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Abstra
tThe two dimensional equation for transversal vibrations of an elastoplasti
plate is derived from a general three dimensional system with a single yield tenso-rial von Mises plasti
ity model in the �ve dimensional deviatori
 spa
e. It leadsafter dimensional redu
tion to a multiyield three dimensional Prandtl-Ishlinskiihysteresis model whose weight fun
tion is expli
itly given. The resulting partialdi�erential equation with hysteresis is solved by means of vis
ous approximationsand a monotoni
ity argument.1 Introdu
tionWe pursue here the investigation of os
illating lower dimensional elastoplasti
 stru
-tures. We have shown in [13℄ that in the 
ase of a one dimensional beam, the 
lassi
alvon Mises plasti
ity 
riterion with a single yield 
ondition leads after dimensional re-du
tion to a multiyield model of Prandtl [20℄ and Ishlinskii [10℄ type. This 
an beexplained by the fa
t that in the 1D model only deformations of longitudinal �bersparameterized by the transversal 
oordinate are taken into a

ount, and the individ-ual �bers do not swit
h from the elasti
 to the plasti
 regime at the same time. Morepre
isely, the �e

entri
� �bers look as if they had higher elasti
ity modulus and loweryield point than the 
entral ones. Hen
e, the e�e
t of the existen
e of plasti
izedzones is translated into the mathemati
al language by means of the Prandtl-Ishlinskii
ombination of elasti
, perfe
tly plasti
 elements with di�erent yield limits that arenot all simultaneously a
tivated.In this paper, a similar behavior is observed for the Kir
hho� plate model with singleyield, von Mises plasti
ity. Plasti
ized zones as on Fig. 1 o

ur as well, although ��bers�have to be repla
ed with �layers�. As a result of dimensional redu
tion, we obtain againa multiyield Prandtl-Ishlinskii operator in a redu
ed three dimensional spa
e insteadof the original �ve dimensional spa
e of symmetri
 tensor deviators. This emergingmultiyield 
hara
ter of the elastoplasti
 plate bending problem does not seem to havebeen taken into 
onsideration earlier. The multiyield quasistati
 model in [1℄ does notdire
tly refer to plates. In [2, 15, 18℄, only the quasistati
 
ase is investigated as well,and after dimensional redu
tion, the yield 
ondition is still des
ribed by one sharpsurfa
e of plasti
ity. Methods based on Γ -
onvergen
e of energy minimizers ([8, 19℄)are indeed more rigorous than a simple s
aling analysis, but unfortunately 
annot beused for the study of nonequilibrium problems.
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Figure 1. A plate se
tion with grey plasti
ized zone.Ve
torial Prandtl-Ishlinskii operators are less easy to deal with that the s
alar ones.Therefore, at varian
e with the 1D 
ase in [13℄, we are not able to solve the resultingPDE without regularizing the 
onstitutive law by an additional kinemati
 hardeningterm. After normalizing the physi
al 
onstants to unity, we thus obtain the transversaldeformation w(x, y, t) of a simply supported elastoplasti
 plate by solving the followingvariational problem:
∫

Ω0

(

wttŵ + wxtt ŵx + wytt ŵy + B̃D2w · D2ŵ
)

dx dy

+

∫

Ω0

〈F [D2w] ,D2ŵ〉 dx dy =

∫

Ω0

g ŵ dx dy ∀ŵ ∈ V , (1.1)where Ω0 ⊂ R
2 is the referen
e shape of the plate, V = H2(Ω0) ∩ H1

0 (Ω0) , B̃ is asymmetri
 positive de�nite (3× 3) -matrix that a

ounts for the kinemati
 hardening,
F stands for the 3D Prandtl-Ishlinskii operator, 〈·, ·〉 is the generating s
alar produ
tof F in R

3 given by formula (2.39) below, g is a given right hand side, and D2w =
(wxx, wyy, wxy) , D2ŵ = (ŵxx, ŵyy, ŵxy) . We may write (1.1) in a more 
on
ise form as

wtt − ∆wtt + D
∗

2

(

B̃D2w + F [D2w]
)

= g , (1.2)where D
∗

2 : (L2(Ω0))
3 → V ′ is the formal adjoint of D2 . The term −∆wtt representsthe 
ontribution to the momentum balan
e due to the rotational inertia of the verti
al�bers.We prove the existen
e and uniqueness under appropriate regularity assumptionson the data. The solution is 
onstru
ted �rst for an approximating vis
o-elasto-plasti
problem via 
ontra
tion in a suitable metri
 spa
e, the limit as the vis
osity 
oe�
ienttends to zero is justi�ed by the Minty tri
k.The paper is stru
tured as follows. In Se
tion 2, we use the s
aling method of [4, 6℄ toderive the multiyield Prandtl-Ishlinskii plate model. Basi
 properties of the ve
torialPrandtl-Ishlinskii model are summarized in Se
tion 3. Existen
e and uniqueness ofweak solutions to the resulting PDE with a Prandtl-Ishlinskii hysteresis operator isestablished in Se
tion 4. 2



2 Derivation of the modelIn this se
tion, we derive our model from a general three dimensional system. We fo
uson the question how the multiyield behavior results from the single yield von Misesmodel and from the dimensional redu
tion. This is why we do not look for maximalgenerality and keep the assumptions as simple as possible. We restri
t ourselves toplates of 
onstant thi
kness, that is, to sets Ω ⊂ R
3 of the form Ω = Ω0 × (−h, h) ,where Ω0 ⊂ R

2 is the shape of the plate and 2h is its thi
kness. We denote by
(x, y) ∈ Ω0 the longitudinal 
oordinates, by z ∈ (−h, h) the transversal 
oordinate,and by t ∈ [0, T ] the time, where T > 0 is given.In order to 
ompare the resulting equations, we start with the linear elasti
 isotropi

ase (Subse
tion 2.1), and then pass to the elastoplasti
 model (Subse
tion 2.2). Wefollow the s
aling te
hnique of [4, Part A℄ and [6, Se
t. 5.4℄ in terms of a small pa-rameter α > 0 with the intention of keeping only the lowest order terms in α in theresulting equations. In parti
ular, we assume that

h = O(α), Ω0 = O(1).Let us 
onsider smooth displa
ements u : Ω × (0, T ) → R
3 , de
omposed into

u =







u1

u2

u3






=







uL
1

uL
2

uL
3






+







uH
1

uH
2

uH
3






= u

L + u
H ,where the supers
ripts L and H stand for low order and high order 
omponents withrespe
t to α , respe
tively. We make the following assumptions (
f. Fig. 1).(A1) The low order displa
ement of the midsurfa
e C = {(x, y, 0) ∈ Ω : (x, y) ∈ Ω0}is only transversal, that is,

u
L(x, y, 0, t) =







0

0

w(x, y, t)






∀ (x, y) ∈ Ω0 , ∀ t ∈ (0, T ) , (2.1)with some fun
tion w : Ω0 × (0, T ) → R .(A2) The low order deformation

F
L(x, y, z, t) =







x

y

z






+ u

L(x, y, z, t)leaves the �bers {(x, y)} × (−h, h) perpendi
ular to the midsurfa
e, and theirdeformation is proportional to their distan
e to it; that is,
F

L(x, y, z, t) = F
L(x, y, 0, t) + z n(x, y, t) ∀ (x, y, z, t) ∈ Ω × (0, T ) , (2.2)where n(x, y, t) is the unit �upward� normal to the deformed midsurfa
e C(t) =

