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Abstract. Classical inf-sup stable mixed finite elements for the incompressible (Navier—)Stokes
equations are not pressure-robust, i.e., their velocity errors depend on the continuous pressure. How-
ever, a modification only in the right hand side of a Stokes discretization is able to reestablish
pressure-robustness, as shown recently for several inf-sup stable Stokes elements with discontinuous
discrete pressures. In this contribution, this idea is extended to low and high order Taylor-Hood
and mini elements, which have continuous discrete pressures. For the modification of the right hand
side a velocity reconstruction operator is constructed that maps discretely divergence-free test func-
tions to exactly divergence-free ones. The reconstruction is based on local H(div)-conforming flux
equilibration on vertex patches, and fulfills certain orthogonality properties to provide consistency
and optimal a-priori error estimates. Numerical examples for the incompressible Stokes and Navier—
Stokes equations confirm that the new pressure-robust Taylor—Hood and mini elements converge
with optimal order and outperform significantly the classical versions of those elements when the
continuous pressure is comparably large.

1. Introduction and notation.

1.1. Introduction. The classical Taylor-Hood element [42, 19, 31], its higher
order extensions [13] and the classical mini element [1, 19] are among the most popu-
lar discretizations for the incompressible Navier—Stokes equations, since they are easy
to implement, fulfill a discrete LBB condition and converge with optimal order. Nev-
ertheless they suffer from a common lack of robustness: since they use continuous
discrete pressures, they relax the divergence constraint and are thus not pressure-
robust [23], i.e., their velocity error is pressure-dependent, as one can see for an
incompressible Stokes model problem —vAu + Vp = f,divu = 0 with homogeneous
Dirichlet velocity boundary conditions (with v > 0). Here, the velocity errors for the
Taylor-Hood and mini elements read as

. L.
1900 = wn)lziey < € int 900 =wa)lagey + ik p= a2

where V;, and @), denote the discrete trial/test spaces for the velocities and the
pressures, and C'is a O(1) constant. This velocity error estimate is sharp and shows
some kind of locking phenomenon [23, 27, 33, 15, 34]: for small parameters v < 1 the
velocity error can become really large. The issue is well-known in the literature, it
shows up in real-world situations [10, 18, 29, 23] and it is sometimes called poor mass
conservation [17], since for H!-conforming mixed methods such large velocity errors
are accompanied by large divergence errors.
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Recently, it was shown for several mixed finite element methods like the non-
conforming Crouzeix-Raviart element [27, 6] and the conforming Py-Pgis¢ element
[28] (and also for a finite volume [26] and for some Hybrid Discontinuous Galerkin
methods [9]), which all use discontinuous pressures, that a modification only in the
right hand side of the Stokes discretization is able to reestablish pressure-robustness.
This approach leads to a velocity error estimate [27, 28]

IV(a=un)ll 2y <C_inf [[V(w—=wn)[l 20y + Ceonsh' ™ [u] i1(q),
wpEV)

where [ denotes the approximation order of the discrete pressure space and Ceong
denotes an O(1) constant, arising due to a consistency error in the discrete right hand
side. Note that similar pressure-robust velocity error estimates can be achieved also
with divergence-free mixed methods like [38, 44, 45, 21, 22, 25, 16]. The key idea for
the modification of the Stokes right hand side in [27] is that discrete divergence-free
velocity test functions are mapped to exact divergence-free ones by some velocity
reconstruction operator. Then, irrotational parts (in the sense of the continuous
Helmholtz decomposition) in the exterior force f of the above Stokes model problem
are orthogonal in the L? vector product to (mapped) discrete-divergence velocity test
functions and do not spoil the discrete velocity solution up [27]. Indeed, the so-
called poor mass conservation arises just due to a lack of L? orthogonality between
discrete-divergence-free velocity test functions and arbitrary gradient fields Vi [26,
27, 23]. For LBB-stable mixed finite element methods with discontinuous pressures
the corresponding velocity reconstruction operators employ H (div)-conforming finite
element spaces. The velocity reconstruction operator is defined elementwise, and
fulfills several consistency properties [28].

At the heart of the present contribution lies the construction of novel velocity
reconstruction operators for the Taylor—-Hood element family and the mini element,
which have continuous discrete pressures, such that a modification of the Stokes right
hand side yields a pressure-robust mixed method. A first version of such velocity re-
construction operators has been presented in [24]. Similarly, velocity reconstructions
in the spirit of [20] could be probably adapted also. Since the new corresponding
mixed methods have the same stiffness matrix like their classical counterparts, the
discrete LBB condition is inherited from the original method. Optimal convergence of
the new pressure-robust mixed methods is shown. The novel velocity reconstructions
require the solution of local discrete problems, which are defined on vertex patches.
The reconstructions map H'-conforming velocity test functions to H (div)-conforming
ones, which preserve the discrete divergence. Especially, discrete divergence-free ve-
locities are mapped to exact divergence-free ones. The construction uses ideas from
flux equilibration for a-posteriori estimates [8, 5]. In order to achieve optimal conver-
gence order for the novel mixed methods, the velocity reconstructions have to fulfill
some consistency properties, which are incorporated in the local problems to be solved.
For this, bubble projectors [14], averaging operators [35] and properties of the Koszul
complex [2] have to be exploited.

1.2. Structure of this paper. After defining some notation in the next subsec-
tion, in Section 2 the continuous Stokes problem is introduced and the new pressure-
robust mixed finite element methods for its discretizations are presented in a quite
abstract manner. The main Theorem 2 summarizes the most important properties
of the velocity reconstruction operator Rj, while the proofs of these properties are
postponed to Section 4 in case of the Taylor-Hood element family and to Section
5 in case of the mini element. Section 3 presents a common finite element error
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analysis for the proposed Taylor-Hood and mini element variants. It is shown that
their velocity errors are indeed pressure-robust, and that — quite surprisingly — even
pressure-robustness results hold for their pressure errors, when measured in some dis-
crete pressure norms. In Section 4, different finite element spaces and finite element
tools like bubble projectors [14] and Oswald interpolators are introduced, and local
(saddle-point) problems on vertex patches are defined that are fundamental for the
definition of the novel velocity reconstruction operators for the Taylor—Hood finite
element family. Besides proving the unique solvability of these local problems, the
properties of the corresponding reconstruction operators stated in Theorem 2 are
proved. Similar to Section 4, in Section 5 velocity reconstruction operators for lowest
and higher order mini elements are defined solving local problems on vertex patches,
and the properties of Theorem 2 are proved also in these cases. Section 6 presents
several numerical examples for the incompressible Stokes equations in 2D and 3D that
show that the pressure-robust Taylor—-Hood and mini element variants can outperform
clearly their classical counterparts in the best case, and are only slightly worse than
the classical discretizations in the worst case. Section 7 serves as an Appendix where
some properties of the Koszul complex in 3D are demonstrated.

