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Abstract

The Stefan problem is coupled with a spatially inhomogeneous and anisotropic Gibbs—
Thomson condition at the phase boundary. We show the long-time existence of weak solu-
tions for the non-degenerate Stefan problem with a spatially inhomogeneous and anisotropic
Gibbs-Thomson law and a conditional existence result for the corresponding degenerate Ste-
fan problem. To this end approximate solutions are constructed by means of variational
problems for energy functionals with spatially inhomogeneous and anisotropic interfacial en-
ergy. By passing to the limit, we establish solutions of the Stefan problem with a spatially
inhomogeneous and anisotropic Gibbs—Thomson law in a weak generalized BV -formulation.

1 Introduction

The Stefan problem models phase transitions in materials. To allow for superheating and un-
dercooling the Stefan problem is coupled with a geometrical condition at the phase boundary,
the so-called Gibbs—Thomson law. This condition takes surface tension effects into account such
that the temperature may differ from the melting temperature at the phase boundary. The
Gibbs—Thomson law states that the system is in thermodynamic equilibrium.

The classical Gibbs—Thomson law accounts for isotropic surface tension effects. In this case
the temperature at the interface is proportional to the mean curvature. In many applications,
however, such as the solidification of alloys, the surface energy density is spatially inhomogeneous
and anisotropic, i.e. the density depends on the position in space and on the local orientation
of the interface. This means that the Stefan problem with a generalized Gibbs-Thomson law
has to be considered, see for instance [Gur88, Gur93] for a thermodynamic derivation. The
temperature at the interface is then related to a spatially inhomogeneous and anisotropic mean
curvature.

Heat conduction in materials often takes place on a much faster time scale than the evolution
of the interface. Therefore, a quasi-static version of the Stefan problem, the so-called degenerate
Stefan problem, is often used to describe melting and solidification processes.

To formulate the Stefan problem with Gibbs—Thomson law, let (0,7") be a given time interval,
2 C R™ be a bounded domain with Lipschitz boundary and Qg := (0,7") x Q. The phase field
variables are the temperature

u:Qr — R

and a phase function
x:Qr —R,
where the liquid phase is represented by the set {(¢,z) € Qp : x(¢,2) = 1} and the solid phase
by the set {(¢,z) € Qr : x(¢,x) = 0}.
The (non-degenerate) Stefan problem with isotropic Gibbs-Thomson law is formally de-
scribed by

d(u+x) —Au=f in Qp, (1.1)
u=H on T, (1.2)

where f : Qr — R is a given heat source, H : I' — R is the mean curvature and I' denotes the
phase boundary.
The degenerate Stefan problem models an infinite fast heat flow in the material, i.e. (1.1) is
replaced by
Ox —Lu=f in Qp. (1.3)



For a general theory of the Stefan problem we refer to [Vis98, Mei92, Gup03]. Global existence
results for the non-degenerate Stefan problem with isotropic Gibbs—Thomson law in a weak
(generalized) BV -formulation are shown in [Luc90, Luc91, R6g04] and with anisotropic Gibbs
Thomson law in [GS]. For the degenerate Stefan problem, existence of classical solutions locally
in time has been proven by Chen, Hong and Yi [CHY96] and by Escher and Simonet [ES97]. An
existence result for global solutions of the degenerate problem can be found in [Che96], where the
limit of a modified Cahn—Hilliard model is considered. However, the isotropic Gibbs—Thomson
law is only fulfilled in a rather weak and complex formulation. Using the theory of varifolds,
Roger [Rog05] established long-time existence of solutions of the degenerate Stefan problem with
isotropic Gibbs—Thomson law in a weak generalized BV -formulation.

The BV-formulation of the degenerate and non-degenerate Stefan problem with isotropic
Gibbs—Thomson law was introduced by Luckhaus and considered for the non-degenerate problem
in [Luc90, Luc91] and for the degenerate problem in [LS95] (see also [GS98] for a multiphase
version): The temperature and the phase function

u € up + L*(0,T; HY(Q)), up e HY0,T; H(Q)), and  x € L™®(0,T; BV(Q;{0,1}))

satisfy for the non-degenerate problem
/ (u+x)0& + / VuVé— [ f€ (1.4)
Qr Qr Qr
for all £ € C°([0,T) x ),

and for the degenerate problem

/QT i€ + /Qx<0)£<0> - /QT vive- [ s (15)

for all £ € C([0,T) x ),
and for both problems

/ /(Vg \Vx| f|VX\+ “E Ty |)|V |dt =0 (1.6)

for all £ € C°(Qr,R™).

In this BV -setting, global solutions for the non-degenerate case are obtained in [Luc90, Luc91] by
an implicit time discretization method. The time-discrete approximations x” and u" converge
to weak solutions of (1.1) and (1.2). In particular, the exclusion of loss of surface area in the
limit, i.e.
i [ VX — / IV, (17)
h—0 Jor Qr
arises in a natural way from the discrete minimum problem.

For the degenerate system, i.e. (1.3) and (1.2), property (1.7) is in general not satisfied.
However, assuming (1.7), existence of global solutions can be shown in the BV-setting, see
[LS95]. Conditions of the form as in (1.7) are typical for such kind of geometric problems and
have been applied to several other geometric problems, see [ATW93, LS95, GS98, BGS98, Ott98].



In this paper we study the degenerate and non-degenerate Stefan problem with spatially in-
homogeneous and anisotropic Gibbs—Thomson law. This generalized Gibbs—Thomson law results
from an inhomogeneous and anisotropic surface energy, i.e.

/a(x, v)dH" !,
r

where v is the outer unit normal of the liquid phase, H(™~1) is the (n—1)—dimensional Hausdorff
measure and o is an anisotropy function satisfying assumption A 2.1, see Section 2.1. The
corresponding generalized Gibbs—-Thomson law at the phase boundary reads as

u= H, onT (1.8)

with
H, =Vroy(z,v)+o0z(z,v)v,

where Vr denotes the tangential gradient of I'.

The aim of this work is to show existence of weak solutions for the Stefan problem with
spatially inhomogeneous and anisotropic Gibbs—Thomson law and existence of weak solutions
for the corresponding degenerate problem assuming a condition similar to (1.7). The results of
[Luc90, Luc9l, LS95, GS| are generalized.

