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An attempt is presented to understand published experimental results regarding bubble removal from molten glass, such as an exponential 
decrease in bubble count whh time at constant temperature, in terms of the behavior of individual bubbles and bubble size distribution. It is 
assumed that bubbles of ah sizes within a given ränge are initially randomly distributed in S p a c e ; no new bubbles form at ί > 0; the bubble 
growth/shrinkage rate depends on bubble radius according to a simple power-law relation; and each bubble rises to the melt surface with a 
velocity proportional to the Square of its radius. The time dependence of bubble size distribution, including the maximum and minimum 
sizes and the total removal time, is determined. In particular, it is shown that an exponential decrease in bubble count requires either an 
improbable initial bubble size distribution or an unusual bubble growth/shrinkage history. Moreover, the exponential (or similar to 
exponential) decrease in bubble count is incompatible with both the constant bubble growth rate as observed experimentally for a 
multibubble mixture and bubble growth rate proportional to the reciprocal bubble radius as predicted theoretically for an isolated bubble. It 
is suggested that the bubble number observed in refining experiments is, in the final stage, controhed by bubble generation on the Container 
walls. 

Entfernung von Blasen aus der Glasschmelze - Potenzgesetzmodell 

Es wird ein Ansatz vorgesteht, um Ergebnisse aus der Literatur zur Beseitigung von Blasen aus Glasschmelzen hinsichthch des Verhaltens 
einzelner Blasen und der Blasengrößenverteilung zu verstehen, wie z. B. eine zeitabhängige exponentielle Abnahme der Blasenanzahl bei 
konstanter Temperatur. Es wird angenommen, daß Blasen unterschiedlicher Größe innerhalb eines vorgegebenen Bereiches einer 
zufälligen räumlichen Verteilung unterhegen, daß sich bei t>0 keine neuen Blasen bilden, daß die Wachstums- bzw. Schrumpfungs-
geschwindigkeit der Blasen nach einer Potenzfunktion vom Blasenradius abhängt und daß jede Blase mit einer zum Quadrat ihres Radius 
proportionalen Geschwindigkeit an die Schmelzoberfläche aufsteigt. Die Zeitabhängigkeit der Blasengrößenverteilung, einschließlich der 
minimalen und maximalen Größen sowie der Gesamtzeit bis zur Beseitigung der Blasen, wird bestimmt. Insbesondere wird gezeigt, daß 
eine exponentielle Abnahme der Blasenanzahl entweder eine unrealistische Anfangsverteilung der Blasengrößen oder eine ungewöhnliche 
Vorgeschichte des Blasenwachstums bzw. des Blasenschrumpfens voraussetzt. Außerdem ist die exponentielle (oder die einer 
exponentiellen ähnliche) Abnahme der Blasenanzahl weder vereinbar mit der konstanten Wachstumsgeschwindigkeit, wie sie 
experimenteh bei einem Blasenensemble beobachtet wird, noch mit dem für Einzelblasen theoretisch vorausgesagten Befund, daß die 
Wachstumsgeschwindigkeit umgekehrt proportional zum Blasenradius ist. Es wird angenommen, daß die bei Läuterexperimenten 
beobachtete Blasenanzahl im Endstadium durch die Entstehung von Blasen an den Behälterwänden bestimmt wird. 

1. Introduction 

The kinetics of bubble removal from mol ten glass 
appears to be the most prominent aspect of the 
refining process [1] . It involves bubble nucleation, 
growth or shrinkage, mot ion through the mel t , and 
coalescence . Nucleat ion takes place on solid-hquid 
interfaces provided by undissolved refractory batch 
particles and Container walls. Growth or shrinkage 
are caused by diffusion of gases in or out of the 
bubble , from or to the surrounding melt . Bubble 
mot ion is driven by buoyancy and is affected by flow 
of melt and the presence of other bubbles . The 
complexity of the process makes it difficult to deve lop 
a general mode l for bubble removal from glass melts . 
The commonly adopted simplifications are: 

a) no new bubbles are produced after all batch sohds 
dissolve. 
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b) mutual interaction of bubbles d o e s not occur , 
c) bubbles m o v e vertically upward, and 
d) change their size according to a s imple formula. 

Since bubbles s e e m to be quite prone to nuc leate 
o n the Container wal ls , the assumpt ion mos t hke ly not 
to b e satisfied in laboratory melts is that of n o bubble 
format ion after the batch-free t ime. F o r m a t i o n of 
bubbles from gas-oversaturated melts o n ceramic 
refractory walls is wel l d o c u m e n t e d [2] . N e m e c and 
Zlut icky [3] photographical ly recorded a mass ive 
product ion of bubbles w h e n a ceramic refractory 
material was introduced to a gas-oversaturated mel t . 
Cable [4] observed that mel ts in ceramic crucibles 
conta in m o r e bubbles than mel ts in p lat inum cruci­
b les . Obvious ly , this can be caused by differences in 
bubble product ion rate from different wall materials . 
N e m e c [5] , w h o used silica glass crucibles , found it 
necessary to prevent bubble nucleat ion o n the b o t t o m 
by placing in the crucible a 5 m m layer of preref ined 
glass before charging the batch. 



N e v e r t h e l e s s , formation of n e w bubbles after the 
batch-free t ime has b e e n disregarded by investiga-
tors . Cable [6] , w h o studied refining of glass for many 
years , c a m e to the conclus ion that bubble formation 
o n the b o t t o m and the walls of the crucible during 
refining exper iments is unimportant . L ikewise , van 
Erk , Papaniko lau , and van Pelt [7] based their 
analysis o n the assumption of n o bubble formation 
after the batch-free t ime. T h e argument given for 
disregarding the bubbles generated o n crucible walls 
in refining studies is that the number of these bubbles 
m a k e s only a tiny fraction of the n u m b e r of bubbles 
nuc lea ted o n batch particles. E v e n after all batch 
particles are comple te ly dissolved, the fraction of 
bubbles produced at Container walls remains rela­
t ively small . 