1.3. Preliminaries. We introduce some basic notation and assumptions. In
this work we assume an open bounded domain Q C R? with d = 2,3 and a Lipschitz
boundary I'. On 2 we define a partition 2 = UZI\;Tl T; into sub-domains called elements
T; which will be triangles and tetrahedrons in two and three dimensions respectively.
We shall denote T as such a partition which fulfills a shape regular assumption, so
all elements fulfill |T| 3= diam(T)¢. Furthermore we call T quasi-uniform when all
elements are essentially of the same size, i.e., there exists one global h such that
h ~ diam(T'),VT € T, see for example [4]. The set of vertices is defined as V and for
each vertex V' € V we define the vertex patch wy and the corresponding triangulation
Twy S

wy = U TcQ and T,, ={T:VeT}CT,
T:VeT

and define the local mesh size hy := max{diam(T) : T € T,,}. We define the
polynomial spaces of order m on § as II"(€2) and on the triangulation as

(1.1) I™(T) = {aqn : qnlp e T™(T) VT € T} = [ (D),
TeT

and similar for wy and 7, . Furthermore we define the spaces

[2(Q) = {q € L2(Q) : / gdz =0} =0,
Q
H}(Q) :={ue€ H'(Q) : tr u =0 on 99},
Hy(div, Q) := {o € H(div,Q) : trpo = 0 on 09},
V= [Hg ()7,
V0= {veV:idivv=0}

where tr and tr,, denote the trace operators for H'(2) and H(div, ). We also define
the L? projector on polynomials of order m as P&, and the Oswald interpolator

S:U™(T) — II™(T) N C°Q) (see [35] or the averaging operator in [12]) that maps
discontinuous polynomials to continuous ones. Depending on the dimension we define
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the Koszul operator (see [2]) for d = 2 with & = (z,y) and for d = 3 with & = (z,y, 2)
as

ke T2(9) = (L@ ke (L@ = [L2(Q)P
kz(a) := (_xy) a kz(a) := ¥ X a.

Furthermore we define the Curl operator for d = 2

Curl : TI™(Q) — [TI™(Q)]?
Curl (u) := (=0yu, dyu)".
In a similar way all the above introduced spaces and operators can be defines on wy .

In this work we use a < b when there exists a constant ¢ independent of a, b, m, h such
that a < cb

2. Continuous and discrete Stokes problems and the velocity recon-
struction operator. The incompressible Stokes problem for a right hand side forc-
ing f € [L?(Q)]¢ is given in weak formulation by [19]: search for (u,p) € V x @Q such
that for all (v,q) € V x @ holds

a(u,v) + b(v,p) = 1(v),

(21) b(qu) =0,

where the bilinear forms ¢ : VXV — R and b: V X  — R and the linear form
[:[L*(Q)]¢ — R are defined by

a(u,v) = / vVu: Vv dz,
Q
(2.2) b(v,q) = / q divv dz,
Q
I(v) = / f-vdz.
Q
Note that for the continuous Stokes problem holds the LBB condition

b
(2.3) inf sup (v.q)
1€QveVv |4l 20y VY20

>p>0,

where 3 denotes the LBB constant.

For the discretization of the continuous Stokes problem (2.1) by inf-sup stable
mixed finite element methods [19, 4] we introduce conforming finite element spaces
for the velocity V;, C V and the pressure @@, C Q. We assume that for the pair
V5, x @y, of discrete spaces holds a discrete LBB condition

b
(2.4) inf sup (Vh: 4n)
n€QR v, EV), ||qhHL2(Q) ||VVh||L2(Q)

Z ﬁh > 0.

We remind the reader that the discrete LBB condition implies the existence of a Fortin
interpolator I'r : V — V}, such that for all v € V and for all ¢, € Qp holds

(2.5) b(Ipv,qn) = b(v,qn) and HVIFV||L2(Q) <Cr ||VVHL2(Q) )



where C'r denotes the stability constant of the Fortin interpolator [19, 4]. Introducing
the space of discrete divergence-free velocity functions

(2.6) Vg = {Vh eV : b(Vh,qh) =0 for all g, € Qh},
the following lemma is a classical result by the theory of mixed finite element methods
[19, 4].

LEMMA 1. Let the finite element spaces Vi, and Qp, fulfill the discrete LBB con-
dition (2.4), then it holds for all v € V°

vh,ig\f/g Vv — V'UhHLz(Q) <(1+Cr) ’whig{‘/h Vo= thHLZ(Q) .

In the following we propose a non-standard discretization of the right hand side
of the Stokes equations, in order to obtain pressure-robust velocity error estimates.
Key is the definition of a velocity reconstruction operator in the spirit of [26, 27] that
maps discrete divergence-free velocity test functions to exact divergence-free ones.
The novelty of this contribution is that we define such reconstruction operators for
mixed finite element methods, which possess only continuous discrete pressures. The
most prominent examples of such mixed finite element methods are given by the
Taylor-Hood element family and the mini element [19, 4]. From now on we focus on
the Taylor—Hood element of order k > 2 so

Vi, = [T [CO@) and Q= II*1(T) N C(Q),

and give a detailed description for the mini element in Section 5. The velocity recon-
struction operators

Ry:Vy, =V, +3,

with some H(div)-conforming finite element space Xj are defined by solving local
problems on vertex patches. A precise definition is given in Section 4. We introduce
the discrete space of scalar functions

(2.7) th = diV(Rth>,

and we assume that it holds @, C @h. The Oswald interpolator is now defined from
S : Qn — Qp with the property

(2.8) S|Qh,(Q) =id.

For the error estimates of the finite element method to be proposed, we use the
following abstract properties of Ry, which are summarized in the following theorem.

THEOREM 2. For the reconstruction operator Ry, defined by equation (4.19) holds
(29) i (divRuwn, Gh) 20y = (divwn, SGn) o) Yin € Qn,
(2.10) 4. (div (wp — Rh'wh),qh)m(m =0 Yw, € Vi,,Yq, € Qn,
(2.11) i, (divwn, qn) g2y = 0 Van € Qn = (div Rpwn, Gn) 12y = 0 Van € Qn,
i.e. divRpwy =0,
(212) iv. (g wn = Ruwn)2(q) < Coonsllgll—allVewnllr2e) for any g € [L2(2))

with data oscillation defined by || gl|,,, := ( S h3 Hg— P, gHQLQ(W )>
Vev v



Remark 3. The data oscillation |||, is similar to a estimation used for the anal-
ysis of adaptive methods, see for example [43, p. 60]. Note that for g € H'(Q) and a
quasi—uniform triangulation 7 it follows using a scaling argument that

gl <A™ 2 g .

The discrete Stokes problem can now be defined by: search for (up,pn) € Vi X Qp
such that for all (vs,qn) € Vi x @), holds

a(up,vy) +b(vh,pn) = {RLVH),

(219 b(up, qn) = 0.

Remark 4. The stiffness matrix of the proposed discretization (2.13) is the same
as for standard inf-sup stable mixed finite element methods. However, the discretiza-
tion of the right hand side is non-standard. The main reason for this non-standard
discretization is: for the continuous Stokes problem (2.1) it holds that (u,)) is the
solution for arbitrary right hand sides of the form f = Vi with ¢ € H! (Q)/R, ie.,
irrotational forces f = Vi) lead to a no-flow velocity solution u = 0 [26, 27]. This is
due to the L? orthogonality [, Vi -w dz = 0 for all w € Hy(div,Q) with divw = 0.
Similarly it holds u;, = 0 for the discretization (2.13), since due to Theorem 2 discrete
divergence-free velocity test functions are mapped to divergence-free ones [26, 27].

3. Error estimation for the pressure-robust Stokes discretization. In
this section, an a-priori error analysis is performed for the solution of the discrete
Stokes problem (up,pp) in (2.13). The following lemma is needed to estimate the
consistency error introduced due to the non-standard discretization of the right hand
side in (2.13).