Our main results are under suitable assumptions as follows:

Theorem 1.1

Let Q C R™ be a bounded domain with Lipschitz boundary, f € L*(Qr), and assumption
A 2.1, see Section 2.1, be satisfied. Furthermore, let up € H'(0,T; H*(Q)) and the initial
data ugp € HY(Q) N L>(Q) and xo € BV(Q;{0,1}) be given. Then there exist functions x €
L>°(0,T; BV(2;{0,1})) and u € (up + L*(0,T; H}(2))) N L>(0, T; L*(Q2)) which are solutions

of
/Qj‘(u+x)atf+/ /Q Vu Ve - / s€ (1.9)
for all € € C1([0,T) x Q),
and
/ / DTE(E ) + 00l ot ) - E(E) — vt ) - VE®L ) 0 (0l ))

—ult, ) () - v(t)) [Vt ) dt = 0 (1.10)
for all € € CH(Qr; R") with v = — X,

If, in addition, Q) is a bounded domain with C'~boundary then (1.10) even holds for all £ €
CY(Qr,R™) with £ - vq = 0 on 09, where vq is the outer unit normal of OS2,

The above existence result for the non-degenerate system is based on an implicit time discretiza-
tion method. In this case, we obtain for the time discrete approximations x®, & > 0, the following
generalized property of (1.7):

. h h h VX"
lim o(z,v")|VX"| — o(z,v)|Vxl, V= — (1.11)
T Qp

h—0 Jo |th’|



Under this condition we are also able to show existence of weak solutions for the degenerate
problem:

Theorem 1.2

Let Q C R™ be a bounded domain with Lipschitz boundary, f € L?>(Q7) and assumption A 2.1,
see Section 2.1, be satisfied. Furthermore, let up € WY1(0,T; H'(Q)) and the initial datum
Xo € BV(9Q;{0,1}) be given. If condition (1.11) (see Section 4 for the definition x") is satisfied
then there exist functions x € L>(0,T; BV (;{0,1})) and u € up + L*(0,T; H}(Q)) which are

solutions of
/Q RUS /Q X(0)€(0) = /Q uve- /Q e (1.12)

for all £ € CL([0,T) x Q),

and

T
/0 /Q (U('7 V(t? ))Vf(t, ) + U,I('v V(tv )) ' f(tv ) - V(tv ) ’ Vf(@ ) J,P('v V(tv ))
—ult, ) €(t, ) - w(t, ) IVX(L )] de =0 (1.10)

for all £ € CL(Qr,R™) with v = —\%-

If, in addition,  is a bounded domain with C'-boundary then (1.10) even holds for all £ €
CH(Qr,R™) with £ - vg = 0 on 99, where vq is the outer unit normal of 0.

A major task of the existence results for both problems has been to assure convergence of the
approximate terms which arise from the spatially inhomogeneous character of the interfacial
energy. To handle this convergence problem we work with slicing and indicator measures and
methods of geometric measure theory. We choose the notion of a generalized total variation for
BV -functions. Our results are based on weak convergence theorems for homogeneous functions of
measures, on geometric properties for anisotropic surface energies and on approaches of [GK09).

The paper is organized as follows: In Sections 2.1-2.2 we introduce some notation and the
assumptions. Then we state some properties for anisotropy functions and slicing and indicator
measures, see Sections 2.3-2.4. In Section 3 we establish a suitable weak formulation of the Stefan
problem with spatially inhomogeneous and anisotropic Gibbs-Thomson law in a generalized BV -
setting. Section 4 is devoted to time-incremental minimization problems for energy functionals
with spatially inhomogeneous and anisotropic interfacial energy. We construct time discretized
solutions for (1.9), (1.10) and (1.12), (1.10), respectively. Arguments similarly to [Luc90, Luc91,
LS95, GS] are only sketched. Finally, we pass to the limit in the time discretized problems, cf.
Sections 5.1-5.3, and prove Theorems 1.1 and 1.2 in Section 5.4.

2 Preliminaries

If not otherwise mentioned we assume that @ C R™ is a bounded domain with Lipschitz—
boundary. The first and second partial derivatives of a function with respect to the variables s
and p are abbreviated by f s and f .

We begin with stating the hypotheses for the anisotropy function o.



2.1 Anisotropy function

Assumption A 2.1
The anisotropy function o : 2 x R™ — [0, +00) satisfies the following properties:

(i) 0 € C(A xR,
00 € CQ xRMN{0}),
o pp € C(Q x RN\ {0}).

(ii) o is 1-homogeneous in the second variable, i.e. o(x,A\p) = Ao (z,p) for all p € R™ and any
A>0.

(iii) There exist constants Ay > 0 and Ag > 0 such that

Alpl < oz, p) < Xolp| for all x € Q and all p € R™.

(iv) o is convex as a 1-homogeneous function in the following sense: There exists a constant
dy > 0 such that

(1) - q > dolaf®
for allz € Q and all p,q € R" withp-q=0, |p| = 1.

Note, o, is not differentiable at 0 € R™. However, if we set c 0, =0 and goj, =0 at 0 € R” for
g € C1(Q) with g = 0 in some neighborhood of 0, then the expressions o o, and go, are well
defined at 0.

2.2 Generalized total variation

To handle the spatially inhomogeneous and anisotropic Gibbs-Thomson law we use the notion
of the generalized total variation of BV -functions introduced in [AB94].

Let 0 : Q@ x R® — [0,400) be a continuous anisotropy function fulfilling (ii) and (iii) of
assumption A 2.1. Then the dual function o* : Q x R” — [0, 400) is given by

o*(z,q) =sup{q-p:peR", o(z,p) <1} = sup{at(za;z;) ip € R”\{O}} (2.1)

For any f € BV () the generalized total variation of f (with respect to o) in €2 is defined by

/\Vf\g:sup{/fdivndx:nGKa(Q)},
Q Q

where K,(Q) = {n € CHQ,R") : o*(x,n(x)) < 1for ae. x € Q}. The generalized total
variation can be represented by an integral formula in terms of the measure |V f]|, cf. [AB94,
ABO95]:

[ 195 = [ ota.svn 91 (2.2)

where v¢(z) = —%(w) for |V fl-a.e. © € Q.

We remark, [, |V f|, is L'(Q2)-lower semicontinuous on BV (Q2).



2.3 Properties of anisotropy functions

In the sequel, we take advantage from the following properties for anisotropy functions, cf. [BP96],
[Dzi99] and [Gig06]:

Lemma 2.2

Let o be an anisotropy function satisfying assumption A 2.1. Then there exist constants C7; > 0
and Cy > 0, such that for all z € Q, v1,v0 € S*7! and all p,p1,p2 € R"\{0} the following
properties are fulfilled:

(i)
o p(x,p) - p=o0(z,p), o’y(x,p) -p=0c"(z,p), (2.3)

(ii)
o(z,v1) — o plz,1n) - v1 > Cily) — 1/2|2, (2.4)

(i)
o, p(z,11) — 0 p(2,12)| < Calvn — 1, (2.5)

(iv)
o,p(x,Ap) =0 p(x,p) for A >0, (2.6)

(v)
U(m,a?‘p(x,pl)) =0 (m,qp(x,pg)) =1. (2.7)

(vi)
o(z,p) Ufp(x, s,a’p(x,p)) =p, o*(z,p) o7p(x, s,U:‘p(x,p)) =p. (2.8)

Anisotropy can be visualized by the Wulff shape W which varies in our situation with z € {):
W(z)={qeR":0%(x,q) <1}.
The Wulff shape W is convex and its boundary can be expressed as follows:
oW (z) ={op(z,0): 0 € S"_l}, x € Q.

The outer unit normal at the point o ,(x, ) on OW (x) is #. For more details on this topic we
refer to [Gur93] and [Gig06].

The following lemma is an essential tool for constructing suitable approximations of the
Cahn-Hoffman vector o, cf. [GK09]. This auxiliary result is utilized to prove convergence of
the time discretized solutions.

Lemma 2.3 (cf. [GKO09])
Let o be an anisotropy function satisfying assumption A 2.1. Then there exists a constant C' > 0
such that

C |U,p(‘r7 V) _p‘Q < U(Ivlj) —pv

for all v € Q, v € S" ! and all p € R"\{0} with o*(z,p) < 1.