H o w e v e r , an objec t ion can b e raised against this 
reasoning. Towards the end of the bubble removal 
process , the ratio b e t w e e n bubbles from batch 
particles and those from walls may change and even 
reverse . Eventual ly , after a long refining t ime, a 
cons iderable port ion of bubbles in the melt may 
consist of those coming from crucible walls . If this is 
s o , the apphcabil ity of laboratory bubble counts to 
refining in industrial furnaces will b e c o m e prob-
lemat ic . In large industrial furnaces, m o s t of the melt 
is far away from refractory wal ls , and thus only 
bubbles nuc leated o n batch particles are present and 
h a v e to be r e m o v e d . If bubbles w e r e generated on the 
Container walls in crucible exper iments after all batch 
nuc leated bubbles have b e e n r e m o v e d , it will lead to 
an error in the determinat ion of the refining t ime. 

T h e quest ion about the significance of bubble 
generat ion after the batch-free t ime can be answered 
e i ther exper imental ly , by looking for ev idence of 
bubble nucleat ion or its absence o n the Container 
wal ls , or mathemat ica l ly , by showing whether or not 
the data from bubble removal m e a s u r e m e n t s are c o m ­
patible with the assumpt ion of n o bubble generat ion. 
T h e latter m e t h o d was adopted in this paper. 

T h e remaining three assumpt ions , that is, no 
mutual interact ion of bubbles , buoyancy-driven bub­
ble m o t i o n , and t ime-dependent bubble s ize , do not 
i m p o s e such severe restrictions as d o e s the generation 
of n e w bubbles . Mutual interaction of bubbles will 
occur if the refining process is v igorous , that is, if 
bubble number density per unit v o l u m e is large and if 
bubbles grow rapidly. Α very v igorous refining can 
e v e n generate foam. N e m e c [3 and 5] has shown that 
if the bubble density is large, the bubble -mel t mixture 
is in a turbulent m o t i o n and coa le scence is frequent. 
W h i l e large bubbles m o v e upward, s o m e smaller 
bubbles m o v e downward due to countercurrent f lows 
of glass. H o w e v e r , at small bubble dens i t ies , as Cable 
[6] po in ted out , bubbles m o v e relatively independ­
ent ly and coa lescence is neghgible . Therefore , dis­
regarding bubble interaction will affect the initial 
s tages of refining, but not the removal of the last 

bubbles , which is crucial for the overall bubble 
removal t ime. Likewise , the Stokesian behavior of 
bubbles will be applicable at the final stages of re­
fining w h e n bubbles no longer affect each other. 

The reason why the quest ion of bubble generation 
after the batch-free t ime is difficult to answer lies in 
the fact that bubbles change their size. Α bubble 
leaving the melt a long t ime after the disappearance 
of the last solid particles could either have b e e n 
nucleated on a Container wall or could have survived 
as a small , s lowly moving bubble which has grown 
larger. Therefore , a wide ränge of possibilities of 
bubble behavior regarding their growth or shrinkage 
is considered in this paper. 

Bubble growth is determined by the bubble 
history after nucleat ion. This history can be rather 
complex because of the presence of multiple gases 
and the dependence of the activities of these gases 
and the temperature on posit ion and t ime. According 
to N e m e c [8] , the bubble growth rate at refining 
temperatures was approximately constant in all cases 
of h o m o g e n e o u s and isothermal melts investigated. 
Furthermore, at lower temperatures , bubbles tend to 
dissolve. Α more complex behavior was suggested by 
other investigators. Cable [6] reasoned that small 
bubbles may dissolve while large bubbles grow, 
whereas van Erk et al. [7] inferred that all bubbles 
grow, but large bubbles grow faster than smaller 
ones . 

Nonhnear bubble growth can be expected with 
multiple gases , or if capihary forces compete with 
pressure forces, or if the temperature of melt changes 
with t ime. If gas Β diffuses into a bubble filled with an 
extremely slowly diffusing gas A , the partial pressure 
of gas Β in the bubble will increase with increasing 
bubble size and this wou ld diminish the driving force 
for further growth. If gas Β diffuses out of the bubble 
containing a smaU amount of gas A , the bubble 
v o l u m e wiU initially decrease rapidly and then slowly. 
Bubbles that are so smaU that the partial pressure of 
the refining gas is comparable to the capillary 
pressure within the bubble will either grow or shrink, 
according to which pressure is dominating, initially 
s lowly, but at an increasing rate as the radius differs 
m o r e and more from its critical value. 

T h e t ime d e p e n d e n c e of radius for both stationary 
and moving bubbles was calculated by many authors, 
most recently by Weinberg et al. [9 to 12] , Cable and 
Frade [13 and 14] , and Beerkens [15]. The Variation 
in behavior is large and the mathematics involved is 
complex . Solving a set of differential equations for 
concentrat ion and velocity fields around a bubble , 
subjected to complex boundary condit ions, is the 
most exact m e t h o d , but it is laborious and t ime-con­
suming. Α simplified m e t h o d deve loped by Beerkens 
[15] , based on correlations for mass transfer coeffi­
cient, is less rigorous, but sufficiently accurate and 
more flexible, al lowing incorporation of the effects of 



chemical reactions and changing temperature. A n 
even simpler approach was adopted by N e m e c and 
Mühlbauer [16 and 17] , w h o regarded the mass 
transfer coefficient as a temperature-dependent con­
stant. 

In the present work the bubble radius versus time 
Variation is approximated by a s imple power-law 
function. Desp i t e its simplicity, a power- law function 
is able to cover a wide ränge of bubble behavior, 
including constant s ize, growth, or shrinkage. The 
rate of growth or shrinkage can be constant or 
dependent on bubble radius. The power- law function 
enables o n e to express analytically the t ime change of 
m a x i m u m and min imum bubble sizes present in the 
melt during refining, the bubble removal t ime, and 
the bubble number distribution. Thus , the experi­
mental ly determined bubble count can be matched 
with the behavior of individual bubbles , provided that 
the assumptions of no bubble nucleat ion and inde­
pendent bubble mot ion are vahd. 