LEMMA 5. For v €V with Av € [L*(Q)]? and for all wy, € Vy, it holds
|(Av, Rpwp) + (Vo, V)| < Ceons || AY||, _o | Vwr || 22 () -
Proof. By calculating and applying (2.12), one obtains

(Av, Rpwp) + (Vv,Vwy) = (Av, Rpwy, — wp) + (Av, wy) + (Vv, Vwy,)
= (AV, Rhwh — Wh) S Ccons‘HAvmk,Q ”VWhHL?(Q) .0

THEOREM 6. For the discrete solution (un,pp) € Vi X Qp in (2.13) and the
continuous solution (u,p) € (V,Q) of (2.1), assuming the regularity Au € [L?(Q)]¢
the following a-priori errors hold

i [V (u— Uh)||L2(Q) <2(1+Cp) inf [|V(u— wh)HL2(Q) + Coonsl[Aulll;_o,
wrEV,

(3.1)

.. 14
ii. ||8Pg,p—pulrze) < 2

Br
iii. |lp=pullpz) < llp — SPg, plir2o)

v
5 (I = )20 + Coonll Al )

(19 (= ) 2 + Coonsll Al s )

+
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Proof. Note that from Au € [L%(Q)]¢ and f € [L?]4(Q) follows p € H(€). i) For
an arbitrary vy € V?L we define wy, :=uy, — vy, € V%.

VIIVWa 72 ) = alWn, Wh) = a(an, W) — a(vi, Wh)
= (_I/Au + Vpa Rhwh) - G,(Vh, Wh)
=a(u— vy, wp) — v ((Au, Rpwy) + (Vu, Vwy)) ,

where it was used that div Rpwy, = 0 holds due to (2.11) and that thus Vp and Rpwy,
are orthogonal in L?. Using Lemma 5 and the Cauchy-Schwarz inequality yields

2
v ||VWh||L2(Q) <v|V(a- Vh)HL?(sz) ||VWh||L2(sz) + VCeons|| Aul[_, ||VWh||L2(Q) :
Therefore it holds

vahnm(ﬂ) < 2{,0 IV(a - Vh)“m(sz) + Ceonsll| Aulll;,_,-
h

i
Vh
With the triangle inequality it follows

IV(u—=up)l 2@ < IV =vi)l2@) + IVWhI 12(q) -

Applying Lemma 1 yields the first statement.
ii) For proving the pressure error, one computes for an arbitrary v, € Vy,

(8Pg,p = pr,divvy) = (SPg, p,divvy) + (£, Rpvi) — alup, vi)

(
= (Péhp7 div thh) + (VP, thh) - (VAII, thh) - a(Uh, Vh)

= —(VAH, thh) — a(uh, Vh)

= —(VAII, thh) - a’(ua Vh) - a’(uh —-u, Vh)7

where (2.9) was used. Using the discrete LBB condition (2.4), one concludes
v
|SPg, P — Prllrz) < B (HV(U —un)ll 2 + CCOHSH‘Au”bcfZ) :

iii) The last statement follows by the triangle inequality. 0

Remark 7. The statement i) in Theorem 6 shows the pressure-robustness of the
a-priori velocity error. Interesting is also statement ii) in Theorem 6. It shows that
also the pressure error is pressure-robust in the sense that p, = SP5 p up to an
error, which is only velocity-dependent. Note that this is completely analogous to
pressure-robust mixed methods with discontinuous pressures [28, 30, 6]. There, Qp
and @h coincide and pj, is even the best approximation of p in @Qp up to an error,
which is also only velocity-dependent.

COROLLARY 8. Assume a quasi-uniform triangulation T and a solution uw €
[H*1(Q)]4 and p € H*(Q) of the continuous problem (2.1). Then, the solution
(un,pr) of (2.13) satisfies

(32) ||u - uhHHl(Q) < (2(1 + CF) + Ccons) hk|u|Hk+1(Q), and

v(2(14+ Cr) 4+ 2Ccons
(3.3) lp — prllL2) < (2 Fﬂ) < )hk|U|Hk+1(Q) + K [p| g (o)




Proof. Follows by Theorem 3.1 and standard scaling arguments. |

Remark 9. In order to increase the accuracy of the solution one may want to use
a local refinement of the mesh 7. This is indeed possible with the modified method
due to local properties of the data oscillation.

COROLLARY 10. Under the assumptions of Theorem 6, Corollary 8 and the con-
vezity of 1 it holds

hk+1|

lw— unlr2(0) < ul ().

Proof. The proof follows by an Aubin—Nitsche argument [4, 3, 32]. For an ar-
bitrary g € [L?(©2)]? one employs a dual Stokes problem with a solution ug €
VO N [H%(Q)]4 Extending the domain of definition of the reconstruction operator
Ry to VO one sees at once that it holds Ry,w = w for all w € VO. Then, Rpug = ug
and the arguments in [28] deliver the desired optimal pressure-robust L2-estimate. O

4. Construction and analysis of the reconstruction operator.

4.1. Definition of the operators and spaces. In this section we define local
problems on each vertex patch wy and proof theorem 2. For an arbitrary vertex
V €V we start by defining the spaces

Sho(Toy) i={on € RT""NT,,) : trnoy = 0 on dwy } C Ho(div, wy)
@h(%v) = Hkil(,]é-dv) - LQ(WV) @2(7;‘/) = @h(%v) N Lg(w‘/)?

where RT"! is the Raviart-Thomas space of order k — 1 see [4] and [36] , and for
k > 3 using the Koszul operator also

Wh(wv) = Klf_v(nkis(wv)) C Ay = Ii,j_v(Lz(wV)) for d=2
Wh(wv) = lif_v([Hk_S(wV)]g) C AV = Iﬁ:;g_v([L2(wV)}3) for d=3.

Note that @h consists of element-wise polynomials and IT¥~3(wy,) are polynomials on
the patch. Furthermore we have the property

(4.1) div Sh0(Toy) = Q4 (Tay ).

We continue with the definition of the bilinearform B : (Ho(div,wy ) x L (wy) x Ay) X
(Ho(div,wy) x LE(wy) x Ay) — R by

B((U’ ('b? A)a (Ta ’l/}a l"’)) =

/0‘~de+/ diVT¢dx+/ T~)\d:c+/ divo'z/}der/ o - pdx.
wy wy wy wy wyv

Now let T be an arbitrary element 1" € 7, and Vr be the set of vertices of T with

Ny = |Vr|. Let {¢, };V:TI be the local (Lagrangian) basis on T for the interpolation

points {z; };V:ﬂ and {g; }jval be the coefficients of an arbitrary ¢ € IT*~1(T), so

Nt
¢i(z) =05 Yj,l=1,...,Np and q(z) = ququ(x).
j=1



g6/2

Fig. 1: Visualisation of the nodal coefficients ¢i,...,¢s of a quadratic polynomial
q € II*(T) (left) and the coefficients of its bubble projector PF /¢ (right) on a triangle
T with respect to the vertex V.

Then we define for each V € Vp an operator Pf, : IIF"H(T') — II*~(T) by setting
the coeflicients as

(4.2) (PEva); = qiAv(z;),

where Ay is the barycentric coordinate function of the vertex V. Figure 1 visualizes
the change in the coefficients for a quadratic polynomial in two dimensions. It holds

(4.3) tr’lef’Vq =0 on F,, and Z quf,vq =gq,
Vevr

where F,, is the opposite edge of V' for d = 2 and the opposite face for d = 3. Using
a trivial extension by 0 on Q \ T, we can expand the range of P%V on Qn(T). By
that we define for every vertex V the bubble projector PE : Qu(T) — Qu(T) as

(4.4) Plan =Y PRydn Yin € Qn(T),
TeTwy,
with the property
(4.5) trPEG, =0 on  dwy.
(4.6) PEGH=0 on Q\wy.
In Figure 2 an example of a projected arbitrary ¢, € @h is given.