2.4 Slicing and indicator measures

We outline some properties on slicing and indicator measures, which are required in the limit
process of the discrete spatially inhomogeneous and anisotropic Gibbs-Thomson law. For details
we refer to [AFP00], [Eva90], [Fon91] and [Fon92].
Let O be a finite, nonnegative Radon measure on {2 x R™. The canonical projection onto {2
is denoted by m, i.e.
m(E):=0(FE xR")

for each Borel set E C €.

Proposition 2.4 (cf. [AFP00])
For m—a.e. point x € ) there exists a Radon probability measure A\, on R™ such that

(i) the mapping & — [p. f(x,y) d\.(y) is ™ measurable,

(i) [oupn f(@,y)dO(x,y) = [ ([gn f(@,y)dNe(y)) dn(x)  (Fubini’s decomposition)

for every continuous and bounded function f : ) x R — R.

Let i be an R"—valued measure on ) with polar decomposition dji = adp. Then the indicator
measure of i is the finite, nonnegative Radon measure © on  x S*~! defined by

©.f) = /Q £ (@, a2))du(z)

for every continuous and bounded function f : Q@ x R* — R. If E C Q is a set with finite
perimeter, i.e.

per(E) = / IVxE| < oo, xE : characteristic function of E,
Q
then the indicator measure of Vxg has the form
(0, f) = / f(x, —I/E(:Z’)) dH"_l(x) , vg : unit outer normal of E,
oO*E

where *F is the reduced boundary of E, cf. [Giu84, AFP00].

Proposition 2.5 (cf. [AFP00], [Fon92])

Let { i, }ken be a sequence of R"™-valued measures on §2 with polar decompositions dfi;, = oy dpuyg
and suppose that i, — [i weakly* with i = cpr. Then there exists a subsequence {k;};ecn and a
nonnegative Radon measure O, = Too ® A on Q x S?"~1 A\ being probability measures, such
that

(i) Or; = pr; @ bay (z) = Oco = Moo @ AL weakly* , 0y Dirac mass,
7
(i) pie; — moo weakly”

(iii) Too > M.
Moreover, for every f € C.(Q x R")

i [ f@on,@)dim, = [ f(@)a0(zn)

o = [( [ snao Jan),



3 Weak and strong formulations

In this section we show that equation (1.10) is in fact a weak formulation of the spatially
inhomogeneous and anisotropic Gibbs—Thomson law, see (1.8). This weak generalized BV-
formulation also includes a boundary condition for the interface with the outer boundary.

Theorem 3.1

Let Q be a bounded domain with C'~boundary, I be a C?~hypersurface and let 8T consists of
a finite number of C'—(n — 2)-dimensional surfaces. If (x,u) is a solution of (1.9) and (1.10) or
(1.12) and (1.10) then the following conditions are satisfied:

(i) Inhomogeneous and anisotropic Gibbs—Thomson law
o u(m,v(t)  v(t) + Vi - op(z,v(t) =u(t) on T'(t) H D ae. for ae te (0,T),
where Vr denotes the tangential gradient of T'.

(ii) Force balance condition
op(z,v(t)) - vgt) =0  on dT(t)N AN H" D-ae. for ae te (0,T),

where vq is the outer unit normal of Of).

Proof:

The proof is similar to the proof of Theorem 6.1 in [GK09]. We consider equation (1.10) and
take test functions of the structure & = v on T, where 7 is an arbitrary function of C}(Qr, R).
For the first and third summand of the area part of equation (1.10) we derive

/ /F(t) (t) o p(z,v(t)) dH™Y( / / Vi(t) - o p(x, v(t)) dH" 1 (t) dt
/ [, ctevioyve oo

:/O /m) v(t) - (Vn(t) - v(t) +n(t) Vu(t)) oz, v(t) dH 7 (¢) dt

T
- [y (T = Fri(0) - 0o, (0)) 1)

// op(z,v(t)) v(t)) dH 1 (t) dt,
F(t)

where £(t) = V) v(t) is the mean curvature. Applying the divergence theorem on manifolds
yields

T 1 r 1
/0 » Vewn(t) - op(e,v(t)) dH (1) dt + /0 /F (t)n(t) Vo p(z,v(t) dH"(t) dt
T
= / Ve (n(t) o p(, v(t))) dH " (¢) dt
0 JT@®)

T
= [ sttynte) (o o, vie)) - vie)) are e
o Jre



We infer

T
/ / (a(x,u(t))v-g(t)fy(t).vg(t)a,p(x,y(t)))danl(t)dt
o Jru

T
- / / 0(t) Vg o pl, () -\ (2) dt.
o Jre

Since n € C}(Qr) was arbitrary we end up with
0.0 (2, 1(8)) - V() + Vil v(8) = u(t)

on I'(t) H* l-a.e. for a.e. t € (0,7).

To (ii): We choose arbitrary functions £ € C*(Qp, R") with £(t) - vq(t) = 0 on 9 for a.e. t €
(0,T) and an orthonormal basis 71(t) = 7r(t), 72(t), ..., Th—1(t) of the tangent space T'I'(t),
where () is the outer unit normal of OI'(t). Then, using the Einstein sum convention, we may
express £ in the form § = n,v + 7, 7;. Applying the divergence theorem on manifolds leads to

T
/ / o(z,v(t)V- (nTJ. (t)7j (t)) d'H”fl(t) dt
o Jre
T
- / / o, v(£) e () AHP2 1)
o Jorw
T
- / Vo, (1)) - 1, (873 () dH (1) dt
o Jru

T
+ A »/F(t) O'(I" V(t))ﬁq (t)V(t)VTJ (t)]/(t) dH (t)dt

Since (V (7, Tj))TV = —(V)" (nr,7j) we have

T
/ / o(t) - (0, (£)75 (1)) 0 2, w(£)) dH (1) di
o Jrw

T
== [ ] 0r0) - 90y ) ke )
0 Jr

Thus we get for (1.10) the following representation

10



/T/ a (z,v(t))V-E(t) + 00 (z,v(t)) - £(2)
o Jre
1) V@) 0 )y 0t~ [ JIRICEORIOE 2O

T

- (= mlala®) (0 + ol v(0) <t>) a2 ) dt

o Jore

T
+A \/F(t nu(t)VF(t)-U’p(I,lj(t)) dH™ (t) dt

T
7/0 / (Vrwo(z, v(t) — Vu(t)op(z,v(t)) - (nr, ()75(t)) dH"1(t)

I(t)

T
v 7] 14 T v n—1
+/o /m)g(x’ (6))11s, (v () V() (1) dH" ' (t) dt

r T
. n—1 _ U y n—1 -0
+ /0 /F (t)a,m(a:,u(t)) E(t)dH™(t) dt /0 /F o () ()dH™ L (¢) dt = 0

Since
T
/ / 0, 1(1)) ey (1) = o) 0 (1)) - 70(0)) A" (1)t
ar(t)
/ / O'p x,v(t)) - V('L’))Tr(t) —v(t) (am(z, v(t)) - Tp(t))) d'H"_z(t) dt
ar(t)

we obtain by choosing suitable variations in the neighborhood of points of OT'

(0p(z,v(8)) - v(®)7r(t) = (op(x, v(1)) - 7r(8)) v(t) = 1(t) va(t)

with
1(t) = (o p(x, v(1) - v(t)0(t) = (0p(x, v(1)) - 70 (b)) v(2)]
on T'(t) H" l-a.e. for a.e. t € (0,T). Tt follows

lvg - =0z, v)- v, lvg-v=—0oy(z,v)- m, vo-1;,=0 forje{2,...,n—1}

on I'(t) H* !-a.e. for a.e. t € (0,T). This shows

o p(@,v) - 1 (Up( ) v)(v-va) + (0p(2,v) - 75) (75 - va)
=(- ) v)(op(@,v) ) + (0p(@,v) - ) (op(@,v) - ) /1
—0
on T'(t) H" l-a.e. for a.e. t € (0,7T). |

We remark that the dependence of ¢ on x has no influence on the boundary condition at
intersections of the interface with the outer boundary.

