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Essential boundedness for solutions of the

Neumann problem on general domains
A.F.M. ter Elst, Hannes Meinlschmidt, Joachim Rehberg

Abstract

Let the domain under consideration be bounded. Under the suppositions of very weak Sobolev
embeddings we prove that the solutions of the Neumann problem for an elliptic, second order
divergence operator are essentially bounded, if the right hand sides are taken from the dual of a
Sobolev space which is adapted to the above embedding.

1 Introduction

If Ais a pure second-order elliptic operator with Dirichlet boundary conditions and real measurable co-
efficients on a bounded connected open set 2 C R?, then it is not too hard to show that the resolvent
operator A~! maps L4(Q) into L>(Q) if ¢ > d. It is a famous result of Stampacchia ([Sta65] Theo-
rem 4.4) that A~! extends to a continuous operator from W ~14(Q) into L*°(£2) if ¢ > d. Inspecting
the proof, it is becomes clear that this result extends without difficulties from the pure Dirichlet case to
the case of mixed boundary conditions, as long as the Dirichlet part of the boundary is large enough
to imply a Poincaré inequality. It is also possible to extend the result to merely Neumann boundary
conditions if a positive scalar is added to the operator, and hence the resulting operator is coercive. The
idea how to do this can be found in the book of Tréltzsch ([Tr610] Section 7.2.2). What remains open
is the pure divergence form operator with pure Neumann boundary condition. It is clear that a ‘naive’
generalisation cannot work, since one can add to any solution of such a Neumann problem an arbitrary
constant and again obtains a solution.

The main theorem of this paper is as follows.

Theorem 1.1. Let Q C R? be a bounded connected open set. Let r € (2,00) and suppose that
Wh2(Q) C L™(Q). Let u: Q — R4 be a bounded measurable function. Suppose there exists a

v > 0 such that .

Re 3 ul2) 6 > veP

k=1

forall ¢ € C* and almost all = € (). Define A: W2(Q) — (W12(Q))* by
A(u,v) = / uVu - V.
Q

Letq € (d,00) and suppose that 5 — o > 1. Ifu € W'2(Q) with Au € (W'?(Q))*, where p is the
dual exponent of ¢, thenu € L>®(S2).

More precisely, for all T € (W'?(Q))* with T(1) = 0 there is a unique u € W'?(Q) with [, u =
0 satisfying Au = T. Moreover, there exists a ¢ > 0 independent of T' such that ||u|| =) <
C ||TH(W1p(Q))*

We emphasise that the Sobolev embedding W12(Q2) C L"()) assumption is very weak. If 2* is the

first Sobolev exponent, that is 5~ = 3 — %, then it follows from scaling that r < 2*. The assumption
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1- % > L implies that ¢ > d. It is well known that there is a connection between Sobolev embeddings

and solvability of Neumann problems. We exemplarily refer to Maz’ya and Poborchii [MPQ7, IMPQ9]
and [Maz11], Section 6.10.

If d > 3, then the optimal case in our assumption is r = 2%, the first Sobolev exponent. Then the
condition  — % > 1 is merely the condition ¢ > d, as in the Stampacchia theorem for the Dirichlet
boundary condition. This optimal assumption is satisfied for example by any open bounded set which is
the finite union of connected W 2-extension domains, such as for example Lipschitz domains. Another
example is that of a connected John domain ([Boj88], Section 6). If the domain has cusps, then the
full Sobolev embedding is usually not available, but the embedding W12(Q2) C L7(Q) still holds
for some r € (2,2*%) if the cusps are of polynomial type by [AF03], Theorem 4.51. We also refer
to Maz'ya [Mazi1], Section 6.9 for more geometric conditions. It is also known that the embedding
cannot hold true for any r > 2 if the boundary of ) has cusps of exponential sharpness, see [AF03]
Theorem 4.48. Note that in the case of Dirichlet boundary conditions, one always has the optimal
embeddings W, *(Q) C L* (Q) it d > 3, and W, *(Q) € L"(Q) forall r € (2,00) if d = 2.

