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Abstract

In this paper we prove existence of global in time weak solutions for a highly nonlinear PDE system arising in
the context of damage phenomena in thermoviscoelastic materials. The main novelty of the present contribution
with respect to the ones already present in the literature consists in the possibility of taking into account a
damage-dependent thermal expansion coefficient. This term implies the presence of nonlinear couplings in the
PDE system, which make the analysis more challenging.

1 Introduction

We consider the PDE system, in Q x (0, T'), where Q C R? (with d € {1,2,3}) is a bounded and sufficiently
regular domain and 1" denotes a final time,

c(0), — A(K(0)V0) + p(x)0 div(in) +x; -+ ()0 div(u)x = o, (12
e — div(b(x)D=(w) — div(a(x)Ce(ug) + div(p()01) =1 (1)
X+ Apxt 900+ TV ey Do) 0 f(pdivi) =0 (g

with subgradients § € 91|g o) (X) and ¢ € I(_q o) (x1). The initial-boundary conditions are

6(0) = ¢°, w©0)=u’,  w(0) ="  x(0)=x" inQ, (2a)
K(@)VO-v =0, u =0, Vx-v=0 on 092 x (0, 7). (2b)

The state variables and unknowns of the problem are the absolute temperature 6, whose evolution is ruled by the
internal energy balance (1a), the vector of small displacements u, satisfying the momentum balance (1b), and the
damage parameter y, representing the local proportion of damage: x = 1 means that the material is completely
safe, while x = 0 means it is completely damaged. Indeed, the two contraints x € [0, +00), x: < 0 together with
the assumption x° € [0, 1] implies that y € [0, 1] during all the evolution, as it results from its physical meaning.

The main novelty of this contribution consists in the possibility of taking into account the dependence on the damage
of the thermal expansion coefficient p € C'*([0, 1]). This provokes the presence of two new nonlinear terms in (1a)
coupling it nonlinearly with both the momentum balance (1b) and the damage evolution (1c). Especially the coupling
term p/ ()@ div(u)x; in (1a) complicates the analysis and requires elaborate estimation techniques to gain the
desired a priori estimates. Moreover, a dependence on Y in the u-equation (1b) appears explicitly as well as a
further dependence on u and 6 in the y-equation (1c). The other two coeffiecients ¢ and K appearing in equation
(1a) represent respectively the heat capacity and the heat conductivity of the system and will have to satisfy proper
growth condition (cf. Remark 2.1), while the function g denotes a given heat source.

In the momentum balance (1b) e(u) := (u;,; + u;,;)/2 denotes the linearized symmetric strain tensor, while the
functions b, a € C'*(]0, 1]) demarcate the damage dependence of the elasticity and viscosity modula, respectively.
In the present contribution we will restrict the the case of incomplete damage, i.e. to the case where a(z), b(x) >



n > 0 (cf. [15] for the complete damage model in case p = 0). The function [ on the right hand side in (1b)
represents a given external force.

Finally, in the inclusion (1c), the selections £ and ¢ of the two maximal monotone operators, acting on x and
respectively, are introduced in order to give the constraints on the damage parameter (x € [0, 1] as soon as
XO € [0, 1)) and on the irreversibility of the damage process (x; < 0). The p-Laplacian operator Apx accounts
for the nonlocal interactions between particles, but the restriction of the exponent p > d is mainly due to analytical
reasons. It is introduced, in particular, in order to obtain sufficient regularity on x needed in (1b) to obtain an
enhanced estimate on €(u), which appears at power 2 in (1c) and so it has to be estimated in a better space than
L?(€2 x (0,T)). In addition to that, the enhanced regularity of x enables the usage of approximation techniques
in order to treat the doubly nonlinear inclusion (1c) in a weak formulation. Moreover, the function -y is assumed to
be smooth but possibly non monotone.

In the remaining part of the Introduction we will briefly explain the derivation of (1) referring to [15] for more details.

The system (1a)-(1c¢) can be derived from fundamental balance laws in continuum mechanics supplemented with
constitutive relations used to describe thermoviscoelastic solids. In this approach, we make use of the free energy
JF given by [6, Sec. 4.5, pp. 42-43]

Fo.50x 70 = [ (93 4300 + "V e(w) 0e(w)) o

n /Q <f(9) — Ox — p(x)0 div(u) + I[o,oo>(X)> dr

and the dissipation potential defined by

1
2

K(6)

Pan (V0. <) = | (yve|2+
Q

2

ol + “0e(u) s o) + (i) )

For notational convenience, we write P instead of Py .. Let us point out that the gradient of x accounts for the
influence of damage at a material point, undamaged in its neighborhood. In this sense the term %|Vx|p models
nonlocality of the damage process and effects like possible hardening or softening (cf. also [3] for further comments
on this topic). Gradient regularizations of p-Laplacian type are often adopted in the mathematical papers on damage
(see for example [1, 2, 9, 13]), and in the modeling literature as well (cf., e.g., [7, 5]).

Equation (1a) is obtained from the internal energy balance which reads as
et + divg=g+o0:e(u) + Bxe + H - Vxy,

where e denotes the internal energy, ¢ the heat flux, g the heat source, o the stress tensor, £(u;) the linearized
strain rate tensor, H and B the so-called microscopic forces (cf. . The quantities above are given by the following
constitutive relations

o= OF + oP Beai_i_ai H—ai+8i

~ Oe(u)  Oe(uy)’ Ix  Oxt %
oOF oP

e=F =% 1= " ove

Note that, for analytical reasons, we have neglected the quadratic contributions a(x)e(ut) : Ce(ut) + |x¢|* on
the right hand side of (1a), using the so-called small perturbation assumption (cf. [8]). In fact, to our knowledge only
few results are available on diffuse interface models in thermoviscoelasticity (i.e. also accounting for the evolution
of the displacement variables, besides the temperature and the order parameter): among others, we quote [14, 15]



where the small perturbation assumption is adopted in case of constant p and [17] where a PDE system coupling
the momentum balance equation, the temperature equation (with quadratic nonlinearities) and a rate-independent
flow rule for an internal dissipative variable x (such as the damage parameter) has been analyzed. Finally, a
temperature-dependent, full model for (rate-dependent) damage has been addressed in [1] as well, but only with
local-in-time existence results.

Moreover, we make use of the assumption
c(6) = 6" (),

where f is a concave function. Eventually, the equation for the balance of forces (1b) can be written as
uy — dive =1

with external volume forces [ and the evolution of the damage processes as described in equation (1¢) is derived
from a balance equation of the microscopic forces, i.e.

B — divH =0.

To handle non-constant heat capacities ¢, we perform an enthalpy transformation of system (1a)-(1c). To this end,
we introduce the primitive ¢ of c as ¢(r) := for c(#) db. The enthalpy transformation of system (1) yields

wy — div(K (w)Vw) + O(w)x: + p(x)O(w) div(ut) + p' (x)O(w) div(u)x: = g, (3a)
uy — div(b(x)De(u)) — div(a(x)Ce(ur)) + div(p(x)O(w)1) =1, (3b)
vix)

xt+&+ @ —Dpx +v(x) + e(u) : De(u) — O(w) — p'(x)O(w) div(u) = 0. (3¢)

2

with § € 01|y ooy (X) and € OI(_ 0)(Xxt) and the transformed quantities
w = ¢(h), O(w) :=¢ H(w), K(w) :=

As already mentioned in the Introduction, the main difficulty here, with respect to the previous works in the litera-
ture, consists in the presence of the nonlinearities due to the fact that the temperature expansion term depends
on Y. Indeed, following [17, 15], here we will combine the conditions on K with conditions on the heat capacity
coefficient ¢ to handle the nonlinearities p(x)6 div(ue), Oxt, p'(x)6 div(u)x: in (1a) by means of a so-called
Boccardo-Gallouét type estimate on 6.

