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On a half-space radiation condition
Andreas Rathsfeld

Abstract

For the Dirichlet problem of the Helmholtz equation over the half space or rough surfaces,
a radiation condition is needed to guarantee a unique solution, which is physically meaningful. If
the Dirichlet data is a general bounded continuous function, then the well-established Sommerfeld
radiation condition, the angular spectrum representation, and the upward propagating radiation
condition do not apply or require restrictions on the data, in order to define the involved integrals.
In this paper a new condition based on a representation of the second derivative of the solution is
proposed. The twice differentiable half-space Green’s function is integrable and the corresponding
radiation condition applies to general bounded functions. The condition is checked for special
functions like plane waves and point source solution. Moreover, the Dirichlet problem for the half
plane is discussed. Note that such a “continuous” radiation condition is helpful e.qg. if finite sections
of the rough-surface problem are analyzed.

1 Introduction

Throughout this paper we denote the points of the three-dimensional Euclidean space R? by 7 and i/
with 7:= (21, v9, 23) " = (2, 23) " and 2’ :=(z1,79)" € R? and §/:= (v, y3) . For fixed numbers
21,3, we define the half spaces R} | | := {7 = (¢/,23)" € R®: 23 > 173} and R} :=R] | and
f;m ;= {(2',2;3)": 2’ € R?}. We shall consider functions u defined on a
perturbed half space 2 of R3, which are solutions of the Helmholtz equation (A+k*I)u =0 for a
fixed wavenumber k > 0. We suppose that 2 := Qp := {7 € R3: x3 > F(2’)} with a function

F: R? — R such that —hp < F(2') <0 holds for all z’ € R? (cf. Fig.. The number Az > 0 is fixed.

the boundary planes R

The goal is to find a general radiation condition for Helmholtz solutions on €2 which are uniformly
bounded on the planes Rifﬁg, but, eventually, do not decay in the directions of Riﬁg. If &(Z, v ) is the
Green'’s function for the Dirichlet problem of the Helmholtz equation over the upper three-dimensional
half space Ri, then, analogously to the upward propagating radiation condition (UPRC) in the two-
dimensional case (cf. [7]), a possible choice for the radiation condition would be to fix zy3 > 0 and to
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Figure 1: The geometry settings.
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A. Rathsfeld 2

require the condition (cf. [3], Chapt.5.1.1 and [4}5])

u() / L aps) ) u((y zps) ") dyf (1.1)

forall ¥ € Rif}g&. Note that this condition is equivalent to a representation as a superposition of
outgoing generalized plane waves (cf. the angular spectrum representation in [2,5}/7,/10]) and, in two
dimensions, to the pole condition (cf. [2]). In three dimensions, the integral exists for functions from
weighted L? or from more complicated spaces. Since we are interested in a class of solution u con-
taining plane-wave functions, we only know that the function u restricted to the boundary plane Rxfg
is smooth and uniformly bounded, and the existence of the integral is not guaranteed. Therefore, we
formally differentiate twice to get

/}R2 (Y aps) ) u((Yaps) ) Ay, TERT L (1.2)

This will be the main part of our radiation condition. We shall see that the kernel in satisfies
823@(3?, J) = Ouyys (|7 = F17?) on R] _  for |7 — | — oo. Hence, the principle-value integral
in is well defined for any function u bounded and sufficiently smooth on Rim. Suppose that
Op C ]Rxm . is a fixed open subset and that u is a solution of the Helmholtz equation. Then 1|
is satisfied if and only if the equation in . holds for any & € Op. Indeed, on both sides of the
equation we have solutions of the Helmholtz equation, and such analytic function coincide on Rmf +
if and only if they do on Op. On the other hand, it is not sufficient to require the equation for one or
more planes R§3 with x3 > w7 3. Indeed, the two sides of the equation might differ by the function
(/,23)" — sin(k(x3—ay3)) if they coincide only over R3 with 3 = z3+Im/k, 1 =1,2, ...
However, it would be sufficient to require the equation in over Riz,a with 2,3 > 273, [=1,2if the
homogeneous Dirichlet problem of the Helmholtz equation over the layer enclosed by R3 , and R3

2,3
has the trivial solution only. In particular, this is the case for |x; 3 —x2 3| < 7/k (cf. the subsequent

Sect.[10).

Forl' € Z* and x;, 3 > 0, we introduce the finite subdomain 2y, , of 2 adjacent to the lower boundary
by Qa5 = {TE€Q: [0/ =1'| < 4, w3 <3} Clearly, for any I € Z* and x5, 3 > 0, we have to
assume that u is in the Sobolev space H' (s, ,). Unfortunately, Sobolev regularity and condition
still allow to add to u an unphysical solution of the form Uadd (T) 1= ugp(x’) 3 with usp a solution
of the two-dimensional Helmholtz equation (A, +k%1)usp = 0 (think e.g. of ugp (z') = elle@i+622)
with ., 3 € R and o + 3% = k?). Adding such a function to u corresponds to adding the function
usp (') to the derivative O,,u(+, x3). In order to exclude such addends, we augment our radiation
condition by one of the next two equivalent conditions. Either we require, for fixed £, >0 and ¢, >0
depending on u, the weak boundedness condition

1 s 3 —1 1 NT 1—¢
— u((a: ,1) ) dt| < ey, Vg >1 (1.3)
0

x3 x3

or we fix the derivative 0,.,u over the plane ]Rmf , by

8$3u((x', l’ﬁg)—r) = — 853(13((1‘/, {Eﬁg)—l—, (v, xﬁg)T) u((y', xﬁg)T) dy/, 2eR% (1.4

RQ
The existence of the hypersingular integral in (1.4) (cf.the subsequent representation (2.8)) can be
shown under additional conditions. To avoid hypersmgular kernels, we can fix 8x3u|R3 by

axsu((x’, l’ﬁg)—r) =— /R28§3®((x’, l'f,3>T, (v, xh73)T) u((y’, xhg,)T) dy/, 2’eR?* (1.5
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Radiation condition 3

In comparison to , in there is no singularity in the kernel for \x’ — y’] — (. However,

the more serious problem in and is that of integrability at infinity. The weak boundedness

condition 1) is nothing else than a restriction to an O(:z:g_au) growth of the two-fold integral function

w2, x3) = [ (ws—t)u((2/,1)7) dt (ie. wlis defined by 02, w=w and w(z’,0) =0, w(z’,0) =
ey

0). If u is uniformly bounded or if |u(Z)| = O (x5 ~=*) for 13 — 00, then (1.3) is fulfilled. As we will see
in Prop.[1.2] in many cases the solution u satisfying (1.2) and (1.3) is indeed uniformly bounded.

Altogether, we suggest the following outgoing radiation condition

Definition 1.1. A solution u of (A+ k*I)u = 0 over (2 is said to satisfy the half-space radiation
condition (HSRC) if there exist real numbers c,, €,, Ty 3, and xy3 with ¢, >0, €, >0, and 0 < xy3 <
Tp,3 such that

i) Forany!l' € Z? the restriction of u to the subdomain QY , , is in the Sobolev space H' (Y, , )

and has a bounded norm Hu\Ql,,zh , HHl(Ql,wh ) <Cu

»Th,3

ii) The second order derivative 8§3u admits the representation .

iii) The function u satisfies the weak boundedness estimate (1.3).