The proof of Theorem [1.1]follows the ideas of Stampacchia and uses truncations of Sobolev functions.
It relies on the Stampacchia lemma ([KS80] Chapter Il, Appendix B, Lemma 2.1) and at its heart lies a
uniform estimation of the Poincaré constants of the truncations of mean value free Sobolev functions,
Lemma 3.3 below.

We also prove that the pure Neumann operator A admits optimal Sobolev regularity in the setting of
Theorem [1.1]for ¢ sufficiently close to 2. This means that the domain of the part of the operator A in
(W'P(Q))* coincides with 17 "/(Q), the mean value free functions in W'4(£2), where again p is the
dual exponent to g. The result relies on interpolation and the Sneiberg stability theorem. We refer to
Theorem below.

The outline of this paper is as follows. In Section [2| we show that a Sobolev embedding implies a
Poincaré inequality on any LP-space. We use this in Section to adapt the argument of Stampacchia
to deduce the boundedness as stated in Theorem In Section[4]we derive optimal Sobolev regularity
results for .4 and some consequences of these based on the results in Section

We conclude with an example. We formally attach the following boundary value problem to the equation
Au =T with T € (W'?(Q))* as in Theorem|[1.1}

—div(pVu) = f inQ,
—n - puNVu =g ondf,

where f € L5(Q2) and g € L*(0; H4_1) for appropriate values of s and ¢, where n is the normal.
Since 1" is only supposed to be a functional on Wl’p(Q), inhomogeneous boundary data is allowed.
For the foregoing boundary value problem, I’ takes the form

T(U):/f@-i-/ gTodHg 1,
Q 0N

where 7 is the trace operator onto 0f2. If the domain €2 is sufficiently regular to allow the application
of the divergence theorem and to admit a suitable trace operator, this formulation and its connection to
Au = T can be made rigorous, see Ciarlet ([Cia78], Chapter 1.2) or [GGZ74|, Chapter 2.2. A particular
case would be that of a Lipschitz graph domain €2.

2 Sobolev and Poincareé

We first show that a Sobolev type embedding extrapolates to compactness of the inclusion map W“’(Q) C
LP(Q).
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Essential boundedness for solutions of the Neumann problem on general domains 3

Lemma 2.1. Let ) C R? be open and bounded. Let ¢ € (1,00) and suppose there exists a § > 0
such that W4(Q) C LIH(Q). Letp € (1,00). Then the inclusion WP (Q2) C LP(€) is compact.
Moreover, there exists a §' > 0 such that W'P(Q) C LPT9(Q).

Proof. We show that there exists an s > p such that W1?(Q) C L*(f2). Then the compactness
of the inclusion W?(Q2) C LP(() follows as in [Dan02] Lemma 7.1. Suppose that p € (1,q) (the
case p € (q,00) is similar). Fix r € (1,p). It follows from Liu-Tai [LT97] Theorem 9 that the real
interpolation space (TW"!(Q2), W(Q)),_1, = W (Q) forall t € (1, 00). Here Wh>(Q) is the
Sobolev space of all L>°(£2) functions whose weak partial derivatives are also L>°(2) functions. Let
0 € (0,1) be such that % = 1%9 + g. Then by complex interpolation

W (@), W), = [0, Wh=(@), ., (WH(9), W(9)

1—=

; L), O

= (W@ W), s, = W),

17%7p
where we used the reiteration theorem [BL/6] Theorem 4.7.2 in the second step. The inclusions
W (Q) — L"(Q) and W14(Q) — L9(Q) are continuous. Hence by complex interpolation one
deduces that W'(Q) C L*(Q), where { = 1% + &5 < £2 + % = J Note that s > p as
required. O

Arguing as in Ziemer [Zie89] Theorem 4.4.2 one obtains a Poincaré inequality from the compact inclu-
sion Whr(Q) C LP(Q).

Proposition 2.2. Let() C R be open, bounded and connected. Let p € (1, 00) and suppose that the
inclusion WP(Q2) C L?(Q) is compact. Let Qg C §) be measurable and suppose that the Lebesgue
measure || > 0. Then there exists a ¢ > 0 such that

lully < cl[Vull,
for all v € WP (Q) with [, u = 0.