Remark 11. More complicated, but polynomial-robust bubble projectors are given
in [41] and [14]. If this robustness is an issue, these operators could be used instead
of PE.

4.2. Definition of the local problem. On the vertex patch, we define the
problem: For a given function divwy, € Qn(7o,) find (o), én, An) € (Zno(Tay) X
Q9 (Tesy ) x Wi (wy)) so that

(47) B((o'}‘{v ¢h7 A}74)7 (Th7 Q/thﬂh)) = (le Wh, P\l; (Q/Jh - Swh))Lz(wv)
V(T hs Uns ) € Sho(Toy) ¥ Q0(Toy) X Wi(wy).
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(a) Arbitrary polynomial function §p, (b) Applying the bubble Projector quh

Fig. 2: An example for the bubble projector on wy (dark gray)

THEOREM 12. Equation /.7 has a unique solution (o} , n, An) satisfying
(4.8) 1. HO' HL2 () S < hy ||d1V’wh||L2(wv)a
(4.9) . (le o ,qh)Lz(Q) (dlvwh,PV (Gn — th)) L2 (wv) Yan € Qn(T)
where 0'}{ was trivially extended by 0 on €,

iii. and the solution is L*(wy )-orthogonal to polynomials of order k —
(4.10) (038 poyy =0 VE € [T (wy)] "
Proof of existence, uniqueness and i. We start with the considered norms
HTh”Eh,g(TwV) = H"'h”Lz(wV) + hy ||div ThHLZ(wV) )
1937y = e I lc2on

lenllwi vy = Bl L2 ) -

2, i.e.

In this part of the proof we use ¥y, ¢ as symbol for £ o(7,,, ) and similar for @h(ﬁ,v

and Wy (T, ). Next we define the bilinearforms

aa-(o-h,Th) ::/ oy T dx V(O‘h,Th)GEh,()XEh70,
wy

bi(on,n) '*/ divopyy dz Y(on, ¥n) € Sho X Qn,

wyv

2(0h, 1) / on - py dx V(on, ) € Bno X Wh.

\%4

Using the Cauchy Schwarz inequality we see that a.,b; and by are all continuous

ag (o, Th) S 00l L2 o) 1Tl L2y S lonlls, o IT0lls,
bi(on, ¥n) < div ol Loy 1¥nll L2y < lonlls, , 1Unllg,
ba(ah, ) S N0l 2o 18R] L2 0y = lonllw, 10w, -

As
B((0-57 d)h, )‘h)v(‘rhvwhv u’h)) =

ao(Oh, Th) + b1(oh, Yn) + ba(oh, my) + b1 (Th, on) + ba(Th, An),
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we show the existence and uniqueness of the saddle point problem (4.7) as in chapter
4 in [4], so it remains to show the ellipticity of a,(,-), i.e.

(4.11) ay(Oh, o) = ||o'h||22h)0 Vo, € 35
on the kernel
Sho ={0n € S bi(an,vn) + ba(an, ) = 0 V(v py) € Qf) x Wi},

and the LBB condition with some /3, > 0 such that, for all (¢p, @) € @2 x Wh,

(4.12) sup bi(oh, ¥n) + ba(on, py)

7 Bollvnllg, + lknllw,)-
or€Zh0 Ha-h”Z;Lo o @n W

For a function o, in the kernel 2270 it holds in particular

bi(on,vn) =0 Yoy, € QY,

and hence divoy, = 0, thus
lollz2 ) = lonlls, ,  Yon € Sho.

This implies (4.11). To show (4.12) we will proceed in three steps. First we show the
LBB condition for the bilinearform b, (-, -) and then for bs (-, -) by choosing proper can-
didates that do not destroy the first condition, and finally combine the two estimates.
For by (+,-) we first show the LBB condition on the reference patch wy and then on
wy. It should be mentioned that there exist different reference patches due to the
number of elements that belong to a vertex, but for each triangulation 7 there exist a
finite number of reference patches. We use the standard Raviart-Thomas interpolator
It of order k — 1 (see [4], or [11]) that provides

by (Ir7o,vn) = bi(o,n) Yo € Qu(@y) Vo € H(div,ov)
and
=70 5 div.ar) < ||0'||H1(@) Vo € [Hl(@)]d-
For an arbitrary ¢, € Q9 (@y) we have

b1 (& h, Un) o sup b (IrT6,9n)

sup

anesno@) 190l mavay  seti@nt HRTO gaiv.om)

by (&7 dh)

= sup TS TE—
Ge[HE (av)]d HU||H1(@)

Next we use the continuous Stokes LBB condition (2.3) to get

b1 (6, 1) -
(4.13) sup BLIC/TL/Y > Billvnllrz@v),

GRESR0(0V) H&h ”H(div,@)
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with 81 > 0 that depends only of the shape and size of the triangles on the reference
patch. To show the condition on wy we recall the definition of the Piola transforma-
tion. Let F : T'— T be the mapping of the reference triangle to an arbitrary element
T. Then the Piola transformation is defined as

P6) = —

=t Ve e [L2(T)]%.

For an arbitrary 1, we now choose @h = 1y, and define o}, := P(6},) for &4, that
delivers the supremum of Equation (4.13). Standard scaling arguments yield

(4.14)
. d— .
by (ok, vn) _ fw dive}lyy, dz hg/ 2)/2 f@ div ey iy dz
[obls,. ~ oMo = v [0V okTaon ~ Tonlieam + TV 6T oo,

d—2)/2 7 1
> h§/ )/ Billvrllca vy = ﬁlﬁ [¥nll 2oy = B 1nllg, -

We continue with the LBB condition for ba(:,:). We start with the case d = 3.
Choose an arbitrary p;, = kz_v(&,) € W, with &, € [ITI*~3(wy)]?. Furthermore, due
to theorem 20, we can assume that div§, = 0. Now we define

o2 = —curl (\yv§;)
where Ay is the hat function of the vertex V. Note that we have
(4.15) bi(a}, vn) = 0.

Using integration by parts we get

ba(os, py,) = —/ curl (A\v&y,) - kz—v(§),) dz

wv

= —/ (AvE,) -curl (£-V) x§,) du.

Using basic vector calculus leads to

cutl (F—V)x&,)=(F—V)dive, +V(F - V)€, — &, div (7 — V) —VE, (7 — V)
=0 I =3

=2, -V (@ -V)

and so

ba(02, pin) = — / (AvEp) - (~26, — V&, (T~ V)) da

wy

:/ INEr dz+ | A€, VEN(T—V) dx
wy

wy

1
:/ 2\ €7 dz + f/ MNVE - (F—V) da
wy 2 wy
1
:/ A€l dz— = [ &div(@—V)\y) da
wy 2 wy N—
3kv+v)\v(f—v)

1
/ \vér dx — 5/ EVA (T - V) dx.