F
L(C, t) at time t , see Fig. 1. 3



(A3) wxx, wxy, wyy = O(α) .Under the hypothesis (A3), we 
an linearize the problem by repla
ing
n(x, y, t) =

1
√

1 + w2
x(x, y, t) + w2

y(x, y, t)







−wx(x, y, t)

−wy(x, y, t)

1





with
ñ(x, y, t) :=







−wx(x, y, t)

−wy(x, y, t)

1






. (2.3)This repla
ement is justi�ed, sin
e an elementary 
omputation yields that

| ñ(x, y, t) − n(x, y, t)| < |wx(x, y, t)|2 + |wy(x, y, t)|2 = O(α2) .This enables us to write for every (x, y, z, t) ∈ Ω × (0, T ) the low order displa
ement
u

L(x, y, z, t) as
u

L(x, y, z, t) =







−z wx(x, y, t)

−z wy(x, y, t)

w(x, y, t)






. (2.4)The smallness assumptions ensure in parti
ular that the deformation (2.2) is a lo
alhomeomorphism. We further 
ompute

∇u
L(x, y, z, t) =







−z wxx(x, y, t) −z wxy(x, y, t) −wx(x, y, t)

−z wxy(x, y, t) −z wyy(x, y, t) −wy(x, y, t)

wx(x, y, t) wy(x, y, t) 0






, (2.5)and the low order strain tensor εL = (∇u

L + (∇u
L)T )/2 be
omes

εL(x, y, z, t) =







−z wxx(x, y, t) −z wxy(x, y, t) 0

−z wxy(x, y, t) −z wyy(x, y, t) 0

0 0 0






. (2.6)2.1 Small elasti
 deformationsWe denote by � : � the 
anoni
al s
alar produ
t in the spa
e T

3×3
sym of symmetri
 (3×3) -tensors, i. e.,

ξ : η =

3
∑

i,j=1

ξij ηij , ∀ ξ = (ξij) , η = (ηij) , i, j = 1, 2, 3 . (2.7)Moreover, we de�ne for any given ξ ∈ T
3×3
sym its (tra
e free) deviator Dξ by

Dξ = ξ − 1

3
(ξ : δ) δ , (2.8)4



where δ = (δij) denotes the Krone
ker tensor.To motivate the elastoplasti
 
ase treated below, we �rst study the 
ase of linearisotropi
 elasti
ity, in whi
h the strain tensor ε and the stress tensor σ are related toea
h other through the formula
σ = 2µ ε + λ (ε : δ) δ , (2.9)where µ, λ are the Lamé 
onstants su
h that µ > 0 , 2µ + 3λ > 0 . The main issue isto 
hoose a proper s
aling of σ . The 
omponents σ11, σ22, σ12 are of the lowest order,whi
h is O(α2) due to (A3), (2.6), and (2.9). Assuming that the motion is �su�
ientlyslow� and no volume for
es a
t on the body, we may for s
aling purposes refer to theelastostati
 equilibrium 
onditions divσ = 0 whi
h, by virtue of the natural s
alingof the variables z = O(α) , x, y = O(1) and due to the symmetry of σ , justify thes
aling hypothesis(A4) σ13, σ23 = O(α3) , σ33 = O(α4) .A

ording to (2.9) and Hypothesis (A4), the high order strain tensor εH is s
aled as(A5) εH

13, ε
H
23 = O(α3) , εH

33 = O(α2) , εH
11, ε

H
22, ε

H
12 = O(α4) .In terms of the high order displa
ements u

H , (A5) 
orresponds to the s
aling uH
1 , uH

2 =
O(α4) , uH

3 = O(α3) .Let σ̄ , ε̄ denote the stress and strain 
omponents of the order O(α2) at most.Then
σ̄ =







σ11 σ12 0

σ12 σ22 0

0 0 0






, ε̄ =







εL
11 εL

12 0

εL
12 εL

22 0

0 0 εH
33






. (2.10)We 
ompute εH

33 from the relation
0 = σ33 = 2µεH

33 + λ(εL
11 + εL

22 + εH
33) ,that is,

εH
33 = − λ

2µ + λ
(εL

11 + εL
22) .Hen
e,

ε̄ : δ =
2µ

2µ + λ
(εL

11 + εL
22) .We now rewrite the 
onstitutive relations in terms of the Young modulus E and thePoisson ratio ν , given by the formula

E =
µ(2µ + 3λ)

µ + λ
> 0 , ν =

λ

2(µ + λ)
∈
(

−1,
1

2

)

.

5



In addition to the obvious identity ū = u
L , we have

σ̄ =
E

1 − ν2







εL
11 + νεL

22 (1 − ν)εL
12 0

(1 − ν)εL
12 νεL

11 + εL
22 0

0 0 0






, ε̄ =







εL
11 εL

12 0

εL
12 εL

22 0

0 0 − ν
1−ν

(εL
11 + εL

22)






,(2.11)with εL given by (2.6). On the upper boundary, we pres
ribe the boundary 
ondition

σ(x, y, h, t) · ν3 = f(x, y, t) , where ν3 = (0, 0, 1)T is the upward normal ve
tor, and
f = (f1, f2, f3)

T is a given external surfa
e load. In 
omponent form, this boundary
ondition reads σ13 = f1 , σ23 = f2 , σ33 = f3 . In agreement with the s
aling hypoth-esis (A4), we require f1, f2 = O(α3), f3 = O(α4) . On the rest of the boundary, weassume the vanishing normal stress boundary 
onditions σ · ν = 0 , where ν is theunit outward normal ve
tor. On ∂Ω0 × (−h, h) , we add the boundary 
ondition for
w

w(x, y, t) = 0 for (x, y) ∈ ∂Ω0 , (2.12)in order to eliminate possible transversal rigid body displa
ements. This 
orrespondsto a simply supported plate. In a

ordan
e with these boundary 
onditions, we 
on-sider the Sobolev spa
e
V =

{

w ∈ H2(Ω0) : w
∣

∣

∂Ω0

= 0
}

. (2.13)Finally, suppose that the initial 
onditions
w(x, y, 0) = w0(x, y) , wt(x, y, 0) = w1(x, y) , (2.14)are given. As in [16℄, we write the momentum balan
e equation in variational form

∫

Ω

ρutt · û dx dy dz +

∫

Ω

σ : ε̂ dx dy dz =

∫

∂Ω

(σ · ν) · û ds , (2.15)with the unknown ve
tor u and tensor σ , for all admissible displa
ements û andstrains ε̂ of the form (2.4), (2.6), and (2.11); i. e., we have
û(x, y, z) =







−z ŵx(x, y)

−z ŵy(x, y)

ŵ(x, y)






, ε̂(x, y, z) =







−zŵxx −zŵxy 0

−zŵxy −zŵyy 0

0 0 ν
1−ν

z∆ŵ






,(2.16)where ŵ varies over the spa
e V . It follows from the 
hoi
e of the boundary 
onditionsthat

∫

∂Ω

(σ · ν) · û ds =

∫

Ω0

(−h f1 ŵx − h f2 ŵy + f3 ŵ) dx dy

=

∫

Ω0

(h(f1)x + h(f2)y + f3) ŵ dx dy .

