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ABSTRACT. We consider here operators which are sum of (possibly) fractional derivatives, with (possibly
different) order. The main constructive assumption is that the operator is of order 2 in one variable. By
constructing an explicit barrier, we prove a Lipschitz estimate which controls the oscillation of the solutions
in such direction with respect to the oscillation of the nonlinearity in the same direction.

As a consequence, we obtain a rigidity result that, roughly speaking, states that if the nonlinearity is
independent of a coordinate direction, then so is any global solution (provided that the solution does not
grow too much at infinity). A Liouville type result then follows as a byproduct.

1. INTRODUCTION

Recently a good deal of research has been performed about nonlocal operators of fractional type, also
in consideration of their probabilistic interpretation of Lévy processes. In this framework, it is natural
to consider the superposition of different nonlocal operators in different directions, possibly with different
(fractional) orders, in relation with the nonlocal diffusive equations in anisotropic media.

A first attempt to systematically study these anisotropic fractional operators was given in [5, 8, 6]. In
particular, the regularity theory of these anisotropic operators is perhaps harder than expected, it still
presents several open questions and some lack of regularity occurs in concrete examples (for instance,
solutions of rather simple equations with smooth data and smooth domains may fail in this case to be
smooth, see Theorem 1.2 in [8]). Roughly speaking, the lack of regularity may be caused by the combination
of the nonlocal properties of the operator and the anisotropic structure of the operator. Namely, first the
nonlocal feature may cause the solution to be only Holder continuous at the boundary; then the anisotropic
structure may relate the solution in the interior to values at (or close to) the boundary, and the nonlocal
effect can somehow “propagate” the boundary singularity towards the interior, making a smooth interior
regularity theory false in this case (see [8] for more details about it).

The goal of this paper is to provide a very simple approach to a Lipschitz-type regularity theory for a
family of anisotropic integro-differential operators, obtained by the superposition of different operators in
different coordinate directions, and possibly with different order of differentiation.

The main structural assumption that we take is that there is one “special” coordinate (say the last one)
in which the operator is local and of second order. In this framework, we will control the derivative of the
solution in this variable by uniform and universal quantities, depending on the data of the problem.

More precisely, the mathematical framework in which we work is the following. We denote by {e1,...,e,}
the Euclidean base of R™. Given a point x € R", we use the notation

x=(x1,...,2,) = x161 + - + Tpey,

with z; € R.
We divide the variables of R™ into m subgroups of variables, that is we consider m € N and Ny,..., N, €
N, with Ny + -+ N,y =n — 1. Fori € {1,...,m}, we use the notation N/ := Ny + --- + N;, and we
1
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take into account the set of coordinates
X = (]Jl, . ,le) S RM

X2 = (I‘N1+1, e ,ZL'Né) € RN2
(1) Xio= (xnr_ 41,0, onr) € RM

X1 = (Tnr 11, x| ) € RV

and X, = x,.

Given i € {1,...,m — 1} and s; € (0, 1] we will consider the (possibly fractional) s;-Laplacian in the ith
set of coordinates X;. For this scope, given y = (y1,...,yn,) € RV it is useful to consider the increment
induced by y with respect to the ith set of coordinates in R”, that is one defines
<2) y(l) = y1€N1!71+1 + e + yNzeNZ/ E RTL

With this notation, one can define the N;-dimensional (possibly fractional) s;-Laplacian in the ith set of
coordinates X;, for a (smooth) function u : R™ — R by

_83N£_1+1u(x) T agNl{u(:c) if s, =1,
3) (~Ax)"ulr) = | |
' 2u(r) — u(x +y9) — ulx —y®) o
CNy,si /RNi |y Ni+2ss dy if s; € (0, 1),

The quantity cy,,, in (3) is just a positive normalization constant, whose explicit' value for N € N and
s € (0,1) is taken to be
2271 (s + )
(4) CNys ' = —F ————
w2 [[(=s)]

where T" is the Euler’s Gamma Function. We refer to [4, 9, 3] and to the references therein for further
motivations about fractional operators.

