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ABSTRACT

In this paper we investigate linear elliptic, second-order boundary value prob-
lems with mixed boundary conditions. Assuming only boundedness/ellipticity
on the coefficient function and very mild conditions on the geometry of the
domain — including a very weak compatibility condition between the Dirichlet
boundary part and its complement — we prove first Holder continuity of the so-
lution. Secondly, Gaussian Holder estimates for the corresponding heat kernel
are derived. The essential instruments are De Giorgi and Morrey-Campanato
estimates.

1 Introduction

Holder continuity is one of the classical features in the theory of elliptic and parabolic
equations. Based on the pioneering ideas of De Giorgi, Nash, Stampacchia and Morrey,
the Dirichlet problem for second-order divergence operators with real coefficients was elab-
orated in clarity and beauty: under general and traceable conditions, Holder continuity
of the solution is proved, see [KS, Chapter I11.B.4] or [LU, Chapter I11.14], as long as the
boundary condition is pure Dirichlet. Since in recent years it became manifest that the
appearance of mixed boundary conditions is not an exception when modelling real world
problems (see e.g. [Sel] or [HMRR]) one should, of course, also treat this case. Here the sit-
uation is less satisfactory: on the one hand, there is the fundamental paper of Stampacchia
[Stal], where under very general conditions also Holder continuity is proved. Unfortu-
nately, the conditions of the main theorem are very implicit and extremely difficult to
control in examples if the geometry of the underlying domain becomes complicated. On
the other hand, there are several articles ([CV], [Ibr], [Nov], [Fio], [Liel], [HMRS]) where
Holder continuity for the solution is proved under different assumptions on the geometry
of the domain and the Dirichlet boundary part, if mixed boundary conditions are imposed.
In this paper, the conditions on the domain €2 and the Dirichlet boundary part are purely
geometric in nature, so that one can decide ‘at a glance’ whether a concrete setting falls
into this class or not. In particular, the Dirichlet points are subject to the outer volume
condition (see e.g. [KS, Chapter II Theorem B.4]) as is classical in the pure Dirichlet case.
Our second basic assumption demands bi-Lipschitz charts around points in the closure
of the Neumann boundary part. Finally, for boundary points from the border between
the Dirichlet and Neumann boundary part we replace the geometrical condition in [Gro]
(compare also [HMRS, Chapter 5]) by a measure theoretic one (see Theorem 1.1 below).
Roughly speaking, this states that, in balls around such points, the set of inner points from
the Dirichlet boundary part is not rare (in a certain quantitative sense) with respect to



the boundary measure, see (1) below. This is, not accidentally, again in correspondence
with the fact that Holder continuity for the Dirichlet problem also needs only a certain
measure theoretic requirement. The resulting framework is then much broader, it is easy to
verify in examples and it should cover nearly everything what is needed for the treatment
of real-world problems — as long as the domain does not include cracks or things like that.
In particular, the Dirichlet boundary part need not be (part of) a continuous boundary in
the sense of [Gri, Definition 1.2.1.1], i.e. the domain is not forced to ‘lie on one side of the
Dirichlet boundary part’ so that, among others, the following example is included.
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Figure 1: A geometric non-Lipschitz setting which fulfills our assumptions, if the grey apex
and the three shaded circles carry the Dirichlet condition.

The first main result of this paper is that Holder continuity for the solution of the
mixed boundary value problem can be obtained even within this extremely wide concept,
cf. Theorem 1.1 below. We emphasize that also unbounded domains are admissible, see
Theorem 6.8. The initial instrument in the derivation of the Holder properties are De Giorgi
estimates. These are afterwards transferred into Morrey—Campanato estimates, which are
a common instrument for deriving Holder estimates, compare [Cam], [Gia], [Lie2] and
references therein. The second main result are Gaussian Holder estimates for the heat
kernel of the corresponding semigroup, cf. Theorem 1.3. We use and extend techniques
developed in [Aus], [AT], [ERol], [Sta2] and [ERo2]. We emphasize that the principal
coefficients of the elliptic operator are real bounded and merely measurable, whilst the
lower-order coefficients can be complex measurable and bounded.

It is well-known that Holder continuity is often the decisive instrument for the appli-
cation of Schauder’s fixed point theorem within the investigation of nonlinear equations,
since it provides the required compactness.

In order to present the main results of this paper we introduce some notation and
definitions. Fix d € {2,3,...}. Throughout this paper the field is C, although in Section 2
we mainly work with real valued functions.

Let © C R? be open and let I be an open subset of the boundary 9§ (with relative
topology). We define

C(9Q) := {w|q : w € C=(RY) and suppw N (02 \T) = 0}.

Note that if I' = (), then C°(Q2) = C§°(Q2). Moreover, for all p € [1,00), we denote the
closure of C2(Q) in W(Q) by WpP(Q). If T = (), then we write, as usual, W, ”(Q) =
W@LP(Q). If p € (1,00] then the space Wi () is the anti-dual of W) (Q) in LP(R). We
denote the anti-dual of W, * (Q) by W~1#(Q). Here and in the remainder of this paper p’



is the conjugate index for p, so % + z% = 1. Obviously, if I'y C I'y, then C°(Q2) C CR(Q2).
Hence Wy() € WiP(Q) and consequently Wi 'P(Q) € Wi P(Q). If fy € Ly(Q2) and
f € Ly(Q)%, then define fy — div f € Wy "*(Q) by

d
(h=divfo)= [ fo+3 [ £
i=1

for all v € W2*(Q).
Let Q C R? be open and let j1, M > 0. Define A(, u, M) to be the set of all measurable

A: Q — €% guch that .

Re > ai(2) 55 > plsf

3,j=1
and

[A(z)]| < M

for almost all x €  and ¢ € €% Here and in the sequel a;;() is the appropriate matrix
coefficient of A(z) and || - || is the norm on £(C?), where C? has the Euclidean norm. Let

A, M) = {A € A(Q,pu, M) - A(z) € R for all x € Q}

be the subset with real coefficients. Further, set A(Q) = U, -0 A2, p, M) and A, () =

UM,M>O Ar(Qv Hs M)
If Ae A(Q), then define the form [4: W12(Q) x W2(Q) — C by

d
(a(u,v) = / > ai; (0) (9v).
Q=1
Then [4 is a closed sectorial form. Let L, be the associated operator. If no confusion
is possible then we drop the subscript A and write [ = [4(u,v) and L = Ly. If I'is a
(relatively) open subset of 0f2, then we denote by [4r the restriction of [4 to the space
W?(Q) x Wr?(Q). Then again [ is a closed sectorial form. Let L be the associated
m-sectorial operator in Ly(€2).
Next, define £4p: W2?(Q) — Wi *(Q) by

(Laru,v) =lar(u,v)

for all v € W2*(Q). It follows from the Lax-Milgram theorem that for all f € W, "*(Q)
there exists a unique u € Wr*(Q) such that (Lap + Iu = f.

If Q satisfies suitable regularity conditions, then one obtains an operator L, for which
the elements u of its domain satisfy the conditions U|aQ\F = 0 in the sense of traces and
v-(AVu) = 0 on I' in a generalized sense, where v is the outward unit normal of €2, compare
[Cia, Chapter 1.2] or [GGZ, Chapter 11.2]). Thus the operator £4 can be understood as
one with mixed boundary conditions — as announced in the title. In general we consider I
as the Neumann part and 02 \ I' as the Dirichlet part of the boundary.

We also need various balls and cylinders on R and R%"!. For any z € R? and r €
(0,0), we denote by B(z,r) the ball in R? with radius r and centre x. We denote by

E={z=(Z,24): -1 <z4<1and ||Z|ger <1}
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the open cylinder in R?, its lower half E~ = {x € E : 74 < 0} and its midplate
P=En{reR?:xy=0}.

Further, ér(fc) denotes the ball in R4~ with radius r and centre . We denote the volume
of a measurable subset A C R? by |A| and the volume of a measurable subset A C R4"!
by mesy_;(A). Let wy denote the volume of the unit ball in R%.

If M C R? is non-empty and x € R? then we denote by

dist(z, M) := inf ||z — 2|
ze€M

the distance between z and M.
Let Q C R? be open, T C 99 and « € (0, 1]. Then, following Definition II.C.1 in [KS]
and Section 1.1 in [LU], we say that T is of class (A,) if

|B(z,r)\ Q| > a|B(z,7)]

for all » € (0,1] and = € Y. It is not hard to see that the boundary of any Lipschitz
domain is of class (A,) for a suitable a > 0.

The first result is a global Holder estimate in case of bounded domains and mixed
boundary conditions. Note that Condition (III) below imposes a comparably simple, purely
geometrical condition for the points from the border between Dirichlet and Neumann
boundary part which may be viewed as a certain, extremely weak compatibility condition
between Dirichlet and Neumann part of the boundary.

Theorem 1.1. Let Q C R? be a bounded open set and I' a relatively open subset of the
boundary 0. Moreover, let A € A(Q) and consider the operator Lap. Assume the
following conditions.

(I)  For all z € T there is an open neighbourhood U and a bi-Lipschitz map ¢ from an
neighbourhood of U onto an open subset of RY, such that ¢(U) = E, ¢(QNU) = E~,
P(O2NU) =P and ¢(z) = 0.

(IT)  There is an o > 0 such that the set OQ\ T is of class (Ay).
(IIT)  For all = € OT there are ¢y € (0,1) and ¢; > 0 such that

mesy_1{Z € B,(§) : dist(Z, (DN U)) > cos} > ¢y s (1)

for all s € (0,1] and § € R¥ with (3,0) € ¢(OT N U), where U and ¢ are as in
Condition (I). (Here and in the sequel, the set OT' denotes the boundary of T' where
I is viewed as a subset of the topological space OS).)

Then for all ¢ € (d,o0) there exists a k > 0 such that for all f € Wy "(Q) the (unique)
solution u € W (Q) of the equation

(Lar+Du=f

belongs to the Holder space C*(Q). Moreover, the map f — u from W5 "%(Q) into C*(Q)
18 continuous.



We shall prove Theorem 1.1 at the end of Section 6. Moreover, we provide in Theo-
rem 6.8 a quantitative version of Theorem 1.1 which allows 2 to be unbounded.

Condition (I) of the above theorem implies the (essential) boundedness of the solution u,
and, in addition, the continuity of the map W{l’q(Q) > fr—wu e L*(Q). This was proved
in case the coefficients are symmetric in [ERe] and if the coefficients are not symmetric,
then it follows from a variation of the techniques in that paper. In general the condition
q > d is already necessary for the boundedness of the solution, see [LU, Section 1.2].

Special cases of Theorem 1.1 are the pure Dirichlet case if I' = ) (see [KS, Section II.C])
and the pure Neumann case if I' = 99 (see [Nit]).

Our geometrical concept excludes cracks (or other lacking lower dimensional objects):
assume that a crack is included in €2 in form of a lacking hypersurface. Of course, all points
of the crack are then boundary points of 2. But no point x can be a Dirichlet point, due
to our requirement that the set 0Q \ I is of class (A,) On the other hand, around z there
is no chart which satisfies the requirements in Condition (I) in Theorem 1.1.

The reader should carefully notice that the conditions in Theorem 1.1 are not symmetric
with respect to the Dirichlet and the Neumann boundary part. Interchanging for example
in Figure 1 the role of Dirichlet and Neumann boundary part, then the new version does
neither satisfy Condition (I) nor Condition (III).

Condition (III) implies the ‘lower bound’ in the Ahlfors-David condition (see also [JW,
Chapter II]), that is, there is a ¢ > 0 such that

Haea(Q\T) N Bla,r) > ey

for all z € 0Q\ I and r € (0, 1], where H4—; is the (d — 1)-dimensional Hausdorff measure.
This may be concluded from Lemma 5.4.

It is known from the Nash and De Giorgi theory that the solution u is Holder continuous
on every subset with positive distance to the boundary of Q, cf. [LU, Section III.14], [GT,
Section 8.9] and [KS, Section II.C]. Obviously, u is then continuous on 2.

A principal tool in the proof of Theorem 1.1 is a rephrasement of a result of Ladyshen-
skaya—Ural’zeva. In Theorem 3.14.1 in [LU] Hélder continuity for weak solutions on sub-
domains which have a positive distance to the complement of the Dirichlet part of the
boundary was proved, but with Holder continuity understood as a suitable boundedness of
the oscillation only over the connected components of the intersection of the domain with
balls. In this paper, however, we consider the usual Holder spaces. Hence we prove here
that the solution indeed is Holder continuous in the classical sense. The precise statement
is given in the next theorem.

Before we can state the theorem, we need one more definition. Let A € A(Q), f €
Ly()?, fo € Lo(Q), u € WH2(Q) and V C Q open. Then we say that Lu = fo — div f
weakly on V if

(a(u, v) = (fo — div f,v) (2)

for all v € C2°(V'). Note that this notion is independent of I'. Then by density (2) is valid
for all v € Wy*(V). If ¢ € [1,00] and f € Ly(Q)¢ then set || f]| 1, = Sooey I1fill 2 )-

Our version of Theorem 3.14.1 in [LU] with ‘normal’ Holder spaces is as follows. Note
that we do not require €2 to be bounded in Theorem 1.2.



Theorem 1.2. For all u, M,a,( > 0, q € (d,00) and gy € (g,oo) with qq > 2 there exist
k € (0,1) and ¢ > 0 such that the following is valid.

Let Q C RY be open, T' C 99 relatively open and Y C Q open. Suppose d(I', ) >
and {z € 00 : d(z,Y) < C} is of class (A,). Let A€ A(Qpu, M), f € L, Q)N Ly(Q)4,
fo € Lyp(Q) N Ly(Q) and u € W (). Suppose that Lu = fo — div f weakly on Q. Then
u s bounded on Y and

[u(@)] < e(lullwre + 1 follza o) + 171lz,0)

for all x € Y. Moreover, the restriction u|y is Holder continuous of order k and
[u() = u(y)] < clo = y* (IVulza@) + [ ollzg@ + 11z, 00) (3)

for all x,y € T with |x —y| < %

Our last main theorem is that the kernel of the semigroup generated by —L 4 satisfies
Gaussian Holder bounds.

Theorem 1.3. Adopt the assumptions of Theorem 1.1. Then there exist k € (0,1) and
b,c,w > 0 such that

|z — 2| + |y — y’\)“e_bz—tyﬁ ot

|Ki(z,y) — Ki(2, )] < Ct_d/z( 11/2

for all z, 2’ y,y' € Q and t > 0 with |v — 2’| + |y — y'| < tY/2, where (K)o is the kernel
of the semigroup generated by —L .

We prove Theorem 1.3 in Section 7, where we also provide a version for unbounded
(2 and operators with complex lower-order terms (see Theorem 7.5). For pure Dirichlet
boundary conditions Theorem 7.5 has the following special case. Note that L,y is the
operator with Dirichlet boundary conditions.

Corollary 1.4. For all a,pu, M > 0 there ezist k € (0,1) and b,c,w > 0 such that the
following is valid.

Let Q C R? be an open set, A € A.(Q, u, M) and (K)o the kernel of the semigroup
generated by —Lag. Then

|z — 2| + |y — y’\)“e_bz—tyﬁ ot

|Ky(z,y) — Ki(2, )] < Ct_d/z( 1172

for all xz,2',y,y € Q and t > 0 with |x — 2’| + |y — /| < t'/2.