DO =
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On any T C 7, the gradient of Ay is equivalent to the scaled normal vector ny on
the face opposite to V, and one can see that —ny - (Z — V) < 0, what finally leads to

2 2
(4.16) ba(oh, py,) = Ba 1€R 1172wy = B2 I llyw, -

For the case d = 2 we proceed similar. For an arbitrary w;, = kz_v(§n) € W), with
&, € IT*3(wy) we define

o = —Curl (A\y&,)

Again it holds property (4.15) and we see

ba(og,pp) =— [ Curl (A\v&,) - kz—v (&) dz

wv

- V()\Vgh) . (f— V)é.h dz

wy

_ / (&) div (7~ V)&,) da

1
[ avg g [ wiE-1ive an
wy 2 wy

The rest is similar as before. Now we can show (4.12). For an arbitrary ¢, € @2 and
p;, € W, we choose the functions o}, o7 that fulfill Equations (4.14) and (4.16) and
(4.15). Furthermore we can scale o}, and 0% so that

lonlls, , = lenllg, and |loilly, = =lkmallw, -

1

5, e define then o, = o} + aa}% and get

For v =

b1(oh,¥n) + ba(on, py,) = bi(o), ¥n) + ba(oh, py) + abe(oh, py)
= Bulonlls, — lohlls, . lenllw, + Bz Il
= Bullvnls, — 1enlla, lenlw, + Bz sl
Using Young’s inequality we have

b1 2 1 2
Il N, < 5 W, + 55 el

and so
bl Oh;¥h b2 Ohy by = h Qn 26] h h

1
- <B21 + 251) (lenllg, + e llw, )2

As lonlls, , = [loh +ao? |y, . < 1+ a)(lnls, + I, ) we gt

bl (Uh7 ¢h) + b2(0’h7 I‘Lh)
fonls, ,

7 BlYnllg, + lenllw,)
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and thus (4.12) holds with 5, = % Using the theory of saddle point problems,

chapter 4 in [4], Equation (4.7) has a unique and stable solution o} that fulfills

(4.17) oy

I diV’whH@h < hy ||diV’wh||L2(wv) )

||L2(wv) <

so property (4.8) was shown. |

Remark 13. In the first step of the above estimation the constant depends on the
operator norms of P5 und S which are independent of k. For S we refer to [35],[12].
For the ’P‘If using the implementation given by the coefficients (4.2) the estimation is
clear as Ay, (z;) € (0,1).

Proof of ii. and iii.. Now let ¢ € R be a constant on the patch, then the right
hand side of Equation (4.7) reads as

/ divwy, PE(c — Se) dz =0,
wy S——

=0

but as also

/ divo‘;‘{cdx:c/ oy -ndr =0,
wy Owy

it follows that the solution O'X fulfills even
/ div U}Y¢h dzr = (diV wh,Pg (Yn — Swh))LQ(wv) Yy, € éh(%v)7
wy

in contrast to the restriction on ég(’ﬂv) Using a trivial extension by 0 on Q \ wy
we get (4.9). To show (4.10) we use a decomposition of the polynomial space of order
k — 2 given by

[ (wy)]? = VI Hwy) ® kg—y (173 (wy))

(4.18)
("2 (wv)]? = VI (wy) ® kz—v (I3 (wr)]?),

see [2], Equation (3.11). Note that by the shift invariance of polynomial spaces, the
origin of the Koszul operator x can be set to an arbitrary point V. For an arbitrary
by, € TI*Y(wy) € Qu(T., ) we get using the properties of the bubble projector (4.5)
and the Oswald operator

/ oy - Vb, dz = —/ dive) by dz = —/ div wy, PE (b, — Sby) da = 0.
wy wy wy \—_/0_"

As kz_v([IT*3(wy)]®) = Wh(wy) we already know that the solution o) of (4.7)
fulfills

bolo ) = [ ol kav(€) de =0

wy

and so it follows (4.10). For the case d = 2 the argument is the same. O
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4.3. Definition of the reconstruction R;. Now we can define the reconstruc-
tion. For that we define the space

Yy, = RTFHT) c H(div, Q).

For a given wy, € Vj, and all V € V let o) be the solution of Equation (4.7) on wy
extended by 0 on © \ wy. Then we define the reconstruction as

(419) Rrwyp :=wp —op € Vi + 3, with o = ZO’X
Vey

Remark 14. Due to the zero normal trace of the solutions UZ on the patches wy
the sum o, is still normal continuous over facets thus o, € Xj,.

Proof of theorem 2. For an arbitrary g, € Q, it holds using (4.9), (4.4) and the
properties of the bubble projector (4.3)

(diV Rhwhaqh)Lz(Q) = (le wh,cjh)Lz(Q) — Z (le U}‘l/,(jh)lﬁ(wv)

vev
= (divwn, Gn) g2y — D (divewn, PE(@h — Sin)) 12wy
vev
= (divwn, Gn) 20y — (divewn, Y PE(@h — Sin)) 2@
vev
——
=I

= (divwn, 4n) 12(q) — (divwn, §n)2(0) + (divwn, SGn) r2(o)

= (divwp, SGn) 2 (0)-
By that it follows for an arbitrary g, € Qp, due Sqn = gp, that
(div (wn = Rawn), qn) r2(q) = 0,
and if (div wh,qh)L2(Q) =0 Vq, € @y that

(4.20) (diV Rrwy, th)Lg(Q) = (div wh, S(jh)Lz(Q) =0.
-
E€EQn

Finally, using (4.10) and (4.8) we get

(8 wh — Rawn) 2(0) = Z(g,UX)m(wv) = Z(g— PL28. 01 ) 12(w)

vey Ve
k—
<Y g = PE gl 2w llo 122w
vev
< Z g — PL 28l 2wy v || divwn | L2 oy )
vev

< lelly o IVwhll L2 - 0
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5. The Reconstruction operator for the mini finite element method.
For the mini finite element method [1] the bubble enriched velocity spaces read

% (T) = TM(T) @ {IT*"(T) N Hy(T)}, and
5 (T) := {qn : quly € TE(T) VT € T}.
The definition of the mini element now reads as
V= (TN [CO@))Y and - Q= ITH(T) N C(Q).

As in the Taylor-Hood case we solve small problems on the vertex patch wy but
slightly change the right hand side and the polynomial orders. For that we define

SholToy) = {on € RT* YT, : trpoy = 0 on dwy } € Hy(div, wy)
On(Toy) =TFNTL) C P wv)  Q0(Toy) = Qn(Tay) N Li(wy),
and for £ > 2 also
Wi(wv) = rz_v (T2 (wy)) C Ay = kz_v(L*(wy)) for  d=2
Wi(wy) == rz_v (T* 2 (wy)]?) C Ay == kz_v ([LP(wy)]?) for  d=3.

So for a given function wy, € V;, we have divw,, € @h(ﬁv) and seek (o), ¢n, An) €
(Zn0(Tan ) X Q) (Tar,) X Wi(wy)) so that

(51) B on M), (rostnogan)) = (diveon, PE (v = Sun)) -

V(Thvwhvu'h) € Eh,O(TUV) X ég(nv) X Wh(wV)a
where S : Qn(Ty ) = Qn(Toy, ). Note that S now maps element-wise polynomials of
degree k + d — 1 to continuous element-wise polynomials of order k.

Remark 15. This new operator S can be seen as the Oswald operator S of order
k applied to polynomials of higher degree.
PROPOSITION 16. Equation 5.1 has a unique solution (o) ,én, An) satisfying
. 1%
i |lo)

hV HdiV’whHLz

2oy < (v

it (divol @) g = (diveon, PE (@ - th))mw) Vi € Qu(T)
where o‘X was trivially extended by 0 on €1,
iii.  and the solution is L*(wy)-orthogonal on polynomials of order k — 1, i.e.
(0}.€) o, =0 V€€ M (wr)] "
Proof. The proof uses exactly the same arguments as the proof of theorem 12. O
The reconstruction is defined as in (4.19).