As for the triply nonlinear inclusion (1c), we will use a notion of solution derived in [9] (dealing with Cahn-Hilliard
systems coupled with elasticity and damage processes; see also [10, 11, 12]). The authors have devised a weak
formulation consisting of a one-sided variational inequality (i.e. with test functions having a fixed sign), and of an
energy inequality, see Definition 3.1 later. Finally, let us notice that uniqueness of solutions remains and open
problem even in the isothermal case. The main problem is, in general, the doubly nonlinear character of (1c) (cf.
also [4] for examples of non-uniqueness in general doubly nonlinear equations).

The paper is organized as follows. In Section 2, we list all assumptions which are used throughout this paper and
introduce some notation. Subsequently, a suitable notion of weak solutions for system (1) as well as the main result,
existence of weak solutions (see Theorem 3.4), are stated in Section 3. In the main part, the proof of the existence
theorem is firstly performed for a truncated system in Section 4 and finally for the limit system in Section 5.



2 Notation and assumptions

Letd € {1, 2, 3} denote the space dimension. For the analysis of the transformed system (3a)-(3c), the central
hypotheses are stated below.

Assumptions

(A1)

(A2)

(A7)

(A8)

Q) C R%is a bounded C?-domain.

The function © : R — R is assumed to be Lipschitz continuous with ©(w) > 0 and ©'(w) > 0 for a.e.
w > 0 and should satisfy the growth condition

O(w) < co(w'/7 +1)
for all w > 0 and for constants o > 3 and ¢y > 0. Moreover, we assume O(w) = 0 for all w < 0.
The heat conductivity function K : R — R is assumed to be continuous and should satisfy the estimate
c(w?? +1) < K(w) < eo(w?© + 1)

for all w > 0 and for constants c1, c2, q, go > 0 satisfying

1
1/o <2q—1, 4<do<q+ 5

The damage-dependent potential function 7 is assumed to satisfy 7 € C1([0, 1]).

The coefficient functions a € C1([0, 1]) and b € C?([0, 1]) should satisfy the estimate a(z), b(z) > n for
allz € [0, 1] and a constant > 0.

The 4th order stiffness tensors C, D € L(Rg;n‘f; ngxn‘f) are assumed to be symmetric and positive definite,
ie.
Ciitr = Coie — Crris . Ce > c3lef* forall e € REXY
ijlk jilk lkijs e : Ce > csle|” forall e € Rgiif,
Dijir = Djitk = Dikijs e:De > cyle|*foralle € Rg;rff

for constants c3, ¢4 > 0.
The thermal expansion coefficient p depending on x is assumed to fulfill p € C1([0, 1]).

The constant p (occurring in the p-Laplacian in (1c) and in (3c), respectively) should satisfy p > d.

Remark 2.1 The assumptions (A2) and (A3) can also be formulated in terms of the original heat conductivity
function K and the heat capacity function c as follows.

(A2’) The function c should be continuous and should satisfy the estimate

Co(0° 1 +1) < c(0)

for all@ > 0 and for constants o > 3 and c; > 0.



(A3’) The function K is assumed to be continuous and should satisfy the estimate
c1 (E(Q)Qq + 1)c(0) < K(0) < 02(6(6)2‘10 + 1)c(0)

for all @ > 0 and for constants ¢y, c2, q, qo > 0 satisfying 1 /o < 2q — 1 andq < qo < q + %

For later use, we define the following subspaces (with p, s > 1):

W2H(Q) == {¢ € W?*(Q) | V(- v =00n 00},
WP(Q) == {¢ e W'P(Q)[¢ > 0ae.inQ},
WP(Q) == {¢ e W'P(Q)[¢ < 0ae.inQ}.

The primitive of an integrable function f : R — R vanishing at O is denoted by f

3 Notion of weak solutions and main result

To keep the presentation short, we assume [ = g = 0 in (3a)-(3b). We introduce the following notion of weak
solutions.

Definition 3.1 A weak solution corresponding to the initial data (u", v°, w®, x°) is a 4-tuple (u,w, x, &) such that

we HY0,T; H2(Q;RY)) n W20, T; HE (€ RY) N H2(0,T; L*(Q; RY))
with u(0) = u® a.e. inQ, du(0) =1° ae. inQ,
w e L2(0,T; H*(Q)) N L2+ 0, T; LS () 0 L(0, T; L*(2))
NWA(0, T3 (W75 (2))"), w(0) = w’
withw(0) = w’ a.e.inQ, w > 0 a.e. in O,
x € L0, T; WhHP(Q)) N HY(0,T; L*(Q))
with x(0) = x" a.e.inQ, x > 0 a.e.inQyp, dpx < 0 a.e. inQy,
¢ L0, T; L1 (Q))
withr = (2¢+2)/(2q0 + 1) and s := (6q + 6)/(6qg — 2q0 + 5), and fora.e. t € (0,T):

(i) heat equation: for all ¢ € W2*(1)
(Opw, ) g1 +/Q (—I?(w)AC + @(w)@w@) dx

+ [ (p00®(w)div (@) ¢+ 5/ (08 (w) div(u)drxC) de =0, @

(ii) balance of forces: for a.e. x € )

Opru — div (b(x)De(u)) — div (a(x)Ce(Gu)) + div (p(x)O(w)1) = 0, (5)



(iii) one-sided variational inequality: for all { € wle (Q)

b/
0< /Q (atxu IVX[P2Vx - V¢ +v(x)¢ + (2")6<u> : Ds<u><+§<> dz
+ / (—0(w)C — ' (x)O(w) div(u)() dr, ©
Q
and € € Ol (2), i forall ¢ € WP (Q)
/ £(C—2)de <0, )
Q

(iv) partial energy inequality:

/Q|Vx(t)|pdm—/Q|on|pdx+/0t/g(v(x)+b/<2x>6(u):Ds(u))@txdxds

t
+ / / ( —O(w) — o (x)O(w) div(u) + atx)atx dzds <0 (8)
0 JQ
are satisfied.
Remark 3.2 Due to the assumption q < qo < q + % (see (A3)), itholds 1 < r < 2.

By assuming better regularity for 7, it is seen from the one-sided variational inequality and the partial energy
inequality that the desired differential inclusion (3c) holds in W1 ()*.

Lemma 3.3 If a weak solution additionally fulfills x € H'(0,T; WP (§2)) then

xt+E+o—Apx+v(x)+ b/;X)e(u) : De(u) — 0 — p/'(x)0div(u) =0 in Wl’p(Q)*

with subgradients § € 8IWJ1r,p(Q)(X) and ¢ € 8IW1,p(Q) (Orx)- On the left hand side the operator A, :

WhP(Q) — WP (Q)* denotes the usual p-Laplacian with no-flux condition.

