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Abstract

In this paper we study a singular control problem for a system of PDEs describing a phase-
field model of Penrose-Fife type. The main novelty of this contribution consists in the idea of
forcing a sharp interface separation between the states of the system by using heat sources
distributed in the domain and at the boundary. We approximate the singular cost functional
with a regular one, which is based on the Legendre-Fenchel relations. Then, we obtain a
regularized control problem for which we compute the first order optimality conditions using
an adapted penalization technique. The proof of some convergence results and the passage
to the limit in these optimality conditions lead to the characterization of the desired optimal
controller.

1 Introduction

We are concerned with a control problem of a system governed by the Penrose-Fife phase tran-
sition model. Using the distributed heat source and the boundary heat source as controllers we
aim at forcing a sharp interface separation between the states of the system, while keeping its
temperature at a certain average level 0;.

The phase-field model considered here has been proposed by Penrose and Fife in [20] and
[21] as a thermodynamically consistent model for the description of the kinetics of phase transition
and phase separation processes in binary materials. It is a PDE system coupling a singular heat
equation (as seen in (1.1) below) for the absolute temperature € with a nonlinear equation which
describes the evolution of the phase variable ¢ (see (1.2)), which represents the local fraction
of one of the two components. These equations are accompanied by initial data for § and ¢ (cf.
(1.5) and (1.6)) and by boundary conditions, considered here of Robin type for ¢ (cf. (1.3)) and of
homogeneous Neumann type for ¢ (cf. (1.4)), according to physical considerations. As far as the
Penrose-Fife model is concerned, a vast literature is devoted to the well-posedness (cf., e.g. [4,
5, 11, 14, 15, 17, 24]) and to the long-time behavior of solutions both in term of attractors (cf.,
e.g. [12, 22, 23]) and of convergence of single trajectories to stationary states (cf., e.g., [3, 9]),
while the associated control problem is less studied in the literature.

A control problem was introduced first in [25] for a Penrose-Fife type model with Robin-type
boundary conditions for the temperature and a heat flux proportional to the gradient of the inverse
absolute temperature. The first order optimality conditions were derived without imposing any local
constraint on the state and only in case of a double-well potential in the phase equation. Later on
the study has been refined in [10], where the authors succeeded in removing such restrictions on
the problem and treating the case with state constraints.

Let us finally quote the paper [8] where a phase transition system was controlled by means of
the heat supply in order to be guided into a certain state with a solid (or liquid) part in a prescribed



subset of the space domain, by maintaining it in this state during a period of time. The system was
controlled to form a diffusive boundary between the solid and liquid states.

Coming back to our problem, we assume here that the phase transition takes place in the
interval (0,7"), with T finite, and that the system occupies an open bounded domain §2 of R3,
having the boundary I" sufficiently smooth. The Penrose-Fife system we are interested in reads
(see [20, 4, 22])

0, — ABO) + o =u, inQ:=(0,T) x Q, (1.1)
1 1

=D+ (9 —p) =g =5, inQ, (1.2)
—62—(5) =a(z)(B() —v), onX:=(0,T) x I, (1.3)

dp
W= 0, onX, (1.4)
0],_y = bo, in €, (1.5)
90|t:0 = o, in Q) (16)

where 3 € C'(0,00) and 3(r) behaves like —c; /1 closed to 0 and like c3 7 in a neighborhood
of +00, for some constants ¢; and cs. Then, for the sake of simplicity we can assume that

B(r) = —% +r. (1.7)

Next, we let
a€ H'T)NL®T), 0<a,<a(z)<ay aexzel, (1.8)

with «;,,, oy constants. The constant 6. is the transition temperature, u is the distributed heat
source and v is the boundary heat source.

Note that the heat flux law (1.7) is a common choice in several types of phase-transition and
phase-separation models both in liquids and in crystalline solids (cf., e.g., [4, 20, 22] where similar
growth conditions are postulated).

We denote the Heaviside function (translated by 6.) by

1, r >0,
H(r)y=< [-1,1], r=0. (1.9)
-1, r<é.

and this will be useful to set the third control variable in our problem. Indeed, let us define the cost
functional as

J(u,v,m) = M\ / (0 —0;) dudt + )y / (¢ —n)*dxdt (1.10)
and introduce the control problem: ’ ’
Minimize J(u, v,n) for all (u,v,n) € K1 X Ky X K3, (P)
subject to (1.1)—(1.6), where

Ky ={ue L™Q): uy, <u(t,x) <upy ae. (t,r) € Q}, (1.11)



Ky={veL*X): v, <v(t,z) <vy ae. (t,x) € X}, (1.12)
K3 ={neL>Q): n(t,x) € HO(t,x)) ae. (t,z) € Q}, (1.13)

and u,,, Uy, Um, Uy are fixed real values. The positive constants A\, A, are used to give more
importance to one term or the other in (P).

With a general approach, we can consider that
0 is a function of t and z, and 6; € L*(Q). (1.14)

All the results in this paper hold under this condition. If by the control problem one intends to
preserve the system separated in two phases by the sharp interface, it should be added that ¢
must belong to a neighboorhood of 0., i.e., || — 00||L2(Q) < 4, with ¢ rather small.

The problem (P) is introduced in order to enforce the formation of a sharp interface between
the two phases by the constraint € K5. As far as we know such a control problem has not been
previously studied.

Let us note, however, that the well-posedness of an initial-boundary value Stefan-type problem
with phase relaxation or with standard interphase equilibrium conditions (cf. (1.13)), where the heat
flux is proportional to the gradient of the inverse absolute temperature, was studied in [6] and [7],
for Robin-type boundary conditions. It was shown in these contributions that the Stefan problems
with singular heat flux are the natural limiting cases of a thermodynamically consistent model of
Penrose-Fife type.

The layout of this paper is as follows. In Section 2, Theorem 2.2, we review the existence
results for the state system and provide new results concerning the supplementary regularity of
the state which will be necessary in the computation of the optimality conditions. Then, we prove
in Theorem 2.3 the existence of at least one solution to problem (P), represented by an optimal
triplet of controllers (u, v, ) and the corresponding pair of states (6, ¢).

Due to the singularity induced by the graph representing the sharp interface, the conditions
of optimality cannot be deduced directly for (P). In order to avoid working with the graph H (0),
in Section 3 we introduce an approximating problem (P.) in which the constraint n € H(0) is
replaced by an equivalent relation based on the Legendre-Fenchel relations between a proper con-
vex lower semicontinuous (l.c.s.) function 7 and its conjugate, j*. In this case j is the potential of
H. This approximating problem has at least one solution (see Proposition 3.1) which is the appro-
priate approximation of a solution to (P). This last assertion relies on the convergence result of
(P:) to (P) given in Theorem 3.2. In Section 4, we rigorously examine the question concerning
the computation of the optimality conditions. A second approximation is represented by a penal-
ized minimization problem (PM) in which 7 is replaced by its Moreau-Yosida regularization. The
optimality conditions for (P~ ) are provided by explicit expressions in Proposition 4.5. Some esti-
mates and the proof of the strong convergence (as o — 0) of the controllers in (PM) allow the
passage to the limit as o — 0 in order to recover the form of the controllers in problem (P.) : this
is performed in Theorem 4.6. Recalling Theorem 2.3, the optimal controller in (P) is obtained as

the limit of a sequence of optimal controllers in (F.), on the basis of the convergence of (P.) to
(P).



2 Existence in the state system and control problem

We denote by V' the Sobolev space H'(£2) endowed with the standard scalar product

[l = (/Q\Vw(fv)|2dw+/ﬂ\w(fv)\2dw)l/2- (2.1

We identify L?(2) with its dual space, in order that V' C L?*(2) C V’ with dense and compact
embeddings. We recall that if v satisfies (1.8), then the norm

el = / V()| de + / o) [ () ds 22)

is equivalent to |||/, , due to the inequality

Il < Co ( [1votra [ |¢<x>|2ds) eV, 23
Q T

(see [18, p. 20]), with C'p depending on €2. For simplicity, in the following let us not indicate the
arguments of functions in the integrals.