)

In this paper we consider a pseudo-differential operator, which is the sum of (possibly) fractional Lapla-

cians in the different coordinate directions X;, with ¢ € {1,...,m — 1}, plus a local second derivative in
the direction x,,. The operators involved may have different orders and they may be multiplied by possibly
different coefficients: that is, given aq,...,a,_1 = 0 and a > 0, we define

m—1

L = Z ai(—AXi)Si - a@in

=1

(5) ”
- ai(_AXi>Si7

i=1

where in the latter identity we used the convention that a,, :=a, s1,...,8,_1 € (0,1] and s, := 1.

Given the operator in (5), we stress that a very important structural difference with respect to the
classical local case is that fractional objects are in general not reduced to the sum of their directional
components2

WVe wrote the value of ¢n,s as in (4) to be consistent with the literature, see e.g. notation of [2]. Of course, such value
can be equivalently written in other forms, according to the different tastes. The explicit value of the normalization constant
in (4) plays no major role in this paper, but it is useful for consistency properties as s; — 1.

2That is, if z = (@1, ...,2,) € R” the following formulas are false, unless s = 1:

(C02,)° vt (<02)° = (—A)°
and (7A(11 ----- IN))S + (7A(IN+1 ----- 1N+K))s = (7A(m1,-...,ftN+K)>s'
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The main result that we prove in this paper is a Lipschitz regularity theory in the last coordinate variable
that extends the one of [1] (which was obtained in the classical setting of local operators). To this goal, we
denote by BY the open ball of RY centered at the origin and with radius R. Also, given di,...,d,, > 0,
we set d := (dy,...,d,,) and

Qd = Bé\lfl X oo X Bi{:i:l X (_dm7dm) = HBé\jl,
i=1

where in the latter identity we used the convention that N,, := 1.
Also, given £ > 0 we denote by Q4 the dilation of factor s in the last coordinate (leaving the others
fixed), that is
Qax = Bé\f X - X Bé\j;"__ll X (=K, Kdy).

Of course, by construction Qg1 = Qq. In accordance with the constant fixed in (3), it is also convenient

to introduce the following notation® for a suitable universal quantity, for any i € {1,...,m}:
©) P ¢ ) B
22T (s + )T (s + )

With this notation, we have the following result:

Theorem 1.1. Let f : Qg2 — R and u : R — R be a solution of Lu = f in Qq2. Then, for any t €
<_dm7dm>;

(7)

lu(te,) — u(—tey)| o dp & Cdy ||| oo mny

t " i W
|t] N {q}}l‘f}m}(n i)
where
S = sup |f(z +te,) — f(x — tey)],

(z,t)€Qax(0,dm)

. 2 .
and C = (a1 + ta )+1.
a

Higher regularity results (for different types of nonlocal anisotropic operators) have been obtained in [5, §]
(indeed, general anisotropic operators can be considered in [5, 8], but only the kernel with the same
homogeneity were taken into account). Some advantages are offered by Theorem 1.1 with respect to the
other results available in the literature. First of all, Theorem 1.1 comprises the case of operators of different
orders (e.g. the s; can be all different and both local and nonlocal operators can be superposed). Moreover,
Theorem 1.1 may select the “local” coordinate direction independently on the others, in order to take into
account the behavior of the nonlinearity in this single coordinate and detect its effect on the oscillation
of the solution (notice in particular the term & appearing in Theorem 1.1, which only depends on the
oscillation of f in the last coordinate direction). As a matter of fact, the diffusive operators in the other
variables can also degenerate (indeed a; may vanish for some i € {1,...,m —1}).

