}

= \D[1)<m617 Mo, HqOHC’k%

2 .
P
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Proof. We first apply the Proposition[7.1|with o* = . It follows that
Y (t ) <Ot m(6)™", M), Na"(0)losys P (E: ") [l ag 0 1V ONr= @)

2
U [ g )7 1N, g ) 197

Due to the Corollary|7.8/and the choice o* = g, we have for 5 := 1 — %

1
max{m, M(t)} <Us(t, max{mg', Mo}, ¥ (t; v*)) =: Us(t,...),
m
”VQ*HLP"’O(Qt) S\I]‘l(t? malv M07 HVQOHLP(Q)> Ai/(t; U*)> = ‘114(t> .- )
[Q*]C'B’g(Qt) S\DE,(t, mgl, Mo, ||VQO||LP(Q), 7/(15, 'U*)) = \115(t, .. ) .

Moreover, we can apply the Lemma [8.1]to the right-hand defined in (33). (Choose G' = g, 11 = 1,
H(z, t) :=|b(z, t)| and G(z, t) = |b.(x, t)|.) It follows that

y Walt, ), 77 (1))

”g*||Lp(Qt) qug(ta \DB(ZZ o ')7 \II?)(ta o ')7 ||(q07 UO)” 2— @

Wy

SN

=W, (t,...).
Combining all these estimates we can bound the quantity #'(¢; ¢) by the function
WL =0 (1, Us(t, ), Us(t, L), oy P (6 @), sl ..L), Walt, L)) x

X ((1 st )P 161 o3 + Wt .)) .

Since we can apply the inequalities ¥ (t; v*), ¥ (t; ¢*) < ¥ (t), we reinterpret the latter expression

as afunction W = W (t, my ', Mo, [Veolleriys 10”0 ooz 7/ (1))
p

Moreover, it ¢ = 0, we can use the estimates proved in the Proposition[7.1]and the Corollaries[7.6/and
Recall in particular that ¥, (0, ay,...,as) = ¥(ay, as, az). Moreover, U3(t, My, n) = M.
Thus, since W5(0, a1, az, az) = as, and ¥ (0, ...) = 0 (see Lemma|.1) we can compute that

w0, myt, Mo, [[Veoll oy [|(a% v°)] F20) (67)

a2
Wy P (Q)

2p
) (1 + Vool ey 23 ||q0||W2_

_ 9 -1 0
= W, Mo s .

We next apply the Corollary[7.6|with o* = g and f = f*, to obtain that

Y (t; v) <CWs(t, m(t)~", M(t), sgg[@(S)]cam)) (1+ sgg[@(S)]ca@)% X
0 * - -
x (||lv ”W;’*E(m + 1 Len) -

We apply the_Lemmato G = f (recall (34), and choose r; = 1, |H (x, t)| = 1 and G(z, t) :=
|b(x, t)| + |b(x, t)] in the statement of Lemma. Fora=1-— %, we estimate ¥/ (t; v) above by

2
@

Wo(t, Ua(t, ...), st ...), Us(t, ...)) (14 Us(t, ...)) (||UO||W2_2 +Wi(t,..).

» ()

DOI 10.20347/WIAS.PREPRINT.2658 Berlin 2019



Multicomponent compressible fluids 33

We reinterpret this function as a \I/ézt) of the same arguments, and we note that

w0, myt, Mo, | Voollzo@, 16 )| .2 m)
W, P(Q)
2

4P
= Wy(mg ", Mo, [Veollre@) (1 +1[Vool o)) 72 IIUOHWQ*%(Q)
g
+1

1 2_173 M p+1
p— p 2p
_ (—) (—) (L + [V ool o)™ 7]
mo

min{1, mg} Wji%(ﬂ)

The claim follows. O
Proposition 8.3. We adopt the assumptions of the Theorem[4.3 For a given pair (¢*, v*) € Yr,
we define amap T (¢*, v*) = (q, v) via solution to the equations (35), (36), with homogeneous

boundary conditions (26), and initial conditions (q°, oo, v°). Then, there are 0 < Ty < T and
no > 0 depending on the data Ry := (mg ", My, |[Voollzr), [1(¢° v°)|| ,_2 )) such that T
Q

2

p
P
maps the ball with radius 1o in YVr, into itself.

Proof. We apply the Lemmal6.2with U (¢, Ry, ) := Us(¢, Ry, 1) from Lemma|[8.2} and the claim
follows. L

9 Fixed point argument and proof of the theorem on short-time
well-posedness

Starting from (¢', v!') = 0, we consider a fixed point iteration (¢"*1, v" 1) := T (¢™, v") forn € N.

Recall that this means first considering ¢"*' € W1 (Qr) solution to
00" +div(e" ™) = 0inQp, 0"z, 0) = go(x) in Q.

Then we introduce (¢"*', v"*1) € W2H(Qp; RV 1) x W2 (Qr; R?) via solution in Q1 to

Ry(e", q") 0g™™" = div(M (™", ¢") V") = = div(M (¢, ¢") b(x, 1))
+(Ro(0", ") "' = R(0"™, q”)) dive” — Ry(o™, ¢")v" - Vg" + 70", "),
Qn+1 atvn+1 div S(VUTL—H) VP( n—&-l’ qn> _ Qn—l-l (Un . V)Un
+b(w, 1) - R(", ¢") + 0" b(w, 1) .
with boundary conditions v - V" = 0, v"! = 0 on Sy and initial data ¢" ™! (z, 0) = ¢"(z) and
v" (2, 0) = v%(x) in Q. Recalling (@9), we define ¥ *1(t) := ¥ (t; ¢"™) + ¥ (t; v" ). Since

obviously 7/1(t) = 0, the Prop. implies the existence of parameters 1, 179 > 0 such that there
holds uniform estimates

sug Y (To) < no, sup HQnHW“ @n) < (. (68)
ne

In the Theorem below, we obtain that the fixed-point iteration yields strongly convergence sub-
sequences in LQ(QMHI) for the components of ¢", p,, and v" and the gradients ¢, and v} . Here
0 < t; < Ty is afixed number and t € [0, Ty — 4] is arbitrary. Thus, we obtain the convergence in
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L2(QTO) of these functions. The passage to the limit in the approximation scheme is then a straight-
forward exercise, since we can rely on a uniform bound in Xr,,. This step shall therefore be spared.

We next prove sufficient convergence properties of the sequence {(¢", 0", v")}nen by means of
contractivity estimates in a lower—order space. This estimate also guarantees the uniqueness. The
proof is unfortunately lengthy due to the complex form of the PDE system, but it is elementary in
essence and might be skipped.

Theorem 9.1. Forn € N, we define
n+l . n+l n n+l . n+l n n+l . n+l n
r =g —q", o =0 —0", w =0 -0
6n-i—l — |rn+1| + |wn+1|‘

Then there are ko, po > 0 and 0 < t; < Ty such that for allt € [0, Ty — t4], the quantity

E™N(t) ==k sup  ([le"H(T) |72y + lo" () I72(q))
TE[t, t+t1]

+ o / (|Vr™? 4 |V ?) dedr
Qt,t+1q

satisfies E"1(t) < 2 E™(t) foralln € N.