Definition 2.1. Let

0o € L*(Q), 6y >0 ae.inQ, Infyc L'(Q), o€ H(Q),
u € L*(Q), ve L*X), asatisfies (1.8). (2.4)

We call a solution to (1.1)—(1.6) a pair (6, ¢) such that

6 c L*(0,T;V)nC([0,T); L*(Q)) n WH([0, T]; V'), B(8), % c L*(0,T;V), (2.5)

0 € L*(0,T; H*(Q)) N C([0,T); V) n W'2([0,T]; L*(Q)), (2.6)

which satisfies (1.1)—(1.4) in the form

T /do de
/O <%(t),¢1(t)>vwdt+/Qw(e)-vmdxdtju/Q%mdxdt

—l—/aﬁ(@)wl dsdt:/uwl dmdt+/0szl dsdt, (2.7)
) Q

%

d
—Spwg dxdt + / V- Vipy drdt + / (©* — )y dadt
Q dt Q Q

11
_ /Q (0_0 _ 5) by dedt, (2.8)

for any 11, 1 € L?(0,T; V), and such that the initial conditions (1.5)—(1.6) hold.

The next statement collects a number of properties of solutions to (1.1)—(1.6).
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Theorem 2.2. Let assumptions (2.4) hold. Then (1.1)—(1.6) has a unique solution, fulfiling
0>0 aein@Q, InfeL>0,T;L'(N))

and satisfying the estimates

1
1611 20,75y + 101l Lo 0152202y + 10wz o700 + Hg <C, (2.9)
L2(0,T;V)
11l 20,1200 + 1€l Lo om0y + lellwr2o, 2 () < € (2.10)

Moreover, let us set ) := 01 — 01, p 1= @1 — o, U 1= Uy — Uy, U := v — vy, where (01, 1), and
(02, o) are the solutions of (1.1)—1.6) corresponding respectively to the data uy, vy and usy, vs,
to the same initial data 0, @y and to the same coefficient o.; then, we have the following continuous
dependence estimate of the solution with respect to the data:

||§||%2(Q) + ||@||20([0,T];L2(Q)) + ||@||%2(O,T;V) <C <||a||L2(Q) + ||17||%2(2)) ; (2.11)

with the positive constant C' depends only on the problem parameters, but not on u;, v;, 1 = 1, 2.
Next, we list some regularity properties of the solution: if, in addition to (2.4), we suppose that

0
vo € HAQ), 2% = 0onT, (2.12)
ov
then we have
p € L®(Q) N L>(0,T; H*(Q2)) N WH2([0,T]; V) (2.13)
and
[l Lo () + Il oo o, msm20)) + Nl orpvy < € (2.14)

further, if, in addition to (2.4), there hold

1
0o, o€ L®(Q), we L*0,T;L°(Q)), veL®) and
0
v<wy aein?l, (2.15)
then we have ]
0, g € L>=(Q) (2.16)
with )
101l oo () + H5 <C, (2.17)
L>(Q)

where C' denotes several positive constants depending only on the problem parameters.

Proof. The proof of existence of solutions to (1.1)—(1.6) follows from an adaptation of [4, Thm. 2.3]
to the case of & non constant in (1.3). The uniqueness of solutions has been proved in [5, Thm. 1]
and it has been then generalized to the case of less regular data (satisfying exactly assumptions
(2.4)) in [22, Thm. 3.5], where also a continuous dependence result of the solution with respect to
the data has been shown. We also refer to the above-mentioned papers for the proof of estimates
(2.9)—(2.10). In what follows the positive constants C', which may also differ from line to line, will
depend only on the problem parameters.



Proof of estimate (2.11). Following the lines of [5, Thm. 1] and [22, Thm. 3.5], we write (1.1)
firstly for (61, 1) and then for (6, p2), being (01, 1), and (62, p2) two solutions (1.1)—(1.6)
corresponding respectively to the data u,, v; and us, vs, to the same initial data 6y, (g, and to the
same coefficient .. Taking the difference and integrating with respect to time, we easily obtain

/Ot B () d¢+/ LAV (B(0)) — B(0:)) - Vi dwdr

t

+/ DUy d:z:dT—i-/ a (1 (B(01) — ((62))) Y dsdr

t ¢

:/ (1*a)w1dxd7+/ a(1%v)1 dsdr, (2.18)
t 3t

for any 1, eiLQ(O, T; V), where Q; := (0,t) x Q, ¥, := (0,t) x I". Here, we have also used
the notation 6 := 60, — 6, ¢ := 1 — Y9, U := Uy — Ug, ¥ := vV — Vg, and denoted by * the
t

standard time convolution operator, so that (axb)(t) = / a(t—7)b(r)dr,t € (0,T]. Choosing

0
now as test function ¢»; = (3(01) — (3(62), and using the monotonicity properties of the function
0 — —1/6, we find out that

712 1 N _ 2 g
[0 drir 5 [ 1910 (3060 - 502 (4

+ [ (000 - 30 drar+ 5 [[alte (500 - 50 OF ds
g/ (1+) (3(6:) — B(0)) dxd¢+/2 a(150) (B(0)) — B(6)) dsdr.  (2.19)

Next, taking the differences of (1.2), testing by 1), = Y, and exploiting the monotonicity of ¢ +— 3,
we have that

1 11
—/ [p(t))*dz + | |Vl dedr < I@\Qd:cd7+/ —— 4+ =) ¢drdr. (2.20)
2 Q Qt Qt ¢ th 92

Now, summing up (2.19) and (2.20), we take advantage of a cancellation of one term due to the
special form (1.7) of 3. Then, in view of assumption (1.8) on «, we arrive at

g |9l2d$dT+||1*(5(91)—ﬁ(92))(t)||3/+IIsO(t)II%z(QpL/Q Vel drdr

<c ( [ Afldndr+ [ 105 (300) 560 | ddr

+ | |a(1%0)(B(01) — B(6:)) | dsdr + | |@]? dde) : (2.21)

Xt Qt

Let us now estimate the integrals on the right hand side of (2.21) as follows. Using Young’s inequal-
ity, we deduce that

|p0| dzdr < &, 0| dwdr + Cs, |¢|* dxdr, (2.22)
Qt Qt Q1



for some d; > 0 to be chosen later. Finally, integrating by parts in time and using again Young’s
inequality, we obtain

: (1« @) (6(61) — 5(02)) | dedr
S/Qll*ﬂl(t)\l*(ﬁ(91)—ﬂ(92))|(t)dﬂ?+ A @ (1 (5(61) — 5(62))) | ddr
< 0|1 (B(61) — B(62)) (DT + Coull1 * a(t)]|72(ey

b [ fadedr+ [ 05300 = 50020 [ dn 229

and, to (1.8),

/ la (1% 0) (6(61) — B(0:)) | dsdr
/ al[1* 0|(DIL* (B(6)) — B0)) (D) ds + [ o (1 (B(61) — B(62))) | dsdr

p
< 05[[1* (B(61) — B(62)) (DI + Cou |1 % 0(t) [ Z2r
[ boPasar+ [ 10 (5060 = 500 g dr 224
Collecting now estimates (2.21)—(2.24) and choosing the constants ¢;, ¢ = 1,2, 3, such that

C1(61 + 62 + 93) < 1, we infer that

0 dzdr + [[1 (8(61) — B(82)) OV + 16() L2 + /Q VI dudr

t t
< Cy (/0 ||95(7)||2L2(Q)d7- +/0 115 (8(61) — B(62)) I} dr + ||ﬁ”%2(Qt) + ||U||%2(zt)) ;

from which, using a standard Gronwall lemma, we deduce the desired (2.11).

Proof of estimate (2.14). In order to prove the regularity (2.13) and estimate (2.14), we can
proceed formally testing (1.2) by —A; and integrating by parts with the help of (1.4). This choice
should be made rigorous in the framework of a regularized scheme, e.g., of Faedo-Galerkin type,
but we prefer to proceed formally here in order not to overburden the presentation. Making this
formal computation and integrating the resulting equation over (0,t), t € (0, T, we get

1 1 !
§||A80(t)||2L2(Q) - §||A900||%2(Q) +/ IV@ul|2(q) dr
0

t t
= / 5l Vel dr + / / V(e =)V dedr. (2.25)
0 \% 0 JQ

In order to estimate the first integral on the right hand side we can just use the Young inequality
together with estimate (2.9). The last integral, instead, can be treated as follows:

t t
| [ —ovadeir <0 [ (Il +1) 196100 Vel dr
0 0

1/t ¢
< 71/0 HVSOtH%Q(Q)dT—FC/O (14 |A¢|2e) dr,  (2.26)



where the Hélder and Young inequalities have been used together with the Gagliardo-Nirenberg
inequality ([19, p. 125]) and the previous estimate (2.10). By rearranging in (2.25) and using once
more (2.10) for the boundedness of i in L?(0,T'; H*(£))), we obtain the estimate

[A@|| L 0,L2(0)) + V@il < C,

which, together with (2.9)—(2.10), the standard elliptic regularity results and the continuous embed-
ding of L>°(0,T; H*(Q)) into L>°(Q) in 3D, gives the desired (2.14).

