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1 Introduction 1

Abstract

We introduce a spin-polarized drift-diffusion model for semiconductor spintronic
devices. This coupled system of continuity equations and a Poisson equation with
mixed boundary conditions in all equations has to be considered in heterostructures.
We give a weak formulation of this problem and prove an existence and uniqueness
result for the instationary problem. If the boundary data is compatible with ther-
modynamic equilibrium the free energy along the solution decays monotonously and
exponentially to its equilibrium value. In other cases it may be increasing but we
estimate its growth. Moreover we give upper and lower estimates for the solution.

1 Introduction

Active control of spin in semiconductors can lead to significant technological advances,
most importantly in digital information storage and processing, magnetic recording and
sensing. The use of semiconductors for spintronic applications where spin in addition to
charge is manipulated to influence the electric properties promises several advantages.

1.1 Model equations

Spin-polarized drift-diffusion models as proposed in [19, 20, 21, 22] are a generalization
of the classical van Roosbroeck equations [16, 17]. There are introduced spin-resolved
densities for electrons ny and n; and holes p; and p|. In the following, we label the
spin-resolved quantities (densities, current densities, quasi Fermi energies, band-edges) by
A =1 or 1 for spin-up and A = —1 or | for spin-down along a chosen quantization axis for
the spin angular momentum.

With the spin-resolved densities n) and p) the total electron and hole densities n and p
are given by
n=ny+n;, p=pr+p].

Moreover, we introduce the spin densities s,, and s, for electrons and holes by
Sn =Ny =N, Sp =Py =Pl
With these quantities we define the spin polarization of the electron and hole densities

ny —n -
pn:S_":Q7 pp:s_pzipl.
n ny+n| P pr+Dp

A doping with magnetic impurities or the presence of a magnetic field can lead to a spin-
splitting of the conduction and the valence bands (see [20]). The splitting AE, and AE,
is expressed by gg. and qg,, where ¢ is the elementary charge:

AE. = 2q9., AE,=2qg,.
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For the description of the carrier densities we introduce spin-resolved quasi Fermi energies
©px and @,y and formulate the state equations

N,
nx = - exp[—(Eeo — g = Aage — onn) /R T,
(1.1)
Ny
px = = exp[=(q¥ + Aago + opr — Evo) /KT,
where E.y and FE,y denote the variation of the bulk conduction and valence band-edge
energies of the semiconductor material, respectively. N. and N, are the corresponding
band-edge densities of state defined by

mck;BT)3/2, N, = 2<mkaT>3/2’

N, = 2(
2mh? 2mh?

m. and m,, are the density of state masses, T" is the temperature and kp is Boltzmann’s
constant. The electrostatic potential v satisfies Poisson’s equation

—V - (eVY) = q¢(Ng — N, —n + p) (1.2)

where € is the dielectric permittivity, N, and Ny are densities of ionized acceptors and
donors, respectively. The variation of the net band-edges E.\ and E,) than also accounts
for the spin-splitting:

Eo=Ep —q — Mge, Ey\= Eyw — q — Aqgy.

Assuming drift-diffusion transport, the spin-resolved charge current densities for electrons
and holes can be expressed by

Jna = APAV Ecx + ¢Dpa NV (ny/Ne),
jp)\ = ,upAp)\VEv)\ - qu)\va(p)\/Nv)'

Using the corresponding Einstein relations for mobility and diffusion coefficient,

Hn) Dn)\y Dp)n

__1 oy = —L
kgT PA T k5T

we can rewrite the expressions in terms of the gradients of the quasi Fermi energies to

Jnx = NnAnAVSDnAy jp)\ = NpAp)\V(Pp)\' (13)

The continuity equations for the carrier densities are also a direct generalization of the
continuity equations of the unpolarized case complemented by an expression modeling
the spin relaxation. The spin relaxation leads to an equilibration of the carrier spin
while preserving the nonequilibrium carrier density. For nondegenerate semiconductors the
equilibrium spin densities s,, and s, for electrons and holes are related to the equilibrium
polarization densities P9 and P,y by the expressions, see [19, 20, 21, 22],

Sn = nPpo, vap :pPp07
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where P,o and P, are defined by the conduction and valence band spin-splittings

49c 99y
P, = tanhh., P, = tanhh,, h.= . hy=— .
0 an 0 an k‘BT k‘BT

Then we can write the spin-resolved continuity equations for the carrier densities as, see
[19, 20, 21, 22],

%_v.j"_)‘ :_Rn)\_n/\_n_/\_/\gn7

ot q 2Ten, (1.4)
Opx JpA DA — DP—x — ASp ’
IPA g dh L OPATPATAS

ot q P 27sp ’

R, Rpx are the recombination/generation rate of electrons and holes with spin polariza-
tion A. 7, and 7, are the spin relaxation times for electrons and holes, respectively. Zutic
et al. [21, 22] suggest the following formal structure for the spin-dependent recombination
rates

Rpx = r(nap —nxopo),  Rpx = 7(pan — prono)- (1.5)

The system of drift-diffusion equations has to be supplemented with boundary conditions
modeling the behavior of the contact regions and with initial conditions.

1.2 A scaled spin-polarized drift-diffusion system

We use a scaling such that potentials and energies are considered in units of kg7 /g and
kpT, respectively. We count the four different species in the following order: electrons
with spin up, electrons with spin down, holes with spin up and holes with spin down.
We introduce the four component vectors v = (—1,—1,1,1) of specific charge numbers,
D = (Dyy, Dy, Dy, Dy ) of diffusion coefficients, and

2

2ex

5 (S

_ Nc - cO+qgc Nc —Le0—q9c Nv EUO_qgv Nv Ev0+qgv
(R exp (L0t a0y Ne oy ZEatey Moy (Fro—dgng Mo o, Fooagny)

v= kT kT kT kT

of reference densities involving the spin-split band edges. The mass densities are collected
in the vector u = (uo, ...,us) = (py+p, —ny—ny,n1,n,p1,p|), where the 0-th component
denotes the variable charge density, the others are the particle densities. The vector v
contains the (scaled) electrostatic potential and chemical potentials, 1 = 1,...,4,

v=(vg,..., 04 qU, ont + qU, o) + qU, —@pr — a0, —p) — q¥).