1
2

Proof. To be shorter, denote R™ := R(o"™*', q), M™ := M(o"*', ¢"), P" = P(o"*, ¢").
For simplicity, we also define g" := (R} ¢"*' — R") divv™ — Ry v™ - Vq" + r( + ) The
differences r" !, o™t and w" ! solve
RO+ — div(M" V) = (69)
gt — g™ (R — RY) 8" — div((M" — M™) (V" — b(z, 1)),
oo™+ div(e™ " 4 0, w
0" ™t — div S(Vw™t) = (R* — R™™Y) - b(x, t) — V(P* — P*1) (71)
oo™ + (V" - V)" — b, t)] — o, [(W" - V)" + (0" V)w"].

j=al

together with the boundary conditions v - Vr"*! = 0 and w™*! = 0 on St, and homogeneous initial
conditions. We multiply in with 71 and make use of the formula

1 1
3 Oy(RE 7™ty = RRGpntt Lty . QRN Lt

We introduce the abbreviation a”(r™*!, 7" +1) := 1 R p"+1 . ™1 After integration over €2, and
using the Gauss divergence theorem, we obtain that

d

— | a™(r", ) da + / Mt et gy
dt Q

— /[gn o gnfl 4 (Rg,fl o R;L) atqn] . rnJrl dax
Q

o . 1
+ /(]\4”_1 — M™) (Vg™ —b) - Vr" dao + / 3 Oy r et dy
0 0

On the interval [0, Tp], the a priori bounds ensure that M"™ = M (0", ¢") has a smallest
eigenvalue strictly bounded away from zero. Thus M"Vr™ 1 . Vrntl > Ao |[Vr™1|2, Invoking the
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Young inequality and standard steps

4
dt

< / lg" — g™+ [R™ — RO |0 || da
Q

A
an<rn+17 T"H)dx—l—?(] / |V7””H|2dx
Q

1
/yM" 1 M"| (IVq"|? + |b]? )da:+/—]8tR"\|r"“\2dx. (72)
2/\0 ) a

We want to estimate the differences ¢g" — ¢"~!. To do it shorter, we shall denote K a generic num-
ber depending possibly on inf,en, (z,1)eQz, 0n(%;t) and on sup,cy [|(¢"; 0n, v")||L>(@y,)- These
quantities are bounded independently on n due to the choice of 7p; K might moreover depend on
the C*—norm of the maps R and M over the range of (0,, ¢") on Qr,. This range is contained in
a compact K of Ry x RY"'. Thus |R(0™™, ¢") — R(on, " )| < || Rllc2gey (lo™ ] + |r"]) <
Ky (Jo™*| + |r™]). By means of these reasoning, we readily show that

9" — 9" | < Ky [(1 + [+ "R ]) (o™ 7)) + fwi] + 1] w4+ "] |

Similarly we estimate | M™ ! — M"|? < K, (yan+1y2 + |r"|?) and |8, R2| < Ko (|0 | + |ap]).
We rearrange terms, and we recall that e” := |r"| 4 |w™|. From (72), we obtain the estimate
d
dt
< Ko/ € ) (1 o a2+ g o Ky [ (674 16D o P da

A
an(rnJrl’ T,n+1) dx—l——o / \VT’"HF dr

Ko [ 1 Q]+ ) do o+ Ky [ (€ lom ) (a2 + ) da 79
Q Q

To transform the right-hand we apply Hélder’s inequality, the Sobolev embedding theorem and Young’s
inequality according to the schema

| abeds <lalls ole el
<C llalls (19bz2 + [bll52) llcllz» (74)
<2 VB + € (5 + ) lalls el + bl
We apply this first with a = 1 + [v7| + |¢7| + |¢/'| and b = 7" and ¢ = €" + |o"!|. Thus,
L lom D (L a2+l + g do < 52 9

1
+C* (+—+

1 n n n n n n
N T el el + e 125 (e lIZ2 + o™ M 1Z) + ™1

We choose next a = |07 ™| + |qt|andb—r L= ¢, to get

Ll b de < g9

[CZ(AO )||’Qt+1|+|qt|||L3+1] Iz
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Employing Young’s inequality we find for & > 0 arbitrary that
/(e” + 10" N gz ” + o) doe < (g 120y + 10117 (@) (le” 172 + 0™ 1Z2)
Q

Ko / P (] + 1)) de < 6 / (? + ) i + 20 / P

From we deduce the inequality
d
dt

n n 1 n n n
< D(t) (le" 72 + o™ 72) + D (@) |32 + 6 /Q(wa\2 + |z ) do

A
a™(r" ) da + ZO / |Vr™ 2 da (75)
Q

in which the coefficients D and D((;l) satisfy

D(t) < Ko (1005 + w3 (0)l1Fs + g7 @) 175 + g7 (0172 + 45 @)= + B [17)
DY (1) < Ko (16 (0152 + lla (8)]172 +071).

Next we multiply with 0”11, integrate over 2, and this yields
1
lo" 2 de = —= / div o™ (6")? dx — / div(o, w™) o™ da ,
i ), 2 Q
35 IR < [ o Ko ugl o7+ g o™

We note that [, 5 [v7] (6™ )? dz < 1 [|v2]| () [lo™+!||3., and employing Young’s inequality we
see that [, Ko |w”| [0+ | dz < & [, [w[2 dz + 58 ||gm+|

2,. As already seen

ezt oo < 519wl + G (5 +1) D2l I s + s,

allowing us to conclude that
3 |l Par <2 [ DR o 41 )

in which D (1) < Ko 671 (14 105 () 1750y + 105 (D)1 700 ) )- Finally, we multiply (77) with w”+!
and obtain that

n+1 _

5 at|wn+1|2 . leS(VU)n+1) . wn+1 — _v(Pn . Pn—l) . wn+1 + (Rn . Rn—l)b . wn-‘,—l

_ O_n+1 [8tUn + (vn . V)’Un) _ 6] . wn+1 — On [(wn . V)Un + (vn—l . v)wn] . wn-l—l )

Y

After integration over €2,

d
1 n+1 |wn+1’2 do + / S(vwn—i-l) . vwn—i-l dr
2 dt o
_ 5 /ath+1 |wn+1|2 dl’—l—/(Pn . Pn—l) divwn—f—l d$+/(Rn _Rn—l)g‘wn—i-l dr
Q Q Q

— /Q{U”Jrl [O" + (V™ - V)" —b] — o, [(W" - V)u" + (0" 1 - V)w"]} - w" T da .
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We use [, S(Vw" ) - Vw™ ™ de > vy [, |[Vw"|? dz. We estimate

/ (P" — P 1) divw" ™ dz
Q

< — /\Vw”“\zdx—l——/]P"—Pn1]2d3:
0

K
S / ‘an+1‘2 dm—l— 2 /(‘O_n+1‘2 T ’Tn|2) dx
Q

Further,
(e Db w ] < Ko (o™ + ) B o,
o (D" + (" ) =) - w" < Ko |0 w T (Jo ] + [0} + (b))
|on [(w™ - V)u" + (0" V)w"] - ™| < Ko [ ([w"| Jo} | + [wy]).

Thus

1d v

- v ntlnt 2 g “o Vw2 d

s Lo et [ v

2

1 K,
< Z an+1 n+12d -0
<5 [l |t P e+ 20

/(|a"+1|2 ) de + K / ) B o] da
Q
+ Ko /Q[IU”“|Iw"“I(Ivt|+|v"|+\b|+|bl) + (g [ | + [wg]) [w" ] da .
By means of (74) and Young’s inequality, we can also show that

Ko /[0"“ W (o] + o] + (5] + [B]) d < =2 o IV
Q

1 n n n
FORE (- oo T el e [+ 1]+ [BI1IZs o™ 172 + w72

1

n||L n o n 2 T n n
Ko /Q|7‘ 18] [w™ | dz < 3 IV 7 +C2K§(V—O +7) 10015 I (172 + [ 72

v 2 1
Ko / 0| [w"| Jw™| da < go Vw72 + C*K§ (V—0 +7) lopllZs llw™ |72 + lw™*|Z2

J R e R e s R e

K,
K0/|w;‘||w”+1|dx§5/|w;‘|2dm—|——0/|w”+1|2dx.