Proof of estimate (2.17). We aim first to prove the L°°(())-bound for . In order to do that, we use
a Moser-type technique. The procedure consists in testing (1.1) by (p + 1)67, p € (1, 00). This
estimate is formal (cf. (2.7)); indeed, in order to perform it rigorously we would need to introduce
a regularized (truncated) system and then pass to the limit. However, since the procedure is quite
standard, we prefer to perform only the formal estimate here. Testing (1.1) by (p + 1)60” leads to

p+1 2 4 1

d [ +—/‘v9+ dm+M/‘ve2 dx+(p+1)/aep+1ds
dt (p—1)2 r
:(p—l—l)/a&plds—l—(p—ir 1)/av0pds+(p—|—1)/(u—gpt)ﬁpdx.

T T Q
Using now assumptions (2.4) and (2.15), we get

+1 4p et |2

et ‘ve dr + (p+ o [ [075] ds
I

< (p+ 1)04]\4/6’1’_1 ds+ (p+ 1)onUM/0pds +(p+ 1)/ (u— )0 dx. (2.27)
r r Q

Owing to the Young inequality in the form a - b < 2= + — - 25 4 & = 1, we estimate the
two boundary terms as follows:

(p—1) ptl

-1 4\ 7T ay
0P d <O‘—m(p—/ep+1d + (—) M__oT|, 2.28
CYM/F s< P s o b+ 1) | (2.28)

QP 1 4\ (apop)P
P ds < —= /91’* ds+(—> ~— 7 __II'|. 2.29
aMUM/r =t ) Uy (p+1) a (&:29)

Thanks to estimates (2.28)—(2.29), (2.27) becomes
2
dx + / ds)
r

d pi1
p+1 >
7 9 dr +0 (/Q ’VG

< CRPH 4 (p+ 1)/ lu — ¢ |0P de,
Q

p+1

6>

where § = min{3am, 3} > 0 and C, R are independent of p. Using then the continuous
embedding of V' = Hl(Q) into L%(€2) in 3D, we obtain

d

1/3
y / or da 4 &' ( / g3 +D) d:p) <CR™ +(p+1) / lu — @07 dz,  (2.30)
Q Q
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for some &' > 0 always independent of p. Then, as (2.14) entails the boundedness of ¢; in
L?(0,T; L%(Q)), we estimate the last integral as follows:

(p+ 1)/ |u — |67 dx
Q

1/6 N 2/3
< (p+1)|lu = @il s (/ g3 +1) dx) (/ 03 dx)
Q Q
5 1/3 , 4/3
< 5 (/ g3P+1) dx) + Csi/(p + 1)?||u — %”%G(Q) (/ g1—1) dx)
@ Q
& ‘ 1/3
=5 (/ e dw) + G (p + 1)*[lu = @il 760 (/ ep—lda;) , (2.31)
Q

where we have also used the inequality |0 Hiw(m c(Q)6 = ||L2 o)- Choosing now p = 3
in (2.30)—(2.31) and integrating with respect to time, with the help of (2.9) and (2.15) we obtain

T
10w omscay < C (1 + [ =il dr) . 232

In general, integrating (2.30) from O to ¢, t € (0, T, and using (2.31) and (2.15), we infer that

/3
/9”“ t)de < C (Rp“ (p+1 ?up] (/ gi(P—1) dx> ) , (2.33)
0,7

where C' depends on the data but not on p. At this point, we can introduce the sequence
po =4
4
Prt1 = gpk-i‘Q, keN
and take p = pr11 — 1 in (2.33), getting

4/3
/ GPe+1(t) de < C (Rpk“ + (prs1)? sup (/ ok dx) > :
Q 0,7 \J@

We can apply now [13, Lemma A.1] with the choices a = 4/3,b = ¢ = 2, 6y = 4, I, = pg. Thus,
we deduce that

sup [|0|| i) < C,
(0,77

where (' is independent of k. Hence, letting & tend to oo, we get

101l =) < C. (2.34)

Finally, we aim to prove the L>°((Q))-bound for 1/6. Hence, let us call h = 1/6 and rewrite
formally (1.2)—(1.3) as follows

h, — h?A (h - %) = —h*(u—¢,), inQ, (2.35)

0 1 1
—%<h—ﬁ)—a(h—ﬁ—l—v), on. (2.36)



Note that, due to the estimate (2.34), there exists a positive constant C (depending on the data)
such that

h(t,z) > C ae. (t,z) €Q.
Test now (2.35) by ph?~ !, p € (1, 00), getting

4 1 4 1 p |2
d/hpd _|_p(p—+/‘v]1 daH_M/‘th
dt (p+2) P Q

:p/ahpds+p/avhp+lds—p/ (u — @) WP da .
r r Q

Using now the Young inequality and the assumption (2.15), we end up with

d pi2 |2
C wrdr+s ‘Vh I
dt Jq Q r

where ¢ and R are positive constants independent of p. By recalling the continuous embedding of
H'(Q) into L5(£2) in 3D along with Hélder’s inequality, we have that

d ‘ 1/3
—/hpdx+5’ (/ |2 T2) d:zc)

< C’Rp+2+p/ lu — | AP da
Q

dx + p/ ahP™ ds
r

p+2 |2

ds) < CRp+2+p/ lu — | AP dx
Q

p+2 P
< CR™ 4 pllu — gl ooy 11" sy 1P e
8\ pr2 p2 p
< CR"? + EHh 2 ||%6(Q) + 2 Ju— <Pt||%6(sz)||h2 ||i:3/2(9)

Now, integrating over (0,t), ¢ € (0,7, and using the continuous embedding of L?({2) into
L?"/4(Q) as well as assumption (2.15), we infer that

1/3 t
[ weyae+s ( / |h|3<p+2>dx) so(Rp+2+p2 / Ju = pullaa I, )df)
Q Q
<O(Rp+2+p / R N T )

where C' depends on the data, but not on p. Choosing now p = 6 and applying the Gronwall
lemma, we obtain the starting point for an iterating procedure which is completely analogous to the
one in [14, p. 269]. Hence, we obtain

17l (@) = [11/0]| =) < C (2.37)
and this concludes the proof of Theorem 2.2. ]
The next result proves the existence of a solution to problem (P).
Theorem 2.3. Assume that

60 € LQ(Q), 090 > (0 ae.in Q, In 90 € Ll(Q), wo € Hl(Q), (238)
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and (1.8) hold. Then (P) has at least one solution.

Proof. Since J(u, v,n) > 0, it follows that .JJ has an infimum d and this infimum is nonnegative. Let
(Un, Un, n)n>1 b€ @ minimizing sequence for J. This means that u,, € K, v, € Ko, 1, € K3,
(0., @n) is the solution to (1.1)—(1.6) corresponding to w,,, v, 7, and the following inequalities
take place

1
d< )\ / 0, — Qf)2 dxdt + Ag/(gpn — ) drdt <d+ =, n>1. (2.39)
Q Q n

Therefore, possibly taking subsequences (denoted still by the subscript 1), we deduce that

u, — u weakly*in L=(Q), v, — v weakly* in L>(X),

N, — n weakly*in L(Q), asn — oo,
andu € Ky,v € Ky, n € K3. By (2.9)—(2.10) we have

0,, — 6 weakly in L>(0,T; V)N W2([0,T]; V'), asn — oo,

1
o | weakly in L*(0,T;V), asn — oo,

©n — @ weakly in L*(0,T; H*(2)) n Wh2([0,T]; L*(Q))
and weakly* in L>°(0,7; V'), asn — oc.
These facts imply, by the Aubin-Lions theorem (see [16, p. 57]), that

0,, — 6 strongly in L*(0,T; L*(Q2)), as n — oo,
©n — @ strongly in L?(0,T;V), asn — oo.

Therefore, on a subsequence it results that
0, — 0 ae.in(Q), asn — o0,

whence

— — a.e.in@Q), asn — oo,

Sl

1

On,
entailing that [ = 1/6 a.e. in @ (cf., e.g., [16, Lemme 1.3, p. 12]). With the help of the Egorov
theorem, we can also conclude that

1 1
R strongly in LP(Q), forall 1 < p < 2,asn — oc.