In addition, all the constants appearing in Theorem 1.1 can be computed explicitly without effort and the
proof is rather simple and it makes use only of one explicit barrier (the barrier will be given in formula (18)
and, as a matter of fact, this argument may be seen as the fractional counterpart of the regularity theory
developed by [1] in the local framework).

As a technical remark, we point out that, for simplicity, the notion of solution in Theorem 1.1 is taken
in the classical sense, i.e. the function u will be implicitly assumed to be smooth enough to compute the
operator L pointwise (in this sense, formula (7) reads as an “a priori estimate”). Nevertheless, the same
argument that we present goes through, for instance, by applying the operator to smooth functions that
touch the solution from above/below, that is one can assume simply that the solution in Theorem 1.1 is
taken in the viscosity sense (in this case, formula (7) reads as an “improvement of regularity”).

3We observe that 7; = 1/(21N;) if s; = 1, since T' (1 + &) = & T (42).



We point out that, as a simple consequence of Theorem 1.1, we obtain an interior Lipschitz estimate in
the last variable:

Corollary 1.2. Let u: R" — R be a solution of Lu = f in By. Then

(8) 102, ull s (B, ) < C (Il ooy + llull oo n))
for some C' > 0, depending on aq,...,Qm, S1,...,Sm-1, and Ny, ..., Ny_1.
As a matter of fact, when s; = --- = s, = 1, Corollary 1.2 reduces to the classical Lipschitz regularity

theory as presented in [1].

We observe that the regularity results obtained in this paper can be also combined efficiently with other
results available in the literature, possibly leading to higher regularity results. To make a simple example
of this feature, we give the following result:

Corollary 1.3. Let s € (0,1), ay,...,am-1, a >0 and

) L= Y a(—Ay) - ad?,
i=1
Let f € L>®(R™) be Lipschitz continuous in By with respect to the variable x,,. Let u : R" — R be a solution
of Lyu= f in Bl"" x R. Then
ullev(, ) < C (I1f Lo @ny + 100, fllze(my) + 0l oo @),

where
| 28 dfs#1)2,
T T =€ ifs=1/2

for some C' > 0, depending on ai,...,an, s, and Ni,..., N, 1 (with the caveat that when s = 1/2, one
can choose € arbitrarily in (0,1) and C will also depend on €).

We observe that if s > 1/2 in Corollary 1.3, then v = 1417, with n = 2s—1 € (0, 1), hence Corollary 1.3
gives that the solution lies in C'*7(Bys).

Another interesting consequence of Theorem 1.1, is also the following rigidity result, valid when all the
fractional exponents are larger than 1/2:

Theorem 1.4. Let f: R" — R. Assume that
o :=2min{sy,...,s,} —1>0.

Let u : R™ — R be a solution of Lu = f in the whole of R™. Assume that f does not depend on the nth
coordinate and that*

(10) [l oo By = o(R7)

as R — +o0.
Then u does not depend on the nth coordinate.

Remark 1.5. A simple, but interesting, consequence of Theorem 1.4 is that if (10) holds and f is identically
zero, then
Lau=0 in R 1,
where we used the notation in (9). Therefore, if L, enjoys a Liouville property, then u is necessarily
constant.
This feature holds, in particular, when L, = (=07 )* 4 --- + (=92 _)*, see Theorem 2.1 in [5].

Tn

4As customary, the notation in (10) simply means that

U|| [0
el ey

0.
R—+o00 Re
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Remark 1.6. The observation in Remark 1.5 also says that, if (10) is satisfied and L, enjoys a Liouville
property, then the problem Lu = f possesses a unique solution, up to an additive constant.

The rest of the paper is organized as follows. The proof of Theorem 1.1, based on the barrier method
of [1], is contained in Section 2. Then, in Section 3, we combine our results with those of [5] and we prove
Corollary 1.3. The proof of Theorem 1.4, which combines our result with a cutoff argument, is contained
in Section 4.