1
)= o
kT
The statistic relations reflecting Boltzmann statistics (1.1) then take the simple form

wp =ael, i=1,... 4 (1.6)

Denoting by (; the (scaled) electrochemical potential of the i-th species we have (; =
v; + Y;v9 and the particle flux density J; reads as

J; = —D;u;V(; = —D; (ﬂZV% + u,-’yino), 1=1,...,4.
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In this notation the spin polarized drift-diffusion model can be written in the form

4
—V (Vo) = f+ > i,

811,2'
ot

where () denotes the domain which is occupied by the spintronic device, ¢ = ekgT'/q? and

(1.7)

+V-Ji=-R;, i=1,...,4, on (0,00) x Q,

Ry =ri3(e” ™ — 1) 4 r1g (e — 1) 4 r1g(e” — '),
R2 = T23(6v2+v3 — ) + r24(e”2+”4 — 1) — 7‘12(6 — e”2),
_ rlg(ev1+v3 _ ) + T23(6U2+U3 _ 1) + 7434(61)3 _ ev4)7
= r1a(e”T — 1) + 1o (€2 — 1) — rgy(e”® — &™)
with
rij = ruu;, i = 13,14,23, 24,
1 —tanhh,._ 1 —tanhh,_
ri2 = 27'&17 T3sqg = ——(F—us.
Tsn 27Tsp

We split 0f) into the disjoint subsets of Ohmic contacts I'p and isolations I'y, 02 =
I'p UT n. We complete the system (1.7) by boundary and initial conditions

vi=vP, i=0,...,4, on (0,00) x 'p,
€V’U0'V:0, JZ"I/:O, iZl,...,4, OH(0,00)XFN, (1.8)
UZ(O) = Ui, 1= 1,...,4, on 2.

For a discussion of boundary conditions for semiconductor devices from the physical view-

point we refer to [17, 15]. Let viD: Q — R, i=0,...,4, be functions representing the
boundary values in (1.8) and (P = vP + P, i =1,...,4. We set
ol =P, .. 0P, P =P, D).

The functions v — v, ¢ — ¢P fulfill homogeneous Dirichlet conditions on I'p.

Since all occurring reactions are charge conserving, the variable charge density of the
spintronic device ug = Z?‘:l ~viu; fulfills

%Jrv Jo =0, JO—Z%, n (0,00) x Q.

We use ug as one of the unknowns of our problem and work with the vectors u =
(ug,ut,...,us) and v = (vg,v1,...,0s).

Remark 1.1 The system of differential equations (1.7) is a special realization of electro-
reaction-diffusion systems which have been investigated in [5, 6, 7, 8, 9]. But in the context
of spintronic devices this problem has to be considered under boundary conditions from
device simulation. The treatment of electro-reaction-diffusion systems under such mixed
boundary conditions for the Poisson equation as well as all for continuity equations, which
need not be compatible with thermodynamic equilibrium, is new from an analytical point
of view, too. Analytical techniques successfully applied to the van Roosbroeck system (see
[3, 4]) will be a further ingredient in the treatment of (1.7), (1.8).
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In Section 2 we formulate the assumptions our analytical results are based on, we give
a weak formulation (P) of the scaled spin-polarized drift-diffusion model and introduce
the energy functionals. Section 3 is devoted to the uniqueness result for (P). Section
4 contains the existence proof. For a regularized problem (Py) defined in Subsection
4.1 the solvability is shown in Subsection 4.2. Subsection 4.3 provides upper and lower
bounds for the solutions to (Py) which lead to the existence result for (P) in Subsection
4.4. Section 5 deals with the global behavior of solutions to (P) establishing upper and
lower bounds (Subsection 5.1) and assertions concerning steady states (Subsection 5.2).
Finally, in Subsection 5.3, we prove for boundary data compatible with thermodynamic
equilibrium the exponential decay of the free energy, of densities and of potentials to their
equilibrium values.

2 Weak formulation of the problem

2.1 Assumptions

At first we collect the general assumptions our analytical investigations are based on.

(A1) Q C R? bounded Lipschitzian domain, I'p, I'y are disjoint open subsets of 9,
0 =TpUlnNU(TpNTyx), mes I'p >0, I'pNTy consists of finitely many

points (Q U 'y is regular in the sense of Groger [12]);
(A2) D, e L*(Q),D;>c>0ae on,i=1,...,4;

(A3) 1 QxR xR} — Ry, rij(z,) Lipschitzian uniformly w.r.t. = € Q,
7:;(-,y) measurable for all y € R x RY, r;;(-,0) € L>=(Q), ij = 13,14,23,24,
ri; € LY(Q), ij = 12,34;

(Ad) e, e Ll®(Q),e>c>0, U >c>0ae on,i=1,...,4, f € L3(Q),
vP e Wh(Q),i=0,...,4, 7y = (-1,-1,1,1);

(A5) ) e L®(Q),u) >c>0ae onQ,i=1,....4, ud =3+ vul.

Here and in the following we denote by ¢ (possibly different) positive constants. Moreover,
d indicates small (possibly different) positive constants.

Remark 2.1 The assumptions in (A3) concerning the coefficients 7,5, ij = 13,14, 23, 24,
are formulated in this weak form to include Shockley-Read-Hall as well as Auger genera-
tion /recombination processes. We have |ry;(-,u)| < |ri; (-, 0)|+ 325 |ui|. Due to (A3), the
source terms —R; in the continuity equations (1.7) can be estimated by c(1+ 1| [ui]).
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2.2 Weak formulation

We work with the vectors v = (ug,uq,...,us) and v = (vg,v1,...,v4) and introduce the
notation

V =H}(QUTyN)?, H=HYQUTIy) x (L*(Q))%,
U={ueH: Inu; € L*(Q),i=1,2,3,4}
and define the operators Ey : Hi(QUTy) +vf — H-Y(QUTy) and E : V + 0P — V*,

(E()?}(),’UQ / {EV’UQ Vg — f’UQ} dz, 7o € Hol(Q U FN),

(Ev,v) = (Egvg, Vo) —I—/ Zﬂievi@- dz, ©ve€V.
Q ':

The equation © = Ev is a weak formulation of the Poisson equation in (1.7) and the state
equations (1.6). Next, we introduce the operator A : U x (V 4+ vP) — V*,

(A(u,v),7) /{ZDWVQ VE+ Y (e’ — o) (@i — ;)

ij=12,34
> e = )@+ 7)) e, C =T+ i, TEV.
ij=13,14,23,24
Thus a weak formulation of (1.7), (1.8) is given by
u' + A(u,v) =0, u=FEv ae. on Ry, u(0)=u’
u € Higo(R, V), v =0 € Life(Ry, V) N Lise (R, L(Q,RY)).