On the other hand, in view of (1.7) the above convergences yield

B(60,) — B(0) weaklyin L*(0,T;V) and a.e.in ), as n — oo.

Next, since {®,} is bounded in L>(0,T;V) we deduce that {2} is bounded in
L>(0,T; L*(€2)) and consequently

©> — 1} weakly*in L°(0,T; L*(2)), as n — oo.

n
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But, there exists a subsequence such that ,, — ¢ a.e. in Q. This implies that > — > a.e.in Q
and we conclude that [; = ® a.e.in Q.

Now, we recall that n,, € H(0,,) a.e.in Q, 6,, — 0 strongly in L*(Q) and 1, — 1 weakly* in
L>(Q). On the basis of the maximal monotonicity of H, we deduce thatn € H(f) a.e. in Q.

Moreover, since the trace operator is continuous from V' to L?(T"), we have that
180 2075120y < C

and so
B(0,)r — B(0)| weaklyin L*(0,T; L*(T')), as n — oo.

Passing to the limit as n — oo in the weak forms (cf. (2.7)—(2.8))

T /db, den
/ <g(t),¢1(t)>‘/,7vdt+/QVﬂ(t‘)n)'Vl/)1d$dt+/Q o

+/aﬂ(9n)w1 dsdt:/unwl da:dt—i—/avnwl dsdt,
D) Q

by

dn
/ Ld ¢2dxdt+/wn-dede/(goi—cpn)wgdxdt
Q Q Q

dt
1 1)
= — = wgdﬂfdt,
/Q<Hc On

for all 1y, ¥, € L?(0,T; V), we obtain by the previous convergences that (6, ) satisfies (2.7)-
(2.8), which means that it is the solution to (1.1)-(1.6) corresponding to u and v.

Finally, we pass to the limit in (2.39) using the weakly lower semicontinuity property of the

terms in J and get
J(u,v,n) =d.

This concludes the proof, by specifying that (u,v,n) and the corresponding states (6, ) are
optimal in (P). O

3 Approximating control problem

In this section we consider an approximating problem (P.) and show its convergence in a suitable
sense to (P). First, we introduce the convex function

J:R—=R, jr)=|r—20,] (3.1)
whose subdifferential is the graph H defined in (1.9). The conjugate of j is

J (W) = Sup (wr —j(r))

and precisely reads
JH(w) = wl, + 111 1)(w). (3.2)

12



We mention that, if i is a closed convex set, we denote by [ its indicator function, which is
defined by I (r) = 0ifr € K, I (r) = 400 otherwise.

Let us recall that two conjugate functions 7 and j* satisfy the relations (see, e.g., [2, p. 6])
Jjir)+ i (w) > rw forallr,w € Ry j(r) + j"(w) = rw iffw € 95(r), (3.3)
where 07 denotes the subdifferential of j. In our special case, (3.3) reduces to

§(r) +wh. —wr >0 forallr € R, w € [—1,1];
Jjir) +wbh. —wr =0 iffw € H(r). (3.4)

Then, we let € > 0 and state the approximating problem as follows. Setting
Jo(u,v,m) =N / (0 — 0;)*dzdt + Ny / (¢ —n)*dxdt
Q Q
1
+- / (7(0) + nb. — nb)dxdt,
€JQ
we deal with the minimization problem
Minimize J.(u,v,n) forall (u,v,n) € Ky x Ky X K_1 1], (P.)

subject to (1.1)-(1.6), where

K iy={ne L) : In(tz) <lae (t,x) € Q}. (3.5)

Proposition 3.1. Let the assumptions (2.38) and (1.8) hold. Then (P.) has at least one solution.

Proof. According to (3.4) and (3.5), we have that d. = inf J.(u,v,n) > 0. Let (uZ, 0", n2), be

u7v777
a minimizing sequence for .J., that is,

1
da S JE(“??”??”S) S da +—. (36)
n

As in Theorem 2.3 we obtain that

ul — ul weakly*in L=(Q), vl — vl weakly*in L>(X),

ne — n: weakly* in L>(Q), asn — oo,
and ul € Ky, vl € Kq, 0l € K[_1,1). Also, for the corresponding state we infer that

07 — 6% weakly in L*(0, T; V) n W"2([0,T]; V')

and strongly in L*(Q), as n — oo,

P! — L weaKly in L*(0, T; H*(€2)) N W([0, T]; L*(%2)),
weakly* in L>°(0, T'; V), and strongly in L*(0,T; V), asn — oo,
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and
nror — ni0F weakly in L*(Q), as n — oo.

In a similar way as proved in Theorem 2.3 we deduce that

1 1
i weakly in L?(0,T;V), asn — 00,

(¢2)° — (¢%)° weakly in L*(Q), asn — oo,
BO™) — B(0F) weaklyin L*(0,T;V), asn — oo,
BOM)| — B(02)|, weaklyin L*(0,T; L*(T)), asn — oo
and then show that (07, ) is a solution to (1.1)—(1.6) corresponding to (u}, v¥).

Next, since j is Lipschitz continuous and 0" converges strongly to 6% in L?(Q), we have
F(07) — §(67) strongly in L*(Q), asn — oo.

When passing to the limit in (3.6), in the third term of J, we exploit the weak lower semicontinuity.
Then, we get J.(uZ, vi, nt) = d.. In conclusion, (u}, v}, n}) and the corresponding state (6%, ©¥)
are optimal in (P.). O

The next theorem proves that (P.) converges to (P) in some sense as € — 0.

Theorem 3.2. Under the hypotheses of Theorem 2.3, for any € > 0 let the pair { (u*, v, nk), (6%, %)}
be optimal in (P.). Then, we have that

ul — u* weakly*in L>°(Q), ase — 0, (3.7)
vl — v" weakly*in L>°(X), ase — 0,
n: — n* weakly*in L>=(Q), ase — 0, (3.9)

0F — 0* weakly in L>(0,T; V)N W2([0,T]; V')
and strongly in L*(Q), as — 0, (3.10)

©F — " weakly in L*(0,T; H*(Q)) N W2([0, T]; L*()),
weakly* in L>(0,T; V'), and strongly in L*(0,T; V), ase — 0, (3.11)
where (0™, ") is the solution to (1.1)—(1.6) corresponding to (u*, v*, n*) and the pair {(u*, v*, n*),
(0%, ©*)} is optimal in (P). Furthermore, every triplet (u*, v*, n*) obtained in (3.7)—3.9) as weak*
limits of subsequences of { (u’,v*,n’)} yields an optimal solution to (P).

Proof. Let { (u*, v}, k), (6%, ¢%)} be optimal in (P.). Then we can write

J&(UZ7U:7T]:) S JE(U7U7T]>7
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for any (u,v,n) € K; x Ky x Kj_14]. In particular, we set u = u, v = v, = 1), where
(uw,v,n) is a solution to (P) with the corresponding state 9, ¢ solving (1.1)—(1.6). This entails that
ne H(O)=0j(0)ae.inQ. The previous inequality reads

)\1/(9:—Hf)dedt—l—)\g/(cp:—n:)dedt—l—1/(](«9 )+ 050, — oY) ddt
Q Q €Jq
- 1 - ~
< >\1/(9—Qf)zdmdt+/\2/(g5—1“7)2da:dt+g/(j(9)+7790—779)dxdt, (3.12)
Q Q Q

and we see by (3.4) that the last term on the right-hand side is actually zero. Then the right-hand
side is bounded by a constant.

In view of (1.11)—(1.12) and (3.5), by the boundedness of the optimal controllers (u}, v¥, n*)
we obtain (3.7)-(3.9). Thanks to Theorem 2.2 (cf. especially (2.9)—(2.10)), it is straightforward to de-
duce (3.10)—(3.11). Then, writing the weak formulations (2.7)—(2.8) for the approximating state and
passing to the limit as ¢ — 0 we deduce that (6*, ¢*) is the solution to (1.1)—(1.6) corresponding

to (u*, v*,n*).
Finally, we have to show that n* € H(6*) a.e.in . We set

G = / ((6) + n26o — n267) davdt
Q

and remark that 1
0 S Ve = _CE <C
€

for some constant C' (independent of ), because of (3.12). Hence, we have that (. = ¢y, — 0,
as € — (. On the other hand, passing to the limit we infer that

0< /(j(Q*) + 00 — 0% dudt < lim . =0,
Q e—

We deduce that j(6*(t, x)) + n*(t, x)0. — n*(t,z)0*(t,x) = 0 ae. (t,z) € @ and, thanks to
(3.4), this implies that n*(t,z) € 0j(6*(t,z)) = H(0*(t,x)) ae.(t,x) € Q.