The proofs of Theorems 1.2 and 1.3 involve Morrey and Campanato spaces, together
with De Giorgi estimates. The important estimates near the Dirichlet part of the boundary
are a variation on the estimates obtained by Stampacchia [Sta2]. (See also the appendix
to Chapter 2 in the book of Kinderlehrer—Stampacchia [KS].) This then gives De Giorgi
estimates on all points in €2 which have positive distance to the complement of the Dirichlet
part of the boundary. Using localization, a bi-Lipschitz transformation and a reflection
argument we deduce Holder continuity near the Neumann part I" of the boundary. Then
Theorem 1.1 follows since Holder continuity is a local property.
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The outline of the paper is as follows: In Section 2 we prove De Giorgi estimates
near the Dirichlet part of the boundary. In Section 3 we revisit the classical Ladyshen-
skaya/Ural’zeva result on Holder continuity and prove Theorem 1.2. In Section 4 we investi-
gate how De Giorgi estimates behave under bi-Lipschitz transformations of the domain and
afterwards establish a reflection principle in this context, while in Section 5 consequences
of this are drawn with respect to points near the Neumann part of the boundary. The
Holder continuity for the solution of the elliptic equation is proved in Section 6. Section 7
contains the Holder bounds for the heat kernel of the corresponding semigroup.

It is well known that certain Morrey and Campanato spaces coincide, with equivalent
norms if the domain satisfies an inner volume condition. Moreover, a Neumann type
Poincaré inequality gives an estimate for the Campanato norm of a function in terms of
the Morrey norm of the gradient of that function. Then a regularity theorem enables
to bootstrap along the scale of Morrey—-Campanato spaces to obtain Holder regularity of
the solution. Unfortunately, our boundary conditions do not give the required Neumann
type Poincaré inequality on the full domain 2. The way around this, is to introduce
pointwise Morrey and Campanato type seminorms. For points near the Dirichlet boundary
we obtain (pointwise) the estimates for the Campanato seminorm on R¢ in terms of the
Morrey seminorm for the gradient on €2, cf. Lemma 3.4. Luckily, the already mentioned
equivalence of the norms on the Morrey and Campanato spaces allows a similar pointwise
estimate for the seminorms, see Lemma 3.1. For the convenience of the reader we give a
proof of Lemma 3.1 in the appendix, with explicit constants.

2 De Giorgi estimates for weak solutions

In this section we prove De Giorgi estimates for weak solutions away from the Neumann
part of the boundary.

Let © C R? be open, A € A(Q) and write L = L. Let u € WY2(Q) and V C Q open.
Recall that we say that Lu = 0 weakly on V if

[A<U,’U) =0 (4)

for all v € C°(V). Then by density (4) is valid for all v € W,*(V).
Let Q C R? be open, T a relatively open subset of 9Q, A € A(Q), ko € (0,1), cpg > 0
and T C Q a set. Then we say that L 4y satisfies (ko, cpg)-De Giorgi estimates on T

if
d—2+2k
/ Val < epe () / Vuf?
Q(z,r) Q(z,R)

forallz € T, 0 <7 < R < 1andu € Wh*(Q) satisfying Lu = 0 weakly on Q(z, R).
Here and in the sequel we set Q(z,7) = QN B(x,r) for all z € R? and r > 0. Note the
dependence on I, since we require that u € WIEQ(Q)

The main aim of this section is to prove the following estimates.

Proposition 2.1. For all i, M, o, > 0 there exist ko € (0,1) and cpg > 0 such that for
every open set Q C R?, relatively open T' C 9 and subset Y C Q satisfying d(T', T) > ¢
and {z € 0Q : d(z,T) < (} is of class (A,) it follows that Lar satisfies (Ko, cpg)-De
Giorgi estimates on Y for all A € A.(Q, p, M).
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The proof of the proposition needs several nontrivial prerequisites and at the end of
this section we prove Proposition 2.1.

In all what follows we exploit repeatedly (without further comment) the following topo-
logical fact: If U,V are open sets in a metric space, then

OUNVYU(UNOV) CAUNV)CoUUIV.

Generally, we frequently need the following lemma.

Lemma 2.2. Let p € (1,00), let Q C R be open and let T' be a relatively open subset of
9Q. Moreover, let u € WP (Q).

(a)  If u is real valued and k € [0,00), then (u— k)T € WpP(Q). If§ >0, then u A6 €
WpP(Q).

(b)  Let zg € Q and R > 0. Suppose that B(zo, R) NT' = 0. Define ii: B(xo, R) — C by

u(z) if x € Q(xg, R),

(@){e) = { 0 ifze Blu, R)\Q. )

Then @ € WhP(B(xg, R)).

(¢) Let zg € 9Q and R > 0. Suppose that B(xzg, R) NT' = 0. Let n € C>(B(xo, R)).
Then nu € W, (Q(zo, R)).

(d)  Let U C R® be open and define A :=QNU. Set A:=(0Q\T)NU. Then A C OA
and ANT = (. Moreover, u|s € ng\A(A).

(e) Let zg € O and R > 0. Suppose that B(xg, R) NT = 0 and |B(zo, R) \ ©| > 0.
Then essinfo, ry |u| = 0.

Proof. ‘(a)’. Let k € [0,00). Let w € C°(R, R) and suppose that suppw N (0Q\T') = (.
Then (w — k)™ € WH(Q) and supp((w — k)*) N (0Q\T) = 0. Let 7 € C(Q, R) and
suppose that [7 = 1. For all n € N define 7,, € C*(R?) by 7,(z) = nr(nxz). Then
lim7, * ((w—k)") = (w — k)" in WH(R?). But (7, * (w — k)7))|g € CF(Q) if n € N
is large enough. So (w|q — k)T € WprP(Q). Hence (u — k)t € WAP(Q) for all real valued
u € Cr(Q). Finally, it follows from [MM] that the map u — (u — k)" is continuous
from WP(Q, R) into W'?(Q) and the first Statement of (a) follows. If 6 € [0,00) then
U =u— (u—08)*"eWr(Q).

‘(b)’. Let w € C®(RY) be such that suppw N (92 \ T') = @ and consider u = wlq.
Since B(xg, R) NT = () it follows that suppw N 92 N B(xg, R) = (. Hence there exists
an open U C R? such that 92 N B(zo, R) C U and suppw N U = @. Then u(x) = w(x)
for all z € B(xo, R) N U. In particular @ € C*(B(zo, R)) and obviously ||@||w1.»(B(w,r) =
|lwllwre@wo,r))- The rest follows by density.

‘(¢)’. Let w € C*(R?) and suppose that suppw N (9Q \ T) = 0. Then 7 (w|q) =

(N w)|ao,r)- Since

000, R) C 9B (0, R) U (B(xo, RN aﬂ) C OB(w, R) U (Q\ T)



it follows that (nw)|og.r € C(Q(zo, R)) C Wy (Q(wo, R)). So nu € Wy (Q(wo, R))
for all w € C2(Q). Then the statement follows by continuity of the map u — nu from
WP (Q) into WP(Q(xg, R)).

‘(d)”. Observe that (0Q\I')NU C 9QNU C OA. Since OA is closed, this gives A C OA.
On the other hand,

A=0Q\T)NU C 9Q\T = 0Q\T,

since 9\ T' is closed. Hence if u € CR°(12), then the restriction u[y € Cg{\A(A). Thus the
restriction operator from € to A is continuous from Wy () into Walf\ AA).
‘(e)’. We may assume that v is real valued. Let 6 = essinfycqaq,r) |u(z)|. Set v = |u|Ad.

Then v € WpP(Q) by Statement (a). Let 9 be the extension of v to B(zo, R) which is given
by (5). Since |B(zo, R) \ 2| > 0 by assumption, there exists by Theorem 4.4.2 in [Zie] a
¢ > 0 such that ||v||z,(Bo,r) < cl|VV||L,(B(zo,r))- Hence

8 |0, R)|MP < [0l w0, r)) = [10/lLyBo.m) < €IV L, 50R)) = V0l Ly(62w0,8) = O-
So 0 = 0. []
We continue with Caccioppoli inequalities.

Lemma 2.3. Let Q C R? be open and let T' be a relatively open subset of Q. Let jui, M > 0
and A € A(Q, p, M). Then

D — P
/ww)'w(“‘k) P < o /Q(M)K By

for all 1y € 00, 0 < r < R < 00, k € [0,00) and real valued u € Wp*(Q) such that
B(xo, R)NT =0 and Lu = 0 weakly on Q(zq, R), where by = 16M? 2.

Proof. Let n € C2(R?) be such that 0 < n < 1, n|pues» = 1, suppn C B(zg, R)
and |[Vnllse < 7%. Then v = 9? (u — k)™ € Wy (Q(zo, R)) by Lemma 2.2. Note that
O((u—k)T) =1y Ou for all I € {1,...,d}. Therefore

0:/ a;; (O;u) O;v
QWR)Z ; (D5u) 9,

— /Q( o Zaij (Ou) m? 0;((u — k) ™) +2/Q( Z%. (ndsu) (u — k)t oy

zo,R)

:/m IACCEDRIEICEDY

=3 Y o= (=K o



So

" / INACEDN!

< Re Qg5 61 U—]{?+ 28]‘ U—k+
< /QW)Z (Ol (u— B)")) 72 0y (u — k)H)

< [ S e a0 k) o

<on( [ tennn) *( [ o)

Hence
[ W=nnE< [ VP
Q(zo,r) Q(z0,R)
4M?
B[ lw-nr
2 Q(zo,R)
16M2 1
o | [ — k)2
1w (R =7) Jog,r)\awo.r)
as required. -

Set # = 1+ (44 2)"/? > 1. Then > — 0 — 2 = 0. If u € W"2(Q) is real valued, z € €,
€ (0,00), then we define

A(k,R) ={z € Qx0, R) : u(x) > k}.

In the notation of A(k, R) we deleted the dependence of the function u and the point x,
since it will not give any confusion.

Proposition 2.4. For all M, i > 0 there exists a by > 0 such that

12 (6-1)/2
esssup u(z) < k+ by <R_d/ lu — k:|2) <R_d|A(k‘, R)|>
A(k,R)

2€Q(z0,R/2)

uniformly for every open set Q C RY, relatively open subset T' of 02, A € A.(Q, u, M),
xg € 002, R € (0,1], k € [0,00) and real-valued u € WI}2(Q) such that B(xg, R)NT =0
and Lu = 0 weakly on Q(zo, R).

Proof. The proof is almost the same as the proof of Lemma 8.12 and Proposition 8.13 in
[GMO3)].

For all 0 < r < R < oo there exists an 7,z € C°(R?) such that 0 < 5,z < 1,
k| Bwor) = 1, suppnyr C B(zo, R) and ||V, gl < 7% Let by be as in Lemma 2.3.
Let A € A(, p, M), T a relatively open subset of 99, S € (0,1] and u € W+*(Q) be a

real-valued function such that B(zo,S) NT = () and Lu = 0 weakly on Q(xq,S). Then
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forall 0 < r < R < S and k € [0,00) one deduces from the Caccioppoli inequality of
Lemma 2.3 that

/' rvmﬂwmmw—kwn2s2/' Vel | (1 — k)Y
Q(z0,(r+R)/2)

Q(zo,(r+R)/2)

+2/’ oyl [V (= BYF)P
Q(zo,(r+R)/2)

32+ 8b
<ot [ qw-wr
(R =71)% Jawe.r)

Next, by the Sobolev inequality there exists a b > 0 such that

(d—2)/d
(/ |’U|2d/(d_2)) Sb/ ‘V’U|2—|—b/ |’U|2 (6)
Rd Rd Rd

uniformly for all v € W?(R?). It is a consequence of Lemma 2.2 that 7, -+ g2 (u— k)" €
W, (Q(wo, R)). Let v be the extension by 0 of the function 7,1 g)2 (u — k)* to R? and
use (6). Then

(d—2)/d
(/ |(u _ k)+|2d/(d—2))
Q(zo,r)

(d-2)/d
s(/ |m@%WW—kﬁWM*Q
Q(zo,(r—i-R)/Z)

gb/ |Vv]2+b/ v
R4 R4

2 Ve = P+ [ ol — 1) P
Q(zo,(r+R)/2) Q(zo,(r+R)/2)

32+ 8b +1
el (RN
(R—7) Q(z0,R)

The Holder inequality gives

(d—2)/d
/ |(u o k>+|2 < (/ |(u . k‘)+|2d/(d_2) |A(k‘,R)|2/d,
Q(zo,r) Q(zo,7)
Hence

32+ 8b 1
/ m—kﬁ—/‘ |w—kﬁfgb—i—i%—mewW{/ u— k.
A(k,r) Q(z0,7) (R—7) A(k,R)

This inequality can be iterated as in the proof of Proposition 8.13 in [GMO05] and the
proposition follows with by = 249/22(d0+2)6/(20=2) (p (32 + 8b; + 1))%/4. O

Corollary 2.5. For all u, M > 0 there exists a bs > 0 such that

1/2
esssup |u(z)| < bs (R_d/ \u|2)
z€Q(x0,R/2) Q(zo,R)

uniformly for every open set Q C R%, relatively open subset I' of 0, A € A.(Q, u, M),
2o € 09, R € (0,1] and real-valued u € WY*(Q) such that B(zq, R)NT =0 and Lu = 0
weakly on Q(xg, R).

11



Proof. Let by be as in Proposition 2.4. Then it follows from Proposition 2.4 applied with
k = 0 that

1/2 (0-1)/2
esssup u(z) < by (R—d / |u|2) (R‘d|B(x0,R)|>
Q(z0,R)

z€Q(z0,R/2)
1/2
< by w((f—lm (Rd/ ]u|2> .
Q(JTO,R)

The same estimate is valid for —u instead of v and the corollary follows. O

We next need a Dirichlet-type Poincaré inequality and a Poincaré—Sobolev inequality.
In both cases we need that a relevant part of the boundary of € is of class (A,).

Proposition 2.6. Let o > 0. Then there exist cp,cs > 0 such that

P
/ lul* < ep 7"2/ |Vul>  and rd/ lulP < cg rd/ r|Vu|
Q(zo,r) Q(zo,r) Q(zo,r) Q(zo,r)

for every open set Q C R® and relatively open subset T' of 99, all r € (0,1], xo € OQ and
w e W) such that B(zo,7) NT =0 and {x} is of class (A,), where 1 = % + 1.

Proof. Without loss of generality we may assume xy = 0. By the Sobolev embedding
theorem one has WH'(B(0,1)) Cc L,(B(0,1)) and the inclusion map is continuous. Let
c1 > 0 be such that ||v]|r,Bo1) < i |lvllwriseay for all v € WH(B(0,1)). By the
Poincaré inequality in [Zie] Theorem 4.4.2 there exists a c; > 0 such that |[v||z,(B,1)) <
¢ |Vl Ly oy for all v € WH(B(0,1)) such that there exists a measurable E C B(0, 1)
with |E| > a|B(0,1)| and [, v =0. Then

||UH]2P(B(0,1)) < ||U||%/1,1(3(071)) <a(l+e) ||VU||I£1(B(071))

for all such v. Hence by scaling
—d D <21 o[ —d P
= olly, oy < a ) (v lIr Vol sorn)

for all 7 € (0,00) and v € WH(B(0,7)) such that there exists a measurable £ C B(0,r)
with |[E| > «a|B(0,7)| and [,v = 0. Finally, let r € (0,1], u € W?(Q) and suppose that
B(0,7) NT = 0. Let v be the extension by zero of u|g(,) to an element of W'?(B(0,r)),
which exists by Lemma 2.2(b). Let E = B(0,7) \ Q(0,7). Then [,v = 0 and |E| >
a|B(0,7)]. So

_ _ . p
Pl a0y = T I 0y < & (L e (Kl VolLyson)
p

=&+ o) (I Valneon )

This gives the second inequality.
The first inequality can be proved by the same scaling argument and again an applica-
tion of Poincaré’s inequality. O
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Lemma 2.7. There exists a 3 > 0 such that for all p, M, > 0 there exists a by > 0 such
that

R4 A(k,,R)| < byn™"

uniformly for all open Q C RY and relatively open subset T' of 09, all A € A.(Q, u, M),
20 € 9Q, R € (0,1/4], n € Ny and real-valued u € Wy (Q) such that B(zo, 4R) N T = (),
the set {zo} is of class (A,) and Lu = 0 weakly on Q(xy,4R), where

k, = esssup u(y) — 2_(”“)( esssup u(y) — essinf u(y))
yeQ(z0,2R) yEQ(x0,2R) yEQ(z0,2R)

Proof. First note that the essential suprema and infima are finite by Corollary 2.5. Sec-
ondly, if essSup ¢ gy, 2r) U(Y) = essinfye iy 2r) u(y) then [A(k,, R)| = 0 and the lemma is
trivial. So we may assume that esssup,cp ., 2r) 4(y) # essinfyep,2r) u(y).