Overall, we obtain for the estimation of (77) that
1d
/ ”“\w"“]Zd:U—i—@ / Vw2 de <6 / lw™|? da
2 dt Q
+ D) (lle" 72 + o™ 172) + D5 (1) w3, (77)

inwhich D® (£) < Ko (|[of |2 + 021135 + [B]3s + [1B2s) and D3 (£) < Ko (lof ™35 +571).
We add the three inequalities (75), and and get

— /{a n+1 n+1) %’0n+1’2_‘_%gn‘wn+1’2} dr

+3/|VT"+1|2daB+%/|Vw"+1|2da:
Q Q

<45 [ (9 + V0 Pyde + B (Il + o™ 32) + B0 " . 70
Q
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In this inequality we have introduced Fjs(t) := 1 + D(t) + D((;g)(t) + D®)(t), and Fts(l)(t) =
Dgl)(t) + D§4) (t). These definitions and the inequalities above show that

Fs(t) < Ko |(lgzlle + llaillze + gz e + [l llzs + o llzs + 1o ze)®
+ (181135 + 1Bl17 0 + [1Bl13s + 67" -

Consequently, due to embedding properties of W7 ((Q), it follows for s € [0, Tp] arbitrary and for
0<t; <Thandt < Ty — t; that

[F5(s)] < C Ko [llg" () vz + 10" () [ + 1R (S)IIZe + IB() e + N10() 1o + 071,
t+t1 - 1—-2 ~ -
/t F&(S) ds < KO {tl ! [anH{Q/Vg»l(QTO) + ||Un||%/[/§71(QTO) + Hb”IQ/V;}’O(QTO) + ||b||%P(QTO)}

+t1 03 Troe @y + 07T}

2

<Co(1+67h ti_g . (79)

Here we use the uniform bounds (68). Similarly we show that F{ ) (s) < K [||¢? @)+ 107 | Lo @)+
6] to show that

t+t1 2
1 ~ 1-= n n -
/ Fa( )<8) ds < Ko{t, " g H%p(QTo) +h [”QtHH%W’O(QTo) +90 1]}
t
2

<C 1468 7. (80)

We integrate over [t, T|fort; < Ty, t < Ty —tyandt < 7 <t + t; arbitrary. Note that
[ 6m ) 4 4oM P 4 g [P do
Q

1 , .

> 5 [ OB P 4 10™ P 4t g o)) do
2 Q @ty
1 : n : n n

> S min{L, Xur(RD), inf o} (€7 ()2 + o™ (D)),

0

Invoking (68), there is a uniform ko > 0 such that 3 min{1, Aint (1y), infor 0n} > ko > 0. We
also define py := min{\g, v }. This shows the inequality

b (e (s + 0™ I + 5 [ (9 4 v
Qt,T

<4 / (|VT’”|2 + |Vw"|2)
Qt,r

+/ Fa(s)(He”(s)Hiz+Ha”+1(s)|]%2)ds—|—/ FO (s)|le™(s)]22 ds . (81)
t

t

Thus, taking the supremum over all 7 € [t, t + t1] yields

ko sup (" ()7 + " (7)II72) < 5/Q (V"2 + [V [?)
t,t+ty

t<T<t+t;

t+t1 t+t1
+ / Fy(s)ds sup (|le"(7)]|22 + |lo" ™ (7)]22) + / FM(s)ds  sup [le"t(7)]22 .
t t

t<t<t; t<r<t+t1

DOI 10.20347/WIAS.PREPRINT.2658 Berlin 2019



Multicomponent compressible fluids 39

. . in{\o,
On the other hand, choosing 7 = ¢ + t; in shows that also 221200} th,t+z1 (|Vrm 2 +
|Vw"™|2) dz is estimated above by the same right-hand. Thus

n n p n n
Fo sup (e ()3 + o™ ()32 + 20 / (V™12 4 [V 2)
t<7<t+t1 Qt,t+tg

t+t1
<24 / (|Vr™ ) + |[Vw™|?) + 2 / Fa(l)(s) ds sup |e"tH(7)]|32
Qtt+1q t

t<t<t+t1

t+t1
+2/ Fy(s)ds sup ([le"(T)[|72 + +[lo" (T)][72)
t

t<r<t+t

We choose dp = & and 0 < #; < Ty — t such that 2 f:“l F(S(Ol)(t) dt < % 1n view of (80), it is

1—2
sufficient to satisfy the condition C <1 + ;%) t, ' < %. Then

k n n Y n n
50 sup  ([le"H(7)[|72 + lo"H(7)]72) + —O/Q (V2 + [Vw ?)
tt4tq

t<T<t+t, 2
Do t+t1
<7 (IVr" 2 + [Vw"|?) + 2 / Fs(s)ds  sup ([le"(7)[[72 + 0" (7)]72) -
Qt t41 t t<r<t+t;
N hoose t, such that [ Fj (s) ds < k2, by requiring that (cp. (79)) Cp (1 + 2 £ <
ow we choose 1 such that |, 5,(8)ds < 2, by requiring that (cp. (79)) Co )t TS
k0 It follows that
@ n+1 2 n+1 2 Do VL2 o w2
sup  ([le"(T)[|72 + [0 (7)[22) + (Ve + [V )
4 t<T<t+t; 2 Qt 1+,
<2 sup @+ [ (9P V).
t<r<t+t1 Qt t+tq
The claim follows. O

In order to complete the proof of the Theorems it remains to investigate the characterisation
of the maximal existence time 7.

Lemma 9.2. Suppose thatu = (q, o, v) € X, is a solution to ,Qf%v(u) = 0 and u(0) = wuy for all
t < T*. If for some o > 0 the quantity N (t) = ||q]| o5 () + I Vallzzni@n + [V]lLern@n +

fot [Vu(s)]ca(q) ds is finite for t 7 T, then it is possible to extend the solution to a larger time
interval.

Proof. To show this claim we first note that the components of v, have all spatial mean-value zero
over €2 due to the boundary condition (25). Thus, the inequalities ||V, ()| L) < ca [Uz(S)]ca)
and ||vg || 10,y < cao f;[vx(s)]ca(g) ds are valid. Invoking the Proposition we thus see that

(m(t))~', M(t) and sup,,[o(s)]ce(q) are all bounded by a function of fot [02(8)]co(q) ds, thus also
by a function of A/(¢). Invoking further the estimates of Proposition we also see that

|02(5)[|Lr ) <A(Ro, [|vall Lo (q.)) (1+/0 V22 (T) | Lo () AT)
<@(Ro, N(s)) (147 (s; v)),
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for all s > 0, with a function ¢ increasing in its arguments. Next we apply the Corollary [7.6] Due to

the fact that (m(t))~", M (t) and sup,,[o(s)]ce(q) are bounded by a function of NV (), this yields

Y (t; v) < o(t, N(@©) (| fll zegn) + 110 -3 )). We recall the form of the function f, and
W, P(Q

estimate
|f(z, t)] <[Vl Sgp|RQ(Qa q)| + V4| Sgp|Rq(Q> q)|

c(lo(e, ) Jva(z, B)] + [b(x, )] + [b(z, t)]) SUp Q.

We can bound the coefficients via sup, |Ry(0, ¢)| < ¢(M (1), |lg|lz=(q,) < ¢(N(t)), etc. There-
fore, we can show that

||f||LP(Qt) < PN (1)) (HVQHI[),P(Qt) + ||VQHI£p(Qt) + HUVUH]ZP(Qt + HbHLP @)t HbHLP (Q¢) )

Using the abbreviation Ag(t) := ||b|/%,, @ T+ o)1, @) T |00 we obtain, after straightfor-
W,

02
» P

ward computations
VP(t; v) < o(t, N(1) (IVellfhq,) + v Volleg,) + VAl + Ad))-

As shown, we have | Vo||¥ < d(Ro, ||vz||roen ‘+v s; v))P ds. Recall the continuity
LP(Qy) (@s)/ Jo

_2
of Wp el A= (cf. Rem. . Choosing z = %5 if 3 < p < 5,z > 1 arbitrary if p = 5 and
z = 1ifp > 5, we are thus able to also show by means of Hélder’s inequality that [|v v, |7, q,) <
t

Jo lo()NIE=p 77(s; v) ds.