T h e fol lowing ideal Situation of bubble removal 
will be considered. 

1) Α layer of hquid contains initially {t = 0) bubbles 
that are randomly but uniformly distributed in Space 
and arbitrarily distributed in size. H e n c e , the spatial 
bubble number density for each size is independent of 
posi t ion within the liquid layer. 

2) T h e layer is confined within the top surface of the 
liquid and a horizontal plane which may or may not 
be the Container bot tom. If this plane is not the 
b o t t o m , the hquid be low it is bubble-free. 

3) A t ί > 0, the bubbles are subjected to gravity and 
rise up independent ly of each other without coales­
cence . 

4) N o n e w bubbles are formed at t>0. 

5) During their rise, bubbles change their size 
according to a power- law function relating the growth 
rate of a bubble to its actual size. 

6) Bubbles disappear w h e n they reach the top 
surface. The decrease in the top surface level due to 
bubble removal is disregarded. 

T h e goal of this paper is to determine the bubble 
size distribution, especially the m a x i m u m and mini­
m u m size of the bubble populat ion and the total 
bubble count as a function of t ime. T h e total bubble 
removal t ime as a function of the initial radius is also 
determined. These characteristics are affected by the 
parameters of the power- law function describing the 
bubble growth rate. O n the other hand, bubble 
growth rate can be measured or predicted numeri­
cally. Therefore , the present analysis provides a step 
towards understanding the relationship between 
behavior of individual bubbles and removal of a 
bubble populat ion from a vo lume of hquid. Even­
tually, it is shown that the assumption of no new 
formation of bubbles at t>0 is usually invahd if 
applied to bubble count data from crucible melts . 

2. Analysis 

Consider an infinite horizontal layer of a bubble -
hquid mixture of thickness h with a free t o p surface. 
A t ί = 0, the bubble size distribution is i n d e p e n d e n t 
of pos i t ion within the lay er and at ί >: 0 , n o n e w 
bubbles are generated . B u b b l e s m o v e d u e to buoy­
ancy vertically upwards , with veloci ty proport ional to 
the Square of their radn. 

(1) 

w h e r e k^ = kig ρ/μ. Here g is the gravitational 
acce lerat ion, ρ the bubble-free hquid dens i ty , μ the 
viscosity, and ki a coefficient g iven by S tokes ' or 
Hadamard' s formula. N o t e that k^ is the s a m e for all 
bubbles , which implies that bubbles d o not affect 
ea ch other and do not coa lesce . 

N e x t , bubbles grow or shrink wi th the rate 
d e p e n d e n t o n their radius, that is , 

dr/dt=f{r) , (2) 

w h e r e the funct ion / is the same for all bubbles 
regardless of their original pos i t ion and s ize . This 
assumption ehminates the role of the history as the 
determining factor for the growth rate, but f u n c t i o n s / 
can b e c h o s e n so as to represent typical or interest ing 
s ituations. 

Equat ions (1 and 2) imply that at ί > 0 all bubbles 
of the s a m e initial size ascend always wi th the s a m e 
veloci ty and , s ince their growth rates are ident ical , 
they are equal in s ize. T h e pos i t ion of a b u b b l e which 
at ί = 0 w a s at a distance h from the t o p surface 
d e p e n d s o n t ime by Xj. = h - Q^^V dt, or , us ing 
equat ion ( 1 ) , 

Xf. = h - k^ \ dt. (3 ) 

For dr/dt Φ 0, this can b e rearranged using equat ion 
(2): 

x, = h - k j r ^ (dr/dt)-^ dr, (4) 

w h e r e = r(0) is the initial radius. 

If there are n o bubbles b e l o w the depth hatt = 0, 
the t ime for bubbles of initial radius to disappear 
entirely from the hquid , t^, and the corresponding 
final radius, r^, fo l low from equat ions (3 and 4) by 
substituting jĉ  = 0: 

h/k, = S r^dt 

and 

h/k, = U^ {dr/dt)-^dr. 
^0 

(5) 

(6) 



Figure 1. Normalized bubble radius rlr^ as a function of 
normalized time | \ ro"~^ t represents bubble growth or shrink­
age for different values of m and 

It is conven ient for further analysis to adopt for the 
bubble growth rate the power- law funct ion 

a r l a t = b ^ 

and the actual l ifetime for shrinking bubbles with 
m < 1. Physically, shrinking bubbles with m < 1 
coUapse, whereas growing bubbles with m > 1 con­
vert the bubbly hquid into foam as t-^t^^^. Other­
wise , bubbles reach the top surface at the t ime 

t, = (m b;,' [ro"+i - for m (11) 

t , = b { H n { r , / r o ) i o r m = l, (12) 

where 

rh = [rö^^^^ - (m - 3 ) b ^ h / k , ] - ^ ^ ^ ^ - ^ H o r m ^ 3 , (13) 

= VQ exp (^3 h I k ^ i o x m = ?> . (14) 

Equat ions (11 to 14) fol low from introducing equa­
tions (7 to 9) into equat ions (5 and 6) . Equat ions (11 
and 12) determine the t ime at which the last bubbles 
(that is , those initially located in the depth h) of the 
initial radius leave the hquid. Equat ions (13 and 14) 
predict the radius of these bubbles at the m o m e n t 
they reach the top surface of the liquid. The real 
hfet ime of bubbles in the liquid is l imited either by 
m̂ax or by t^, whichever is shorter. 