2.3 Energy functionals

The operator E is a strict monotone potential operator with potential G : V +vP — R,

e 3
Gv:/ —Vv2——VvD2— v—v )+ u;(e —el dzx.
(0)= | {5IVel = 5IVelP — floo Z )}

Since we work in space dimension two, Trudingers imbedding result (see [18]) implies
that dom G = V. Moreover, the functional G is continuous, strictly convex, Gateaux
differentiable, hence subdifferentiable and G = E. According to [2] we introduce the
conjugate functional F': V* — R,
F(u) = G*(u) = sup {(u,w) — G(w +v")}.
weV

From standard results of convex analysis it results for u = Ev that F(u) = (u,v — v?) —
G(v) and v —vP € OF (u). The functional F is proper, lower semicontinuous and convex.
If ue V*and u; € L?(Q), u; > 0,i=1,...,4, then

4
9 (7% D
F(u) = —|V(vo — &) > + ((In =- — 0P — 1) +7e” } bda,
= [ {51960 - ) 3 {22 —of =1) 4 Tie } }da
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where v is the solution to Eyvg = ug. Due to the strong monotonicity of Ey (given by
(A4) and Dirichlet boundary conditions on I'p with mes I'p > 0 (see (A1)) and properties
of the In-function we can estimate the functional F':

4
o(lloo = o 13 + D IV = Vae? |2:) < Flu),
=1

4 (2.1)
S il < Flu) + e
=1

The value F(u) can be interpreted as the free energy of the state u. We show that F
is something like a Ljapunov function for solutions (u,v) to (P), namely under special
assumptions (see (A6) in Section 5) on the boundary data the function ¢ — F(u(t))
is exponentially decreasing (see Theorem 5.6). Generally, it may be increasing, but its
growth can be estimated (see Theorem 5.1). Next, we prove existence and uniqueness
results for the spin-polarized drift-diffusion model.

3 Uniqueness

According to Grogers regularity result for elliptic equations [12, Theorem 1] and (A4),
(A1) we we can fix a ¢ = ¢(Q,e) > 2 such that, if

Vg € HY(QUTy) : /EVy'Vydx:@,@, g e W H(QUTy),y € H}(QUTy)
Q

then y € Wol’q(Q UTN) and [[ylly e < cllgllw-1a. Here W=54(QUT y) means the dual of
0
VVO1 T (QUT ), where ¢’ denotes the dual exponent to q. Moreover, let r, 7’ be defined by

2 2
r=— = L (3.1)
Setting
4
(9,9) = /Q {(f + Z%‘ui)ﬂ - €VUOD . V@} dz, 7€ HM{QUTY),
i=1

using (A4) we find from the Poisson equation that vy — v¥ € L*(S, Wol’q(Q UT'y)) and

4
loo(t) = 05 llyaa < ellg®llw-1a < 1+ lluill ) Ve S.
i=1
Especially, due to (A4) we can estimate
4

Voo ()llzs < llvo(t) = vg llyyra + IV [la < e(1+ Do lui®le) vies.  (3.2)

i=1
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Theorem 3.1 Under the assumptions (A1) — (Ab) there exists at most one solution to (P).

Proof. Tt suffices to prove uniqueness on every finite time interval S := [0,7]. Let
(u?,v7), 7 = 1,2, be solutions to (P). Then there exists a constant ¢ such that

la? (@)l| o (107 ()|, [V (B)]l1e < ¢ faa. t€ S, j=1,2,

where ¢ > 2 (cf. (3.2)). Let v := v! — v2. Testing Egvi(t) — Eova(t) = ul(t) — u?(t) by
Uo(t) we obtain by the strong monotonicity of Fy that

1T () || 1 < cz |ut(t) — u2(t)|| 2 fa.a. teS. (3.3)

Let z; := (u} —u?)/w;, i =1,...,4. We use (0, 21,...,24) € L?(S,V) as test function for
(P) and take into account that the reaction rates are uniformly (w.r.t. x) locally Lipschitz
continuous in the state variable and can be estimated by the corresponding norms of z;.

With the Gagliardo-Nirenberg inequality | z;||zr < szH2/TH ZHl 2" for r from (3.1), with
inequality (3.3), and with Youngs inequality we conclude as follows

4
S (it [ alindsh<e [ Z el 9o 1920 2

=1

Vo | 2|V 2 2 + ||zz-||L2} ds

2/r 2-2/r
/ Z il + (225 1968 luallzal 57 + l1132) | ds
<[ Z il + (1702 + z22) } s
/Z QHZZHHI +CHZzHL2}dS vVt e S.

Gronwall’s lemma yields z; =0 on S, i = 1,...,4. With (3.3) the assertion follows. [

4 Existence

The guideline for the existence proof is the following: First we discuss a regularized prob-
lem (Pyp) on an arbitrarily chosen finite time interval S = [0, T'], where the state equations
and reaction terms are regularized (parameter M). We prove solvability of (Py) by time
discretization and passing to the limit. Then we provide a priori estimates for solutions to
(Py) which are independent of M. (Here we use energy estimates and Moser techniques
to get upper and lower bounds.) Thus a solution to (Py) is a solution to (P), if M is
chosen sufficiently large.
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4.1 A regularized problem (Py)

We introduce the convex projection

k, ify>k
Pe(y) =<y, iflyl<k.
—k, ify<k

Let v' = E71u® and M > max ;—1__4[vY|| L. We define operators Ejr: V + P — v,
Ap: U x (V40P) - V=

4
(EM’U,@> = <E0’UQ,@()> +/ ZﬂiGPMUiﬁi dz, wevV,
Q=1

4

Diu;V¢; - V¢ + Tij v Dyg, (B oPar Uj
> Gt 0 (e = s — (2 — o)
i=1

U5 U;
ij=12,34 J v

(g (w0),7) = [

Q

+ Z Tij(’,u)(eP2M(vi+vj) — 1)(6i+ﬁj)}da:, TeV,
ij=13,14,23,24

where ¢; = v; +;vo, {; = ; +7:Do. We prove for arbitrarily fixed time intervals S = [0, 7]
the solvability of

' + Ay (u,v) =0, u=Epyv faa. tecs,

P
uw(0) =u’, v—oP e L3S, V), we HYS, V). (Pan)
The regularized energy functionals are Gy : V +vP — R,
€ € . vi
Gy(v) = / {—|VU0|2 _ _|VU0D|2 — f(vo —v(l])) + Zﬂl/ ePmy dy}d;n,
o \2 2 e (4.1)

Fy(u) = Gy (u) = Zgg{(u,w} —Guy(w —I—UD)}.