Proof. By setting

o=~ (x4 €= A+ 900 + L0 e(u) s De(u) — 6 - J(0pdiv()) € W@

and using (due to the enhanced regularity x € H'(0,T; W1P(€)))
¢
[vx@rdas— [ 1vxrdae= [ [ 1vapoxe vondeds
0 0 0 Ja

property (iii) and property (iv) from Definition 3.1 can be rewritten as

(@, Oyp <0and = (@, X )y, <0

forall ¢ € W'P(Q) and ae. t € (0,T). Here we have used the fact that (€, ;) = 0. Adding these inequalities
yields the inclusion ¢ € 6IW1,p(Q)(8tX). O



Theorem 3.4 Let the Assumptions (A1)-(A8) be satisfied. Moreover, let the initial values ud € HOQ(Q; Rd), W e
HE(Q;RY), w® € L2(Q) and x° € WLP(Q) be given and assume that w® > 0 and 0 < x° < 1. Then, there
exists a weak solution (u, w, x, &) in the sense of Definition 3.1.

The proof is carried out in the following two sections. It is based on a time-discretization scheme and on an approx-
imation argument involving a truncation of K and © (cf. also [15]).

4 Existence of weak solutions for the truncated system

As a first step in the proof of Theorem 3.4, we prove existence of weak solutions to the truncated system of (3a)-(3c)
where K and © are substituted by K3 and O, for M > 0 defined by

O(M) ifx> M, K(M) ifz>M,
On(z) =< O(x) it — M <xz<M, Ky (z) =< K(x) it — M <z<M,
O(—M) ifz < —M, K(-M) ifx<—M.

We remind that ©(w) = 0 for all w < 0 by Assumption (A3).

The truncation function 73 : R — R at the height M is given via

M itz > M,
Tu(z) =< it —M<x<M,
—M ifx < —M.

Note that the crucial properties © ys(w) = O(Ty(w)) and Kp(w) = K(Ty(w)) are satisfied.

4.1 Time-discrete system

In this subsection, we will prove existence of weak solutions for a time-discrete and truncated version of system
(3a)-(3c) by using a semi-implicit Euler scheme. The scheme is carefully chosen such that we can derive an energy
estimate (see Lemma 4.4 (i)).

To this end, we consider an equidistant partition {0, 7,27,..., 77} of [0,T] where 7 > 0 denotes the time-
discretization fineness and T}, := T'/7 specifies the number of discrete time points. We set (u2, w?, x2) :=
(u®, w®, xY) and u-t := u® — 700 and perform a recursive procedure.

In the following, we adopt the notation D (w) = 7wk — wk1) (as well as for D; ;(u) and D+ 1 (x))- Let,
furthermore, v’j be defined as

The existence of weak solutions for the time-discrete system is proven in the following.

Lemma 4.1 Forevery equidistant partition of [0, T] with fineness T > 0, there exists a sequence { (u¥, wk x*, ¢F) ?:1
in the space H3(€2; RY) x HY(Q) x WHP(Q) x (WLP(Q))* such that forallk € {1,...,T,}:



(i) forall¢ € HY(Q)
/Q (Drlw)¢ + K(wh ™) Vuk - V¢ + O (b ) Drr(x)¢) da
+ /Q () (wh) div (D (w)) ¢ d
+ /Qp’(x’i‘l)@M(w’i)diV(ulﬁ_l)DT,k(x)de =0, (10)

(ii) fora.e.z € Q
D2 (u) = div (b(x)e(ul)) = div (a() Drp(e(ud) )
+ div (OO (wh)1) =0, (11)
(iii) forall ( € WLP(€)
0= /Q (DT,kJ(X)C + VXEPTVXE - VE+ ()¢ - ®M(w'§_1)c) dz

N /Q <b’1(x’ﬁ> +Qbé(x’ﬁl>,€(u¢-1)‘2€_ ,/(X’;—l)@M(w’:)div(uﬁ‘l)c) da

+ (& Qwrw (12)

with & € OI ;i1 (x%), where ZE=1 is given by
ZE L= {fewP@0< <X}

and b = by + by denotes a convex-concave decomposition of b, e.g.
bi(r) := b(0) —i—/ (b’(O) —i—/ max{b" (), 0} d,u) ds,
0 0
ba(r) = / </ min{b”(u),0} du) ds.
0 0

Proof. We will trace back this PDE problem to the abstract inclusion problem
OV (u) + A(u) 3 f, (13)

where ¥ : X — R U {+o0} is a convex, proper and lower semicontinuous functional possessing a convex and
Gateaux differentiable regularization ¥, : X — R such that W, is bounded and radially continuous and

limsup W.(g) < U(g)forallg € X,
el

limi%nf V. (g:) > ¥(g) for all g- — g weakly in X.
[

and A : X — X* is pseudomonotone.

To this end, we define the spaces

X = Hy(Q;RY) x HY(Q) x W'P(Q),



Y= {(u,w,x) € Hy(GRY) x HY(Q) x WH(Q) [0 < x <x77'} € X
and the operators (we write A = (A1, Ag, A3))

U .= [y where U, is chosen to be the Yosida approximation of ¥,
Ar(u,w, x) = u — 72 div (b(x)e(u)) — 7div (a(x)s(u - ulﬁ_l)> + div (p(xf_l)@M(w)l) ,
As(u,w, x) = w —7div (K(wffl)Vw> + O (W Hx 4+ p(XF O (w) div (u — ulﬁ&)

+ ¢/ (O (w) div (uE™) (¢ = x5,
b, _ _ . _
As(uw,3) = x = 7 + )2 400 — (O ) v

and the element f € X™ given by

2ul~c—1 _ uk—2
T T
R T

_ b (X! _ _
£t =BG e (b2 + Oy (wh )

Note that Y is a convex, nonempty and closed subspace of X since X’ﬁ* € C’(ﬁ)

Now, it can be checked that the operator A is pseudomonotone and coercive. A Leray-Lions type theorem for
non-potential inclusions (see [16, Theorem 5.15]) yields a solution to the problem (13) and, therefore, to (i)-(iii). By
standard elliptic regularity results, we obtain u* € HZ(€; R?). O

For later use, we define for a sequence of functions {hﬁ}ogkgﬂ the piecewise constant and linear interpolation
on the time interval (0,7") as

:t—(k:—l)T

T

hk + kT — thk_l

T T
T

he(t):=hk  h (t):=hFL A,

fort € ((k—1)7,k7]. Givenat € [0, T, we denote by ¢, and t.. the left- and right-continuous piecewise constant
interpolation, i.e.

ri=rkforr(k—1) <t <7k,
=7(k—1)form(k—1) <t<rTk.

T .

t
t
In what follows, we take for every 7 > 0 a time-discrete weak solution in the sense of Lemma 4.1 and adopt the
convention above.
Remark 4.2 The differential inclusion (12) is equivalent to the following variational inequality:
2o _ _ L, _
02 = [ (190298 V(e ) + (0 +9(0) + 5 ) (€ - %)) do
— [ (=Bnluwn) = o )0ar(,) div(nr)) (¢~ %) da (14)

holding for all ¢ € WP (Q) with0 < ¢ < x .



4.2 A priori estimates

We are going to prove a priori estimates for the discrete system in Lemma 4.1. We will make use of the following
implication.

Lemma 4.3 A time-discrete weak solution constructed in the previous subsection satisfieswyr > 0 andw,; > 0.