Figures 2a to 1 show twelve examples of bubble 
histories during their lifetime represented as nor­
mal ized r(t) functions determined by three param-

(7) eters: b^, m, and Tq. Normal ized variables. 

and 

w h e r e fc^ and m are constants . B y choos ing different r = r( \ b^ \ h / k^y^^"^~^^ 
va lues for fc^ and m , a large variety of bubble 
behavior can b e covered . H o w e v e r , the power- law 
funct ion (7) d o e s not produce m a x i m a or minima of 
bubble s izes. Such p h e n o m e n a can be introduced by a 
po lynomia l funct ion, but this possibil ity will not be 
pursued in this paper. 

Integration of equat ion (7) yields: 

(m-l)/(m-3) 

r = [r5-^+i - (m - 1) b^ for m 9̂  1 , (8) 

r = exp {bi i) for m = 1 . (9) 

A n inspect ion of equat ion (8) shows (figure 1) that if 
6 ^ > 0, bubbles grow, whi le the growth rate increases 
wi th t ime for m > 0, decreases for m < 0, and is 
constant for m = 0. Further, if b^<0, bubbles 
shrink, whi le the shrinkage rate increases with t ime 
for m < 0, decreases for m > 0, and is constant for 
m = 0. Finally, if b^ = 0, bubble size remains 
unchanged . 

It also fo l lows from equat ions (8 and 9) that at the 
t ime 

trr = (m- l)-i b-' ro--+i (10) 

r ^ 00 for growing bubbles with m > 1 or r ^ 0 for 
shrinking bubbles with m < 1. There fore , t^^^ is the 
m a x i m u m hfet ime for growing bubbles with m > 1, 

are used (| | denotes the absolute value of b^). The 
hnes representing the change of the bubble radn with 
t ime Start from the initial bubble radius, r = r^, at 
t = 0. S o m e of them end at the hne Γ/̂ (ί), which 
represents the radius at which the last bubbles 
(initially placed at the depth h) of a given initial size 
leave the melt . The intersection of the line r{t) with 
ri^{t) determines also the t ime, i/̂ , of total removal of 
bubbles of a given initial radius through the top 
surface. A t extreme situations, s o m e bubbles grow to 
infinity before they reach the top surface (figure 2f) 
or leave the liquid only after an extremely long t ime 
(figures 2c to f and i to 1). Shrinking bubbles which do 
not leave the melt through the top surface coUapse 
w h e n r = 0 (figures 2g and h) . 

Examples of growing bubbles (b^ > 0) with 
m < 1 are shown in figures 2a and b. It is assumed 
that the radn of all bubbles are confined within the 
ränge l imited by r^^^^ and r^^^. A s bubbles grow and 
leave the melt , this ränge changes with t ime. 
R e m o v a l of bubbles proceeds in two stages. In the 
first s tage, lasting for the t ime interval t e (Ο,ίι) 
(figure 2a) , both min imum and maximum bubble 



Figures 2a to 1. Lifetime of bubbles in the melt represented as normalized r(t) functions for different initial sizes and growth or shrinkage 
parameters. a) and b) Bubble growing with m = - 1 and m = 0, respectively; c) to f) bubble growing with m > 1; g) and h) shrinkage of 
bubbles which ehher dissolve completely or leave the liquid through the top surface; i) to 1) shrinkage of bubbles which cannot dissolve 
completely (m > 1). 



radii , r ^ I N and R J N A X , increase with t ime until the largest 
bubb le s entirely disappear at ti (figure 2a ) . In the 
s e c o n d s tage , lasting for the t ime interval t e (^1,̂ 2), 
the m a x i m u m bubble size is g iven by the size at which 
the last bubbles of a g iven initial radius leave the 
Hquid, that is , r^^^ = r^. Therefore , the maximum 
bubble s ize decreases with t ime , whi le the minimum 
radius cont inues to increase. Eventual ly , bo th radn, 
^ M I N and T I N A X , b e c o m e equal at 2̂ vv^hen all bubbles 
l e a v e the hquid. T h e t imes ti and 2̂ d e p e n d on the 
original m i n i m u m and m a x i m u m bubble radh. Bub­
b les of Γ Ι Η Ί Η ( Ο ) - > 0 l eave the l iquid at 2̂ = with 
^ M I N = ^ M A X = ^ C ? where aud are the characteristic 
t i m e and the characteristic radius. B y equat ions (11 to 
14 ) , 

= I (m - 1) b -1 
M L ' C ? 

(15) 

(16) 

If 6 ^ > 0 and m<l,t^ and represent the t ime and 
radius at which the very last bubble of ^ 0 (initially 
l oca ted at the depth h) l eaves the hquid. Thus is the 
Upper limit for the total removal t ime \ih^>^ and 
m < 1. For other values of and m , and may 
h a v e different physical meanings . 

Four examples of growing bubbles {b^ > 0) with 
m > 1 are depicted in figures 2c to f. B u b b l e removal 
p r o c e e d s again in t w o stages , but n o w the total 
r emova l t ime , t^, is not l imited by t^, for t^-^^ as 
^ O M I N 0 ( ^ O M I N is the m i u i m u m initial bubble radius). 
Smal l bubbles tend to grow very s lowly and large ones 
very rapidly, and thus large bubbles l eave the hquid 
within a short t ime , whi le smaU bubbles persist for a 
l ong t ime . B y equat ions (13 and 14) , r^-^ ^ as 
h-^ ^, which implies that small bubbles , which were 
initially located far e n o u g h from the top surface and 
h a v e survived in the l iquid for a long t ime without 
substantial ly changing pos i t ion and s ize , grow rapidly 
at the e n d of their hfe and leave the hquid quickly. 
T h e behavior of bubbles in this group is of two types 
according to whether m < 3 or m ^ 3 . 

