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Consistency and convergence for a family of finite volume

discretizations of the Fokker—Planck operator
Martin Heida, Markus Kantner, Artur Stephan

Abstract

We introduce a family of various finite volume discretization schemes for the Fokker—Planck
operator, which are characterized by different Stolarsky weight functions on the edges. This fam-
ily particularly includes the well-established Scharfetter—Gummel discretization as well as the
recently developed square-root approximation (SQRA) scheme. We motivate this family of dis-
cretizations both from the numerical and the modeling point of view and provide a uniform con-
sistency and error analysis. Our main results state that the convergence order primarily depends
on the quality of the mesh and in second place on the choice of the Stolarsky weights. We show
that the Scharfetter—-Gummel scheme has the analytically best convergence properties but also
that there exists a whole branch of Stolarsky means with the same convergence quality. We show
by numerical experiments that for small convection the choice of the optimal representative of the
discretization family is highly non-trivial while for large gradients the Scharfetter—Gummel scheme
stands out compared to the others.

1 Introduction

The Fokker—Planck equation (FPE), also known as Smoluchowski equation or Kolmogorov forward
equation, is one of the most important equations in theoretical physics and applied mathematics. It
describes the time evolution of the probability density function of a particle in an external force field
(e.g., fluctuating forces as in Brownian motion). The equation can be generalized to other contexts and
observables and has been employed in a broad range of applications, including physical chemistry,
protein synthesis, plasma physics and semiconductor device simulation. Thus, there is a huge interest
in the development of efficient and robust numerical methods. In the context of finite volume (FV)
methods, the central objective is a robust and accurate discretization of the (particle or probability) flux
implied by the FPE.

A particularly important discretization scheme for the flux was derived by Scharfetter and Gummel [46]
in the context of the drift-diffusion model for electronic charge carrier transport in bipolar semiconductor
devices [48]. The typically exponentially varying carrier densities at p-n junctions lead to unphysical
results (spurious oscillations), if the flux is discretized in a naive way using standard finite difference
schemes [45]. The problem was overcome by considering the flux expression as a one-dimensional
boundary value problem along each edge between adjacent mesh nodes. The resulting Scharfetter—
Gummel (SG) scheme provides a robust discretization of the flux as it asymptotically approaches the
numerically stable discretizations in the drift- (upwind scheme) and diffusion-dominated (central finite
difference scheme) limits. The SG-scheme and its several generalizations to more complex physical
problem settings are nowadays widely used in semiconductor device simulation [37, [19] and have
been extensively studied in the literature [4} 115, 18| 30]. The SG-scheme is also known as exponential
fitting scheme and was independently discovered by Allan and Southwell [1] and II'in [28] in different
contexts.
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M. Heida, M. Kantner, A. Stephan 2

Recently, an alternative flux discretization method, called square-root approximation (SQRA) scheme,
has been derived explicitly for high dimensional problems. The original derivation in [32] aims at appli-
cations in molecular dynamics and is based on Markov state models. However, it can also be obtained
from a maximum entropy path principle [10] and from discretizing the Jordan—Kinderlehrer-Otto vari-
ational formulation of the FPE [39]. In Section we provide a derivation of SQRA scheme, which is
motivated from the theory of gradient flows. In contrast to the SG-scheme, the SQRA is very recent
and only sparsely investigated.

The SG and the SQRA schemes both turn out to be special cases of a family of discretization schemes
based on weighted Stolarsky means [47], see Section This family is very rich and allows for
a general convergence and consistency analysis, which we carry out in Sections There are
also other discretization schemes available in literature. The Chang—Cooper scheme [6] has been
derived for computing ion-electron collisions and uses another Stolarsky mean, namely the logarithmic
mean. General discretization schemes using different weights are called B-schemes and have been
introduced in [5]. We will recall the corresponding results in Section below.

1.1 The FPE and the SG and SQRA discretization schemes
In this work, we consider the stationary Fokker—Planck equation
-V (kVu) =V - (kuvV) = f, (1.1)

which can be equivalently written as
divJ(u,V)=f

using the flux J(u, V') = =k (Vu+uVV'), where k > 0 is a (possibly space-dependent) diffusion
coefficient and V' : €2 — R is a given potential. The flux J consists of a diffusive part xVu and a
drift part kuVV, which compensate for the stationary density 7 = e~V (Boltzmann distribution) as
J(e7V, V) = 0. This reflects the principle of detailed balance in the thermodynamic equilibrium. The
right-hand side f describes possible sink or source terms.

Assumption 1.1. Unless stated otherwise we assume V € C%(Q), k € C1(Q), f € C(Q) real val-
ued functions with > 0. The standard boundary conditions are the homogeneous Dirichlet boundary
conditions.

Remark 1.2. Some results also hold for lower regularity and for x a symmetric strictly positive definite
matrix.

In Section [3.1]we derive the following discretization of (1.1)

m; u;j U
- 3 U( ’ —Z) = /i, (1.2)
Jig~e U 7T] T
where m; = e Vi | [Q is the integral of f over the i-th cell, S;; = S, g (m;,7;) is a Stolarsky

mean of 7; and 7; and > j: j~i denotes the sum over all neighbors of cell i. We sometimes refer to the
general form (1.2) as discrete FPE.

Assumption 1.3. Under the Assumption[1.1] we additionally assume that for some oo > K > ko > 0
it holds K > Kij 2 Kg.
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Discretization for the Fokker—Planck operator 3

The weighted Stolarsky means [47]

1
T — a-p
Sazﬁ(x7y): M ) a¢075¢0705iﬁ7x¢y (13)
a(zf —y’)
generalize the logarithmic mean and other means and can be extended to the critical points o = 0, (3 =
0, @ = B, x = y in a continuous way, see Tab. [2| An interesting aspect of the above representation
is that all these schemes preserve positivity with the discrete linear operator being an M -matrix. This
can be seen introducing the relative density U = /7 for which Eq. (1.2) yields
m. .
- Z h—”/fijsij (U; = U;) = fi, (1.4)
gig~i 1
which is a discretization of the elliptic equation
-V - (knVU) = f, (1.5)

where the discrete Fokker—Planck operator becomes a purely diffusive second order operator in
U. Furthermore, if k is a symmetric strictly positive definite uniformly elliptic matrix, the operator in
Eq. is also symmetric strictly positive definite and uniformly elliptic. In the latter setting, we can
thus rule out the occurrence of spurious oscillations in our discretization.

The above formulation underpins the diffusive character both of the discrete and the continuous FPE.
Using the relation S, g (x,vy) = x So 5 (1,y/x) and introducing the weight function

Bog(x)=Sap(l,e7™) with B,s(-x)=€e"B,s(x), (1.6)

Eq. (1.2) can equally be reformulated as
m

- Z #’Qij (Ba,,b’ (Vz - V]) Uj — Ba,g (V] - V;) Uz) = fl

jir hig
Two special cases of particular interest are

V-V,
B (V= Vi) =y

Bl,—l (‘/z - ‘/J) = efé(Ver) = Sl,—l (7Ti, 7Tj) 7'(';1 . (1 8)

= 507_1 (’/TZ'7 7Tj) 71';1 y (1 7)

With regard to Tab. below, these coefficients are known as the Bernoulli function By _; (for SG) and
the SQRA-coefficient B; _1. FV schemes with general weight functions I have been investigated in
[B, 34] (B-schemes).

In the purely diffusive regime, i.e., for V; = V; — 0, it holds B, g (V;—V;) — 1 for all a, §, such
that the Stolarsky scheme approaches a discrete analogue of the diffusive part of the continuous flux
Jij = Kij (Ba,g (Vj = Vi) ui = Bag (Vi = V) uy) [hij.

In the drift-dominated regime, i.e., for V; — V; — +oo, the various B, 3 behave differently. While
By _1 (Vi - V;) cannot be controlled in a reasonable way, asymptotics of By _; recover the upwind
scheme

Jij = —Kij (1.9)

Vi=Vi|u; V>V,
h@j U; if ‘/} < V; ’

which is a robust discretization of the drift part of the flux, where the density u is evaluated in the donor

cell of the flux. Hence, the Bernoulli function B _; interpolates between the appropriate discretizations

for the drift- and diffusion-dominated limits, which is why the SG scheme is the preferred FV scheme
for Fokker—Planck type operators. Mathematically, this is formulated in Section [5.2

DOI 10.20347/WIAS.PREPRINT.2684 Berlin, February 5, 2020/rev. September 30, 2020



M. Heida, M. Kantner, A. Stephan 4

1.2 Major contributions of this work

As main contribution, we investigate the order of convergence for the general Stolarsky scheme. Fur-
thermore, we provide a derivation of the general Stolarsky mean FV discretization in Section and
discuss the gradient structure of the discretization schemes in view of the natural gradient structure of
the FPE in Section[3.2

In recent years, convergence order has been derived for many different schemes. In [31], quantitative
convergence of order O(h?) for several upwind schemes on rectangular grids has been shown. In
[2] the finite volume Scharfetter—Gummel discretization (of steady convection diffusion equations) is
connected to a finite element method and convergence of order O(h) is obtained by using results
from [51]. Investigating general B-schemes, [5] proved strong convergence in L? for the solutions
of the FV scheme to the continuous solution. Recently, convergence of order O(h) for general B-
schemes including SG, SQRA as well as Stolarsky means has been proved in 1D [34]. Independently,
convergence for the SQRA discretization has been investigated in [39] in 1D, [11] (formally, rectangular
meshes) and [24] using G-convergence on grids with random weights.

Here, we are going to derive estimates for the order of convergence in the energy norm for general
Stolarsky schemes. We benefit from analytical properties of Stolarsky means and uses the general
theory of consistent meshes in the sense of the recent work [8]. We will see that the error naturally
splits into the consistency error for the discretization of the Laplace operator (the consistency of the
elliptic operator) plus an error which is due to the convective part. Here we have the possibility to
study the error in terms of U and of u, in both cases in the energy norm. While the error in terms of
U can be directly inferred from the diffusive estimate in Lemma [2.12} one can also apply a splitting
into diffusion- and convection-part of the error, both in terms of U and u. The order of convergence is
in general limited by the consistency of the mesh but can be improved up to order O(h) in u (on all
Voronoi grids), resp. O(h?) in U (on cubic grids). It is interesting to observe that the optimal Stolarsky
mean can be different in the variables u and U for the same problem on the same mesh. This is
indicated by the numerical experiment of Example [7.1]

Despite the latter discrepancy for u and U, the Stolarsky scheme S _; (SG scheme) turns out to
be special among all schemes as it yields order O(h?) in u on cubic grids (Theorem . Due to a
perturbation result (Corollary [4.4), the good convergence properties of the SG scheme carry over to
every Stolarsky scheme where o + 5 = —1.

Using the notations of Section (2, we formulate the above in the following theorems, where R, w is the
pointwise evaluation of u in the centers of the Voronoi cells. Hence the constraint d < 4 in this work
stems from the condition H2(2) = C'(Q2).