11



4 The discretization

The proofs of the existence theorems are based on minimization problems, cf. [LS95, Luc91,
GS]. For the degenerate problem, we choose an energy functional, which is similar to [LS95].
However, for the non-degenerate problem we introduce an energy functional, which differs from
[Luc9l, GS].

Let (0,7) be the time interval of interest with discretization fineness h = %17 M € N. We
construct iteratively time discrete solutions x" and u” for time steps h > 0. To this end we
consider the following two minimization problems in each time step:

Degenerate Stefan problem

Minimize F}* : BV(Q;{0,1}) — R,

h
00 = [+ [ Fov—ub0) - [ xubio (4.1
Q 2 Jo Q
where v € H(Q) is the weak solution of

X — X"(t = h) = h(Dv+ (1)), v =ul(t)|oq- (4.2)

Non-degenerate Stefan problem

Minimize & : BV (;{0,1}) — R,
h 1
g0 = [ IVl + 5 [ Tov-ub®)+ 5 [ o= [orodpe, @)
Q 2 Jq 2 Ja Q
where v € H'(Q) is the weak solution of

v+x—xh(t—h) —uh(t—h) = h(AU—i—fh(t)), v :u}b(t)bg. (4.4)

The discretization f* and u% of f and up are chosen such that f* and u% are constant on the
intervals ((k — 1)h, kh],k =1,--- , M, and f* — f in L?(Qr) and u® — up in L2(0,T; HY(Q))
as h — 0. We also may assume that the boundary values of up are extended in  such that
Aup(t) =0 for a.e. t € (0,T).

Note, (4.2) is the implicit time discretization of (1.3) for x = x"(¢) and v = u”(t), and (4.4)
is the implicit time discretization of (1.1) for y = x"*(¢) and v = u/(t).

Lemma 4.1

There exists a minimizer X" € BV (Q;{0,1}) of F}.

Proof:
Let {xk}ren, Xz € BV(2;{0,1}), be a minimizing sequence and {vy}ren the corresponding
sequence of weak solutions of (4.2). In view of Au®, = 0 we estimate

Fita) = [ Wl +5 [ 1Vl = [ o

The uniform boundedness of {xx}reny in L*(; {0,1}) and the BV (Q2)-compactness imply that
there exists a subsequence (still denoted by {x}ren) such that

xk— X in L*Q) and X € BV(©;{0,1}).

12



In addition, by the uniform boundedness of {v; }ren in H(Q) and by (4.2) we derive
v — 0 in HY(Q),

where 9 is the weak solution of (4.2) for y = x. From this property and the lower semicontinuity
of [, |VXk|s we conclude that ¥ is a minimizer of . | |

Lemma 4.2
There exists a minimizer X" € BV (;{0,1}) of &

Proof:
Let {xk}ren, xx € BV(Q;{0,1}), be a minimizing sequence and {v}ren the corresponding
sequence of weak solutions of (4.4). Due to Au”, = 0 we have

ﬂka)z/gmua /|v ok — ()2 + /k /\vk|+1|uD D).

Since { Xk} {ren} is uniformly bounded in L?(€;{0,1}) and in BV (£2) there exists a subsequence
(still denoted by {x}ren) with

Xk — X in L*(Q) and X € BV(Q;{0,1}).

Moreover, the uniform boundedness of {vy }ren in H(Q) implies that there exists a subsequence
(still denoted by {x }ren) with
vg =9 in HY(Q).

Since
/(Xk —xi)(vg —v) = — / (vg — Ul)2 - h/ |V (v, — vl)|2 — 0, as k,l — oo,
Q Q Q

we conclude
v — 0 in HY(Q),

where 9 is a weak solution of (4.4) for x = x. This property and the lower semicontinuity of
Jo |IVx|s assures that ¥ is a minimizer of £, [ ]

From the minimization procedure we obtain iteratively x® and u”* (u” is a weak solution of (4.2)
and (4.4)7 respectively, for x = x") at the time steps t = kh, k = 0,..., M. We extend x" and

ul by xX"(t) = x"(kt) and u"(t) = u"(kt) for t € ((k — 1)h,kh], k = 1,..., M, and abbreviate
o hg(t) = M for a function g.

Next we establish weak formulations of the Euler-Lagrange equations for F* and &£, which
are connected to (1.8) and (1.10), respectively. To determine the first variation of the spa-
tially inhomogeneous and anisotropic interfacial energy we fall back on the following variational
property, cf. [GK09]:
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Lemma 4.3
Let @ : [—70,70) X Q — Q be a family of diffeomorphisms of Q onto itself. If g € BV (2;{0,1})
then

d
L[ o),
0% (7, x)

= /Q (0(@(7, x), (T, $)Vg($)) tr (T) +U7z((b(7', x), (T, x)zzg(x)) . %‘I)(T, x)

7=0

d -7
+ O"p(q:'(’ﬂ x), ¥(T, x)yg(x)) . E(CIJJ(T, ac)) Vg(:rz)> ’Vg(:r:)‘,
7=0
where tr denotes the trace, U(7,z) = |det ® 4 (7, z)| (P o (T, x))fT and vy = —lg—gl for|Vg|-a.e. x €

Q.

Note that, if M is an n X n—matrix then Id + nM, n € R, is invertible for |n| sufficiently small.
In addition,

det(Id + M) = 1 + ntr(M) + %172 ((trM)2 - tr(M?)> + o),

and
(Id+nM)™' = Id —nM + n* M?* + O(n?).

Theorem 4.4
Let Q2 be a domain with Lipschitz—boundary. Further, let assumption A 2.1 be satisfied. If

X"(t) € BV(Q;{0,1}) is a minimizer of F}* or £ and u"(t) is the corresponding weak solution
of (4.2) and (4.4), respectively, then

[ (oM )T €0+ 0o (09) - €0 = v(4) - TEC) (0" 0,9)) 90,0
- [T =0 (@)
for all £ € CL(Q,R™), where v'(t) = —%.

If, in addition, Q is a bounded domain with C'~boundary then (4.5) even holds for all £ €
C>(Q,R") with £ - v = 0 on 9N, where vq is the outer unit normal of €.

Proof:
Let £ € CH(Q,R") and consider

O(z;7) =2+ 7&(2) (4.6)
for z € Q and 7 € R. Then ®(-;7) is a diffeomorphism of  onto itself if |7 is sufficiently small.
Via the above diffeomorphism we define

Xa(tx) = X" (8, 27 (a3 7).