2. PROOF OF THEOREM 1.1

2.1. A useful explicit barrier. We recall here a useful barrier. Here and in what follows we use the
standard “positive part” notation for any t € R, i.e.

t4 = max{t,0}.
We will also exploit the notation in (1) and (6).
Lemma 2.1. Let s; € (0,1] and d; > 0. For any x = (X4, ..., Xpn_1,2,) € R" let
D, (2) = m; (d — |X°)%
Then, for any v € R™ with X; € Bé\f, we have that
(—Ayx,)’ Py (x) = 1.

Proof. The result is obvious for s; = 1 (recall the footnote on page 3), hence we suppose s; € (0,1). We
let Wy, :=1; ' @q,(2) = (d? — |X;|*)}. By scaling variables z, := £, X, ; := 2t and ¢, := &, we obtain that

d;
s 2(d7 — | Xa*)¥ — (df — X + ¢1)% — (dF — |Xi — ¢)
(=A)"Wq,(r) = cns, /]RNi - || Nit2si : = d¢
gy [ 2L IXGP)E - (1 X G - (- X - GPY
= N;,s; Y5 7 RN dNi+25i X*l N;+2s; *

= <_AX1)S”I}1($*)

22$i F(SZ + 1) F (Si + %)
HC R

2

see for instance Table 3 of [2] for the last identity (here, we used the notation ¥; to denote W, when d; =
1). O
2.2. Completion of the proof of Theorem 1.1. For any ¢t € R, we define®
(11) wt(z,t) = u(w £tye,) =u(wy, ..., 0p 1, o, £ 1)
Similarly, we define f*(z,t) := f(z £tye,). Let also

v(z,t) :=ut(z,t) —u (z,t) and g(x,t) = fT(x,t) — f (x,1).

We fix v € (0,a) (to be taken as close to a as we wish in what fallows). Recalling (5), we introduce the
operator

L* =L+ I/an — I/@f
=Y ai(-Ax)" = v (=02) -]
(12
m—1
= a;(—Ax,)" — (a — y)@gn —vO}.
=1

SAs a technical remark, we point out that the assumption that the operator is “local” in the last coordinate is used at this
point, since if t > 0 we have that u™ (x,t) = u(x+£te,), and so, if we differentiate with respect to ¢ in the domain {t € (0,d,,)},
we have that O,u™(z,t) = 0, u(x £ te,).
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Notice that L, is an operator with one variable more than L (namely, the new variable ¢ € R). We claim
that

(13) Lv=g
for any (z,t) € Q4% (0,d,,). To check (13), we first notice that if (z,t) € Qq % (0, d,,) then x+te, € Quno,
and we know that Lu = f in the latter set. Also, since the (fractional) Laplacian is translation invariant,

(14) (~Ax)ut = ((~Ax)u)”

for any ¢ € {1,...,m} and any (x,t) € Q4 % (0,d,,) (notice that the variable ¢ plays the role of a fixed
parameter here). Moreover

+

(15) Otu* = (aﬁnu>

for any (z,t) € Qg4 x (0,d,,). In turn, we see that (12), (14) and (15) imply that
Lot = (Lu)*

and thus, by linearity,
Low=L (u"—u")=(Lu)" — (Lu)” = fT — f~ =g,
which establishes (13). Now we set

m—1

o= Y omd = S

(16) m -
and Ap = Z -
i=1
Let also
Ay = Ao Az + (|9l 2> @ux(0.dm)) T (= V),
(17) where Ay = o)y

efiin, i)

We consider the barrier

. L it (dm — t>+
(18) with @ (t) := 5
- 2 2\ 5; (d72n — t2)+
and (I)Q($,t) = CI)Q(Xl, e ,Xm_l,Xm,t) = Co — Z?’]l(dz — ‘Xl| )_,; — T
i=1

Notice that ®; > 0 and also, by (16),

. d
2s; mo__
(I)2>Co_;77idi —7—0
Consequently,
(19) P >0

Moreover, using the notation of Lemma 2.1, we see that

Doz, t) = co — Z Uy (2;) — Uy (1)