Then 0Gj(v) = Epv and results from convex analysis guarantee that for u = Eyrv we
have v — v? € 0Fy;(u) and (u,v — v”) = Gar(v) + Far(u), and therefore

Fr(u) = (u,v — vP) — Gpr(v)
= / {E\V(vo — )2+ 24:/% (u; — we™Y) dy}da:
o L2 0 — fyp (4.2)

1
:/Q{%W(UO —U(?)|2+Z{ui(ln;—j —oP —1) —|—ﬂieviD}}d$:F(u)
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4.2 Solvability of problem (Py)

We use a time discretization scheme to prove solvability of problem (Py). For n € N let
hn == L and S* := ((k — 1)h,,kh,]. If X is a Banach space, we denote by Cy(S,X)
the space of all functions v : (0,7] — X, which are constant on S* k = 1,...,n. The
value of u € C,,(S, X) on S¥ is denoted by u*. We define operators A, o, : Cp(S,V*) —
Cn(S,V*) and K,, : C,(S,V*) — C(S,V*)

(Au)k =

1
h—(uk —uF Y, (o) i=uE k=1, 0,
n

(Kpu)(t) = u® + /0 (Anu)(s) ds,

where 4 is the initial value to (P). Obviously, (K,u)’ = A,u. For n € N investigate the
discrete time problem

Apuy + Apr(optn,vy) =0, up = Epyvn, v, — oP e Cn(S,V). (Pnin)

More explicitely this reads as

1
h—(qu —uF DY Ak oRy =0, WF = Eyof, k=100, WX =40 (4.3)
n

Lemma 4.1 Let (A1) — (A5) be satisfied. Then, for every n € N there exists a unique
solution (up,vy) to (Pym), and there exists a number ng = no(T) € N such that

sup  {Jlvn — 07 llz2(sv) + 1Antnllr2s,ve) + 1 Kntnllcgs,my b < oo
neN,n>ng

Proof. 1. Let n € N. For fixed v € U the map thEM( +0P) + Ay(u, - +0P) V-V
is strongly monotone. Thus, equations (4.3) considered as equations w.r.t. v for given

uk=1 are uniquely solvable. And we obtain unique solvability of (P, ).

2. We use (4.1), (4.2), note that u* = Ejpvf holds. Due to the choice of M we have
Fy(u®) = F(u®), too. For I = 1,...,n we estimate

(4.4)

(Ang (™o, o= 0P = (A (a0l = Apg (w4 0P), o 0P) 4+ (Apg (ah ™ 0P), o= oP),

4
(A (uy ™ o) = Anr (g 0P) o = o) 2 26e TG = ¢PlIEn,
1=1
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4
[(Anr (b= 0P), 0k = oP)] < () (D2 6k = 6Pl + vk — o8l ),
1=1

and Youngs inequality we continue the estimate (4.4)

l 4 l
F(u) + hbe™ 37316k = Pl < hn(zmvzo—vé?uzl M) + (),
k=1

k=1 i=1
According to (2.1) we have ¢ljvl, — vf||%1 < F(ul,). Setting
I 4
an = Clleng = 0l + hnde™ 3 Y lIGai = Pl
k=1 i=1
we obtain l
hy,
a, < = kZ:: K 4 lhpe(M) 4 F(u).

We choose ng € N such that 2h,, < ¢ for all n > ng and find
o Lt
a < 2?" > af + 2(1hne(M) + F(uP))
k=1

for n > ng, L =1,...,n. Thus a discrete version of Gronwalls Lemma (cf. [13, Lemma 2])
yields al, < ¢(M,T),1=1,...,n, n > ng, and we conclude that

sup {ano — 0§ | poo 5,712 (02)) + llvm — ’UDHLz(Sy)} < o0.

neN, n>ng
Therefore
sSup ||Anun||L2(S,V*) = sup ||AM(0nUmUn)HL2(s,V*) < 0.
neN,n>ng neN,n>ng
From o = Eguno and ce™ < w,; <M, i=1,...,4, we obtain finally

Kyu, € C(S,H), sup || Knunllos,m) < oo O
neN,n>ng

Lemma 4.2 Under the assumptions (A1) — (Ab) there exists a solution (u,v) to (Pyp).

Proof. For n € N, let (uy,v,) be the solution to (Pym). Due to Lemma 4.1 we obtain for
subsequences (again index n) the weak convergences

vy —v? = v —o" in L2(S, V),
Kpu, — uin L2(S, H) and H'(S,V*).

The idea of the proof now is the same as in [4, Lemma 3.2]. But in our situation we
have four species, ug = Z?:l ~v;ui, and additional spin relaxation reactions. Therefore we
have to adapt the arguments in step 5 of that proof. We find: u,; — u; in L?(S, L?(Q2)),
i=1,...,4, implies op,u, — w in L*(S, H), and Ap(opun,v) — Ap(u,v) in L2(S,V*)
also with our spin relaxation reactions. Thus we obtain (A (opun,v), v, —v) — 0 in our
case and can then argue similar to the estimates in step 5 of the proof of [4, Lemma 3.2].
Note that in step 6 then Aps(cntn,vn) — Apr(u,v) in L?(S, V*) is guaranteed also with
our additional reaction terms. [
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4.3 A priori estimates for the regularized problem

In proofs of this subsection ¢ denotes (possibly different) positive constants which do not
depend on M and T.

Lemma 4.3 Let (Al) — (A5) be satisfied. Then there exists a constant ¢; > 0 depending
only on the data (but not on M, T) such that

F(u(t)) < (F(u®) 4 1)e? vte S

for any solution (u,v) to (Pyp).