If 1 < m < 3 , bubbles tend to reach a f ixed ränge 
of bubble sizes with progressing t ime (figures 2c and 
d ) . Accord ing ly , the final radius at which the bubbles 
of zero original size l eave the mel t approaches a 
constant va lue , that is , r^^-^r^ as i - ^ o o (see the 
horizontal dot ted l ines in figures 2c and d ) . If m > 3 , 
the bubble size ränge shrinks to zero as ί —> 00 ^ that is, 
r^^O (figures 2e and f). Interest ingly, as follows 
from equat ions (5 and 8 ) , bubbles initially located at 
h>h^, w h e r e 

/ i , = ( m - 3 ) - i Z^-i Krö^^\ (17) 

can never reach the top surface because as h-^h^, 
t h e s e bubbles grow to infinity. For a g iven depth, h, 
bubbles initially larger than r ,̂ will grow without limit 
by the t ime (the dot ted l ine in figure 2f) . This can be 

v i ewed as convers ion of the bubbly liquid into foam, 
as already ment ioned . H o w e v e r , the assumptions of 
independent bubble mot ion , on which equat ion (1) 
rests, and constant mixture height, /i, wiU n o longer 
apply. 

Figures 2g and h show two examples of shrinking 
bubbles (b^ < 0) with m < 1. These bubbles either 
complete ly dissolve or leave the liquid through the 
top surface. Thus either = if romax — = if 
romax > ^c- T h e radius versus t ime for a bubble of 
ro = is indicated by dotted lines in figures 2g and h. 
B y equat ions (13 and 17) , bubbles initially located 
be low = wiU complete ly dissolve. 

Shrinking bubbles with m > 1 are represented by 
four examples in figures 2i to 1. These bubbles cannot 
dissolve complete ly and there is no upper limit for 
their total removal t ime. If 3 > m > 1, bubbles of 
rg ^ neither dissolve nor reach the top surface 
(figures 2i and j ) ; t^-^ ^ as r^^r^ (dotted line in 
figure 2i) . If m >: 3 , aU bubbles reach the top surface 
at < and < for any initial radius (figures 2k 
and 1). 

Finally, the ascending time for bubbles of con­
stant size, by equat ion (5 ) , is 

t^ = r-^hlk. (18) 

thus i/j ^ 00 as r ^ 0 (small bubbles tend to stay in the 
hquid for a long t ime) . 

With respect to the total removal t ime, growing 
and shrinking bubbles can be classified into three 
groups. First, bubbles with m < 1 have a finite Upper 
limit for t^, namely e ( 0 , 0 · If these bubbles grow 
and their initial size approaches zero , their removal 
t ime will approach t^, The larger is the initial size of a 
bubble situated at the depth /i, the sooner it wiU 
disappear. If the bubbles shrink, only those of the 
initial radius equal to will survive until the t ime t^. 
Bubbles with radii initially smaller than will 
col lapse at a t ime shorter than t^. L ikewise , bubbles 
with radn initially larger than will leave through the 
top surface at a t ime shorter than t^. Second , for 
bubbles with m > 3 , the total removal t ime cannot be 
shorter than t^, but it is not l imited from above: 
it e (ic,°°). Only bubbles initially larger than can be 
r e m o v e d without producing foam before reaching the 
top surface. Finally, bubbles with 1 < m < 3 can be 
totally r e m o v e d at any t ime, that is , ^ (Ο,οο), 
dependent on their initial radius. Combining these 
groups with the possibihty that bubbles grow or 
shrink, and considering the case of constant size 
bubbles , the power- law mode l describes seven classes 
of bubble removal behavior that cover many simple 
real or conceivable situations. 

Finite total removal t ime is associated with 
bubbles that 

a) grow or shrink with m < 1, or 



b) 

- \Vf = O . B X 
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Figures 3a to c. Bubble size distribution function. Normalized count of bubbles with initial radius as a function of the bubble radius r = rl 
with t = t/tc and m as parameters; a) constant bubble size (m ^ oo), b) constant bubble growth rate {m = 0), c) accelerated bubble growth 
rate (m = 2). 

b) do not shrink and have non-zero initial s ize , or 

c) shrink and either 1 < m < 3 and romin > m > 3 and ron,in > 0. 
If these condit ions are not satisfied, bubbles are 

not totally removed . The max imum initial size of 
bubbles that cannot be removed approaches zero at 
long t imes for bubbles that, first, grow with 
l < m < 3 and ômin̂ O? or second , shrink either 
with 1 < m < 3 and romjn ̂  r^, or with m > 3 and romin̂  0· The m a x i m u m size approaching > 0 at 
long t imes is associated with bubbles that grow with 
l < m < 3 and romm̂O- Only these hypothetical 
bubbles are truly unremovable , but they cannot occur 
in reality because very smaU bubbles tend to coUapse 
due to capillary forces. 

Α quest ion arises as to h o w the number of bubbles 
of a given initial or instantaneous radius (there is a 
one- to -one correspondence b e t w e e n them defined by 
equations (8 and 9)) changes with t ime. Let be the 
total number of bubbles per unit top surface area and 
NR= 3N / dr the bubble size density (r is the instan­
taneous bubble radius). Since there are no bubbles 
be low the depth H at T = 0, 

(19) 
where Λ̂ ο̂ = ^r(O) is the initial bubble size distribu­
tion and Fj. = Xj.1 h. For a uniform initial bubble size 
distribution (that is , if Λ̂ ο̂ is independent of r) , F^. is 
proportional to the actual bubble size distribution. By 
equat ion (3 ) , 

F,= \ - {KJH)I r^ at. 
0 

(20) 

Substituting from equations (8 and 9) and inte­
grating. 