Therefore, making use of Lemma 2.1, we conclude that, for any (z,t) € Q4 x (0, d,,),

L.®(z,t) = Za, —Ax,)% ®(z,t) + v2 B(x,t) — vO;(x, t)

i=1

= AQ Z aiAQ(—AXi)Si®2($, t) + Agljaznqb(l', t) — Vaf@(l‘, t)

i=1
= —A ia-—A v+v é—FA
- 2}_1 7 2 v 2
= _AQZai+A1'

i=1

That is, recalling (16) and (17),

(20) L,®(x,t) = —A2 Ao + A1 = ||l (@ux(0.d)) + (@ = V)
> +g(x,t) + (a —v) = £Lv(z,t) + (a — v),

for any (z,t) € Qq x (0,d,,), where we used (13) in the last step.
Now we claim that

(21) ®(x,t) £ v(z,t) >0 for any (z,t) € R"™\ (Qq x (0,d,)).

To check this, we take (x,t) outside Q4 X (0,d,,), and we distinguish three cases: either t < 0, or t > d,,,
or z € R"\ Qq.

First, when ¢ < 0, we have that t;, = 0, so we use (11) to see that u*(z,0) = u(z) = u (x,0) and
so v(z,0) = 0. Then +v(z,0) = 0 < ®(2,0) in this case, thanks to (19) and this establishes (21)
when ¢ < 0.

Now, let us deal with the case in which ¢ > d,,. In this case (d?, — t?); = 0, hence, by (18),

qD([L’,t) > AQ@Q([L’ t)

= A ¢ Zn, (d? — | X,]%) ]

> A co—Zmdf”]
L i=1

A2

2

Z HUl|Loo(Rn+1)

> do(e,t),

as desired. It remains to consider the case € R" \ Q4. Under this circumstance, we have that there
exists i, € {1,...,m} such that |X; | > d;,. Accordingly

D@ = Y (-G < Y
=1 1<i<m 1<i<m

1#io 1#io



and so

(I)(LL', t) 2 AQ(I)Q(:C? t)

0s, A2
Ay |co— Z Widisl—Tm

WV

1<i<m
i#io

Agny die
[[v]] oo mnt1)
+o(x,t),

VoWV

which completes the proof of (21).
Now we show that the inequality in (21) propagates inside Q4 % (0, d,,), namely that

(22) O(z,t) £ ov(x,t) >0 for any (z,t) € R*H

The proof of (22) is mostly Maximum Principle. The details are as follows. Suppose, by contradiction,
that (22) were false. Then we set h := ® £+ v. Notice that, since u is assumed to be continuous, so is h,
due to (11), and then (21) would imply that

min  h=:pu <0.
Qax(0,dm)

Let p := (Z,t) attaining the minimum of h, that is
(—00,0) > = h(p) < h(§),
for any £ € R™"1. By (21), we have that p lies in Q4 x (0, d,,), hence, by (20),
(23) L.h(p) Za—v >0.
On the other hand, recalling the notation in (2), for any i € {1,...,m — 1} and any y € R™: we have that
2h(p) — h(p+y) — h(p —y) <0,

due to the minimality of p. Similarly (—0§j)h(]5) < 0 for any j € {1,...,n}, as well as (—9?)h(p) < 0.
Therefore (—Ay,)%(p) < 0, for any i € {1,...,m}. Consequently, by (12), we infer that L.h(p) < 0. The
latter inequality is in contradiction with (23) and thus we have proved (22).

By choosing the sign in (22), we deduce that

(24) lv(z,t)] < ®(x,t) for any (x,t) € R*H
Moreover, recalling (18) and (16), for any ¢ € (0,d,,),

- (a2 -t
,(0,1) = ¢ — i_zlﬂid?sl - %
_ dy (d, 1)
2 2
2
= 5
In addition,
Dy (t) < dmty,
therefore, by (18), for any ¢ € (0,d,,),
Aydpt | Agt?