Let h >k >ko. Set v=uAh—uAk Thenv=(u—k)" — (u—h)" €W Q) by
Lemma 2.2(a).

Fix p € (1,00) such that 1 = 11—) + é. Let ¢s > 0 be as in Proposition 2.6. Using the
definition of v one then deduces that

|h — k[” R~ A(h, R)|

_ R—d/ of? < R‘d/ o]
A(h,R) Q(z0,R)

p p
<es(me [ mwl) =es(me (R [Vu))
Q(z0,R) A(k,R)\A(h,R)

- CS((Rd |A(k, R)\A(h, R)\)I/2 <Rd/A (R !Vu!)g)l/z)p

(k,R)\A(h,R)

< cs<Rd]A(k,R)\A(h,R)]>p/2 <Rd/A RQIVulz)p/Q, (7)

(k,R)

where we have used the Cauchy—Schwarz inequality. But by the Caccioppoli inequality,
Lemma 2.3, one estimates

R-d/ R?|Vul* = R—d/ R*|V((u—k)")?
A(k,R) Q(z0,R)

<b R [(u— k)t
Q(xQ,QR)

<b R™ /Q( o ((M(2R) — k)T|* < bywa 24 (M (2R) — k)?,

where M(2R) = essSup,cqz,2r) ¥(y) and by is as in Lemma 2.3. Together with (7) this
gives
2

h— k:\2<R‘d Ak, R)|)7 <V R*|A(k, R)\A(h, R)| |[M(2R) — k

where v = 2/p and V' = 2%} by wy. Next apply these estimates with h = k; and k = k;_q,
where 7 € IN. Then

(R 1Ak, R)T) < 4 B (A, R)| = Ak B)]).
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where we used that esssup,ec gy, 2r) U(y) # essinfyep(z, 2r) u(y). Thus one obtains
T e v
n(R A B)) <3 (R Ak R)))
i=1
< 4 R (| Ako, )| — | Ak, )] )
< 40 R A(ko, R)| < 4b wq
for all n € IN, where we have used |A(ko, R)| < |B(zg, R)| < wq R%. Therefore
R |A(kn, R)| < (46 wq)’ n™”
with § = 1/~ and the proof of the lemma is complete. O

If 20 € Q, r > 0 and u: Q(z¢,7) — R is a bounded function, then we define the
oscillation of u on Q(xg,r) by

0SCyz, (1) = esssup u(y) — essinf wu(y).
y€Q(xo,r) yeQ(xo,7)

Note that one always has 08Cyq,(r) < 2esssupg, . |ul. In case of B(zg,r) NI = 0
and |B(zo,7) \ €[ > 0 one can easily deduce from Lemma 2.2(e) that esssupg,, ) |u] <
0SCy zo (1), which we need in the proof of Proposition 2.9.

Proposition 2.8. For all u, M, > 0 there exists a ko € (0,1) such that
T\ Ko
0SCy 0 (1) < 4 (E) 0SCy 2 (R/2)

uniformly for every open set Q C R and relatively open subset ' of 02, all A € A.(Q, p, M),
zo € 0Q, R € (0,1], 7 € (0, R/2] and real valued u € Wr*(Q) such that B(xo, R)NT = 0,
the set {xo} is of class (Ay) and Lu = 0 weakly on Q(xq, R).

Proof. Let by, by and (3 be as in Proposition 2.4 and Lemma 2.7. For all € (0, R/2] define

m(r) = essinf u(y) and M(r) = esssup u(y).
yeQ(zo,m) y€Q(zo,r)
Now suppose r € (0, R/4]. Set ko = %(M(2r)—|—m(2r)). Replacing u by —u if necessary, we

may assume that ko > 0. Next, for alln € IN we set k,, = M (2r)—2~("+D (M(Qr) —m(2r)>.
Then it follows from Proposition 2.4 that

(6-1)/2

Mwmsm+@cﬁl IMM—m@mO”M%mm

(kn.7)

< ki + bywl? (M(Qr) B kn> (b n=%)(@-1)/2

uniformly for all n € IN, where Lemma 2.7 is used in the last inequality. Next fix N € IN
such that
bywy® (b N9 O-D/2 < L,
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Note that N depends only on p, M and «. Then
M(r/2) < M(2r) — 2+ (M(Qr) - m(ZT)) 49 +2) (M(?r) - m(QT))
= M(2r) — 2~ (VD) (M(Qr) - m(27“)).

Hence

M(r/2) = m(r/2) < M(2r) = m(2r) — 2~ (M(2r) = m(2r))

= (12702 (M(2r) = m(21)).

This is valid for all » € (0, R/4]. Therefore one deduces by induction that

M2~ D) —p(27Co+ Dy < (1 — 2_(N+2))"(M(r/2) - m(r/2))
for all n € INy and

M(r) — m(r) < 40 (%) (M(R/2) - m(R/2)

for all r € (0, R/2], where ko = —(21log2) ' log(1 — 2= V+2)) > (. O

Another consequence of Proposition 2.8 are De Giorgi estimates.

Proposition 2.9. For all u, M, «,( > 0 there exist ko € (0,1) and cpg > 0 such that

d—2+2k
/ Val? < epe () / IV
Q(zo,r) Q(z0,R)

uniformly for every open set Q C R and relatively open subsetT' of 02, all A € A.(Q, p, M),
2o €00, 0<r<R<1anduc WH*(Q) such that B(xo,() N T = 0, the set {xy} is of
class (Ay) and Lu = 0 weakly on Q(xq, R).

Proof. Let b; and b3 be as in Lemma 2.3 and Corollary 2.5. Let ko € (0,1) be as in
Proposition 2.8.

Without loss of generality we may assume that ( < 1. Fix u € WFIQ(Q) and xg € 0f2.
Suppose that B(xq, ()NT = 0, the set {x¢} is of class (A,) and Lu = 0 weakly on Q(xq, ().
Since A is a real operator, it suffices to prove the inequality for real-valued w.

It follows from Lemma 2.2(e) that m(r) < 0 < M(r) for all » € (0,(] and hence

lu(y)] < |M(r) —m(r)| for almost all y € Q(xg,r). Let R € (0,¢] and r € (0, R/4]. Apply
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Lemma 2.3 to the function v and —u. Then

/ |Vul? < b 7”_2/ |u)?
Q(zo,r) Q(z0,2r)

< b r‘z/ \oscu,xo(Qr)|2
Q(zo,2r)

< 16by wq (2r)%2 (%) e (OSCWO(R/ 2)>2

2
< 16by wq (2r) 202 R2r0 <2 ess sup ]u(y)])
yEQ(w0,12/2)

< 64b1 b?)) Wy <2T>d+21€072R7(d+2/€0) / |’LL|2
Q(z0,R)

d+2ko—2
S 64b1 b% Wq Cp 2d+250_2 <£> ' / |VU|2,
R Q(zo,R)

where we have used the Dirichlet-type Poincaré inequality of Proposition 2.6 in the last
step. ]

Corollary 2.10. For all pu, M, o, > 0 there exist kg € (0,1) and cpg > 0 such that

d—2+2k
[z (5) [ v
Q(zo,r) Q(z0,R)

uniformly for every open set Q C R and relatively open subset I' of 09, every subset
T C IQ satisfying d(I',Y) > ¢ and the set T is of class (A,), all A € A.(Q,p, M),
20 €Y, 0<r <R<1 anduec WE*(Q) such that Lu = 0 weakly on Q(xo, R).

We also need interior De Giorgi estimates.

Proposition 2.11. For all u, M > 0 there exist ko € (0,1) and cpg > 0 such that

d—2+2k
[k e (5) [ o 0
Q(z,r) Q(z,R)

uniformly for every open set @ C R4, A € A (Qu,M), 2 € Q, 0<r < R<1 and
u € WY(B(z, R)) such that B(z, R) C Q and Lu = 0 weakly on B(z, R).

Proof. This is the basic inequality of De Giorgi. See for example (8.12) in [GM05]. [

Knowing De Giorgi estimates for points on T C 0f2 one can deduce De Giorgi estimates
for interior points away from 0\ T. The next proof is inspired by Step 4 in the proof of
Theorem 5.19 in [GMO5].

Proof of Proposition 2.1. Without loss of generality we may assume that ( < 1. Let
To={z€0Q:d(z,T) <5}

Then d(I", To) > % and the set T is of class (A,).
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By Corollary 2.10 there exist cpe > 1 and ko € (0, 1) such that L, satisfies (ko, cpg)-
De Giorgi estimates on Y for all A € A,(Q, u, M). Without loss of generality we may
assume that (8) is valid for all A € A, (Q,u, M), x € Q, 0 <r < R < 1and u €
W'2(B(z, R)) such that B(z, R) C Q and Lu = 0 weakly on B(x, R).

Let z € T, 0<r<R<1and A€ A, (Q,pu, M). First assume that 4r < R < 2(. Let
u € WF12(Q) and suppose that Lu = 0 weakly on Q(z, R). Set p = d(z,00).

Case 1. Suppose R/4 < p.

Then B(z, R/4) C © and

d—2+2k d—242kK
[ovar<ene () [ P atea (5) [ vl
Q(z,r) R/4 Q(z,R/4) R Q(z,R)

by (8).

Case 2. Suppose r < p < R/4.
Let zy € 09 be such that |v — 29| = p. Then |z — x| = p < R/4 < §. Since z € T it
follows that xy € Y. Moreover, B(z, p) C Q(xo,2p). Hence by Corollary 2.10 applied to
Ty it follows that

| v < e (4
Q(z,r) P

d—2+2f$0( 2p )d—2+2l{0/ |v |2
e u
R/2 Q(w0,R/2)

d—24-2kK
L) 0 / ’ vu | 2
R Q(z,R)

as required.
Case 3. Suppose p <r < R/4.
As in Case 2, there exists an zq € T such that |x —xg| = p. Then Q(z,7) C Q(xg,2r) and

[ovars [ v
Q(z,r) Q(z0,2r)
9\ d—2+2r0
< ¢pG (—T ) / |Vul?
R/2 Q(z0,R/2)

d—2+42kK
< 44 Cpa (£> 0/ |Vu]2
R Q(z,R)

So L r satisfies (Ko, ¢ )-De Giorgi estimates on T, where ¢, = SdC%G ¢ 0

as required.
The De Giorgi estimates will be used in the proof of every theorem in this paper.

3 Ladyshenskaya—Ural’zeva revisited

The aim in this section is to provide a proof of the Ladyshenskaya—Ural’zeva theorem,
Theorem 3.14.1 in [LU], with the classical Holder spaces, that is Theorem 1.2. For good
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Holder estimates we use a variation of Morrey and Campanato spaces. We modify the
definition of Morrey and Campanato space from [Gia] in two ways. First, we change the
range of the radius for the balls from diam(2) to a to be determined endpoint R., where
R. € (0,1]. Secondly, we consider pointwise estimates and are not interested in the global
spaces.

For all v € [0,d], R. € (0,1] and x € Q define | - | ar,2,0,8. : L2(2) — [0, 00] by

- 2\ 1/2
fullsonon = s (r [ )"
r€(0,Re] Q(z,r)

Then the Morrey space M, () is defined by M, (Q2) = {u € Lao(Q) : sup,eq [|tl|amqy,001 <
oo}. The space M, (2) is a Banach space under the natural norm.
Next, for all v € [0,d+2], R. € (0,1] and = € Q define ||| - ||| myz.0.r. : L2(2) — [0, 00]
by
- S\ 12
ellsionon = sw (77 [ fu= o)
r€(0,Re] Q(z,r)

where for an Ly function v we denote by (v)p = ﬁ J,, v the average of v over a bounded

measurable subset D of the domain of u with |D| > 0. Define the Campanato space

M, (Q) by M, () ={u € Ly(Q) : sup,eq |||ul||myz01 < 00} Then M., () is a Banach
2

1
space with the norm u — <||u||2L2(Q) +SUp,cn ]||u|||3wwﬂl) . If no confusion is possible,

then we drop the dependence of 2 and write ||u|| a2, = |6l My 208 and |||u||| vy zr. =
[ulllmy.e.0.m.-
For all k € (0,1) define ||| - |||cx): C(2) — [0, 00] by
u(z) = u(y)]
[ulllcx@) = sup PR
z,y€N |z =yl
0<|z—y[<1

Let C(52) = {u € C() : [[ull o) < o0}

It follows from [Gia] Proposition III.1.2 and Theorem III.1.2 that M., (Q) = M, () for
all v € [0,d) and M, (Q) = CO=D/2(Q) N Ly(Q) for all v € (d, d+2) if  satisfies a uniform
interior volume estimate. Moreover, then also the norms on the spaces are equivalent. The
proofs give pointwise estimates, which we need in the sequel. In fact, we do not need the
(global) spaces M, (€2) and M., (Q2) at all. Explicitly, one has the following estimates.

Lemma 3.1.

(a)  Forally €0,d), ¢ >0 and R. € (0, 1] there ezist c1,co > 0 such that

||U’H,%\/l,'y,:r,Re S ||u”?\/[,'y,1’,Re S a1 ||u”.%\/[,'y,a:,Re T+ e / |U|2
Q(z,Re)

for all open Q@ C RY, x € Q, R. € (0,1] and u € Ly(Q) such that |Q(z,r)| > ér? for
all r € (0, Re].

(b)  LetQ C RY be open, v € (d,d+2),¢> 0,z € Q, u e Ly(Q) and R, € (0,1]. Assume
that ||ul| myyz,p. < 00 and |Qz,7)| > ¢r? for all v € (0,R.]. Then limgo(u)a, r)
exists. Write i(x) = limpg|o(u)q@,r). Then

1+d/2
Waowr — G(z)] < 21t/ RO=d)/2 Wl ot
(7 ) yY,T, Ite

T VE(1 = 2-0-d)/2)
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for all R € (0, R,.].
(c) Letye€ (d,d+2) and ¢ > 0. Then there exists a ¢ > 0 such that

 — g2

lia(x) — a(y)| < ¢ (lullmyere + lellaeygr)

for all open Q C RY, z,y € Q, R. € (0,1] and u € Lo(Q) such that ||u||pmq.er. < 00,
lull Mok < 00, |# —y| < Ze and, in addition, |Q(z,r)] > ér® and |y, r)| > ért
for all r € (0, R.], where 4(x) and u(y) are as in (b).

Proof. The proof is as in the proof of [Gia] Proposition I11.1.2 and Theorem II1.1.2. For
the convenience of the reader we included the details in the appendix. O

Note that u(x) = u(z) if w is continuous.