F,= L-{KJH) B-J ( m - 3 ) 

• [rö^^^^ - (ro"'"^^ - (m - 1) B^ i)(^-3)/(^-i)] . (21) 

B y equat ion (19), F^. represents the normal ized count 
of bubbles {F^t) = N^t) I N^o) of a particular initial 
radius. U s i n g equat ion (8), can b e expressed in 
terms of the ins tantaneous bubble radius at the t ime t 
as 

F,= L + {KJH) C ( m - 3 ) - i -
• [r-'^^^ - (r-̂ +i + (m - 1) B^ t)IM-3)/{M-I^ ^ (22) 

In particular, for bubbles of constant size 

(fem = 0 ) 

F,= i - i k j h ) r^t. (23) 

for bubbles of constant growth rate (m = 0, 60 > 0 ) 

FR = l - { k J h) ( r 2 t-bort'^ + blt^l^). (24) 

for bubbles with accelerated growth (m = 2 , 
Ö 2 > 0 ) 

F,^l-ikJh)r[b2 + {rt)-^]-'\ - (25) 

and for bubbles growth rate proport ional to r~^ 

F,= L-{KJH){r^T-B_IT^). (26) 

R e l a t i o n (23) was previously obta ined by Cable [6] 
and equat ion (24) by N e m e c [18]. 

Figures 3a to c show h o w F^ depends o n bubble 
radius and t ime for constant-s ize bubbles (figure 3a) 
( m 0 0 , which for 'growing' bubbles is equivalent to 
BYN = 0, s ee the trend in figure 1), constant growth-
rate bubbles (figure 3b) ( m = 0, BQ>0), and accel­
erated growth-rate bubbles (figure 3c) (m = 2 , 
&2 > 0 ) . A s the largest bubbles disappear from the 
hquid , the bubble size ränge recedes from the right 
for each of these examples . If the bubble size is 
constant (figure 3 a ) , the left s ide of the bubble size 



Figure 4. Bubble number decrease function; ~t = tlt^. 

ränge is g iven by the smaUest bubbles present in the 
hquid . If the bubble growth rate is constant, no 
bubble can be smaller than r = b^t ( the dot ted hne in 
figure 3b) . T h e n = 0 everywhere o n the left side of 
the intersect ion of the dot ted line with the FXr,t) 
curve. AU bubbles must disappear from the hquid by 
the t ime t = {3 h / bl k)^'^ ( compare figures 2b and 
3 b ) . In the case of accelerated growth (figure 3c) , a 
constant size distribution is obta ined at long t imes. 
This result agrees with figure 2d , according to which 
bubbles of a nonzero size can exist in the liquid after 
an arbitrarily long t ime. 

T h e total n u m b e r of bubbles is g iven by the 
integral 

7 V = J N , d r = j V o i v d r . (27) 

T h e limits are, of course , the m i n i m u m and maximum 
radius of the bubbles present in the hquid at the t ime 
t, be ing the radius of bubbles for which t = tf^ (all 
bubbles for which tj^ > t have b e e n r e m o v e d ) . 

T h e integral in equat ion (27) can b e evaluated 
analytically for a uniform initial bubble size distri­
but ion (Λ^ ο̂ = cons t . ) . D e n o t i n g 

F=r-'iF,ar, 
''min 

equat ion (27) can b e rewritten as 

N=r,N,oF, (28) 

where is g iven by equat ion (16) . Taking r^^^^ = 0 
and using equat ions (8 , 9, 13 , 14 and 23 to 26) o n e 
obtains for bubbles of constant size {b^ = 0) 

F = (2/3) ; (29) 

F = ( l / 1 2 ) t [ ( 4 - F ) ((4/3) r 3 - l / 3 ) i / 2 + 3 (t^-2)]; (30) 

for bubbles with accelerated growth (m = 2 , 
b2>0) 

F = 1/4 + (1/2 + r 1) (1/4 + Τ ψ ^ - ' 

• In {1 + (1/2) Ϊ [1 + (1 + 4 ΤΥ^]} ; (31) 

and for bubbles with m = - l , 6 _ i > 0 

F = (1 + f) (1 - _ (2 tß) (1 - F/2) . (32) 

H e r e 1 = ί/ί^, being given by equation (15) in 
equations (30 to 32) and = h / k^ in equation 
(29) . Equat ions (29 to 31) are graphically represented 
in figure 4. A s expec ted , aU bubbles disappear within 
a finite t ime ( F = 0 at ί = Q if their growth rate is 
constant or proportional to r~^. If their growth rate is 
zero or accelerated, they tend to persist. Then T V 0 
as i - ^ 00 if r = const. and Λ^-^ const. ( F ^ 1/2) if 
m = 2 (i?2 > 0 ) . 

Bastick [19] , Cable [20] , van Erk et al. [7] , and 
Mulfinger [1] reported that their data fit the expo­
nential decrease in bubble count . 

N = Notxp{-Kt), (33) 

where Λ̂ ο and Κ are constants. According to this 
empirical relation, bubbles can be found in the melt 
at any t ime , however long. To fit this behavior with 
the power- law m o d e l , very smaU bubbles must be 
present initially and m must be larger than 1, so that 
the initially small bubbles can survive. Us ing equation 
(27) , it is possible to find the initial bubble size 
distribution leading to an exponential decrease in the 
bubble count for any value of m compatible with the 
existence of bubbles in the hquid as ί o o . This can 
be easily done for the case of constant bubble size. 
Assuming that r^^^^ = 0 and using the fact that 
^r{rh) = 0 ( i -e . , aU bubbles of r > r;, have left the 
hquid) , first and second differentiation of equation 
(27) with respect to t ime lead to 

N= S N.dr 

and 

(34) 

(35) 

for bubbles of constant growth rate {m = 0, 
bo>0) 

According to equations (19 and 23) , 
Λ̂ ^ = - N,Q {k^ I h) and N, = 0. RecaU that equa­
tion (18) expresses the t ime within which aU bubbles 
of radius r initially situated in the depth χ < /z leave 
the liquid. Rewrit ten as rj, = {kJ Ηγ'^ Γ^'^ (that 
is , shifting the subscript h from ί to r), it expresses 
the max imum radius of bubbles present in the 
liquid at t ime t. N o w 'ν^= - (1/2) {kjhf'^r^'^, or 



rh= - (1/2) {k^ I h) The subscript h was dropped 
from r in the last expression, in which is the time 
rate of change of the radius of the largest bubbles 
within the hquid (this radius changes as the largest 
bubbles are continually disappearing) and r is the 
t ime- independent bubble radius (that wih b e c o m e the 
m a x i m u m radius as soon as all larger bubbles leave 
the hquid) . H e n c e , equation (35) b e c o m e s 