Proof. Suppose not. Then for all n € IN there exists a u,, € W?(Q) such that |[u,||, > n ||V,
and [, un = 0. Without loss of generality |[u, ||, = 1foralln € N. Then [[Vu,l|, < 1. So the
sequence (U, )nc is bounded in W1P(Q). Passing to a subsequence if necessary there exists a
u € WHP(Q) such that limu,, = u weakly in W1P(Q). Then limu,, = wu strongly in LP(£2) and
Jo, w = 0. Moreover [lull, = 1 and u # 0. Next || Vul|, < liminf, . [|[Vu,ll, = 0. Since Q is
connected it follows that u is constant by [Zie89] Corollary 2.1.9. Because fQO u = 0and Q] >0
one deduces that u = 0. This is a contradiction. O

If @ C R%is a bounded open set and p € (1, o), then we define
W (Q) = {u e Whr(Q): /u - 0}.
Q

It follows from Propositionthat W () equipped with the norm u — || Vul|,, is a Banach space.
Corollary 2.3. Let$) C R? be open, bounded and connected. Let p € (1, 00) and suppose that the
inclusion W'P(Q) C LF(Q) is compact. Define || - [|: W'P(Q) — [0,00) by [[ull = [|Vull, +

| i, u|. Then one has the following.

(a)  The function || - ||| is a norm on W'P(2) which is equivalent to || - | w10 (q)-
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P:u—u— IQI/Qu

is a projection from W' (Q) onto W (). In particular,

vor (3 [t [ )

is a topological isomorphism from W'?(Q) onto C & W (Q).

(b) The map

Proof. By Proposition there exists a ¢ > 0 such that ||ull, < ¢||Vul|, for all u € W[P(Q). If

u € WP(Q), then
lull < lJu = | ull, + I [ ol

<[ (u=p [ u)ll, + 12

= ¢||Vul, + Q7

and the lemma follows easily. O

Proposition 2.4. Let Q C RY be open, bounded and connected. Letp € (1,00) and suppose that
the inclusion W'*(Q)) C LP(Q) is compact. Then for all T € (W'P(Q))* there exist k € C and
fi,---, fa € LYRQ) such that

d
(T, w) (wrw () xwir(n) = ”/Wr Z/ fi0ju
Q . Q
J=1

for allu € W1P(Q)), where q is the dual exponent of p.

Proof. Using Corollary it suffices to show that for all S € (W [?(Q))* there exist fi,..., fs €

L4(Q) such that
(S, u) Lo()) WP (0 Z/fjau

for all u € W ?(Q), where u + ||Vul|, is the norm on W ?(€2). Consider the subspace M =
{Vu:u € W P(Q)}in LP(Q)% Define F: M — C by F(Vu) = Su. Then F is well-defined and
continuous. Therefore by Hahn—Banach there exists an extension F € (LP(Q)4)* of F'. The rest of
the proof is straight forward. O

3 Proof of Theorem .1

In this section we prove Theorem Let Q C R be a bounded connected open set. Let 1 2 —
R%*“ pe a bounded measurable function. We suppose that w is elliptic, that is there exists a v > 0

such that
d

Re Y ()& & > v ¢

k=1
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Essential boundedness for solutions of the Neumann problem on general domains 5

for all ¢ € C? and almost all z € . Let > 2 and suppose that W2(Q) C L"(Q).
Define A: Wh2(Q) — (W12(Q))* by

Alu,v) = / uVu - V.
Q

Recall that TV ”() = {u € W?(Q): [,u=0}forallp € (1,00).f g € (1,00) then we define
Wy " () = (W (@),
where p is the dual exponent of ¢. Moreover, we define
W Q) = {T e W, "(Q): T(1) = 0}.

Clearly Au € W[ "*(Q) for all u € W%(Q) and ker A = C1 since Q is connected. Define
AL W) — WP(Q) by Aju = Au. Then A, is injective. We next show that it is also
surjective and W, *(Q) = (W *(Q))*, up to isomorphy.

Proposition 3.1. The map A, is a topological isomorphism.