6



Keeping on the left hand side of (2.15) only terms of the lowest order in α , we mayrepla
e (u, σ) by (ū, σ̄) from (2.4), (2.6), and (2.11), and obtain
ρ

∫

Ω0

(

wtt ŵ +
h2

3
(wxtt ŵx + wytt ŵy)

)

dx dy

+
E h2

3(1 + ν)

∫

Ω0

(

wxx ŵxx + 2wxy ŵxy + wyy ŵyy +
ν

1 − ν
∆w ∆ŵ

)

dx dy

=

∫

Ω0

g ŵ dx dy , (2.17)where we have set
g(x, y, t) =

1

2h
f3(x, y, t) +

1

2
((f1)x + (f2)y)(x, y, t) . (2.18)The variational equation (2.17) leads formally to the partial di�erential equation de-s
ribing transversal vibrations of a thin elasti
 plate

ρ wtt − ρ h2

3
∆wtt +

E h2

3(1 − ν2)
∆2w = g , (2.19)with boundary 
onditions

w = 0

n1

(

wxx + ν
1−ν

∆w
)

+ n2wxy = 0

n1wxy + n2

(

wyy + ν
1−ν

∆w
)

= 0











on ∂Ω0 , (2.20)where n = (n1, n2) is the outward normal to Ω0 .2.2 Elastoplasti
 os
illationsWe still 
onsider here ū = u
L , σ̄ , and ε̄ as in (2.4) and (2.10), with εL given by(2.6). In addition, following [7, 9℄, we make further spe
i�
 hypotheses.(B1) The strain tensor ε̄ is de
omposed in elasti
 and plasti
 
omponents ε̄ = εe+εp .(B2) The elasti
 
onstitutive law is as in (2.9), that is,

σ̄ = 2µεe + λ(εe : δ)δ . (2.21)(B3) The plasti
 deformations are volume preserving in the sense that
εp : δ = 0 . (2.22)The von Mises plasti
 yield 
ondition is stated in terms of the stress deviator Dσ̄ =

σ̄ − 1
3
(σ̄ : δ) δ as 7



(B4) Dσ̄ :Dσ̄ ≤ 2
3
R2 ,where R > 0 is a given yield limit. Using the formula Dσ̄ :Dσ̄ = σ̄ :Dσ̄ = σ̄ : σ̄ −

1
3
(σ̄ : δ)2 , we may rewrite (B4) as

σ2
11 + σ2

22 − σ11σ22 + 3σ2
12 ≤ R2 . (2.23)For the plasti
 strain, we pres
ribe the normality �ow rule(B5) ε

p
t : (σ̄ − θ) ≥ 0 ∀θ ∈ T

3×3
sym : Dθ :Dθ ≤ 2

3
R2 ,where the subs
ript t denotes the time derivative. Introdu
ing the set

K =

{

θ ∈ T
3×3
sym : Dθ :Dθ ≤ 2

3
R2

}of admissible stresses and using the 
onvex analysis formalism of e. g. [21℄, we 
anrewrite (B4)+(B5) in subdi�erential form as
ε

p
t ∈ ∂IK(σ̄) , (2.24)where IK is the indi
ator fun
tion of K and ∂IK its subdi�erential. For the sakeof 
ompleteness, we re
all other equivalent formulations of the von Mises 
riterion,
f. also [17℄.Proposition 2.1. Ea
h of the following two 
onditions is equivalent to (B4)+(B5).(i) (multiplier formulation) Condition (B4) holds, and there exists a multiplier ℓt ≥

0 su
h that ℓt = 0 if Dσ̄ :Dσ̄ < 2
3
R2 , and

ε
p
t = ℓt Dσ̄ ; (2.25)(ii) (dissipation formulation) Let

Ψ(ξ) =

{ √

2
3
R
√

ξ : ξ if ξ : δ = 0 ,

+∞ if ξ : δ 6= 0 ,be the pseudopotential of dissipation. Then
σ̄ ∈ ∂Ψ(εp

t ) , (2.26)that is,
σ̄ : (εp

t − ξ) ≥ Ψ(εp
t ) − Ψ(ξ) ∀ξ ∈ T

3×3
sym . (2.27)Sket
h of the proof. Choosing in (2.27) 
onse
utively ξ = 2εp

t and ξ = 0 , we seethat (2.26) is equivalent to the system
σ̄ : εp

t − Ψ(εp
t ) = 0 , (2.28)

σ̄ : ξ − Ψ(ξ) ≤ 0 ∀ξ ∈ T
3×3
sym . (2.29)8



The impli
ation (i)⇒ (B4)+(B5) is straightforward. Assume now that (B4)+(B5)holds. We obtain (2.29) from (B4) and the Cau
hy-S
hwarz inequality. Putting in(B5) θ = σ̄± δ , we see that ε
p
t : δ = 0 . Identity (2.28) holds automati
ally if ε

p
t = 0 ,otherwise we set in (B5) θ = 2

3
R2ε

p
t/Ψ(εp

t ) , and (2.28) follows again from the Cau
hy-S
hwarz inequality.It remains to 
he
k the impli
ation (ii)⇒ (i). To this end, we 
hoose ξ = Dσ̄ in(2.29), and obtain (B4). This and (2.28) imply in turn that
Dσ̄ : εp

t =

√

2

3
R
√

ε
p
t : εp

t ≥
√

Dσ̄ :Dσ̄
√

ε
p
t : εp

t ,and (2.25) follows from the reverse Cau
hy-S
hwarz inequality.Note that both (2.24) and (2.26) 
an be interpreted as a maximal dissipation prin
i-ple. In (2.24), for a given stress σ̄ , the strain rate ε
p
t is 
hosen so as to maximize thedissipation rate σ̄ : εp

t among all stress values θ ∈ K ; in (2.27), for a given strain rate
ε

p
t , the stress σ̄ is required to maximize the redu
ed dissipation rate σ̄ : εp

t − Ψ(εp
t )over the set of all values ξ of the strain rate.Similarly as in (2.11), we have

σ̄ =
E

1 − ν2







εe
11 + νεe

22 (1 − ν)εe
12 0

(1 − ν)εe
12 νεe

11 + εe
22 0

0 0 0






, εe =







εe
11 εe

12 0

εe
12 εe

22 0

0 0 − ν
1−ν

(εe
11 + εe

22)






.(2.30)Assume that εp

13 = εp
23 = 0 at initial time t = 0 . Then we have by (B3) and (2.25)that

εp =







εp
11 εp

12 0

εp
12 εp

22 0

0 0 −(εp
11 + εp

22)






. (2.31)It is 
onvenient to 
onsider σ̄ , εe , and εp as ve
tors with three 
omponents. To thisend, we introdu
e the notation

σ̄∗ =







σ11

σ22

σ12






, εe

∗
=







εe
11

εe
22

εe
12






, εp

∗
=







εp
11

εp
22

εp
12






, ε̄∗ =







−zwxx

−zwyy

−zwxy






. (2.32)A

ording to (B1) and (2.30), we have

ε̄∗ = εp
∗
+ εe

∗
, σ̄∗ = Cεe

∗
, (2.33)where C is the positive de�nite matrix

C =
E

1 − ν2







1 ν 0

ν 1 0

0 0 1 − ν






. (2.34)9



Let D∗,J be the matri
es
D∗ =







1 −1
2

0

−1
2

1 0

0 0 3






, J =







1 0 0

0 1 0

0 0 2






. (2.35)In view of (2.23), 
ondition (B4) 
an be restated as

σ̄∗ · D∗σ̄∗ ≤ R2 ,and (B5) reads
J(εp

∗
)t · (σ̄∗ − θ∗) ≥ 0 ∀θ∗ ∈ K∗ , (2.36)where

K∗ = {θ∗ ∈ R
3 : θ∗ ·D∗θ∗ ≤ R2}. (2.37)Alternatively, we 
an write this variational inequality in the form