Theorem 1.4. Letd < 4 and T, = (V, &, Pr) and k, V. satisfying Assumptions|[1.1] and[1.3 such
that Ty, = (Vh, En, Pr) is a family of p-consistent meshes (Def.[2.14) with diamT;, - 0 as h - 0 and
let the assumptions of Lemma hold. If u € H%(Y) is the solution of (T.1) and w7, the solution of

(1.2) then
2
luz, =Ry uly,, <Cv(ul gz + [ulo [V 2) @(R)* + Cah?,

where C depends on T}, and k and Cs additionally depends on |V | > and |[u/ ;. In case S, = Sp, 1
or Sy = Sap witha + 5 = -1 andu € C'*(2) the above can be improved to

2
luz, = Rl < Cr(Jul gz + [ulloo [V g2) 0(R)? + Cah
Proof. This is a consequence of Definition[2.14together with Lemma[2.12] Theorem[5.6|and Corollary

O
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Discretization for the Fokker—Planck operator 5

Remark 1.5. As a consequence of former works (see Propositions and [2.16) it holds p(h) =
O(h) on Voronoi grids and ¢(h) = O(h?) on cubic grids. This explains the next result.

Theorem 1.6. Letd < 4 and T, = (V, &, Pr) and k, V. satisfying Assumptions|[1.1] and[1.3 such
that T, = (Vu, &, Py) is a family of cubic o-consistent meshes (Def. with diam7, — 0 as
h — 0 and let the assumptions of Lemmal5.1| hold. If u € H?(2) is the solution of (T-1) and ur, the
solution of (1.2) then
2
luz, = Ry ully, < Ch?,

where C' depends on Ty, K,
above can be improved to

Vo2 and || 2. Incase S, = Sy _1 or S, = Sy witha + 3 = -1 the
luz, = Ry ully,, < Ch*.

Proof. This is a consequence of Lemma [2.12] Propositions (resp. Theorem [6.2) and Theorem
6.3 O

We note at this point, that these estimates are only “worst case” estimates, while the true rate of
convergence could also be better. In Section |4 we will see that the rate of convergence is close for
different Stolarsky means which share the same value of a + (3. |.e. the difference in the error due to
switching S, 3 with de@ is of order h3 if & + B =a+f3, see Corollary This explains the shape of
the error graphs in Figs. [2(a, ¢) and[3|(a, c).

Although we treat the Stolarsky means as an explicit example, note that some of the main results also
hold for other smooth means.

1.3 Outlook

The results of this work suggest to search for “optimal” parameters «v and [ in the choice of the
Stolarsky mean in order to reduce the error of the approximation as much as possible. However, from
an analytical point of view, the quest for such optimal o and (3 is quite challenging. Moreover, since
the optimal choice might vary locally, depending on the local properties of the potential V', we suggest
to implement a learning algorithm that provides suitable parameters v and 3 depending on the local
structure of V' and the mesh.

1.4 Outline of this work

After some preliminaries regarding notation and a priori estimates in Section |2, we present a math-
ematical derivation of the SG scheme in Section and discuss its formal relation to SQRA. We
will then provide a derivation of SQRA from physical principles in Section based on the Jordan—
Kinderlehrer—Otto [29] formulation of the FPE. In Section we show that SG and SQRA are ele-
ments of a huge family of discretization schemes (1.2).

Section [5|provides the error analysis and estimates for the consistency and the order of convergence.
We distinguish the cases of small and large gradients and have a particular look at cubic meshes.
Section [f] specifies the results to cubic grids.

Finally, we show hat the optimal choice of .S depends on V' and f, but is not unique. If S, 3 denotes
one of the Stolarsky means, we will prove in Section |4 that the Stolarsky means satisfying o + (5 =
const. show similar quantitative convergence behavior as suggested in Corollary Finally, this
result is illustrated in Section |/|by numerical simulations.
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2 Preliminaries and notation

We collect some concepts and notation, which will frequently be used in this work.

2.1 The Mesh

For a subset A c R?, A is the topological closure of A.

Definition 2.1. Let {2 ¢ R be a polygonal domain. A finite volume mesh of (2 is a triangulation
T = (V,&,P) consisting of a family of control volumes V := {Q;,i =1,..., N} which are convex
polytope cells, a family of (d — 1)-dimensional interfaces

£ = gQUga
EQ = {Uij c Rd 0= 8QZ N 89]}
Ey={ocR?: o =00Q;n O is flat}

and points P = {z;,i = 1,..., N} with z; € Q; satisfying
M Ui Q=0
(i) For every i there exists & c &£ such that ;\(); = Uopes, 0. Furthermore, £ = U, &;.

(i) For every i, j either ;N Q; = @ or ; N Q; =7 for o € & n &; which will be denoted ;.
The mesh is called h-consistent if

(iv) The Family (x;),_; , is such that z; # z; if i # j and the straight line D;; going through z;
and x; is orthogonal to o;;.

and admissible if

(v) For any boundary interface o € E9nE&; it holds z; ¢ o and for D; , the line through z; orthogonal
to o it holds that D; , N0 # @ and lety, := D; , N o.

Property (iv) is assumed in [22] in order to prove a strong form of consistency in the sense of Definition
below. It is satisfied for example for Voronoi discretizations.

We write m; for the volume of €2; and for o € £ we denote 1, its (d — 1)-dimensional mass. In case
oij € & N &; we write m;; = m,,;. For the sake of simplicity, we consider P := (x;),_, , and
P:=Pu{y, : 0¢€&,according to (v)}. We extend the enumeration of P to P = (2;);.,, .5 and
write i ~ j if z;, x; € P with & n &; # &. Similarly, if 2; € P and z; = y, for o € &; we write 0;; := 0
and ¢ ~ j. Finally, we write h;; = |z; — ;]

We further call
P i={u: P >R}, 75*::{u:75—>R}, and & ={w: & ->R}

the discrete functions from P resp. P resp. £ to R.
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Discretization for the Fokker—Planck operator 7
symbol meaning symbol meaning
K diffusion coefficient U ufm
RiRj .
Kii - U density
Y R
K*, Rs 0< Ky <KSKR* <00 m; vol(€2;)
% real potential on 2 c R? hi diam(§2;)
V*,‘/* —00 <V, <V <V*<oo Oij5 8910893
s stat. measure e”V(#) on 2 My area of ;;
e stat. measure e~V (@) on ), h;; T - T,
Uu; u(z;) hij hy;|
.fi \Q_lz| sz fd[E di,ij dlSt (l’i, Uij)
fi m f; diam7  diameter, i.e. sup;.; [z; — ;]
J -K (VU-I—UVV) J{jU _Z_ZSZJ (Uj —UZ)
Table 1: Commonly used notations.
In this work, we consider function with
discrete homogeneous Dirichlet boundary conditions: Voe&y: u(y,)=0. (2.1)
We write the latter also as u; = 0 if x; € 73\75. Hence, in what follows we write
Vz, € P: a; = a(x;), with Z a; = Z a(z;) .
i :Eie’ls
For w € £* we write w;; := w(0) if 0;; = 0. Then for fixed ¢ the expression
D) Wiji= ), wi
Jri~g 0ij€&;
is the sum over all w;; such that & N &; # @ and
D) D wig =Y wy= Y wig= )y w(o)
i jiieg ji cij€E oe
is the sum over all edges.
Moreover, we define the diameter of a triangulation 7 as
diam7 = sup |z; — ;).
i~j
The identity
(2.2)

> 2 Aij= 3 (Aij + Aji)

1 Jije g~

will frequently be used throughout this paper, where we often encounter the case A;; = a;;U; with

aij = —C(jii

> 2 aiUs= ) (Ui + ayilly) = iy (Ui = Uj) -
=i ji

i Jije

(2.3)
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Formula (2.2) in particular allows for a discrete integration by parts for functions satisfying (2.1):

> 2 (U -U) U = Z ((U; -U) Ui+ (U; -U;) Uj) = ‘Z (U;-Uy)*. (2.4)

i g~

On a given mesh 7 = (V, £, P), we consider the linear discrete operator L7 : P* — P*, which is
defined by a family of non-negative weights  : £ — R and acts on functions u € P* via

Vo, eP: (/jz:u)l = Z I@'M% (uj —u;) . (2.5)
ij

i~j

While (2.9) is very general, it is shown in [22], Lemma 3.3, that the property (iv) of Definition|2.1|comes
up with some special consistency properties for the choice of

(2.6)

where dm and dj,l-]- are the distances between o;; and x; and x; respectively and averaged diffusion
coefficient is defined by &; = m; " [, x(z)dz.

Lemma 2.2 (A consistency lemma, [22]). Let the T = (V,&,P) satisfy Definition[2.1] (i)—(v) and let
d € {2,3} and let h;; be uniformly bounded from above and from below. Then for every u € H? ()
it holds

.y 11
/0_ KVU-Vij = “ijﬁ (u(2;) —u ()| < Cmghg ||UHH2(Qiqu) :
ij ij

Lemma|2.2]was one of the motivations to provide a more general and powerful concept of consistency
in [8], as we will discuss in Section 2.5

2.2 Poincaré inequalities

In order to derive the a priori estimates in Section[2.3we need to exploit (discrete) Poincaré inequalities
to estimate |[ul;2(q) by [Vul12¢q) or [u7]120py by [Du”| 2, where (Du”),; = u; - u. In
particular, we use the following theorem which can be found e.g. in [16] or can be proved using Lemma
applied to piecewise constant functions on the cells with C < % and the choice |n| > diam).

Theorem 2.3. GivenameshT = (V,E,P) let hie = inf {|x —y| : (z,y) € P?} > 0 and hgyp =
sup{|z -y| : (z,y) € P?} > 0 correspondingly. Then for every u € L* (P) satisfying and for
every m € R? jt holds

2

hsu iJ
[ Y wixe, () = > uixe,(z +n)| dr < |n||diamQ-—== g (uj - w)?), (2.7)

Q15 i hint =5 D

and particularly
2 . 2 hsup 2
[elzapy < (diam2)” — f D i (U = ;)" . (2.8)
inf g~y
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Discretization for the Fokker—Planck operator 9

2.3 Existence and a priori estimates

In what follows, we study the properties of (1.4)—(1.5). Putting U = 1 in both of these equations, we
immediately see that the Boltzmann distribution u; := m; = exp (=V (x;)) = exp (-V;), resp. the
continuous version u = 7 is the stationary solution for f = 0. Hence, from the standard theory of
elliptic systems ([14] Chapter 6), we have the following theorem.

Theorem 2.4. Let ) be as above and f € L*(Q), k € C*(Q:R%¥4) such that k is uniformly

bounded, symmetric and elliptic and V € C2(2). Then there is a unique u € H2(2) n H}(2) solving
-V - (kVu) = V- (kuVV) = f in the weak sense.

Furthermore, we find the following.

Theorem 2.5. Let T = (V,&,P) be an admissible mesh in the sense of Definition[2.1) and let ¢ > 0
such that k;; > c for every i, j. Furthermore, let m > (. Then there exists a unique solution UT ¢
L2(P) to ({.4) satisfying discrete homogeneous Dirichlet boundary conditions (2.1).

Proof. Multiplying with ¢ € L2(P) and applying we find

Zfquz Z sz Z /i” ij (UT UT)

fgi g

—Zm”mg Sy (UT =UT) (¢ - 1) -

i~ 1]

The right hand side is a strictly positive symmetric bilinear form in L2(P) due to the Poincaré inequality
(2.8). Hence there exists a unique solution U7 by the Lax—Milgram theorem. O

Having shown the existence of solutions to (1.5) and (1.4), we recall the derivation of some natural a
priori estimates for both the continuous Fokker—Planck equation and the discretization.