Furthermore,
I/h(t I) I VX.,}}(t,l’) .
™ |VXA(t, )]

14



We denote the weak solution of (4.2) and (4.4) for x = x*(t) by ul(t). Since x"(t) = x2(t)|-=o
is a minimizer of F* and &£, respectively, we obtain
0= LEGED)| _ and 0= Terpkm)
dr t T 7=0 dr ¢ T 7':07
Next we compute the above derivatives. Here, we take advantage from the following properties
of ®:

(i) |det ®4(x;0)| =1,

respectively.

(i) &5 (B(ri7);7) = (Daleim))

(i) 4 (@u(a;) ™

= V().

7=0
Lemma 4.3 gives

d/g(7 szh(t7<b*1(2'7))
Q

ar Z‘}vth(m1(&))\>‘V2Xh<t’q>_1(z;7))’

= /Q (U(x,yh(t))v &4 U,m(x,yh(t)) & — Vh(t) ~V§O"p(l‘, I/h(t))) \Vxh(t)|.

7=0

In the following, we abbreviate w?(t) = ul(t)—u (t), w(t) = u(t)—ul (t) and utilize Aul (t) =
0. Hence the remaining parts of ' can be rewritten as

5 [ VOTEhe) b)) - [ o)

_h WM — (Pl

=5 [ Ivut@f - [ e

_h Wl () — wh 2 W) — wh W h W (D12 — h ()l
=5 [V Gt@ —w @)+ b [ ko -t O)Ve' e+ 5 [ [9u@F - [ oo
— ﬁ wh _ U]h 2 h _h wh ﬁ U}h 2 h uh

=5 [ 9@ —u" @) = [ ok -t 5 [ [9etor - [ e

— ﬁ wh _ wh 2 _ h uh h wh ﬁ wh 2

=5 [ 9o -ut )P - [ dato+ [ oo+ [ [vetor. (17)

Next we compute the 7-derivative of the first term in (4.7).
We denote by C' > 0 some constant, which may differ from estimate to estimate. Note,

;/Q)V(wf(t,z) —wh(mz))rdz
h -1 2;7T)) — h 4 wf , 2 —wh 4
_/Q(x (t, @ (ﬁ)) X(t ))( (t )ﬁ (t ))dz

< 05/9 (Xh(t’(bil(zi;;) - Xh(tvz))Q i 5/9 (wﬁ(t, z)\;th(t, Z)>2dz

for any § > 0 and some Cs > 0. In consequence, by Poincare’s inequality

%/ﬂ ‘V(w};(u z) — wh(t,z))‘gdz < C. ; (Xh(t’q)_l(zi/;)) — Xh(t’z))2dz (4.8)
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for some constant C' > 0.
Now we show that the term on the right hand side of (4.8) is uniformly bounded as 7 — 0.
Denoting Qo(t) = {x € Q: x"(t,x) = 0} and Q(t) = {x € Q: x"(t,x) = 1} we estimate

/( (£, (7)) — ¥ (t, 2)) =
L/ 7)) (@72 7)) — Xt 2))dz — Xt 2) (X (5 @7z 7)) — X"(8, 2))dz
[B1(00(2); 7))\ Q0(0)] + |24 (0\® (01 0);7)|

< 2/ \Vxh(t,w)\mag“lf (x;T)—<Ir (w;O)‘
Q zef)

IN

< 2/ \Vxh(t,x)\rnag(’;c - ‘I)(SL';T)’
Q zeN

2 [ [9x"(t2) | max e(z)
Q zEeN
<Cr
for some constant C' > 0 (independent of ¢). Hence,

%/Q ’V(wf(t, z) — wh(t,z))‘de <C.

Furthermore, for any ¢ € (2,2*] with 2* = f if n > 3 or any ¢q € (2,00) if n = 2 we obtain

h h —wh(t,2))[Pdz
2 [ 19t - ' ))| d

/‘X (t, @~ )) (tsz (t,2) — Z)‘dz
NG ﬁ
< HX (t, @ (2 7)) — x (Lz)’ , HwT (t, 2) — wh(t, 2)
= NG LT (Q) VT L9(Q)
h
<ol v (e
— 0 for 7 — 0.
In consequence,
d(i_h/ ’V(w};(m z) — wh'(t, z)) ’de = ll_r% 7_h/ﬂ ’V h(t,z)) ‘de =0

In addition,

d

i [ eton wya

:/Xh(tw)uh(t,x)vfdx*-/Xh(tvl')vuh(t’x)'fdx
0 Jo Q (4.9)
:Amwaﬂ@Wﬁ@M

This shows the claim for FJ* since the remaining terms of (4.7) do not depend on 7.
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To verify the claim for & we observe
5 [ VOTEhn —ub )+ 5 [ (@0~ [ @he) + o)
=5 [1vebor+5 [P -5 [ @by - [ o
=5 [19Gh0 ")+ b [ 9l - ot 0)va )+ 5 [ [Futel ;5 [ @)
1
-3 b2 = [ w0
=0 LWl — )P [ (k) ot )t — [ 60— x et
2 Jo Q Q
+g [hw =3 [ah@r+5 [ vetor - [ o
=5 [Vt —ut @)+ [ b - u' 0P+ 5 [ @or - [ oo
h h h h h
+ [ 3wt =5 [ by +3 [ 1vat@R @)
Since
h,/Q [V (wh(t, z) — wh(t, 2))[dz + /Q(w’;(t, 2) — w'(t, z))2dz
== [ R )~ ¥ 2) (bt 2) w1 2)) s

we may use the same argumentation as before to derive

(e o) [ (sb )

Due to (4.9) the assertion also follows for £ since the remaining terms of (4.10) do not depend
on T.

If Q is a bounded domain with C'-boundary we may choose a family of diffeomorphisms ®(7, -),
T € [~70, 0], of Q onto itself given by the initial value problem

=0

7=0

®(0,z) =x and @ (1,2) = &(®(T,2)), z €9,

with ¢ € CY(Q,R™) and ¢ - vg = 0 on 9. Then & also fulfills the above properties (i)—(iii) and
|®(x;7) — ®(2;0)| < 7max,5|&(2)|. Thus

[ (ot )V 60+ 0 (000) €0 = 10 VEQ 7, (1)) 93",
- [ e TR =0

for all £ € C1(©,R™) with £ - vg = 0 on 99, as required. |
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5 Convergence to solutions

5.1 The degenerate case

We are going to establish compactness of the discrete solutions x®, h > 0, in L' (Qr) similarly
to [LS95].

Lemma 5.1 (Uniform bound)

There exists a constant C > 0 (depending only on [, [Vx(0)s, |[upllwr10.1;m1 @) 1fllL200))
such that

esssupicor) | (VX0 + [ V0P <. (51)
T

Proof:
We first like to mention that for weak solutions @"(t), h > 0, of —Av = fh(t) with v = u/%(t)|sq
it holds

[ 1Oy < 1
where D; > 0 is some constant. In view of FJ*(x"(t)) < FI(x"(t — h)) we obtain
Lo ol [ v oo - )
< [ =nl+ g [ OGO )+ [ 600 == m)ublo),
By Young’s and Poincaré’s inequality we estimate
[ 19 Ol +1D2 [ 1V OF < [ [93 (= 1)l + BDlI Ol + hDs [y (0]
O + [ (00 (- m)ab(0) (52
with some constants Do, D3 > 0. Since

/0 " [ ool < /0 " e

we obtain for k =1,2,...,7, j < M,

g/ﬂ(xh(kh) = X"((k — l)h))u*j)(kh)

ih
. / O b (ON (¢~ 1) + /Qxh(jh)U’b(jh)— /Q X (0) u (h)

/ / |o; " | +2{lupll L (0,1;21 ()

< D4|‘UDHlel(O,T;Ll(SZ))v
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where D4 > 0 is some constant.
Now we take inequality (5.2) iteratively for ¢t = kh, k € N, and sum over k =1,2,...,4, j < M,
which leads to

T
/ VX" (G1)]s + D / Vuh () < / VX(0)]s + Ds / 1112 gy
Q Qn Q 0
+ D5 [|lupllwr 0,51 (0)) + Do

for some constants D5 > 0 and Dg > 0. Hence the assertion is obvious. | |

The following lemma is used to control time differences of ", see [LS95].