εe
∗
∈ C

−1(K∗) ,

JC(ε̄∗ − εe
∗
)t · (εe

∗
− η

∗
) ≥ 0 ∀η

∗
∈ C

−1(K∗) .
(2.38)Let us 
hoose in R

3 the s
alar produ
t
〈ξ∗, η∗〉 = JCξ∗ · η∗ . (2.39)This is meaningful, sin
e JC = CJ is a symmetri
 positive de�nite matrix. We thenpres
ribe the 
anoni
al initial 
ondition

εe
∗
(0) = QC−1(K∗)(ε̄∗(0)) , (2.40)where QC−1(K∗) is the orthogonal proje
tion onto C

−1(K∗) with respe
t to the s
alarprodu
t (2.39). For every ε̄∗ ∈ W 1,1(0, T ; R3) , Problem (2.38)�(2.40) has a uniquesolution εe
∗
in the metri
 spa
e W 1,1(0, T ;C−1(K∗)) , and the solution mapping
SC−1(K∗) : W 1,1(0, T ; R3) → W 1,1(0, T ;C−1(K∗)) : ε̄∗ 7→ εe

∗introdu
ed in [11℄ is 
alled the stop with 
hara
teristi
 C
−1(K∗) . The set C

−1(K∗) isan ellipsoid, hen
e SC−1(K∗) is lo
ally Lips
hitz 
ontinuous and admits a 1/2 -Hölder
ontinuous extension to C([0, T ]; R3) → C([0, T ];C−1(K∗)) , see [5, Chapter 2℄. Moreabout the ve
torial stop will be said in Se
tion 3. This 
on
ept enables us to rewrite(2.38) as
εe
∗

= SC−1(K∗)[ε̄∗] ,or, equivalently,
σ̄∗ = CSC−1(K∗)[ε̄∗] . (2.41)The stop SZ with any symmetri
 
onvex 
losed 
hara
teristi
 Z has the followingelementary s
aling property:

SZ [ε∗] = −SZ [−ε∗] =
1

c
ScZ [cε∗] (2.42)10



for every c > 0 and every ε∗ ∈ W 1,1(0, T ; R3) , where cZ = {θ∗ ∈ R
3 : 1

c
θ∗ ∈ Z} .Noti
e �rst that we obtain from (2.41), (2.32), and (2.42) that

σ̄∗ = −zCS 1

|z|
C−1(K∗)







wxx

wyy

wxy






. (2.43)We see that in view of (2.34) and (2.37), at distan
e |z| from the midsurfa
e, the virtualelasti
ity modulus is |z|E and the virtual yield limit is R/|z| . This is pre
isely thebehavior mentioned in the introdu
tion. The e

entri
 layers seem harder in elasti
ityand softer in plasti
ity than the 
entral ones. This produ
es the multiyield e�e
t whenintegrating over the thi
kness of the plate.To derive a 
ounterpart of the partial di�erential equation (2.19), we 
onsider testfun
tions û and ε̂ as in (2.16), and set in agreement with (2.32)

ε̂∗ =







−zŵxx

−zŵyy

−zŵxy






. (2.44)The �rst and the third integral in (2.15) are evaluated in the same way as in (2.17).The remaining one has to be treated more 
arefully. Using (2.42), we obtain

∫

Ω

σ̄ : ε̂ dx dy dz =

∫

Ω

Jσ̄∗ · ε̂∗ dx dy dz

=

∫ h

−h

∫

Ω0

JCSC−1(K∗)







−zwxx

−zwyy

−zwxy






·







−zŵxx

−zŵyy

−zŵxy






dx dy dz

= 2

∫ h

0

∫

Ω0

z2
JCS 1

z
C−1(K∗)







wxx

wyy

wxy






·







ŵxx

ŵyy

ŵxy






dx dy dz

=

∫

Ω0

JC







∫

∞

1/h

2q−4SqC−1(K∗)







wxx

wyy

wxy






dq






·







ŵxx

ŵyy

ŵxy






dx dy .The mapping

F :







wxx

wyy

wxy






7→
∫

∞

1/h

2q−4SqC−1(K∗)







wxx

wyy

wxy






dq

11



is 
alled the ve
torial Prandtl-Ishlinskii operator . The equation for os
illations of anelastoplasti
 plate 
an thus be written in the form
ρ

∫

Ω0

(

wttŵ +
h2

3
(wxtt ŵx + wytt ŵy)

)

dx dy

+

∫

Ω0

JCF







wxx

wyy

wxy






·







ŵxx

ŵyy

ŵxy






dx dy =

∫

Ω0

g ŵ dx dy ∀ŵ ∈ V , (2.45)with g as in (2.17)�(2.18).2.3 Kinemati
 hardeningIn order to model kinemati
 hardening, we assume that the stress σ̄ of the form (2.10)is de
omposed into the sum σ̄ = σep + σb of a purely elastoplasti
 stress tensor σepsatisfying hypotheses (B1)�(B6), and the so-
alled ba
kstress σb , whi
h, in the threedimensional representation (2.32), is assumed to obey an elasti
 
onstitutive law
σb

∗
= JBε̄∗ , (2.46)where B is a 
onstant symmetri
 (3 × 3) -matrix su
h that JB = BJ , and theinequality

JBξ
∗
· ξ

∗
≥ β(ξ2

11 + ξ2
22) ∀ξ

∗
=







ξ11

ξ22

ξ12






(2.47)holds with some γ > 0 . Repeating the 
omputation from the previous subse
tion, weobtain, as a 
ounterpart of (2.45), the equation for w in the form

ρ

∫

Ω0

(

wttŵ +
h2

3
(wxtt ŵx + wytt ŵy + JBD2w ·D2ŵ)

)

dx dy

+

∫

Ω0

JCF [D2w] · D2ŵ dx dy =

∫

Ω0

g ŵ dx dy ∀ŵ ∈ V , (2.48)where the ve
tor-valued di�erential operator D2 is de�ned as
D2w =







wxx

wyy

wxy






.3 Ve
torial Prandtl-Ishlinskii operatorThe original Prandtl-Ishlinskii 
onstru
tion ([20, 10℄) is one dimensional. A ve
torPrandtl-Ishlinskii model in 
onne
tion with phase transitions was 
onsidered in [14℄. It12



is based on the 
on
ept of stop operator , whi
h we re
all here in an abstra
t framework.Consider a real, separable Hilbert spa
e X endowed with a s
alar produ
t 〈·, ·〉 andnorm | · | =
√

〈·, ·〉 (in appli
ation to our model, we will 
onsider X = R
3 with s
alarprodu
t (2.39)), and assume that a 
onvex 
losed set Z ⊂ X 
ontaining the originis given. For ea
h fun
tion v ∈ W 1,1(0, T ; X) , we de�ne χ ∈ W 1,1(0, T ; X) as theunique solution of the variational inequality

χ(t) ∈ Z ∀t ∈ [0, T ] ,

χ(0) = QZ(v(0)) ,

〈v̇(t) − χ̇(t), χ(t) − y〉 ≥ 0 a. e. ∀y ∈ Z ,











(3.1)where QZ : X → Z is the orthogonal proje
tion onto Z , and the dot denotes di�er-entiation with respe
t to t . The solution mapping
SZ : W 1,1(0, T ; X) → W 1,1(0, T ; X) : v 7→ χ (3.2)is 
alled the stop with 
hara
teristi
 Z . It was introdu
ed in [11℄ and its analyti
alproperties were studied in detail in [5℄. We list here some properties of the stop thatare needed in the sequel.Proposition 3.1. The mapping SZ de�ned by (3.1)�(3.2) has the following properties.(i) SZ is 
ontinuous in the strong topology of W 1,1(0, T ; X) ;(ii) If the boundary of Z is of 
lass W 2,∞ (that is, the outward normal mapping isLips
hitz 
ontinuous), then SZ is lo
ally Lips
hitz 
ontinuous in W 1,1(0, T ; X) ;(iii) If Z has a nonempty interior, then SZ 
an be extended to a 
ontinuous mapping

C([0, T ]; X) → C([0, T ]; X) ;(iv) If Z is uniformly stri
tly 
onvex, then SZ : C([0, T ]; X) → C([0, T ]; X) is 1/2 -Hölder 
ontinuous;(v) The mapping SZ is monotone in the sense that
〈SZ [v1](t) − SZ [v2](t), v̇1(t) − v̇2(t)〉 ≥ 1

2

d

dt
|SZ [v1](t) − SZ [v2](t)|2 a. e. (3.3)for every v1, v2 ∈ W 1,1(0, T ; X) ;(vi) The mapping SZ is lo
ally monotone, i. e.