For the equivalence of and and for the existence of solution to the Dirichlet problem for the
Helmholtz equation over R? | we have to restrict the functions. We use three special classes. First,
we introduce the space C'(IR?) of continuous functions, the space C,(IR?) of uniformly bounded and
continuous functions and, for v € C'(IR?), the average function

2
aw(v, o', r) = / v(z' — r(cos¢,sing) ") do. (1.6)
0

Furthermore, we denote the space of all function v, which together with all their derivatives upto order
[ > 0 are continuous and uniformly bounded by O{,(RQ). We define the first class AV, for k > 0 by
AV, = {veCy(R?): 3e,>0 st |aw(v, o', r)|<cr™, Vr>1, Vo' eR*} . (1.7)

A second class is the Dirichlet data set DD,, with v > 0 including all sums of Helmholtz solutions plus
Helmholtz images, i.e.,

DD, = {UEC’b(R2): Je, >0, Fv, € CZ(R?), v € C*(R?), Fv; € Cy(R?) sit.
v = v, +v;, (Ap+k v, =0, v; = (Ay+k*I)vy, and
lvo(2)| < ep(1 + |2])%, Va' € R?}. (1.8)

Finally, we introduce a class of functions v characterized by the Fourier transforms [Fv]. Unfortunately,
this condition will not be easy to check. We introduce the annular domains by the formula Ry . :=
{¢'eR?: k—e<|é|<k+e} and set

FCp = {veC{(R?*): Je,>0 s.t. [Fu]|g,., € L*(Rie,)} - (1.9)
For functions u with restrictions v(2’) := u((2’,x3) ") in such spaces, we get

Proposition 1.2. Suppose there is an x;3 with 0 < xy3 < xp3 such that v := U|R§’cf3 is either in

AV, k>0in DD,, 0<wv <1 orin FCj. Then, in the (HSRC), we can replace condition iii) by the
equivalent condition:
iii’) The derivative O,.,u restricted to the plane Ri 3 fulfills .

Moreover, the solutions fulfilling the (HSRC) are even uniformly bounded if v ::u|R§f 36 AV, or if
v € DDy with vy € C}(R?).

DOI 10.20347/WIAS.PREPRINT.2669 Berlin 2019



A. Rathsfeld 4

Since implies (1.2) and (1.4), (UPRC) implies (HSRC) with iii’) replaced by iii). Prop.[T.2] and its

proof
evalu

(cf. (8.2) or interprete the representation [Vjvo] in part iii) of the proof to Lemma [8.1]as (1.1)
ated by partial integration for the differential operator 89%3 = —(Ay +k21)) means that, for

v ::uh@f3 in DD,,, AV, or FCY, the condition (HSRC) is equivalent to the (UPRC).

In Sect.we shall prove Prop.and show that the (HSRC) is independent of the choice of x, 3 and
xy,3. For the plausibility of the (HSRC), we remark:

2

Formula can be considered to be a representation of 8§3u as a superposition of gen-
eralized outgoing plan-wave solutions (cf. the right-hand side of (6.5)). Outgoing for the upper
half plane means that the plane wave u(z) := el@™1+572+7) with o, B € R, v € C, and
a?+ B2 4~+% = k2, is either a true plane-wave (i.e. o® + 3% < k%) moving into the upper half
plane (i.e.y > 0) or a generalized plane-wave (i.e. &+ 3% < k?) decaying in the z3 direction
(i,e. Sm~vy>0).

For any solution usp € CF(IR?) of the two-dimensional equation (A, + k*I)usp = 0, the
function u(Z) :=uap (') satisfies the (HSRC), and u(Z) :=uap (2')x3 does not (cf. Section|5).
In particular, u(Z) := Jo(k|z'|) fulfills the (HSRC) and cylindrical wave functions like u(Z) :=
aMY (k|2 (1.2) (cf. Sect..

) satisfy at least

Any generalized plane-wave solution () := el@®1+522+73) with o, 3 € R, v € C, and
a? 4 B2 42 = k? satisfies the (HSRC) if and only if either v > 0 or ey > 0 together with
Smy > 0 (cf. Sect.@). In other words, the (HSRC) is equivalent to the well-known radiation
condition for quasiperiodic functions in the theory of gratings (cf. Corollary [6.7).

Any solution, satisfying the classical Sommerfeld radiation condition for the directions pointing
into the half space, fulfills the (HSRC) (cf. Sect.[7]and cf. [8] for Sommerfeld’s condition on the
half space). In other words, functions u(Z) := G(¥/, Z) and all their derivatives satisfy (HSRC),
but “incoming” waves like u(Z) := G (¥, &) do not.

Using the radiation condition (HSRC), uniqueness (cf. Prop.[9.1) and existence of the solution to
the Dirichlet problem of the Helmholtz equation over the half plane Ri can be shown. However,
special conditions are needed for the existence, namely the Dirichlet data is supposed to be in
DD, AV,,, or FC}, (cf. Prop.[9.3]and compare [6] for the two-dimensional case with continuous
data over rough surfaces and [3], Sect.5.1.1.1 for Dirichlet data from L?(R?), H'/2(R?) C

H,"*(R?), and a special subspace X’ C C,(R?)+L*(R2)).

Fundamental solution, Green’s function, and
representation formula

211 Denote 7 and ¢ as in Sect.[1] For a complex valued wave number & with e & > 0 and
Sm k > 0, the fundamental solution of the Helmholtz equation Au + k%u = 0 is given by

. 5 . 1 eik|f7?ﬂ
GZ,y) = GZ—-7v) = — ) (2.1)

A |7 — 7|

<y

DOI 10.20347/WIAS.PREPRINT.2669 Berlin 2019



Radiation condition 5

Clearly, for 7 = 1, 2, the first and second order derivatives are

FTIL (k) (ys — m3)  ys — a3
(T 7) — _ 2.2
R = = &2
T (g — 23) (3 — ) ) 3
0y, 0, G(Z,9), = T J{ilﬂ—q o q}, (2:3)
W) wi—gr " " F-gl FoaP
ik|lZ—7| i i — 2
2 A e (ik) 1 (ik)*(ys — x3)
_ _ 2.4
9,,G(Z,7) ym {|£—yj|2 T + ERE (2.4)
(R (ys — 23)° L 3l = $3)2}
T-glt " lE-gP

The third order derivative is of the form O, ., (|7 — 7| ™). Indeed,

0,,G(7.9) =

eIl (3(ik) (ys — w3)  9(ik)(ys — x3) | (ik)3(ys — 33)°
Ty I DT TR B (2
4 17—y T T

00k —w0)® | yn—3) | 15(ik)(n — )

+

17— g5 7 —gP 7 —g|°
 15(ys — $3)3}
7=yl
(ys — 3) { ik|Z—F| (3 3 (ys — 23)? }
L Al (1) R AN VR o) (2.6)
inli— P 0 g g T oW

Note that the factor (y3 — x3)|¥ — 5|~ /4 is the double layer kernel for the Laplace equation. This
kernel defines a uniformly bounded operator in the L°° space (cf. [9]).

In order to enable the computation of finite-part integrals, we shortly look at the kernel behaviour for
|Z — 4] — 0. By the Taylor-series expansion of ¢!*17=¥! we get

— 1 —
ay3G(x7y> = 47'(' (lfg;_ —’|3) + O( ) (27)
o 11 1 3(ys — 73)° 1
2
1 L . 2.
ang(ﬂfay) Am |2 — g Ar |Z -y O Z—q1)° 9

which proves that the kernels for the Helmholtz equation, locally, are compact perturbations of the
operators for the Laplace equation. Consequently, the corresponding potentials of finitely supported

and smooth weight functions over R} = computed at (2, 23)7 € R3, , + have well-defined limits

for 3 — 27 3. These limits can be computed by the well-known terms of the jump relation plus the
values of the potential integral at (2, 2, ,) . In case of the kernel 02, G(Z, %), this integral is to be
understood as the usual finite-part integral.

The Green'’s function for the Dirichlet problem over Rf;f 5+ Is chosen as
(7, 7)) =GZ,7) — G((x’, 2x$f,3—x3)T, gj’) =G(Z,7) — G(f, (v, Qxxm—yg)T) . (2.9
We get vanishing boundary values ®(Z, (/, xmfyg)T) =0and
0y (7,7) = 05G(T,§)+ 0, G(T,(y, 200, —ys) '),
B O(Z, (Y, 20,)|) = 205G(Z, (Y, 24,,)"), (2.10)

DOI 10.20347/WIAS.PREPRINT.2669 Berlin 2019



A. Rathsfeld 6

X3 X3

Figure 2: Half ball and cylinder.

such that 0j, ®(7, §') = Oy (|7 — 7| ?) on § € R}, 7 € RY, follows from .