The next proposition is stated in more generality than that we currently need, so that
it can be used again in Section 7 to prove semigroup kernel bounds. The proposition is
a modification of a proposition which appears at many places in the literature ([Mor],
[GMO05] Theorem 5.13, [Aus] Theorem 3.6, [AT] Lemma 1.12, [ERol] Proposition 4.2,
[DER] Proposition A.3.1.)

Proposition 3.2. For all p, M, > 0 and ¢ € (0,1] there exists a ko € (0,1) such that
for all v € [0,d) and § € (0,2] with v+ 6 < d — 2+ 2K there exists an a; > 0, such that
the following is valid.

Let Q C R? be open, let T' be a relatively open subset of O, let T C Q and suppose
that d(I',Y) > ¢ and {z € 09 : d(2,T) < (} is of class (Ay). Let A € A (2, pu, M),
uw e W (Q) and €,€,, ..., €1 € La(Q) be such that

d

Lar(,0) = (§,0) L@ — D (&1 0i0) o) (9)

i=1
for allv € W, *(Q). Then

d
190l ssmec < ar (2 Welamac + D lllumssnac +& 0 Vullye)

i=1
for alle € (0,1] and z € Y.
Proof. By Proposition 2.1 there are cpg > 0 and ko € (0,1) such that L4 satisfies
(Ko, cpe)-De Giorgi estimates on Y for all A € A,(Q, u, M).

Let A€ A(Q p, M), uw € WH2(Q) and €, &,...,& € Ly(Q). Suppose that (9) is valid
for all v € W, *(Q). Let 0 < r < R < ¢ and # € Y. By the Lax-Milgram theorem there
exists a unique v € Wy *(Q(x, R)) such that

Z/ Ra” (Ov) Jgo Z/ ai; (Ou) jcp (10)

i,7=1 i,7=1

for all ¢ € W,2(Q(x, R)). Extend v by zero to a function 9: Q — €. Then o € W,?(1).
Set w = u — #. Then w € W*(Q). Moreover,

d
> / ai; (Oyw) Djep = 0
Q(z,R)

ij=1
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for all p € W, *(Q(x, R)). The De Giorgi inequalities applied to the function w imply

/ Vul? < 2/ |Vw|* + 2/ |Vol|?
Q(z,r) Q(z,r) Q(z,r)

r d—242kKg 9 9
< 2cDG(—) Vwl? + 2 Vo
R Q(z,R) Q(x,r)

P\ d—2+2#0 , )
<depg <—) \Vul|* + (24 4epe) Vol
R O(z,R) O(z,R)

Choose ¢ = v in (10). Then

d d
a;; (Ov) O = / a;; (Oyu) 00
E;lﬁm j0Tr=3 | a3
d —
== Z/aij ((')lu) 317
ij=1"%
d
= Lar(4,0) = (&) pa@) — D (6 00) ().
i=1

Hence, by ellipticity and the Cauchy—Schwarz inequality, one estimates

1/2 1/2
u |wws(/ mﬁ (/ mﬁ
Q(z,R) Q(z,R) Q(z,R)
d

1/2 1/2
n (/ mﬁ) (/ WMﬁ
2 Q(z,R) Q(z,R)

1/2
smmﬁﬂmﬁw(/ mﬁ
Q(z,R)

d 1/2
T Z Hfi“MﬁJré,m,Q,CR(w_é)/z < /Q( : |VU|2) :
z,R

=1

Then the Dirichlet type Poincaré inequality in Theorem V.3.22 in [EE] gives

/ |v|? §4R2/ |Vo|?.
Q(z,R) Q(z,R)

d
2
/Q( | Vo> <p? (23(2_5)/2”5”]\/1,7@,9,4 + Z ||§i||M,7+5,x,Q,C) R
z,R i=1

So

Now we can combine these bounds with (11) to obtain

d—2+42kK
/ |Vul? < 4CDg(%> O/ |Vul?
Q(z,r) Q(z,R)

d
2
+ a0 (2RE2 g + D N€llussmoac) B

i=1
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uniformly for all 0 < » < R < (, where ay = pu (2 + 4cpg). These bounds can be
improved immediately by use of Lemma II1.2.1 of [Gia]. It follows that there exists an
a > 0, depending only on cpg, v+ 0 and kg, such that

1
vuP <o (L) Vul?
R
Q(x,r) Qz,R)

d
2
+ a0 (270 el s + D Ilatssmnc) 777
i=1
uniformly for all z € T, € € (0,1] and 0 < r < R < (&?. Choosing R = ( £ it follows that

[ 19 < a(¢ 0 0 Va0
Q(x,r)

d
2
+ ag (25275"6"M,7,x,ﬂ,< + Z H&HM%&Z,Qg) >r7+5
=1

for all z € T and 0 < r < (2. Alternatively, if (2 < r < ( then
/ |Vu|2 < C—(v+6) (g—(v+6)||vu||L2(Q))2 yy+o
Q(z,r)

and a combination of the last two inequalities completes the proof of the proposition. [l

By the Neumann type Poincaré inequality there exists a ¢y > 0 such that

/ lv — <U>B(x7R)|2 < cy RQ/ \VU|2 (12)
B(z,R)

B(z,R)

uniformly for all + € R? R € (0,00) and v € W'?(B(x, R)). The next lemma is a
Neumann type Poincaré inequality for truncated balls away from I'. Note that the integral
on the left hand side is over a ball in R¢, whilst the integral on the right hand side it is
over a (truncated) ball in €.

Lemma 3.3. Let cy > 0 be as in (12). Let Q C R? be open and I' a relatively open subset
of 0S2. Then

/ i — (@) penl < cn R?/ Vu? (13)
B(z,R) Qz,R)

for every x € Q, R € (0,00) and u € Wr*(Q) such that B(z,R) N T = (), where
@: B(z, R) — C is the extension of u with zero.

Proof. Let z € Q, R € (0,00), u € W*(Q) and suppose that B(z, R) N T' = (. Then
@ € W'?(B(z, R)) by Lemma 2.2(b). Hence

/ |’l] — (ﬂ)B(Z,R)F S CN RQ/ |V7:L|2 =CN RQ/ |VU|2
B(z,R) B(z,R) Q(z,R)

as required. W
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This inequality can be used to deduce a kind of Sobolev embedding for Morrey—
Campanato spaces. We emphasize that the Campanato seminorm in the next lemma
is with respect to R¢, thus not with €.

Lemma 3.4. Let Q C R? be open, T' a relatively open subset of O, u € WI}’Q(Q), x €€,

R. € (0,1] and v € [0,d). Suppose B(x,R.) NT =0. Then

1@l pr2.0mem. < Venw [IVulligeon.
where cy is as in (12) and @: RY — C is the extension by zero of u.
Proof. This follows from (13). O

Now we have enough preparation to prove the Ladyshenskaya—Ural’zeva type result of
Theorem 1.2.

Proof of Theorem 1.2. Without loss of generality we may assume that ( < 1. It follows
from the Holder inequality that

||9||M,d72—j,x,Q,Re < VW ||9”Lp(ﬂ)

for all p € [2,00) and g € L,(Q), € Q and R. € (0,1]. Let ko € (0,1) be as in
Proposition 3.2. We distinguish two cases.

Case 1. Suppose that d > 4.
Observe that d — %d >d—2andd— z—g > d — 4. Choose

2d 2d
=1 min(d—— (d—2),d- 2~ (d—4),%/@0).
q 4o
Then k € (0,1). Choose 6 =2 and v = d — 4 + 2k. Note that v € [0,d) since d > 4. Then
T+ =d—2+2k <d— 2 and || follme0c < 1 follara-21 00.¢ < vall follzg @)
Case 2. Suppose that d € {2, 3}.

Since ¢ > d, there exists a k € (0, ko) such that d — 242k < d — %d and Kk < % Moreover,
d—z—g > 0. Choose vy =0and 6 =d—2+2k. Then 6 € (0,2}, y+0 =d— 2+ 2x and
||f0HMm:v,Q,C < ”fOHM,dfi—d,x,Q,C < V/Wd HfOHLqO(Q)'

0

In both cases, let a; > 0 be as in Proposition 3.2 and choose ¢ = 1. Let u € WF12(Q)
and suppose that Lu = fy — div f weakly on 2. Let x € Y. Then

d
IVulsra2szneac < a1 (Mollarmmas + D0 Ifillana-2amma + 1Vl )
=1

< a1 v&a (oo + 1 lyope + [ Vullzae))

by Proposition 3.2. So

||a||./\/l,d+2n,:p,]Rd,C < a VEN Wq (Hfo”LqO(Q) + Hf”Lq(Q)d + ||VU||L2(Q))
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by Lemma 3.4, where @: R? — C is the extension by zero of u. Hence

1 21+d/2 ~ B
)] £ = T € Nillanames + sl
21+d/2 1/
< o Ve (ol @ + 1l + IVl ) + @a €)™ fullzagen

by Lemma 3.1(b) and u|y is bounded. Finally, let y € T and suppose that |z —y| < §. By
Lemma 3.1(c) there exists a ¢ > 0, depending only on  (and d) such that

0(2) = (@) < (1l ssanmos + 18l sagrse) 12 = o
< 201 ¢ yan 7 (I foll o) + 1o + 190l I = 91"

The proof of Theorem 1.2 is complete. O]

4 Transformations

In this section we prove two transformation lemmas for Sobolev spaces and second-order
differential equations with boundary conditions. The first is the transformation under a
bi-Lipschitz map, the second is an even reflection. We will use them to transfer De Giorgi
estimates near the Dirichlet part of the boundary to another type of De Giorgi estimates
near the Neumann part of the boundary. We first introduce the appropriate version of De
Giorgi estimates near the Neumann part of the boundary.

The space WFIQ(Q) is defined relative to the Neumann part I' of the boundary. It is
convenient to have a counter part with respect to the Dirichlet part, in order to avoid many
complements. Let 2 C R? be open and A a closed subset of 9. Then define

W3%(0) = W33 ().

Let Q C R¢ be open, T a relatively open subset of 992, A a closed subset of 992, A € A(£),
Ko € (0,1), cpg > 0and T C Q a set. Then we say that L4 satisfies (kg, cpg)-De Giorgi
estimates on T for functions vanishing on A and Neumann boundary conditions

d—24-2kK
/ Vul? < epg (1) / |Vl
Q(z,r) Q(z,R)

forallz e T, 0<r<R<landuc€ Wiz(Q) satisfying

on [ if

d

> [ @ =0 (14)
ij=1 Q(z,R)
for all v € WI}é’R)(Q(x, R)). Here (and below) we write I'(z, R) = I' N B(z, R).

Remark 4.1.

(a)  The phrase ‘vanishing on A’ is related to the condition u € /Wv/ig(Q), which implies
u|a = 0 in the sense of trace (if the latter exists).
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(b)  The phrase ‘Neumann conditions’ is motivated by the fact that the right hand side in
(14) is zero, and hence an element of L?. Therefore a (generalized) Gauss’ theorem
provides v - AVu = 0 on I'(z, R). This gives a (generalized) Neumann condition on
the corresponding part of I', cf. [Cia, Chapter 1.2] or [GGZ, Chapter 11.2]).

(¢) The cases A = () and/or T' = () are explicitly allowed (and will appear in the sequel).
We rephrase Proposition 2.1.

Proposition 4.2. For all i, M, o, > 0 there exist ko € (0,1) and cpg > 0 such that for
every open set Q0 and subset Y C Q satisfying A = {z € 0Q : d(z,Y) < (} is of class
(A,) it follows that for all A € A.(Q2, u, M) the operator L4 satisfies (Ko, cpg)-De Giorgi
estimates on Y for functions vanishing on A and Neumann boundary conditions on ().

Proof. Apply Proposition 2.1 with ¢ replaced by % and ' ={z€00:d(z,7T) > g} O
Our first transformation is for bi-Lipschitz maps.

Proposition 4.3. Let Q; and Qs be two open subsets of R? and ¢: Q1 — Qs a bi-Lipschitz
map. Let K > 1 be such that K is larger than both the Lipschitz constant for ¢ and ¢~ *.
Assume that ¢ admits an extension, also denoted by ¢, to an open neighbourhood of Qy
that is again bi-Lipschitz. Let 'y C 0 be a relatively open set and define I'y = ¢(I'y)
Finally, for every measurable u: Q; — C define du: Qy — C by du = uo ¢p~'. Then the
following is valid.

(a) Ifp € (1,00), then the restriction of ® to the space WI};p(Ql) induces a linear,
topological isomorphism from Wy () onto Wi (Qs).

b)  Let u, M >0 and A € A(Qq, 1, M). Define A?: Qy — C>?
( ft [t y

A%(y) , (D)6~ () A6 () (Do) (672 (y)),  (15)

1
[ det(Do)(671 ()
where D¢ denotes the derivative of ¢ and det(D¢) the corresponding determinant.
Then A? € A(Qy, (d! K¥2)71y, d! K42 M). In addition, one has

(a(u,v) = [46(Pu, Dv) (16)

for all u,v € W;f(ﬂl).

() Let Ay C 09 be a closed set. Let Y1 C Qi be a set and define Ay = ¢(Ay) and
Ty = ¢(T1). Moreover, let A € A(S), ko € (0,1) and cpe > 0. Suppose that the
operator Ly satisfies (Ko, cpa)-De Giorgi estimates on Ty for functions vanishing
on Ay and Neumann boundary conditions on I'y. Then the operator Lys satisfies
(Ko, Cpe)-De Giorgi estimates on Yo for functions vanishing on Ay and Neumann
boundary conditions on Ty, where cpg = d* K4 cpg + cpe K22

Proof. The proof of (a) is contained in [GGKR, Theorem 2.10)]. Statement (b) is well
known, see [HKR] Proposition 16 for an explicit verification or [AT, Section 0.8]. For the
bi-Lipschitz ¢ the derivative D¢ and its inverse (D¢)~! are essentially bounded by K (see
[EG, Section 3.1]).
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For the proof of Statement (c) first note that K= |z — y| < |¢(z) — ¢(y)| < K |z — y|
for all =,y € ;. Hence

Qo(p(x), K1) C ¢((z,7)) C Q(¢(x), K1)

for all z € ©Q, and r > 0.
If V C  is an open set, then it follows by a change of variables that

/ [V(wo ) < (d K?) KQ/ [Vwl|?
v o(V)
for all w € C(R?). Hence by density
/ V(uog)]* < (dK?) KQ/ Vul?
1% (V)
for all u € Wif(Qz)
Let y € To, R€ (0,1] and u € ng(Qg) Suppose that
d —
> / (A?)ij (9u) Bjv = 0
i,j=1 Q2(y,R)
for all v € W2 - (Qu(y, R)). Then uo ¢ € Wif(@l) and

T2(y,R)

d
>/ iy (D4(u0 ) By = 0
(¢ (y), K~ R)

4,j=1

for all v € W2

Fl((b,l(y)’K,lR)(Ql(gzb_l(y),K‘l R)) by (16). So if r € (0, R] then

r

9 d—242kKg 9
/ Vool <ene () [ V(wo g
(¢~ (y), K1) (o~ (y), K~ R)

Therefore

/ |Vul* < d! Kd+2/ IV (uo ¢)|?
QQ(y7K72 T) Q (¢71(y)7K71T)

r

< d' . Kd+2 T d—242kq |v( . )|2
S d:Cpa R uo ¢
(¢~ 1(y),K~1 R)

d—2+42kK
S (d‘ Kd+2)QCDG <L) 0/ |VU|2
R Q2(y7R)

Now Statement (c) follows easily. O

We next need a simple mirror argument. Let m;: RY — R be the projection onto the
last coordinate.