Proof. We use v —v? € L%(S,V) as test function for u/ + Aps(u,v) = 0. Since u(t) =
Ear(v(t)) ae. on S we have v(t) — vP € OFy(u(t)) a.e. on S and the Brézis formula (cf.
[1, Lemma 3.3]) yields

F(u(t)) — F(ug) = /0 (' (s),v(s) —vP)ds = —/0 (Apr(u,v),0(s) —vP) ds

+ 4
= —/0 /Q {ZDkUkVCk . V(Ck - CkD) + Z rij(ePMvi _ ePMvj)(Ui —v; — (Uz‘D_ U]D))
k=1

ij=12,34

Y et 1)+ vy — (0P +0P) } dads
ij=13,14,23,24

t 4
S/ /Z{uk(—w«k — PP+ eVEPIV(G = D) +e > 0P —oP))
0 k= ij=12,34
+ c(uy + 1) Z [P + v]]-:)]}dg; ds
ij=13,14,23,24
t 4
k=1

ij=12,34 j=13,14,23,24

Taking into account that |ug||;1 < F(u) + ¢ (see (2.1)) and using Gronwalls lemma we
find F(u(t)) < (F(u) + ct) e which proves the lemma. O

Remark 4.1 If (u,v) is a solution to (Py), then by Lemma 4.3 and (2.1), ||vo(t) — v{’ || g2
and ||u;(t)||p1,7=1,...,4, are bounded for all t € S.

Lemma 4.4 Let (A1) — (Ab) be satisfied. Then there exists a monotonous function d :
Ry — Ry depending only on the data (but not on M, T') such that

4
S llui®)lzz < d(IF@) egs) Vi S

i=1

for any solution (u,v) to (Pyp).
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Proof. We use the test function e (0, 21, 22, 23, 24),

w0
zi = (Z—z - K) where K > K := max (1 emaxi=t ol lroe lﬂllaX4||u_HL°°> (4.5)

will be fixed later. (Due to the choice of K we have z(0) = 0, zilrp =0, z; € HF(QUTN).)

2t

4
e
? Z [[2:(2) ”L2

. 4
:/ e28/{ZUizi2—Dul( 'Vzi + V) - Vi + Z PM”J_ PM”@)(zZ—zj)
0 Q

=1 1j=12,34

+ Z Tz'j(',u)(l _GPQM(Ui+Uj))(Zi+Zj)}dxd$
ij=13,14,23,24

/ 5™ = ol + el (190 — o )lon + 1)l + el + cK?) s
=1

Concerning the reaction terms we refer to Remark 2.1. Now we use (3.2) and the three
variants of Gagliardo-Nirenberg estimates

1 1/r 1 1
lzil22 < lzilloalzillgn,  Dzaller < a0z s el <zl 1zl
Then Youngs inequality leads to

2t

4
(&
T Il < /QSZ ——+CZ||ZJHL1 [

- c<K>(|rziuL1 +1) pds

(4.6)

for all ¢ € S with a monotonous increasing function ¢(K). For In K > 1 we can estimate

4
F(u) 2 Z/Q {u@'ﬂn% — 1) 47} dz
i=1 t
4
= / g ( ln——1 )+ u;tde > (InK — 1)c |2l 1
Z {w:2=(us /T~ K)+ >0} { T ; ;

with ¢ from (A4). Fixing now K > K as a monotonous increasing function of ||F (u)llces)

fulfilling
1
. clF (e 6
<CZ 23| 11 §> (IHT() <3
i=1

(see Lemma 4.3), the term infront of the H!'-norm in (4.6) is negative. We obtain

4
e Z i@l 72 < €* cc(K)(IF()[Es) +1)
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which together with w; < @;(z; + K) proves the Lemma. [

According to Lemma 4.4, (3.2) and (A4), ||[Vvo| e (s,ra()) is bounded by a continuous
function of || F'(u)||¢(s) depending on the data but not on M and T (for any solution (u,v)
to (Py)). We define

2r
K= <HVUOHL°°(S,L‘Z(Q)) + 1> : (4.7)

Theorem 4.1 Let (A1) — (Ab) be satisfied. Then there exists a c3 > 0 depending only on
the data (but not on M, T') such that

4 4
> luit)lle < esr > (Sug llwi(s)|| 21 + 1) Vie S
i=1 i=1 \S€

for any solution (u,v) to (Pwm).

Proof. The proof is based on Moser iteration. In [4] such techniques are applied to
the van Roosbroeck equations, in [11] to problems from semiconductor technology. Let
Z; = (% — K)+, i=1,...,4, with K from (4.5). Using the test functions

pePt (O,zf_l,zg_l,zg_l,zi_l) cL*(S,V), p=2", n>1,
taking into account Remark 2.1, applying Hélders, Gagliardo-Nirenbergs and Youngs in-
equality we obtain

4 + 4
e S 150l < [ o [ S {ap(wl Pl VAT + I + o+ )07
i=1 0 i=1

— 5\sz-7/2]2} dzds

+ 4
< [ e S {a ol e + Dl

i=1

+ep(l22 13 +1) = 01223 } ds

t 4
< /0 e {rep™ S (13 + 1) ds}.

i=1

This guarantees the estimate

4 4
Sl < ¥ Y sup(la)l, . +1)  ViEs. w3
i=1 i—1 SE€S
Defining
4
wn = { sup ||zi(s)|[ 72 + 1}, n=0,1,...
i=1 seS

inequality (4.8) leads to

_ n+l_o__ n__ n
Wy < c"%;wg_l < cn+2(n 1) 112 Wé—2 <. < 2 2-n .2 1"‘)8

)
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and we can continue estimate (4.8) by

Zuzz ||LG<m§j{supuzz o +1}.

Taking the limit n — oo, we find

ZHZ, |]Loo<6/£Z{susz, HLl—i—l} vVt e S.

Since u; < u;(z; + K ) this supplies the desired estimate for the densities u;. O

Theorem 4.2 Let (A1) — (AD) be satisfied and let
b W
M2 K= Z(nl ot Dl + 0Pl )+ ma (10 20) o

7
Then there exists a cq > 0 depending only on the data (but not on M, T') such that

ul(t)

—In <K+ cev”? VteS, i=1,....4,

for any solution (u,v) to (Pyp).