Proof. We show this lemma by induction over k € {0,...,T,}. Assume that w* ! fulfills w*~! > 0. Testing

equation (10) with ¢ = —(w¥)™ := min{w¥, 0} yields

1 1
= / —wh (W) de 4 = / wE (wh) ™ de + / Ky (wi™ )Vl - V(=(wf)”) de
T JoN—~—— T Jo——~— Q g

—|(wk)— |2 >0 > 1|V (wh) |2 by (A3)

(wk)~|
+ / O (1) Dy () (—(wh)) da + / p(X1) div (D (1)) ©r () (— (wh) ") da
ST <0 <0 “ 0
+ /Q # (Y div(E 1) Dy (x) O () (— (wh) ) = 0.

=0

Lemma 4.4 (A priori estimates independent of 7) The following a priori estimates hold with respect to T > 0:

(i) First a priori estimate:

{u-} in H'(0,T; H'(Q; RY)) n W (0,T; L* (2 RY)),
(-}, {u,} in L (0, T; H' (;RY)),
{wr}, {w.} in L>(0,T; L'(2)),
{x+} in L>®(0,T; WHP(Q)) N HY(0,T; L*(Q)),
- Ax ) in L0, T; W'?(9)),
(ii) Second a priori estimate:
{VOu(w-)} in L*(0, T; L*(92)),
(iii) Third a priori estimate:
{u-} in H'(0,T; H*(Q; RY)) nW(0,T; H' (; RY)),
{7}, {u} in L(0, T; H*($; RY)),
{v,} in L2(0, T; H*(Q; RY)) N L>°(0, T; H (; RY))

NH'Y(0,T; L*(RY),
(iv) Forth a priori estimate:

{w: ), {w.} in L*(0,T; H'(€2)) N L*(0,T; L*(2)),
(v) Fifth a priori estimate:
{wr} in H'(0,T; (H'(2))).

10



Proof of the first a priori estimate. The first a priori estimate is based on adding equation (3a) tested by 1
with equation (3b) tested by J;u and with equation (3c) tested by J;. Here, we will develop this estimate on a
time-discrete level.

In the following, we make use of a convex-concave estimate for by and b, given by

bOETY) = b(XE) = (b1 () = b1 (xE)) + (b2 (1) — ba(x))
> B () G = xE) + 008 OET = xE)
= (B 0OE) + 0508 ) OE = xD).

Testing (11) with { = u’j - u’j_l and using the estimates

b)) ¢ e(usk )
b(xk b(x k1 _ 1 _ _
> Y0ty - POy L) - b (k)
b(xk b(xk1 _ 1 _ _ -
> Y0ty - POy L) + ) — e
and
2 k k—1 1 2 1 2
D2,(0) - () 2 1D () — LD sa ()
yield
1 1 b(x* b(xk1 _
SIDes@IBs = 510l + [ O eutypac - [ HE b
2 2 0 2 0 2
1 [ GBI + Ry <0 (19
Q

with the remainder term

by (xF) + by (xF 1 _ _ _ . _
o= [ AOCIEROC Dot o) = [t Dot div (i - k1)

k-1

k=1 — x* and using the convexity estimate

Testing (12) with x
_ _ 1 1 _
IVXEP2VXE - V(xE = X5 > / — |Vl da —/ — VxS P da
Qb Qb
yield

1 1
T/ |D7,k(x)|2dx+/ |vx';|pdx—/ Loy de + Ry <0 (16)
Q Qb Qb

with the remainder term

- b(XE) + by (x5!
Ry = /Qv(x'i)(xﬁ—xf— Ddz+ | bez) 22(X e

= [ et e = [ 0O k) divuk )k - xE )
Q Q

11



Testing (10) with 7 shows

/Q<wk—w )dx+R3<O (17)

with the remainder term
Roi= [ @u(wh™)0d =) do+ [ o )b div (u k) da
+/Qp’(xfl)@M( )dIV( " 1) Ok —xb ) da.
By adding (15)-(17), noticing the crucial property

R1+R2+R3=/7(Xf)(x —xF Y da
Q

and summing over k = 1,...,t,, we obtain
_ 1 _ |
/QwT(t) dz + 5|0 ()1 12(@) + cle@(0) 72 (qpaxe) + Z;IIVXT(t)Hip(Q)

i
N / (CHs<atuT<s>>||§2(Q;Rdxd) 1100 (5) 22y ) ds

0

< d ~1[,,0 b(XO) 0 2d 1 v 0y p
LW de HU 1220 + L 2 P de+ IVl

i
/ / v(X,)Ouxr dx ds (18)

The last term on the right hand side can be estimated from above as follows:

7 7
/0 /Q—’Y(Xf)aterwdSSC/U [0:x(8) || L2 () ds-

and, therefore, absorbed by the left hand side. Hence the left hand side of (18) is bounded with respect to 7 and £. [

Proof of the second a priori estimate. By testing (10) with T@M(wlﬁ) and using the convexity estimate
Onr(wh) (wh — wh™) > Oy (wh) — By (wh™Y),

where @M denotes the antiderivative of © ), with (:)M(O) = 0 (note that @M is convex due to @’M > 0), we
obtain

/Q(:)M dx—/@M da?—l—T/KM L Twk . V(@M( )) dz
< -7 [ Oulwd D (0O (wh) o — 7 [ p(xE)Ous(wh) div (Dra(w) () do
Q Q
=7 [ O (d) div () D, ()@ (1)

< 71O (wF ) 1 (@) | Dk O 222 1©0 (W) | L= ()
+ 70 o (@) 1O a1 (W) oo (o) | div (Do k(1)) |l £2(0) 1O 1 (wF) | oo ()

12



+ 710" O™ L oo ) 1O (W) | oo | div (s ™) [ 220 | Dt OO L 22 (@) 1901 (W) [ oo ()
By summing over all discrete time points £ = 1, ..., T, we end up with the estimate
/ Ou (@ (T de + | Kni(w, )V, - V (On (1)) da dt
Q Qr
< /Q@M(wo)d33+ 1©n (W) | oo (zooy 10exr | L2 (£2) 1O nr (W7 ) || L2100y
+ 1O ) poe (£o0) 1O a1 (W) [ oo (poe) || div (Bpur) [ 2(r2) 1O (Wr ) | L2 (122
+ 10" (X M poe (1oo) [1©01 (@7 ) | oo (poo) | div(wr ) L2 (22) 007 | L2 (22) O 0 (@ )| oo (10
Together with the first a priori estimate and the Assumptions (A2) and (A3), we obtain boundedness of
o / VT, 2O (@) dedt < | K (w,)| V. 20, (@,) dz dt
QT QT

= | Ku(w,)Vw, -V (0 (w,)) dzdt.
Qr

Since ©’,, (w7 ) is also bounded in L>°(0,T"; L>°(2)) by the Lipschitz continuity of © (see Assumption (A2)), we
obtain the claim as follows:

VO (@) 2 12 = /Q IV, (O (w,))? de dt
T

< 10 (wn) | e (1) / V@, 260, (w,) dz dt.

Qr

O

Proof of the third a priori estimate. We test equation (20) with —7 div((e(D,x(v))) and sum over k =

1,...,t, forachosent € [0, T]. The corresponding calculations without the term fOtT Jo div (p(X;)On (Wr)1)-
div(e(dyur)) dx ds are carried out in [15, Proposition 3.10].