PROPOSITION 17. For the reconstruction operator Ry, defined by (4.19) holds

i (A Rywn, @) o) = (div w”’g‘jh)mm Yin € Qn,

i (div(wh — Rpwn),qn) 2y =0 Vwn € Vi, Van € Qn,
it (divwn, qn) 120y = 0 Yan € Qn = (divRAwA, Gn) o) =0 Yin € Qn,
i.e. divRpwy =0,

(52) . (g, wn— Rhwh)m(ﬂ) < Ceonsllglly 1 IVwr || 2 (0)-



17

Proof. The proof uses exactly the same arguments as the proof of theorem 2. In
Equation (4.20) it is important that the Oswald operator maps to Qp, which is the
reason to replace S by S for the mini element. ]

Remark 18. The modified mini finite element method also fits in the abstract
setting of Section 3, but here the consistency error is of order k + 1 due to (5.2), i.e.

IV(u—up)ll: <2(1+CF) in

wheﬁfh HV(U - Wh)HLZ + Ccons|||Au|||k—1'

Hence, also in case of the mini finite element methods, the pressure-dependent term
from the classical estimate is replaced by a pressure-independent consistency error of
the same order.

6. Numerical examples. In this section we give several numerical examples to
validate and confirm the theoretical findings. As computational framework, including
the implementation of the reconstruction operator Ry, we used NGSolve (see [40])
and the NGSpy interface. For all numerical examples we use unstructered, shape
regular and quasi-uniform triangulations 7 generated by Netgen (see [39]).

6.1. 2d example. The first example studies the solution

u:=curl ¢ with ¢:=2%z—-1)%%*y—-1)?2 and p:=2"+y" — i,
of the Stokes problem on the unit square Q = (0,1)? with ¥ = 1072 and the right
hand side f:= —vAu — Vp.

Tables 1-3 show the L? velocity and pressure errors and their estimated order
of convergence (eoc) for the modified Taylor—-Hood finite element methods of order
k = 2,3,4. All methods show the optimal convergence orders as expected by the
theory. Table 4 allows the same conclusions for the modified mini finite element
method of lowest order.

To clearly see the consequences of pressure-robustness, Figure 3 shows the L?
errors for different v = 107 for j = —8,...,3 on three fixed meshes for the classical
and the modified Taylor—Hood finite element method of order k = 2. There are several
observations to make:

e For v > 1 the irrotational part in the right-hand side f is not larger than the
divergence-free part. In this situation both methods deliver similar errors.
Due to the additional consistency error, the errors of the modified method
are a bit larger than the errors of the classical method.

e For v < 1 the irrotational part in the right-hand side f begins to dominate
and so does the pressure-dependent term in the a priori error estimate. As
predicted by these estimates, the errors of the classical Taylor—-Hood finite
element method deteriorate and scale with 1/v. The modified Taylor-Hood
method, due to its divergence-free test functions in the right-hand side, does
not see the irrotational force and the errors are independent of v.

e The transition point v ~ 1 where the error becomes pressure-dominated is the
same on all three meshes. Hence, mesh refinement cannot heal this behaviour.

e The velocity error of the modified method is independent of v, since uy, is ex-
actly the same for every v by construction of the discretization. The pressure
error however increases for large v in both the unmodified and the modified
method. This is consistent with the error estimate (3.1).

For the mini finite element method the observations are almost identical. How-
ever, since the pressure space has the same order as the velocity space, the pressure-
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Without Reconstruction With Reconstruction
108 ——/7 T T T T 106 T T T T
10% |- 1 10° 8
10° - 1 100 i
1073 + N 4103 T e = -
10—6 | | | | | T 1 10—6 | | | | | | |
107° 107 107® 10=* 10~! 10t 103 107 1077 107° 10=* 10~! 10* 103
v v
® [lu—unlzg lu—unllr2q) e — Pl 20
ndofs = 332 --- ndofs = 1236 —ndofs = 4772

Fig. 3: Errors for the classical (left) and the modified (right) Taylor-Hood finite
element method of order £ = 2 on three fixed meshes and several choices of v in
section 6.1.

#dof |Jlu—upllgr  eoc |Jlu—wuplrz  eoc ||[p—prllLz eoc

96 2.05-1072 1.43-1073 7.79 1072

332 591-107%  1.794 1.83-10* 2966 2.69-10"2 1.533
1,236 1.54-107%  1.941 236-107° 2956 7.14-1073% 1.913
4,772 3.88-107* 1.988 2.95-107° 3.000 1.8-107%  1.988
18,756 9.7-107°  1.999 3.68-10"7 3.005 4.51-10"* 1.999

Table 1: Errors for the modified Taylor—Hood finite element method of order k = 2
in Section 6.1.

dependent contributions in the a priori error estimates converge faster and can com-
pensate smaller values of v to some extent.

6.2. 3d example. The second example investigates the velocity and pressure
u:=curl (¢,(,¢) with ¢ :=a2%(x —1)%y*(y — 1)%2%(z — 1)?

1

p=a"+y° +2° - >

on the unit cube Q = (0,1)3 for v = 1073. Table 5 lists the L? errors for the modified

Taylor-Hood finite element method of order £k = 2. Also in this 3D example the
convergence rates are optimal.

Remark 19. For the ease of implementation in NGSolve we used Brezzi-Douglas-
Marini elements of order k (see [4] and [7]) instead of the Raviart-Thomas elements
of order k — 1 as basis for the H(div)-conforming spaces ¥, (7) and the local spaces
24,0(7Twy ). This does not affect the convergence order of the error.



19

#dof |Jlu—upllgr  eoc |Jlu—wupllrz  eoc ||p—prllLz eoc

212 3.5-1073 1.03 - 10~ 1.99 - 102

772 495-107* 2823 7.02-107% 3.875 3.39-1073 2.554
2,948  6.07-107°> 3.026 4.39-10"7 3.999 4.71-10"* 2.848
11,524 7.45-107%¢  3.028 2.74-107% 4.003 6.08-107° 2.953
45572 9.23-1077 3.012 1.71-107° 3.998 7.67-107% 2.986

Table 2: Errors for the modified Taylor—Hood finite element method of order k = 3
in Section 6.1.

#dof |lu—wup|lgr  eoc JJlu—wup|zz  eoc |lp—prllLz  eoc

376 6.04-10~* 1.46 -107° 2.95-1073

1,404  3.86-107° 3.967 4.73-1077 4.948 2.02-107* 3.868
5428 2.34-107% 4.042 147-107% 5.011 1.23-107° 4.034
21,348 1.44-1077 4.028 4.54-107'1° 5014 7.6-1077 4.021
84,676 8.89-107° 4.013 1.41-10~'' 5.008 4.73-107% 4.007

Table 3: Errors for the modified Taylor—-Hood finite element method of order k = 4
in Section 6.1.

6.3. Navier—Stokes for a 2D potential flow. This example studies a two-
dimensional potential flow for the harmonic potential y := 2® — 1023y? + 5zy*. Note
that  is the real part of the analytic function z° (with z = 2 + iy). We look for the
solution of the steady incompressible Navier—Stokes equations —vAu+(u-V)u+Vp =
0, div u = 0 with inhomogeneous Dirichlet boundary conditions for v = 0.1. The exact
solution of the velocity is given by u = Vy and p = 664/63 —25/2(x2+y?)*, modelling
the collision of five jets in the plane. For the construction and significance of potential
flows the reader may consult [37]. For the nonlinear term holds (u-V)u = 1/2V(u?).
Looking at the weak formulation of this term, it holds for all v € V°

/Q(u-V)u~Vd:E:/QV(U;)-vdxz—/ﬂ(f)divvdmzo.