Then, we pass to the limit in (3.12) as € — 0 and obtain
J(u 0" ") < J(u,v,m),
forany (u,v,7) € Ky x Ky x K3 (cf. (1.13)), with (5, ) solution to (1.1)—(1.6). This shows that
{(u*,v*,n*), (6%, ¢*)} is optimal in (P). O

4 Optimality conditions

In this section we compute the optimality conditions for the problem (P.). We prove that whatever
would be the optimal controllers u;, v, 1%, they are represented by the expressions given in Theo-
rem 4.6. To this end, we use some intermediate results proved for a second approximating problem,
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introduced in order to regularize the function j. We recall that the Moreau-Yosida regularization is
defined by

2
Jo(r) = inf { Ir 208| +j(s)} , foranyr € R, o > 0, (4.1)

and that it can be still written as
1
jo(r) = %‘(I—i—aH)_lr—7’|2+j((I+UH)_17‘), (4.2)

where [ is the identity on R. The function j,, is convex, Lipschitz continuous along with its deriva-
tive, and it has the properties (see [2, p. 48]):

0 < jy,(r) < j(r) and lin%j(,(r) = j(r), forany r € R. (4.3)

Let (ul, v}, n}) be optimal in (P.). Following a technique developed in [1], we introduce the
approximating penalized problem:

Minimize J. o (u, v, n) for all (u,v,n) € Ki x Ky X K|_q 1, (P-.o)

subject to (1.1)—(1.6), where

1
(0 — 0;)*dzdt + )\2/ (¢ —n)*dxdt + B / (Jo(0) + nb. — nb) dxdt
Q Q

+/(u—u:)2dxdt—|—/(v—v;)stdt—i—/(n—n:fdxdt,
Q z Q

J&O-(U,'U,n) - )\1/

Q

and K|y y) is defined by (3.5).

It is obvious that problem (P~ ,) has at least one solution, and the proof can be done arguing
as in Proposition 3.1. Now, we shall show that in a formal way (F:,) — (FP-)as o — 0.

Proposition 4.1. Assume that (2.38) and (1.8) hold. Let (u’,v},n}) be optimal in (P.) and

*

(u 5, v¢,,m2,) be optimal in (P. ). Then, we have that

e,00 Ye
ul,, — u’ weakly*in L>(Q)) and strongly in L*(Q), aso — 0, (4.4)
v:, — vl weakly*in L>(X) and strongly in L*(X), as o — 0, (4.5)
n:., — M weakly*in L>(Q) and strongly in L*(Q), aso — 0, (4.6)

and the corresponding states (07 ,, ¢t ,) converge to the optimal states (0%, %) that correspond
to (ut,vi,n:) in (P:).
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Proof. We write that (uf ,,vZ,, 7% ,) is optimalin (P. ), that is

A\ / (9:}0_ — 9f)2 dxdt + Xy / (<p:70 — 77;‘70)2 dxdt
Q Q
1

2 GalO2) 08— 02, 02,) ot
Q

+/(u:7g—u:)dedt—i-/(v;U—v:)stdt+/(ngp—n:)dedt
Q z Q
1
< >\1/(9—Qf)quzdt+)\2/(cp—n)2d:cdt+g/(jg(ﬁ)—l—nﬁc—n@) dxdt
Q Q Q

+/(u—u:)2d:cdt+/(v—v:)2 dsdt+/(n—77:)2dxdt, (4.7)
Q D Q

forallu € K1, v € Ky, n € K|_1,1, with (0, ) denoting the corresponding solution to (1.1
)—(1.6).

In particular, we set u = u, v = vX, n = 7’ in (4.7). This leads us to consider the corre-
sponding solutions 6 = 6%, ¢ = ©Z to (1.1)—(1.6) as well. It follows that the left-hand side in (4.7)

€
is bounded independently of o, because on the right-hand side the last three terms vanish and

Jo(0F) < 5(6%) a.e. in @, thanks to (4.3). Consequently, by selecting subsequences (still denoted
by the subscript o) we get

ul ,, — u. weakly*in L>(Q), v, — v. weakly*in L>(X),

e,0 €,

N, — M- weakly*in L=(Q), as o — 0. (4.8)
Relying on the estimates (2.9)—(2.10) for the state system we have

0%, — 0. weakly in L*(0, 7 V) n W"2([0,T]; V')
and strongly in L*(Q), as 0 — 0, (4.9)

©Z , — - weakly in L*(0,T; H*(Q)) nW2([0, T); L*(Q)),
weakly* in L>(0,T; V'), and strongly in L*(0,T;V), as o — 0, (4.10)
where (0., . ) is the solution to (1.1)—(1.6) corresponding to (u., v, 7c).
Next, we pass to the limit in (4.7) as ¢ — 0. First, we assert that
/ J(0c) dxdt < lim iglf/ Jo (0% ) dxdt, (4.11)
Q =0 Jq ’

where 6. is the limit of 67 . Indeed, by (4.2) we have

1
%/ {(I +005)7'0:, — 0%, ? dadt < / Jo(0% ,) dxdt < constant,
Q Q

which implies that

lim (I +00j)7"0%, — 6 0.

,UHL2(Q) -
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Therefore, we deduce that
(I +08j)~"6, — 6. strongly in L*(Q) as o — 0. (4.12)

Next, again by (4.2) we can infer that

J((I +005)7'6 ) dvdt < lim iglf/ Jo(07 ) dxdt

/ j(0.) dxdt = lim
Q 70 Q

Q
by the Lipschitz continuity of 7 and (4.12). Then, passing to the limit in (4.7) as ¢ — 0 we get

1
A1 / (0. — 0;)* dudt + Xy / (e —n)? dwdt + - / (7(0:) + nb. — n-0.) dxdt
Q Q <

Q
+/(u5—u;)dedt—l—/(ve—v:)2dsdt—|—/(n€—n:)Qda:dt
Q by Q
1
< [ 0= dude+ [ (o= )P dodt 2 [ (G062) + 20, 262) dodt
Q Q <JQ
1
< )\1/(65—9}02 dazdt+>\2/(gps—n€)2da:dt—|—g/(j(@s)—l—?]e@c—neﬁs)dxdt.
Q Q Q

The second inequality can be written because (u}, v, n) is optimal in (P-). Hence, it is not
difficult to see that

Ue = UL, Ve = V2, N =1, a.e.in@Q
and consequently 6. = 0% and p. = ¢ a.e. in (). Actually, going back to (4.7) it follows that the
convergences in (4.8) hold for the whole sequences and moreover

*
£,0

u’  — u’ strongly in L*(Q), v’ — v’ stronglyin L*(%),

€,0

15, — 1% strongly in L*(Q), aso — 0.

This ends the proof. U

4.1 Optimality conditions for (. ;)

For a later use we begin by proving the well-posedness of the problem

Wy —a(t,x) AW + b(t,2)® = w(t,z), inQ, (4.13)
Oy — AD + c(t,z)P + d(t,x)W; = g(t,x), inQ, (4.14)
_8_W = a(x)(W —~(t,x)), onX, (4.15)
ov
0P
i 0, on2, (4.16)
W(0) =0, ®(0) =0, in (. (4.17)

Proposition 4.2. Let the following conditions

a,b,c,d € L7(Q), 0<ag<a(t,z) <lall g =t lal, . ae (t,2) € Q, (4.18)
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w,g € L*Q), ve€W'([0,7T],L*(I'), « satisfies (1.8) (4.19)

hold. Then, the problem (4.13)—(4.17) has a unique solution (W, ®) with

W e L0, T; V) N Wh2([0, T]; L3(Q)),
® € L2(0,T; H2(Q) N L=(0,T; V) N WL2([0, T]; L2(Q)).