Hence, we estimate the remaining term by

/0 ' /Q div(p(X,) O (@ )1) - div(e(dpur)) dz ds

< /0 T /Q 1O (@) P (X,) VX, - div (e (Qur))| dzds

[T [ o9 (@) - div (e @) s

< CllOwm @y )| oo ooy 10" (X )| oo (£oo) IV 22 (22) N0t [| Lo a2y
+ Cllp(X) | Lo (o) [V (O (@) | 1212 10|l ooy -

By using the first and the second a priori estimates and the calculations in [15, Proposition 3.10], we obtain eventu-
ally for small 6 > 0:

1
§”E(atu7'<t))H%Q(Q;Rdxd) + 5Hatu7'H%2(0,ET;H2(Q;Rd))

13



1 042 b 2
< 5 eIz qraxay + C/O 10ur (7205, 12(0;ray) A5 + C lOur | 207, 12 0ima)
Gronwall’s lemma leads to the claim. O

Proof of the fourth a priori estimate. Testing (10) with 7'11)’;€ and using standard convexity estimates as well
as Assumption (A3) yield

1 k 1 k— k
5”“%”%2(9) = 5llwr H22(0) + el Voilz g

< 7l©nr (wy )W Drk ()| () + CTlP0OGE ) On (W) Lo (@) | div (Dr k() wi | 1o
+O7lp (OO (W) | oo 0y | D () div () w] | 1oy < 0.

Summing over the discrete time points & = 1,...,%,, using the continuous embedding H'(Q) — L%(Q) and
standard estimates, we receive

1 _
Q”w‘r(t)H%?(Q) + ClHVUJTH%2(07ET7L2(Q;RQ)

1 tr
< w22y + CllOM (W) | oo (1) - () 11720 ds + 19ex- 17212
5 () ; () (L2)

2
+ Cllp(X M oo (L) 1O M (W) | oo (1<) (/0 [ (5)][72(0y s + | diV(atuT)H%Z(L?))
+ 110" (X Lo (o) 1O a1 (@ ) || Lo (o0 X

tr
X (5/0 @ (3)II3 (@) ds+C&H@XTII%z(m)HdiV(ur)!%oo(m)>-

Chosing § > 0 sufficiently small, applying the first and the third a priori estimates, we obtain by Gronwall’s inequal-
ity boundedness of the left hand side and, therefore, the claim. U

Proof of the fifth a priori estimate. A comparison argument in equation (10) shows the assertion. O

4.3 The passage 7 | 0

By utilizing Lemma 4.4 and by noticing J;u, = U, (see (9)), we obtain by standard compactness and Aubin-Lions
type theorems (see [18]) the following convergence properties.

Corollary 4.5 We obtain functions (u,w, x) which are in the spaces

we HY0,T; H3(Q;RY)) n Whe°(0, T; HE (4 RY) N H2(0,T; L*(Q; RY))
with u(0) = u° a.e. inQ, du(0) =% ae. inQ,

w € L2(0,T; HY(Q)) N L>®(0,T; L*(Q)) N HY (0, T; (H'(2))*)
withw(0) = w° a.e.inQ, w > 0 a.e. inQp,

x € L0, T; WHP(Q)) n HY(0,T; L*(Q))

14



with x(0) = x* a.e.inQ, x > 0 a.e. inQp, dx < 0a.e inQyp

such that (along a subsequence) for all e € (0,1], u > 1:

() ur — u weakly-star in H*(0, T; H*(; RY)) n Wh(0, T; H(Q; RY)),
Ur, Uy — U weakly-star in L>(0, T; H?(Q; RY)),
Ur —> U strongly in H (0, T; H2*€(Q;Rd)),
Ur, Uy — U strongly in L>°(0, T; H*~¢(Q; R%)),
Ur, Ur, Ur —> U a.e. in Qr,

(i) vy — Oru weakly-star in H*(0,T; L? (€ d))

(iii) wy — w weakly-star in L*(0, T; H'(Q)) N L>(0, T; L*(£2))

AHY(0,T; (H'(9))").

Wr, W, —> W weakly-star in L*(0, T; H*(Q)) N L>(0, T; L*()),
Wr,w, — w strongly in L*(0, T; H'=5(Q)) N L*(0,T; L*(Q)),
Wy, Wr,w, = w a.e inp,

(iv) Xr = X weakly-star in L™ (0, T; W'P(Q)) n H' (0, T; L*(Q2)),
Xro X, = X weakly-star in L>(0, T; WP(Q)),
Xr X, = X strongly in L*(0, T; W1=5P(Q)),
X X, = X uniformly on Q.

Lemma 4.6 It even holds (along a subsequence as T | 0)

X, — X strongly in LP(0, T; W1P(Q)).

Proof. Applying an approximations result from [9, Lemma 5.2], we obtain a sequence {(; } in the space L”(0, T, W}rp(Q))
such that ¢; — x in LP(0, T; W1P(2)) as 7 | 0 and

0<¢(t) < x (t)ae inQp.

The claim can now be shown by using a uniform monotonicity estimate of the LP-norm
1% =¥l <€ [ (V% PVE, [V VI ) dedr
=0 [ (VPR ~ VAPV - VI - G dads
T
+C [ (VX P2VX, — [VXIP?VX) - V(¢ — x) dz dt,

Qr

by applying Corollary 4.5 and by testing the variational inequality (14) with (-, it can be shown that [im sup of the
right hand side is < 0. O

The passage to the limit 7 | O in the time-discrete system in Lemma 4.1 can now be performed as follows.

15



B Heat equation. Integrating equation (10) over the time [0, T'], Corollary 4.5 allows to pass to the limit 7 | 0
by taking into account the uniform boundedness of K s (w,.), © s (w, ) and © 57 (W, ) in L>(2). Then, by
switching to an a.e. ¢ formulation in the limit, we obtain for every ¢ € H'(Q) and a.e. t € (0,T):

(Opw, C) g + /Q (Kp(w)Vw - V¢ 4 Oy (w)orx() do

+ /Q (p(x)®M(w) div (Opu) ¢ + p'(x)Onr(w) diV(U)(?th) dz = 0. (19)

B Balance of forces. To obtain the equation for the balance of forces, we integrate equation (11) over {27 and
use Corollary 4.5 to pass to the limit 7 . 0. In the limit we have the necessary regularity properties to switch
to an a.e. formulation in Q7, i.e. it holds

Opu — div (b(x)e(u)) — div (a(x)e(Opu)) + div (p(x)Onrr(w)1) =0 (20)
a.e.in Qp.

B One-sided variational inequality for the damage process. The limit passage for equation (14) can be
accomplished by an approximation argument developed in [9]. Note that this approach strongly relies on
p > d (see (A8)). We sketch the argument.

— Initially, the main idea has been to consider time-depending test-functions ¥ € L>°(0,T; Wi’p(ﬂ))
which satisfies for a.e. t € (0,7") the constraint

{x € Q|¥(z,t) =0} D {z € Q| x(x,t) = 0}.

Here, we make use of the embedding WP (Q) — C(Q).