Proposition 4.4. Define the linear map ¢: R* — R by ¢(y1, ..., ya) = (W1, s Ya—1, —Yd)-
Let Q C {z € RY: my(z) < 0} be open. Let ¥ C 0NN {x € R : my(x) = 0} be a non-empty
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set which is open in 0. Let A C 00\ X be a closed set and define A = A U ¢(A).
Moreover, set
N=QUXUN).

For every u € W12(Q) define u: 0O—-R by

u(y) ify € Q,
ay) =9 (Tru)(y) ify e,
u(o(y)) if ly) € Q.

Further, for all A: Q — C™? define A: Q — Qxd by

A(y) ify € Q,
Aly) =14 I ifyes,
SAB(Y) ¢ if y € HQ).

(Note that ¢ is a linear, symmetric, idempotent map.)
Then one has the following.

(a)  The set Q is open. In particular, the points in ¥ are inner points of Q.
(b) A is closed.

(¢) Ifu,M >0 and A A(Q,pu, M), thenA\EA(ﬁ,u,M).

(d)  Ifu e WH(Q), then it € WH(Q) and ||y, = 2llullwi2@).

(e) Ifu € WA*Q), then i € WE*(Q).

(f)

Let 2 € Q, R > 0 and u € W(}’Q(Q(x,R)). Eztend w by zero to an element @ €
W2(RY). Then ulge,r) € Wé’(QLR)(Q(az, R)) and U|y,r)) € WééR)(qﬁ(Q(m, R))).

(g) Let Ae A(Q), ko € (0,1) and cpg > 0. Let T C Q be a set. Suppose the operator
L3 satisfies (ko, cpa)-De Giorgi estimates on Y for functions vanishing on A and
Neumann boundary conditions on . Then the operator La satisfies (Ko, 2¢pg)-De
Giorgi estimates on Y N Q for functions vanishing on A and Neumann boundary
conditions on .

Proof. ‘(a)’. Let 2y € ¥. Since ¥ is open in 0f2 there exists an r > 0 such that B(xg,r)N
0 C 3. Then the connected set B(zg,7) N [rg < 0] is the disjoint union of the open sets
B(xo,7) N [rg < 0]NQ and B(zo,7) N [rg < 00N Q. So B(zo,7) N [rg < 0] € Q. Then
B(zo,7) N [7g = 0] € Q\ Q= 099. So B(zg,r)N[rg = 0] C B(wg,7)NIN C B. Now it is
easy to see that B(zg,r) C Q.

Statements (b) and (c) are trivial.

‘(d)’. Primarily, one has to show the weak differentiability of the extended function.
This is a local property and is, hence, achieved by the classical reflection argument [Giu,
Lemma 3.4]. The equality [|a|y12@) = 2[[ullwr2o) is obvious.

‘(e)’. Let w € C®(R?). Define the function w by

oly) = { w(y) if y4 <0,
w(P(y)) if ya > 0.
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Suppose suppw NA = ) and set u := w|q. Then, on the one hand, & = w|g. On the other
hand, suppw N A = () implies supp w N A = 0. Hence, for all € > 0, one finds a suitable
mollifier y such that supp(y * w) N A = () and, in addition, |0 — X * 0|l pr2raey < €. This
gives |4 — (x * 0)|gllyr2@) < [0 — x * @|lwr2@ey < e Now the statement follows from

(d).
‘(f). Consider first u € C>°(Q(x, R)). Extending such u by zero to all of R%, one obtains
a function @ € C>°(R%). Moreover, simple geometric considerations show that supp i C

QE:,\R), where Qm) = Q(z, R) U ¢(Qz, R)) UX((z, R). Therefore the restriction w :=
ﬂ|9ﬁ) € C=(Q(z, R)). Hence, the claim for u € C*(Q(z, R)) is proved if we can show

that w € CEO(Q(/I‘-,\R)) implies
w’Q(mJ{) S Wé’(iR)(Q($,R)) and w|¢(Q(x7R)) € W;’(iR)((b(Q(x, R))) (17)
In order to prove the first statement in (17) it suffices to show
suppw N O((z, R)) C X(x, R); (18)

namely this implies
suppw NI(Q(z, R)) \ X(x, R) = 0,

therefore wlo,r) € O, gy (2, R)) C W;é »(Q(z, R)). Let us show (18). One clearly
has

—

Qz,R) = Q(x, R) N[y < 0]

and, consequently,

d(Q(z, R)) C (m@,\}z) N [ra < 0]) Ulrg = 0] = (aﬁ(x, R)N [y < 0]) U [ra = 0].

But suppw N (8@(95,}%) N [mg < 0]) = () and suppw N [rg = 0] C X(x, R), what proves
(18). In order to show the second statement in (17), one considers the function w o ¢ and

proceeds as before. For general u € W, 2(Q(x, R)) the statement follows by density.
(g). Letz € TNQ,0<r<R<1,uc Wé’Q(Q) and suppose that

Z/ a;; (Ou) Ov =0 (19)
ij=1 Q(z,R)
for all v € Wé’(i,R)(Q(x, R)). Then u € Wé’Q(ﬁ), thanks to Statement (e).

Let v € W&’Q(ﬁ(x, R)). Then v|q@,r) € Wé’é’R)(Q(x, R)) by Statement (f), so

d
>/ iy (0:) By = 0 (20)
Q(z,R)N[mg<0]

1,7=1

by (19). Extend v by zero to an element & € W12(RRY). Then Statement (f) implies that also
U|g(0(z,Rr)) € Wzl’(i’R)((;S(Q(x, R))). So (009)|a(,r) € Wéé ) (§(z, R)) by Proposition 4.3(a).

Hence
d

Z/Q( R)%‘(aiu)m:()

ij=1
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by (19). Then (16) and the inclusions supp(d o ¢) N [rg < 0] C ¢(Qx, R)) N [rq < 0] C

Q(z, R) give
d o -
> / iy (00) v =) / aij (Oyu) 9;(0 0 ¢)
521 R)nma>0) 521 e R))ima<0]
d —
= aij (Oiu) 05(0 0 ¢) = 0 (21)

Adding (20) and (21) gives

d
[ @iz
ij=1 Q(z,R)
SO d—242
912k
/ Val* < epe (1) / (Vi
Q(z,r) R Q(z,R)
Therefore
d—2+2k
[ovars [ wiP<ene () vl
Qe,r) G(ar) R (a.R)
d—2+42k
<2enc () [ v
R O(z,R)
and the proposition follows. ]

5 De Giorgi estimates near the Neumann part of the
boundary

Proposition 2.1 provides De Giorgi estimates for boundary points away from the Neumann
part I' under the assumption of Theorem 1.1 The aim of this section is to obtain De Giorgi
estimates at any point in %E ~ after a bi-Lipschitz transformation as in Theorem 1.1.

If Q,U C R? are open and ¢ is a bi-Lipschitz map from an open neighbourhood of U
onto an open subset of R? such that ¢(U) = E and ¢(QNU) = E~, then for all A € A(Q)
define A?: E= — €4 by

(A%)(y)

= [Ty PO W) 4G W) (967 )

(Cf. (15).)

We first consider a quantitive version of the case 9QNU C I' in Theorem 1.1. Note that
in the next lemma the functions are vanishing on ¢((02\ I') N U) and there are Neumann
boundary conditions on ¢(I' N U).

Lemma 5.1. For all K > 1 and pu, M > 0 there exist cpg > 0 and ko € (0,1) such that
the following is valid.
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Let Q,U C RY be open, T' C 9Q relatively open, A € A.(Q, p, M) and ¢ a bi-Lipschitz
map from an open neighbourhood of U onto an open subset of R? such that ¢(U) = E, ¢(QN
U)=E",00nUCT and ¢(0Q2NU) = P, and with K larger than the Lipschitz constant
for ¢lany and ¢~ g-. Then the operator L e satisfies (ko, cpa)-De Giorgi estimates on
%E* for functions vanishing on () with Neumann boundary conditions on P.

Proof. It follows from Proposition 4.2 that there exist ko € (0,1) and cpg > 0 such that
for all A € A.(E, (d'K)~'u,d! K2 M) the operator L, satisfies (ko, cpg)-De Giorgi es-
timates on %E‘ for functions vanishing on () and Neumann boundary conditions on (@, cf.
Remark 4.1(c). Now let A € A,(Q, i, M). Then A9 ¢ A(E, (d K&~y d K472 M) by
a combination of Propositions 4.3(b) and 4.4(c), where we use the notation as in Propo-
sition 4.4. Hence the operator L@ satisfies (Ko, cpg)-De Giorgi estimates on %E’ for
functions vanishing on () and Neumann boundary conditions on (). Therefore by Proposi-
tion 4.4(g) with ¥ = P, the operator L 4» satisfies (ko, 2¢pg)-De Giorgi estimates on 1 E~
for functions vanishing on ) with Neumann boundary conditions on P. O

If $=1(0) € T then the condition 9QNU C I" in Lemma 5.1 can be arranged by a simple
scaling. We state this in the next lemma in order to obtain uniformity of the constants.

Lemma 5.2. Let Q,U C R? be open and I' C 99 relatively open. Let ¢ be a bi-Lipschitz
map from an open neighbourhood of U onto an open subset of R? such that ¢(U) = E,
oNU) = E- and ¢(0Q2NU) = P. Let K > 1 be larger than the Lipschitz constant
for ¢lany and ¢ 'p-. Let g = ¢ 1(0). Suppose that o € T and U N (9Q\T) # 0.
Let A = d(z9,0T) A 1. Define V.= {x € U : £¢(z) € E} and define ¢: V — E by
d(z) = % (z). Then ¢ is a bi-Lipschitz map from an open neighbourhood of V' onto an
open subset of R? such that (V) = E, ¢(QNV) = E~ and $(0QNV) = P. Moreover,
NNV CT and KT2 is larger than the Lipschitz constant for ¢|ony and ¢ .

Proof. Easy. N

In Theorem 6.8 we will use Lemmas 5.1 and 5.2 to cover the case z € I' in Theorem 1.1.
The next aim is to have a similar result if x € 0I'. Recall that we write OI" for the boundary
of I in 0€). This requires delicate estimates.

Proposition 5.3. For all K, u, M,c; > 0 and ¢y € (0,1) there are kg € (0,1) and cpg > 0
such that the following is valid.

Let Q,U C R? be open, I' C 00 relatively open, ¢ a bi-Lipschitz map from an open
neighbourhood of U onto an open subset of R? such that ¢(U) = E, ¢(QNU) = E~,
H(OQNU) =P and ¢~*(0) € (OT)NU. Moreover, let A € A(Q, p, M). Suppose that K
is larger than the Lipschitz constant for ¢lony and ¢~ |-, and

mesy_1{Z € By(§) : dist((Z,0), 6T NU)) > co s} > ¢; s (22)

for all s € (0,1] and § € R with (§,0) € ¢((OT) NU). Then the operator L satisfies
(Ko, cpc)-De Giorgi estimates on § E~ for functions vanishing on ¢((0Q\T)NU) and

Neumann boundary conditions on ¢(I' N U).
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For the proof of the proposition we need a couple of lemmas. Adopt the assumptions
and notation of Proposition 5.3. In the sequel all bars over sets denote the closure in R%.
Define A = (0Q\T)NU = (0QNU)\ (I'NU). Then ANT = () by Lemma 2.2(d). Since
00 is closed in R? it follows that the closure of T' in 99 is equal to I, the closure of I'
in R%. Recall that we write O for the boundary of I' in Q. Then O = T'\ I'. Clearly
I' N U is open in 052, hence also in 9Q N U. Since U is open, it follows that T N U is
the closure of ' N U in 902 N U. Therefore the boundary of ' N U in Q2 N U is the set
CNnU)\TNU)=T\I)NnU = (dI'NU.

Next we apply the transformation ¢. Write

S=¢I'NU) and A;=¢(A).

Then ¥ is open in P and hence ¥ is open in OE~. Moreover, A; N Y = () and since
p(O0NU) = P, it follows that ¥ C P and A; C P and A is closed in P. Also, since ¢
is a homeomorphism, it follows that the boundary of ¥ = ¢(I'NU) in P = ¢(0Q2 N U) is
equal to ¢((OI') NU).

Condition (22) is valid for all § € R%"! with (,0) is an element of the boundary of %
in P. We next show that Condition (22) carries over to all § € R4~ with (7,0) € P\ . It
is in essence this subsequent lemma which allows us to formulate (22) merely for boundary
points of I and not for all points in the transformed Dirichlet part.

Lemma 5.4. If (y,0) € P\ ¥ and s € (0,1], then
mesy_1{Z € By(§) : dist((2,0),%) > ¢y s} > ¢15471, (23)

where ¢ := min{}, £} and ¢ := min{35=, 375 }. Here ¢ and ¢, are the constants in (22).

Proof. Obviously if (7,0) is an element of the boundary of ¥ in P, then the estimate (23)
immediately follows from (22).

Note that XN P is the closure of ¥ in P, so XN P = XU (9%). Next fix (7,0) € P\ 2.
Then

e == dist((7,0), ) = dist((7,0),T) > 0.

We distinguish the three cases 0 < s <¢/2,e/2 < s <2¢ and 2 < s < 1.
Case 1. Suppose 0 < s < /2.
Since
{Z € By(y) : dist((%,0), %) > s} = B,(7)

it follows that
mesy_1{Z € B,() : dist((Z,0),%) > s} = mesy_; Bs(f) = wa_y 57"

as required.
Case 2. Suppose £/2 < s < 2e.
Since s/4 < /2, we infer from the first case

mes,_1{Z € By(7) : dist((2,0),%) > i} > mesy_1{Z € B (7) : dist((2,0),5) > Z}
Sd—l
> Wi pr=E
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Case 3. Suppose 2 < s < 1.
Because P is convex there exists an element y* of the boundary of ¥ in P such that
e <|lg—g*[| < 3. Since Bs(§*) C Bs(), this yields

mesy_1{Z € B,(7) : dist((Z,0),%) > 62—05} > mesq_1{Z € Bs(§") : dist((2,0),%) > 0—205
S\ d—
> a(3) 1
as required
This completes the proof of the lemma. m

Unfortunately, both > and A; are in the same hyperplane through P. Reflection in X
as in the proof of Lemma 5.1 then gives problems with A;, where Dirichlet conditions are
assumed. Therefore we apply a second transformation to shift down the points in A;. For

all 7 € R define ¢, : R* — R? by
U (T, x4) == (%, 24 — 7 dist((Z,0), X)).
In order to justify the application of 1., we need a lemma.
Lemma 5.5. Let 7 € R.
(a)  The function (T, z4) — dist((2,0),%) from R = R*! x R into R is Lipschitz with

Lipschitz constant 1.

(b)  The function v, is Lipschitz with Lipschitz constant 1 + |7|. Its inverse is 1_,, so
¥, 18 bi-Lipschitz.

(¢)  The function 1, is volume preserving.
Proof. ‘(a). If z = (Z,24) € R? and y = (7, y4) € R? then

‘(b)’. The first assertion follows from Statement (a). The second is straightforward to
verify.

‘(c)’. It is clear that the Jacobian of 1, is identical 1, thus the assertion follows from
Theorem 3.3.3.2 in [EG]. O

We emphasize that the transformation ¢, only modifies the last component of a point
y = (7,ya), but keeps ¢ fixed.

Let ¢o, ¢4 be as in Lemma 5.4. Choose 7 := % and abbreviate 1) := 1. Set A :=¢(E")
and observe that ¥ remains invariant under 1. Moreover, set Ay = 1)(A;). Then Ay N =
0.

Finally, we reflect A across X, using Proposition 4.4. We end up with the open set A
and a closed set 32, where we use the notation as in Proposition 4.4.