@2 Finally, we recall the representation formula for the second order derivative 82 u of the solu-
tion u to the Helmholtz equation Au+k*u=0 over R? (cf.the subsequent (2 ) To shghtly simplify
the subsequent formulas, we set zy3 = 0 and conS|der the half space ]R+ instead of the general
R} | 4 For large R > 0, we introduce the disc Rf  := {(2/,0)T € R : |2'| < R}, the half ball
Br:={(z',23) "€ R®: 23>0, |%| < R} with its upper spherical boundary Sy :={(2/,73)"€ R?:
x3 > 0, || = R}, and the cylinder C := {(2/,z3) "€ R®: 0 <3< RY* and |2’| < R} with its
lateral and upper boundary (cf. Fig.[2)

Tp = TpiUTgy, Tg; = {(x',mg) eR?: 0<x3<RY and || = )},
Try = {(z/,23)7 €R®: z3=R"*and|2'| < R}.
We consider either ()i := B and X := S or Qi := Cr and X := Tg. By v we denote the
normal at the boundary R&R U X g of Qg pointing into outward direction. We assume that condition

i) in (HSRC) is fulfilled. The symmetric Green’s formula applied to u and i/ 02 (7, ) with fixed
T € Q) leads to

/ (0,ud? (%, ) —ud, 02 (%, )}
Rg RUER

{(A+ EDud2 (7, ) —u(A + k*1)0;, ®(Z, ) }.
Qr
Using ®(Z,-) = 0 over R} and the Helmholtz equation, we get that the second order derivative
9 D(T,-)=—02 O(Z,)-0;,®(Z, -)—k*®(Z, -) is zero over R. From the Green’s function property
we obtain (A+k*1)0;, ®(Z, ) 62 (AFET)®(Z, )= 02 0z Thus, for a solution u of the Helmholtz
equation (A+k£%I)u=0, we arrive at

8§3u(f) = / — {&,uaigtb(f,-)—u@ﬁi@(:ﬁ-)},
]R3 YR

Ru@) = V(%) + I, (2.11)
Vial@) = [ 8 W.07) u(.0)7) dy. @.12)
I = P}EI;O/ {8 uo;, ®(Z, uayﬁss@(f,-)}. (2.13)

DOI 10.20347/WIAS.PREPRINT.2669 Berlin 2019



Radiation condition 7

Here [V, u] is the twice differentiated double layer potential. Altogether, to get the representation in the
radiation condition 1; for a solution u of the Helmholtz equation over R? , we only have to suppose
condition i) of (HSRC) and to show that the limit /., is zero.

3 Boundedness of the potential in (1.2)

Consider a function « bounded over Rg and consider the twice differentiated double layer potential
[Viu](Z) defined by (2.12), where ® is defined in (2.9). Without loss of generality, we fix ' = (0,0) "
and consider the limit of [Vju|(Z') for Z = (2, x3) " with 73 — oc. Due to (2.10) we have to estimate

Ly = [ B66E6.0T) M. S0 = (0.

Taking into account (2.6) and the boundedness of the integral of the double layer kernel (cf. [9]), we
+1.)3
get I, = WX J+ O(1) with

4
P 0—(1}3)3 s [ .2 3
Jx — / elk‘x y|<_‘—_‘f(y/>dy/ = — elk x3+|y | —3f(yl>dy/
Sl W P o @+ yPP
6ikmg«/1+|2’\2

— —_— Ndz'.
7 o T [ )

We substitute 2’ = 1/r2—1 (cos ¢, sin ¢) " and d2’ = rd¢ dr to get

oo pikagr 2w cos ¢
oy = —xg/l = /0 f(l’g\/’f’z -1 (singzﬁ)) dodr. (3.1)

The last integral is difficult to estimate. At least we get |[Vyu](Z')| < c|x3|. Here and in the following
c stands for a generic positive constant, the value of which varies from instance to instance.

Next we prove that I, fulfills at least the weak boundedness condition used in (1.3). For the terms in
(4.1) and for 2’ # 3/, we conclude

/Oxg(ﬂfa—t)aj’g(?((&?@t)T; (v,0)") dt = 8,,G((2',23)", (¢,0)") =8, G((«",0) ", (4/,0) ")
+3302,G((«,0)7, (/,0)"), (3.2)

(—1)'0L,0,,G(Z, 7). The formulas in and together

where we have used 9., 9,,G(Z, )

with

6ik|(a}’,x3)T—(y/,0)T| _ eik|:p’fy’|eikm%/{\(z’,xg)T7(y’,0)T|+|z/fy’|}

kle'=y'l 4 O( 75 ) (3.3)
= e : .
(2", 23) " — (¢, 0)7|
1 1
;= T (3.4)
|(x/7x3)—r - (y,70)—|—| |l‘/ _y/|

.1'2
+0 3 . 1=2,3,
<|ZE’ - y/|l+l |(:L‘/7$3)T - (y/a O)T )

DOI 10.20347/WIAS.PREPRINT.2669 Berlin 2019



A. Rathsfeld 8

imply
/Oxs(l’:s - t)ang((:c’,t)T7 (/,0)7) dt
_ oiky/z3+Hz =y 2 { (ik)(—w3) s }
|

2
47 \/x§—|—|x’—y’|2 \/x§+|x’—y’2

+€ik|5",_y/| (ik)x3 T3
A |x’—y’|2 |x’—y’|3

3 3—e€y

_ 3 — 3

o O(L’L”—y'P xz_,_’x/_ /|2> o O( , /12 / /21_5“>
3 Y 2" =y |P/a5 + |2 — ]

for |2’ —y'| — oo. For |2’ —y'| — oo. Now we split the integral I, into the integral over 3’ with
|2’ —3/| <1 and the integral over y' with |z’ —3/| > 1. Due to |0 G(Z, )| = O(|Z — ]| "), the first
integral is uniformly bounded and consequently also weakly bounded. For the second integral we get
the weak boundedness by the above kernel estimate applied to fox" (x3—t)I; dt. Repeating the same
arguments as above we get

Proposition 3.1. Suppose that | is continuous over R? = Rg and that there are constants cy >0 and
0<wvy<1suchthat|f(z')| <cp(l+ ]x’|)“f holds for any 2’ € R?. Then the potential [V}, f] satisfies
the weak boundedness condition, i.e., (1.3) with u replaced by [V} f].

For special functions u, i.e., for special f we can get more. We shall assume that the gradient V f =
Vo fof f= u‘RS is uniformly bounded. This assumption is obviously fulfilled in the typical situation
that u is a bounded solution of the Helmholtz equation over a layer {7 €R3: —¢ < z3 <&} with e > 0.
From we obtain

00 elkxgr
st = —.Z'327Tf<0)/ 3 dr
1

[e§) eikry" 2m COS¢
—:Eg/l = /0 |:f($3\/7"2 -1 (sin¢>) —f(())} dodr

= 0)
cos ¢ t
) (m) 4t dtds

1 0o T 1kx3r COS¢
ik ), // Vf(xg - <sm¢)

elkwar o cos ¢ cos ¢ t -
- - { [ w1 (500) () o=
_3 el = / w(m A1 (o)) (e ) ao i avar

sin ¢
1 elkar cos ¢ cos ¢ B
1k e \/7? i Vf(x;g\/ -1 (sinqb)).(singzﬁ) dodr = O(1).

For f = ulgg € Cy(R?), we finally arrive at |[Viu](7 )| < cforall # € RY.