〈

d

dt
SZ [v](t), v̇(t)

〉

=

∣

∣

∣

∣

d

dt
SZ [v](t)

∣

∣

∣

∣

2 a. e. (3.4)for every v ∈ W 1,1(0, T ; X) ;(vii) The �se
ond order energy inequality�
〈

d

dt
SZ [v](t), v̈(t)

〉

≥ 1

2

d

dt

〈

d

dt
SZ [v](t), v̇(t)

〉 (3.5)holds in the sense of distributions for every v ∈ W 2,1(0, T ; X) .13



Detailed proofs of the above statements are given in [5, Chapter 2℄ ex
ept for theinequality (3.5) whi
h is derived in [12, pp. 37�38℄. Noti
e a 
ertain similarity of (3.5)with the �real� physi
al energy inequality
〈SZ [v](t), v̇(t)〉 ≥ 1

2

d

dt
|SZ [v](t)|2 , a. e. (3.6)whi
h follows immediately from (3.3) by 
hoosing v2 = 0 . In (3.6), the right handside is the time derivative of the potential energy asso
iated with the stop, and the(nonnegative) di�eren
e between the left hand and the right hand sides is the dissipa-tion rate. If dimX = 1 , then it 
an be identi�ed with the area of the 
orrespondinghysteresis loops. Instead, the �dissipation� in (3.5) is related to the 
urvature of thehysteresis bran
hes. A detailed dis
ussion on this subje
t 
an be found in [12, Se
tionII. 4℄.As another 
onsequen
e of Proposition 3.1 (v) we have

d

dt
|SZ [v1](t) − SZ [v2](t)| ≤ |v̇1(t) − v̇2(t)| a. e., (3.7)hen
e

|SZ [v1](t) − SZ [v2](t)| ≤ |SZ [v1](0) − SZ [v2](0)| +
∫ t

0

|v̇1(τ) − v̇2(τ)| dτ (3.8)for all t ∈ [0, T ] .We now assume additionally that Z is a bounded, 
onvex, 
losed set 
ontaining 0in its interior, that is, there exist M > m > 0 su
h that
Bm(0) ⊂ Z ⊂ BM(0) , (3.9)where Bρ(x) for ρ > 0 and x ∈ X denotes the open ball 
entered at x with radius ρ .Given a nonnegative fun
tion ϕ ∈ L1(0,∞) , we de�ne the Prandtl-Ishlinskii operator

F with 
hara
teristi
 Z and density ϕ by the formula
F [v](t) =

∫

∞

0

SqZ [v](t) ϕ(q) dq (3.10)for v ∈ W 1,1(0, T ; X) . The de�nition is meaningful due to the fa
t that, setting
v∞ = max{|v(t)| : t ∈ [0, T ]} , we have SqZ [v](t) = v(t) for all q > v∞/m and all
t ∈ [0, T ] , so that, using the elementary estimate |SqZ [v](t)| ≤ qM , we have

|F [v](t)| ≤ v∞
M

mfor all t ∈ [0, T ] . As a dire
t 
onsequen
e of Proposition 3.1, the mapping F has thefollowing properties.Proposition 3.2. Let ϕ ∈ L1(0,∞) be given, ϕ(q) ≥ 0 a. e., not identi
ally zero,and let F be de�ned by (3.10). Then we have:14



(i) Both F : W 1,1(0, T ; X) → W 1,1(0, T ; X) and F : C([0, T ]; X) → C([0, T ]; X)are 
ontinuous with respe
t to the strong topologies;(ii) The mapping F is monotone in the sense that the inequality
〈F [v1](t) − F [v2](t), v̇1(t) − v̇2(t)〉 ≥ 1

2

d

dt

∫

∞

0

|SZ [v1](t) − SZ [v2](t)|2 ϕ(q) dq(3.11)holds for every v1, v2 ∈ W 1,1(0, T ; X) and a. e. t ∈ (0, T ) ;(iii) The mapping F is lo
ally monotone, i. e.
|v̇(t)|2

∫

∞

0

ϕ(q) dq ≥
〈

d

dt
F [v](t), v̇(t)

〉

≥
∣

∣

∣

∣

d

dt
F [v](t)

∣

∣

∣

∣

2(∫ ∞

0

ϕ(q) dq

)−1 a. e.(3.12)for every v ∈ W 1,1(0, T ; X) ;(iv) The �se
ond order energy inequality�
〈

d

dt
F [v](t), v̈(t)

〉

≥ 1

2

d

dt

〈

d

dt
F [v](t), v̇(t)

〉 (3.13)holds in the sense of distributions for every v ∈ W 2,1(0, T ; X) .The 
anoni
al 
hoi
e of initial 
onditions in (3.1) makes it possible to evaluateexpli
itly F [v](0) at time t = 0 . We have
F [v](0) =

∫

∞

0

QqZ(v(0)) ϕ(q) dq . (3.14)We thus 
an de�ne the initial value mapping
AF(v) : R

3 → R
3 : v 7→

∫

∞

0

QqZ(v) ϕ(q) dq . (3.15)Sin
e QqZ is nonexpansive, we see that AF is Lips
hitz 
ontinuous in R
3 .4 Existen
e and uniqueness of solutionsLet us �rst �x the hypotheses and notation. We assume that Ω0 ⊂ R

2 is a Lips
hitziandomain, and denote in agreement with Se
tion 2.1
H = L2(Ω0) ,

W = H1
0 (Ω0) := {w ∈ H1(Ω0) : w

∣

∣

∂Ω0

= 0} ,

V = H2(Ω0) ∩ H1
0 (Ω0) .15



By n =

(

n1

n2

) we denote the outward normal ve
tor to Ω0 . For fun
tions v : Ω0 →
R

3 with 
omponents (v1, v2, v3) , we de�ne the di�erential operator
D1v =

(

v1
x + v3

y

v3
x + v2

y

)

. (4.1)For ŵ ∈ V and v ∈ L2(Ω0; R
3) su
h that D1v ∈ L2(Ω0; R

3) , we have the followingGreen/Gauss-type formula
∫

Ω0

(Jv · D2ŵ + D1v · ∇ŵ) dx dy =

∫

∂Ω0

(v • n) · ∇ŵ ds , (4.2)where we denote
v • n = n1

(

v1

v3

)

+ n2

(

v3

v2

)