If v = 0 in addition, we have that

W e L*(0,T; H*(2)). (4.20)

Proof. We use a fixed point argument. In (4.13)—(4.17) let us fix ® € L?(Q) and consider the
equations and conditions

W, —a(t,z) AW + b(t,2)® = w(t,x), inQ, (4.21)
W (@) (T = (1)), on, 422
ov
W(0) =0, inQ, (4.23)
Oy — AD + c(t,2)® + d(t,x)W; = g(t,z), inQ, (4.24)
0P
i 0, on, (4.25)
®(0) =0, in Q. (4.26)

We first solve (4.21)—(4.23) and find W, then we put Win (4.24) and solve (4.24)—(4.26) by finding
®. Thus, we construct a mapping

U C([0,T); L*(Q)) — C([0,T); L*(Q)) suchthat W(®) = . (4.27)
We are going to show that a suitable power of W is a contraction.
First of all, we claim that (4.21)—(4.23) has a unique solution

W e L>(0,T; V) nWh([0,T]; L*(Q)). (4.28)

Let us outline the argument, without writing in detail all computations. By taking a partition of the
interval [0, T'], setting t; = ¢h, i = 1,..., N, with h = T'/N, we consider the system of finite
differences

1wy —wiy

(@) . — Aw; = fi(z), inQ, (4.29)
=, = al@)(wi =), enT, (4.30)
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fori =1,..., N, with wy = 0. Here, a; denotes the mean value of a on the time interval ((i —
1)h, (ih)), and the same definition can be set for f; provided f is interpreted as (w — b®)/a. On
the other hand, in view of (4.19), 7; can be defined as ;(x) = v(t;,x), a.e. z € I'.

Givenw;_; € L*(9), the system (4.29)—(4.30) has a unique variational solution w; € H* ()
such that Aw; lies in L?(€2) and the normal derivative % isin L?(T). Then, thanks to well-known
elliptic regularity results, the finite difference scheme (4.29)—(4.30), = = 1, ..., N, has a unique
solution (w1, ..., wy) € X* where

X = {z e H¥?*(Q); Az € L*(Q)}.

An a priori estimate is obtained by testing (4.29) by w; — w;_1, and summing with respect to 1,
from 1 to & < N. Recalling that wy = 0, we obtain

h k
2

||ooi1

2

1 1
+—/ |Vwk|2dx+—/am|wk|2ds
ey 2Je 2Jr
W; — Wi—1 — Wi—1
< h i d h i ds.
z [ s w+z [t

The last term on the right-hand side can be written as

Zh/a% i_hlldS—/a’ykwkds—Z/ — Yio1)Wi—1 ds

and standard computations involving the Young inequality and the discrete Gronwall’s lemma along
with assumptions (4.18)—(4.19) lead to some estimates for the functions w;, (piecewise linear in
time interpolant) and wj, (piecewise constant in time interpolant). Namely, we have

W; — Wi—1

h

||6tﬁ7h||L2(o,T;L2(Q)) + Hwh”LOO(O,T;Hl(Q)) <C.
Using this we can pass to the limit (by weak and weak* compactness) in the equations
1. . _ -
—Ooywy, — Awy, = f,, inQ,
anp
owy,

Y
wp(0, -) =0, in€.

= a(wh - 7]1)7 on 27

By comparison we also find the additional regularity

N —

L20T5L2(T))

HA@h ”L?(O,T;L2

ov

We point out that if v = 0, in the system (4.29)—(4.30) one can recover that the normal derivative
of the solution on the boundary, i.e. 94, belongs to H'/*(I'), and consequently w; € H?(1),
whenever the product a w; lies in H'/?(I"). Now, we have that « satisfies (1.8) and the trace w;
is in Hl(F), on account of w; € X. Well, it is easy to check that the product of two elements of
H'(T') belongs to W?(T") for all 1 < p < oo due to the Leibniz rule and to the fact that I is the
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(two-dimensional) boundary of a three-dimensional domain €2. Hence, thanks to the 2D Sobolev
embedding W?(I') ¢ HY/2(T") if p > 4/3, it turns out that

(9w2-
ov

Then, if ¥ = 0, it is not difficult to obtain (4.20) for .

= aw; € HYX(TD).

Consequently to (4.28) it follows that the subsequent linear parabolic problem (4.24)—(4.26)
has a unique solution

® € L*0,T; H*(Q)) N L>®(0,T; V)N WH([0, T]; L*(Q2)).

At this point, we can write (4.21)—(4.23) for two functions 61, D, € LZ(Q) getting the re-
spective solutions 11, W5, which satisfy (4.28). Then, take the difference, divide by a, multiply the
result by (W1 Wg)t and integrate over (). After a few standard computations, we obtain

/0 |71 =)o)y + [V = W) ()

|20
t
+/ (W, = Wa)(t)] ds < 01/ 1@ = Bo) (7). I (4.31)
r 0

for some constant C' depending only on the data in (4.18)—(4.19). Next, we write (4.24)—(4.26)
for &;, W, i = 1,2, subtract, and test by (®; — P,), the difference of solutions. Hence, it is a
standard matter to infer that

1(®1 = ©2) (1) 720
<y ( /0 |@: = o)1) i+ /O |07 = )] dT> .32

for some positive constant C5. Then, combining (4.32) with (4.31), we obtain
t
2 — — 2
(@1 = ®2) ()| 720 < 03/0 [(®1 = @2)(7)|| o dr forallt € [0, 7. (4.33)

By observing that (cf. (4.27)) ®; = W¥(®;), i = 1,2, is not difficult to check that relation (4.33)
implies by recurrence that

94 @0) ~ @) 1y < o [T~

() HC([OvT];LQ(Q))
for all k € N. Then for k large enough the above coefficient Cg%f is less than 1, and so W* has a

unique fixed point ¢ which also fulfils & = W¥(P). O

In the sequel, we will assume the further regularity conditions (2.12) and (2.15) (besides (2.4))
in order we can take advantage of uniform L°° estimates for both components of a solution to (1.1)—
(1.6). Let us resume the computation of the optimality conditions for (P. ;). Let (u? ,, v ,,nZ,)
and (07 ,, ¢t ,) be optimalin (P ;) and A € (0, 1). We introduce the variations

= (1= ANul, + M =ul,+ \u, uarbitrary in K,
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v = (1 - ML, + A=l + Av, varbitrary in Ko,
772\,0 = (]' - /\)77:,0 + /\77 = 77;,0' + )‘7’7’ n arbitrary in K[—1,1]7
with

u=u—u,,

V=0—0,, N=0—10.,. (4.34)
First of all, we note that the system (1.1)-(1.6) corresponding to u;\,g and vg\,g has a unique solution
(625, ¢2,), and

A *
95, - 65 o)

gpéa — 7, strongly in L*(Q), as A — 0. (4.35)

This can be obtained by the estimate (2.11) combined with weak* compactness. We set

_ 9)\ — O _ 90>\ o ()0*
by _ &0 £,0 (I))\ _ Teo £,0 4.
© — — (4.36)
and claim that ~ _
0 - Y and & — & weakly in L*(Q), as A — 0, (4.37)
where the limits Y and ® solve the system in variations
Vi = AB(0:,)Y)+ P =1, inQ, (4.38)
1
O, — AP + (3(¢L,)* — )P = GE Y, inQ, (4.39)
a * / *k ~
= 5, (F(02,)Y) = a(2)(F'(0:,)Y — ), onZ, (4.40)
d
0 =0, onX, (4.41)
ov
Y (0) =0, ®(0) =0, inQ. (4.42)

The proof of (4.37) is done in Proposition 4.3, below. Before that, we define a (very weak)
solution to (4.38)—(4.42) as a pair of functions Y € L?*(Q), ® € L?(0,T; V') which satisfies the
system

/thdxdt—/ﬁ YAwdxdt—/chwtdxdt

:/ﬂ¢d$dt+/a2~}wd5dt, (4.43)
Q

by

—/ (I)(wl)tdxdtJr/V@-Vzpldxdt+/(3(<p:p)2—1)(I>¢1dxdt
Q Q Q

- / M —— Y dudt, (4.44)

forall ) € L*(0,T; H*(Q)) N W'2([0, T]; L*(2)) solving the problem

Y+ AY = —fo, inQ; g—qﬁ +ay =0, on; P(T) =0, inQ, (4.45)
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for a generic fo € L*(Q),andforallyy € L*(0,T; V)NWH2([0, T); L*(2)) such that ¢ (T) =
0.

Proposition 4.3. Assume (2.38), (1.8 ), (2.12) and (2.15). Then the problem (4.38)—(4.42) has a
unique solution (Y, ®) with
Y € L*(0,T; L*(Q)), (4.46)

® € L*(0,T; H*(2)) N L>(0,T; V) n W2([0, T; L*(9)), (4.47)

and the convergence properties in (4.37) hold.