4 Representation of the solution by the potential operator in (1.2)

Suppose that u is a solution of the Helmholtz equation Au -+ k?u = 0 over Ri, that v as well as all
derivatives upto order two are continuous on the closure of R3 , and that the second derivative of u

DOI 10.20347/WIAS.PREPRINT.2669 Berlin 2019



Radiation condition 9

w.r.t. 3 is given as 92, u=[V,u] by the right-hand side of (1.2) with x5 =0. Then, due to the second
order Taylor-series expansion, we get

z3
w(@) = fil@) + fo(2") (3 — 2p3) + / (23 — O)[Viu ((2/, 1) ") dt, (4.1)
xf 3
where the functions f1(2') := u((2/,243)") and fo(z') := O,,u((2', 23)") are solutions of the
two-dimensional Helmholtz equations

Apfila) + K fila) = —[Viul((2' 255)") (4.2)
Ap fo(z) + K2 fol2)) = —0u,[Viu ((x', l’ﬁg)—r) ) (4.3)

Indeed, from A=A, 402, we conclude, for the Helmholtz solution u, that Ayu+k*u=—02, u and
Ay Oy u+k? Oy =—0,,02, .

Note that, for any solution [V, u] of the three-dimensional Helmholtz equation, the right-hand side of
(4.1) satisfies the three-dimensional Helmholtz equation if and only if f; and f> are solutions of (4.2)
and (4.3), respectively. Indeed, using the Helmholtz equation for [Vu] in the form (A, +k*1)[Viu] =

—02, [Viu] and the Taylor-series expansion for [Vj,u], we get

(A + k2I) <f1 T folws — o) + /xs (25 — t)[Vku]((-7t)T> dt)

xf3

= (AL + K D) fu+ (25 — 2p) (AL + K1) fo
+/ (23 — (AL + K1) [Viu] (¢, 8) ) dt + [Viu] ((,23) 7)) -

= (AL+ KD fi+ [Viu]((0)") + (x5 — 273) [(AL + K*I) fo + 00y [Vie] ((-,0) )]
+[Viu] ((,23)7)

- {[Vku]((, O)T) + Oy [Vie] ((, O)T) (xg —zp3) + /

xf,3

T3

(3 — )02, [Viu] (1)) dt}

= (AL+ KD fi+ [Viul((0) 1) + (5 — zp3) [(AL + K1) fo + O [Viu] (-, 0)T)] -

3
zf,3’

Rﬁf’s and over Ridﬁ with, e.g., 43 > xy 3, then f2 is given by the Dirichlet-to-Neumann map

If a solution u is given over the plane R then f; = u\R%f , is known. If the function wu is given over

f2(2") = (DN f1)(2") = —2/ 02 G (2 ar3) ", ( aps) ) u((y s 2ps) ') dyf
RQ

1 ! ! ! ! !

= = U((ZL‘ 7:Ed73)T) +/ KDtN(:L‘ Y )U((y axf,?))—r) dy ) (4.4)
(Ta3 — 713) R?

/ / / ! 2 / /

Kpn (2, y) = =200 G((2',2a3) ", (v s wa3) ")+ ———=0,,G((2', 2a3) ", (v 275) ') -
(Ta3—113)

Using the formulas and as well as and (3.4), we get the estimate Kp;n(2/,y') =

O(|a" —y/|73) for |#' — /| — oo such that the last integral in converges.

Unfortunately, the solutions of (4.2) and (4.3) are not unique. Even more, (1.2) and the representation
with the right-hand side in (4.4) is fulfilled for u(Z) replaced by the sum w(Z)+usp (z') x5 as well if only
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A. Rathsfeld 10

(Ap+k2)usp = 0. For instance, the functions uyp (') := Jo(k/22 4+23) or ugp (2') := eller1+6e2)
with v, 8 € R and o+ 3% = k? are solutions of the homogeneous equation (A —I—k: I)ugD =0.
Whereas f7 for u in (4.1) might be uniquely determined by a Dirichlet boundary condition, the function
J2 is unique due to (1.3 (1.3). Indeed, if f5 leads to a solution in (4.1) bounded asin (1.3), then any different
f2 leads to a perturbation & — u(Z)+[fo— f2](z’) 23 violating (1

5 Radiation condition for tensor-product solutions

Suppose u (Y ) =usp(x")us(zs) with a linear function w3 and a solution usyp, of the two-dimensional
Helmholtz equation A, usp + k?usp = 0 over R2. Moreover suppose that usp and all first- and
second-order derivatives are uniformly bounded at least for large |2’|. Clearly, u is a solution of the
three-dimensional Helmholtz equation. In particular, all assumptions, except the singular behaviour at
the axis {7 € R% : 2’ =(0,0)"}, are satisfied for cylindrical waves of the form u(i') = { HY (k|2|)
and for u(z') = * HY (k|2’'|) 3.

Without loss of generality, we may suppose u3(0) = 1 such that u|gs = usp. For j = 1,2, we obtain
from the boundedness of uop and its derivatives and from the decay properties of the kernel functions

in and
/ 10,04, G (Z—(y, 0) )U/QD(y/) —8y3G(f—(y',O)T) Oy, uap(y') } dy; = O(R?),

/_ {a;jaygo(f—@’,of) wan (y) —ang(f—(y',O)T)8§ju2D(y’)} dy; = O(R™?),

R

if R — 00. Consequently,

/ / (v',0)") uap(y') dys dys

B / / (Ay + sz)ang(f, (v, O)T) uap(y') dyr dys
_RJ-R
R R
_/ / ang(f’ (y’, ) )(A /‘l‘]{? I)u2D dyldy2_|_2/ dZL’]
-RJ-R

= O(R™

In other words, [Viu|(Z) = 0. Condition (1.2) is always fulfilled. However, the pair of radiation condi-
tions (1.2)-(1.3) hold if and only if the linear function u3 is a constant function.

6 Radiation condition for plane-wave functions,
Fourier transform of the potential kernels

611 Now consider a plane-wave function u(ij ) = e!(@¥1+5v247%3) with o, B € R and a® 45> 4+42 =
k2. For the case a® + 3% = k2, we get v = 0 and the results of Sect.|5| Iapply Thus we may suppose
o?4(3%#k? and 7 # 0. We observe that G(7—4 ) =G/(Z, 7 ) and ., , (') := 05 P(Z, 7/ ) are
convolution kernels. The exponential functions y' — el(on1+8y2) are eigenfunctions of the convolution
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Radiation condition 11

and the eigenvalue is the value of the Fourier transform at £’ := («, 3) € R2. Consequently, we have
[Viu](Z) = el(@1+572) g (1:3) with a special function g(3) independent of 2. However, since Vju is
a solution of the Helmholtz equation, we conclude

i(ax1+Bz2) ( iyzs 7i'yx3) :
= e e’ 4 e if v #0

= i A
[Vku] (x) { el(ax1+[3x2) (Cl + 02I3> else (6 )

with special constants ¢; and cy. The radiation condition is fulfilled if and only if ¢; = —2 and
co=0. If Im >0, then e %3 increases exponentially for 53 — 0o, and ¢, = 0 due to the estimates
in Sect.[3] The explicit values of ¢; and ¢, can be computed by the Fourier transform of the convolution
kernels. However, we prefer to argue using with the choice Qr=Cgr, Xr=Tk.