. (4.3)Note also the formal identity
D1D2ŵ = ∇∆ŵ ∀ŵ ∈ H3(Ω0) . (4.4)We now restate Equation (2.48) in a slightly more general form. Removing the positive
onstants that have no in�uen
e on the existen
e and uniqueness result, and keepingthe matri
es J,C,B from Se
tion 2, we 
onsider the variational problem

∫

Ω0

(

wtt(ŵ − ∆ŵ) + J (CF [D2w] + BD2w) ·D2ŵ
)

dx dy

=

∫

Ω0

(

g ŵ + ∇G · ∇ŵ
)

dx dy ∀ŵ ∈ V , (4.5)where g and G are given fun
tions, and F is a Prandtl-Ishlinskii operator as in(3.10) asso
iated with a 
onvex 
onstraint Z ⊂ R
3 satisfying (3.9). We pres
ribeinitial 
onditions

w(x, y, 0) = w0(x, y) , wt(x, y, 0) = w1(x, y) for (x, y) ∈ Ω0, (4.6)and boundary 
ondition
w(x, y, t) = 0 for (x, y) ∈ ∂Ω0 . (4.7)Indeed, smooth solutions of the variational equation (4.5) satisfy a se
ond (�no stress�)boundary 
ondition (
f. (4.2), (2.20))

(CF [D2w] + BD2w) • n = 0 on ∂Ω0 . (4.8)Hypothesis 4.1. The data of Problem (4.5)�(4.7) ful�ll the following 
onditions.(i) The fun
tion ϕ in (3.10) is nonnegative and belongs to L1(0,∞) ;16



(ii) w0, w1 ∈ H3(Ω0) ∩ V , and the 
ompatibility 
onditions
(

CAF(D2w
0) + BD2w

0
)

• n = 0 , D2w
1 • n = 0 ,hold a. e. on ∂Ω0 , where AF is the initial value mapping (3.15) of the operator

F ;(iii) g ∈ L2(0, T ; H) and G ∈ L2(0, T ; H1(Ω0)) are su
h that gt ∈ L2(0, T ; H) and
Gt ∈ L2(0, T ; H1(Ω0))The main result of this se
tion reads as follows.Theorem 4.2. Let Hypothesis 4.1 hold. Then Problem (4.5)�(4.7) admits a uniquesolution w ∈ L2(0, T ; V ) su
h that

wt ∈ L2(0, T ; V ) ∩ C([0, T ]; W ) , wtt ∈ L2(0, T ; W ) , (4.9)and Eq. (4.5) holds for a. e. t ∈ (0, T ) .The uniqueness proof is easy. Let w1, w2 be two solutions, and let w̄ = w1 − w2 .Then for every ŵ ∈ V we have
∫

Ω0

(

w̄tt(ŵ−∆ŵ)+J
(

C(F
[

D2w
1
]

−F
[

D2w
2
]

) + BD2w̄
)

·D2ŵ
)

dx dy = 0 . (4.10)We may set ŵ = w̄t in (4.10), and use (3.11) together with (2.39) to obtain
d

dt

∫

Ω0

(

|w̄t|2 + |∇w̄t|2 + JBD2w̄ · D2w̄

+

∫

∞

0

ϕ(q)JC
(

SqZ

[

D2w
1
]

− SqZ

[

D2w
2
])

·
(

SqZ

[

D2w
1
]

− SqZ

[

D2w
2
])

dq
)

dx dy

≤ 0 .Both w1 and w2 satisfy the same initial 
onditions, hen
e w1 = w2 .The existen
e proof is more 
ompli
ated and we 
arry it out in several steps inSubse
tions 4.1�4.3 below, following in prin
iple the standard methods of solving PDEswith hysteresis as in [3, 12, 22℄.We �rst introdu
e an arti�
ial vis
osity parameter γ > 0 , then solve an auxiliarylinear problem, and use the Bana
h �xed point argument to 
onstru
t a �vis
ous�approximation of the solution. In the last step, we let γ tend to 0 and 
he
k that thelimit is the desired solution to Problem (4.5)�(4.7).
17



4.1 A linear paraboli
 equationLet v ∈ (L2(0, T ; H))3 , g∗ ∈ L2(0, T ; H) , G∗ ∈ L2(0, T ; H1(Ω0)) , and u0 ∈ W begiven fun
tions. We �x a parameter γ > 0 , and 
onsider the problem
∫

Ω0

(

ut(ŵ − ∆ŵ) + J (v + γD2u) · D2ŵ
)

dx dy

=

∫

Ω0

(

g∗ ŵ + ∇G
∗ · ∇ŵ

)

dx dy ∀ŵ ∈ V , (4.11)
u(x, y, 0) = u0(x, y) for (x, y) ∈ Ω0. (4.12)Proposition 4.3. There exists a unique solution u ∈ L2(0, T ; V ) ∩ C([0, T ]; W ) toProblem (4.11)�(4.12) su
h that ut ∈ L2(0, T ; H) .Proof . Uniqueness is easy again. Let u1, u2 be two solutions, and let ū = u1 − u2 .Then

∫

Ω0

(

ūt(ū − ∆ū) + γJD2ū · D2ū
)

dx dy = 0 .Using the formula (note that both ūt and ∆ū belong to L2(0, T ; H) )
∫ t

0

∫

Ω0

− ūt∆ū(x, y, τ) dx dy dτ =
1

2

∫

Ω0

|∇ū|2(x, y, t) dx dy ,we obtain ū = 0 . Existen
e follows immediately by 
onsidering for example Galerkinapproximations
u(m)(x, y, t) =

m
∑

k=1

u
(m)
k (t) ek(x, y) ,where {ek : k ∈ N} is the 
omplete orthonormal system in H of eigenfun
tions ofthe problem

−∆ek = λk ek in Ω0, ek

∣

∣

∂Ω0

= 0 .

4.2 Vis
ous approximationWe now 
onsider data g,G, w0, w1 as in Hypothesis 4.1, and �x a fun
tion v ∈
(L2(0, T ; H))3 su
h that vt ∈ (L2(0, T ; H))3 , v(0) = CAF(D2w

0) + BD2w
0 . Wede�ne w as the solution to the problem

∫

Ω0

(

wtt(ŵ − ∆ŵ) + J (v + γD2wt) · D2ŵ
)

dx dy

=

∫

Ω0

(

g ŵ + ∇G · ∇ŵ
)

dx dy ∀ŵ ∈ V , (4.13)18



with initial and boundary 
onditions (4.6)�(4.7), still keeping γ > 0 
onstant. Wehave wtt(0) ∈ W by Hypothesis 4.1 (ii). Hen
e, by Proposition 4.3, there exists aunique w ∈ L2(0, T ; V ) su
h that
wtt ∈ L2(0, T ; V ) ∩ C([0, T ]; W ) , wttt ∈ L2(0, T ; H) , (4.14)and (4.13), (4.6)�(4.7) hold for all t ∈ [0, T ] .Let us introdu
e the spa
e

L = {ℓ ∈ L2(0, T ; V ) : ℓ(x, y, 0) = w0(x, y) , ℓt ∈ L2(0, T ; V )} . (4.15)We de�ne the mapping R : L → L , whi
h with ea
h ℓ ∈ L asso
iates the solution wto the problem
∫