Invoking the Gronwall Lemma yields #7(t; v) < ¢(t, Ro, N () ([[Val[}r (o, + Ao(t)). Since
V4| e (q,) is also controlled by ¢ and AV (), we obtain that #?(t; v) < ¢(t, Ry, N(t)). Obviously

p .

we now have also [|Vo|[7,. (g, < @(t, Ro, N(t)). The Corollary [7.8|yields that ||g||Cﬁ7§(Qt) <
olt, Ro, N() for f =12

To show the final claim, we reconsider the inequality in the proof of Corollary Note that a
solution (g, o, v) is a fixed-point of T, so that this inequality is valid with ¢* = ¢, o* = p and v* =
v. The factors ¢} ,, @3, are increasing functions of (m(t))~", M(t), (@, and [q]

[Q]Cﬁ LI With the preliminary considerations in this proof, we thus can state that
’ t

Cﬁ’g(Qt)’

0
VRt q) < o(t, N()) (Il4°1” wiha )+ laliy10 0, + 191100

+|[Vo- VqHLP Qo T ||Vq Vq”LP (Q1) )

Invoking and the fact that [[v[|yy21q,) + [[Voll7s.0(q,) and, by definition [|Vql|x(q,) are all
bounded by N (t), we can obtain the inequahty

VPt q) < o(t, Do, N(1)) (1 +/0 IVa()l 7y V() Lo + Va(s)lLr) ds

Thus, if || Vg(s) “pm(m is integrable in time, we obtain by means of Grownall an independent estimate
in terms of NV (¢). The claim follows. O
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10 Estimates for the solutions to the second linearisation

We now consider the equations (44), (45), underlying the definition of the map 7. Here the
data is a pair (7%, w*) € oYr, and we want to find the image (r, w) in the same space as well
as o € UW1 ! (Qr) by solving these equations. The solvability will not be discussed, since it can
be easily obtained by linear continuation using the estimates. We shall therefore go directly for the
estimates.

The first point consists in obtaining estimates for solutions to a perturbed continuity equation. Precisely
for this point, we need to assume more regularity of the function gy.

Lemma 10.1. Assume that 0° € W} °(Qr), thatv, w € W2 (Qr; R®) and thato € WL (Qr)
solves 00 + div(o v+ ¢° w) = 0 in Qr with o(z, 0) = 0 in Q). Then there are constants ¢, C' > 0
depending only on €2, such that for all s < T we have

S
() £y <C exp(c / o o=y + lome Loy + 1] ds) x
0

X (H@O”];VE,O(QS) ||wHI[),°°(QS) + H@()Hsv;’go@s) HwH];VIg,O(QS)) -

Proof. After some obvious technical steps, we can show that the components z; := o0,, (¢ = 1,2, 3)
of the gradient of o satisfy, in the sense of distributions,

Oz + div(z;v) = —div(ov,,) — div(@gi w+ 0’ wy,) = —div(ov,,) + R

The right-hand side is bounded in L?(Q);), and the velocity v belongs to W' (Q;). Thus, z; is also
a renormalised solution to the latter equation. Without entering the details of this notion, the following
identity is valid in the sense of distributions:

Ouf (2) + div(f(2) v) + (2 f(2) = f(2)) dive = Z foi(2) (= div(ovg,) + Ri)

for every globally Lipschitz continuous function f € C* (R3). We integrate the latter identity over Q);.
Recall that o(x, 0) = 0 in €2 by assumption. If f(0) = 0, we then obtain that

/ f(z(t)) dx —1—/@ (z- f.(2) — f(2)) divvodzds = g f.(2) - (—=div(ov,) + R) dxds .

By means of a standard procedure, we approximate the function f(z) = |z|” by means of a sequence
of smooth Lipschitz continuous functions { f,, }. This yields

/ |2(t)|Pdx + (p— 1) |z|P divodzds = p |2[P72 2 - (= div(cv,) + R) dzds .
Q Q¢ Qt

The estimates below will establish that all members in the latter identity are finite. We first use Holder’s
inequality and note that

|2[P72 2 - div(o v,)

S/ 277 (Il [val + o] [v2.a])

‘Qt

1
g Ilelvx|dﬂfd8+/ [0z 2l Lo 121170 () 1ol oo () ds -
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Next, we recall that for a solution to 9,0 +div (o v+0p w) = 0, the integral [, o(t, x) dx is conserved
and equal to zero. Due to the Poincaré inequality, we therefore have || (%) o) < co [|2(t) || ()
and, by the Sobolev embedding, also that ||o (t)|| () < o [|2(t)||Lr()- Thus,

|2P72 2 - div(o v,)

t
< / (ol + o lvme o) 21y ds
0

‘ Qt
Moreover, by Young’s inequality,

t t t
g |z|p—2z-Rd:vds§/0 ||z||’£p(mcls%—cp/O HRH]ZP(Q)dSS/o 121170 ds

t
S AL
0

t
/0 Hproo(Q) H@x,xnﬁp(g) ds < ||wHI£°°(Qt) ||éOH€V§’°(Qt) )

Lp () + 2 Hég ww”iﬁ(ﬂ) + H@OHP

waxHLp(Q Jds.

Further,

~0 A
/0 168 ey < Nl 1y < C NN i oz

t
~0
N W Wl 85 < 12 0l 0, -

Thus,
[1e0rds <to=1) [ vlimn + s +11206) o ds
0
~O|P p ~0||P D
The claim follows by means of the Gronwall Lemma. O

We need next an estimate for the operators (g')" and (f!)’ from the right-hand side of (38), (40).

Lemma 10.2. Let 4y := (¢°, 0°, 0°) € Xpy with o € W>°(Qr). Let (r*, w*) € oYVr, and

= (Q° + r*, 6 (0° + w*), 0° + w*) € Xp, (cf @3)). Let (r, w) € ¢Vr, and denote o the
function obtained via solution of with v* = 9° + w*. We define ti := (r, o, w) € oXr. Then the
operators (g')" and (f') in the right-hand of (38), (40) satisfy

1(g") (", @) o,y + N0 (', @)l g, < B3(1) /0 VP(s) Ki(s)ds,

with functions Ki € L*(0,T) and K; € L>(0,T). There is a function ®* = ®*(t, ay,...,as)
defined for all t, aq, . ..,as > 0, continuous and increasing in all arguments, such that for allt < T

I 0. + 1K |z < @& 770, 8] 110 wzo g 1bllwzogn, IBllLr@0) -
Here we used the abbreviations V' (t) := ¥ (t; r) + ¥ (t; w) and V*(t) := ¥ (t; r*) + ¥V (t; w*).
Proof. At first we estimate (¢')’. Starting from (#2), we obtain by elementary means that

(") (", @) al <[gy(u", @) |r] + |go(u, @)l lo| + lgy (u”, @) w]
( *

+1gq (", @) Iral + |go(u”, @) o] + lgn (", @) Jws] .
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We define z = 3—(5:?—fp)+’ and by means of Holder’s inequality we obtain first that

(9" (u", @) L g, _/{Ilqu 11y + 19, o) 17”50 Fds
L G-p)F (Q)
+/ {190 1Zo (@) 01w ) + 190, 1 7x 0y N0zl s }ds
0 LG- p>+ Q)

t
+/0{|!g§!\§p(g) o1 () + 190, 12 0y 7w 120y} s -

2_2 3p
Making use of the embeddings 1, * C LG-»7 and of W'? C L°°() (recall also that the means
of o over (2 is zero at every time!), we show that

[ K)o

K1(s) =llgt () [0y + C llgh (s >sz(m T 195y + CllgL ()12
Ka(s) ==C g ()% gy + 19b. ()1 -

'@

6" 0 )l g < [ supdlr I zm+uw< g V()

Wy

L#(Q)

We invoke the Lemmas [C.3} [C.4]to see that Ky and K, are integrable functions and their norm are
controlled by the data. Recall also that the minimum and the maximum of the function o* := €' (¢° +
w*), which enter the estimates via the coefficients, are controlled by a function of ¥ (£; ©° + w*).