Ν = (1/2) N.oikjhfr'. (36) 

Differentiating equat ion (33) twice with respect to 
t ime, using equation (18) to e l iminate t (while 
disregarding the subscript h), and joining the result 
with equat ion (36) , o n e obtains for the initial bubble 
size distribution 

N,o = 2No(Kh/k,)-^r-^exp{-r-^Kh/k,). (37) 

Since Â ô cannot depend on K, h, or k^, it foUows that 
{K h I k,yi^ = const. If o n e defines r^ = {Kh/ k,f\ 
equat ion (37) can be rewritten as 

(38) 

Us ing the Stokes formula, the decrease in bubble 
count constant is 

Κ = kir\g IV h . (39) 

B y equat ions (19, 2 3 , and 37) , the bubble size 
distribution at t ime t is 

Λ ,̂ = 2 Λ̂ ο [1 - ( ^ s / h) t] r\ r'^ exp ( - rl I r^). (40) 

This function is graphically represented in figure 5. It 
has a max imum at 

^ ^ = V 3 ri [ l + r i - ( l + f - 2 - ( 2 / 5 ) Ί-^+ΓΥΥ\ (41) 

where t=(2k^l5h)r\ t. This example shows that an 
exponent ia l decrease in the total bubble count is 
possible for constant size bubbles if their initial size 
distribution has a special form given by equation 
(40) . 

It can be expected that if the bubble size changes 
with t ime, another unique initial bubble size distri­
but ion can be found that would lead to an exponential 
decrease in bubble count. Such a unique initial 
distribution is unhkely to be satisfied in any real batch 
melt ing Situation. Α quest ion arises as to whether a 
bubble growth or shrinkage rate function can be 
found that would result in the exponent ia l decrease 
for an arbitrary initial distribution. A n attempt is 
m a d e with an example of exponential shrinkage, that 
is , m = l and bi < 0. Us ing equat ions (9, 19 and 
2 0 ) , 

A ^ r = ^ . o {^-{K rll2 h B,) [ 1 - e x p ( - 2 B, t)]], (42) 

Figure 5. Bubble size distribution for constant bubble size and 
exponential decrease of bubble number. 

w h e r e Bi= - bi. This equat ion b e c o m e s identical 
with equat ion (33) if = (2 5 i /z / k^^, and so aU 
bubbles must b e of the same size. T h u s , as in the 
previous e x a m p l e , the initial distribution cannot b e 
arbitrary. E v e n though a single e x a m p l e d o e s not 
const i tute a mathemat ica l proof, it s e e m s unl ikely 
that a funct ion that w o u l d lead to the exponent ia l 
decrease for an arbitrary initial distribution exists . 

3. Discussion 

T h e kinetics of bubble removal is d e t e r m i n e d by the 
initial bubble size distribution, N ^ q , and the size 
history of individual bubbles during their passage 
through the mel t . T h e s e constitutive characterist ics 
can be d e d u c e d using bubble removal data and an 
appropriate m o d e l . This is ana logous to viscosity 
calculation from viscometric data and the Navier -
S tokes equat ion . Pubhshed reports o n bubble re­
mova l provide the foUowing information: the total 
bubble count as a function of t ime , N{i) [1 and 19] ; 
the t ime change of the bubble size distribution, N^t) 
[20]; and the m a x i m u m bubble s ize , ri^{t) [7] . T h e 
main findings of the mos t detaUed exper imenta l data 
can be summarized as fol lows: 

a) bubbles can b e found in the melt e v e n after a long 
exper imenta l t ime , 

b) the m a x i m u m bubble size d o e s not approach zero 
as t ime progresses , and 

c) the m i n i m u m bubble size d o e s not increase wi th 
t ime . 

T h e s e features can b e reproduced by the 
power- law m o d e l if b^>0 and 1 < m < 3 . This 
agrees with van Erk et al. [7] w h o found that m = 7/4 
prov ided the best fit of the power- law m o d e l to their 
data. Suprisingly, the conclus ion that > 0 and 
1 < m < 3 rules out the possibil ity that bubbles 
shrink, have a constant s ize , grow at a constant rate , 
or , as theoret ical analysis suggests [21] , grow with the 
rate proport ional to r"^ 



O n e of the ruled-out poss ibiht ies is N e m e c ' s [5] 
fundamenta l finding that during mos t of their lifetime 
bubb le s grow with a constant rate. T h e experimental 
va lue of ÖQ hes typically within the ränge 2 · 10"^ m/s 
( s l ow growth in the absence of refining agent) and 
2 · 10"^ m/s (rapid growth due to the action of a 
refining agent) [22] . U s i n g /z = 0 . 1 m , 77 = 1 0 P a s , 
and ρ = 2.5 · 10^ kg/m^ and assuming that the Stokes 
formula adequate ly describes bubble rise, one ob­
tains = (2/9) ρ g / η = 545 m"^ s"^. B y equations 
(15 and 16) , = 220 μm and t^ = rJbo= 183 min 
in the case of s low growth, and = 1 m m and 
ic = 8.6 min in the case of rapid growth. AU bubbles 
mus t l eave the hquid by the t ime at which their 
radius approaches (tc and are indicated by the 
d o t t e d l ines in figure 2b) . This predict ion clearly 
d isagrees with the bubble removal trials in which 
bubbles were found after t imes much longer than t^, 
and their radn w e r e considerably smaUer than r̂ . 