Lemma 5.2 ([LS95])
Let ¢ € BV(Q) with |[¢||p~q) < M for some constant M > 0. Then there exist constants
C > 0 and py > 0 (depending only on 2 and M) such that for all p < pg

e C
[ret<o( [ 19e1+cri0m) + lelluo
Q Q P

Lemma 5.3 (Compactness in L'(Qr))
(i) (Compactness in space)
The discrete solutions x", h > 0, are bounded in L'(0,T; BV (f2)).
(ii) (Compactness in time, cf. [LS95])
The discrete solutions x", h > 0, fulfill

/ o / X+ 7) — Xl < OV,
0 Q

for some C > 0.
In consequence,
X" = x in LY (Qr) (5.3)

for a subsequence as h — 0.

Proof:

To (i): This property immediately follows from Lemma 5.1.

To (ii): Without loss of generality we may assume 7 = kh and ¢ = lh. From (4.2) and Lemma
5.1 we infer

IX"(t+7) = X"Ollg-1) =  sup / (X(t+7) - Xh(t))9’
HgH]Ié(Q)Zl Q
t+1 o h _h(e _
= sup / /—X (5) 2(8 h)gds
HQHH(%(Q)zl t Q (54)
t+7 || R _h(e
s/ X'(s) =x"(s—h) H ds
¢ h H-1(Q)

1

t+7 3 N
([ (1B + 17 ORe) ) < or.

N

<rT
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Choosing p = 7'/* in Lemma 5.2 shows (ii).
We infer from (i) and (ii) that {x"} is relatively compact in L'(Q7) (cf. [Sim78, Sim87]), i.e.
there exists a subsequence {x"*}reny such that

" = x in  LY(Qp).

5.2 The non-degenerate case
To pass to the continuous problem we first establish a priori estimates for u® and y".
Lemma 5.4 (Uniform bound)

There exists a constant C' > 0 (depending only on [, [u(0)%, [, |Vx(0)|s, [wp || 10,7501 ()
1f]|22(0s)) such that

esssuptqo,m( / ((uh<t>>2+|wh<t>|)) [ watwp <o (5.5)
and
T
/O 107 (u (8) + X" ) -1y < C- (5.6)
Proof:

Equation (4.4) yields

%/Q V(o —ub®) = *%/Q (04 X — P (t — ) — X"(t = 1) (v — uly ()
+g/9fh(t)(v—u’z)(t)), (5.7)

Utilizing (5.7), £ can be rewritten in the following form:

e = [ 9o 5 [ =0+ = )+ 1) (0 =y (0)

f%/g(erx)(vfu’ﬁ(t))+%/Qv27/g(v+x)u%(t)

= [t g [ = bt 1)+ g 0) (0 - ub0)

— 5 [ o= [ x(o+ube)
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Note,
W)= [ 1V = o = 5 (6 (0) = ot = 1) (3() (1)
h Rep) (iR () — ol Lfcamen?— [ (o Rt — B
5 [ PO ub) +5 [ @0 - [ @0+ -m)ubo
- / \Vxh(t —h)|e + %/ (uh(t —h)+ hfh(t)) (ﬁh(t) B u%(t))
Q Q
— 5 [ @O +x" =0t = 5 [ (= hpue),
where 4/ (t) is the weak solution of

v—ul(t—h)=h(Dv+ (1),  v=ubt)|sa. (5.9)
Due to E(x"(t)) < £ (x"(t — h)) we conclude

%(&h(x”(t)) — &M (t—h))) =
%/Q(th(t)Ia— VX" (t = h)]s) —

+/ (uh(t—h)—f—hfh(t))M
Q

uP () — ab Ry (s
[ (B O g g

Multiplying (4.4) with (u” () — u/s(t)) gives

u't) —ut—h) g wE) —ut(tE—h) 4
—_— — > up

A u"(t) —
—/IV (u"(t) —ulp(8)) > + /fh ) —ubh(). (5.11)

In addition, testing (5.9) with (4" (t) — uf(t)) yields

ah(t) —ul(t —h

(5.10)

O D

D
=7/ |V (a"(t) — up (1) * + /fh ) —up(t). (5.12)
Adding (5.11) and (5.12) shows
— [190 0 =) = [ 1960~ b)) F + [ 700 = 2pte) + i 0)
- %((uh(t)f — (= hyut(t) + (@ (8)? — P (2 — h)ah (1)
= (M) = 20"(t = B) + A" (O)up(8) + RO (" (1) — ulp(1)) ) (5.13)
> (M0~ (¢~ ) (e~ ) () — (1)

- (uh(t) - 2uh(t —h)+ ﬁh(t))u}fj(t) + h(?[hxh(t)(uh(t) - u}b(t)))
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Moreover, adding (5.10) and (5.13) leads to

7 L9 Ol = 1= mla) =2 [ 37 b )+ " 0)

w2 = (uP(t — h))2
+2/Qf’){hu’b(t) (uh(tfh)+xh(t,h))+/ﬂ( (®) é (t - h))

< —/ (IV (" () = ulp () + [V (@" (1) — up (1)) +2/ ) (@ (1) —up (1)),
Q Q

From (4.4) we deduce

||a () — Uh(t)H%z(Q) <) = X"t = W)llzzo) 18" (8) — u" ()] |20
— BV (@"(t) — ")) 1720

and therefore
" (t) — u" ()| 120y < X" () = X" (t = D)l £2(0)-

Hence we obtain
/Q (@) (@M (1) = ub(@) | < @2l () — 2"t = Bl 2 (@)
+ Gl l f" ()17 + 0l1u" () = ub ()17 20
for any § > 0 and some Cs > 0. Note,

t
|07 "ulh ()1 < [|0upl |32 (0,)-
0 JQ

By means of Poincaré’s and Young’s inequality we finally establish
hpy)2 h T hpy |2
ess supt€<07T)</Q ((u™(t)* +|Vx (t)|)) -l-/o /Q [Vu'(t)|“dx dt

sc&( /Q XO)ls + /Q |u<o>|2+Han%p(o,T;Hl(m)+\|f\|%2(QT>)+cz,

where C1,Cy > 0 are some constants and (5.5) is established.
Due to (4.4) we obtain for € HZ(Q) with ||77HH3(Q) <1

1/2
Lortatw o= ([ (veor+1on)
From (5.5) we infer
T
10 ()4 X )1y < C
for some constant C3 > 0. |

Next we take advantage from an L!-bound for fractional time derivatives of x" and u" (see
[Luc90, Luc91] ), which ensures compactness of x* and u” in L!(Qr).
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Lemma 5.5 (Compactness in time, cf. [Luc90, Luc91])
Let QQ C R™ be a bounded domain with Lipschitz-boundary. Furthermore, let

up € H'(Q7), wue L>®0,7;L%(Q)), u—up € L*(0,T, H(Q)),
x € L*(0,T; BV(Q;{0,1}))

and
dr(u+x) € L*(0,T; H1(Q)).