If o+ (% > k? and if Im~y > 0, then e~7"3 decreases exponentially for 3 — co. We get
u(Z)],10,u(Z)| < ce=3m1E" on Ty,. The two involved kernel functions can be estimated by
|G(Z,7)],10,G(Z,7)| < c|Z — §|~" such that [02,6(Z,7)],02,0,6(Z,7)| < c[R**]~. The area
of Tr is O(R?). We arrive at

/ (0,ud? B(F, ) — ud, 2 B(F,-)} = O(e*%m'vR”“ﬂ“). (6.2)
TRt

According to the formula the Green’s function differentiated w.r.t. y3 can be estimated by the
term O((ws £ y3) |T— (v, y3) | 72). Therefore, on Tx; the two involved kernel functions satisfy
|02.6(Z,7)],102,0,6(Z,7)] < cRY*R™?, the functions u and d,u are bounded, and the area of
Tr,is O(RY*R). We conclude

/ (0,02 B(F,) — ud,.B(7, )} = O(R?). 6.3)
TR,

The estimates (6.2) and (6.3) together with T =Tp ;U Ty, yield I, =0. Consequently, the radiation
condition (1.2) is satisfied and we get ¢; = —~2, co=0in (6.1).
If Sm vy < 0, then we get the same U’Rg as for the choice 7 = —~. From the just proved case for

Im A >0, the formulas ¢; = —72, ¢, =0in (6.1) for 7 imply ¢c; =0, ¢y =—~2in (6.1) for v and the
radiation condition (1.2) is not satisfied.

To compute the ¢; and ¢, for k? > a4+ 32, i.e.for real -y, we employ the principle of limited absorp-
tion. Choose a small ¢ > 0 and replace k by k. := k+ic. The fundamental solution G_(Z—¢) =
eik\f—g|_k€|£—g‘/]f—gj| is, in contrast to the case with real k, exponentially decaying. Then choos-
ing 7. := \/k2—a?—[% with Re~. > 0 and Sm . > 0 and following exactly the proof for the
case a”+ (3 > k?, we obtain the representation 02 u. (7 ) = Vi, uc](Z) for the function u (7' ) =
ellar1+82249:23) |n this representation we consider the limit for the parameter ¢ — 0. Due to the
O(|Z—y|~?) estimate for the kernel function in V;,_, Lebesgue’s theorem on dominated convergence
applies. We arrive at 92 u(Z) = [Viyu](Z), where u(Z) = ell@®1752217023) with o := lim 7, the
solution of ¢ = k% —a?+ (32, for which 7o > 0. Thus ¢; = —72 and ¢, =0 holds in if v >0 and
the radiation condition holds for the plane wave with v > 0. Furthermore, ¢; =0 and ¢y = —~?
holds in if v = —29 < 0 and the radiation condition does not hold for the plane wave with
v <0.

Corollary 6.1. Any quasiperiodic solution of the Helmholtz equation in ]Ri satisfies the radiation
condition (1.9)-(1.3) if and only if it satisfies the classical radiation condition, i.e., if it admits a Rayleigh
series expansion into a sum of outgoing plane-wave modes.
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A. Rathsfeld 12

[6l2 Now we fix the formulas for the Fourier transform of the convolution kernel in V}, and we
derive a presentation of [Vu] by general plane-wave functions. For this, we introduce the function
=\ . — T = =\ — = = =\ —
®(F):=®(7,(0,0,0)") and observe ®(, ) := P(7—). Consequently, 05 (F, §) = — 03 P(7—)
and [Viu]((2',23) ") is the convolution of ulgs by the function 2 — —33 ®((2',23)"). Introducing
the Fourier transform as

AN efi27rx’-£’ z / “1o1(7)) = €i27rz/-§’ Nz
FAE) = [ e, Flale) = [ ey,
the just proved results imply
Vil ((@',25)T) = |[F e [Flulp)] }] (@), 64
may(€) = [F{= 020 ) DI ) = = (8~ [¢P) VEET,
EEE L | VPGP g <k
P = { e s

In this generalized sense, (6.4) means

Vid®) = [ [Flulg)€) a2, [V 4 g 3

The Fourier transform can also be used to compute the limit of [Viu|(Z) for x5 — 0 if 2 is fixed.
Suppose f 1=U|Rg is a bounded function such that all derivatives upto order five are bounded. Choose
a cut-off function 3’ +— x(y') of the same smoothness and with ) identical to one in a neighbourhood
of . Then fy isin L? and its Fourier transform F( fx) (') decays at infinity as O(|¢'| 7). We get

Vel (7 / () T) (PO dy + / .0(7, (v, 1)) (FL—X)(¥) dy/.

where the second term on the right-hand side tends to zero for x5 — 0 due to (2.5) and Lebesgue’s
theorem on dominated convergence. By Plancherel’s theorem we obtain

Vial@) = = [ e (12 = ) VETER R (1) de' -+ of1),
Again Lebesgue’s theorem together with F(fx) (&) = O(|€'|75) for |€'| — oo lead us to
lim [Viu(7) = - /R T (= [€P) F(h)(E) ae,
Viul((2/,0)7) = —Ayf(@) =K f(2) = —Ayu((2,0)7) — K*u((2',0)7) . (6.6)

Of course, holds under reduced smoothness assumptions on u. Namely, it is sufficient to suppose
that all the derivatives of u upto order two are bounded and continuous on IR3. Due to 8§3G(f, ¥) =
O(|Z—y)?) for |Z—y] — 0, we canfix Z € R} and can reduce the analysis to functions u which have
a finite support. Computing classical limits of potential operators in the form of finite-part integrals, we
obtain the same limits as in the smoother case considered before. Hence, if ulgz € Cj(R?) with
Holder continuous second order derivatives, then we get

Vi) ((2',0)7) = — (82 + 02 + K u((2/,0)7) = 92 u((2/,0)7). (6.7)
If u|gz € CF (R?), then the limit [V;,u] in (6.7) holds locally in the L? sense. In particular, if the function

f = ulpg is the restriction of a bounded Helmholtz solution in the half space {7 € R*: —¢ < 3},
then w is sufficiently smooth and (6.7) holds. By the same arguments we get even more.

Proposition 6.2. The limit relation holds if ulrz € C*(R?) and if there are constants C' >0 and
0<wv<1suchthat |u((z',0)")| <c(1+|2'|) is true for any =’ € R?.
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Radiation condition 13

7 Radiation condition for point-source functions

Suppose u is a Helmholtz solution on R? , which is bounded together with its derivatives upto order
two on the closure of Ri. Similarly to Sommerfeld’s condition on the full space R?, we define

Definition 7.1. We shall say that a function u on Ri satisfies the outgoing Sommerfeld half-space
radiation condition if

sup 7 |0u(Z)—iku(Z)| — 0, r — oo, sup 7| |u(Z)] <oo.  (7.1)
fERi: |Z|=r ZeR3: |Z|>R

It is well known that, for any fixed 4/ € R?, the Green’s function R? > Z'+— G(Z, i/ ) and any derivative
w.r.t. ¥ or 1/ satisfy Sommerfeld’s radiation condition. Hence, these point source functions also satisfies

(7).

Suppose 5= (¢, y3) " with 373 < 0. We shall prove for the point-source function u(Z ) :=G(Z, /)
using only the properties fixed in (7.1). Choosing Qg = Br, Xr = Sg (cf. Sect.[2), we shall employ
the representation . It remains to prove /., = 0. The estimates for this, however, are exactly the
same as for the full space Sommerfeld condition. Indeed, the fundamental solution G satisfies
and we get

{8,,u8§3<1>(:f, -)—u@,,@i@(x )} = {[ik] u(’?2 ) —u [ik]@i@(f, )} (72

) T /Z o) = /E o) = of)

Corollary 7.2. Any solution of the Helmholtz equation over Ri satisfying the outgoing Sommerfeld
half-space radiation condition satisfies the (HSRC) too.

For the “incoming” point-source u(Z ) := G (&, ¢ ) with y3 < 0, we have but with the term iku(z)
replaced by —iku(Z). Instead of (7.2), we arrive at

/2 {8,,15853@(5,-)—u&,@i@(f,-)} = 2(ik)L;r +o(1), Ii’R::/z 8;3@(9?,-)%

Taking the asymptotically largest term from (2.4), we conclude

ik\f—i\( _ )2 —ik|g—Z|
. e zZ3 T3 e -

Lr = k)? d 1
R /ER(‘ - Em L)

©7\2 2
(ik) / eik(ffﬁ)-f/|5\z_3d§'+0(1).