— As shown in [9, Lemma 5.2], we obtain an approximation sequence {¥,} C LP(0, T} Wip(Q)) and
constants v = v/(7,t) > 0 (independent of x) such that ¥, — W in LP(0,T; W'P(Q))as 7 | 0
and 0 < —vU . (t) < x,(t) in Qforae. t € (0,7). Multiplying this inequality by -1, adding X, (¢)
and using the monotonicity condition X, < X, we obtain

0 < U, (t) + X, () < x, (1) in 2. (21)

— Because of (21), we are allowed to test (14) with v~ ()W~ (¢) 4 X, (¢). Dividing the resulting inequality
by v (which is positive and independent of ), integrating in time over [0, 7|, passing to the limit and
switching back to an a.e. ¢ formulation, we obtain for a.e. t € (0,7)

v'(x)
2

0< /Q <8th+IVXIP‘QVX~V<+7(><)4+ |e(u)\2g) dz
+/ (—Om(w)¢ — p'(X)Om(w) div(v)¢) da,
Q

forall ¢ € W'P(Q) with {¢ = 0} D {x(t) = 0}.
— Itis shown in [9, Lemma 5.3] that, in this case, we obtain
bl
0< [ (o0 [9xp 29 9 1006+ 5w e ) da
+ /Q (~Our(w)C — p/()Ons (w) div(u)¢ +£¢) da 22)
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forall ¢ € W!'P(Q) and fora.e. t € (0,T), where £ € L2(0,T’; L2(9)) is given by

€= —1p—o (’Y(X) + b/(;) le(w)* — On(w) — ' (x)Om (w) diV(u))+, (23)

with ()% := max{-, 0}. Note that 9 x does not appear in the bracket. In particular, ¢ fulfills

JREDLEEY 24
Q
forall ¢ € W{P(Q) and ae. t € (0, 7).

B Partial energy inequality. Test the variational inequality (14) with Xﬁ — X’T“*l, applying the convexity argu-

ment

[V 2ot Tk - e = [P de - [ o ipas,
Q 0 Q
summing over the discrete time points k = 1,. .., ¢,, we end up with

[ivepa= [ oeraes [ ] (0 + XS kw)p)an arar

i
+ / / < —Op(w,) — ’OI(XT)@M(@T) div(w,) + (9th> Oxrdxdt <0
o Jao

fora.e. t € (0,7"). Passing to the limit 7 | 0 by using Corollary 4.5, weakly lower-semicontinuity arguments
and the estimate ¢ < ¢, for the quadratic term in 9y, we get for a.e. t € (0,T) the desired partial energy
inequality

[ivxtpar— [wcrass [ [ (00+ " Xep)oxara
+ /0 t /Q ( — Om(w) — o' (x)Onm(w) div(u) + &ex) dex dadt < 0. (25)

In conclusion, we have proven existence of weak solutions to the truncated system given by (19), (20), (22), (24)
and (25).

5 Existence of weak solutions for the limit system

In this section, we will perform the limit analysis for weak solutions of the truncated system as M 1 oo. We consider
for each M € N a weak solution (upz, war, X ar, Ear) as proven in the previous section.

5.1 A priori estimates

The boundedness properties for (unz, war, X ar, Ear) with respect to M are based on six different types of a priori
estimates.
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Lemma 5.1 (A priori estimates independent of A{) The following boundedness properties with respect to M
are satisfied:

(i) First a priori estimate:

{uar} in H(0,T; H (9; RY)) n W(0,T; L* (2 RY)),
{war) in L(0,T; L'(Q)),
{x} in L(0, T; WHP(Q)) 0 H' (0, T; L*(€2)),
(ii) Second a priori estimate:
{Ta(war)} in L*(0,T; H'(2)),
(iii) Third a priori estimate:
{upr} in H(0, T; H*(Q; RY)) n WL (0, T; H(; RY))

N H?(0,T; L*(Q;RY)),

(iv) Forth a priori estimate:

{Tar(war)} in L>=(0,T; L2(Q)) N L2+ (0, T; L8 (Q)),
(v) Fifth a priori estimate:

{wyr} in L>®(0,T; L*(Q)) N L*(0,T; H*(Q)),
(vi) Sixth a priori estimate:

{war} in W0, T; (W2 (92))")

with the constants r := (2q¢ + 2)/(2qo + 1) and s := (6q + 6)/(6q — 2qo + 5).

Proof of the first a priori estimate. The first a priori estimate in Lemma 4.4 which is based on the energy estimate
(18) is also independent of M. Lower semi-continuity arguments show the energy estimate also for weak solutions
(unr, war, xar) of the time-continuous, truncated system. [l

Proof of the second a priori estimate. We deduce the desired estimate by testing (19) with
¢ =~ (Tar(war) +1)™ € H'(Q), (26)

where «is a fixed real number satisfying 1 /o < a < 2g—1 (recap Assumption (A3)). We remind that 7 (was) >
0 a.e. in Q7. Integration in time reveals

KM(U)M)
(Tar(war) + 1)o+t
—Onr(wpr)
(Tar(wpr) + 1)@

The integral terms on the left hand side are transformed/estimates in the following calculations.

Vwyr - VT (way) de dt

T
/0 (Bwn, —(Tar(war) + 1)), dt +/Q

T

+ /Q (@XM + p(xar) div (Deuns) + p' (xar) diV(“M)atXM) dedt =0.  (27)
T

B Let ¢)ps denote the primitive of the function ¢ given in (26) with 1,(0) = 0. The use of a generalized
chain-rule yields

T
/ <8th,—(TM(wM) + 1)7a> dt = / ’l/JM(wM(T)) dz — / wM(wO)dx.
0 Q Q
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B By utilizing the identities Vwys - VT (wy) = [VTar(war)]? and Kpr(wyr) = K(Tar(war)), the
growth assumption for K (see Assumption (A3)) and the estimate oo < 2g — 1, we obtain

Kyr(war)
/QT (Tor(an) £ 1)o51 Vwyr - VT (war) de dt

N /Q (Tﬁ%f?ﬁlﬂ \VTar (war)|? da dt

261/ (Tua ()™ + 1) o o) de dt
ar (

Tar(wpr) + 1)+t
> aHVTM(wM)H%?(QT;Rd)'

B The identity ©ps(wpar) = O(Tar(war)), the growth assumption for © (see Assumption (A2)) and the
estimate 1/0 < aimply boundedness of

' Onm(wnr) | O(Tam(war)) - (Tar(war) V7 + 1) e
Tar(war) + 1| Tar(war) +1 ~ 0 (Tar(wp) + Do =

Putting the pieces together, (27) results in

/ s (wpr(T)) dz — / Y (w°) do + &V T (wan) 1720 ey

Q Q
< Cl0exar + pOxar) div (Beunr) + p' (xar) div(uar) Bexaa || 1 g, -
The right hand side estimates as
rhs. < C([[0ixarllLrr) + loOxan) Lo @pll div (Bsuns) 111 )
+ 116" Cean) | oo g | div(uan) [ 22 ) 10exa l L2 ()
and is bounded by the first a priori estimate.
It remains to show boundedness of [, a7 (war(T')) daz. Since
W (@) = [(Tar(x) + 1) € [-1,0],

we obtain the growth condition |¢as(x)| < |x|. Hence

/Q s (wr (T)) de| < /ﬂ Wy (T) da.