Then there exists a constant C > 0 (depending on the above norms) such that

T—7
/0 IXC+7) = X+ [u + 7) — u()] < O

with 1/, =13 — &,
Due to the a priori estimates and Lemma 5.5 we can select (weakly) convergent subsequences:

Corollary 5.6
There exist

u € (up + L*(0,T; H)(Q))) N L>¥(0,T; L*()), up € H(Qr),

and
x € L®(0,7; BV (2:{0,1}))

such that
(i) uh —win L?(0,T; H'(Q)),
(ii) u" — w in L*(0,T; L' (),
(iii) x" — x in L?(0,T; L*(2)),
(iv) u(t) — u(t) in L(Q) for a.e. t € (0,T),
(v) x"(t) — x(t) in L*(Q) for a.e. t € (0,T)
for some subsequence as h — oo.

In the following lemma we show that for the non-degenerate problem loss of surface area is
excluded in the limit.

Lemma 5.7
The functions x"(t), h > 0, fulfill for a.e. t € (0,T):

h — as h — 0.
/Q\Vx t)lo /lex(t)\(, h—0
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Proof:
Since x"(t) — x(t) in L%(2) for a.e. t € (0,T) we immediately obtain

/ [Vx(t)|s < lim inf/ IVX"(t)|, forae. te(0,T)
Q h—0 Q

by the lower semicontinuity property of [, [VX"(t)g.
Now we prove the opposite inequality. Since

(1) < &M (x(t))

we derive
| (90Ol + 5000 + 51900 = b O) = (0 +x"O)ub()) <

[ (1930 + 5220+ 51900 — b)) - (00 + x@) (o). (5:14)
where v(t) is the weak solution of

v—ult—h) | x(t) ~x"(t—h)
h * h

Note, from (4.4) we conclude

[ @0 - o) == [ (60 = x®) () - 0(0) ~ h [ [9(u0) = o(0) .
Q Q Q

In consequence,

=LDv+ 1), o) = up(t)]ae-

[Ja" () = v(®)ll2() < [IX"(8) = x(Dl2@) = 0 ash—0,
and v(t) = u(t) a.e. in Q for a.e. t € (0,7). We estimate

< [uh (&)l 2oy llu" (8) = u(®)l| L2() + %/Q (l" @) + Ju(®)]) [u"(8) —u(®)] =0 ash —0,

and

/Q (x"(8) — X(t))u}b(t)‘ < IX(1) = xOll2o) b Oll2@) =0 ash—0

for a.e. t € (0,T) since u"(t) — u(t), x"(t) — x(t) and u’(t) — up(t) in L*(Q) for a.e. t € (0,T).
In addition,

h /Q IV (ult) — uly (@) — h /Q V(" (t) — uly(t))]

/Q ((U(t))2 = (W(1)® = (u"(t = h) +up (1) (ult) — u" (1)) = " (1) (u(t) - u" (1))

= (X(®) = X"(O)up () + x(O) ult) = x" () u" () = X" (t = h) (u(t) - uh(t))) ’

—0 as h—0
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for a.e. t € (0,7). From (5.14) we conclude

/ Vx(®)ly > limsup / VX (1)
Q h—0 Q

for a.e. t € (0,7). |

5.3 The spatially inhomogeneous and anisotropic Gibbs—Thomson law

Before we pass to the limit in the weak formulation of the discrete spatially inhomogeneous and
anisotropic Gibbs—Thomson law, we show some approximation properties.

Lemma 5.8
Suppose

/a(.,yh(t,.))yvxh(t,.)y ﬁ/o(-,u(t,-))’VX(t,-)L h— 0, (5.15)
Q Q

for a.c. t € (0,T), where v® = =Vx"/|Vx"| and v = —Vx/|Vx|.
Then, using the same notation as in Proposition 2.5:

(i) faugn-10()dOux(t,-,-) < [qo(-,v(t,)|VX(t,-)| for a.e. t € (0,T).
(i) There exists a sequence {gt}ien of functions gt € C1(Q), t € (0,T), such that
gt — op(v(t,))  in LN|Vx(t, )
for a.e. t € (0,T).

(iii) A2(t) = y=p(i0) for |Vx(t)|-a.e. 2 € Q and a.c. t € (0,T).

Proof:
To (i): Due to Proposition 2.5 we infer

/ 0 () dOu(t, ") < liminf/ o () dOn, (1, -.)
Qxsn—1 Qxsn—1

J—o0

= li‘minf/ﬂaﬂ7 vhi(t,-)) ’VXh’j (¢, )|

- / (vt ) VX )|
Q

for a.e. t € (0,T).
To (ii): Smooth approximations g! for the Cahn-Hoffman vector o, can be constructed as
follows: Due to (2.2) there exists for every > 0 and a.e. ¢t € (0,7") approximative functions
g? € K, such that

[ tantton = st vie. ) 9] < 2
Thus, by Lemma 2.3,
/Q 105+ () — g3V [Vx(t, )] < C1 6
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for some constant C; > 0 and a.e. t € (0,7"). This implies the existence of a sequence {gé}leN,
gt € CHQ,R"), with g} — o ,(-,v(t,)) in L'(|Vx(t,-)|) for a.e. t € (0,T) since § > 0 may be
chosen arbitrarily small.

To (iii): Since x"(t) — x(t) in L'(Q) for a.e. t € (0,T) and limsup,_.g [, |Vx"(¢)| is bounded
for a.e. t € (0,T") we obtain

VX" (t) — V(1) weakly™

for a.e. t € (0,T). Hence, we can choose a set S C (0,T) of Lebesgue measure zero such that
X)) — x(t) in LY(Q) and V() — Vx(t) weakly* for t € (0, T)\S.
From Proposition 2.5 we conclude that there exist a sequence {h;}jen and a nonnegative Radon
measure O (t) = Too(t) ® AL () on Q x "1t € (0,T)\S, such that

(a) On,(t) = IVxi ()| @6 hi (1) — O (t) = Too(t) @ A°(t)  weakly™, dy Dirac mass,

(b) [V ()] = meo(t)  weakly™,

(©) Too(t) = [VX(D)],

(d)

lim [ F(z, Vit a?))|Vth(t,.r)\ = / F(z,y)dOc(t, z,y)

)= JO QxS§n—1

:/ﬂ</Sn_1F(x,y)dAf(t,y))dwoo(t,m)

for any F € Co(Q x R") and all t € (0, T)\S.
For any & € Q we take r > 0 such that B(Z,r) = {z € R" : ||z — Z|| < r} €  and set

Fy(z,y3t) = @1(2)@2(y)|o p(,) — ge(2) ],

where ®1 € C(Q) with 0 < ®; <1in Q and &1 =1 in B(&,7) and @3 € C.(R") with ®5(y) =0
in {y € R™ : |jy|| < h} for some h > 0, ®o(y) = 1 on S" ! and g, € K,(Q). Consequently,
Fy(-,-;t) € Ce(Q x R™). Proposition 2.5 assures (modulo a subsequence)

L@ [ losen - at@Pasen ) o)
< [o@( [ watlosen - al@Pa ) Jan.o)
=t [ BBl (1 0) oy (1. 0)) — (I 1.0
i~ Jo

< lim |Up(ﬂf V9 (t,2)) — ge(2) PV X" (@)

]—>OO

(5.16)

26



for every t € (0,7)\S. Taking advantage from Lemma 2.3 we estimate

lim | Cloy(z, 1" (t,2)) = gu(2) ]|V (t, )]

Jj—00 [¢)

< lim (J(x, phi (t,z)) — ge(x) - phi (t, ac))|Vth (t, )|

j—oo Jq

= [ (otawtt.) — (o) - v(t. ) Vxct.)