Continuous FPE Let u, resp. U = u/7, be a solution of the stationary Fokker—Planck equation (1-5)
with homogeneous Dirichlet boundary conditions. Testing with U, we get from a standard calculation

that
fﬁmvw?g(]fﬂ (2.9)
Q Q

Furthermore, the standard theory of elliptic equations (e.g., [14]) yields that [U|| 2y < C'[| f] 12,
where C depends on the C''-norm of k7 and the Poincaré-constant.

Discrete FPE Let U be a solution of (T-4) with f; = m, f; = [Q fdx (as specified in the Tab. ,
i.e., m
Vi: - Z h_fjﬂijSij (U]’T - UZT) =mifi .

Jig~i Ty

Then, multiplying with U7, summing over all z; € P and using (2.4), we conclude with help of the
1
discrete Poincaré inequality (see Theorem [2.3|below)
m;
Z hZ]K’lJSlJ (UT UT) ZmlflUT<Z( UT)QmZ + imz)

g~ P

= 3 Py (0] - U7 < CSm?.

g~ hU
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The last estimate can be rewritten as

27;:”/-@1]51 (kS (UT -UT)) <O 2. (2.10)
1] 3 i

J~i J"Vig

2.4 Gradients, Fluxes and L2-spaces

In order to derive and formulate variational consistence errors for the discrete FPE (1.4)), we introduce
the discrete fluxes

SprT . i T _ [T
B 1” (2.11)
JiiU =~ / kWU -v; .

mij 7]

In particular, if Sj; = |/7;7; we get the flux of the SQRA JEOUT := —; /mim; (UT = UT) [hj.
The quantity JSUT can indeed be considered as a flux |n the sense that it will be shown to ap-
proximate J”, SU is a discrete approximation of 7r|%, , Kij is a discrete approximation of /<;|UZ.].. The
differences (UJT - UiT) /hi;j take the role of gradients VU in the continuous problem and hence we
refer to them as discrete gradients even though they are 1-dimensional objects.

While former approaches focus on the rate of convergence of (uT - u/ ) /hij = Vu, we additionally
follow the approach of [8] applied to U and are interested in the rate of convergence of JSUT
J(U), which is an indirect approach to the original problem as this rate of convergence is dlrectly
related to (U7 - UT') [hy; > VU.

In view of the natural norms for the variational consistency (see (2.16) f.f.), we introduce the following

VUIXQ): Ul = [ U ULy = [ 2U%de
VU e P* U2 2= 3 U2 ummw_zmgw (2.12)
€P P
W Wl = Tmabely Wl = DmahigJ:

Let us introduce the discrete flux JSU7 € £* via JSUT (0y;) := JSUT and similarly also + J5U7 e
E*via JSUT (045) = %J{?UT. With all the above notations, our a priori estimates (2.9) and (2.70)
now read

1
|

TJ(U)H%2 (Q) < C”f”%%(&))

JUT

<CHJ?”%72T(7>)-
LE(€)

|

Assuming that the diffusion coefficient is bounded, i.e. K* > Kk > K, we further get

720 $ Clf 2
—HJSUTHLQ e <Ol B

Remark 2.6 (Naturalness of norms). Let us discuss why these norms are natural to consider. The
left norms in (2.72) can be interpreted as the Euclidean L2-norms on 2, P and &, while the right
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Discretization for the Fokker—Planck operator 11

norms are the natural norms for the study of the Fokker—Planck equation as they are weighted with
the inverse of the Boltzmann distribution 7, resp. 7;. Note that assuming V' is bounded from above
and below, the L2-norms || - |12 (o) and | -
norms in the discrete setting.

Given a discretization 7, the linear map

i€P
defines an integral on 2 w.r.t. a discrete measure p7 having the property that ur — L% vaguely,
where L% is the d-dimensional Lebesgue measure. In particular pi7(A) — £ (A) for every bounded
measurable set with £¢ (0A) = 0. The norm HUH%z(P) is simply the L2-norm based on the measure
HT-
Similar considerations work also for the norm on £*. The norm | - HLQ(E) is given via a measure ji7
having the property

fir: Ce(RY) >R, [ mihif (i),

i~
with the property that i+ — d - L% vaguely: every Voronoi cell {; consists of disjoint cones with mass
2my;h;;, where one has to account for all cones with j ~ . In particular, we obtain fir-(A) ~ d- L(A)
for Lipschitz domains — an estimate which then becomes precise in the limit. Without going into details,
let us mention that heuristically the prefactor d balances the fact that J;; ~ (";’ ;"‘) VU which yields
for functions U € C! (R?):

[ vUP

For the particular case of a rectangular mesh, this is straight forward to verify.

Z mijhi;

i~j

|5Cz 37]|

2.5 Consistency and inf-sup stability

Results such as Lemma motivated the authors of the recent paper [8] to define the concepts
of consistency and inf-sup stability as discussed in the following. For readability, we will restrict the
general framework of [8] to cell-centered finite volume schemes and refer to general concepts only as
far as needed.

Definition 2.7 (inf-sup stability). A bilinear form ar on L? (P) for a given mesh 7 = (V,&,P) is
called (uniformly) inf-sup stable with respect to a norm ||-[| ;. on a subspace Hy c L (P) if there
exists v > 0 (independent from 7) such that

ar (u,v
Vue Hr : v |ulp, < sup L
veHr ”UHLQ(P)

Usually, and particularly in our setting, a is the discretization of a continuous bilinear form, say e.g.
a(u,v) = [, Vu- (kVv). We are interested in discretizing the problem

Voe Hy (Q) : a(u,v)=1(v), (2.13)
where [ : H& (£2) - R is a continuous linear map, and in the convergence of the solutions w7 of the

discrete problems
Voe L2(T) :  ar (ur,v) =1y (v) (2.14)

to the solutions u for (2.13).
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M. Heida, M. Kantner, A. Stephan 12

Definition 2.8 (Consistency). Let B c H& (£2) be a continuously embedded Banach subspace and
for given 7 = (V, £, P) consider continuous linear operators R+ : B — L2 (P) with uniform bound.
Let u be the solution to the linear equation and let l7 : L2 (P) — R be a family of linear
functionals. The variational consistency error of u € B is the linear form €1 (u;-) : L?2(P) - R
where

Er(u;) =17 () —ar (Rru,-) .
Let now a family (7, ar,l7) with diam7 — 0 be given and consider the corresponding family of
linear discrete problems (2.74) and let u € B be a solution of (2.13). We say that

Er (u; :
consistency holds if | &7 (u; )“HT = sup €7 (wv)] -0 as diam7 - 0.

’U€H7'\{O} ||UHHT
Remark 2.9. A typical situation is the case d < 3, where H2 (Q2) n HJ (2) = Cy (£2) continuously.
We then might set B = H? (Q) n H} () and (R7u); == u (x;).

Consistency measures the rate at which R+u — u+ — 0 and particularly provides a positive answer
to the question whether the numerical scheme converges, at least if the solution of (2.13) lies in .
This is formulated in Theorem 10 of [8].

Theorem 2.10 (Theorem 10, [8]). Using the above notation, it holds

lur = Rrulg, <77 1€7 (ui) |y (2.15)

Inour setting, || - [z = | - | 7« (see 2-16)) is @ norm on L?("P) defined in terms of the discrete gra-
dients. By the discrete Poincaré inequality, also implies a convergence estimate for the discrete
solutions itself. The theorem can be understood as a requirement on the regularity of u, resp. the right
hand side of for convergence of the scheme.

We introduce
Hr :={ue L*(P) : u satisfies hom. Dir. b.c. @1) }

with the H7-norm through

m..
HU”HT,K = Z ﬁﬁij (u; = ui)2 (2.16)
i~g 1Yij

and find by the uniform bound ;; > fig that || - | ;. and the following norms are equivalent:
. ) M 2
lall i = Nl + Nl 2y s Netle g = Tl oy, = 20 725 (g = )™+l oy -

inj 'Vij

Due to the discrete Poincaré inequality (2.8), this holds uniformly, i.e. for every k there exist constants
C4,Cy,C3,Cy > 0 independent from 7 such that for all functions w € L2(P) with homogeneous
Dirichlet boundary values

lull ey, < Crllul g2 gy < Callull e iy, < Cs gy, < Callulyy, - (2.17)

Using these relations, we can prove the following theorem for the bilinear discrete and continuous
forms

a(u,v):/Vu-/@Vv+uVV-/$Vv,
Q

ar (u,v) = ) h—jsi,j’fz‘j( - - —) (vj —vi) -

ing 1lij T
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Discretization for the Fokker—Planck operator 13

We furthermore need the following relation
1 1
a1b1 - a2b2 = 5 (CLl - CLQ) (b1 + bg) + 5 (a1 + CLQ) (bl - bg) . (218)

Lemma 2.11. Under the Assumption|1.1|the following holds: Let T = (V, £, P) be a family of meshes
that satisfy Assumption[1.3 and inequalities (2.8) and (2.17) uniformly for functions u € Hy. Then ar
is uniformly inf-sup stable for ||-[ ;. , where w = orw =1 and where v, in both cases depends on

h
Q, b K,
inf

.. and |vr]...

Proof. We first observe that (2.18) yields

uj uq 1(m+m;)

1 _ -
Uj-U; = (uj —u;) + 5 (Uz+“J)(7T1 le)‘

T T 2 T
Introducing u;,; := L (w; + u;) we obtain with the triangle inequality
J 2 J
m 2 m; (mi+m)) ?
2y ”s”%((U U;) (U; = Up) + @ (n' = ) )zz h”s,j . (—f) (u; —u;)” .
i~J ZJ i~g 1lij 4 7TZ‘7T]'
Observing that
m; M s )
Z g, iR U ZQ] (7?1_1 - 7TZ~_1)2 <2 Z U? Z lsi,jliijﬂ'? (WJTI - ﬂ{l)
i~j hzy i Jij~i hij

and exploiting (2.17) we observe that

mi;
> Sk (U = Us) (U = Ui) 2 C lul g,

i~g hl]

where C' depends on (2, S“p , K, Ko,

7|, and | V7| .. On the other hand

g ar (u,v
Z h_,.jsivjﬁij (U] - Uz) (U] - Uz) = CLT(U7 U) < sup L ,

i~y g verr [V L2(P)

which together implies uniform inf-sup stability. O

Next we derive & in terms of x, m and 7 and provide an estimate on €. The main message
of Lemma is that the consistency error can be estimated by two separate expressions, one
estimating the error contributed by the diffusive term and one estimating the error contributed by the
convective term in the FPE.