For the terms containing o, we use the result of Lemma[10.1] It yields for s < ¢ in particular that
lo()llwrae) <Ks(s) [[wllzee(q,) + Kals) w200, -
Ky(s) :==C exp(c/ (ol + 107 o llr) + 1) dr) 11 20 -
0
Ki(s) :=C exp(c / (ol + 13 ol + D dn) 111 -
0 p,00 s
We obtain that

t
| Ko o) gy s < max{ e, Kot / Ka(5) [l gy + 0l a1 ds-
0

)

Overall, since ||w|| L~ (q,) < ¢ sup, <, [[w(7)]| .-

Wy

, we obtain that

SIS

P

1(g") (u", a%) 12 g, S/Osup{H?“( )Hp 3, +Hw( )Hp 2 }Kl(S)dS

’d

fmac{Ka (1), Ka(t)) / Kals uwnms o) s
<c max{1, Ka(t), Ka(t)} / P2(s: w) (Ky(s) + Kals)) ds.
0

We can prove a similar result for f]. This finishes to prove the estimate. O
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11 Existence of a unique fixed-point of 7

We are now in the position to prove the continuity estimate for 7. We assume that (r, o, w) satisfy
the equations (44),(5), with data (r*, w*). We apply the Proposition[7.1]to (4), and making use
of the fact that (0, ) = 0 in €2, we get an estimate

Pt 1) <CWiellg' @) < C Pre (13 1o + 19" (", ) dllrgn) - (82)

Here Uy, = Wu(t, (m*(6)™, M*(t), 141l -z o V(& ¢, [e7] IVe*||res (@) and

TP () 48 e gy
u:= (r, o, w). We then apply the Propositionto (@6), and we obtain that

Pt w) SC W | [ llirin < C Vo (1 Flo@ny + (1) (0 @) ull o) - (83)

Here W, = Wa(t, (m” (1)1, M (t), supueq [0 (5)]on() (1 + supycy[07(5)]ome) =

We next raise both and to the p— power, add both inequalities, and get for the function
Y (t) .=V (t; r) + ¥ (t; w) an inequality

PP(t) < O (W7, +95,) (19100 + 1/ 1nan)
+I(g") (s @) all g, + 1) (™, ) allf ) -

Then we apply Lemma([10.2and find
t
V() <C (W7o +95) (19N 00 + 1/ o) + K5 (2) /0 Ki(s) V"(s) ds) .
The Gronwall Lemma implies that
t
VE(t) < C (W, + W5,) exp(C (97, + ¥5,) K5 (t) /0 Ki(s)ds) (19°17aign + 110 00))

We thus have proved the following continuity estimate:

Proposition 11.1. Suppose that (r*, w*), (r, w) € (Y are solutions to (r, w) = T(r*, w*).
Then there is a continuous function U° increasing in its arguments such that, for allt < T,

V() <Wo(t, [[a°]|x + 18wz, + Ibllwroi, + [0llLe@n, #7(t))x
X (18°l 2o o) + 1/l e (o)) -

We are now in the position to prove a self-mapping property for sufficiently 'small data’ applying the
Lemma 6.3l

Lemma 11.2. There is Ry > 0 such that if [|§°]| o(@r) + || FOllzri@r) < R, the map T is well
defined and possesses a unique fixed-point.

Proof. We apply the Lemmaw_ith (T, Ro, Ri, n) := Wo(T, Ry, ) Ry. Here Ry = [|0°]| x +
10°llw20(0p) + bl + 10l Lr@)-

Thus, there is R, > 0 such that if [|°]| 2o (o) + | /]| r(@r) < Ri, we canfind ny > 0 such that 7"
maps the set {u € (V7 : ||ully, < 1o} into itself.
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Consider the iteration @™ := T'(u") starting at " = 0. The sequences (r", o™, w"), and thus
also (§°+r", € (" +w" ), 9% +w™), are uniformly bounded in X7. We show the contraction property
with respect to the same lower-order norm than in Theorem There are ko, po > 0 such that the
quantities

t+t1
E™(t) := po / (V™ —r" Y + [ V(™ — w1 |*} dods
t
+ko sup {07 = ")) 2 + (0" = " (D2 + I (w" = ") (TG0}

TElt, t+t1]

satisfy E"1(t) < 1 E™(t) for some fixed t; > 0 and every t € [0, T — 1] O

In order to finish the proof of Theorem [2.4| we want to show how to make ||3°|| » (0, + 1| 21l o (0r)
small. We observe that §° = & (@ ) and that f© = &73(a°). Thus, if an equilibrium solution to
o/ (u®) = 0 is at hand, we can expect that &7 (1°) = & (4°) — o (u°?) will remain small if the initial
data are near to the equilibrium solution.

We thus consider 1% = (¢, ¢®, v®) € W2P(Q; RVN-1)x WLP(Q)xW?2P(Q; R?) an equilibrium
solution. This means that the equations (12), are valid with the vector p°®9 of partial mass densities
obtained from ¢°* and 0 by means of the transformation of Section

Lemma 11.3. Suppose that u®® € W?2P(Q; RN=1) x WLP(Q) x W2P(Q; R3) is an equilibrium
solution. Moreover, we assume that the initial data u" belongs to Trgx (0} Xp. We assume that the
components 0%, 0° and v° of u® and u® possess the additional regularity

0%, 0" € W?P(Q), v* € WP(Q; R?), v° € W*P(Q; R?). (84)

Then, there exists Ry > 0 such that if ||u®® — u°|| 5, o, 27 < Ri, then there is a unique global
solutionu € Xp to o/ (u) = 0 and u(0) = uy.

Proof. We denote u' := u® — u’ € Trg, oy Xr. We find extensions ¢' € W2 (Qr; RV~1) and
ot € W2’1(QT; ]Rg) with continuity estimates. For instance, we can extend the components of ¢!, v!
to elements of I/V2 2/’J(R?’) and then solve Cauchy-problems for the heat equation to extend the
functlons Since the assumption (84) moreover guarantees that v' € W“(Q), this procedure yields
even o' € W*(Qr; R?) at least (cf. [LSUG8], Chapter 4, Paragraph 3, inequality (3.3)).

The definitions ¢*(x, t) := ¢%(z) and 0°%(x, t) := v®}(z) provide extensions of ¢** € W 5° and
%% in W35, We define

Q=g e WAN Qs RYTY, %= 0% 40" € WAN(Qr: RV ) nWAY(Qr; RY),

satisfying
1 —
18 = 0Nz iam + 197 = = luziion < C U oog o #1000 og )= C s (89
18 lw30(p 80y < C (0™ llwan@) + 1o lwarce)) - (89)

In order to extend ¢°, we solve 9;0° + div(g°9°) = 0 with initial condition 0° = o". We clearly
obtain by these means an extension of class W,},;(QT)- Moreover, due to (86), we can show that
0" € W2°(Qr) (use the representation formula at the beginning of the proof of Prop. . If we next
choose the extension ¢%(x, t) := ¢®(x) € W2 5°(Qr), then by definition of the equilibrium solution
we have div(0°¥9°?) = 0 in Q7 and 0,6° = 0
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Thus, the difference o' := 9% — §° is a solution to 9;0' + div(g'©%) = —div(g°0'). Since
0 € W (Qr) N W22(Qr) by construction, the estimate of Lemma applies, and invoking
also this gives

T
18 g o <C exple | [180e) + 162, 1nco) + )
0

- N A0
X (HQOH];VZ}O(QT) ||U1||1£oo(QT) + 10 H];V;,l ||U
<Cr Hﬁlegﬁl(QT) <Cr Ry.