1672
Switching to spherical coordinates, we get

(lk>2 2 " ik(Z—1)-(sin 6 cos ¢,sin O sin ¢,cos §) T 2 :
Lip = 6.2 ey ’ ’ cos”fsinfd¢pdd + o(1)
™

(ik)Z TR ik(z'—y')-(sin 6 infsing) " ik 6
= 162 / / el (2" —y")-(sin 0 cos ¢,sin O sin @) d¢€l (z3—y3) cos COS2HSiH9d9 + 0(1)
s

(ik?)Q w/2 27 N .
= 6.2 / / 61[k|ar: —y'| sin 6] cos ¢ ng5 elk(ngy:g)cose COS2 0 sin 6 df + 0(1>
™

(ik)Q gk ik(z ) cos 6 2
= Jo(k|z" — ¢/| sin §) ™ #3 7Y cos” @sinfdfd + o(1)
0

8T
(ik>2 ' ik(z3—y3)t / / 2
= 3 [ J0<k]x —y\\/l—t2>t dt + o(1).
T Jo
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Integration by parts leads us to

(ik)2 ! ik(z3—ys3)t / / 2 2
I, = 3 e Jg(k‘|x—y|\/1—t>t dt
™ Jo
{(i/{:)z eik(z3—ya)t

8w ik(.ﬁlﬂ’g — y3>
£1.)\2 1

U / s mtg o (ko' =y VT =) 2} at
) Jo

Jo (k\x’ — y’|m> tz] 1

t=0

B 87Tik<l’3 — Y3
(ik)? eF@s=vs) — Jo(k|z" — o/]) ( 1 )
— - @) 5
8 ik(x3 — ys3) |5

for |x3| — co. Hence, the limit I, is not identically zero. In other words, for the “incoming” point-source,
the radiation condition (1.2) is not fulfilled.

8 Condition (HSRC) independent of x, 3 and x; 3, and
equivalence of the conditions (1.3) and

B}1 For the dependence of (HSRC) from x;, 3 and 3, we notice that the representation
together with the decay O(|Z — #]3) of the kernel functions easily imply the condition i) for any fixed
xp,3. Therefore, it is sufficient to check the dependence on xy 3. For definiteness, we compare ii) with
zrs3 = 0 and i) with a fixed zr3 = yr3 > 0. We denote the operator V}, defined in with 0
replaced by x5 (i.e.integration over Rif’s instead of Rg) by Vk,yf,s. The right-hand side of (1.2) is
[Viulgs] for 23 = 0 and [Vk,yf,3U|Rgf 3] for 273 = yy 3. However, by the arguments leading to (2.11

—

and , we get [Vk@mu!mﬁ](m) = [Vitu|3](F) for any & € R? . In other words, condition q;
at

Tf,3°

with 73 = 0 implies with T3 = Y3, and with 73 = vy 3 implies with 23 =
least for ' € Rif’s. Consequently, the analytical function on both sides of coincide on the whole
domain of analyticity, i.e., holds on R3. (HSRC) is indeed independent of x5, 5 and x 3. Note that,
assuming the items i) and ii) of (HSRC) and fixing an ;3 > 0, the weak boundedness condition is
equivalent to |1/(z3 — z73) f;l(xg — 1) /(x5 — pz)u((2, ) T) dt| < cu(zz — 273) = for all
x3 > x73 + 1. Indeed, i) and ii) ﬁnply the boundedness of solution w in {F€R?: 0<xz3<zs3}.

2 For the equivalence of the conditions and , we observe that the restriction v(z’) :=
u((2',z;3) ") is in the space C}(IR?), [ > 0. This follows from condition i) of (HSRC), and from the
inequality ;3 > sup,.cg2 | f(2)]. We retain the notation of the spaces AV, DD,, and FC}(RR?)

from (1.7), (1.8), and (1.9), respectively. Again, for simplicity, we may suppose 3 =0.

Lemma 8.1. a) If v € FCy, orifv € AV, with k > 0, then fy := D;Nwv is a well-defined bounded
function which is a partial solution of with u replaced by v. Moreover, the function u, := u of

(4.1), defined with f1:=v and fy:= D;Nw, satisfies (1.3).
b) Ifve DD, with 0 <wv <1, then the same assertions are true for Rg replaced by ]Rg’ with € > (.

Proof. i) First we suppose v € FC}. Due to this we have ve Cf(R?). The multiplied and differ-
entiated functions 2’ +— (1 + [2*)710} v(2"), 1=0,1, ... ,6 are in the space L*(R?). Equiva-
lently, the functions o+ 0, [(1+ [2/|*)""v(2")], I = 0,1, ... ,6 are in L*(R?) such that there
exists a function v, € L*(R?) withv(z') = (1 + |2/]*)(I — A)"3vr(2') and the Fourier transform
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Radiation condition 15

[Fol(€) = (I = Ag)(L + [¢'11) P [Furl (). From F(=202,G((-,0)") = /k* — |¢/|* (compare

(6.4)), we obtain

DNv(@') = AQ(I—AgI>{ei2“x"f’¢k2—rerz}<1+\5’|2>3[m1<s’>d§' 8.1)

N omial - &+ 2
— i2rz’-€ 1 4 20 .12 /]{52 _ler|2
/]Rz6 {( +aAmll) €' /12 — |2
/12
<1 } (14 €'5) 3 [For)(€) e’

+ 2 _ |£/|23

Similar formulas hold for the derivatives w.r.t. 2/, i.e., for
Aot RDDNv() = [ (1=8g) { < TR} (1+]€) *Furl(€) e
R2

which is exactly 0, [Viu]((2’,0)") (for the Fourier transform of the kernel d;;_ ®(-, %) compare (6.4)).
Clearly, there are no troubles with integration for large |£’| due to the factor (1 + |£|?) .

If we suppose that the Fourier transform of v vanishes over the annular domain Ry ., used in the
definition of (1.9)), then we get smooth and bounded values D;Nv(z') and (A, +k*I) DNv(z')
for 2’ in bounded domains. Shifting the coordinate system and repeating all the above arguments,
we even get uniform boundedness over R?. In other words, f5 := D,Nv is a well-defined bounded
function which is a partial solution of with u replaced by v. Now we turn to the estimate of the

function u,, :=u of (4.1), defined with f; :=v and f, := D;Nv. For the terms in (4.1) and for z’ # 1/,
we conclude . In view of and 0, ®((«,0)", (,0)") = 0(¥/) (cf. (2.7) and take into
account the jump relation for the double layer kernel), we arrive at
3
up(Z) = v(2') + x3[DNv](a) +/ (25 — ) [Vio] (/1)) dt,
0
= [ 2 () w0)) o)y
R

This is the double layer integral with Green’s function from (1.1)). Switching to Fourier transforms (com-

pare (6.4)), we get

@) = [ VIR E )
_ / (I . A{/) {6i2ﬂrl’€/€i’/k2_|§l|2x3} (1 + |§/‘2)_3[J—"UL](€/) df/ (8.3)
R2

Now the Taylor-series expansion at 23 = 0 for the function x5 — !V I€'23 /|12 _ 2] takes the
form

oiV/R2 € Pas 1

i
- — — x +
’£’|2—k2 ’5"2—k2 /k2—|f’|2 3 0

z3

(25 — 1)l VIt gy,
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and leads us to

J R e R e
0 R? IS

1 i
Pt m”
(1+1¢'7)[Forl(§) de',

where, again, the assumption [Fv](¢') = 0, &£ € Ry, frees us from any trouble with the non-
smoothness of /k2 — |£’|2, and the factor (1 + |£'|?) ™3 guarantees integrability for large |£’|. Apply-
ing the two-dimensional Laplacian A¢ to the term in brackets, we get at most a factor x§ or a factor
|2’|? such that u,, satisfies the weak boundedness condition (1.3) for |2’| < c. Shifting the 2’ coordi-
nates, we get the same result for any x’. Hence the solution u = Up of . defined with f; :=wv and

fo:=D;Nw, satisfies (1.3).