This orthogonality may not hold in the discrete case, so similar as for the modified
Stokes problem (2.13), a non-standard discretization of the nonlinear convection term
is proposed that employs the reconstruction R}, in the velocity test functions

/(uh -V)uy, - Rpvy, de.
Q

In Tables 6 and 7 one can see the differences in the errors, when standard or non-
standard discretizations of the nonlinear convection term are used in case of Taylor—
Hood elements of order & = 2,3,4 on two consecutive meshes with 352 and 1408
elements. Note that for k¥ = 4 the exact solution satisfies u € Vj, but only for the
non-standard discretization the velocity error vanishes. Similar to the Stokes example
6.1 we see that a mesh refinement does not heal the observed problems.
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#dof |Jlu—upllgr  eoc |Jlu—wupllrz  eoc ||p—prllLz eoc

72 5.27-1072 5.01-1073 0.11

252 258-1072 1.032 144-1073 1.794 42-1072 1.418

948 1.28-10"2 1.007 39-107* 1.890 1.17-10"2 1.838
3684 627-107% 1.033 9.75-107° 1.998 3.03-1073 1.955
14,532  3.09-10=2 1.021 241-10~° 2.016 7.63-10~* 1.988

Table 4: Errors for the modified lowest-order mini finite element method in Section 6.1.

#dof lu —up|lgr  eoc |lu—up|lz  eoc |lp—oprulz eoc
115 3.48-107° 2.35-10* 0.15
603 2.07-107% 0.745 1.18-107* 0.992 8.03-1072 0.866

3,913 6.38-107* 1.701 1.79-107° 2.717 221-10"2 1.859
28,269 1.87-107*% 1772 2.53-107% 2828 554-1073 1.998
2.15-10° 4.86-107° 1.942 3.25-1077 2958 1.38-1073 2.005

Table 5: Errors for the modified Taylor—Hood finite element method of order k = 2
in Section 6.2.

7. Appendix.
THEOREM 20. For Q CR3, V € Q and k > 0 it holds

{ke—v(q): @ € [TFQ)P} = {rz_v(a) : @ € [TF(Q)], div g, = 0}

Proof. Without loss of generality we can set V' = 0. For k = 0 there is nothing
to prove. In the case k > 1, for q; € [II*(Q)]® we define

Qs = q; + Tw
with w € TTF=(Q). Note that
(7.1) Kz(de) =T X Ao =T X gy + T X Tw = Kz(qy),
-0

and

divq, = div(q; + Zw) = divq, + div(Z)w + 7 - Vw =divq; + 3w + Z - Vw.
As we want to have divq, = 0, we have to solve the equation
(7.2) 3w+ Z-Vw = —divq,.

Due to the finite dimensionality of II¥=1(£2), this linear inhomogeneous equation can
be solved, if we show that from

(7.3) 3w+ Z-Vw=0 it follows = w=0.
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k  #dof |lu—upllm  (u—unllzz  |lp—pallLe
2 1,748 1.42 2.21-1072 0.27
3 4,132 8.91-1072 9.02-10~*% 1.25-1072
4 7572 1.33.1073 7.4-1076 2.49-10~*
with reconstruction
k  #dof [lu—wpllm [lu—unlzz |p—pullre
2 1,748 8.5-1072 8.08 -10~% 0.26
3 4,132 9.76-107* 7.39-107% 1.48-1072
4 7572 3.66-107'2 1.66-10"'* 4.94.10~*

Table 6: Errors for the Taylor-Hood and the modified Taylor-Hood finite element
method for the Navier-Stokes example |7| = 352

without reconstruction

k  #dof [lu—wuplm  [lu—unllre  |[lp—pallr
2 6,600 0.39 2.91-107%  6.55-1072
3 16,004 1.25-1072 6.56-107° 1.59-103
4 29572 829.107° 2.27-107 1.56-107°
with reconstruction
k  #dof [u—wupllm [lu—unllzz |[p—paullre
2 6,600 2.12-1072 1.04-10~* 6.46-10"2
3 16,004 1.2-10¢ 455-1077 1.88-1073
4 29572 4.28-10"'2 959.1071° 299.107°

Table 7: Errors for the Taylor-Hood and the modified Taylor—-Hood finite element

method for the Navier-Stokes example with |7] = 1408

For k = 1 it holds w € TI°(Q2) and q; € [[1*(Q)]® and the statement is obviously true.
In the case k > 2 we use the following representation of w

k—1k—1—1

w(z,y,2) = da,y,2) + ) Y eyaty! T

i=0 ;=0

with @ € II*=2(Q). Using assumption (7.3) and 3w + & - Vi =: 0 € I1*72(2) we now
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have

k—1k—1—4
Bw+i Vw=1b+Y > (k—1e a'y/zF 1777 =0
i=0 j=0
Y(x,y,z) € Q,

what leads to ¢;; = 0 Vi, j and so @ = 3w+ 2 Vw = 0. By induction it follows w = 0.
Therefore, we can solve equation (7.2) and for every q; we find a q, with divg, =0
and due to (7.1) the theorem is shown. ad

(19]
[20]

21]

REFERENCES

D. N. ArNoOLD, F. BrREZZI, AND M. FORTIN, A stable finite element for the Stokes equations,
Calcolo, 21 (1984), pp. 337-344 (1985).

D. N. ArNoLD, R. S. FALK, AND R. WINTHER, Finite element exterior calculus, homological
techniques, and applications, Acta Numerica, 15 (2006), pp. 1-155.

J. AUBIN, Approzimation of elliptic boundary-value problems, Pure and applied mathematics,
‘Wiley-Interscience, 1972.

D. BorFi, M. FORTIN, AND F. BREZZI, Mized finite element methods and applications, Springer
series in computational mathematics, Springer, Berlin, Heidelberg, 2013.

D. BRAESS AND J. SCHOBERL, FEquilibrated residual error estimator for edge elements, Math.
Comp., 77 (2008), pp. 651-672.

C. BRENNECKE, A. LINKE, C. MERDON, AND J. SCHOBERL, Optimal and pressure-independent
L? welocity error estimates for a modified Crouzeiz-Raviart Stokes element with BDM
reconstructions, J. Comput. Math., 33 (2015), pp. 191-208.

F. Brezz1, J. DouGLAs, AND L. D. MARINI, Two families of mized finite elements for second
order elliptic problems, Numerische Mathematik, 47 (1985), pp. 217-235.

P. DESTUYNDER AND B. METIVET, Ezplicit error bounds in a conforming finite element method,
Math. Comp., 68 (1999), pp. 1379-1396.

D. A. D1 PiETRO, A. ERN, A. LINKE, AND F. SCHIEWECK, A discontinuous skeletal method for
the viscosity-dependent Stokes problem, Comput. Methods Appl. Mech. Engrg., 306 (2016),
pp. 175-195.

O. Dorok, W. GRAMBOW, AND L. TOBISKA, Aspects of finite element discretizations for solving
the Boussinesq approzimation of the Navier—Stokes Equations, Notes on Numerical Fluid
Mechanics: Numerical Methods for the Navier-Stokes Equations., 47 (1994), pp. 50-61.

R. G. DURAN AND A. L. LOMBARDI, Error estimates for the raviartthomas interpolation under
the mazimum angle condition, SIAM Journal on Numerical Analysis, 46 (2008), pp. 1442~
1453.