Ω0

(

wtt(ŵ − ∆ŵ) + J (FB [D2ℓ] + γD2wt) · D2ŵ
)

dx dy

=

∫

Ω0

(

g ŵ + ∇G · ∇ŵ
)

dx dy ∀ŵ ∈ V , (4.16)where we set
FB [D2ℓ] = CF [D2ℓ] + BD2ℓ (4.17)with initial and boundary 
onditions (4.6)�(4.7). By (3.12), we see that FB [D2ℓ]tbelongs to (L2(0, T ; H))3 ; hen
e, w ful�lls (4.14). Our goal now is to show that R isa 
ontra
tion on L endowed with a suitable metri
.Let ℓ1, ℓ2 ∈ L be given, and let w1, w2 be the 
orresponding solutions. Put ℓ̄ =

ℓ1 − ℓ2 , w̄ = w1 − w2 , and ŵ = w̄t (this 
hoi
e is admissible by virtue of (4.14)). Weobtain, using also (3.8), for all t ∈ (0, T ) that
1

2

d

dt

∫

Ω0

(

|w̄t|2 + |∇w̄t|2
)

(x, y, t) dx dy + γ

∫

Ω0

(JD2w̄t · D2w̄t) (x, y, t) dx dy

= −
∫

Ω0

(J (FB [D2ℓ1] −FB [D2ℓ2]) · D2w̄t) (x, y, t) dx dy

≤ Cϕ,B

∫

Ω0

|D2w̄t|(x, y, t)

∫ t

0

|D2ℓ̄t|(x, y, τ)dτ dx dy ,with a 
onstant Cϕ,B depending only on ϕ , C , and B . Hen
e, there exists a 
onstant
C∗ > 0 depending only on γ , ϕ , C , and B , su
h that

d

dt

∫

Ω0

(

|w̄t|2 + |∇w̄t|2
)

(x, y, t) dx dy + γ

∫

Ω0

(JD2w̄t · D2w̄t) (x, y, t) dx dy

≤ C∗t

∫ t

0

∫

Ω0

(

JD2ℓ̄t · D2ℓ̄t

)

(x, y, τ) dx dy dτ . (4.18)
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We now multiply (4.18) by e−κt2 with κ = C∗/γ , and integrate ∫ T

0
dt . This yieldse−κT 2

∫

Ω0

(

|w̄t|2 + |∇w̄t|2
)

(x, y, T ) dx dy

+

∫ T

0

2κte−κt2
∫

Ω0

(

|w̄t|2 + |∇w̄t|2
)

(x, y, t) dx dy dt

+ γ

∫ T

0

e−κt2
∫

Ω0

(JD2w̄t · D2w̄t) (x, y, t) dx dy dt

≤ C∗

∫ T

0

te−κt2
∫ t

0

∫

Ω0

(

JD2ℓ̄t · D2ℓ̄t

)

(x, y, τ) dx dy dτ dt

= C∗

∫ T

0

(
∫ T

τ

te−κt2 dt

)
∫

Ω0

(

JD2ℓ̄t · D2ℓ̄t

)

(x, y, τ) dx dy dτ

≤ C∗

2κ

∫ T

0

e−κτ2

∫

Ω0

(

JD2ℓ̄t · D2ℓ̄t

)

(x, y, τ) dx dy dτ . (4.19)We now introdu
e in L (see (4.15)) the metri

dL(ℓ1, ℓ2) =

(
∫ T

0

e−κt2
∫

Ω0

(

JD2ℓ̄t · D2ℓ̄t

)

(x, y, t) dx dy dt

)1/2

, ℓ̄ = ℓ1 − ℓ2 .This is indeed a metri
, sin
e it is indu
ed by a weighted norm in L2(Ω0 × (0, T )) .To 
he
k that dL(ℓ1, ℓ2) = 0 implies ℓ1 = ℓ2 , note that if D2ℓ1 = D2ℓ2 a. e., then
∆ℓ̄ = 0 a. e., whi
h together with the homogeneous Diri
hlet boundary 
ondition on
∂Ω0 yields ℓ1 = ℓ2 . Moreover, (L, dL) is a 
omplete metri
 spa
e. From (4.19) weobtain

dL(w1, w2) ≤ 1√
2
dL(ℓ1, ℓ2) ,hen
e R : L → L is a 
ontra
tion. The Bana
h Contra
tion Prin
iple then yields thefollowing result.Proposition 4.4. Let Hypothesis 4.1 hold, and let γ > 0 be given. Let FB be givenby (4.17). Then there exists a unique solution w(γ) to the problem

∫

Ω0

(

w
(γ)
tt (ŵ − ∆ŵ) + J

(

FB

[

D2w
(γ)
]

+ γD2w
(γ)
t

)

· D2ŵ
)

dx dy

=

∫

Ω0

(

g ŵ + ∇G · ∇ŵ
)

dx dy ∀ŵ ∈ V , (4.20)with the regularity (4.14), and satisfying the initial and boundary 
onditions (4.6)�(4.7).
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4.3 Passage to the limitWe �rst derive estimates for w(γ) that enable us to pass to the limit as γ → 0+ . Inwhat follows, we denote su

essively by C1, C2, . . . 
onstants independent of γ anddepending possibly on the other data of the problem.By virtue of (4.14), we are allowed to di�erentiate (4.20) with respe
t to t and set
ŵ = w

(γ)
tt . Invoking (3.13), we obtain

1

2

d

dt

∫

Ω0

(

|w(γ)
tt |2 + |∇w

(γ)
tt |2 + JFB

[

D2w
(γ)
]

t
· D2w

(γ)
t

)

(x, y, t) dx dy

+ γ

∫

Ω0

(

JD2w
(γ)
tt · D2w

(γ)
tt

)

(x, y, t) dx dy

≤
∫

Ω0

(

gtw
(γ)
tt + ∇Gt · ∇w

(γ)
tt

)

(x, y, t) dx dy (4.21)in the sense of distributions. From (3.12) and (2.47), it follows for all t ∈ [0, T ] that
∫

Ω0

(

|w(γ)
tt |2 + |∇w

(γ)
tt |2 + β |∆w

(γ)
t |2

)

(x, y, t) dx dy

≤ C1

(

∫

Ω0

(

|w(γ)
tt |2 + |∇w

(γ)
tt |2 + JD2w

(γ)
t · D2w

(γ)
t

)

(x, y, 0) dx dy

+

∫ T

0

∫

Ω0

(

|gt|2 + |∇Gt|2
)

(x, y, t) dx dy dt

)

. (4.22)We now estimate the right hand side of (4.22). We have indeed
∫

Ω0

(

JD2w
(γ)
t · D2w

(γ)
t

)

(x, y, 0) dx dy ≤ C2 |w1|2V =: C3 . (4.23)The estimate for w
(γ)
tt (x, y, 0) and ∇w

(γ)
tt (x, y, 0) is more deli
ate. The fun
tions

∇w
(γ)
tt , D2w

(γ)
t , and D2w

(γ) belong to C([0, T ]; H) by virtue of (4.14). We thusmay set t = 0 in (4.20) and obtain (omitting the arguments x, y for simpli
ity)
∫

Ω0

(

w
(γ)
tt (0) ŵ + ∇w

(γ)
tt (0) · ∇ŵ + J

(

CAF(D2w
0) + BD2w

0 + γD2w
1
)

· D2ŵ
)

dx dy

=

∫

Ω0

(

g(0) ŵ + ∇G(0) · ∇ŵ
)

dx dy ∀ŵ ∈ V , (4.24)where AF is the initial value mapping (3.15) of the operator F . We now use the
ompatibility 
onditions in Hypothesis 4.1 (ii) and identities (4.2), (4.4), and integrateby parts in (4.24). This yields
∫

Ω0

(

w
(γ)
tt (0) ŵ + ∇w

(γ)
tt (0) · ∇ŵ − D1

(

CAF(D2w
0) + BD2w

0 + γD2w
1
)