Lemma 5.6. The set (3E~) has a distance to AN\ Ay of at least ﬁ

Proof. This is an elementary geometric exercise. ]
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Lemma 5.7. The set 32, viewed as a subset of the boundary ofK, belongs to a class (Ap),
. &1 4 d

where 3 = mln<—2(1-i1-7')d7 d—wd((%) - (9 ))

Proof. We show that the set (P \ ) belongs to the class (Ag). The proof for the the

reflected part follows by the fact that A is invariant under the map (7, ya) — (¥, —Ya)-
Let z € (P \ ¥). Let § € R4 be such that = 9(7,0) and (3,0) € P. Then

x = (g, —7dist((g,0),X)).

Let r € (0, 1] and let B(z,7) be the corresponding ball around z. We distinguish two cases.
Case 1. Suppose r < 7dist((g,0), 2).
Then B(x,7) C {z € R?: 24 < 0}. This gives

B(x,r) \ A = B(z,r) \ A = B(z,r) \ ¥(E").
Apply 9! and note that 1! is volume preserving by Lemma 5.5(c). It follows that
|Bla,r) \A| = |0 (Blz.m) \ B~

But ¢~ (B(z,r)) contains the ball B((5,0), %), where L = 1+ 7 is the Lipschitz constant
of 1. Thus,

> ‘w_l(B(x,r)) N{z:z4 >0}

as required.
Case 2. Suppose r > 7dist((g,0), 2).
Define
B~ (z,r) ={z € B(z,r) : zg < —7dist((g,0),X)}.

By construction of //i, one has
B(z,7)\ A > B~ (z,r) \ A = B~ (z,7) \ A. (24)
It is clear that A C {(Z,24) € R?: 24 < —7 dist((%,0),%2)}. Therefore
B (z,7)\ A D B (z,7) \ {(Z,24) : z4 < —7 dist((2,0),%)}
=B (z,7)N{(Z, 2q) : za > —7 dist((Z,0),%)}. (25)

For all s € (0,r] let Hy be the hyperplane Hy := {z : z4 + 7 dist((,0),%X) = —s}. If
z € B(z,r) then |zg + 7 dist((7,0),X)| < r. Soif z € B~ (z,r) then

—r < zg+ 7 dist((§,0), %) < 0.
Hence (24) and (25) give
B(z,7)\ A D B~ (z,7) N {(Z, 24) : 24 > —7 dist((Z,0),%)}
— B (z,7) N ( U Hs) N{(Z,2) € RY: 24 > —7 dist((Z,0), )}

s€[0,r]

= |J B (@) nHN{(Z 20) €R?: 24 > —7 dist((£,0),)})

s€[0,r]
— U {(2,24) € R : 2g = —7 dist((7,0), ) — s, ||§ — Z||ge—r < V72— s?
s€[0,r]

and 7 dist((2,0),%) > 7 dist((g,0), %) + s}.
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Recall that B,(§) = {Z € R% : ||§—Z|| < r}. An application of Cavalieri’s principle yields

B(z,r)\ A| > / mesy ({2 € R : || — flper < ViZ — 52 and (26)
0
7 dist((2,0), %) > 7 dist((9,0), %) + s} ds

_ / mesg_1 {3 € B a(() : 7 dist((3,0),5) > 7 dist(§,5) + s} ds
0

> /” mesg_ {5 € B (i) : 7 dist((3,0),5) > 7 dist((7,0),5) + 5 ds
%

If s € (0, \/Li] then B,(j) C ém(ﬂ) Recall that by assumption r > 7 dist((g,0), X).

Hence if s > §, then 3s > 7 dist((y,0), X) + s. Therefore for all s € [3, 7=] one obtains the

inclusion

{2 € By—2(y) : 7 dist((2,0), %) > 7 dist((7,0), %) + s}
> {z € By(§) : 7 dist((3,0),%) > 3s}
= {3 € B,(§) : dist((2,0),%) > éos}

since 7 = % Thus (26) may be further estimated from below by

B(z,r)\ A| > /” mesy ({2 € Bu(f) : dist((2,0),5) > éos) ds
%

by Lemma 5.4. []
Now we have enough preparation to prove Proposition 5.3.

Proof of Proposition 5.3. Using Lemmas 5.6 and 5.7 it follows from Proposition 4.2
that there exist kg € (0,1) and ¢pg > 0, depending only on K, u, M, ¢; and cq, such that
for all A € A, (A, (d? K2 (14 7)%2)~1, dI2 K92 (14 7)%2 M) the operator L4 satisfies
(Ko, cpe)-De Giorgi estimates on (3 E~) for functions vanishing on A, and Neumann
boundary conditions on (). -

Now let A € A (€, p, M). Then (A%)Y € A(A, (d'? K42 (1 4 7)4+2) =1y, d12 K42 (1 +

7)4*2 M) by Propositions 4.3(b) and 4.4(c). Hence the operator L(W satisfies (ko, cpg)-

De Giorgi estimates on ¢(3 E~) for functions vanishing on A, and Neumann boundary
conditions on (). Therefore by Proposition 4.4(g) the operator L4e¢y satisfies (ko, 2cpe)-
De Giorgi estimates on ¢ (5 E~) for functions vanishing on A, and Neumann boundary
conditions on ¥. Hence by Proposition 4.3(c) the operator L,s satisfies (ko, ¢pg)-De

Giorgi estimates on 3 E~ for functions vanishing on Ay = ¢((9Q \ I') N U) and Neumann
boundary conditions on ¥ = ¢(I' N U), where ¢ = 2(d!)? K4 cpg + 2cpg K. O

33



6 Holder continuity of solutions

We aim to prove Theorem 1.1 and an extension for unbounded €2 in this section. First we
need two Poincaré inequalities on the cube £~ for truncated balls with centre in xq € % E-
and radius R € (0,1]. Note that B(zg, R) N OE~ C P and that at least half of the ball

2
B(zg, R) is in E~.
Lemma 6.1. Let cy > 0 be as in (12).

(a) IfzoeiE~, Re(0,3] andue WY (E™), then

72

/ lu — <u>E7(m0,R)\2 < 2cn R2/ |Vu|2 (27)
E~(x0,R) E~(z0,R)

(b) If' C P is relatively open, then

/ lul? < 4R2/ |Vul?.
E—(z0,R) E~(zo,R)

forallzg € 3E~, Re (0,3] and u € eréo,R)(E_(iva R)).

Proof. ‘(a)’. If m4(zg) < —R then (27) follows from (12). Alternatively, if m4(zo) > —R,
then define u: B(zo, R) — C by

u(y) if ma(y) <0,
a(y) = ¢ (Tru)(y) if ma(y) =0,
u(y — 2ma(y) eq) if ma(y) > 0.

Then @ € W2(B(x¢, R)) by Proposition 4.4(d). Moreover,

/ o — (W) - a0 < / = (8 ey
E—(zo,R) E~(z0,R)
< / 17— (@) B
B(zo,R)

<ew R?/ Vil? < 20y R?/ Vu?
B(d}o,R) E_(l‘o,R)
and Statement (a) follows.

‘(b)’. This follows by an adaption of the proof of Theorem V.3.22 in [EE]). O

The Neumann type Poincaré inequality implies a kind of Sobolev embedding between
Morrey and Campanato spaces.

Lemma 6.2. Let cy > 0 be as in (12). Then

HU||M,7+2,$,E:§ < V2cy ||VUHM,’Y,:C,E*,% (28)

and

lallpg ooy < e (€ 1Vullarm o s + & o)

for all v € [0,d) and 6 € (0,2], € € (0,1], u € W"(E™) and x € } E~, where ¢; =
2d+2 +2CN-
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Proof. The first inequality follows from (27). If r € (0, 5 €?] then
rm Ot / lu— () pr o] < 20w 7“267“7/ [Vul? < 20N52(276)||VUH?\/[WE7E—7;
El(z,r) El(z,r) 2

for all x € %E ~ by the Poincaré inequality (27). Alternatively,

/El(a: r) |u - <U>E1(I,T)|2 = /El(z ) |U|2 = 27_‘_6 8_2(74_6)Hu”%2(19_) T7+6
if 7 € [3 €%, 3], from which the lemma follows. O

It is well known that elements in W,*(€2) can be extended by zero to elements in
WL2(R?). We next need a variation of this extension property.

Lemma 6.3. Let Q C R? be open and I' C 02 a relatively open subset. Let U C R? be
open and define A :==UNQ. Set YT :=TNU. Then Y is open in OA. Let p € [1,00). Then
there exists a unique isometric map €: WP (A) — WP (Q) such that Cu is the extension

of u to Q by 0 for all u € CF(A).

Proof. There exists an open V C R? such that ' = VN9Q. Then T = T'NU =
UNnvVNnoQcUNVNOIA. But OA C 902U QU. Therefore UNV NIA CUNV NIQ. So
UNV)YNOA=UNVNINL=T and T is open in OA.

Let w € C°(R?) with suppw N (A \ T) = 0. Since

A=AUOA=AUTU@BA\T)CUU(OA\T)

and (OA\ T) Nsuppw = it follows that A Nsuppw C U. Therefore there exists an
n € C2(R?) such that 1|5gppw = 1 and suppn C U. Consider the function nw. First,
observe that

UN@Q\T) = (UNI)\ T CIA\T.

Hence supp(nw) N (0N \T) = 0 and nw € C°(2). Secondly, one has (nw)|p = w]a.
Moreover, if z € Q\ A, then z € U® and n(xz) = 0. So

wlp(z) ifzeA

(nw)la(w)Z{ 0 oA

for all z € Q2. Hence

[(nw)lallwir ) = lnw)lallwir@) = lwlallwremy = lwlallyye ).

Therefore there exists a unique isometric map &: Wy”(A) — WrP(Q) such that Eu is the
extension of u to © by 0 for all u € C¥(A). O

The Dirichlet boundary conditions on a particular part of the boundary in the next
lemma allow that the function (after transformation) can be extended by zero to obtain
an element of W2*(Q).
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Lemma 6.4. Let Q.U C RY be open and T’ a relatively open subset of 0. Let ¢ be a
bi-Lipschitz map from an open neighbourhood of U onto an open subset of R¢ such that
o(U) = E, ¢(QNU) = E~ and p(0QNU) = P. Set Ty = ¢(I'NU). Let x €  E,
Re(0,%] and i € W;;LR)(E_(I,R)). Define u: Q@ — C by

72

wly) = { Uo(y) iy € o (E (v, R)),
0 ify €\ ¢~ (E-(z, R)).

Then u € W (Q).

Proof. Define 4: E~ — C by

(@)(y) = u(y) ifye E-(z,R),
Vo0 itye B\ E-(R).

Thanks to Lemma 6.3 one has @ € WIEEZ(E*) Then it follows from Proposition 4.3(a) that
ulyna € Wi, (QN U). Another application of Lemma 6.3 gives the result. O

The next proposition is a version of Proposition 3.2 with mixed boundary conditions.

Proposition 6.5. For all cpg, K,pp > 0, ko € (0,1), v € [0,d) and § € [0,2) with
v+ <d—2+4 2Ky there exists an ay; > 0 such that the following is valid.

Let Q,U C R? be open, T' C 00 relatively open, ¢ a bi-Lipschitz map from an open
neighbourhood of U onto an open subset of R such that ¢(U) = E, ¢(QNU) = E~
and (0N U) = P. Moreover, let A € ¢y Ar(S2 pt, M). Suppose that K is larger
than the Lipschitz constant for ¢lony and ¢~|g- and the operator L s satisfies (Ko, cpa)-
De Giorgi estimates on 3 E~ for functions vanishing on ¢((0Q2\T)NU) and Neumann
boundary conditions on ¢(I' N U). Then

19050 6™ a5 2
d
S ay (62_6H£ o ¢_1||M,7717E—,% + Z ||£l © ¢_1||M,7+671,E—,% + 5_(7+6)||VUHL2(Q))
i=1

for all u € WE’Z(Q), reLE, € (0,1 and £,&, ..., & € Lo(Q) such that

d

lar(u,v) = (§,0) 1,0 — Z(&, 0i V) Lo(Q)

i=1

for all v € Wr*(Q).

Proof. Set 'y = ¢(I'NU) and Ag = ¢((0Q\T)NU).
Let z € §E~ and 0 < r < R < 5. By Lemma 6.1(b) and the Lax-Milgram theorem

there exists a unique v € I/VF (.p)(E” (z, R)) such that

Z/E ”811

i,5=1 (‘TR)

Z_j [E A Biuo 6 T (20)
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for all p € W 2( r)(E7(z,R)). Define v: Q& — C by

oy) = { 3(p(y)) ify € ¢~ (E(z,R))),
0 ity € Q\ 61 (E~(z, R))).

Then v € Wr*(Q) by Lemma 6.4. Set w = u — v. Then w € WA?*(Q) and wo ¢! €
Wi;(E*) by Lemma 2.2(d) and Proposition 4.3(a). Moreover,

d

S [ U @wes )T -0

ij=1

for all ¢ € WIEEQ(JE R)(E_ (x, R)) by (29). The De Giorgi inequalities applied to the function
wo ¢! imply

/ V(wos ™)
E—(z,r)
<9 / V(wo g )P +2 / vi?
E—(z,r) E—(z,r)
r d—242kg —1v12 12
<oena(7) [ IVweo P2 vl
R E—(z,R) E—(z,r)
r\ d—2+250 e 12
< 4CD(;<—> |IV(uwod™)|* 4+ (2 + 4epg) Vol
R E-(z,R) B (z,R)

Choose ¢ = v in (29). Then (16) gives

S [ wnenTgi=3 [ @ emes )T

i,j=1 (acR) i,j=1
= lyo(uo g™ vog™)

= [A\QmU (u|QﬁU’ v’QﬂU)

Q?z‘

d

= lar(u,v) = (§0)1y0) — Z(fuaﬂ)m(ﬂ)-

i=1

Hence, by ellipticity on E~ (see Proposition 4.3(b)) and the Cauchy—Schwarz inequality,

one estimates

(@K™ / Vil
E-1(z,R)

1/2 1/2
caxt( [ jeoor) ([ )
Ef(Z,R) E*(z,R)
d 1/2 1/2
+dl K4 (/ |§i0¢_1|2) </ |3ﬂ7|2>
Z E—(z,R) E—(z,R)

i=1
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1/2
<2 Ko 6 g g [ i)
E—(z,R)

d 1/2
+d Kd+1 Z ||§Z o ¢1||M77+6,$,E,%R(7+6)/2</E ’V6‘2> 7
=1

~(z,R)

where we used Lemma 6.1(b) in the last step. So

/ V2
E—(z,R)

d
2
< A4(d! Kd+3)4 2 <R(2_6)/2||§ op! HM,%;E,E*,% + Z 1€ o ¢_1HM,”/+5@,E*,%> R0
i=1

Now the rest of the proof is similar to the end of the proof of Proposition 3.2 ]
Before we apply Proposition 6.5 we state a lemma for which the proof is well known.

Lemma 6.6. Let Q C R? be an open set, p > 0, A € UMG(Om) A (Qu, M), T C 90
relatively open, uw € W (), fo € La(Q) and f € Ly(Q)?. Suppose that

(Lar+ DHu= fo—div f.
Then

1

ot (Wollzaor + 1 o)

[ullwre@) <
The next lemma gives the missing Holder continuity for Theorem 1.1 for points near T'.

Lemma 6.7. For all K > 1, u > 0, k9 € (0,1), cpg > 0 and q € (d,00) there are
k€ (0,1) and ¢ > 0 such that the following is valid.