Lemma 2.12. Letk > 1 such that H* () embeds into C'() letu € H*(Q)) n H}(£2) be a solution
to
Voe Hy(Q2):  a(u,v)=1(v),

where

l(v) = /Qf’u, Ir(v) = mez

Using the notation (2.11) the consistency of u is given through

Errpes (U;0) = Z(vj—vz)(me U - m,]JUU) (2.19)

i~j
= QET,K(U; U) + QET,/-@,conv(u; U) 5 (2.20)
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where with u; = (R1u),

Cr(uyv) = Z (v; —v;) (f KVU - Vyj — 7;: Kkij (uj — uz)) , (2.21)
Oij 7

i~j

ij Sij —T; Sij — i
Er kconv (U3 V) = Z (v; —v;) ([ kuVV v, - %mj ( 2y (e o uz)) . (2.22)
oij ij 7Tj

i~j U

In particular, for both w = Kk or w = 1 we obtain

€7 ppE.. (U; v)HH* < Z wiit (mi JJU —my J”U) (2.23)
i~j ij
<2[ € (u) g+ 21€7mcone (i) s (2.24)
2 hij 4 mi; ’
€7 (u; ')HH?M <|Elrw(u) = Z —wy; [ KVU-V;j — - ’% ((R’Tu) - (Ryu), )
’ i~g 110 Tij ij
(2.25)
| €7 s comv (u; -)Hi{;ﬂ < €7 e w,conv (1) (2.26)
2
_ Z zy i (/ KuvV vy - %/’% (Sij —Wjuj ~ Sij —mui)) ‘
ZNJ Oij hz’j T T
(2.27)

Remark. The expression for |€|r . (u) was explicitly provided before in [8].

Proof. In what follows, we combine ideas of the proofs of Theorems 27 and 33 in [8]. However, since
our grid and our coefficients have a simple structure, our calculations are much shorter. We first
observe that the definition of f; and ({-1) imply

:[)if:—[)iv-(ﬁvu+ﬁuVV).

Hence, Gaul3’ theorem yields

lr(v) =- Zvi -/;22 V- (kVu+kuvVV) = Z (v; —v;) / (kVu+kuvV) - -v;;

Uij
and hence (2.19). By an abuse of notation we write u; := (R7u); and u; = (R7u); for simplicity.

Then we obtain
uj  u Sij —Tj Sij — T
Sij (—J——Z) (u]—uz)+( LTy - Zui)
™ e Uy 5

J 3

and hence
Crppex (u;v) =1l (4) —ar (Rru,-)

mi
=> (v;—v;) (/ KVU- Vi — = /-@U (u; - uz)) .
g i ij

% Si'_ j Si’_ 7
+Z(Uj—?)i)(/ /QUVV'VU'—%K)M( J ﬂ—]’u]’— J 71—Ul))

i~j Tij ij Ty 4p

From here we conclude by direct calculation and by the definition of the dual norm HH?{T : O
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Discretization for the Fokker—Planck operator 15

A particular focus of the calculations below will lie on the following structure.

Lemma2.13. LetT = (V,E,P) beameshandd < 4. Letg € C(Q) and let g7 € £* with g7 (0,;) =
ij- Then for every v € H?(2) it holds

2
D Wiy (f KGVU - V55 = #gijﬁij (v - Uz’))
045 1)

hij 4 ’
< SUP|gij| €7 (U§')+Z_%j / k(g = gi5) VU - Vg
1,j i~y TThij 0ij

)
ij

Proof. We obtain

2

1 mg;
— / ligVU Vi — 75— Gijkij (Uj - Uz') <
2 U'ij h’L]
2 2
mij
< / /ing . Vij - / /ﬁgiva . Vij + f /QgijVU . Vij - h—gi]’/‘iij (Uj - Ui)
Oij Tij Tij i
2 m 2
9 ..
< f k(9 —gij) Vu-vii| + |9l [ KVU Vi — —2 ki (0j — ;)
Oij i hij
This implies the claim. O

With regard to (2.15) and Lemma2.2] the above considerations motivate the following definition.

Definition 2.14 (o-consistency). Let 7, = (Vy, Ex, Pr) be a family of meshes with diam7, — 0 as
h — 0. We say that Ty, is @-consistent (satisfies ¢-consistency) on the subspace B c H& (2) if for
every u € B there exists C' > 0 such that for every h > 0

|&

T () < C llull 2 0 (B)” .

Hence, we immediately obtain the following.

Proposition 2.15. Let d < 3. Under the assumptions of Lemma and assuming h;; < C'h for some
constant C' > 0 the mesh is p-consistent with o(h) = h, i.e.

(€17 (u) < C llull g2 B2

We say that the mesh is h-consistent.

In case the mesh is cubic, we even obtain the following [16].

Proposition 2.16. Let d < 3 and let the mesh be cubic with all cubes of equal size and let k = 1.
Under the assumptions of Lemma|2.3 and assuming h;; < C'h for some constant C' > 0 the mesh is
-consistent with p(h) = h?, i.e.

|&

7r11(u) <Cluf g ht.

We say that the mesh is h?-consistent.
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3 Derivation of the methods and formal comparison

In this section, we repeat the original derivation of the Scharfetter—Gummel scheme in a more general
way and show that both the SG and the SQRA scheme are members of a huge family of discretization
schemes. Then we provide a physically motivated derivation of the SQRA scheme which assigns the
SQRA a special place in the family of Stolarsky discretizations.

As mentioned in the introduction, also the SG scheme takes a special role, which is of mathematical
nature and will discussed in Section

3.1 A family of discretization schemes

We Repeat the derivation of the SG scheme from a different point of view to reveal some additional
structure and to put it into a broader context.

In one dimension, the Scharfetter—Gummel scheme for the discrete flux on the interval [0, /] is derived
under the assumption of constant flux .J and constant diffusion coefficient x on [0, & ]. In particular,
we consider the two-point boundary value problem

J=-rk( (z)+u(z)V' (x)) on [0, ], u (0) = up, u(h) = up, (3.1)

for a general potential V' : [0,2] — R not necessarily assumed to be affine. The general solution

reads 1 N
u(x) =- (—J [ eV + uoevo) e V@),
kK Jo

The flux can be computed explicitly from the assumption .JJ = const. and setting x = h in the above
formula. This yields

upeVr — uge'o 1 ( 1 rh _1)_1 (uh uo) 1 (uh uo)
J=—h————— =~k —f T — —— | = —KTmean— | — - —
fo N h \h Jo T, To h\m, m

-1
for the averaged Tyean = (% foh 7T_1) , which clearly determines the constant flux along the edge.

In particular, assuming that V' is affine, i.e. V(x) = % (z—x9) + Vj, one easily checks that

Tmean = (Vi — Vo) [ (eV» —e0), which yields the Scharfetter—Gummel discretization. However, a
potential can also be approximated not by piecewise affine interpolation but in other ways, resulting
in different means mye.n. We provide an example of such an approximation for the SQRA in the
Appendix[A.4]

Generalizing the later considerations to higher dimensions, we find for the flux on the edge between
two neighboring points in the discretization from the one dimensional considerations of (2.11) the

expression
T T
S, T.__™y J
Jiju' == S@'j( - ),

hij 7Tj v
where k;; relates to k and \S;; relates to Tmean-

We aim to express Tmean Oy means of the values my and 7, at the boundaries. The choice of this
average is non-trivial and determines the quality of the discretization scheme, as we will see below.
In the present work, we focus on the (weighted) Stolarsky mean, putting Tean = S (73, 7rj) although
there are also other means like general f-means (M (x,y) = f ([f1(z) + f~1(y)] /2) for a strictly
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mean a [ a+p Sap(z,y) B, ()
e® x<0
max +oo 1 +00 max (x,y)

1, x>0
quadratic mean 4 2 6 /3 (22 +9?) /3 (1+e72%)
arithmetic mean 2 1 3 s(z+y) s(L+e™)
logarithmic mean 1 0 1 (z-y)/log(z/y) 1(1-e™®)
geometric mean (SQRA) 1 -1 0 JTY e /2
Scharfetter-Gummel mean 0 -1 -1 zylog (z/y)/ (x - y) xf(e*-1)
harmonic Mean -2 -1 -3 2zy/ (z +vy) 2/ (e*+1)

v, <0
min —o0 1 —00 min (z,y) “h
1, >0

Table 2: Several mean values expressed as Stolarsky means S, 3 with corresponding weight functions
B, s, see Eq. (1.6). The geometric mean corresponds to the SQRA scheme, the Sy _1-mean to the
Scharfetter—Gummel discretization.

increasing function f). The Stolarsky mean has the advantage that it is a closed formula for a broad
family of popular means and that its derivatives can be computed explicitly.

The weighted Stolarsky mean S, 5 [47] is given as (1.3) whenever these expressions are well de-
fined and continuously extended otherwise, i.e. Sa,g(x,x) = x. We note the symmetry properties
Sap (T,y) = Saps (y,x) = S, (x,y). Interesting special limit cases are

Soi(x,y) = (v -y) [log (z/y) = A(x,y)

(logarithmic mean), S_1 1 (x,y) = /Ty (geometric mean) and Sy _1 (2, y) = xy/A(z,y) (Scharfetter—
Gummel mean). A list of further Stolarsky means is given in Table 2]

An explicit calculation shows that 925, _1 (z, ) = — (3z) ' and 9251 (z,2) = - (4x)~". For the
general Stolarsky mean S, s one obtains (see Appendix[A.3)

1
0pSap(z,2) = 0ySap(x,x) = =,
7 ’ 2 . (3.2)
02810 (r,2) = 33, (1,7) = 03,5, (2,0) = -0, (.0) = o (a4 =5)

particularly reproducing the above findings for 6%50,_1 and 838_1,1.

Interestingly, the derivation of the SQRA in Section 2.2 of [32] relies on the assumption that the flux
through a FV-interface has to be proportional to (ujT/Wj - uz—/m) with the proportionality factor given
by a suitable mean of 7; and 7;. The choice of S_; ; in [32] seems arbitrary, yet it yields very good
results [49, 17, [11].
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@ , [ ] () [
4 — By (quad.) 6
— By (arith.) )
3t - Bl.() (log)
By,—1 (geom.) 4|
B — Bo_1 (5G) o
Q 9 — B_q,_2 (harm.) 4 Q 3
3 3
Q B_ 54 Q
21
1 ________________
1t
0°f Or
3 2 1 0 1 2 3 6 4 2 0 2 4 6

Fig. 1. (a) Weight functions B, g of the discrete flux scheme for different Stolarsky means S, g according to Eq. (1.6), cf.
Tab. [2| (b) Weight functions for o + 3 = —1 using the parametrization o = = (1 -=6) /2, 8 = = (1+6) /2 for 6 > 0. The
SG-mean («a, 8) = (0,-1) is obtained for § = 1. The grey shaded region indicates the full range ¢ = [0, c0), where the
limit ) - oo is given by the weight function e~/2 of the SQRA scheme.

3.2 The Wasserstein gradient structure of the Fokker—Planck operator and the
SQRA method

The choice of S, turns out to be crucial for the convergence properties. In this section, we look at
physical structures which are desirable to be preserved in the discretization procedure. Our consider-
ations are based on the variational structure of the Fokker—Planck equation. Let us note at this point
that a physically reasonable discretization is not necessarily the best from the rate of convergence
point of view. Indeed, this last point will be underlined by numerical simulations in Section |7} However,
the physical consideration is helpful to understand the family of Stolarsky discretizations from a further,
different point of view.

In [29] it was proved that the Fokker—Planck equation
u=V-(kVu+kuvV) (3.3)
has the gradient flow formulation @ = 9 ¥* (u, -DE(u)) where

u

E(u):Aulogu+Vu—u+1:/Qulog(ﬂ)—u+1, \D*(u,f):%[l/ﬂquf, (3.4)

and 7 = e~V is the stationary solution of (3.3). Indeed, one easily checks that DE(u) = logu + V' =
log (u/m) and 0¢ U* (u,§) = -V - (kuVE) such that it formally holds

OV (U, &) |e=—pE(w) = =V - (KuVE)|ec—DEMW) = V - (I{u (% + VV)) =V (kVu+rkuvV) =a.