®(0,t) <

I/+2




This and (24) imply that, for any ¢ € (0,d,,),
uten) — u(—tea)] _ [ut(0,8) —u(0,)] _ [o(0.8)] _ @0,

~

] - t t t
< Al A + ﬂ
v 2
_ [AoAs +lgll = @ux(0.dny) + (@ = )] dim L
1% 2 .

Now we observe that the first term in the above inequality remains unchanged if we replace ¢ with —t, and
therefore the inequality is valid for any t € (—d,,,d,,). Furthermore, we can now take v as close to a as
we wish (recall that Ag and Ay do not depend on v), hence we obtain that, for any t € (—d,,, d,,),

lu(te,) — u(—tey,)| [Ao A2 + 191 L (Qux (0,dm))] dim n Ast
|t]sn a 2
[AoAs + 1|9l 2 (@ux (0.d))] dm | Az duy

a + 2

gl @uxony +&%<g+)
a a 2

91| Lo (Qax (0.dmm)) dm N V]| oo (mn+1y A (a1+'~+am 1)
a

a i d2si
ety )

N

VA

This completes the proof of Theorem 1.1.

3. PrROOF OF COROLLARY 1.3

The proof combines Corollary 1.2 here with Theorem 1.1(a) in [5]. To this goal, fixed t € [—101%, ﬁ}
(to be taken arbitrarily small in the sequel) we define

_ u(z + te,) — u(x) flx+te,) — f(x)

(25) uy(z) " and fy(z) = ;
By formula (8) in Corollary 1.2, we already know that
(26) gl ooy < 10z, ull Loy < C (1f | oo ey + llull o))

Also, we point out that L.,uy = f; in Bgg/100, and so, using again Corollary 1.2,
||aﬂ?nuﬁ||[/°°(397/1oo) <C (HfﬁHLOO(ng/wo) + HuﬁHL"o(R"))‘
This, combined with (26), gives that

Op, u(x + tey,) — Oy, u(x)
t

sup
z€Bg7/100

< C (100, fll e (B1) + |1l zoo@ny + [l oo rmny)-

= ||a$nuﬁ ||L°°(Bg7/100)

Hence, taking ¢t to the limit,

(27) sup 102, 6(@)| < C (|00, Flliony + |l cary + il o).
z€Byg7/100
Now, given i € {1,...,m—1} we consider the sphere SYi~! in the Euclidean space R" (of course, if N; = 1,
then SYi~! reduces to two points).
We also set S"72 := {(x1,...,2,1) s.t. 23+---+22_, = 1} and we observe that each SVi~! is naturally

immersed into S"? (in the same way as R™~! is immersed into R"!).
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We denote by H; the (N; — 1)-dimensional Hausdorff measure restricted to SYi=! (if N; = 1, we replace
it by the Dirac’s delta on the two points given by S¥i~1). Then we consider the measure

i=1
We fix z,, € [—ﬁ, ﬁ] and we set
W(ryy .oy Tpo1) = (T, Tty Ty
and flxy, o xpy) = f(T1, .o Tp1, &) + a@inu(xl, ey Ty 1, T)-
We use (3) and polar coordinates on R to see that, for any Z = (z1,...,2,_1) € ng/ioo,

Laz) = /S_ [/R (a(:z +0r) +a(@ — 0r) — 2@(@)) Md%} dpu(6)
- 3_;1 % /SN [/R (a(i; 4 Or) + a(z — 0r) — 2a(:7:)) rld%] dHi(0)

- mz_:lch. / /m <a<@+0r)+a(@—er)—2a(:z))i dH.(0)
i=1 B sNi—=1 | Jo pit2s '
m-1 3(F D) - 4G — yO) — 2a() .