Eventually, we obtain boundedness of ||V 7Tas(war) | £2(q,;ra)- The claim follows together with the boundedness
of || Tar (war) || Lo (0,111 (02)) by the first a priori estimate. O

Proof of the third a priori estimate. We test (20) with ( = — div(e(u;)) and adapt a calculation performed
in [15, Sixth a priori estimate]. Additionally, we need to estimate the following integral term:

/Q div (p(xar)©Onr(war)l) - div(e(Opups)) deds
< [ 1000 VxarOunr) - div(e@uun)| e as

+/Q lp(xa0)O' (Tar (war))V (Tar (war)) - div(e(dpunr))| da ds

< Cllp' (xan)ll oo (o) IV x| oo (2 1O(Tar (wn) | 220/ -2y 10rwina | L2 112
+ CHP(XM)HLOO(Loo)H@/M(WM)”Loo(Loo)HV(TM(“)M)) HL2(L2)H8tuMHL2(H2)-
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By using the Lipschitz continuity of © (see Assumption (A2)) and the first as well as the second a priori estimates,
it only remains to show boundedness of the term ||©(7as(war))|| p2(z2p/(v-2))- Indeed, by using the growth as-
sumption in (A2),

1O(Tae (war) 2 ¢r2r/-2)y < co (HTM(WM)HlL/g‘fa(Lap/(a(pfz))) + 1) : (28)

In the case d = 3, we have p > 3 and, in particular, 2p/(c(p — 2)) < 6 since 0 > 3 by Assumption (A2).
Consequently, by using the second a priori estimate, the right hand side of (28) is bounded.

In the cases d € {1, 2}, boundedness of the right hand side of (28) follows immediately from the second a priori
estimate and ¢ > 3. O

Proof of the fourth a priori estimate. Testing (19) with 77 (wy), integration in time over [0, t] and using the
generalized chain-rule yield

/TM wpy(t dw—/TM ) da + K(TM(wM))]VTM(wM)]2d:Uds

Q

+ / (Oexar + p(xar) div (Opunr) + o' (xar) div(unr)Oexar) ©ar(war) Tar(war) dzds = 0,
Q

where 7A'M denotes the primitive of 7y, vanishing at 0. By using Assumption (A3), the estimates (cf. [15, Remark
2.10])

t
e [ ITssCon 2 oy ds < [ (Tawons -4 9 Tos () P s,
t

and
1

5!7'M(7~UM)|2 < Tar(war),

we obtain by using Hélder’s inequality in space and time

1)
/ ‘TM(U}M ’2 dz — / 7-J\/[ dZL’ + CHTM(wM)”LQq(;:l )(0,t;L6(a+1) (2))

< |[0exar |l 222) 1O n (war) Taa (wWar)l 220,602 (02))

+ [loOxan) | oo (oo | div(Qrunr) || 2 22) 11O v (war ) Taa (war) [ 220,612 (02))

+ HPI(XM)”LOO(L“’)HatxM”LQ(L?) | diV(uM)HLOO(LG) H@M<wM)TM(wM)HL2(0,t;L3(Q))
< Cl|On(war) Tar (war) | 220,623 (02))-

Notice the following implications:

if0<g<1 thenl/o < q(since2¢g—1<gqgand1l/oc < 2q— 1by (A3)),
ifqg>1 then 1/0 < ¢ (since o > 3 by (A2)).

Therefore, in both cases 1/0 < ¢ and we can estimate the right hand side above as follows by using Assumption
(A2):

H@M(’UJM)TM(U]M)”L2(07t§L3(Q)) C(H |TM(U)M)|1/0+1 HL2(0,t;L3(Q)) + 1)
C(||TM(wM)||%J2r<lq+1>(0tL3(q+1)( Q) + 1)

C(”TM(wM)HL2(q+1)(0t L6G@+1 () T ).
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Thus the r.h.s. can be absorbed by the I.h.s. and we obtain the assertion. O

Proof of the fifth a priori estimate. We test equation (19) with w,/, integrate over the time interval [0, ¢] and
obtain

1

1
/ \wM(t)|2d:c—/ |wM(0)|2dx+/ Kot (wag) [V | da dt
2 Ja 2 Ja Q

+ / (atXM + p(xar) div (Qguns) + p'(xar) div(uM)atXM) O (wpr)wps dedt = 0.
Q

We introduce the sublevel and the strict superlevel set of wy,(t) at height M as

Ly () :i={x € Qlwy(z,t) < M}, (29a)
@) = {z € Qwn(z,t) > M} (29b)

and receive by utilizing Hélder’s inequality as in the fourth a priori estimate

1)
/|wM |2dx—/|wM \ dx+c/ |VwM|2dzdt+c/ ||w MHLfJH) = ds

< Cll®Om(war)wa | 220,413 ()
1/2

t 1/2 .
SO</o HQM(wMWM”Qm(lM(t))d8> +C</O |@M(wM)wM|§3(lm))ds> . (30)

We treat the last two terms on the right hand side as follows.

B By using the definition l]T/[(t), the growth assumption for © in (A2) and the estimate 1/0 < ¢ (see the proof
of the fourth a priori estimate), we obtain

t t
[ 10atwnronil e o ds = [ 100wl 0

1
<C (/ HwMIILf(Lf) =) ds+1>.

B Holder's inequality and the embedding H'(Q) — L%(Q) yield

t
| 19artwanyenls g g 45 < esssup Ors(nr )y A

< esssup [ O (war (1)) 76, e pllwarllEa o g ()
te(0,T)

By the fourth a priori estimate, we have the boundedness of

M?esssup|l},(t)| = esssup M?dz = HTM(wM)H%oo(OJ”;LZ(Q)) de < C.
te(0,7) te(0,1) Jif,(t)

This implies by using the growth condition for © in (A2):

esssup || O (was (1)) = O(M)%esssup |11, (t)|*/?
o 18 (war )76+ (1)) = O (M) s sul 5 (@)
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< co(M?/7 1) esssup |1}, ()13
te(0,T)

C
M?2/3°

Since o > 3, we obtain boundedness of ess sup;¢ (o, 7) | (war(t))

< co(M*7 4 1)

2
HLG(IXI(t)) and hence

t
2 2
/0 H@(wM)wMHLB(lL(t)) ds < C||wM”L2(0,t;H1(Q))'
Eventually, estimate (30) yields to

2(q+1)
/ lwar (t ]2dx - / lwar (0 ’2d37 + CHVU)MHH (0,t:L2(R4)) T C/ HwMHL(ﬁq@H) Iy () ds

1/2
<c( / a5 oy s + ) T Ol o

and thus the claim. O

To tackle the sixth a priori estimate, we will make use of the primitive IA(M of K s vanishing at 0 and use the
property

~ {K(:U) if0 <ax <M,
(31)

Kylzx) =< ~
m() R(M)+z—M ifz> M.