Given a particular partial differential equation, the gradient structure might not be unique. For example,
the simple parabolic equation J;u = Awu can be described by with V' = 0. But at the same time
one might choose E(u) = [ u? with U* (£) = [ |V&|, which plays a role in phase field modeling
(see [26] and references therein) or E(u) = - [ logu with U* (¢) = [ u2|vé]’.

In view of this observation, one might pose the question about “natural” gradient structures of the dis-
cretization schemes. This is reasonable if one believes that discretization schemes should incorporate
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the underlying physical principles. The energy functional is clearly prescribed by (3.4) with the natural
discrete equivalent

Er(u) = Zml (uZ log(%) —u; + 1) ) (3.5)

The discrete linear evolution equation can be expected to be linear. Since we identified the continuous
flux to be J = —km VU with U = u/m, we expect the form

m; = 85\113—(U, —DET(U)) = Z %/{i,jﬂ-ij (& - %) (36)

jing Pig T T

for some suitably averaged 7;;. Equation can be understood as a time-reversible (or detailed
balanced) Markov process on the finite state space P. Recently, various different gradient structures
have been suggested for (3.6): [38, 35, [13, [7| 40] for a quadratic dissipation as a generalization of
the Jordan— Kmderlehrer—Otto approach; and [43,142], where a dissipation of cosh-type was appeared
in the Large deviation rate functional for a hydrodynamic limit of an interacting particle system. All of
them can be written in the abstract form

W5 (u,€) = Z Z’””Sw%(u o (€ - &) (3.7)

mljz Zj

-1
aij(u,m) = (:— - W—) ey (log(ﬂ ) —10g(:’)) : (3.8)
(A j 7 J

In fact, any positive and convex function 1)* defines a reasonable dissipation functional ¥* by (3.7)
and (3.8). A special case is when choosing for ¢)* and exponentially fast growing function ¢* (r) :=
C*(r) :=2(cosh(r/2) - 1). Then a;; simplifies to

where

U Uy
ol =\ Ty
(A4¥
and hence, the square root appears. Choosing S;; = /7;7;, we end up with a dissipation functional
of the form

U (u,§) = Z Z Mijhij/uitl -5 h2 C* (&—&) - (3.9)

i g~y

There are (at least) three good reasons why choosing this gradient structure, i.e., modeling fluxes in
exponential terms: a historical, a mathematical and a physical:

1 Already in Marcelin’s PhD thesis from 1915 ([36]) exponential reaction kinetics have been de-
rived, which are still common in chemistry literature.

2 Recently, convergence for families of gradient systems has been derived based on the energy-
dissipation principle (the so-called EDP-convergence [41} 133, [12]). Vice versa, the above cosh-
gradient structure appears as an effective gradient structure applying EDP-convergence to
Wasserstein gradient flow problems [33] [21].

3 Recalling the gradient structure for the continuous Fokker—Planck equation (3.4), we observe
that the dissipation mechanism W* is totally independent of the particular form of the energy
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&, which is determined by the potential V. This is physically understandable, since a change
of the energy resulting, e.g., from external fields should not influence the dissipation structure.
The same holds for the discretized version (3.9). In fact it was shown in [44], that the only
discrete gradient structure, where the dissipation does not depend on V resp. m = eV, is
the cosh-gradient structure with the SQRA discretization S;; = S_; 1 (7;, ;). In particular, this
characterizes the SQRA. For convenience, we add a proof for that to the Appendix [A.2]

We think that these properties distinguish the SQRA, although in the following the convergence proofs
do not really rely on the particular discretization weight .S;;.

Remark 3.1 (Convergence of energy and dissipation functional). Let us finally make some com-
ments on the convergence of E+ and \IIT given in and to the continuous analogies F
and U*. I"-convergence can be shown if the fmeness of T tends to 0. For the energies it is clear,
since v + ulog (u/m) — u is convex. For the dissipation potentials W-(u,&) we observe the fol-

lowing: For smooth functions u and &, we have ﬁC* (&-¢&) ~ %(X % -Vg) + O(h?j) and
ij

lwi—a;]
Vuit; % u(3(x; + z;)). The considerations from Section then yield U (u, &) » 5 [ u Vel
For quadratic dissipation, qualitative convergence results using the underlying gradient structure and

the energy-dissipation principle are obtained in [9] in 1 D, and in [20] for multiple dimensions. In [23]
convergence of the associated metric is proved.

4 Comparison of discretization schemes

We mutually compare any two discretization schemes of the form ( in case of Dirichlet boundary
conditions. In this case, even though the problem is only defined on 73 we can simply sum over all P
once we multiplied with a test function that assumes the value 0 at all P\P.

Let us recall the formula (2.11) for the fluxes

JSU = —%SU(UJ» ).
ij

Moreover, let u; = U;m; and @; = Umi be the solution of the discrete FPE (1.2) for two different smooth
mean coefficients S;; = S(m;, 7;) and S;; = S(m;, ;) (e.g. once for Scharfetter-Gummel and once
for SQRA) such that

Z mzkhszkU mzfz (4-1)
kik~1
Z mzkhszkU mzfz- (4-2)
k:k~i

In order to compare the solutions of (4.1) and (4.2) we take the difference of these two equations and
multiply with £; = U; — U;. We obtain

0= 3 muh (JEU - IS0 ) B

1 kik~1
m; ~ ~
DI %(SMU Uy) - Sin(U; = Up))E
7 kk:Nz ki
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Introducing the notation ;i = K 7}’;: and using we get
0= a (Sun(Ui - Ug) - Si(Ui = Uy) + (Si - Szk) (Ui - Uk)) (E; - E)
ki

= > au (Si (B = Ex) + (S - Sit) (Ui - ﬁk)) (Ei-Ex).

fe~i
Using the notation D;, A = A, — A; for discrete gradients

R 5 5 1 Sz 7
(Sik_Sik)(Ui_Uk)(Ei_Ek)S§ Sik(Dik:E)2 ( kSk k) ( ku)

we get

;O‘zkszk (DzkE) < ZM

~\2
) Sz i U . 4.3
k~z Sszzk: ik ( - ) ( )

N | —

In the case of Stolarsky means the constants are more explicit. We have the following expansion of
Si; writing ;5 = % (mi+7;), T =m_ =5 L(m;—m;)and m; = o+ 7, and T; = o — T

1 1
Sij = Sa,,B (’/Tijaﬂij) + 5 (7T+ —7T_) + 5035'&75 (71'1']',7'('1']') (’/T+ +7T_)2 + O(’/Ti)

1
1 1
Zﬂij+M(ﬂ‘i—Wj)2+O(7Ti—7Tj)3 . (4.4)

8 Uryi
In case (a+ ) = (64 -+ B) we obtain S;; - S;; = O (m; — m;)° and hence this yields the following
first comparison result:

Proposition 4.1. Let T be a mesh with right hand side f € L*(’P) and letu and i be a two solution of
the discrete FPE for different Stolarsky mean coefficients Sij = Sq 5 (i, ;) and Si; = Sy 5 (i, 7))
respectively. Then

5 Z Fézkmm Sik (Uk - Uk - (Ui - Uz))2

k~7, hlk
lz ((a+6)—(6¢+3))2
20T 242 w2, Sy, Si

(i _7Tk) +O (m; — 7y) )szm.ik(}—ﬁif

Incase (a+ ) = (& + & ) we furthermore find

Z/ﬁlkmlkszk (Uk—Uk—(U U)) ZO(TQ 7Tk) Hlkmm (Uk—Ul)2
k~z hlk k~1, hzk’

We aim to refine the above result to an order of convergence result for J5U — JSU.. We introduce a
third Stolarsky mean Sy, = S(;, 71 ) and find

Sik (Ei - Ey) = S, (Ui - Ui - (U, - i)
= 1k(Uz_Uk)_Szk(Uz_Uk)+gzk(02_0k)_5’zk(0_0k)+§zk(Uz_ﬁZ—(Uk—Uk))
= Mk, (J U- J%U)Jf(gik—s )(U; - Uy) - (zk_S )(Uz‘_Uk)-
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Hence, we have

ZO% (Sik:(Ui ~Us) - gzk (Uz - Uk)) (Ei - Ey)

ki
_yhae 577\
-y SZ (J U-J50)
+Zmzk ~ ( J U) [(gzk_szk:) (Ui—Uk)‘F(Sik—S'ik) (Uz_ﬁk)]
k~1i i

and using Cauchy—Schwartz inequality, we get

Zozik (Sik(Ui —Ux) - Sin ([jz - Uk)) (E; - Ey) < 1 Z hama, L (J U- J-*?;U)2
ki 212 Rk Si
3 TR (i = Su)” (U= Up) + (S = Sax) (03 - 01)7)
k~i Mk Sik

Altogether we obtain

J . . ~ 2
—Z ka“ﬂ; (53U - JiU)QSZL%(Sik_S ) (leSm(U Uk))

205 Kk Sy k~i Kk Sik S, h
mikhie & 5 2 (Hz’k s )2
—— (S = 5; — S (U; = U, )
" k:ZN:z "iszsz ( * k) th * ( k)

We make once more use of (4.4) writing C, g = i (o + B) and exploiting 7; = 7;; + m;; (V; = Vij) +
O (V; - Vi;)? with

mi—m; =7 (Vi= Vi) + O (V= Vij)* + O (V; - Viy)®
Sij =7Tz‘j+0(7Tz‘_7Tj) .

Hence, we conclude the following result.

Theorem 4.2. Let T be a mesh with right hand side f € L*(P) and let u and @ be two solutions of
the discrete FPE for different Stolarsky means S and S. Moreover, let S be any Stolarsky mean and
assume that either o+ 3 # & + ﬁ ora+ 5 +a+ 5 Then the solutions v and u of the discretized FPE
satisfy the symmetrized error estimate up to higher order

0 M (= TED) < 3 (=€) (Vi Vi) (50

i KikSik
M N 2 ( +57)\2
— (C.;-C. 3)(V;-V))" (JU
= kS ( a,B a,b’)( J) ( k )
More general, for any mean we have
—HJSU JSU|2, 2 e)
A 2 N - 2
1 (Sik - Sik) s (S k= Sik) a2
: /f_* {Sll,lkp S”ZkSZk HJ UH (g) +Sukp S Szk HJ v L%(E) » (49)

and in particular for Stolarsky means with o + 5 = & + B =a+ B we find the following result:
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Corollary 4.3. Let T be a mesh with right hand side f € L*(’P) and let u and i be two solutions of
the discrete FPE for different Stolarsky mean coefficients Si; = Sq 5 (m,7;) and Sij = S 5 (7, 7))

witha+ =a+ B =+ B . Then estimate (4.5) holds. In particular, we find the refined estimate

12 (s))

In particular, the last result shows that convergence rates are similar up to order 3 for different v, 3
which satisfy o + 3 = const.