Proof. Let (u,v) be a solution to (Py). The choice M > K ensures that v; < Pyv;. Our
choice of K guarantees that (ln L+ K) (0)=0and (ln Ly K)” € L*(S,H}(QuTy)),
i=1,...,4. We fix some i € {1, 2,3, 4} and use test functions

—per(0,...,0,2P~ 1 Ui 0,...,0) € LXS, V), p>2 Zrz(ln?JrK)—

7 Uy

(Analogously this can be done for the other components j # i.) If z > 0 then v; < Pyv; <
—K and v;+v; < —K+In ;_; < 0, thus (eP2m®itv) _ 1) < 0 for ij = 13,14, 23,24. There-
fore the generation/recombination reactions give no contribution for our estimate. More-
over, for the spin relaxation reactions we can estimate from above (eMvi — M) )%z <z
In summary we obtain '

cet'||z(8)[[7,
t _
U
< DS A via 2 p—1 D p—1
_/0 e p/Q{DZuZVCZ V(uzz )+c(z + z )}dazds
t
< / epsp/ Dt (—Vz 4+ v Vug) (2P + (p — 1)2P72) - Vz + c(2P + 1)} dzds
0 Q
Casl S gz sz
<[ e [E 172 = 611277 I3
0 p
+ epl|Vooll e (12772 e + D[l + ep(1272]]72 + 1)} ds

t
0
< [ o= 1R 4 a2 + 1)} s
0 p

(4.9)
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Here we used Holders, Gagliardo-Nirenbergs and Youngs inequality and (4.7). Setting

wy =sup [|z(s)||7an +1, n=0,1,2,...
ses

we find w, < c"kw?_; and w, < (ckwp)?” which means ||z(t)||2» < ck(supgeg ||2(s)||L1 +
1), and leads in the limit n — oo to

lz(t)]| L < cm(sug) llz(s)||r +1) VteS. (4.10)
s€

Considering the inequality (4.9) for p = 2 and estimating for d € Ry, 2 € H}(QUTy)
4/3 4/3 _ 0
dll2|}s < dellzl}sys = de 207 < del| 22157 < SIVE2 G2 + ed®,

we get [|2(t)[|7, < ck? for all t € S. Therefore [|2(t)|| 11 < cflz(t)]|z2 < ck®/? for all t € S
and together with (4.10) we obtain ||z(t)||~ < cx®? for all t € S. This ensures

—In ui(t) < K+ 04,%5/2 a.e. in ) VteS. O

Uj

4.4 Solvability of problem (P)

Theorem 4.3 Under the assumptions (Al) — (Ab) there exists a (unique) solution to
problem (P).

Proof. Tt suffices to prove that for every T' > 0, S = [0, 7] the problem

u' + A(u,v) =0, u=Fv ae. onS, u(0)=u’

4.11
we HY(S,V*), v—oP e L*S, V)N L>®(S,L®(Q,R%)) —

is solvable. The a priori estimates for (Pyr) in Theorem 4.1 and Theorem 4.2 guarantee
that if we choose M sufficiently large, then for every solution (u,v) to (Py) the equalities

Pyv,=v;, i=1,...,4, PQM(UZ' —|—1)j) = v; + vy, 1y = 13,14, 23,24,
hold. Therefore we have Eyv = Ev, Ap(u,v) = A(u,v) and the pair (u,v) is a solution

to (4.11), too. Uniqueness is given by Theorem 3.1. O

5 Global behavior of solutions to (P)

5.1 Boundedness of solutions to (P)

The estimates for solutions to (Pyr) in the proofs of Lemma 4.3, Lemma 4.4, Theorem 4.1
and Theorem 4.2 are done in such a way that they can be applied to Problem (P), too.
Especially, since u(t) = Ev(t) a.e. we have v(t) — vP € OF (u(t)) a.e. and Brézis formula



5 Global behavior of solutions to (P) 17

is applicable to obtain the estimate for the free energy. By discussing the different cases
we here find

4
rij () (L — e ) (v; + v — (0P +vP)) <) (ue+ Dof + 0P|, ij =13,14,23,24.
k=1

Generally, where we in the proofs substituted e by w;/7; we now have to substitute
eV by u;/@;. And in the proof of Theorem 4.2 we argue: If z > 0 then

vi+v; < —K+ ln% <0 and (VYU —1)2 <0, ij=13,14,23,24,
(3

(€% — ey < 2 ij = 12,34,
Us

We summerize the results in two theorems.

Theorem 5.1 Let (A1) — (A5) be satisfied and let T > 0 be arbitrarily given. Then there
exists a constant c; > 0 depending only on the data (but not on T') such that

F(u(t)) < (F@u®) + 1)t Vte S=10,T]

for the solution (u,v) to (P).

Theorem 5.2 Let (A1) — (A5) be satisfied and let T > 0 be arbitrarily given. Then there
exist constants cs,cq > 0 depending only on the data (but not on T) such that

Z lwi(®) || Lo < Cgliz (SupHuZ M + 1>
0

U; \ —
—oil0) < 3 (I + Dllzwqszm) + lof e ) + max (0207 lo + ean?,
k=1

W~

i=1,...,4, forallt € S =10,T] for the solution (u,v) to (P).

Some of the results of this section are obtained under the additional assumption
(A6) V(v +wé’) =0, k=1....4,
vP =wP, ij=12,34, P +0P =0, ij =13,14,23,24.

These condltlons mean that the prescribed boundary values are compatible with ther-
modynamic equilibrium which is a state with vanishing flows of the carriers, and with
vanishing reaction rates. (A6) implies that (¥ € span 7.

Theorem 5.3 Under the assumptions (A1) — (A6) the following global estimates for the
solution (u,v) to (P) are satisfied

F(u(t)) < F(u(ty)) < F( 0 Wty >t >0,

4
D i)l < e, Z v;(£) " ||z < ¢ VE> 0. (5.1)
=1
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Proof. Using (A6), v = (—1,—1,1,1) and the techniques of Lemma 4.3 we obtain
t 4
F(u(t2)) — F(u(ti)) = —/ / {ZDkuk|VCk|2 + Z rij (€ — %) (v; — vj)
0 JQ * gy ij=12,34

+ Z rij (- u) (" — 1) (v; + Uj)} drds <0,
ij=13,14,23,24

and the monotone decay of the free energy follows. Especially F(u(t)) < F(u") for all
t > 0. Thus by (2.1), lui(®)|;2 < F(u(t)) + ¢ < F(u®) + ¢ for all t > 0. Moreover
IVvo(t)||ze < ¢ for all t > 0. Having in mind (4.7), Theorem 5.2 yields a uniform upper
bound for the densities u; on Ry. Therefore ||[In(3 + 1)|[z=r, 1<) < ¢, and Theorem 5.2

supplies that [|v; ||peer, z) <c. O

5.2 Steady states

Remember that for solutions (u,v) to (P)

4
up(t) = Z%‘Ui(t)a t>0.
i=1

(This follows easily from u’ + A(u,v) = 0 by test functions (w,qw), w € H(QUTx).)
Therefore we would expect also for stationary solutions (u,v) to (P) that ug = Z?:l it
We look at the stationary problem

A v*) =0, u*=Ev*, ug= it miui, (uv*)elUx(V+oP). (S)

We give an existence result for steady states (S) which is obtained similarly to the cor-
responding result for the van Roosbroeck system in [15, 4] by Schauder’s Fixed Point
Theorem. We need two preparatory lemmas. The first lemma can be found in [14].