Proof. First, we prove the existence and uniqueness of the solution to (4.38)—(4.42). Due to the
hypotheses (2.15) , we infer that the state system (1.1)—(1.6), written for u = u:’g and v =
v? ,, has the solution (07 ,, ¢Z ;) with both 67 , and 1/607 , bounded in L*°((Q) (see (2.17)) and
consequently (cf. (1.7)) B'(6%,) € L>(Q). Moreover, in view of (2.12), by (2.14) we deduce the
boundedness of ¢, in L>(Q) N L>(0,T; H*(Q)).

We integrate (4.38) and (4.40) with respect to 7 on (0, ¢). We obtain

Y(t,x) — A/O B'(0; (1, 2))Y (1, 2)dT 4+ ®(t,2) = /0 u(r, z)dr,

0 t "(g* _ ! e ~
_ %/0 (B0, (7,2)Y (1, 2))dT = a(x)/o (B'(0% (7, 2))Y (1, 2) — (7, 2))dT

and then set W (t, z) = fot B0z, (7,2))Y (1, 2)dr for (t, ) € Q, so that
Wilt,z) = B'(02,(t,2))Y (t,2), (7)€ Q. (4.48)

Now, the system (4.38)—(4.42) can be replaced by

(@Wt AW ) (1) = /0 d(r ), (L1) €O, (4.49)
Dy — AD + (3pl, —1)P = mm, inQ, (4.50)
—aa—vyv(t,x) — a(z) (W(t,x) . /0 ta(T, x)dT), (t,z) € %, (4.51)
g—f =0, onX, (4.52)

W(0) =0, ®(0) =0, in€. (4.53)

Here, we are allowed to apply Proposition 4.2 for

alt,z) = b{t,2) = FO:(t 1)), wlt,z) = B8 (t ) / a(r, 2)dr,
. 1 B
C(t,ZL’) = (3%0570.(1;,1') - 1)? d(t,I) = _mv g(t,l’) =0,
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t
(t,x) € Q,and v(t,z) = / o(r,z)dr, (t,x) € X. Observing that such coefficients satisfy
0

(4.18)—(4.19), we conclude that (4.49)—(4.53) has a unique solution (I, ®) with W in the space
L>(0,T; V)N WY2([0, T]; L*(Q2)). Then, owing to (4.48), it turns out that (4.46) holds.

Next, we have to show that if (Y, ®) fulfils the variational equalities in (4.43) and (4.44), then
the pair (W, @) with W specified by (4.48) just solves the system (4.49)—(4.53). Indeed, taking an
arbitrary

¢ € H*(Q) such that % +al=0, onT, (4.54)
1%

according to (4.45) we can choose ¥ (t,z) = (T — t)((x), (z,t) € @Q, in (4.43). Then, if { also
belongs to D(2), integrating by parts in time it is not difficult to recover the equality (4.49) in the
sense of distributions in €2, for a.e. t € (0,7"). Once (4.49) is proved, we can compare the terms
and find additional regularity for TV (in particular, AW € L*(0,T; L*(£2)) in order to be able to
get back to (4.43) and this time still use ¥ (t,x) = (T — t)((z), but with an auxiliary function
¢ as in (4.54) to find the boundary condition (4.51) as well. A similar approach can be used on
(4.44) taking now ¢y (¢, ) = (T — t)¢1(2), (z,t) € Q, with ¢; arbitrary first in H3(€2), then in
Hl(Q) in order to arrive at an integrated version of (4.50) and (4.52). Then, it suffices to examine
the regularity of ® and realize that (4.47), as well as (4.50) and (4.52) directly, are satisfied.

We prove now (4.37). As mentioned in Theorem 2.2, the solution to (1.1)—(1.6) is Lipschitz
continuous with respect to the data. Relying on (2.11) and recalling (4.36), we can write

2 2

&’

2
L2

@ " H&)A ) * HEI;A ) < Hg”iZ(Q) + W@(z) : (4.55)

C([0,T];L2(22 L2(0,T;V

It is also obvious that, for each A, the functions ©* and ®* are in the same spaces as 9:7(, and
wzyg are, given by Theorem 2.2, and that they satisfy the system

B62,) — B(0Z,)

0} — A S +0) =7, inQ, (4.56)
FA FA A \2 A 2 x éA
By — A+ ((92,)" + ¢Lol, + (91,)° —1) @ = e, @, (4.57)
0 9?0 - 0:0 9?0 - 020 ~
- 2 08~ B0) _ (x)<ﬁ( o)A ,>_U>’ .
P
E = O, on Z, (4.59)
Or=0, ® =0, inO. (4.60)

Thanks to (4.55), at least for a subsequence of \ we have that

0" — Y weakly in L*(Q), as A — 0,
P — d weakly in L*(0,T; V) and weakly* in L>(0, T; L*(2)), as A — 0.
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Let us test (4.56) by v given as in (4.45) and (4.57) by ¢, € W12([0,T; L*(Q)) N L?(0,T; V)
with 11 (T") = 0. Using the boundary conditions (4.58) and (4.59), we obtain

A o *
_ / My dzdt — / Ol0z,) = (QE’”)Awda:dt
Q Q A

—/ 5Awtdxdt:/ﬂz/)dxdtJr/aih/)dsdt, (4.61)
Q Q

by

—/@A(Q/Jl)tdxdtJr/V(I)A-Vzbldxdt
Q Q
- o
+ / (P20)" + P20l + (#25)" = )Py dudt = / g Urdvdt. (462)
Q

e,07€,0

Now, we observe that
6(92\,0) - 5(6:,0)
A

where 0, is a measurable function taking intermediate values between 6% and 02 , a.e. in Q.

Moreover, due to (4.35) we have that 6, — 07 , strongly in L?*(Q) as A — 0. Therefore, by the
Lipschitz continuity of some restriction of 3 to a bounded subset of (0, +0c) we deduce that

= ('(6,)0",

B'(0y) — B'(0,) strongly in L*(Q), as A — 0,
whence
5(@?,0) - 6(8:,0)
A

first, and then weakly in L2((Q) due to the boundedness of 3'( 8,)©* in L%(Q). Analogously, in
view of (4.35),we have that

— 3'(62,)Y weaklyin L'(Q), as A — 0,

(D202 + @2 0t o+ (¢E,)? = DB — (3(¢%,)* — 1)@ and
o Y

—
02,0z (07 ,)?

e,0’¢e,0

weakly in L*(Q), as A — 0.

Now, we can pass to the limit in (4.61)-(4.62) and find out that

—/?wtdxdt—/ﬁ’(&:p)?Awdxdt—/ %wtdxdt:/awdxdwr/awdsdt,
Q Q Q Q

by

—/ 5(¢1)tdxdt+/ V@-ledxdt%—/(?)(gp:,a)?—1)&3w1dxdt
Q Q Q

Y
== /Q le dl‘dt,

which means thatj/, EIVD yield a solution to (4.38)-(4.42) (see (4.43)—(4.44)). Since this solution is
unique we obtain Y = Y, ® = ® and it is the whole family to converge in (4.37) as A — 0. Il
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Next, let us denote by p. , and ¢. , the dual variables and introduce the dual system

1
(=)t + B'(0% ) Apes + @t = I7., inQ, (4.63)
(o)t + Deo — (3L 5)* = Deo + (Peor)e = =15, inQ, (4.64)
ODe o 04 »
2 = — = E 4.65
8V + a(‘r)péf,d Oa 8V 07 on 9 ( )
pE,U(T) =0, qw(T) =0, inQ, (4.66)

where

* 1 * * (e * * * *
]1075 = 2)\1(98,O’ - ef) + g(ga,o - na,a)? ]2,5 = 2)‘2(906,0 - 775,0)’ 58 o ]0(9 )

We note that
., 13,8, € L7(Q).

Proposition 4.4. Assume (2.38), (1.8), (2.12) and (2.15). Then the dual system (4.63)—(4.66) has
a unique solution (- », Gz ») with

Peos Qoo € L2(0,T; H*(Q)) N L(0,T; V)N WE2([0, T); L*(2)) (4.67)
and such that the estimates
T
2 2 2
0l + el + [ 18pea®lfedt <€ os)
T
2 2 2
e+ oo + [ 18Oyt < € (4.69)

hold independently of o > Q.