Let Q,U C R? be open, I' C 00 relatively open, ¢ a bi-Lipschitz map from an open
neighbourhood of U onto an open subset of R such that ¢(U) = E, ¢(QNU) = E~ and
P(OQNU) = P. Moreover, let A € e o0y Ar (€1 pt, M). Suppose that K is larger than the
Lipschitz constant for ¢lony and ¢~ g- and the operator L o satisfies (ko, cpg)-De Giorgi

estimates on 5 E~ for functions vanishing on ¢((0Q\T)NU) and Neuwmann boundary
conditions on ¢(T NU). Let u € Wr*(Q), fo € Ly(Q) N Ly(Q), f € Ly(Q)4N Ly(Q)? and
suppose that

(Lar+ Du= fo—div f.

Then
u(z) — u)] < elz — o1 (I ollza@ + 1 ey + 1 ollzae + 1 llaaye)

for all z,y € Q¢~1(0), 55)-

Proof. We distinguish two cases.
Case 1. Suppose that d > 4.
Note that d — %d > d — 2 since ¢ > d. Choose

, 2d
m:%mm(d—?—(d—Q),%/fO).
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Then v € (0,1). Choose 6 = 2 and v = d — 4 + 2k. Then v € [0,d) since d > 4.

Moreover, y+6 = d—2+2 < d— 2 and [|fo0 ™ |y p- 3 < 1fo0 & i 20,1 <

Vwa | foo qﬁ_lﬂLq(Ef) <d'K?\/wg | foll,(o) for all z € %E‘ by the Holder inequality.
Case 2. Suppose that d € {2,3}.

Since q > d, there exists a k € (0, ko) such that d — 2 + 2k < d — %d and Kk < % Choose

v=0and § =d—2+2k. Then ¢ € (0,2], v +0 = d— 2+ 2k and HfOHM’%I,E,’% <

HfOHM,d—%,z,E—,% < dI K4 \fwq || foll Ly for all 2 € %E_'
In both cases, let a; > 0 be as in Proposition 6.5. Then

[V(uo ¢_1)”M,d—2+2n,x,E:% <dl Ka VWd <||f0HLq(Q) + HfHLq(Q)d + HVUHLz(Q))

for all z € £ E~ by Proposition 6.5. Hence (28) implies

luo ¢ aparznee-y < 2en d K a1 /g <Hfo\|Lq(Q) + 1 g + HVUHLz(Q))

So by Lemma 3.1(c) one deduces that there exists a suitable ¢ > 0 such that
(wo o™ (@) = (wo 6wl < clo = yl* (I follza@) + Il + IVl

for all z,y € £ B~ with |z — y| < 1. The term ||Vul|1,) can be estimated by Lemma 6.6.
Since ¢ is bi-Lipschitz the lemma follows. O

We next present a quantitative version of Theorem 1.1, which does not require that
the domain is bounded. We emphasize that the constant K in Condition (I) is uniform in
rel.

Theorem 6.8. For all K > 1, a >0, ¢y € (0,1), ¢; >0, q € (d,00) and u, M > 0 there
exist ¢ >0, k € (0,1) and n > 0 such that the following is valid.

Let Q C R? be open and I' a relatively open subset of the boundary 0S). Moreover, let
Ae A (Q p, M). Assume the following conditions.

(I)  Forallz e T there is an open neighbourhood U and a bi-Lipschitz map ¢ from an
neighbourhood of U onto an open subset of RY, such that ¢(U) = E, ¢(QNU) = E~,
d(0NU) = P and ¢(x) = 0. Moreover, K is larger than the Lipschitz constant for
dlarw and ¢~ |-

(IT)  The set OQ\ T is of class (A,).

(IIT) Ifz € OT, then
mesy_1{Z € B,(§) : dist(Z, o(T N U)) > ¢ s} > ¢y s}

for all s € (0,1] and § € R¥ with (3,0) € ¢(OU NU), where U and ¢ are as in
Condition (I).

Let u € Wp?(2), fo € Ly(Q) N Ly(Q), f € Ly(Q)2N Ly()¢ and suppose that

(Lar +1DHu= fo—div f.

39



Then
lu(x)| <c <Hfo\|Lq(Q) + 1 fllz e + [ foll L2y + Hf||L2(Q)d>

and
u(@) — u(w)] < elz — y* (I follzye + 1 ey + ollzaw + [ Fles) (30

for all z,y € Q with |x —y| <.

Proof. For simplicity write

Ky = HfOHLq(Q) + HfHLq(Q)d + HfOHLz(Q) + HfHLz(Q)d~

First, it follows from the assumptions, Proposition 5.3 and Lemma 6.7 that there are
suitable ¢; > 0 and k; € (0, 1) such that |u(z) — u(y)| < & Ky | — y|™ uniformly for all
zo € O and x,y € Q(zo, g )-

Secondly, we consider all 2y € I’ with d(z, 0T') > 1. By Lemma 5.2 and Condition (1)
one can construct a bi-Lipschitz map ¢ with Lipschitz constant for both ¢ and ¢! bounded
by 16K3. Using this map ¢ in Lemmas 5.1 and 6.7 it follows that there are suitable & > 0
and ko € (0,1) such that |u(x) — u(y)| < é Kj | — y|" uniformly for all zg € T" and
x,y € Qxy, 128%) with d(zg,0l") > 16LK'

Thirdly apply Theorem 1.2 with ¢ = 5=z and T = {z € Q : d(z,T) > (}. It follows
that there are suitable ¢3 > 0 and k3 € (0,1) such that |u(x) — u(y)| < é3 K|z — y|™
for all z,y € T with |z — y| < 3.
term || Vul|p,0) in (3). Set n = =3z, ¢ = max(éy,é2,¢3) and & = min(ky, ko, k3). Then
lu(z) —u(y)| < ¢ Ky |z —y|* for all x,y € Q with |« — y| < n. This proves (30).

Finally, let ¢ > 0 be as in Theorem 1.2 applied to ¢ and Y. For simplicity write
Ky = |lullwiz@) + [ follg @) + Ifllz,e- Then |u(z)] < c K for all 2 € T. Now let
xg € Q\ Y. Then d(x¢,I") < (. Hence there exists an x € I' such that |x — x¢| < 2¢. Let
U and ¢ be as in Condition (I) with respect to z. Let y = ¢~'(—3eq). Since y € U, one
has on the one hand

Here we also used Lemma 6.6 to estimate the

K d(y, 000 (R \U)) > K d(y, R\ U) = K d(y,0U) > d(¢(y),0E) = d(~Leq, 0F) = L.
On the other hand, one estimates
K d(y,000U) = d(6(y), P) = .

Consequently, d(y,09) > 5. Hence d(y,I') > d(y,0Q) > 5= > (. Soy € T and

lu(y)] < ¢ Ky. Moreover, |zo —y| < & + 2¢. Using a telescope argument, it follows that

K
42

|’U,($0)| S CK2+ |7 —‘ 5K1 T]H.

Using again Lemma 6.6 one can replace the term ||ul[y12(q) in K3 by a suitable multiple
of || follzo) + | fll1a(ya- The proof is complete. O

Proof of Theorem 1.1. This follows from a compactness argument with obvious modi-
fication to the proof of Theorem 6.8. We leave the details to the reader. O]
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Theorem 1.1 has the following consequence.

Corollary 6.9. Hélder continuity of the solution carries over to the elliptic problem when
combined with mized Dirichlet/Robin boundary conditions.

Proof. In what follows, the symbol ¢ shall denote the boundary measure on I'. (Since
there are bi-Lipschitz charts around the boundary points in I', the boundary measure is
well defined and admits the usual properties, see [EG, Subsection 3.3.4.C].) Let g € (d, 00)
and b € Ly(I';0). In case of mixed Dirichlet/Robin boundary conditions the operator is
the sum of £, and the operator B: Lo (I';0) — Wy "¢ defined by (Bv,w) = Jrbvwdo,
where w € Wll’q/ and v € Lo ([;0). It is straight forward that B is continuous from
Lo(I;0) into Wi e, Hence, it is relatively compact with respect to L4 if the domain
of the latter continuously embeds into a Holder space. Hence, the domains of £4r and
Lar + B coincide in this case by [Kat, Subsection IV.1.3]. O

7 Holder kernel bounds

In this section we prove Gaussian Holder kernel bounds for the semigroup generated by
an elliptic second-order differential operator with real principal coefficients and complex
lower-order coefficients. First we give a precise definition of these operators.

Let Q C R? be open and I' C 99 be relatively open. Let pu, M > 0, A € A(Q, u, M),
a,b € Loo()? and ag € Loo(9). Consider the form

((u,v) /Zam (Ou) ( /Z aZ (Oyu) T + b u(@v)) /aguﬂ

i,j=1
with form domain D(I) = W2?(Q). Then [ is a closed sectorial form. Let L be the
m-sectorial operator associated with . We denote by EP(€, p, M) the set of all such
m-sectorial operators with A € A(Q, u, M), a,b € Lyo(Q)? and ag € Loo() with bounds

d d
STllaidoe <M, S bille M and agllo < M.

i=1
We say that A, a, b and aq are the coefficients of L. Let S be the semigroup generated
by —L. We denote by E7.(Q, u, M) the set of all L € &°(Q, u, M) such that A is real
valued, where A, a, b and aq are the coefficients of L. We emphasize that a, b and ag can
be complex.

We also need the Davies perturbation. Let

D={yeCZR.R): [Veo <1}

For all p € R and ¢ € D define the multiplication operator U, by U,u = e ?%u. Note that
Uu € Wp?(9Q) for all u € Wr*(Q). Let S = U, S, U_, be the Davies perturbation for all
t > 0. Let —L) the generator of (S);~o. Then L) is the operator associated with the
form [?) with form domain D(I®?)) = W2*(Q2) and

d
() (w, ) = [4(u,v +/Z< ) (0u) T + b u (@»v))—k/aé’”ui (31)
Q Q

=1
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with d d
o) =a;i—pY a;dpp , VP =bi+pY a0
7j=1

j=1

and

d d d
a(()p) =ay — p* Z aij (0i) 0% + pZai Op — Pz bi 0.
i—1 i—1

ij=1
We start with Ls-estimates for the perturbed semigroup.
Lemma 7.1. For all u, M > 0 there exist cy,wy > 0 such that

wo (14+p2)t

1S7ullLa) < € lulla s IVSTullrae) < cot™2 e lull @) (32)

and
— w 2
IL®) SPu| oy < cot ™ €00+ 0|

for all open Q C RY, relatively open T C 9, L € ELP(Q,u, M), u € Ly(Q), t >0, p € R
and ¥ € D, where S? is the Davies perturbation of the semigroup generated by —L.

Proof. Without loss of generality we may assume that p < 1. Let u € Ly(Q2). It follows
from (31) that

plIVStull?, ) < Rela(Sfu)
< Rel(Sfu) +2d M (1 + |p|) [ VS{ul| oo 1572 Lo

+dM(1+2/p| + p*)|SPull2, )

24> M*(1 + |p|)”

< Re ) (Sfu) + %MHVStpuHQLQ(Q) + HSf“H%Q(Q)
+d M1+ [pl)* |SPullZ, o)
for all ¢ > 0. So
3 IV SFull? ) < Rel®(SPu) +wi (1+ p?) [|S7ull?, ). (33)
where w; = 2d M(% + 1). Hence

d
%HStpuH%Q(Q) = —2Re(L¥)Sfu, SPu)y0) = —2Re [P (SPu) < 2wy (14 p°) [|1SPull?, @)

for all t > 0. This implies by Gronwall’s lemma that
w 2
1SFull ooy < e Ju Lye)

for all t > 0.

Next we rotate the coefficients of the operator L in the complex plane. Let oo € (0, %)
be such that pcosgy — Msingg = § p. Then € L € EP(Q, 5 pu, M) for all € [—pg, o).
Consequently, by the above it follows that

2w (1+p2)t |

157 vl L) < e ||l 10
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for all uw € Ly(R2), ¢ € [0, o] and t > 0. Hence the semigroup S” is holomorphic with
semiangle of holomorphy at least ¢q by [Kat] Theorem IX.1.23. The Cauchy formula then

gives
1 1
A —
t 211 C(t) (Z — t)2

S?dz,

where C(t) is the circle with centre ¢ and radius ¢ sin py. Hence

1
HL(p) Stpu||L2(Q) < edwr(14p)t

< oo |l o)

for all u € Ly(2) and ¢ > 0. Finally (33) gives

5 1lIVSFullL,0) < Re(L¥)Sfu, Sfu)ry) +wi (1+ p%) [SfullZ, 0
1
tsin
2

< : e5w1(1+p2
tsin g

P [y)[2 o) +wi (14 p?) X 0 3 o

) H“H%Q(Q)a
from which the lemma follows. ]

Next we consider Ly — Lo, and Hoélder estimates for the perturbed semigroup near I'.

Proposition 7.2. For all K > 1, u,M > 0, ko € (0,1), cpe > 0 and k € (0,ky) there
exist c,w > 0 such that such that the following is valid.

Let Q,U C R? be open, I' C 00 relatively open, ¢ a bi-Lipschitz map from an open
neighbourhood of U onto an open subset of R such that ¢(U) = E, ¢(QNU) = E~ and
p(O2NU) = P. Let L € EX(Q, p, M) with coefficients A, a, b and ag. Suppose that K
is larger than the Lipschitz constant for ¢lory and ¢~ p- and the operator Las satisfies
(Ko, cpc)-De Giorgi estimates on 3 E~ for functions vanishing on ¢((9Q\T)NU) and
Neumann boundary conditions on ¢(I' NU). Then

— w 2
150l o103 59y < = 0 (34)
and
_ K w 2 K
|(Sfu) (@) — (SPu)(y)] < ct™ /2 e U0 |y q) 2 — y] (35)
forallt >0, ue Ly(), peR, Y €D and z,y € ¢~ (5 E~) with |x — y| < 5, where S°

1s the Davies perturbation of the semigroup generated by —L.
Proof. For all v € [0,d — 2 + 2k) let P(v) be the hypothesis

There exist c,w > 0, depending only on K, u, M, k and cpg, such
that
1(SPw) 0 ™M lngma -,y < e | 0 (36)

and
IV((SPu) 0 6 Mlarge-y < et 20 fu ,0) (37)
forallt >0, u€ Ly(Q), peR, v €eDandz € L E~.
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Clearly P(0) is valid by Lemma 7.1.

Lemma 7.3. Let v € [0,d — 2 + 2k) and suppose that P(v) is valid. Let 6 € (0,2] and
suppose that v+ 6 < d— 2+ 2k. Then P(y + 0) is valid.