1p
H (QT)>
The latter and now entail that

“q o qeqHW2 1(QT + HU - UeqHWQl (Qr) + “Q - Q ||W;},’éo(QT) S CRI

Here C'is allowed to depend on 7" and all data in their respective norm. Now recalling the Lemma
we can verify that

—_— 1 —~
(%) =</ (0% + ') = (0% + 4') — o (0%) = / (0% +0a')doat
0

Thus || 7 (@°)]|z, < C Ry. The definitions of ¢° and f° in [@2) show that

13N 2o @ry + 1 N ev@ry = 11 (@) | o) + 1977 (@) | o(@ry < C Ri

The claim follows from the Lemma 1.1l O

A Examples of free energies

1. We consider first h(p) := ZN 1 ni In 75 where fori = 1,..., N, the mass and number densities
are related via m; n; = p; with a positive constant m,; > 0. We want to show that h is a Legendre
function on Rf . It is at first clear that h is continuously differentiable on RY, and we even have
h € C“(Rf). The strict convexity of A is obviously inherited from the strict convexity of t +— ¢ Int
on R . The gradient of / is given by

0phip) = —— (1 +1n 10

my;

Thus lim 00 |V, h(p")| = +00 whenever {p* } 1cn is a sequence of points approaching the bound-
ary of Rf. Overall we have shown that & is a continuously differentiable, strictly convex, essentially
smooth function on Rf (where essentially smooth precisely means the blow-up of the gradient on
the boundary). Functions satisfying these properties are called of Legendre type (cf. [Roc/0Q]|, page
258). Moreover, we can directly show that the gradient of / is surjective onto R”, since the equations
0,h = ; have the unique solution p; = m; n' €™ #i~1 for arbitrary € RY.

2. The second example is h(p) = F (Zfil n; 17?”) + 3N n; In™, with the total number density

n = Z;VZI n;. Here F'is a given convex function of class C*(IR;.). We assume that

W F"(t) > Oforallt > 0;

B F'(t) » —ocofort — 0;
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~+ =

F(t) = 400 fort — +o0.

In other words, F' |s a co-finite function of Legendre type on R ;. The numbers o/*" are positive con-
stants. Choosing v} = 9% = 1and F(t) =t Int we recover the preceding example.

The function & is clearly of class C%(RY). We compute the derivatives

1 n;
(9 h :F/ . i 1 _z,
Pi (p) (U p)fU + mi n 0
1 0i; 1
aﬂhpjh(p) =F"(v-p)ov; v; + m;m; (n_j - E) ’

in which we have for simplicity set v; := 01*' /m;. For £ € RY, we verify that

D?*h(p)é-€=F"(v-p)( +Z(\/ﬁzmz)2_ﬁ (Z:”;>

=1

2 2
With the Cauchy-Schwarz inequality, we see that Zf\il (ﬁ) — % (Zfil 7%) > 0, with

equality only if & = An; m; for some A € R. In this case however, we have £ - v = A ZZN:1 Di Vi,
so that D*h(p)é - & = N2 F"(v - p) (v - p)? > 0, with equality only if A\ = 0. This proves that
2h(p)€ - € > Oforall &€ € RY \ {0}, which implies the strict convexity.

In order to show that A is essentially smooth, we consider a sequence {pk}keN approaching the
boundary of Rf. We first consider the case that p* does not converge to zero. In this case, we clearly
have infkeN{nk, V- p"“} > ¢ for some positive constant ¢y. Thus

Voh(p")] = sup | Inng| — [v] Sup|F(v Pl - sup | Inn*|

maxm ;=1,.. N minm

1
sup |Innf| - C — +o00.
Tmaxm j=i,. N

The second case is that p converges to zero. In this case the fractions —& —F mlght remain all bounded.
But our assumptions on F' guarantee that (v - p¥) — —oo so that |V ,h(p")| — +oc. Thus, the
function h is essentially smooth, and a function of Legendre type on Rf.

It remains to prove that V ,h is a surjective mapping. We first verify that /1 is co-finite. In the present

h()‘ Y = 400 for all Yy e RN This follows directly from

context, it is sufficient to show that lim_, ., o

the fact that 11mH+oo £t

[Roc7Q].

= 400. We then mfer the surjectivity of V ,h form Corollary 13.3.1 in

3. Similar arguments allow to deal with the case h(p) = SO~ | K;n; o ((n; o) +1n(n, )+
kp0 SN niIn™

B Proof of the Lemma

The argument is based on covering ()¢, t > 0, with sufficiently small sets and localising the problem
therein. This is essentially carried over by standard techniques of meshing, so we will spare these
rather technical considerations. For every r > 0, we can find m = m(r) € N and, for each j =
1,...,m,apoint (27, t;) € Q; and sets )’ that possess the following properties:
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mQ C U:;n:1 Q;
B sup(, yeqi |t — 1| < crandsupg, eqi v — 2| < cy/r;

B ()’ intersects a finite number, not larger than some m, € N, of elements of the collection

Q', ..., Q™. Here my is independent on r and t.
For 7 = 1,...,m, we can moreover choose a non-negative function 7/ € C*!(Q?) with support
in Q7. The family 771, ...,n™ is assumed to nearly provide a partition of unity, that is, to possess the

following properties:

o< 1(x, t) < Coforall(z, t) € Q,
J=1

_1 _
172l 2@y < Crr7 2, |Imillzoo@iy + 1Mol poo(@iy < Car™'

Here ¢y > O and C; (z = 0, 1, 2) are constants independent on 7 and ¢. Moreover we can also enforce
thatv - Vil = 0on SV =: Q7 N (90 x [0, +00[). We let Q7 := Q7 N (Q x {0}).

After inversion of 1}, the vector field g satisfies the equations (&), that is

g — [R)IM* Aq=[R] g+ [R]IVM Vg = §. (87)
—_——
=:A*
Multiplying with 77, we next derive the identities
W —n A Dg=n g+ (A" — A) Aq, A= [R)TIMA (20, t)) . (88)

Making use of the Lemma the eigenvalues p{, e ,pg\,_l of A’ are real and strictly positive.
Recalling (52), we have on [0, ¢] the bound

Xolt, M*)

S pj < )\1<t7 M )
At Ry)

CS N Ry)

Further, there exists a basis ¢!, ..., ¢V~1 € RV~ of eigenvectors of A.

Fori =1,..., N — 1, we multiply the equation with &' Foru; ==& -q@i=1,...,N—1)we
therefore obtain that 7/ (u;; — p] Au;) =17 £ - (g + (A* — A7) Aq). We define @ := u; 1)/, and
for this function we obtain that

al, —pl AU =h] =P & (G+ (A" — A) Aq) +nl wi — pl (2 - )+ AP ;)

Recall that v - Vg = 0 on St and q(-, 0) = qo in §2. Due to our restrictions on the choice of 7/, we
then readily compute that - V] = v- Vi) £+ ¢ = 0 on S;. Moreover, 15(0) = 77 (0) &' - qo =: )’
in . Since ¢ satisfies the initial compatibility condition, also ﬁ?’] is a compatible data. Standard

results for the heat equation now yield for arbitrary £t < T'

j max{1, p} . 0, .
l@ iz < Cr e G oz o+ [Rilleo) (89)

- _2
min{1, p!} Wy P()
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where C'; depends only on (2 (see the Remark . In order to estimate ||1? || .»(,), we introduce
/.= @’ N Q; and observe that
77 €+ gllze@oy <Co llgll o) -
1G] — ] 27) il 2oy SC (14 Mnax(A5)) 77l oy
2] [uie - Ml 2@ SO Amax(A3) 772 102l oy < € Amax(A7) (1477 [14all o gy
I &' (A" — A7) Aqllzrqy <C A" - AJHLOO(Q{) Hqu“LP(Q{) . (90)

Since, by definition, A7 = [R]~" M*(2, t;) = A*(a?, t;), we have

B
2

A" - <R L,

chz (Qt)

Wecall F : Ry x RV L — RVLx RN~ the map (s, £) — [Ry(s, £)] 7> M(s, £). The derivatives
of I satisfy the estimates

Amax(ﬁ*) 1 —

J ,
A oo i) (91)

0;F (0", ¢7)| < |Ry0(0", )| + — [ M,(0", ¢,
mm( ) e )‘mln(Rq) ¢
maX(M*) 1 * *
0:F (0", ¢)| < |Ryq(0", q")| + |Mqy (0", q")]
¢ mln(R ) . )\mln(RZ) !
A (t, M) 1
0sF (0, ¢")| + |0:F (0", ¢°)| < + L*(t, R,)) + L*(t, M 14
0;F (0", ¢°)| + |0:F (0", ¢") (Ag(t, B i, R;)>( (t, Ry) (t, M))
By standard arguments, we have
«-1 < 05 ([o* * . 92
[[Rq] }cﬁz@n ¢ (le ]C‘*f(cmﬂq ]0‘37(@9) 92)
Combining (89), (90), and (92), we get
i ~ max{l, Apax(47)}
Al < ’ .
Vil a0 = O i1 A4}
(L A 7 U o+ ilgoan} + o)
* * * é
+ 6 (07 o8 g + [0 08 ) T HDQqHLp(@j)) .