If the value of m l ies in the ränge b e t w e e n 1 and 3 , 
the power- law m o d e l al lows the bubbles to exist in 
the size ränge 0 < r < r c a s i - > o o (figures 2d and 3c) . 
In reality, very small bubbles cannot grow because of 
the capUlary forces . T h e real initial m i n i m u m bubble 
s ize can be st imated as romin = 2σ / Ap, w h e r e σ is the 
surface tens ion and Ap the oversaturat ion pressure of 
the gas in the hquid. B u b b l e s with radius smaUer than 
Ômin wiU dissolve . U s i n g σ = 0 .3 N / m and 

Ap = 10^ Pa, rojnin = 6 μm is obta ined . Since much 
higher oversaturat ion pressures are possible , 
Ômin = 6 μm is a conservat ive es t imate . T o estimate 

the rate coefficient b^, let m = 2 and = 300 μm. 
E q u a t i o n ( 1 6 ) y i e l d s b 2 = r^k^lh = 1.6 m~^ s ~ \ with 
the s a m e values for h and k^ as in the previous 
e x a m p l e . B y equat ion (8 ) , the m i n i m u m bubble size 
is 6.5 μm after 2 h and 7.3 μm after 5 h. The 
m a x i m u m bubble size is 420 μm after 1 h, and 330 μm 
after 5 h. B y equat ions (11 and 13) , the total refining 
t ime is = (̂̂ omin ^hK)~^ — 28 h, w h e r e the radius 
of the last bubbles leaving the mel t is , by equations 
(13 and 16) , = romin + = μm. Refining ex­
per iments usually take 1 to 2 and rarely exceed 5 h. 
With in this t ime interval , the predicted bubble size 
ränge matches the exper imenta l Observation satisfac­
torily. 

Accord ing ly , if n o bubbles are generated at i > 0, 
the long res idence t ime of s o m e bubbles in the Hquid 
is attributed by the power- law m o d e l to s low initial 
growth of smaU bubbles . T h e s e bubbles begin to grow 
quickly at the end of their l i fet ime, so they attain a 
relatively large size before they reach the top surface. 
H o w e v e r , a paradox arises in that the growth 
e x p o n e n t m e ( 1 , 3 ) agrees neither with direct Obser­
vat ion of bubble behavior nor with theoretical 
reasoning , which is based o n the weU-understood 
m e c h a n i s m of growth or dissolut ion of a single 
bubble . Be fore suggest ing what may be a possible 
cause of this paradox , s o m e m o r e details of bubble 
remova l behavior will b e discussed. 

Cable [20] and van Erk et al. [7] found that any 
size fraction of bubbles decreased exponential ly , that 

is. 

N, = N,oOxp{-K,t), (43) 

where is a function of r. This equat ion provokes 
three comments . First, it implies that the total bubble 
count , = οΓ ^ro ^xp (~Kr 0 cannot decrease 
exponent ia l ly with t ime unless Kj. = K= const . ; that 
is , is independent of r, which is contrary to 
Observation. Α non-exponent ia l decrease in the total 
bubble count is , therefore, more hkely to occur and 
has b e e n observed, for example by Cable [20]. 
S e c o n d , equat ion (43) is not compatible with Cable's 
Suggestion that smaU bubbles dissolve and large 
bubbles grow [6]. This would imply the existence of 
medium-s ized bubbles that neither grow nor shrink 
and their number would , by equation (23) , decrease 
linearly with t ime. Third, by equat ions (19 and 20) , 
relation (43) implies that 

r={hKJk,r^ exp{-K,t/2). (44) 

Comparison of this equation with equat ion (9) reveals 
that m = l, K, = r§ k, I h, and bi = -r^ kJ2h; that 
is , bubbles exponential ly shrink with the rate coef­
ficient related to the liquid depth, which can only be 
fortuitous. Furthermore, ii = Κ = const . , there is 
only o n e initial bubble radius possible . H e n c e , 
equat ion (43) is t oo restrictive to be generally 
valid. 

Summarizing, three problems with bubble re­
moval interpretation have been revealed. First, the 
exponent ia l decrease in the total bubble count 
requires a special initial bubble size distribution 
which is unhkely to exist in reality (given by equation 
(38) for r = const . ) . Second , discrepancies exist in 
connect ion with equat ion (43) . Third, the decrease in 
bubble count found in laboratory crucible melts , 
which admits only accelerated growth rate of bubbles , 
is not compatible with the constant growth rate of 
individual bubbles observed by N e m e c [5]. It is 
poss ible that the first and second discrepancies result 
from extens ion of approximation functions, such as 
the exponent ia l function, beyond the experimental 
ränge of data. H o w e v e r , the third discrepancy is of a 
m o r e fundamental nature. Α logical way this paradox 
can be resolved is by modifying s o m e of the 
assumptions on which the mode l rests. The assump­
t ion most likely to be inadequate is that of no bubble 
formation in crucible melts after the batch-free t ime. 
Suppose that new bubbles are nucleated on Container 
waUs or within the melt and these new bubbles grow 
hnearly with t ime. Their r{t) functions can be 
represented as straight lines crossing the t ime axis at 
t> 0. T h e power- law mode l will see these straight 
l ines as parabolas represented by equation (9) , to 
which the corresponding straight hnes are tangents. 



This means that formation of a bubble at ί > 0 is 
interpreted as a delayed growth of a small bubble 
present from the beginning of the refining pro­
cess . 

These two interpretations have serious conse-
quences regarding the apphcation of the data ob­
tained from refining experiments conducted in labo­
ratory crucibles to the refining process in glassmelting 
furnaces. In a furnace, no significant generation of 
bubbles is possible after all solid batch particles are 
dissolved and, therefore, the real refining t imes wih 
be considerably shorter than those predicted from 
crucible experiments if bubbles indeed grow linearly 
in isothermal melts . T o clarify this problem, experi­
mental study is n e e d e d that would examine nucle­
ation of bubbles on Container walls. This would make 
it possible to separate removal of crucible-generated 
bubbles from those nucleated on batch particles prior 
to their dissolution, and thus obtain a better insight 
into the complex problem of bubble removal from 
mol ten glasses. 
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