- B [ B0 2200
i=1 RN '

m—1

- Zai(—sz)slu(i)
i=1

= L.a(Z)+ a0 u(z, )

= f(&,%n) + a0; u(Z, )

= f(@).

Notice that, with this setting, the operator L satisfies formula (1.1) in [5)].
Furthermore, we have that

(28) inf lv-0)du(0) = A,

vesn—2 Sgn—2
for some A > 0. To prove it, we observe that if v = (v1,...,v,_1) € S""2, we have that |v;| > (n — 1)~/
for at least one j € {1,...,n — 1}. Up to relabeling variables, we assume that j = 1, and thus

[ weopau) > 2 [ e due)
gn—2 SN1-1

alchsl 2
—_— 017 du(0
g [ 10 (o),

which proves (28).
In addition,

m—1

1(S™2) Zach SipNi=L (N1 o,

From this and (28), we conclude that condltlon (1.2) in [5] is satisfied. Accordingly, we can exploit
Theorem 1.1(a) in [5] and conclude that
iy < C (lllom + 1)
C (Il oy + 1 fllzoe () + 107, wll 2 (By7 100 ) -
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This and (27) imply that
Il gy < C (10rn flloe ) + I fllioe@ny + llull o))

This gives the desired regularity in the set of variables (x1,...,x,_1). The regularity in the last variable
follows from (27) and so the proof of Corollary 1.3 is complete.

4. PROOF OF THEOREM 1.4

4.1. A cutoff argument. The purpose of this section is to localize the estimate of Theorem 1.1 by using
a cutoff function. As customary in the fractional problems, regularity estimates cannot be completely
localized, due to nonlocal effect, nevertheless our objective is to give quantitative bounds on the contri-

bution “coming from infinity”. For this scope, we use the notation Sy, := min{si,...,s,} and Spax :=
max{sy,...,s,} (a similar notation will also be exploited in the sequel for ap, := min{as,...,a,} and
Umax = max{a, ..., an}).

Lemma 4.1. Let R > 1. If w vanishes identically in (—3R,3R)", then

Foo HwHLOO(B2p\Bp/2)

Il <o [ T .
where
(29) Co =2 ajen, s HY (SN,

i=1

Proof. Let x € (—R, R). We claim that

| | . o [Jwl| Loe(By,0\B, )
(30) K—A&fmmﬂ|<zmmiHM_%qu)/‘ .

2R

for each ¢ € {1,...,m}. To prove this, we notice that if s, = 1 then the fact that w vanishes identically in

a neighborhood of x implies that —Ax,w(z) = 0, and so (30) is obvious in this case. Thus, we can suppose
that s; € (0,1), and we observe that, if y® € [-2R, 2R} then z+y® € (-3R,3R)" and so w(x+y®¥) = 0.
From this, it follows that

—w(z +y?) —w(z —y)

B1) (-8 0le) = e, | )= wle =y gy
RNin{|y()|>2R} |y (8 | Nit 2
Also, if |y®| > 2R then |y®| > 2|z|, thus
| | ()
ot 49] > 1y — o] > 2]

and |z £y < |2+ |y?| < 2y,

and so |w(z £ yD)| < ||w||p=(s . As a consequence of this and of (31), we obtain

21y (@ By @)

HwHL"O(Bz\y\\Bm/z)

(~Ax)w(z)| < %M%/ B\ B g,
RN {|y|>2R} |y | Nit2si
= chi HNiil(SNiil) /+OO |‘wHLO<;(+B;p.\BP/2) dﬂ7
9R P

which proves (30). The desired claim then follows recalling (5) and adding up the estimate in (30). O
Corollary 4.2. Let R > 1. There exists ng € C*°(R") such that