Proof. Define the form b: W () x W *(Q) — Cby
b(u,v) = / uNu - Vo.
Q

Then b is a continuous coercive sesquilinear form by Lemmaand Proposition[2.2] Let B: W *(Q) —
1,2 * _ ) H
(W °(€2))* be such that b(u, v) = <Bu’v>(Wi’2(Q))*XWi’2(Q) for all u,v € W °(2). Then Bis sur-

jective by the Lax-Milgram theorem. Let T € W "*(Q). Then T € W, "*(Q) = (W'?(Q))". Let
T = T|Wi’2(9)' Then T € (W]?(Q))*. Hence there is a u € W|?(Q) such that Bu = T. If
v € W3(Q), then

<AU’U>W®_1’2(Q)XW1»2(Q) = b(u,v) = <Buvv>(WjQ(Q))*ij2(Q) =T(v) = T(v).

Since (Au, 1)y-12(q),y1.2(0) = 0 = T(1) it follows by linearity and Corollary @Ethat Aju =
Au=T. O

As a main tool for the proof of Theorem([1.1]we need truncations of Sobolev functions, which we consider
next.

Forallu € WhH2(Q,R) and k € [0, 00) define (, x = (sgnu) (|u| — k)T If no confusion is possible
then we write (, = (,, . Moreover, define A, = {x € Q: |u(x)| > k} = [|u] > k].

Lemma 3.2. Letu € W2(Q, R). Then one has the following.

(@) (€ WH(Q) forallk € [0, 00).

(b) 1, Dju=14, D¢ forallj €{1,...,d} andk € [0,00).

(c)  The mapk — (. is continuous from [0, cc) into W12()).

(d)  Ifk € [0, 00), then the map v + (, . is continuous from W2(2, R) into W2(Q).

Proof. and {(b). Note that ¢, = (u™ — k)™ — (u™ — k). Then the statements follow from [GT83]
Lemma 7.6.

{(c)]. This follows from the Lebesgue dominated convergence theorem.

{(d). This follows from|[(a)land [MM79] Theorem 1. O
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A.FEM. ter Elst, H. Meinlschmidt, J. Rehberg 6

A key estimate for the proof of Theorem [1.1]is the next lemma.

Lemma 3.3. Letu € W *(Q, R). Then there exists a~ > 0 such that ||Cxlla < 7|V Cl|2 for all
k € [0, 00).

Proof. We split the proof into two cases depending whether u is bounded or not.

Case 1. Suppose u is unbounded. If & € [0, 00) and ||V (x||2 = 0, then (; is constant and conse-
quently u is bounded, which is a contradiction. Hence ||V x|z # 0 for all k& € [0, 00). Since both
k — [|Ck]|2 and k +— || V|2 are continuous on [0, co) by Lemma [3.3(c)] it suffices to show that

, Gk ll2

hgl_iljp Vel <1 2
Suppose that (2) is false. Then there exists a sequence (k;,),en in R such that k,, > nforalln € IN
and ||, |2 > [| V¢, ||2 for all n € IN. Define v, = ||Cx, |5 * Cx, foralln € N. Then v,, € W12(Q),
vl = 1and ||[Vu,||2 < 1foralln € IN. So the sequence (v, ), is bounded in TW12((2). Passing
to a subsequence if necessary we may assume that thereisa v € WLQ(Q) such that limv,, = v
weakly in W12(Q). Then limv,, = v in L?(2). So ||v||2 = 1 and in particular v # 0. But v(x) =
lim,, o v, (z) = 0 for almost every = € Q. This is a contradiction.
Case 2. Suppose u is bounded. Without loss of generality we may assume that u # 0. Let k €
[0, ||u]|~) and suppose that ||V {x||2 = 0. Then (j is constant, say d. If § = 0, then |u| < k a.e.,
which is not possible since k < ||u||. Suppose 6 > 0. Note that (x(x) < 0 < § for all z € 2 with
u(x) < k.Sou(x) =k +dforallz € Q. Butthen [, u # 0. Similarly & < 0 gives a contradiction.
Hence ||V (|2 # O forall k € [0, ||u]|s0).
Arguing as in Case 1 and using Lemma it follows that for all k1 € (0, ||ul|o) there exists a
¢1 > 0 such that [|(xll2 < ¢ [|[V k|2 forall & € [0, k).
Finally we show that there exist kg € (0, ||u||») and ¢o > 0 such that ||(x|l2 < ¢o ||V k]2 for all
k € (ko,00). If [u| = [Ju|o a.e., then |[u = [Ju|«]| = 3 || > 0, where we use that [, u = 0. Then
w = Lpefuj v = u V0 € WH(Q). Using [GT83] Lemma 7.7 we deduce that Vw = 0 a.e. and
this implies that |[u = ||u||s]| € {0, |€2|}, which is a contradiction. Hence there is a ko € (0, ||u||o0)
such that [[Ju| < ko]| > 0. Write Q¢ = [|u| < ko]. By Lemma[2.1]and Proposition [2.2] there exists
acy > 0such that [[v]2 < ¢o|[Vollz for all v € WH(Q) with [, v = 0.1f k € (ko,00), then
Ck() = Oforall z € Qo s0 [, G = 0. Hence [[Gkll2 < co [V O