· ∇ŵ
)

dx dy

=

∫

Ω0

(

g(0) ŵ + ∇G(0) · ∇ŵ
)

dx dy ∀ŵ ∈ V . (4.25)21



Sin
e V is dense in W , identity (4.25) holds for all ŵ ∈ W , and in parti
ular for
ŵ = w

(γ)
tt (0) . The mapping AF is Lips
hitz 
ontinuous, hen
e the L2 -norm of

D1

(

CAF(D2w
0) + BD2w

0 + γD2w
1
)
an be estimated from above by the H3 -norms of w0 and w1 , and we obtain

∫

Ω0

(

|w(γ)
tt (0)|2 + |∇w

(γ)
tt (0)|2

)

dx dy ≤ C4 . (4.26)From (4.22), (4.23), and (4.26) we 
on
lude that
w

(γ)
tt ,∇w

(γ)
tt ,D2w

(γ)
t are bounded in L∞(0, T ; H) independently of γ . (4.27)Hen
e, there exist a sequen
e γn → 0+ as n → ∞ , and fun
tions σ ∈ (L∞(0, T ; H))3 ,

w ∈ L∞(0, T ; V ) su
h that wtt ∈ L∞(0, T ; H) , ∇wtt ∈ (L∞(0, T ; H))2 , and D2wt ∈
(L∞(0, T ; H))3 , with the properties

w
(γn)
tt → wtt

∇w
(γn)
tt → ∇wtt

D2w
(γn)
t → D2wt

CF
[

D2w
(γn)
]

→ σ























weakly-∗ , (4.28)
w

(γn)
t → wt

w(γn) → w

} uniformly. (4.29)Passing to the limit in (4.20) as n → ∞ yields
∫

Ω0

(

wtt(ŵ − ∆ŵ) + J (σ + BD2w) ·D2ŵ
)

(x, y, t) dx dy

=

∫

Ω0

(

g ŵ + ∇G · ∇ŵ
)

(x, y, t) dx dy ∀ŵ ∈ V (4.30)for a. e. t ∈ (0, T ) . The initial and boundary 
onditions (4.6)�(4.7) are indeed satis-�ed. Hen
e, the existen
e proof will be 
omplete if we 
he
k that
σ = CF [D2w] . (4.31)To prove (4.31), we use a variant of Minty's tri
k based on the monotoni
ity property(3.11) of F . We �rst put ŵ = w

(γ)
t in (4.20), so that

1

2

d

dt

∫

Ω0

(

|w(γ)
t |2 + |∇w

(γ)
t |2 + JBD2w

(γ) · D2w
(γ)
)

(x, y, t) dx dy

+

∫

Ω0

J

(

CF
[

D2w
(γ)
]

+ γD2w
(γ)
t

)

· D2w
(γ)
t (x, y, t) dx dy

=

∫

Ω0

(

gw
(γ)
t + ∇G · ∇w

(γ)
t

)

(x, y, t) dx dy . (4.32)22



Hen
e, for all t ∈ [0, T ] we have
1

2

∫

Ω0

(

|w(γ)
t |2 + |∇w

(γ)
t |2 + JBD2w

(γ) ·D2w
(γ)
)

(x, y, t) dx dy

+

∫ t

0

∫

Ω0

J

(

CF
[

D2w
(γ)
]

+ γD2w
(γ)
t

)

· D2w
(γ)
t (x, y, τ) dx dy dτ

=

∫ t

0

∫

Ω0

(

gw
(γ)
t + ∇G · ∇w

(γ)
t

)

(x, y, τ) dx dy dτ

+
1

2

∫

Ω0

(

|w1|2 + |∇w1|2 + JBD2w
0 · D2w

0
)

(x, y) dx dy . (4.33)Setting γ = γn in the above identity and passing to the limit as n → ∞ , we see, using(4.28)�(4.29), that a. e. in (0, T ) we have
1

2

∫

Ω0

(

|wt|2 + |∇wt|2 + JBD2w ·D2w
)

(x, y, t) dx dy

+ lim sup
n→∞

∫ t

0

∫

Ω0

(

JCF
[

D2w
(γn)
]

· D2w
(γn)
t

)

(x, y, τ) dx dy dτ

≤
∫ t

0

∫

Ω0

(gwt + ∇G · ∇wt) (x, y, τ) dx dy dτ

+
1

2

∫

Ω0

(

|w1|2 + |∇w1|2 + JBD2w
0 · D2w

0
)

(x, y) dx dy . (4.34)We now set ŵ = wt in (4.30) and integrate over t . This yields for ea
h t ∈ [0, T ] that
1

2

∫

Ω0

(

|wt|2 + |∇wt|2 + JBD2w ·D2w
)

(x, y, t) dx dy

+

∫ t

0

∫

Ω0

(Jσ · D2wt) (x, y, τ) dx dy dτ

≤
∫ t

0

∫

Ω0

(gwt + ∇G · ∇wt) (x, y, τ) dx dy dτ

+
1

2

∫

Ω0

(

|w1|2 + |∇w1|2 + JBD2w
0 · D2w

0
)

(x, y) dx dy . (4.35)It follows from the 
omparison of (4.34) with (4.35) that
lim sup

n→∞

∫ t

0

∫

Ω0

(

JCF
[

D2w
(γn)
]

· D2w
(γn)
t

)

(x, y, τ) dx dy dτ

≤
∫ t

0

∫

Ω0

(Jσ · D2wt) (x, y, τ) dx dy dτ (4.36)23



for all t ∈ [0, T ] . On the other hand, for an arbitrary fun
tion v ∈ (L2(0, T ; H))3su
h that vt ∈ (L2(0, T ; H))3 and v(x, y, 0) = D2w
0(x, y) , we have by (3.11) that

∫ t

0

∫

Ω0

JC
(

F
[

D2w
(γn)
]

− F [v]
)

·
(

D2w
(γn)
t − vt

)

(x, y, τ) dx dy dτ ≥ 0 .Passing to the limit and using (4.36), we obtain
∫ T

0

∫

Ω0

J (σ −CF [v]) · (D2wt − vt) (x, y, t) dx dy dt ≥ 0 . (4.37)We now 
hoose v in the form
v = D2w − δ ζ(t) s ,where δ > 0 is a parameter, ζ ∈ W 1,1(0, T ) is an arbitrary, nonde
reasing fun
tionsu
h that ζ(0) = 0 , and s ∈ H × H × H is an arbitrary element. Then

∫ T

0

ζ̇(t)

∫

Ω0

J (σ − CF [D2w − δζ(·) s]) (x, y, t)·s(x, y) dx dy dt ≥ 0 ∀s ∈ H×H×H .(4.38)We have by (3.8) for a. e. (x, y) ∈ Ω0 and every t ≥ 0 that
|F [D2w − δζ(·) s] (x, y, t) −F [D2w] (x, y, t)| ≤ δ ζ(t) |s(x, y)|

∫

∞

0

ϕ(q) dq .Letting δ tend to 0 in (4.38), we 
on
lude that σ = CF [D2w] , hen
e (4.31) holdsand the proof of Theorem 4.2 is 
omplete.Con
lusion. The two dimensional partial di�erential equation for transversal vibra-tions of an elastoplasti
 plate is derived from a general three dimensional system witha single yield tensorial von Mises plasti
ity model in the �ve dimensional deviatori
spa
e. The multiyield behavior is due to the fa
t that not all layers parallel to themidsurfa
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ome plasti
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ous approximations anda monotoni
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