Note that the identity Kas(z) = K (Tas(z)) is not fulfilled while Kys(z) = K(Ths(z)) is true. By exploiting
growth assumption (A3), we obtain the crucial estimate

PN C(z?0+ +1 if0<ax<M
|K ()| < ( I ) A < O(Tu ()PP L ) 42 (32)
CM*0t 1)+ - M ifz>M
Proof of the sixth a priori estimate. We will use a comparison argument in (19).
2g+2 6q+6 . — N . .
In what follows let r := zq‘f:rl and s = 6(}%20% as in Definition 3.1. Applying integration by parts in (19), we

receive for all { € W25 (Q):

(Opwpg, C) = /Q <I?M(wM)A€ — (©On(war)Oexar + p(xar)Onm (war) div (Gpunr)) C) dx

— / o' (xa)Onr(way) div(upg)Orxar€ der. (33)
Q
Let s** := % > 0 denote the constant resulting from the continuous embedding TW2*(Q) — L*" ().
Due to the crucial identities
1 1 1 1 1 1 1
6046 T " 6q16 _ — b Bgge T @ 6 + + —ogre = land o+ ) +—%gs =L (34
2qo+1 6g—2q0+5 2q0+1 2q—2qo+1 q+2q0+2 2q—2qo+1

Holder’s inequality reveals
(Orwn, € < MK (wan)ll - sass 1ACHLe +1Oa1 (wan)ll sgee 110xar 2 1€l o
+Hp(><M)HLooH@M(wM I egeeey Il div (Beunr) N2 [ Cl o

+11ef (XM)HLOO||91w(wM)IIL;qu++61 I div(uar) | LollOexarll L2 €l o -
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By using boundedness of s in L>°(0,7T; L°°(2)) and qu;giQ < 265;61, we obtain

ouss, (190xar 2 + || div (Beuar) |

Ovwarl gy < ClIOM(war)ll sass,

+ || le(UM)\|L6\\3tXM||L2> + IIKM(wM)IIL%-

Calculating L"-norm in time and using Hélder’s inequality show
ow s
H t M||LT((W37 )*)

< ClOu (w0l e ey (10000 lz2z2)+ 11 v Qo) Iz

+ |l diV(UM)HLOO(LG)HatXMHL?(L?)) + Hf(M(WM)llLT(ngO_fI)-

Keeping the first and the third a priori estimates in mind, it still remains to show

~ 69+6
{Kr(war)} bounded in L (0, T L2+ (),
6946

{©17(wpr)} bounded in L2 (0, T L?071(Q)).

B Estimate (32) leads to

|1 B ns (war)|

2g0+1
LT(L%) < CU T (wrn) | g1 poarey 1) + HwMHL 64:+6
Since, by definition, r(2go + 1) = 2(¢q + 1), we infer boundedness of

{Tar(war)} in LTG0+ (0, T; LO¥6(2))

by the fourth a priori estimate and boundedness of

6q+6
{war}in L7 (0, T; L2401 (2))

by the fifth a priori estimate and by r € (1,2) and 26;)161 < 6 using (A3). Finally, we obtain (35a).

B By Assumption (A2), we obtain

1/o

[Ovr)ll o (s < Clwn]7, o 1),

HL -r (O,T;LW(Q)) L 2=r)o (O,T;L(Q’JO'H)” (Q))

T(L2q0+1)'

(35a)

(35b)

(36)

Because of 2215 < 2 (since ¢ > 3 by (A2) and ¢ < qo by (A3)), we obtain (35b) by the fifth a priori

. (2q0+1)o
estimate.
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5.2 The passage M 1 oo

The a priori estimates from Lemma 5.1 give rise to the subsequent convergence properties for {uas }, {was} and
{x} along subsequences by Aubin-Lions type compactness results (cf. [18]) and by adapting Lemma 4.6 to this
case.

Corollary 5.2 There exists limit functions (u, w, x) defined in spaces given in Definition 3.1 such that the following
convergence properties are satisfied for all ;p > 1, s > 3 and alle € (0, 1] (as M 1 oo for a subsequence):
()upr — v weakly-starin HY(0, T; H2(Q; RY)) n W (0, T; H(Q; RY))
N H?(0,T; LA(Q;RY)),
upr — w  strongly in HY(0, T; H?~¢(; RY)),
uy —u o a.e. inQp,
(i)wpr — w  weakly-starin L?(0, T; HY(2)) N L°°(0,T; L*(Q))
NWHT(0, T3 (W*())"),
wyr — w  strongly in L2(0,T; H'™¢(2)) N L*(0, T; L*(Q)),
wy —w  ae. inQr,
(i) Xar — X weakly-starin L™ (0, T; WHP(Q)) N H' (0, T; L*(Q)),
XM — X stongly in L*(0, T; WP (Q)),

XM — X  uniformly on QiT

Corollary 5.2 can be used to prove convergence of IA(M(wM), G)M(wM) and &7 as M 1 oo in suitable spaces.
More precisely, we obtain the following result.

Corollary 5.3 There exists an element ¢ € L?(0,T; L?(2)) such that forall 1 < p1 < 6 (as M 1 oo for a
subsequence):

~ ~ 2q+2 69+6
(i) Kar(war) = K(w)  weakly in L2901 (0, T; L2071 (Q)),
(i) Opr(war) — O(w)  strongly in L*° (0, T; LM (),
(iii) Epp — € weakly in L*(0,T; L*(Q)).
Proof.

(i) We obtain the estimate

HKM(wM)HL 20+2 (v Set6 )

2q0+1
< CUTw(wan)ll 252 poarsy + 1) + llwarll 2oz (1355

due to (32). The first summand on the right hand side is bounded by the fourth a priori estimate while the
second is bounded by the fifth a priori estimate.

This enables us to choose a subsequence (we omit the subindex) such that

~ 6q+6

2q+2
Kyr(wpr) — nweakly in L2t (0,T; L20+1 (€2)) (37)
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for an element 7 € L% (0, T; L;i?qo% (Q)).
Furthermore, noticing that wy; — w a.e. in Q7 as M 1 oo, we conclude

Ka(war) = K (w) ae.in Qp. (38)
From (37) and (38) we conclude (i).

(i) This item follows from the fact that wy; — w converge strongly in L2(0, T'; L*(Q)) forall 1 < u < 6 and
from the growth condition for © in (A2).

(iii) By referring to the construction of £,7 in (23), we choose a weakly-star cluster point for the sequence
{1{XM:0}}’ i.e.
T = lgy,,—0y — T weakly-starin L>°(0, T'; L>(€2))

as M 7T oc for a subsequence. By the already known convergence properties, we deduce that the sequence
of functions

' (xa)
2

converges strongly to the corresponding limit function 77 in L2(0, T'; L?(2)). This proves

Ny o= (’Y(XM) + le(uar))? — Onr(war) — o' (xar)Onr(war) diV(“M))+
Ev = —muna — —mn =: £ weakly in L2(0, T; L*(Q))

as desired.

0

Proof of Theorem 3.4. The limit passage of the truncated system given by (19), (20), (22), (24) and (25) as
M 1 oo can now be perform with Corollary 5.2 and Corollary 5.3.

B Heat equation. Integrating (19) in time and applying integration by parts show
T
/ (Owng, ) dt
0

- / (I?M(wM)A\If — (Op(war)Oexnr + p(xar)Onr(war) div (Opupy)) \If) dx dt
Qr

+/ p'(xM)@M(wM) div(uM)ﬁtXM\I/dxdt = 0,
Qp

for all test-functions ¥ € C([0, T7; W25(£2)). Taking (34) into account, passing M 1 co by employing the
convergence results in Corollary 5.2 and Corollary 5.3 and switching back to an a.e. in time formulation, we
end up with (4).

B Balance of momentum equation and one-sided variational inequality. Translating (20), (22) and (24) to
a weak formulation involving test-functions in time and space, we can pass M 1 oc. Translating the results
back to an a.e. in time formulation, we obtain (5), (6) and (7).

B Partial energy inequality. The inequality (8) is gained from (25) by using lower semi-continuity arguments
in the transition M 1 oo. O
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