Recall now that @/ = 7/ & - ¢ = &' - w’ with w? = 1)/ q. Here {€'} are eigenvectors of A7 and
form a basis of RV, It is moreover shown in the Lemma that there are orthonormal vectors
ol . vVl suchthat & = Bivifori = 1,..., N—1,where B/ := [R,(0*(27,t;), ¢* (27, t;))]2.

Thus, w’ - §& = B/w? - v'. For any norm || - || on vector fields of length N — 1 defined on @, we then
have
lgn’ll = llw?ll = [[B7]" B'w/|| < |[B'] oo [ B0’ | = [[B'] oo | Z - Blw’) v
N-1 N-1

<c|[BN o D IBIw’ | = cl[B] Y Z lw - €|
=1 3

= [PAmin(Rg(0* (27, 15), q*(27, t;) ZHU 1= [)\o(t R ZH -
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Choosing || - || = || - ng,l(Qt;RN,l), it follows that

= J
g7 w2t gun-1y < Ci max{ll, Amax (A7)} .
> (Q; [Ao(t, R*)]E min{1, A\ (A7)}

([Q+ M) @+ L] o3

+4; ([¢7]

P (i mN-1) ||QHW1}°(Q{)} + Hg”Lp(Qg)}
P

* = 2 )
Cﬁ’g(Qt) + [q }C’ﬁ’g(Qt))TQ HD q”LP(Q%)) .

We estimate A, (A7) > Ao([RZ]_lﬁ*) etc. We recall that for each j there are at most my indices

i1,y imy 7 j suchthat Q' N Q™ # 0. Thus 37", 1/l 2ogry < (mo + 1) [[fllzr(,)- We easily
verify that

. . o . _1 _
a2 Zla Pl + S 102 s — er 4 el — 7 lall g -
0<a<2

After summing up for j = 1, ..., m and using the properties of our covering again, we obtain
max{1, A (¢, [R] M)}
1 —
A2 (t, R) min{1, Ao(t, [Rz]-1M*)}
([(1 + A (R (L Do oyt lallwrog,t + 19lze@n)]

» P(GRY
* * * 8 2
+ 0105 0+ 140080 7 1D 0000)

Since r is a free parameter and ¢ fixed, we can choose

t oL ing A (8, By mindL, Mo(t, [Ry) 07} )
2 a1l (e (R} (0oso + (7))

to obtain an estimate

1 _
B ||Q||Wp2’1(Qt;RN 1) <G

H‘J“WPQJ(Qt;RN—l)) <C

r

max{1, \i(t, [R:]""M*)}
B AZ (t, Re) min{1, Ao(t, [Rz]-1M*)}
[(1+ M, [Re] M) (L4771 {ll¢° || 2 oum )+HqHW;ﬁo(QgHH@Hmm]- (93)

P

Finally, recall the definition of § in (87). Observe that VM = ]T/[/g(g*, g ) Vo' + JT/[/q(g*, ) Vq*.
Thus

1 —
a < VM* -V
191l zr(@r) SNl ') (lgllzeqn + |l qllzr @)

1 N* * *
<v——m Iglleri@n + Lt M) (Ve - Vil +1IVE" - Vallranl) -
)\0(t7 Rq)
We define ¢, and ¢7 , via (53). Due to Lemma and Lemma on the coefficients R and M,
we see that ¢ ; and ¢ ; are bounded by a continuous function of [|0*|| L (q,), of [|¢*|| L (q,) and of
[m*(t)]~". Moreover ¢ , and ¢} , is determined only by the eigenvalues of R} and M * and their Lip-

schitz constants over the range of o*, ¢*. In order to obtain a control on sup,, ||¢(s )H o
< QRN-1Y

we apply the inequality (3) of the paper [Sol80] which yields

sup [|g(s)]| .-z < ll"l

-2 C q 2,1 RN—1
s<t Wy, P(;RN-L) Wj P(;RN-1) I HWp (Qe; RN=1)

for some constant C' independent on ¢, and combine it with (93).
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Remark B.1. Consider the problem A\ Oyu — Au = f in Qy with u(0, x) = ug(x) in Q and v(zx) -
max{1l, A , .
Vu = 0o0n 8. Then ||ul|y 21 q,) < Ci minil’)\}} (N fllzren + HuOHW?g/p(Q)) with C'y depending

only on §).

Proof. We first find an extension iy € W' (Qx) for ug such that Hﬁoﬂws,l@w) <c HuUHW;,%(Q).
We then look for the solution v to Adyv — Av = (f — Aytig + Adg) Xjo,g =: g in @ x Ry
with v(z, 0) = 0in Q and v(z) - Vo = 0 on 052 x R,. In order to solve this problem, we scale
time defining 0(s, ) := v(A s, x). Clearly 0s0 — A0 = gin Q x R, with 9(z, 0) = 0in Q and
v(z) - VO = 00n 0Q x Ry Thus [|0]lyy21 9w, ) < C1[|Gllr@xr,) with C1 depending only on
(2. We rescale time, to obtain

N Dl + A3 1Dg0]e < CLA gl oo, -

0<]al<2
By the uniqueness theorem for the heat equation, we must have u — 1o = v in ;. Since g = 0 on

|t, +o00], it follows that

N 1 X X
[ullwz1 g < lldollyz1q, + C i 1} I fllzr @ + MOl @iy + 1 At0ll e @n) -

The claim follows. O

C Auxiliary statements

Lemma C.1. Suppose that A, B € RV*N are two positive definite symmetric matrices. Then A B
possesses only real, strictly positive eigenvalues and

/\min(A) /\min(B) S Amin(A B) S )\max(A B) S )\maX(A) )‘max(B)

Moreover, there are orthonormal vectors n', ..., n™ € RY such that the vectors &' := Az nt (i =
1,...,N) define a basis of eigenvectors of A B for R .

Proof. Define C' := Az B Az. Since A? is symmetric, and moreover the matrix B is positive, it
follows that C' is symmetric and positive. Thus, since A B = A3 C A3, the eigenvalues of A B
are the ones of C. Choose 7',...,n" € R¥ an orthonormal basis of eigenvectors for C. Then
¢ := Az 1 is an eigenvector of A B. O

Lemma C.2. For0 < f < min{1,2 — g} we define

1(2-2-p) fr3<p<h
Y= pil
(1-p0)= for5 <p

Then, there is C' = C(t) bounded on finite time intervals such that C(0) = C depends only on 2
and for all ¢* € W2'(Qy)

g ) S laOlles + Ol lwzr g, + 7] IE

B8 _2
™2 Qi co:w, P (%)
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Proof. Forr = (= )+ and 0 := T the Gagliardo-Nirenberg inequality yields

3+p— (5
[ullz(0) < C1 [ Vull Lo lull ooy + Co llull e
We want to apply the latter inequality to a difference u = a(ty) — a(t) for 0 < t; < t5 < t. By ele-

1
mentary means a(ty) —a(ty) ft ar(s) dsand ||a(ty) —a(t1)| o) < (2—11)' "7 [|0sal| o (qu)-
This yields