Lemma 5.1 Let k > 0, s > 1. Furthermore, let ¢ : [7::, o0) — Ry be a nonincreasing
function such that, for h > k > k:

(h—k)p(h) < c19(k)".
Then ¢(k) = 0 if k > k + 275/ D¢y ¢(k)sL.

Let M := max {|[vf|| o, max;—1 234 |¢P |z }-

Lemma 5.2 We assume (A1) and (A4). Let vo € v¥ + HL(QUTN) be the solution to
R R 4
E()UO = O, <E01)0,@0> = <E0’U0,@0> — Z/ ’yiﬂiCPMCi_%PNUOEQ dx, (52)
=179

for allvg € HE(QUT y), with arbitrarily given (; € L*(Q), i = 1,2,3,4, and some constant
N > M. Then there exists a Ky > 0 not depending on M, N, (;, 1 = 1,2,3,4, such that
”'U()HLOO <M + K().
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Proof. Ey(- + ) HY(QUTN) - H YQUTy) is strongly monotone and Lipschitz
continuous. Thus, for arbitrarily given ¢; € L*(Q), i = 1,2,3,4, the equation EQU() =0
has exactly one solution. If k& > M then (vy — k)* € HI(QUTy). We use it as test
function for (5.2). Since Py(; — v Pyvg < 0 for vy > k and 7; > 0 we obtain

[(vo — k)T 131 < el (vo — k) lyprar < cll(vo — k)T zrmes{vg > k}1/"

with the exponents from (3.1) and constants ¢ not depending on M, N, ¢;, i = 1,2,3,4.
Therefore, for p > 7 it results ||(vo — k)F||zr < mes{vy > k}'/". Because of

I(vo — k)" llp = (h — k) mes{vg > h}'/?

the last estimates guarantee for h > k > M that

(h— k)p(h) < co(k)*  with ¢(h) = mes{vg > A}, s = g.

Thus Lemma 5.1 ensures a Ky > M such that vy < k for all £k > M + K. Testing (5.2)
by —(vg + K)~, we prove that vg > —(M + Ky). O

Theorem 5.4 Under the assumptions (A1) — (A5) there exists a solution to (S).
Proof. 1. We use M and K, from Lemma 5.2. For arbitrarily given (vg,(1,...,{) €

L?(Q)5 we define u; = weMG—viPrirovo ;i — 123 4. Let 3y € v + H(Q U TTy),
G € CZ-D + H}(QUTy), i = 1,2,3,4, be the solution of the system

4
<E050,@0> = Z/ Yiu;vgdx, Voo € Hé(Q U FN), (5.3)
i=1 78
4 ~ 5—i=j p, _
JROSLIR AL S o R
Q"= ij=12,34 (5.4)

+ > )G 1) + Zj)} dz=0 V(e HMQUTN).
ij=13,14,23,24

2. Due to our assumptions concerning the data, the test of (5.3) by 7p — v and the test
of (5.4) by ¢ — ¢? we find that |7y — vP ||z and ||§; — ¢Plg1, i = 1,2,3,4, are bounded
by a constant which depends on M and Ky but which does not depend on wvg, (1,...,(4.
Thus the same is true for ||vg| 1 and ||Gill 1, Sobolev’s imbedding result gives ||7o|| 72 < &,
IICillr2 < ¢. We define

A={y e L*(Q)°: ||yill;2 <¢i=1,...,5}

3. Let 7 denote the operator which assigns to (vo, (1, .. .,(4) the solution (v, 51, e ,54)
of (5.3), (5.4), T (vo,C1,---,C1) = (Vo,C1,--.,Cs). We consider 7 as mapping from L?(Q2)°
into itself and verify the assumptions of Schauder’s Fixed Point Theorem. 7 maps the
convex, closed set A into itself. Due to step 2 and the Rellich-Kondrachov imbedding
Theorem, 7 (A) is precompact in L?(Q). The continuity of 7 is guaranteed by continuity
properties of Nemyckij operators. Thus 7 possesses at least one fixed point.
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4. Let (vo,(1,-..,C4) be a fixed point of 7. Due to Lemma 5.2 we have ||vo|| e < M + K.
On the one hand, testing (5.4) (for ¢ = ¢) by (¢ — M)* € H}(QUT'y)* we obtain

4

e (G = M)

k=1

<), {ZDMV PR Y mlau)eM O — (G =)+ (G M)
ij=13,14,23,24

b e 2T PG PHG) (¢ M)Y — (G~ M)) ) de =0,
1j=12,34

Here we used that the expressions (e — e"%)(¢; — M)T and (Mm% — 1)(¢; — M)*
for (; > M are nonnegative and can be omitted in the estimate. On the other hand, the
test function (¢ + M)~ supplies that (; > —M, i = 1,2, 3,4. Consequently, Pys(; = ¢; and
U; = ﬂieg—%vo, i =1,2,3,4. Defining u = (Fovg, u1,...,us), v = (vg, (1 + vo, (2 + vo, (3 —
v0, G4 — vg), we obtain from a fixed point (vo, 1, ...,C4) of T a solution (u,v) to (S). O

Theorem 5.5 Let the assumptions (A1) — (A6) be satisfied. Then there exists a unique
solution (u*,v*) to (S). Moreover, V(f =0,i=1,...,4, and ¢* = ({§,G, ¢, ¢F) = ¢P.

Proof. 1. If (u*,v*) is a solution to (S) then we have (A(u* U*) v* —vP) = 0. Since (A6)
is fulfilled this implies V(v*—l—%vf;) 0,i=1,...,4,v] =vj,ij = 12,34, v} +vj =0, ij =
13,14,23,24. Let h* 1= v§ — Uo The boundary condltlons enforce v} +vy;v5 = 1) + ’ylvo ,
it =1,...,4. Therefore we would have

*

D *
_ = v —vih
u; = ue i

D D A (% D _ 1 .
vi Fve = () — et , i=1,...,4.