Splitting a general v into a sum of two functions, one with a Fourier transform vanishing in the annular
domain I?j . and one with support contained in the domain R, o, it remains to proof the lemma for
the latter case. This case, however, is completely analogous to the just finished place. The only differ-
ence is that we apply the assumptions of functions from FCY, (cf. (1.9)) on the annular domain. Thus
[Fol(€) = (I = Ag) (1 + [€'11) 7 [Fur] (') turns to [Fo](£') = [Fu](&) with support in Ry, 2.
and, e.g., and into

DNu(') = /R 2’ € I [ER[F)(€1) de,
Up(f) _ / €i2ﬂ-x,'§l€i‘/k27|§/|2x3[fv](f/)dgl.
Ry e

We finally get the uniform boundedness of u,, and all the assertions of Lemmafor v e FC,.

i) Now we assume v € AV,. The Dirichlet-to-Neumann map on the right-hand side of (1.4) is a
convolution operator with kernel depending only on |z’ — ¥/|. Using (1.6), it takes the form

D) = =2 [ G0 .0 o)y
= —2/ (0 0,0) ) vz’ — ) dy
= O W) 0 a0,
[[D:Nv](2',0)] < /100 (’)(r‘l) law(v, 2, )| dr + O(1), (8.4)

where the term O(1) results from an integration of a finite-part integral for a sufficiently smooth func-
tion. The estimate of av(v,2’,r) in the definition (1.7) of AV, implies the continuity and uniform
boundedness of D, Nv. Analogously, from (8.2) we conclude

lu,(Z)| < /100 O(T_l) \aw(v,2',7)] dy' + O(1),

such that the estimate of a (v, 2’,7) in (1.7), implies the continuity and uniform boundedness of
the solution u,. If we apply (A, +k*I) to D;Nv and (A + k*I) to u,, the convergence of the
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integrals follows easily since the differentiated kernel function satisfy the same estimates as the original
kernels. Using the two facts that ¥ — 0, P(Z, §) is a solution of the Helmholtz equation and that
(Ap+k21)02 O(Z, §) = —0;), P(T, 7)), we get that u,, is a Helmholtz solution and that v is a solution
of with u replaced by v.

iii) Finally, we assume v € DD,,. Taking v, v;, and v, in accordance with (1.8), we define the Helmholtz
solution upp (7', 23) ") :=v,(2") — [Vivo] (2, x3) 7). Using Prop.[6.2] we get the boundary value

upp ((2/,0)7) = vy(2') — [Viwo] ((2/,0)")
= 0,(2) + [(Aw + B Dwo] (2') = vs(2') + vi(2) = v(a).

Furthermore, using [V;vs] = 0 (cf. Sect. and the fact that differentiation and convolution operator
commute, we conclude

Oryupp () = =03, [Vivo (7) = (Do + K1)[Vivo|(7)
= [Vi(Ay + D7) = [Viv](@) = [Viv](@)

such that (1.2) is fulfilled. Together with Prop.[3.]the radiation condition (HSRC) holds for upp. In other
words, upp is a solution to the Dirichlet problem upp (%) = v(T), T € R} of the Helmholtz equation
satisfying the radiation condition (HSRC).

Setting fo:=D;Nv:= 8$3UDD\R8 we get a well-defined solution of 1} with u replaced by v. Indeed,

(Ax’ + ]{Z2[)f2 = (Ax/ + k2[>8w3 [Vkvo] = 813(Ax/ + k2[) [Vkvg]
= 8% [Vk<Ay/ + 1{12])2}0] = 0% [Vkvz] = 85,;3 [Vk’U]

Clearly, by the Taylor-series expansion we get that the function u, :=u of (4.1), defined with f; :=v
and f>:=D;Nw, is equal to upp. Hence, it satisfies (1.3). 0O

Now the equivalence of the conditions and is easy to show. The general solution of is
fo.g= DINUA fo 5, with 0= U|Rg and with a solution f5 5, of the two-dimensional Helmholtz equation
(A —i—kQI)fz,h = 0. The solution uy = u in , defined with fi := ¥ and f5 := fs,, takes the
form wuy (%) = u,(Z) + fo,n(2")z3. This, however, fulfills if and only if fo, =0, i.e., if and only if
OpgUtg= fo 4= DtN(uhRg). The uniform boundedness of the solution v, if v € AV, or if v € DD, with
vo € C}(IR?), follows from the points ii) and iii) of the proof to Lemma 8.1]and from the last argument
in Sect.3l

9 Solution of the Dirichlet problem over the half space

For a function u continuous on the closure of Ri and twice differentiable on Ri, we consider the
Dirichlet boundary value problem

Au(Z) — k*u(Z) = 0, VZeR?,
u((x',O)T) = o(a), V2'eR?, (9.1)
u satisfies (HSRC).

Proposition 9.1. The solution of problem is unique.
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Proof. For two solutions 11 and us the difference u = u; — uy satisfies the homogeneous problem
(9.1), i.e., the problem with v = 0. However, from the radiation condition we get the representation
. Using the arguments of Sect.1, we can even suppose s 3 =0 and infer that 8§3u50. Hence,
w is linear with respect to 3 and u(Z) = fi(x’)+f2(2")x3. From the boundedness condition (1.3), we
get fo =0 and, from the homogeneous Dirichlet condition, f; =0. Hence, © =0 and the two solutions
uq and uy coincide. O

It is unclear to us, whether there exists solutions of for any Dirichlet data in C,(IR?). Even if only
the items i) and ii) of the radiation condition (HSRC) are satisfied, then we get a necessary condition.
Namely, there must exist solutions of (4.3). We do not know whether this is always fulfilled. Therefore,
by DS we denote the space of all v € C,(R?) such that there exists a solution f, of with
f2 € CH(R?) for all integers > 0. Unfortunately, the solution f5 is not unique. The general solution
of is the sum of the partial solution f; and a homogeneous solution of the two-dimensional
Helmholtz equation. We easily obtain the formal result

Proposition 9.2. For v € C,(IR?), there exists a solution of , possibly without condition , if
and only if v is in the space DS. If v € DS, then the solution is given by

w(@) = o)+ [DtNU]((x', O)T) 3+ /Omg(xg —t) [Vkv]((x',t)T) dt, (9.2)

Vio](®) == [ 95,0(Z (v,0)") v(y)dy,

R2

[DNV]((2,0)7) = fo(a') — /Ozf,'s[%v] ((«/,t)7) dt

with fo € CL(R?), 1€Z, 1>0 the solution of . Suppose there is a linear operator D; N5 mapping
v to a solution fy and, for the current proposition, replace item iii) of the radiation (HSRC) by the
condition 8x3u\R§Df = DNy U‘Rg- Then there exists a unique solution of , which takes the form

with f2 = D;NQU.

To avoid the non-practical assumptions in Prop. we have to restrict the condition on v € C’b(RQ).

Proposition 9.3. Suppose that v is either in AV,., k>0, in DD,,, 0 <v < 1 orin FC},. Then there
exists a unique solution of (9.1)), which is even uniformly bounded for v € AV,, and for v € DDy with
Vg € Cl} (Rz)

Proof. In the case of DD,,, the function upp is the solution due to part iii) of Lemma The bound-
edness follows from the last argument in Sect. For the case of AV,. and F (), the function uy, of
is the solution in accordance with the parts i) and ii) of Lemma [8.1] Even the boundedness for
the solution in the case AV, has been shown there. O

Proposition 9.4. Consider all the v € DDy, with vy € C}L(R?) (cf. {1.8)). Then the corresponding split-
ting v=1v; -+, Is unique.