Proof. Let cy,wy > 0 be as in Lemma 7.1. Let t > 0, u € Ly(R2), p € R, » € D and
T e %E‘. Note that

— w 2
1(57w) 0 ¢ lzae-y < d K| Sfull o) < dLE e a1y (38)

by Lemma 7.1.
Choose ¢ = tY/4e~t € (0, 1]. Let ¢; be as in Lemma 6.2. Then it follows from Lemma 6.2,

(37) and (38) that
||<Stpu) o ¢_1|’M,'y+5,x,E_,% <e (62—(5Ct—’7/4 75—1/2 ew(1+p2)t + g—(’H-é)d! K ewo(1+p2)t>||u||L2(Q)

< OOy

where ¢ = ¢1(c+ d! K?) and &' = wy +w + v + . By Lemma 3.1(a) there exist ¢y, c3 > 0
such that
Mpy+éz,E-,2 = €2 My+6,2,E- L 3 Lo(E™)
ol L <ol ol
forall z € £ E~ and v € Ly(E™). Hence
1(56) 0 6 agsmmy < o€ £ OIS TPl 00y e (dl) KOG g

< ! t—(7+6)/4 ewu(1+p2)t ||u||L2(Q)7 (39)

where ¢’ = ¢ ¢o + c3(d!) and w” = wy + W' + d+ 2. This gives the bound (36) for P(y+ 9).
Next we wish to use Proposition 6.5. Note that [(?)(Sfu,v) = (S7 L) Spyatt; V)L, (a) for

allv € W?(Q). Hence with (31) it follows that Ly p(SPu,v) = (£,0) Ly@)—>eey (& D5 V) 1a()
for all v € Wr2(Q), where & = b SPu and

d
£=5¢, L@ Strgtt — al” SPu — Z al” 0,50 .
i=1

We apply Proposition 6.5 with ¢ = t'/4e~t € (0,1]. We estimate the three terms in £ and
then the term with &; separately. First with Lemma 7.1 we obtain

62_5 ||(Stp/2 L(P) Stp/Qu) o ¢_1||M,'y,:z:,E*,%
< 12=0)/4 (t/2)_7/4 ew(1+p)t/2 HL(P) 552u||L2(Q)
< ¢ (t/Q)_l €w0(1+p2)t/2 t(2—5)/4 c (t/2)—7/4 6w(1+p2)t/2 HUHLz(Q)
< 21+'y/4co ct—(r0)/4y-1/2 e(wo+w)(1+p2)t Hu||L2(Q)-
Secondly,
_ _ _ _ w 2
e |(af” SPu) 0 67 |y a2 < HETVIAM (14 p?) et e | )

< de M= O0FAG1/2 (AN gy
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Thirdly,

d
N0 a” 0:Sfu) 0 0 Mg 2

i=1

< EEM (14 ) [(VSPu) 0 67 a4
< 24N O KV ((SPu) 0 7Y a2

< 2c K M~ (+0)/44=1/2 Wt D) (1+p?)t

l[ull Lo
Fourthly,
d
S IGE 50) 0 67 i < M (L Lol) 1(50) 0 6~ as s s
i=1

< OM OO A2 ()t oty

where we used (39) in the last step. Finally,

0| V5Pl gy < £ O e 120N [y

< ot OO/ Y12 ok DAEAN |1y o)

by (32). Hence (37) for P(y + ¢) follows from Proposition 6.5 and P(y + 4) is valid. [

End of proof of Proposition 7.2. It follows by induction from Lemma 7.3 that there
are ¢,w > 0 such that

HV((Sfu) © ¢71>"M,d72+2n,x,E*,% < et (@R A1/ ew(HpQ)t H“HLz(Q)

forallt >0, u € Ly(Q), peR,p € D and x € %E*. Hence by Lemma 6.2 one deduces
that

— - K w 2
1(7u) 0 6l aaram e 3 < 72T ]| q), (40)

where ¢ = ¢+/2cy, with ¢y as in (12).

Let t > 0 and = € %E‘. Choose R = tY/2¢7t. Then R < % It follows from

Lemma 3.1(b) that there exists a ¢ > 0, depending only on x and d, such that
|((Sfu) 0 ¢~ 1) (2)]
< " R*||(S7u) 0 ¢ | pmaszewe-1 + 1{(STu) 0 67 b0 )|
< /2 g—hit 4= (d+2r)/4 ew(1+p2)t “UHLQ(Q) + wd_1/2 R—4/2 ||<Stpu) o ¢’_1||L2(E—)-

Then (34) follows from (38).
Finally, by (40) and Lemma 3.1(c) there exists a ¢ > 0 such that

[(SPu)(@ (@) = (SPu)(@~" (@))] < "t /2 O |y 0 [ — y”

forallt > 0, u € Ly(Q), p € R, ¥ € D and z,y € %E‘ with |z —y| < 71;' Since ¢ is

bi-Lipschitz with Lipschitz constant K the inequality (35) follows. O
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Next we turn to the part of Q2 away from T.

Proposition 7.4. For all pu, M,a,¢ > 0 there exist k € (0,1) and ¢,w > 0 such that the
following is valid.

Let Q C R? be open, let T' be a relatively open subset of 09, let Y C Q and suppose that
d(l',T) > ¢ and {z € 02 : d(2,Y) < (} is of class (Ay). Let L € EL(Q, pu, M). Then

ISfullzry < et e uf 1y 0

and
_ —k w 2 K
|(SPu)(x) — (Sfu)(y)| < ct= 4752 e TP |y o) | — o

forallt >0, u € Ly(2), p € R, ¥ € D and z,y € T with |x — y| < %, where SP is the

Davies perturbation of the semigroup generated by —L.

Proof. It follows as in the proof of Proposition 7.2, using Proposition 3.2 instead of Propo-
sition 6.5, that there exist suitable ¢, w > 0 such that

IV SPul|ara-242mac < et g2 gl e [ull oo
for all z € T. If ¢y > 0 is as in (12), then if follows from Lemma 3.4 that

-5 _ _ 2
15wl pmd—242m,0mec < Cr/ENT A/4 4= /2 gttt |l Lo ()

for all z € T, where for every v € Ly(2) we define by 9: RY — C the extension by zero of
v. We emphasize that the Campanato seminorm is with respect to R?, thus not with .
Note that the extension S{u is continuous on Q(x,¢) if € > 0 is small enough. Then the
proposition follows as at the end of the proof of Proposition 7.2, but now with Lemma 3.1
applied to the Campanato seminorm on R¢. O]

We can now prove Gaussian Holder kernel bounds for second-order operators with
complex lower-order coefficients. Note that the set {2 may be unbounded in the next
theorem.

Theorem 7.5. For all K > 1, a > 0, ¢g € (0,1), ¢; > 0 and pu, M > 0 there ezist
k € (0,1) and b,c,w > 0 such that the following is valid.

Let Q C R? be an open set and T’ a relatively open subset of the boundary 0. Assume
the following conditions.

(I) Forallz e T there is an open neighbourhood U and a bi-Lipschitz map ¢ from an
neighbourhood of U onto an open subset of RY, such that ¢(U) = E, ¢(QNU) = E~,
(0N U) = P and ¢(x) = 0. Moreover, K is larger than the Lipschitz constant for
dlorw and ¢ |-

(IT)  The set 2\ T is of class (A,).

(IIT) If z € OT, then
mesy_1{Z € B,(§) : dist(Z, (T NU)) > ¢ s} > ¢y s7!

for all s € (0,1] and § € R¥ with (3,0) € ¢(OT N U), where U and ¢ are as in
Condition (I).
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Let L € E3(Q, p, M) and let (Ky)iso be the kernel of the semigroup generated by —L. Then

w—y|?
|Kt($,y)| < i/ e*b% ot

and

— ! A N o2
K (z,y) — Ki(2, )] < Ct—d/z(!$ x !t;;h/ y \) AT
for all z, 2" y,y' € Q and t > 0 with |z — 2|+ |y — | < A2

Proof. We decompose €2 similarly as in the proof of Theorem 6.7. We first apply Propo-
sitions 5.3 and 7.2 to points xy € JI" to get estimates for all =,y € Q(x, 8;() Secondly, let
xo € OI' and suppose that d(zg, ') > 4 K We apply Lemma 5.2 and Condition (I) to con-
struct a bi-Lipschitz map ¢ with Lipschitz constant for both ¢ and ¢~ bounded by 16K73.
Then Lemma 5.1 and Proposition 7.2 give estimates for all o € I and z,y € Q(xo, 128%)
with d(zo,d') > 5. Finally set ( = 5z and T = {z € Q d(z,T') > ¢}. Apply
Proposition 7.4 to get estimates for all z,y € T with |z —y| < It follows that there

exists a k € (0,1) and ¢,w > 0 such that

1024K3

|(SPu)(@)] < et flul| ) (41)

and
|(SPu) () — (Sfu)(y)] < ct= =/ T || 0y |2 — y|® (42)

for all u € Ly(Q2),t >0, p € R and ¢ € D in the following cases:
e 15 € 0l and z,y € Q(xo, 8K>
o zp €T, d(w,00) > 5 and @,y € Qwo, 73555 );
e z,yc€ Y and |[x —y| < 10241(3

Hence for all u € Ly(Q2),t >0, p€ Rand ¢ € D it follows that (41) is valid for all z € Q

and (42) is valid for all z,y € Q with |z — y| < {5757- S0

IS¢ 1| 2y (@) Lo() < ct™ e o0 (43)

forallt >0, p € R and ¥ € D. Using duality and minimising over i) and p gives
Ko, y)| < 2002 2 44/2 o=t ot (44)

for all t > 0 and x,y € €2, where b = t
Next, choose p = 0 in (42) and (43) and use duality in (43). It follows that

[(Siu)(x) = (Spu)(a)] < 2802 2724782 e fu| 1y o o — "

forallt >0, u € L1(Q) and x, 2’ € Q with |z — 2'| < r, where r = Then

1
1024K3 -

’[(t(]}7 y) _ Kt<$,, y)l < 2(d+n)/2 C2 tfd/2 t*l{/2 et ‘5[ _ m/‘n
for all t > 0 and z, 2,y € Q with |x — 2| < r. Alternatively, using (44) it follows that

|Kt(a:,y) o Kt(x’,y)| < 2(d+2)/2 2 t_d/2 et < 2(d+2)/2 Ay t_d/2 t—n/2 e(w+1)t |.17 . $/|m
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for all t > 0 and z, 2",y € Q with |x — /| > r. So
Ky (z,y) — Ki(2,y)| < cp t W22 et Dt | — g/ (45)

for all t > 0 and z, 2,y € Q, where ¢; = 2(¢+2)/2 2 =%,
If x,2',y € Q, then

o=y < 2 — o+ 2’ — yP <2+ 2’ —

for all ¢ > 0 with |z — 2’| < '/2. Hence with (44) it follows that

b le—y|?

|Kt(x,y) . Kt(a:’,y)l < 2(d+2)/2 02 t_d/2 P e(w—i—l)t (46)

for all x,2',y € Q and t > 0 with |z — 2/| < t¥/2.
Let ¢ € (0,1). We interpolate between the bounds (45) and (46). Then

_e e, T — .’,U/ k(1—e) be lz—y|2 "
Ky (z,y) — Ki(2, y)| < cl75(20d+2)/2 (2)e =4/ Uﬂ%) o e

for all z,2',y € Q and ¢t > 0 with |2 — 2/| < t'/2. By duality similar bounds are valid for
all 2,9,9 € Q and t > 0 with |y — ¢/| < t'/2. Then the theorem follows. O

Proof of Theorem 1.3. This is now obvious. O]

A Appendix, proof of Lemma 3.1
‘“(a). Let v € [0,d), v € Q and u € Ly(Q). Clearly [[ull3,.n < lullis).n,- Let
r € (0, R./2]. Then

1

2 2
r =5 — (Wapn|*+ — 12 ol 47
7 Jon [ul” < /ﬂm«) [ = (Wan|” + = [z, ) [(Woen| (47)

If R € [r, R.] then
[(w)a@r — (Waer)|® < 2lu— (Waen]? + 2lu — (uo@r) >
Integrate over {2(x,r). Then

&r (W aor — (Wan|? < 2 /

[ i el +2 / o — (W

Q(z,R)
<207+ R) ullf .,

< AR [l (48)

Hence
2 RV/?
|<U>Q(w) - <U>Q(:c,R)| < 7& ) vl p,y e -

For all k € Ny define R, = 27* R. Then

9l+d/2

(W) ae,ry) — (Wa@R)| < 7 2RAN2 RN | g s, - (49)
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Hence for all N € INy one obtains

ol+d/2 9(N+1)(d—7)/2 R—(d—7)/2

|<U>Q(va) - <u>Q(731RN+1) < \/5 2[d—)/2 _ 1 HUHM,%I,Re
21+d/2 1 —(d—)/2
= \/,_é Q(d_/y)/Q _ 1 RN+1 K ||u||Ma'Y’IaRe’

Choose R € [£ R.] and N € Ny such that 2-(¥*Y R = r. Then

(W] < 2wl + 2@ — Waogm|
2d+3 1
2
< Aol + =2 Gz -1

2 ?,,—(d—"/) ”uH,%\/l,'y,z,Re .

Therefore with (47) one deduces that

1 2 2 270+, ) 9d+2 )
5 o 0l < 2+ 5 Nl +6—Rg/ﬂ(m) uf?.
This is for all € (0, R./2]. Together with an obvious estimate for all r € [R./2, R.] one
deduces that

2d+4wd 2d+2

2 < (2 ) y GRe :
||UHM,'y,1’,Re < + 6(2(d_7)/2 _ 1)2 ||u||M,’Y,Z,RE + éRg QR |U|

This completes the proof of Statement (a).
‘b). Let v € (d,d+2), x € Q and u € Ly(Q). Let R € (0, R.] and set R, = 27% R for
all £ € INg. As in (49) it follows that

9l+d/2

9—k(1=d)/2 p(y-d)/2

(W) ag,ry) — (W, Ri)| < |l My 2, e

for all kK € INg. Let h, k € INg and suppose that & < h. Then

ol+d/2 9—h(v=d)/2 R(y—d)/2
‘<U>Q(xﬂRk) - <U>Q(x7Rh)| S \/E 1 _ 2_(7_d)/2 HuHMy’vazRe

N 21+d/2 (v—d)/2

V1 =2 0y F

[ull mor .z, e (50)
Hence ((u)qa(,r,))ken is a Cauchy sequence. Set () = limy_oo(u)o(a,r,)- Let 7 € (0, R]
and for all & € N define r, = 27%r. Let j € INy be such that Rj.1 < r < R;. Then

Ritjy1 <15 < Ryyj for all K € N. As in (48) one deduces that

() age,ry) — (Wa@r| < KWaer) — (Wae.re )| + W a@re,) — (Wa@m)]

/2
2 R
S ’<U>Q(x7Rk) - <U>Q(‘T1Rk+j)| + ~ d/2 ’ ||UHM7’77‘T7R€
Vi
ktj+1

21+d/2 (—d)/2
= (wag,ry) — (W Rl + 7z B\ Nl am,a, e
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So limy oo [{¥) 0(z,r) — (W) o(wr| = 0 and @(z) does not depend on R.
Choose k = 0 and take the limit & — oo in (50). Then

9l+d/2

OO |lull sy, (51)

—a(z)] <
W@ m —io)] < VE(1 — 2-0-d)/2)
for all R € (0,1]. Then clearly limgo(w)q@,r = @(z).

“(c)’. Next let z,y € Q with |z —y| < Z. Set R = |z — y|. Then (51) gives

~

[a(z) —a(y)] < a(z) — (Wo@ar)| + [(Waer) — (Waw2r| + [(Waw.2r) — W(y)]

9l+d/2 PO
< @R (|[ul s, + lullstrr,

T Vel — 2-(=d)/2)

+ |<U>Q(ac,2R) — <U>Q(y,2R)|-

Consider the last term. Obviously

[(Wa@er) — (Wawer” < 2{u)awer) — ul® + 2lu — (Wag2r) *-

Integration over 2(z, R) and using that Q(x, R) C Q(z,2R) N Q(y, 2R) gives

& R (W) oman — (Wapen|” < 2 /

u— (u)a@ar|® + 2 / u — (u)awaml”
Q(z,2R)

Q(y,2R)

< 22R)" (Jlulbu o, + it i, )

50 7+l
[Waear) = Wagenl? < —— B~ (Iuliyn, + i 0. )
and
9l+d/2 9(v+1)/2
W) — )] < RO—d)/2 N )
() u<y>|_( VIR ) (Nl st + il st

The proof of the lemma is complete. O
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