Moreover, the requirements from (S) that uf = Z?:l viu; = FEovg lead to
4
(Eoh*,7j) := / {sV(h* + o) - VG — f7— nyime”f"%h*y} dz =0 Vye H}QUTy).
@ i=1

Due to (A1) and (A4), the operator Ej: Hi(QUTyN) —» H YQUTy) is strongly mono-
tone. Using Trudingers imbedding theorem [18], the hemicontinuity of this operator can
be shown. Therefore there exists a unique solution h* € HE(Q UTy) of Eoh* = 0.
Now we improve the regularity of h*. Due to (A4) and Trudingers imbedding theorem
S et bt e L2(Q). For

<£oh,@>=/th-vydx, (9, >—/{f+§jwez T gde, je HY(QUTY),
Q

we have g € W~14(QUTy), and Eoh* =0 is equivalent to &yh* = g. Thus the regularity
result of Groger [12, Theorem 1] for linear elliptic equations ensures h* € I/VO1 1QUTy),
for our ¢ > 2. Therefore h* € L*>(2), too.

2. We construct the unique solution to (S) now as follows: We solve Eoh* = 0, obtain
a unique solution h* € HE(QUT'y) N L®(Q). Setting vf := h* + v € L>(Q), vf =

(2

oP + ol — yh € LX(Q), uf = wet € LOQ), i=1,...,4, ut =S4 yur. O
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Remark 5.1 Theorem 5.5 says that if the boundary conditions are compatible with ther-
modynamic equilibrium then (S) is uniquely solvable and the solution is a thermodynamic
equilibrium. In addition let us remark that local existence and uniqueness for (S) can
be proved for data v” "nearly” fulfilling (A6) by methods we used in [10] for stationary
energy models with multiple species. (In the present model we have no energy balance
equation and consider the temperature as a constant parameter.) The stationary problem
(S) has to be formulated in a WP setting, p > 2, where the homogeneous part and the
Dirichlet boundary functions of the potentials are considered as two different arguments.
Then the linearization of the problem with respect to the homogeneous part of the po-
tentials taken in the thermodynamic equilibrium turns out to be an injective Fredholm
operator of index zero. Thus the Implicit Function Theorem supplies a unique solution to
the stationary problem (S) provided that

IVCP o), k=1,2,3,4, |[[vf —vPllpir,), i = 12,34,

[oP + vP iy, @5 = 13,14,23,24,

are sufficiently small (see [10, Theorem 2, Corollary 2]).

5.3 Exponential decay of the free energy

Theorem 5.6 We assume (Al) — (AG6). Let (u*,v*) be the thermodynamic equilibrium
according to Theorem 5.5. Then the solution (u,v) to (P) possesses the following asymp-
totics. There exist constants ¢, A\, \p, > 0 such that

F(u(t)) — F(u*) < e M(F(u®) — F(u*)) VteR,, (5.5)
4 4
Z llwi(t) — ul||Le, Z |vi(t) — v} ||r < ce™ ™' Vte R, wherep e [l,00). (5.6)
i=0 i=0

Proof. 1. Let (u,v) be the solution to (P). The next considerations we do f.a.a. ¢t € Ry
and leave the argument ¢. Defining vy := vo — v§, w; = eléi=¢)/2 — 1 we have wilr, =0

and
Vuifuf —1= wieVP0/2 4 m0/2 (5.7)

Since [[vo || oo (r,zo0)s [[V5llLe < ¢ we conclude that

I wi/ui =1 < c(lwilla + [ollza),  i=1,...,4. (5-8)

Testing the equation Eyvg — Epv§ = uy, — uf, with 7, using the strong monotonicity of Ej
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and (5.7) we obtain

el < [ Z% I+ ) (st — 150 da
/Z’Yz \/ Uy +\/7 ( w;e %50/2-1- e_%%ﬂ— 1)60da;
4
< cZ Jlwill 2 [0l 2 + /Q SV (Vg A aE o (e 2 — 1) de
=1 i=1

1
< CZ [[will z2[[Dol| 2
i=1

Here we used that z(e™* — 1) < 0 for z € R. In summary we find that

4
ol < ey [lwil] e (5.9)
1=1

Since ¢* = (¥ we have (u — u*,v* — v”) = 0. Using additionally (5.1) in Theorem 5.3,
(5.8), (5.9) we estimate

U(u) := F(u) — F(u")

4
:/Q{;Vﬁop—i—;[uiln%—ui_|_uﬂ}dx+<u_u*,v*_vp>
Bl + Y (5.10)
SC<H’UOHL2 +ZHUz ZHLZ) <c<]voHLz —i—ZHW 1”L4)

< c(Ioll3: + Z JwiliZ + o3 ) < > il

i=1

Because of [|vol|ze0®,ro); [[U5]lL < ¢, under assumption (A6) the following inequality
holds true

4
(Alu(s)v(s)),0(s) = v*) = e |lwill - (5.11)
i=1

2. If (u,v) is a solution to (P) then v(t) — v* € 0¥ (u(t)) f.a.a. t € Ry, and for A € R we
obtain (cf. [1])

M2W (u(ty)) — MW (u(ty)) = /t ’ e’\s{)\\lf(u(s)) + (W'(s),v(s) —v*)} ds
= / : AT (u(s)) — (A(u(s),v(s)),v(s) — v*)} ds.

t1
Combining (5.10) and (5.11) we find a constant A > 0 depending only on the data such
that AW (u(s)) < (A(u(s),v(s)),v(s) —v*) f.a.a. t € Ry. Therefore the previous inequality
and (5.10) supply the exponential decay of the free energy to its equilibrium value (5.5).
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3. Since ¥ (u) > c(|[vo|3,: + S [ \/ui/uf —1[|3;) and u; and u} are bounded, it results

Do)z, 1y wit)/uf = g2, [luwi(t) = uflls < ce?? VteR,.
For p € [1,00) and i = 1,...,4, we obtain
* 1 —
i (t) = ui e < llus(t) = ufllpeJus(t) — uf 7 < e 2 Ve Ry (5.12)

For i = 0 we get the corresponding result from ug = Zézl ViU, Uy = Zizl Yruy, by the
previous arguments.

/2

4. From ||Tg(t)]| g1 < e/ and [[vg(t)||r < ¢ we conclude

o ()17 < IPo(®)llzs [P0 (B < Mol < e Vi€ Ry
Finally,
lvi(t) —villpr < Inw; —Inu | <cllui(t) —uill;n VEeRy, i=1,...,4,

which analogously to (5.12) leads to the exponential decay of ||v;(t) — vf||r». O
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