1 -~ 2
2—W|JSU—JSU|12§(5):O(Wi_ﬂ'j)G(H‘]SUHLQS(S) HJS |

Corollary 4.4. Let T be a mesh with right hand side f € L*(’P) and let u and i be two solutions of
the discrete FPE for different Stolarsky mean coefficients Si; = Sq 5 (m,7;) and Sij = S 5 (7, 7))

with o + § = a + B = a+ B Then estimate (4.5) holds. For both S;; and gij let the quantities
of Lemma|2.12 which depend on S be denoted by €7 .y, (u;v) and €5 Lo (u;v) as well as

% cony (U3 V) and QST e cony (W5 V). If T > ¢ > 0 is uniformly bounded from below then

2 ~ 2
€5 wo e (i) [y, <2|€F g, (wiv)| . +O0).
w T,w

Proof. We obtain from Lemma

h
| €5 ppp.. (u;v) H;‘w <2 Z Lw (mZ]JSU mZ]JUU) +2 Z

i~j mij i~

wit (mig J5U = mig IS U)

my

and from Corollary [4.3|we obtain the claim upon uniform boundedness of 7. O

5 Convergence of the discrete FPE

In this section, we derive general estimates for the order of convergence of the Stolarsky FV operators.
Throughout this section, we assume that the mesh satisfies the consistency property of Definition|2.14
with a suitable consistency function ¢ : R,q - R, and discretization operator Ry : H'(2) > B -
L2(P). The parameters m; and u; below are then given in terms of

T = (Rfrﬂ')i s U; = (RTU)Z s Uz = (RTU)Z .

We derive consistency errors for U in Section (5.7) and consistency errors for u in Section (5.2). For
both calculations we will need the following result.

Lemma 5.1. Assume there exists a constant C' > 0 such that for all cells €2;,€); with h; = diam(2; it
holds

VfeH' (): Hf”m(a”) s 02 HfHHl(Q ) (5.1)
VfeH' (Q)nO(): If- leLZ(oZ ) < h 02 IV £ 1720y - (5.2)

Then for C2-smooth Stolarsky means S, and for every function w,U € H?(QY) with w; = w(x;)
and S;; == S.(w;,w;) it holds

D k=i /

f (W - Szy) kVU - Vil < C (7nljh’l)E HK'VU”Hl(QZ) + O(hfj) . (5.3)
oij 1

Dok=ij i HVwHLg(Qk) (f%_ |KVU|2)

V@ L2 VU | g1ga,

D=
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Remark. Note that (5.1] ) can be easily verified for convex sets with uniform bound on the relation

d max
diamimax (%) between maX|maI and minimal diameter of a given cell. In particular, given f € H'(£;)
diampin (£2;)

with fi,(x) := f(§) we find the scaled inequality

1 2 1 2 9 2
i [ <O [ (AP 019 AP)

Furthermore, for f € H'(€;) n C(£2;) one finds for a calculation similar to the Poincaré inequality for
zero average functions (and for x; = 0)

/}:ﬂ‘ \fu— fil” < C/;Q, W2 |V fal?

Proof. Observe that

fa @ = Syl [sVU -] < (fa |w_Sij|2) (fa

J

|kVU - uij|2) (5.4)

2. .
w — S;;|” in more detail. We have

It remains to study —— [,
ij

Tij

S(Wi,wj)—s(wi;wjvm;wj):%(wz‘—wj)vs'(la—1)T+O(|wi—wj|)2=0(|wz‘—wj|)2
and thus
1 1 i ;
w - S = (w w;) + = (w w;) + (%—Sﬁ)
1

:—(w wz)—i—l(w ?ﬂ])+0(|wz w]|)2

The first term can be estimated by | — @;| < h; - Vo + O(h?) and a similar estimate holds for the
second term. Using (5.1)—(5.2) we obtain in total

=

1 2
| = Sij| [kVU -vi| <C 3 by |V 2, (h_k ||HVU|H1(Qk))

Tij k=i,j

5.1 Error Analysis in U

In what follows, we assume that the discrete and the continuous solution satisfy homogeneous Dirich-
let conditions. In view of the continuous and the discrete FPE given in the form and as well
as formula we observe that the natural variational consistency error for a given Stolarsky mean
S equivalently takes the form

Errpex (U;0) = éT,FPE,n (U;w)

::Z(Uj—vi)(ﬁinWVU-Vij—ﬂij ij;LL: ((RTU) —(RTU) ))

i~j
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We recall that an estimate for (;37—7FPE7,.i (U;-) implies an order of convergence estimate by (2.15).
Our main re§ult of this section provides a connection between GT,FPEJ{ (U; ) and the variational
consistency € ,. (U;") (given by (2.27)) of the second order equation

-V-(kVU)=f
with the discretization scheme
- My oo TY _
Vi _‘Z‘K’Uh_'j(Uj -U7) = fi.
Jij~ L

Proposition 5.2. Let T = (V,&,P) be a mesh. The variational consistency error €1 ppg, . (U;-)
can be estimated by

2
- 2 hij
HGT,FPE,K(U#)HH; . <7l oo 1€ (U5) +Z—mljﬁijlsijl ([ (W—Sij)HVU'Vij) . (5.9)
K i~j ij Oij

Proof. This is a direct consequence of Lemma O

Using the above estimates, we can now show the main result of the section.

Theorem 5.3 (Localized order of convergence). Let d < 4 and the mesh T be admissible in sense
of Definition [2.1 and -consistent in sense of Definition Let u € C2(Q) be the solution to
(T3). Let f7 = R3-f and let uT € ST be the solution to (2:4). Moreover, let k. < r*, b > 0 and
S € C%(Ryo x Ryg). Then it holds
2
€7 rom (U € Ol d, U] c2) x (i0(h)? + B2).

HuT - RTUHHT’,{S < C(’%*u T, d7 HUHCQ) X (So(h)Q + h2) :

Proof. Inserting estimate (5.3) into (5.5), we get

2 _ _
|€7mren (Us) s < 7lo |€lrs (Us) +C > hijki St hi KV U [ 3 g,y

i~j
<l [€lrns (Us) + Criaym,d) 12 369U [ g,y
(2
Using we obtain an estimate for the discretization error in the form
[” = Rrult, s < |7l |€lrns (U;) + Ok, 7, d, [ Ul c2) Size(T)?.

Using the consistency assumption on the discretization of the pure elliptic problem we obtain the
desired estimate. O

5.2 Error Analysis in u

We will now derive an alternative estimate for the consistency error which accounts more for the
convective aspect of the FPE. In Lemmawe have split the consistency error GTFPE,,{(U; -) into
the two parts € . (u;-) and E7 cony (s -). The error €. (u; -) relates to the elliptic part and is well
understood in literature. Therefore, it remains to study the second part.
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Proposition 5.4. Using the notation of Lemmal2.12 it holds in d < 4

2
B me: 1S,
|€|T7N7conv7w(u)sziw;(/ anV-uij—h—” 45i(7r1 w])(ul+u])) +Cht,
i~y Mij 7is
(5.6)
where C' depends on |||, | V7|, |v] ., [Vu|,,-
Proof. We use (2.18) to find
Sij — T Sij — i 15 11
Uﬂ_ Fuj - Uﬂ, “u; = 27rlj (i = Wj)(ui+uj)+5;(Sz'ﬂﬁsiﬂj—QWin)(ui—uj)
J 7 7 ] 1ty
and in a next step we find on behalf of
1 T T
(Sz‘jﬂi+sz‘j7Tj—27Ti7Tj)=(§+Ca7ﬂ(;j+—Z))(7TZ‘—7Tj)2+O(7Ti—7Tj)3
i Ty

for C 5 = 15 (o + 3 — 3) and thus we conclude from

QET,conv,/-c(u. U) =

1
™

g
l\DI»—t

e (ri=m) )= [ vy ”“)(”] W

) (%ﬁli ((% +Cs (% " :—)) (i = 75)° (s — ) + O (m —wj)3)) (05 - )

? J

that (5.6)holds. O

Note that in general it holds

Sii 1 1 1
J (7Tz 7Tj) Szj(ﬂ_—‘l'ﬂ_—) (V.;_‘/l) +O(h) (57)

T 2 i j
The Scharfetter Gummel scheme turns out to be special at this point.

Lemma 5.5 (SG is superior for large convection). In case of the Stolarsky mean Sy 1 (the Scharfetter—
Gummel case), it holds

1 S;;
57%] (i = 75) (i +uy) = (V; = Vi) 5 (Uﬁ%)
Proof. This follows immediately from So_1(,y) = ;% log (¥/y) and 7 (z) = e™V(*). O

The last observation plays an important role in the estimation of the right hand side of (5.6).

Theorem 5.6. Letd < 4 and Ty, = (Vy,, En, Pr) be a family of meshes with diam7;, - 0 as h - 0
and let the assumptions of Lemma hold. Using the notation of Lemma let u;; := % (u; + uj).
Then

hij i
22 st ([ wta-u) o) o)

i~j v
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Incase S, = Sy _1 orS. = S, witho + 3 = —1 the above can be improved to

&

2
hij
Toconvw (W) = 2 [ul o [El7pmw (Vi) +2)° —?w& ([G K (u—u;) VV - I/ij) +O(hY).

i~ TThij

In all cases, O( -) depends on |[VV|_,.

Proof. We start from (5.6) applying (5.7). Defining g := wand g;; := 1 5;; (ﬂi + %) (w; + u;) applying
Lemma[2.13]yields

2
hij  _
€m0 52 (sl [ (V302 D22 ([ (a0 9 ) 4002),
1,7 Tij

i~y g ij

We observe that £5;; (= + =) = 1+ O(h), where O(h) depends on |VV| . such that
27U\ m; Ly )

< +0(h).

f K (u=gij) VV vy [ K (u—ui;) VV vy

]

The claim now follows for general S,. For S, = Sy_1 we apply Lemmainstead of (5.7). For general

S. = Sa,p With o+ 3 = —1 we apply Corollary [4.4] O
Corollary 5.7. Under the assumptions of Theorem|5.6|it further holds
h 2
ij - 2 2
S ) 9V v ) SOOIV Pl
i~j mij oij

In case u € C*(2) it even holds

Y (

inj Mg

2
/ H(U—Uij)VV'Vz’j) < ChP ||V||202 [vul?, -

O'i]'
Proof. In view of Lemma[5.1]we obtain in total

<CVlez Y 7 [Vul 2y, + O(h)

k=t,j

f Ii(u—gij)VV'I/ij

iJ

3
and [Vul p2 (o, < h2 [Vul- O

6 Cubic Meshes

In view of Section [5|we consider the following specialization of Lemma [5.1]to cubic grids. Throughout
this section we consider d < 3 and a polygonal domain 2 ¢ R? with a cubic mesh where Q; =
xT; + [—h/2, h/Z]d, X; € hZ. c €.