< / lo (2, v(t, 7)) — gu(@)| |V x(t, )]
Q
(5.17)

for every t € (0,7)\S, where C' > 0 is some constant. Hence, (ii) combined with (5.16) and
(5.17) shows

La( [ oo - apfasto)Poscn ) wxe.o) =0

for t € (0,7)\S. In particular

[ei@( [ loatei - aplovton - s2asen ) Dol =0
for t € (0,7)\S. This implies, according to Lemma 2.2 (ii),
/ v(t,x) — y|4d/\;°(t, y) =0 for |Vx(t)|-a.e. x € B(&,r) and t € (0,T)\S.
§n—1

Hence we obtain that AJ° is a Dirac mass, i.e. A°(t) = 6y—p(t2), for [Vx(?)|-a.e. © € B(Z,r)
and ¢t € (0,7)\S and the claim follows as & € 2 was arbitrary. |

Lemma 5.9

Let Q be a bounded domain with Lipschitz—boundary and suppose assumption A 2.1 is satisfied.
If x"(t) € BV(Q;{0,1}) is a minimizer of ' and condition (5.15) is satisfied, or if x"(t) €
BV (Q;{0,1}) is a minimizer of £}, then

lim [ (o (M () V€ ) + 0 (V1 (1) €)= (1) - VE ) 0 (1 (4,)) [T ()

h—0 Qp

= [ (o) V€0 + 0wt ) €00 = v(t) - V() 7y (vl ) ) V)
’ (5.18)

for all ¢ € CL(Qr,R™), where V" = —% and v = —lg—;‘.
If, in addition, ) is a bounded domain with C'~boundary then (5.18) is satisfied for all £ €

CY(Qr,R™) with £ - vg = 0 on 99, where vq is the outer unit normal of OS2,
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Proof:
In view of Lemma 5.8 (i) we have

/ o(,y) dOno(t, 7,7) < / o, v(t, )| VX (4, )
QxSn—1 Q

for a.e. t € (0,T). Since, by Lemma 5.8, A\°(t) = 6y 1) for |Vx_(t)|-ae. z € Q and
a.e. t € (0,T), we infer from Lemma 2.5

[otwstapmr-wal= [ ([ awnasen)orao)

-/ ( [ ot dng(t,y)) 9(t, ) drct, )
<[ clewdoay.

where ¢ is the density of |Vx_| with respect to mo and 0 < g(¢,2) < 1 for mo—a.e. z € Q and
a.e. t € (0,T). Consequently, as [, o(z,y) dAP(t,y) > 0 for Too-a.e. z € Q and a.e. t € (0,T)
we deduce

g=1 and |Vx_|=me for me—ae z€Qandae te(0,T).

Moreover, Oy, (t, €2 x §"1) = ‘Vxhi (t)‘(Q) converges to |Vx(t)|(Q) = Ouo(t, Q x S*71) for a.e.
te (0,7).

Next we utilize the property that lim; o ©p, (£, Q x §*71) = O (t,Q2 x ") and Oy, (t) —
O (t) weakly*, ¢t € (0,T), implies

lim u(z,y) dOy, (L, 2,y) = / u(z,y) Oco(t, x,y)
J—70 JOaxsn—1 QxSn—1

for every continuous and bounded function u : Q x S*~! — R. We conclude

lim f(x7’/hj(t7 w))’Vth (tax)} = lim f('rvy) dehj (t,z,y)

Jj—oo Jo j—oo Joxsn—1

— [ tewentam = [ farita)aa)
Qxsn-1 Q
for every continuous and bounded function f : Q x S*~! — R and a.e. t € (0,T). Thus we infer

}lLimO a(x,l/h(t,a:))v CE(t,x) VX (t, @) | = / o(z,v(t,z))V - £(t,z)|Vx(t, )|
—0Jq Q

]lli% QU,z<x7Vh(tax)) 'é(t’ x)‘vxh(tvx)‘ = AJ’I(x,V(t,I)) -§(t7$)|vx(t,l’)|

}llin%) Z/h(t) - VE(t, ) U,p(z, Vh(t)) \Vxh(t,:l:)\ = / v(t,z) - VE(t, x) Uﬁp(‘r, 1/(15,m))\Vx(t7 x)|
—0.Jqo Q

for h — 0 and the claim is established by Lebesgue’s convergence theorem. |
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5.4 Proofs of Theorems 1.1 and 1.2

Now we are well prepared to prove Theorems 1.1 and 1.2.

Proof of Theorems 1.1 and 1.2: From Lemma 5.1 and Lemma 5.4, respectively, we conclude
u" ~u in L20,T; H'(Q)) and x" — x in L*(0,T; L*(Q)).
The weak compactness of L2(0,T; H&(Q)), in turn, implies
u € up + L*(0,T; H (Q)).

To establish (1.12) and (1.9), respectively, we consider the time discretization of the diffusion
equations, see (4.2) and (4.4), for x = x"*(t) and v = u"(#). Discrete integration of the terms
IQT 8t_h(xh)§ and fQT a;h (uh + Xh)f by parts and passing to the limit &~ — 0 in (4.2) and (4.4)
shows (1.12) and (1.9), respectively.

Now we show equation (1.10). From (5.18) of Lemma 5.9 we derive the convergence of the
discrete curvature term to the corresponding expression in (1.10). In addition,

’?L% /QT uh(t7 ')‘f(t7 ) Vh(ta ')|VXh(ta )| = %IL% ar div(uh(t, ) 5(757 )) Xh(t7 )

= [ divfutt )€t ) x(t) = [t € v )| Vx|
Qr Q

T

Hence the assertion follows. ]

5.5 Conclusion

The Stefan problem with Gibbs—Thomson law has many applications in material sciences, i.e. de-
scribing melting and solidification processes in materials. It has been addressed mathematically
by several authors. For a realistic modeling, such as solidification of alloys, it is quite important
to take surface tension effects into account, which are spatially inhomogeneous and anisotropic.

In this work we have presented existence results for Stefan problems with spatially inhomo-
geneous and anisotropic Gibbs—Thomson law. Previous results to this topic (cf. [Luc90, Luc91,
LS95, GS]) have been generalized. We like to mention that in contrast to the isotropic case
we cannot apply the Reshetnyak convergence theorem [AFP00]. To tackle both inhomogeneity
and anisotropy we have used slicing and indicator measures and methods of geometric measure
theory.
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