Forall u € W}*(Q,R) define 7, € [0,00) to be the minimum of all v > 0 such that [|[ls <
v |V ¢k|l2 for all k € [0, 00). Recall that > 2 is such that W12(Q) € L"(Q).
Proposition 3.4. Letu € W *(Q, R) andq > d with — o > ;. Furtherlet fi, ..., fa € L(Q2) and

suppose that <A(U/,’U>W®—1,2(Q)XW172(Q) = E;‘.l:l(fj,ﬁjv)z forallv € W2(Q). Thenu € L>®(R).

Moreover
1
B d ) 2
(3=3)/0
<2405 E s (S1l)
j=1
where 0 = § — é — > 0 and v is the ellipticity constant of . Finally, E > 0 is such that ||v||, <

E |Jo|lwrzgq) forallv € WH2(€).

Proof. Forall k € [0, 00) define (;, = (sgnu) (Ju| — k)™ € WH2(Q) and Ay = [|u] > k] as before.
Let k € [0, 00). Then

d
VGIZ < | uVe Ve = | pVu- Ve = 5,
I/H Ck”z —/Q“ Ck Cr /QN u- VQ ;/Ak i 0Ck
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Essential boundedness for solutions of the Neumann problem on general domains 7

IN

(Z / k 52) Ve,

N

v 1 d
<glIvalivg 2 [ 1t

J=177Fk
Hence

Vel < & Z [ 1< L Zmu

By assumption W12(Q) € L"(€2). Then

(//J‘“' - k)T)i = [le;

Lr(Q)
< B2 (|12 = B2 (IIGll3 + 196 113)

2 2 ‘Akp*% : 2
SE (1—}_771,) 2 ZHf]Hq
Jj=1

Next let b, k € [0, 00) with h > k. Then A, C Ay and

neriat < () s ([ ) s e e B2 ZHfJH.

Equivalently

|Ah|gﬁ(§) 1+%5(ZMH) AR D

Dueto (1 — 2)5 = (3 — ;)r > 1 by assumption, it now follows from the Stampacchia lemma ([KS80]

Chapter I, Appendix B, Lemma 2.1) that u € L>°(2) and

11y, B d
e <2400 E [ (3112
j=1

This completes the proof of the proposition. O

Proof of Theorem[L.dl Let u € W12(Q) be such that Au € (W1P(Q))*, where p is the dual expo-
nent of ¢q. By Lemmathe inclusion Wl’p(Q) C LP(2) is compact. Hence by Proposition there
existk € Cand f1,..., fqa € L(2) such that

d
(Au, U>(W1,p(Q))*le,p(Q) = H/@-FZ/ f]m
Q . Q
7j=1

for all v € W'P(Q). Choosing v = 1 one deduces that s = 0 and Au € W "*(Q). Without loss
of generality we may assume that u € Wi 2(Q) Moreover, we may also assume that w is real valued.
Now apply Proposition[3.4]to obtain u € LOO(Q).

DOI 10.20347/WIAS.PREPRINT.2574 Berlin 2019



A.FEM. ter Elst, H. Meinlschmidt, J. Rehberg 8

If we start with 7 € W[ "(12), then there exists a unique u € W [*(Q) such that Au = T by
Proposition Then Au € W, (Q) C (WHP(Q))*, so u € L>®(RQ) by the above.