Lemma 6.1. Let Q c R? be a polygonal domain with d < 4 and a cubic mesh where Q; = z; +
[-h/2,h/2]%, x; € hZ c Q. Then for every function w € C? withw, = w(x;) and S;; = S.(w;, w;)
it holds

(w - Sij) kVU ;5| = O(h?). (6.1)
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Proof. The following calculations are quite standard and, therefore, we shorten our considerations.
We have for = € 0;;

Sij —w(x) = S(wi, w;) - S(w(z), w(x)) =
:VS(x)-( i_w(x))+(Wi_w(x))_v25($)_(Wi_w(m))_’_o(hS)‘

w
w; —w(x) wj—w(x) w;—w(x)

The gradient of S is given by (1/2,1/2)" and hence, we S;; — w(z) = WWJT_QW(I) +O(h?). We
compute the first term in more detail. We have w,;—w(z) = V- (x;—x)+O(h?) and correspondingly
for 7 ~ 7 and the sum yields

w; +w; - 2w(z) =V (z; +x; - 2x) + O(h?) = %Vw -Z+0(h?),

T;+T;

where T = = — WT”C” the coordinate on the cell surface with respect to the middle point 7 = —;

Hence, we get
1
/ (= Sig) VU w35 = 4 f Ve (a) - ik(2)VU (2) - vyydo(F) + O(h?).
Now we can fix the function s(z) = k(z)VU(x) - v;;Vw(x) with respect to Z. We have s(z) =
s(z) + (x - z)Vs(x) + O(h?), which implies (assuming that U, w € C? and k € C!) that

1 1
f (w=Siy)kVU-v; = 7 / (5(2) + (2 = 2)Vs(2))-7dr () +O(?) = | f s(2)-#do (7)+O(h?) .
But the first vanishes, since the interface o;; is symmetric w.r.t. the mid point Z and we are integrating
along Z. Hence, we have (6.7). O

6.1 Consistency of purely elliptic operators on cubic meshes

Theorem 6.2 (Consistency on cubic meshes). Let Q2 ¢ R? with d < 4 be a polygonal domain with a
cubic mesh where ); = x; + [-h/2,h/2]¢, x; € hZ c Q. Then

’GIT,I{,W (U) < Ch4

Proof. It holds

~ A~

U, -0,
‘mUK’UJT - £ ‘ HVU Vij

Lj

0, -0

‘/“(/{Z’j—lﬁl)VU'l/ij .

7

< |kl

We have U; = U(z) + VU - (z; — ) + O(h?) and U; = U(z) + VU - (z; - =) + O(h?). Moreover,
we can write 7; — x = —%v;; + ¥ where # 1 v;; and z; — ¥ = %v;; + 7 (the normal ;; points outside
or inside of €2;). Hence, we conclude

0, =U(a) + VU - (5w + 7) + O(4?)
0= U(x) + VU - (-gyij +3)+ O(h2).

Subtracting both equations, we end up with % = VU - v;; + O(h?), and hence,

0.~ 0,
mij ]h _'/g..VU.Vij

The Theorem follows from Lemmal6.} the definition of r;; and the cubic geometry. O

< mlJO(h?)
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6.2 Quantitative estimate on cubic meshes in the diffusive representation

In view of Theorem combined with Theorem and Lemmawith 5 (wi +uy) = So1(wi, uy)
we also obtain the following.

Theorem 6.3. Let d < 4. On a polygonal domain Q) ¢ R? with a cubic mesh where Q; = x; +
[—h/2,h[2)?, x; € hZ < Q, it holds: Using the notation of Lemmal2.13 it holds

T,w,conv(u) = O(h2) .

Incase S, = Sy _1 orS. = S, 5 with o+ 3 = -1 the above can be improved to

|€|T,w,COHV(U) = O(h4) .

|&

7 Numerical simulation and convergence analysis

In this section, we provide a numerical convergence analysis of the flux discretization schemes based
on Stolarsky means described in the previous sections. For the sake of simplicity, we restrict ourselves
to one-dimensional examples with equidistant meshes, for which already non-trivial results can be
observed.

Example 7.1. We consider the potential V' () = 2sin (27x), the right hand side f () = z (1 - )
on z = (0,1) with k = 1 and Dirichlet boundary conditions « (0) = 0 and u (1) = 1. The Stolarsky
mean discretizations are compared point-wise with a numerically computed reference solution s
(and J,) that was obtained using a shooting method (involving a fourth order Runge—Kutta scheme)
together with Brent’s root finding algorithm [3] on a very fine grid with 136474 nodes.

The convergence results are summarized in Fig. [2| In Fig. (a), the logarithmic error log,q(||u —
Ure| 1, ) is shown in the (v, 3)-plane of the Stolarsky mean parameters for an equidistant mesh with
210+ 1 = 1025 nodes. First, we note that the accuracy for a mean S, s is indeed practically invariant
along o + 8 = const., which is consistent with our analytical result in Section |4l In this particular
example, we observe optimal accuracy at about o + 5 ~ 4.2. This coincides with the convergence
results under mesh refinement shown in Fig. [2](b), where the fastest convergence is obtained for the
scheme involving the S5 5 1-mean. The other considered schemes, however, show as well a quadratic
convergence behavior with a slightly larger constant. Interestingly, for the same example, we find that
the optimal mean for an accurate approximation of the flux .JJ is on o + 5 = -3, see Fig. (c). This
is further evidenced in Fig. (d), where the harmonic mean S_; _, converges significantly faster than
the other schemes. Obviously, in the present example, the minimal attainable error for both « and J
can not be achieved by the same discretization scheme.

Example 7.2. We consider the potential V () = 5 (z + 1) x and keep the right hand side function,
the diffusion constant and the boundary conditions as in the previous example. The problem has an
exact solution involving the imaginary error function, that is related to the Dawson function, which has
been obtained using Mathematica [50].

The numerical results are shown in Fig. [3| The discretization errors for both the density u and the
flux J are depicted in Fig. [3(a) and (c) show a sharp minimum for a + 5 = —1. This involves the
Scharfetter—Gummel mean S _1, which converges fastest to the analytical solutions for « and .J, as
shown in (b) and (d). The SQRA scheme, with geometric mean .S, _,, is found to be second best in
the present example.
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Fig. 2. Numerical results for example (a) Discretization error log (||u—et| 1, ) in the (c, B)-plane on an equidistant
mesh with 219 + 1 nodes. The error is color-coded. Several special means an highlighted by crosses (notice the symmetry
Sa.8 (z,y) = S8,a (x,y))- (b) Quadratic convergence of the discrete solution to the exact reference solution teyae Under
mesh refinement in the Ly-norm. See the inset for a legend and color-coding of the considered means S, g. In the
present example, the best numerical result for u is achieved by S5 2 1. (c) Logarithmic error of the numerically computed
flux density log;,(||7 — Jret| £, ) in the (, 3)-plane on the same mesh as in (a). (d) Convergence of the numerically
computed flux density to jexact- IN contrast to the convergence of w shown in (b), here the harmonic average S_ly_g
performs best.

The numerical results are in line with Theorem : In the case of strong gradients V1, the Scharfetter—
Gummel scheme provides the most accurate flux discretization, in particular, the SG mean Sy _; is the
only Stolarsky mean that recovers the upwind scheme (1.9). Away from that drift-dominated regime,
the situation is less clear and other averages S, 3 can be superior, see for instance Example [7.1]

A Appendix

A.1 A General Poincaré Inequality

We derive a general Poincaré inequality on meshes. The idea behind the proof seems to go back to
Hummel [27] and has been adapted in a series of works e.g. [24, [25]. Let ¢y = 0 and (e;)i-1,...n be
the canonical basis of R™. Define:

D& ={v eS| Ime{l,,d}:v-e;=0Vie{0,1,-m—-1} and v-e,, >0}.

Every v € S%1 satisfies v/ - ¢; # 0 for at least one ¢;. Thus, for every v € S it holds v € D41 if and
only if —v ¢ D41,
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(a) 4 F i (b) 10'
3B 5 0 ]
X 0% 10
2| 502w o0 ]
: 33 T % 100 1
0 - %
60 ¢ S 100 1
-1 § |
N fal S 107 g E
2 65 = =
¥ 5 ]
-3 70 =~ 10
-4 La Lo 1 1 106 L
4 -3 2 -1 0 1 2 3 4 10°
(0%
(©) * 20 d 10°
3 By 35 =
: ® 10"
2 405 g
! 45 < g 102
« 0 50 L 3
- ] 103
1 |
55 g
2 . 1
i 60 & 10+
3 ) 65
_4 PEFETIN IPREETIN BESPErEN SPRTAE BPREE AR L . 10.5 2 L
4 -3 2 -1 0 1 2 3 4 102 10! 10°
«Q h

Fig. 3. Discretization errors and convergence behavior of the numerically computed « and .J in example using the
Stolarsky mean schemes. The errors in (a) and (c) are color-coded. The coloring of the means in (b) and (d) is the same
as in Fig. 2|(b). The plots clearly show a superior performance of the Scharfetter—Gummel scheme (i.e., the Stolarsky
mean Sy _1) for the approximation of both the density u and the flux J.

We denote I' = U,¢,, 0 and say that z € I is a Lipschitz point if I" is a Lipschitz graph in a neighbor-
hood of . The set of Lipschitz-Points is called I';, c I" and we note that for the (d — 1)-dimensional
Hausdorff-measure of I'\I';, it holds H! (I'\I'z.) = 0.

For z € I';, we denote v, € D! the normal vector to I in z.. Let
Ci(Q;T) = {u eC(O\D) : ulon=0, Vidv; e C* () : ulg, = vi}
and for u € Cj ,(€2) define in Lipschitz points z € Iy
ua(e) = lim (u (v 2 hw)) s [ul(e) = (@) - u (@)

For two points -,y € R™ denote (x,y) the closed straight line segment connecting x and y and for
¢e(z,y)nT'L denote

[ulay () = lim (u (6 + h(y — )~ u (6~ h(y ~)))

the jump of the function w at & in direction (y — x), i.e. [u],,(§) € £[u] (£). We can extend [u] to
by [u] (z) = 0for z € T\I'y, and define

1
. 2 2)?
sy = 190+ [1P)”

Hol (Q,F) — Cé (Q;F)”'HHI(Q;F) )

Then we find the following result:
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Lemma A.1 (Semi-discrete Poincaré inequality). Let 2 ¢ R¢ be a bounded domain. The space
H} (S4;T) is linear and closed for every s € [0, %) and there exists a positive constant C's > 0 such
that the following holds: Suppose there exists a constant C'y. > 0 such that for almost all (z,y) € Q2
it holds # ((x,y) NT") < Cy.. Then for every u € H} (Q;T") it holds

2 2
[ulzrs oy < Cs (C# [F[UHQ + “VUHL2(Q\F)) : (A1)
Furthermore, for every u € H' (Q;T') and every ) € R¢ it holds
2 2
S ) =t m)Pde <l (Cy [Tl + 19ulagoyr ) (A2

Proof. In what follows, given u € C}(Q;T"), we write Vu(z) = Vu(zx) if z € Q\I' and Vu(z) = 0
else. For y € R% we denote (7,y) = {z +s(y - ) : s€[0,1]}. Using 2ab < a* + b, we infer for
weCy(ST) and z, y € Q\I" such that (z, y) n I is finite the inequality

u(x) - u(w)l’ < ( > [uleyl@)+ [ Fawrs(y-2)- (x—y)ds)

&e(x,y)nl

<=y [ 1\W<x+s<y—x>>|2ds+( > [[uﬂz,y@))

ge(z,y)nl’
Since [u],, = [u] we compute

( > [[U}]x,y(f)) <H((@y)nD) 3 [u]*(6)

ge(z,y)nl’ ge(w,y)nl
and obtain
1
u(@) ~u@)f <le =y [ |Fi(x+s(y-a)[ as
+#((@y)nl) 3, [u]*(©). (A.3)

&e(z,y)nl

We fix 7 > 0 and consider the orthonormal basis (ei),-=17,,,7d of R%. The determinant of the first
fundamental form of I" is bigger than 1 almost everywhere. Hence we can observe that

LY P©w- [ ( Jor 2 [[U}]Q(f)dxz...dxd)dxl

&e(z,x+ner )Nl (x,z+ne1)nl’

: 2(2)dod
_‘é‘/;m((zlvl'l-Fn)de—l)[[uﬂ (I) o dxy
SU/[[UP(x)dx,

r

where we used that the surface elements are bigger than 1.. Furthermore, we have

o [t 2 M — 2
Ui . ‘VU($+S77€1)| ds=n . ‘Vu(a:+sel)‘ ds.