(32) ng =11in (=3R,3R)", ng =0 in R"\ (—6R,6R), and
oo full Lo (B2,\B, )
(33) 20 = L) =y < Co [ TR g,
2R

with Cy, as in (29).
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Proof. Let n, € C*(R, [0, 1]) with , = 1 in (—1,1) and 7, = 0 outside (—2,2). Let
— e \3R)-
=1

Then ng satisfies (32). Also, if we set w := (1 — ng)u, we have from (32) that w = 0 in (—3R,3R)".
Thus, the estimate in (33) follows by writing u — ngu = w, using the linearity of the operator L and
Lemma 4.1. 0

By combining Theorem 1.1 and Corollary 4.2, we can obtain a refined estimate in which the “contribution
from infinity” in the right hand side of (7) is weighted “ring by ring”:

Theorem 4.3. Let R > 1 and [ : Bg mp — R. Let u: R" — R be a solution of Lu = f in Bg mr. Then,
for any € (~i o).

lu(te,) — u(—tey)| <C (R sup |f(z+te,) — f(x —te,)|

t] (2,6)€BRx (0,R)

_'_RHUHLOO(BGR) +R /+OO HUHLOO(BZ/J\BP/?) dp) ’
2

RQSmi“ R p1+28min

(34)

where C' > 0 here only depends on n, Smin, Smax,; Gmin @Nd Gmax-

Proof. In this argument, we will take the freedom of renaming constants as we please, line after line, by
keeping the same name C'. Using the notation of Corollary 4.2, we define @ := nru and, for any x € Bg /s,

f(x) := La(x). Let also § :== La — Lu. By Corollary 4.2,

o0 |ul| Lo By \B, )
19l (~r,R)") < C/ 1+2s2:m "= dp.

By construction f = f + §, therefore

sup ]f(ﬁc—l—ten) —f(m—ten)|
(I,t)E(—%,%)”X(O,%)
< sup [z +ten) = flz —tea)| + 20g] oo (- 2 1

)
3
(@h)€(~ 5l 5B x (0,55%) i

too ||U||L°°(sz\Bp/2)

< swf(rte) — f—te)] +C [ ~B\Bya) g
(x,t)eBrx(0,R) 2R P min
Notice also that & = w in (=R, R)” and @ = 0 outside Bgr. Thus, by applying Theorem 1.1 (here
with dy =+ - =d,, = %) to the function @, for any t € (—%, %) we obtain that
|u(ten) —u(—ten)| _ |u(ten) — u(—ten)|
2] 2]
e ~ CRH&HLOO Rn
<CR sup ’f($+ten)_f($_ten)|+R2Tn()

(xvt)e(fﬁv%)nx(ov%)

T2 {Ju| oo (By,\B, 2) ot CR ||ul| Lo (Bsr)
p1+2smin p R23min !

<CR sup |f(w+ten)—f(x—ten)|+CR/

(I,t)EBRX(O,R) 2R

as desired. O
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4.2. Completion of the proof of Theorem 1.4. Using L.’Hopital’s Rule, we see that

/+OO ||u||L0°(ng\Bp/2) dp HUHLOO(BALR\BR)

+oo u o) 14+25min 14+28min

lim R/ H HL (B2p\B,2) dp: lim 2R P — lim (2R> 207
R—+o00 2R p1+2smin R—+o00 R R—+o00 R-2

o Bl
Ly T

thanks to (10). So, we can use Theorem 4.3 and pass formula (34) to the limit as R — 400, and obtain
that
lu(te,) — u(—te,)|
i
for any fixed ¢t € R. This says that u(te,) = u(—te,) for any t € R
Since the problem is translation invariant, we can apply the argument above in the neighborhood of any
point, so we obtain that

(35) u(p + te,) = u(p — tey)
for any p € R” and any t € R
Now take any point € R" and any p € R. We take p := x + %5* and ¢ := §. Notice that p —te, =z

and p + te, = = + pey, therefore (35) implies that u(x) = wu(z + pe,), which completes the proof of
Theorem 1.4.

=0,
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