A. ERrRN AND J.-L. GUERMOND, Finite element quasi-interpolation and best approzrimation,
ArXiv e-prints, (2015), arXiv:1505.06931.

R. S. F. F. Brezzi, Stability of higher-order Hood-Taylor method, STAM J. Numer. Anal., 28
(1991).

R. S. FALK AND R. WINTHER, The bubble transform: A new tool for analysis of finite element
methods, Foundations of Computational Mathematics, 16 (2016), pp. 297-328.

L. FrRANCA AND T. HUGHES, Two classes of mized finite element methods, Computer Methods
in Applied Mechanics and Engineering, 69 (1988), pp. 89-129.

G. Fu, Y. JIN, AND W. Q1U, Parameter-free superconvergent H(div)-conforming HDG methods
for the Brinkman equations, ArXiv e-prints, (2016), arXiv:1607.07662.

K. GALviN, A. LINKE, L. REBHOLZ, AND N. WILSON, Stabilizing poor mass conservation in
incompressible flow problems with large irrotational forcing and application to thermal
convection, Comput. Methods Appl. Mech. Engrg., 237/240 (2012), pp. 166-176.

J.-F. GERBEAU, C. LE BRIs, AND M. BERCOVIER, Spurious velocities in the steady flow of
an incompressible fluid subjected to external forces, International Journal for Numerical
Methods in Fluids, 25 (1997), pp. 679-695.

V. GIRAULT AND P.-A. RAVIART, Finite Element Methods for Navier-Stokes Equations, vol. 5
of Springer Series in Computational Mathematics, Springer-Verlag, Berlin, 1986.

B. GMEINER, C. WALUGA, AND B. WOHLMUTH, Local mass-corrections for continuous pressure
approzimations of incompressible flow, SIAM J. Numer. Anal., 52 (2014), pp. 2931-2956.

J. GUzZMAN AND M. NEILAN, Conforming and divergence-free Stokes elements in three dimen-
stons, IMA J. Numer. Anal., 34 (2014), pp. 1489-1508.


http://arxiv.org/abs/1505.06931
http://arxiv.org/abs/1607.07662

K.

J.

23

. GUzZMAN AND M. NEILAN, Conforming and divergence-free Stokes elements on general tri-

angular meshes, Math. Comp., 83 (2014), pp. 15-36.

. Joun, A. LINKE, C. MERDON, M. NEILAN, AND L. REBHOLZ, On the divergence constraint

in mized finite element methods for incompressible flows, SIAM Review, accepted (2016).

. LEDERER, Pressure-robust discretizations for Navier—Stokes equations: Divergence-free re-

construction for Taylor—-Hood elements and high order Hybrid Discontinuous Galerkin
methods, master’s thesis, Vienna Technical University, 2016.

. LEHRENFELD AND J. SCHOBERL, High order exactly divergence-free Hybrid Discontinuous

Galerkin Methods for unsteady incompressible flows, Comput. Methods Appl. Mech. En-
grg., 307 (2016), pp. 339-361.

. LINKE, A divergence-free velocity reconstruction for incompressible flows, C. R. Math. Acad.

Sci. Paris, 350 (2012), pp. 837-840.

. LINKE, On the role of the Helmholtz decomposition in mized methods for incompressible

flows and a new variational crime, Comput. Methods Appl. Mech. Engrg., 268 (2014),
pp. 782-800.

. LINKE, G. MATTHIES, AND L. TOBISKA, Robust arbitrary order mized finite element methods

for the incompressible Stokes equations with pressure independent velocity errors, ESAIM:
M2AN, 50 (2016), pp. 289-309.

. LINKE AND C. MERDON, On velocity errors due to irrotational forces in the Navier—Stokes

momentum balance, Journal of Computational Physics, 313 (2016), pp. 654-661.

. LINkE, C. MERDON, AND W. WOLLNER, Optimal L? wvelocity error estimate for a modi-

fied pressure-robust Crouzeiz-Raviart Stokes element, IMA Journal of Numerical Analy-
sis, (2016), doi:10.1093 /imanum/drw019, http://imajna.oxfordjournals.org/content /early/
2016/05/17 /imanum.drw019.abstract.

-A. MARDAL, J. SCHOBERL, AND R. WINTHER, A uniformly stable Fortin operator for the

Taylor-Hood element, Numer. Math., 123 (2013), pp. 537-551.
NITSCHE, Ein Kriterium fir die Quasi-Optimalitdt des Ritzschen Verfahrens, Numerische
Mathematik, 11 (1968), pp. 346-348.

M. OLSHANSKII AND A. REUSKEN, Grad-div stabilization for Stokes equations, Math. Comp.,

73 (2004), pp. 1699-1718.

M. A. OusHANSKII, G. LUBE, T. HEISTER, AND J. LOWE, Grad-div stabilization and subgrid

P.

J.

L.

J.

pressure models for the incompressible Navier-Stokes equations, Comput. Methods Appl.
Mech. Engrg., 198 (2009), pp. 3975-3988.

OSWALD, On a BPX preconditioner for P1 elements, Computing, 51 (1993), pp. 125-133.

M. T. P. A. RAVIART, Primal hybrid finite element methods for 2nd order elliptic equations,
Mathematics of Computation, 31 (1977), pp. 391-413.

PRANDTL, Prandtl—Essentials of fluid mechanics, vol. 158 of Applied Mathematical Sci-
ences, Springer, New York, third ed., 2010.

QIN, On the convergence of some low order mized finite elements for incompressible fluids,
PhD thesis, Pennsylvania State University, 1994.

. SCHOBERL, NETGEN An advancing front 2D/3D-mesh generator based on abstract rules,

Computing and Visualization in Science, 1 (1997), pp. 41-52.

. SCHOBERL, C++11 Implementation of Finite Elements in NGSolve, Institute for Analysis

and Scientific Computing, Vienna University of Technology, (2014).

. SCHOBERL, J. M. MELENK, C. PRECHSTEIN, AND S. ZAGLMAYR, Additive Schwarz precondi-

tioning for p-version triangular and tetrahedral finite elements, IMA Journal of Numerical
Analysis, 28 (2007), pp. 1-24.

VERFURTH, Error estimates for a mized finite element approzimation of the Stokes equa-
tions, RAIRO Anal. Numér., 18 (1984), pp. 175-182.

VERFURTH, A Posteriori Error Estimation Techniques for Finite Element Methods., Oxford
University Press, Oxford, 2013.

. ZHANG, A new family of stable mized finite elements for the 3d Stokes equations, Math.

Comp., 74 (2005), pp. 543-554.

. ZHANG, A family of Qr41,k X Qk,k+1 divergence-free finite elements on rectangular grids,

SIAM J. Numer. Anal., 47 (2009), pp. 2090-2107.


http://dx.doi.org/10.1093/imanum/drw019
http://imajna.oxfordjournals.org/content/early/2016/05/17/imanum.drw019.abstract
http://imajna.oxfordjournals.org/content/early/2016/05/17/imanum.drw019.abstract

	Introduction and notation
	Introduction
	Structure of this paper
	Preliminaries

	Continuous and discrete Stokes problems and the velocity reconstruction operator
	Error estimation for the pressure-robust Stokes discretization
	Construction and analysis of the reconstruction operator
	Definition of the operators and spaces
	Definition of the local problem
	Definition of the reconstruction Rh

	The Reconstruction operator for the mini finite element method
	Numerical examples
	2d example
	3d example
	Navier–Stokes for a 2D potential flow

	Appendix
	References