Proof. First, we make in (4.63)—(4.66) the variable transformation ¢’ = T' — t. Then, the thesis
follows from Proposition 4.2, by setting in the transformed system

: 1 ,
:ﬁ/(es,a)a b= — ( ) 5 w_[1€7
= (3(¢,)?—1), d=—1, g=1I3_, and v =0.

The estimates (4.68)—(4.69) can be obtained by standard computations, testing (4.63) by
—(pe,o )+ and (4.64) by —(q. )¢, integrating, combining the resulting equalities, and so on. Finally,
a comparison of terms in (4.63) and (4.64) yields the desired estimates also for Ap, , and Agq. , .
Il

Proposition 4.5. Under the assumptions (2.38), (1.8), (2.12) and (2.15), the optimality conditions
for (P: ) read

- (psa +2(ul, — u*)) € 0k, (ul,), (4.70)
— (apes +2(7, —sﬁeﬁ&x o) (4.71)
— (I3 + 2002, —nZ)) € Ol 775(,) (4.72)
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where ]
Ig,a = _2)\2(()0:,0' - 77:,0) + g(ec - 0:,0')' (4.73)

Proof. Due to (4.63)—(4.66), it is straightforward to realize that one can take ¢V = p,., in (4.43)
(cf. (4.45)) and ¢ = ¢., in (4.44). Then, by adding the equalities and integrating by parts in one
term, we obtain

1
- / {(ps,o)t + 602 5) Apeo + *—Qqs,g} Y dwdt
Q (0:,)

- / {(Qz,a)t + AQE,J - (3(90:,0)2 - 1)Q€,a + (pa,a)t} (I) dl’dt
Q

:/ﬂpg,gdxdt—i-/o/ﬁpspdsdt.
Q s

Hence, with the help of (4.63)—(4.64) we have

/IfEdedt—i—/Igandxdt:/ﬂpavadmdth/o/ﬁpe,adsdt. (4.74)
Q Q Q X

Then we write the optimality condition

AN

Js,U(U* vZ 77:,0) < Je,a(av 67 ﬁ)) for any (av i)\, 77) € Ky X Ky X K[—1,1]~

g,07 "€, 0 —

In particular, taking @ = u? ,, 0 = v2,, 1 = 12, making some computations, dividing by A and

letting A go to 0 lead to the inequality
22 / (07, — 0,)Y dedt + 2, / (6t — )@ — ) ddt
Q Q
1 ~ ~
+ = / (6:0}/ + 7790 - 77620' - U:UY)dedt
eJo ’ ’
+2 / (uf, —ul)udzdt + 2/(1}20 — vl vdsdt + 2/ (nt, —nZ)ndrdt > 0.
Q > Q
With the previous notation, this yields
/ If’gY dx dt 4 / Igeq) dx dt + / Igeﬁd:&dt
Q Q Q
+2 / (ul, —ul)udrdt + 2 / (v, —vl)vdsdt +2 / (., —mZ)ndrdt > 0. (4.75)
Q by Q
By comparing (4.74) and (4.75) we easily obtain
/ u {paa +2(ul, — u:)} dx dt + / '17{04p570 +2(vl, — vg)} dsdt
Q )

+ / {15, +2(nt, —nt)} dudt > 0.
Q
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Therefore, recalling (4.34) we finally have
/Q(u;U —u) {— (peo + 2(u} , — u})) } dudt
+ /E(UJ,U —v) {— (apeo +2(v;, —v})) } dsdt
+ /Q(n:,a — ) {— (I5. + 200, —n?)) } dudt > 0,

forany (u,v,n) € K1 x Ky x K[_1 ). This implies (4.71), as claimed. O

Theorem 4.6. Assume (2.38), (1.8), (2.12), (2.15) and let {(u}, v}, nk), (0%, p%)} be optimal in
(P:). Then, the optimality conditions for (P.) read

uz(t, ) = up, on {(t,r) € Q: pc(t,r) >0}

U S uZ(t, @) Swun, oon {(t,x) € Q: pe(t,x) =0} (4.76)
ut(t, @) = uar, on {(t,z) € Q: p.(t,z) <0}
vi(t, ) = U, on {(t,x) € ¥: p(t,z) >0}

U S VIt x) <wy,oon {(tx) € Xt pe(t,x) =0} (4.77)
vi(t, x) = v, on {(t,x) € ¥: p(t,z) <0}
ni(t,z) = —1, on {(t,x) € Q: I3.(t,x) > 0}

—1<ni(t,z) <1, on{(t,x)e@: I3.(t,x) =0} |, (4.78)
ni(t,z) =1, on {(t,x) € Q: I3.(t,x) <0}

where (p., q.) is the solution to the problem
. 1 ,
(ps)t + ﬁ (95>Ap€ + W‘k = _[1,57 n Q> (4-79)
<QS)t + AQE - (3(90:,0)2 - 1)(]6 + (pe)t - _]2,5; in Q7 (4-80)
Op. o 0¢.
5, + a(z)p. =0, By = 0, onX, (4.81)
p(T) =0, ¢-(T) =0, inQ, (4.82)

and where
Il,e - 2)‘1(95 - ef) + g(gs - 775)> with 55 S aj(es) a.e.in Q7
* * * * 1 *
IQ,E = 2)‘2(908 - 775)’ [378 = _2/\2(905 - 776) + g(ec - 95)
Proof. Under the hypotheses, problem (P ,) has a minimizer (u ., v, n!,) with the corre-

sponding pair (6, cp;g) solving (1.1)—(1.6). We pass to the limit in (P ,). According to Propo-
sition 4.1, we have the convergences in (4.4)—(4.6) and (4.9)—(4.10), in which however the actual
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limits are 6% and . By the estimates (4.68)—(4.69) in Proposition 4.4, at least for a subsequence
we have that

Pe = Des e — G- Weakly in L2(0, T; H?(Q)) N W2([0, T]; L*(Q)),
weakly* in L>(0,T; V), and strongly in L*(0,T; V), as ¢ — 0.

Then, recalling (4.70) and passing to the limit we find that
— (P + 2(ul, — ul)) — —p. strongly in L*(Q), as o — 0,
which, along with (4.4), yields
—pe € 0lk, (ul), ae.in@ (4.83)

for 0I, is maximal monotone and so strongly-weakly closed. The same argument works for the
other two controllers in (4.71) and (4.72), hence we obtain

—ap. € 0lg,(vl), ae.onX, (4.84)

and
—I,. € 8[;([71,1] (nX), ae.inQ, (4.85)

because of the convergence
(I + 20, — 1)) = Dol — ) — < (B = 820) = 200 — )
— 2 (pf =) — é(QC — 0%) = —I3. strongly in L*(Q), as 0 — 0.
It is easily seen that

— 1y, = 2)\2(@:70 — 77:70) — —2Xo(¢r — nf) = —I>. strongly in L*(Q), aso — 0.

Letting {* denote the weak* limit in L>°(Q) of some subsequence of {{, }, it turns out that
£ € 0j(07) ae.in Q. Indeed, recalling that £ , = j; (07 ,), we can write

Q

/ (Go(02.) — 3o (2)) dudt < / JL(6: )0, — =) drdt
Q

forany z € Lz(Q), and pass to the limit as 0 — 0 taking (4.11) into account. Thus, we deduce
that

/ ((62) — 4(2)) dedt < / €07 — 2) dwd,
Q Q

which implies £& € 07(07) a.e. in . Consequently, we have that

* 1 * *
Iie = 2)\1(06,0 - ef) + g(gs,o - Th—:,o)

1
— 20\ (02 —0f) + —(& — ) = I, weaklyin L*(Q), as o — 0.
€
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The above arguments prove that the solution to (4.63)—(4.66) converges to the solution to (4.79)—
(4.82) as ¢ — 0. In fact, due to the uniform boundedness properties ensured by assumptions
(2.12) and (2.15), we also point out that

F00) = A). s = e BEL) =D = (2= 1)

weakly* in L°°(Q) and strongly in L*(Q), as o — 0.

Note that the selection & from 0j(0%) = H(6Z) which is present in I, . is not uniquely
determined unless 07 # 6. a.e. in (). On the other hand, the pair (p., ¢-) turns out to be the
unique solution of the problem (4.79)—(4.82) once & is fixed in I ..

Now, in order to conclude the proof it suffices to notice that, e.g., 0k, (u}) is exactly N, (u}),
the normal cone to K at u}. Then, it is straightforward to derive (4.76)—(4.78), as claimed. |
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