_ 1-6) (1—1
la(t2) — a(t)llz=() <C1 [2]Vallre(gn)? 18ialbl,, (t2 — 1) ="
_ 1
+Cy (ta — 1) 7 |0sall Lou) -

We define § := (1 —6) (1 — %) and we make use of the continuity of WQ_%(Q) C Whr(Q) and
we see that

lla(te) — a(ti)| zee(o)
sup

tots |ty — t1]°

< Jralloy CC Clall,  acg o

9_,
+Cot" V) 0l o)

< () (lallyzrq, + llall,, ). (94)

Now we consider a function v = wu(z, s) such that u(x, 0) = 0. Using and the embedding
2

W, 7(Q) C W(Q) C C(%) valid for a := min{1, 2 — 2}

Juls) oty = lluls) (@ < CE) (lullyzr g + Nl e
() leney < Cllu(s)llwirey < C ]

C([0,t]; w? P ()

) s’

2

2
()

2 .
C0sh Wy F()

Introduce « := min{l, 2 — %} First making use of interpolation inequalities ([Lun09], Example 1.25
with Corollary 1.24) and findforall0 < 8 < a < 1and u € C*(f)

B 1-8
lulles@ < cllulléa lulleofy - (95)
Thus, for b := (1 — g) 9, it follows from (94) and (95) that for all s < ¢
lu(s) ooy < € CO'= (lulwza gy + lul,

For a function ¢* € W2'(Q;), this induces for all # < a abound

) s,
(0. W7 ()
sup [|4"(s) oo <lla"(0llon@ +sup la"(s) — " (O)lonco

).

Moreover, we observe that 5 < « = min{1, 2 — 5} always implies that 3/2 < . Thus, invoking

again

* b
<lla* Ollos@ + COL la" Tz o+ 181 1 -3 e

|q" (2, t2) — ¢" (2, t1)|
su / =Sup su
supla” (z)]cs /2 0. e [ta— )P

<CM) (g llwz gy + la”ll,

O((0.; W5 () '

Thus for all 5 < « we get
) < la*O)lles@) + COE (g lwzr g, + llall,

).

with v being the minimum of 6 — /2 and b = (1 — a) 0. The computation of the exponent is
straightforward. H

lg" I

"8, (0, W5 ()
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We now prove some properties of the lower—order operators defined in (33), (34). Consider first g =
g(z, t, q, 0, v, Vg, Vv, V) with g defined by (33). The vector field g is defined on the compound
['=Q xRV xR, xR?x RVN=1X3 x R3*3 x R? and assumes values in RV !, As a vector field,
g belongs to C(I'; RV-1), because the maps R and M are of class C (Lemmaand Lemma
[4.2). The derivatives possess the following expressions

Ggo =R,p0divy — Ry v-Vq— MMVQB — M,, Vgb— ]\7@ divb + Tos

9g =(Rypq0 — Ry) divo — Ryqv-Vq— M,y Vob— M,,Vab— M, divh+7,,

go=—RyVq, go=-M,b, g, =-Rv—Mb, g, =(Ry0—R)ls,
in which all non-linear functions R, M 7 and their derivatives are evaluated at o, q.

We next want to study the Nemicki operator (g, o, v) — g(z, t, q, 0, v, Vq, Vo, Vv) on X .
A boundedness estimate can be obtained for this operator from Xr, into LP(Qr; RN_l) via the
Lemma (this was applied for instance in the proof of Proposition [8.2). We can apply the same
tool to the derivatives. Choosing G = g, in Lemmawith r = 1,G(x, t) = |by(x, t)| and
H(z, t) := |b(x, t)|, we obtain a boundedness estimate for g, as operator between X7 and
LP(Qr; ]RN”). With obvious choices, we treat the derivatives g, and g, in the same way. Due to the
simpler expressions, we obtain for the other derivatives continuity estimates:

194, | L=@r) Scr((m(T))™H, M(T), llgll=(@r)) (10l =r@r) + [0l n(@r))
190, | oo n@ry <er((m(T))™", M(T), llgll (@) 1Bll L2 (@r) »
190 | 2= (@r) Scr((m(T))™", M(T), [lallz~(ar)) -
We also remark that if u, u* are two points in X' and we expand g(z, ¢, u, D,u) = g(z, t, u*, Du*)+

g (u, u*) (u — u*) (cf. (7)), then the operators ¢'(u, u*) = fol gz, t,0u+ (1 —0)u*, 0 Dyu+
(1 —0) D,u*) df satisfy similar estimates.

We consider next f = f(z, t, q, 0, v, Vq, Vv, Vo) with f defined by [34); f belongsto C'(T'; R?).
The derivatives possess the following expressions

fo=—P,,Vo—P,yVq— (v-V)v+ R,b+b,

fo= _Pg,qVQ_Pq,qvq‘i‘ngv

fv :_via an; - _Pg7 sz = _an fvz = —Q0v.

We discuss these derivatives as Nemicki operators on X with similar arguments as in the case of
g. We resume our conclusions in the following Lemma.

Lemma C.3. Adopt the assumptions of Theorem The maps g and f are defined on Xr_ by the
expressions and (34). Then, g and | are continuously differentiable at every u* = (q*, o*, v*) €
Xr . Foreachu = (q, o, v) € Xr the derivatives satisfy

19(w, W) |Lr@r) + [19o(ws w5l o@ry + 9o (u; u*) [ Lr@r)
+ 190, (w, w5l L @r) + 190, (0, W) |zoe@r) + 9. (4, w)llLoer(@r)
< aallullar + lula + infinf{o, 0} + [bllwpogy)) -

| fo(u, w)lzo@ry + 1 fo(w, w)llo@ry + .fo(u, w)||Lr@r)
+ 1 fao (s w) || oo (@) + [ fo (s W) || Loo@r) + || fou (s ") || oo ()
< cr(fJullag + (w2 + [glfinf{g, O+ bl eor) + 1Bl o) »

with a continuous function c; increasing of its argument.
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We can extend this statement to the maps g' and f* introduced in the system (38), (40). Recall first
that

' =g—R,0,{°+MAL —M,Vo-V, (96)

in which ¢° € W' (Qr; R¥™") is a given vector field. The boundedness of g' on X7 into LP(Qr)
is then readily verified (Lemma[8.). The derivatives satisfy

9s =Yo — Roq 016" + My NG® — M, ,VoVE® — My, Vg Vi,

9a =g — Rgq 0,4° + My NG® — My VoV’ — My, Vq Vi,

g;z =90, — M, vdo ) g;z = Gq. — M, quO )
and g}} = ¢, and gim = ¢,,. These expressions can be estimated as in the case of g (replace bin

these estimates by V¢°). Since f' = f — 00,0° + div S(V2°), only the derivative f} = f, — 0;0°
gets a new contribution that is easily estimated.

Lemma C.4. Adopt the assumptions of Theorem The maps g and f are defined on Xr . by
the expressions and and g* is defined via and ft = f — 00,0° + divS(Vd°), in
which (¢°, ©°) is a given pair in Yr. Then, g and f* are continuously differentiable at every u* =
(¢*, 0%, v*) € X . Foreachu = (q, o, v) € Xr the derivatives satisfy

194 (w, w*) || zo@r) + N9 (uy w)l ey + 1o (e, w) | @)
+ llgg, (u, W)l (@r) + 1190, (@, w*) || oo (@r) + lgg, (4, ") Ler(@r)
< a(llullay + llulla, + [infinf{e, o N H 1bllwro o + 181wz (o0 »
1fg (s w)|zo@ry + 11fo (s w)lio@ry + [1fo (u, w)||o@r)
+ [1£5, (uy W) poo@ey + I, (s w) oo (@) + 1. (s u*) ||z (@r)
< a(llullxy + llull2, + [inf inf{e, o7+ 1Bl o r) + 1Bl ri@r) + 18wzt o)

with a continuous function cy increasing of its argument.
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