For the estimate it suffices to show that the map 7" — u has closed graph in the space le’q(Q) X
L®(Q). Let T,T1, Ty, ... € W, Q) and u € L>®(Q). Suppose that lim T}, = T in W, "9(Q)
and lim(AL) "', = win L=(Q). Then im T,, = T in W, "*(Q), so lim(A,)~'T,, = (AL)~'T
in TV () and hence also in L2(Q2). But lim(.A, )T}, = u in L>°(£2) and therefore also in L2(12).
Consequently (A, )~'T = u as required. O

4 Interpolation and maximal Sobolev regularity

In this section, we use the structure of T ”(Q) as a complemented subspace of 1W*(£2) to establish
interpolation results. Optimal Sobolev regularity for the pure Neumann operator A, for p close to 2
also follows. This is particularly interesting for space dimension d = 2. The first step is to show that
W P(Q) and W[ (Q) form an interpolation scale with respect to p.

Proposition 4.1. Let 2 C R? be open and bounded. Let py,p1 € (1,00), § € (0,1) and set
1 _1=0 4 0 1h
P Do + P’ en

(WL (Q), WP Q)] , = (W™ (), WP (@), = WP ()

0,p
and

[Whe(@), W (@), = (W (@), W (Q),, = W (Q).

0 0p

Proof. It follows from () that
[(WhPe(Q), whr(Q)], = WH(Q).

Arguing as in (1), but using the reiteration theorem for real interpolation [BL76], Theorem 3.5.3 one
deduces similarly

(Whoo(Q), W1 (Q)), = WP (),

0,p

Note that for all » € (1, 00) the projection P in Corollary maps W (Q) onto W[ (1), so
W () is a complemented subspace of TW1"(Q). We further observe that W7 (Q) = WP (Q) N

Wi’mm(po’pl)(ﬂ) for i = 1, 2. Thus, interpolation theory for complemented subspaces ([Tri78] Theo-
rem 1.17.1.1) shows that

1, 1,
(W7 (Q), W (Q)]

= (WIP(Q), WP (Q)), = W (Q)nw ™) Q) = Wi ().

0 0,p

Concerning the dual spaces, it is easy to see that for all ¢ € (1, co) the operator T’ +— T — ‘51' (T, 1)1

is a projection from W ~14(Q) onto W %(£2). Hence the assertion follows with the same argument
and the duality properties of the real and complex interpolation functors, see [Tri78] Subsections 1.11.2
and 1.11.3. O

The first result derived from Proposition[4.1]together with Theorem[1.1]is the following mapping property
for All on the le’p(Q) spaces for all p > 2. Note that we do not require that p > d.

Corollary 4.2. Let Q) C R? be a bounded connected open set. Let r € (2,00) and suppose that
Wh3(Q) C L"(Q). Let further ¢ € (d,c0) and suppose that 3 — % > L letp € (2,q). Let
p: Q0 — R4 be a bounded measurable elliptic function and let A: W12(Q) — (W12(Q))* be the
associated operator. Then A" maps W "*(2) into L*(Q), where L= 108 and§ € (0,1) is such
that 1 = 152 4 2.

DOI 10.20347/WIAS.PREPRINT.2574 Berlin 2019



Essential boundedness for solutions of the Neumann problem on general domains 9

Proof. The operator A7* maps W *(Q) continuously into W "*(Q) C L"() by Proposition
Moreover, A7" maps W[ "%(Q) continuously into L>(£2) by Theorem Now use complex interpo-
lation and Proposition [4.1 O

Due to Proposition [4.1]and the work from the previous sections, a maximal Sobolev regularity result for
p close to 2 follows by an application of the Sneiberg stability theorem.

Theorem 4.3. Let @ C R? be a bounded connected open set. Let r € (2,00) and suppose
that W12(Q) C L"(Q). Let u: Q — R be a bounded measurable elliptic function and let
A: W2(Q) — (W2(Q))* be the associated operator. Then there exists a § > 0 such that A
is a topological isomorphism between W " () and W[ "P(Q) forall p € (2 — 4,2 + §).