Proof. We have to show that the Dirichlet data cannot satisfy both, the two-dimensional Helmholtz

equation (A, +k%I)v = 0 and the representation v = (A, + k*I)vg. We shall suppose both and
show v =0. From the Helmholtz equation, we get, for any test function ¢, that

0 = (v,(Apy +K1)p).
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Now we substitute the representation of v as the image of the Helmholtz operator and choose ¢ =
X1vo, Where x; denotes a cut-off function with x; = 1 on the disc D; := {2/ € R?: |2/| < [} and
x: = 0 on the exterior R? \ D, ; of the larger disc D; .

0 = <(A$/ + ]{32])1)0, (Al«/ + ]{72]> [XZUO]>
= (A + kv, (Ag + K Twg)
2
+{(Aw + Ty, [voAwxi + D 0z, x105,00] )
j=1

= (a(Ay + K2 Do, (Ay + E2)vo) + O(1).
Consequently,

<XL+1(A33’ + ]{Z2I)'U0, (Am’ -+ k2I)U0> = <X1 (A:v’ + k2[>’l)0, (A:E/ + ]{72[>’U0> +
L
> (i1 — xil (Ao + K Dv, (Ay + K2 Do)
=1

= O).

If the truncated sum of nonnegative terms is uniformly bounded, then the infinite sum is convergent,
and we arrive at

(A + K )vo, (Ap + K T)vg) < o0,

In other words, v = (A +k*I)v, is square integrable over R?. As a solution of the Helmholtz equation
the square integrable Fourier transform F [v] satisfies (—|&'|*+k%) F[v](2”) = 0. Thus F[v](z') = 0
and v = 0. O

The space of all DD, with vy € CZ} (Rz) is algebraically the direct sum of the space of Helmholtz
solutions plus the space of all images of the Helmholtz operator. If the metric of the function space
corresponds to the uniform convergence over bounded subdomains, then the space of Helmholtz
solutions is closed. However, the space of images is not. For example, the function 2’ — ellaz1+622)
with o + 32 = k? is the limit of functions ' > e'(@®116822) with o® + 32 # k? (cf. the subsequent
example i)). It would be nice to have an intrinsic description of the space DD). Instead, we only recall
important functions belonging to the spaces DD, and AV/.:

i) The space DD, contains all exponential functions 2’ +— v(z') = eil®®1+522) j e  the traces
of the plane-wave functions. For o + 32 = k?, the function v = v, is a two-dimensional
Helmholtz solution and, for o + 3% # k2, the function v = (A, + k*I)vg is an image with
Vo= m v. If @®+3? £ 0, then the exponential function is in AV} due to av (v, 2/, r) =

o ei(a:}c1+ﬂx2)JO( /OéQ_i_BZ ’f’).

ii) The space DD, contains all decaying functions v € Cy,(IR?), with v(2') = O(|z'|~3/>7¢) for
|2'| — 0 and fixed positive . Indeed, such a function is an image v = (A, +k*I)vg with

/ i / / / /
w) = [ O =)o)y

By the same argument, we even get AV3/2+5 C DD. Obviously, the space AV, contains all
decaying functions v € C}{ (R?), with v(z') =O(|2'| ") for |2'| — 0 and fixed positive .
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iii) The space DD, contains all traces of point source functions ' + G(Z, (y/,0)") for fixed

ngRiU Rg. Indeed, such a trace is an image according to
ik|Z—(y',0) T ik|Z—(y',0) T| ;.2
(o )T e e T

(A, + K1) (a‘ﬂx*w ) I) = 20ik) o H 2

! 7 —(y,0)7] 7 — (v, 0)T[?

1 SR / T
= (0 T _ , 2 ik|Z—(y’,0) |
G(:z:,(y,O) ) (Ay +k ])—87r(ik){€

ikQI'% (1) @ik|f7(zl:0)—r|
— Hy' (kly — 2|) =———=5d2" ;.
R A S e

Similarly, the traces of all the derivatives y' +— 95*95" G(Z, (y',0) ") with multi-indices a,, and
o, are contained in DDj. These function belong to AV} in accordance with example ii).

iv) By definition DD, contains all solutions u € C’f(RQ) of the two-dimensional Helmholtz equation.
These function are contained in AV 5, since av(v, a', 1) =v(a’) Jo(kr).

The space of solutions v, and, correspondingly, the space DD, could have been extended by all
traces h of cylindrical waves, the axes of which are perpendicular to Rf’). These traces are unbounded
close to the axes. However, the functions () := v4(x’) form two-dimensional Helmholtz solutions
away from the axes. The boundedness condition must be modified by replacing u((z’, z3) ")
with special averages over z’.

10 Uniqueness for the Dirichlet problem on thin layers

For a height iz, > 0 and index pairs I € Z?*, we introduce the layer 7 :={F€R3: 0<z3<h.} and
the cylindrical domain Q ;:={Z € : |2’ — I'| < 4}. We consider the Dirichlet problem
Au(Z) + K*u(Z) = 0, VT € Qy,
u((x',0)7) = wy(a), Vo' € R,
u((x/, hL)T) = wy, ('), V2’ € R%L,

sup [|ull o, ) < o0
l'ez?

(10.1)

with prescribed bounded and continuous Dirichlet data vy and vy, .

Lemma 10.1. If the positive width h, is less than  / k and if there is a solution of the Dirichlet problem
(10.1) over the layer )}, of thickness hr,, then this solution is unique.

Proof. Of course, we have to prove that any solution of the homogeneous problem (10.1) is trivial.
Suppose w is a solution of (10.1) with vy = 0 and vj,, = 0. Then we extend  to a function over R?
by

(7) = u((x’,23)T) if 3 = 23 + (2m) hy, 0<z3<hr, meZ
=V u((@ by —28)7) s =2+ 2mA+ 1) by, 0< 25 <hy, meZ

whichis (2h,) periodic w.r.t. 3. Since this extended « and the normal derivatives 0,,, u are continuous

through the interface planes Rf’nhL, m € Z, the function u is a periodic Helmholtz solution over R3.
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Consequently, the modulated Fourier coefficients v,,, defined by

u((d' 23)") = Z Uy () ei™mT3/ 1L (10.2)
meZ
hy .
U (2') = / u((2' x5 — 23) ") e m=Im/Me
th
@m(l’/) — / e_im?’m/hlu(x/,mg . Zg)ng _ /Ilm(x/)e—iﬂ:ﬂgm/hl;’
0

are Helmholtz solution for any m € Z. In other words, ,, satisfies (A — 0%, 1)t = 0, 0y :=
\/ (mm/hr)?—k2. The average av({i,,,2’,r) defined in satisfies the corresponding Bessel
equation over the real half axis and is smooth at zero. Since the Bessel function r — Y (iop,r) is
singular at zero (cf. [1], Sect. 9.1.89) and since the Bessel function r +— Jy(ig,,r) is unbounded for
r — oo (cf. [1], Sect.9.2.1), the solution av (i, x’,7) is zero. Using and the differentiated
, we get av(ulgs ,2',7) = 0 and a(0y,ulgs . 2',7) =0, j = 1,2,3. This together with the
arguments in - and the choice 2 =Cg and Xz =T}, leads to (cf. and (3.4))

uw(Z) = lim {2/ ang(:E,-)u—Q/ G(Z, )0y, u—2 6y3G(:Z“',-)u+2/ G(f,-)(‘?%u}
R} R} 3

R—o00
R}, R,

= —2 G<f7')ay3u+2 G(fv'>ay3u

R3 R}
/oo eik\/(nghL)2+r2
o 2m\/(x3—hp)>+r?

o i/
— | ——— aw(Opyulps, 2, r)rdr ‘
/0 QW\/W ( 3 |R0a s ) i

a(Opyulgs @', m)rdr
L

I
o
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