Replacing ¢, in the above calculations with any unit vector e, we obtain from integration of with
Yy =x +m,n =ne, over () that

o) e e <l (C [T+ 19082 )
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Dividing by |n| and integrating over i) € R?, we obtain that for every s € [0, 1) there exists a positive
constant C > 0 independent from u and K such that

||UH§{5(Q) <Co(Cy | [ul+ ||Vu||i2(§z\r) - (A.4)
r

Hence, by approximation, the last two estimates hold for all u € H} (Q;T').. O

A.2 Physical relevance of the geometric mean

Theorem A.2. Let S;; = S, (7, 7Tj) be a Stolarsky mean and let 1)* be a symmetric strictly convex
function with ¢p*(0) = 0. If 0, (S;;a;;) = 0 then S;; = \ /m;; and 1~ is proportional to C*.

Proof of Theorem[A2 The case S;; = \/m;m; and ¢*(£) = cosh  — 1 was explained in detail in [24].

In the general case, symmetry of ¥* in §; — &; implies ¥* (& —&;) = ¢* (J& - &;|). We make use
of the fact that the original C*(§) = cosh& — 1 is a bijection on [0, c0) and suppose that hence
P (& —&5) =0(C (& —&;)). This implies particularly that

0<20, (0(C*(2))) =200 (C*(x)) 0,C*(x).

Furhtermore, the symmetry of ¢)* implies by the last inequality that J¢¢/ (C*(z)) > 0. Inserting this
information in (3.7) and (3.8) we observe that

-1 -1
Sij(“———f)age(c (ln(u—)—ln(—]))) smh(ln(u—)—ln(—J))
Yy Uy 5 Uy 5 Uy
has to be independent from 7; and ;. From the above case S;; = | /7;7;, we know that

-1
(% U . U; Uj
ST | — - 2L |sinh{In[ =) -In| -2
Wﬂ](ﬂz‘ Wj)sm (n(ﬂi) n(ﬂj))

is constant in 7; and 7;. Hence it remains to show that

-1
-1 U; T i
i, ;) = Sij/mim; O | —— + ——
f (i, mj) IAVALKLY £w(ujm Uiﬂj)

is independent from 7; and 7; if and only if O¢1) = const and S;; = | /7;T;.

. -1 _ om .
Assume first that S;; /m; = = const. Then for p = :—j we obtain that

-1
U; _ ('
8p(8§0(u—Jp 1+u—zp) ):O

has to hold. This implies that 0:1) = const.
If S /7ri7rj‘1 # const, we use the definition of the weighted Stolarsky means given in (1.3) and note

that )
e [BEE T ﬁ(pa—l))”
Sij .—S(m,ﬂj)—(a(ﬁz@_ﬂf)) _Wj(a(pﬂ—l) ,
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where again p = *. Hence we obtain that
J

~ L(B(p>-1) Ui 1 U -
o )l

f (7Ti7 7T'j)

has to be independent of 7; and 7;. But then, f is independent of p. Now, we define a = Z—Z and
observe that

() (LN Ty

@p) \a((a2p) " - (a20)?)

We assume for a # . The case a = (3 can follows by continuity. For any p it should holds f(%
F(p), which implies

1

)\ (8(@n) - (@p)f) |

B(pz -
(p ) a((a2p)_§ _ (a2p)§)

or equivalently, after introducing ¢ = p,

w\m

-p
-p

w\m

(0 =)+ (0 =) 7+ (0 =) o () 0.

Since « # 3, one of the terms ¢**% grows faster than the other. Hence we conclude that a® = a*?
which means, a = 1, a contradiction. O

A.3 Properties of the Stolarsky mean

Lemma A.3. For every of the above Stolarsky means S, (x,y) it holds
1
0xS:(z,2) = 0,5, (v,2) = 5 and 0.5, (x,x) =08, (x,x) = -02,5x (x,x) = -02,5. (x,x) .

Proof. Since S.(z,x) = x and S, is symmetric in = and y, we find from differentiating 0,,S, = 0,5, =
1. From the last equality, we find 9,5, (z, )-8, S. (z, z) = 0 as wellas 9,5, (z,2)+0,S.(x,z) = 1
and differentiation yields

&S (w,x) - 078, (x,2) - 02,5, (x,x) + 82,5, (x,2) =0, (A.5)
925, (x,2) + 0,58, (w,2) + 02,5 (x,x) + 02 S, (z,x)=0. (A.6)

Since -07, S, (v,7) + 0., (x,x) = 0, equation yields 925, (z,z) = 025, (x,x). Inserting
the last two relations into yields 92,5, (v,7) = 02,5, (x,x) = =025, (v, 7). O

Lemma A.4. It holds B2)925, 5 (7, 7) = o= (a+ 3= 3).
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Proof. We know from Lemma that 0uSap(x,x) = 5 and 025, 5 (z,2) = =0,0, 54,5 (z,2).
Hence we find

I [ h 028, (x,2) Y o, o0
0pSap(x+h,x—h) - 5° ( h ) ( 0,05 s (2,2) ) =2h05S, 5 (v, ) .

We make use of the explicit form

0.5 (5. = (2)

«

G Y Cote 0 Lot Cet M E
(zF—y)azt  (a=f) z (a°—yP)
for z # y. We insert © = z + h and y = = — h and make use of the following expansions
((x+h)" = (x-h)")" = (Ozh:ca‘l)C (2¢+ 0 (h?))
B((z+h)" = (z=h)") (z+h)’ =208ha®P 1 + 2082h23 02

+ %aﬁh3 (a?-3a+38*-38+2)+0(h?)
a (($ +h)’ = (z- h)ﬁ) (z+h)* = 2aBha* P + 202 Bh2 22
+ %aﬁh?’ (B*-3B+3a*-3a+2)+0(h?)

(w+h) ((@+h) = (2~ h)ﬂ)2 = 4B2h2% T + 48R3 2 + O (hY)

a(@+h)’=(@=n)") (@+h) =B ((z+h) = (x=h)") (x+h)’

=2af (a - 3) h2x>*P=2 + O;)—ﬁh%a*ﬂ‘?) (22 -26%) + O (n?)

to obtain
B(xo—y*)af —a (P —yf)ar  a(a*2+hgae 2 (a+ §) + O (h?))
(a=p) x (2 -y?)* 28Tk L O ()
and ) 1
(o)t () ( (1 +0<h2>>)w‘1
(26 —yf)as '\ 271 (1+0 (h?)) ’
Together with
a+bh a bc-ad
== h h?
c+dh ¢ " c? +O( )
1+Clh2 ¢ ) 4
(1+bh2) ~ 1+ ch(a-b)+ 0 (hY)
we find

O0xSap(x+h,x—h)= (M)M ((1 +h%x*1 (a+ ) +O(h2)))

(1+0(h?)) 2(1+hx 1+ 0 (h?))
1 2(a+B)-2
_ (T%h)u)(h?)
and hence (3.2). O
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A.4 Approximation of potential to get the SQRA mean

The aim of this section is to provide a class of potentials which are easy to handle and which generate

-1
the SQRA-mean S_; 1 (70, T1) bBY Tmean = (%foh 7r‘1) . Clearly, choosing the constant potential

V(z) =V, :=—-log S_11(mo, m) we obtain right mean. Although this works for any means, this has
two drawbacks

1 The potential jumps and hence the gradient is somewhere infinite, which means that at these
points the force on the particles is infinitely high which is not physical.

2 Approximating a general function by piecewise constants, on each interval the accuracy is only
of order h. However, approximating a function by affine interpolation the accuracy is of order h?2
on each interval (see below for the calculation).

So we want to get a potential which may be used as a good approximation (i.e. approximating of order
h?), is physical (i.e. continuous) and generates the SQRA-mean. Note, that most considerations below
also work for other Stolarsky means. For simplicity we focus on the SQRA mean S_ ;.

A.4.1 Approximation order for linear approximation

Let us first realize that a linear interpolation provides an approximation of order h2. Let V' : [0, h] - R
be a general C2-potential. We define with V' (0) =V and V' (h) =V},

Vi =W

V([L’)ZVE)+ -

z.
Then one easily checks that
1
V(x)=Vo+0,V(0)x+ §8§V(0)x2 +O(h?)

and hence,
Vi = VWo

V(w)-V(x) = (&CV(O) _ ) - %agvm)x? +O(h).

Clearly, we also have
1 .
Vi =Vo+0,V(0)h + §8§V(O)h2 +O0(h?)

which yields

V(z) -V () - —%@%V(O)hx . %8§V(O)x2 L O(K?) = %8§V(O)(m _h)z+ O = O(h?).

A.4.2 Definition of potentials V which generate the SQRA mean

We consider a piecewise linear potential of the form

ch;lv(’x+vg ,x€[0,11]
V(x)= Ve T € [T1, 2]
%(I'—CEQ)"“/C 7$€[‘r27h’:|
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where 1, x5 € [0, h] are firstly arbitrary and V.. = —log S_; 1 (7o, 71) = %(Vh +Vp) . The potential is
clearly continuous. Then

h “hV.-Vo | h h V-V,

22 (which are in [0, 1/2]) , we want to solve %foh eV@dg =

Introducmg the ratios o = 5 and 3 =

e2 (V“VO). Indeed, introducing the difference of the difference of the potentials V' = V}, — V;,, we obtain

VI2 _1/ /o _ B B
P 0 e ST N 8 0
B eVR+V/[2-1 3718

Hence, any value «, 3 satisfying this ratio generates a potential with the SQRA-mean.

A.4.3 Proof that the potential approximates an arbitrary potential of order />

Since the linear potentlals approximates a general potential of order h? it suffices to approximate the
linear potential V by V. We show that there are «, 3 satisfying 2 5 = A, such that IV =V e =

O(h?). The difference of V and V is the largest at 2 = 2, or = = 25. We estimate both differences.
We have

Vi - %xl-\/()+on V(xy) = Vo + Y= Vo

‘7(1’1):‘/0 ZE2=‘/E)+(1—/B)V.

Hence we have to estimate
Ay =|Vo-Vo+aV], Agi=[Vo-Vo+ (1-B)V].

In the case of SQRA, one possible choice for o, Bis a+ 3 = 1. Then Ay = Ay = [V - V. + aV| =

Vo= Ve + 25V = =5[(1+ X)) (Vo - Vo) + AV|. We have V; - V. = =V /2, and hence
1 Vv
A=Ay = -1].
=8 =gl

One can check that A ~ 1+ V//3 and hence, A} + Ay = %2 ~ O(h?).
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