Proof. Under the assumptions, A | is a topological isomorphism between Wiz(Q) and Wil’z(Q) by
Proposition [3.7] Proposition [4.1] shows that these spaces are simultaneous interpolation spaces in the
Wi’p(Q) and le’p(Q) scale. The Snelberg stability theorem [Sne74] implies that there is a d > 0
such that A, remains an isomorphism between T *(Q) and W[ "*(Q) forall p € (2—6,2+5). O

There exist quantitative results on the size of d derived from the Sneiberg result in Theorem We
refer to [ABES19], Appendix A. The most crucial information is that one can choose 9 to depend only
on the ellipticity constant and the upper bound || ||« of the coefficient function . of .A. Moreover, for
—1 . .

all p le (2 — 9,2+ ), the operator norm ||.A7 ||WI1,p(Q)_>Wi,p(Q) can be estimated by a multiple of
AL [lyy—12()— w1 2(q)- By Lax-Milgram, the latter can be estimated by 1 /v, where v is the ellipticity
constant of p.

Theorem [4.3]yields further corollaries for d = 2.

Corollary 4.4. Adopt the notation and assumptions of Theorem Letd = 2. Letq € (2,2+0) and
suppose that 5 — o > . Then W'*(Q) C L>(Q) forall s > q.

Proof. 1t follows from Theorem that AT'W Q) € L2(Q). But AT' W H(Q) = W(Q) by
Theoremﬂ Since WH4(Q) = W9(Q) + C 1 the corollary follows. O

The parameter ¢ in the previous corollary depends on the coefficient function y via the Sneiberg the-
orem. If © is smooth enough so that the full Sobolev embedding for W1:2(£2) is available, then no
coefficient function is needed (at least in the formulation of the corollary).

Corollary 4.5. Let Q) C R? be a bounded connected open set. Suppose that W12(Q) C L™ (Q) for
allr € (2,00). Then Wt5(Q) C L>°(Q) forall s € (2,00).

Proof. Choose 1t = I. Let § > 0 be as in Theorem Let s € (2,00). Then there exists a ¢ €
(2,2 4+ 6) N (2, s]. Now apply Corollary [4.4] O

The third corollary concerns Hélder regularity of solutions u of A u = T with T' € WII’Q(Q) for
g > 2 and a uniform estimate. We do not pass through Theorem [1.1]for this result. The price to pay is
a Sobolev embedding assumption for the Hélder space similar to the one in Theorem|1.1

Corollary 4.6. Let$) C IR? be a bounded connected open set. Suppose that for all ¢ € (2,00) there
exists an o € (0, 1) such that W4(Q) C C*(Q). Let u: Q — R be a bounded measurable
elliptic function and let A: W'2(Q) — (W'%(Q))* be the associated operator. Then one has the
following.

(a) Forallq € (2,00) there exists an o € (0, 1) such that AT'W [ %(Q) € C*(Q).

DOI 10.20347/WIAS.PREPRINT.2574 Berlin 2019



A.FEM. ter Elst, H. Meinlschmidt, J. Rehberg 10

(b)y Forallq € (2,00) and R > 0 the set

{ATND) : T e WEM(Q) and | T |10y < R}
is compact in C(€2).
Proof. . Since C*(Q2) C L>*(Q) C L"(Q) forall a € (0,1) and r € (1,00), it follows from
Lemma [2.1 that there exists an 7 € (2,00) such that W12(Q) C L"(Q). Let § > 0 be as in
Theorem|4.3] Let s € (2, 2+6)N(2, ¢]. By assumption there exists an a € (0, 1) such that W*(Q) C
C*(Q). Then AT'W Q) ¢ AW [M5(Q) = W]H(Q) € C*(Q).
f(b). This follows from statement[(a)] and the Arzela—Ascoli theorem. O

The situation for the Hélder-Sobolev embedding assumption in Corollary[4.6lis similar to the assumption
on the Sobolev embedding in Theorem It is satisfied for example when for all ¢ € (2,00) the
domain (2 is a connected ! %-extension domain and then one can choose @ = 1 — 2/¢, but there
are also examples of (non-extension) domains with sufficiently regular cusps where the assumption is
satisfied in the weaker form, see [AF03] Theorem 4.53. Note however that the optimal embedding for
W14(Q) into the Holder space of order 1 — 2/q implies the T¥ " -extension property for all 7 > ¢,
see [Kos98|] Theorem A.
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