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ABSTRACT. For a smooth, bounded domain 2, s € (0,1),p € (1
equation

) we consider the nonlocal

2 (=AY u+u=1u" inQ

with zero Dirichlet datum and a small parameter € > (0. We construct a family of solutions that
concentrate as ¢ — 0 at an interior point of the domain in the form of a scaling of the ground state
in entire space. Unlike the classical case s = 1, the leading order of the associated reduced energy
functional in a variational reduction procedure is of polynomial instead of exponential order on the
distance from the boundary, due to the nonlocal effect. Delicate analysis is needed to overcome
the lack of localization, in particular establishing the rather unexpected asymptotics for the Green
function of £2*(—A)* + 1 in the expanding domain £~ {2 with zero exterior datum.

1. INTRODUCTION

Given s € (0,1),n € Nwithn > 2s, p € (1, 2£2%) and a bounded smooth domain 2 C R”, we
consider the fractional Laplacian problem

eB(—APU+U=U" inQ,
U=0 in R™\ Q,

(1.1)

where £ > ( is a small parameter.

As usual, the operator (—A)* is the fractional Laplacian defined at any point z € R" as

2U(x) —U(zx+y) — Uz —
(AU = o) [ FDZTEEY =Rt g,
n y n S
for a suitable positive normalizing constant ¢(n, s). We refer to [13, 24,34] for an introduction to the

fractional Laplacian operator.

We provide in the appendix a heuristic physical motivation of the problem considered and of the
relevance of our results in the light of a nonlocal quantum mechanics theory.

The goal of this paper is to construct solutions of problem (1.1) that concentrate at interior points
of the domain for sufficiently small values of €. More precisely, we shall establish the existence of a
solution U, that at main order looks like

x_éa

€

(1.2) U.(z) = w

Here g} is a point lying at a uniformly positive distance from the boundary 0f2, and w designates the
unique radial positive least energy solution of the problem

(1.3) (—A)Yw+w=uwP, we H*(R").

See for instance [17] for the existence of such a solution and its basic properties. See [3, 16, 20] for
the (delicate) proof of uniqueness in special situations and [21] for the general case. The solution w
is smooth and has the asymptotic behavior

(1.4) alz|~") < w(x) < Bl for |z > 1,

for some positive constants «, (3, see Theorem 1.5 of [17], and the lower bound in formula (IV.6)
of [6].

Our main result is the following.
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Theorem 1.1. If< is sufficiently small, there exist a point és € ) and a solution U, of problem (1.1)

such that
T — ge
U. —

and dist(fg, 082) > c. Here, c and C' are positive constants independent of € and ).

(1.5) < Ce s,

Besides, the point &, := &. /€ is such that

(1.6) H. (&) = gré}zn Ho(€) + O(e")
for the functional H. (&) defined in (1.17) below, where

Q T
(1.7) Qg.:Z:{g,er}.

The basic idea of the proof, which also leads to the characterization (1.6) of the location of the point
&. goes as follows. Letting u(x) := U(ex), problem (1.1) becomes

{(—A)Su +u=uP in ),

(1.8) w=0 iR\ O,

where (), is defined in (1.7).

For a given £ € ()., a first approximation ¢ for the solution of problem (1.8) consistent with the
desired form (1.2) and the Dirichlet exterior condition, can be taken as the solution of the linear
problem
—A)5ue + ue = w? in €2,

(1.9) (ZA)°8 + g = we e

ue =0 inR™\ Q,
where

we(x) == w(z — &),
The actual solution will be obtained as a small perturbation from u, for a suitable point § = &..
Problem (1.8) is variational. It corresponds to the Euler-Lagrange equation for the functional
(1.10)

1

I.(u) = %/ (—A)*u(z)u(z) + u’(z)) do — il W (z)dr,  u € H(),

where

Hi(Q) ={ue H°(R")st.u=0ae inR"\ Q.}.
Since the solution we look for should be close to @, for & = &, the functional £ — I.(t,) should
have a critical point near the £ = £.. We shall next argue that this functional actually has a global
minimizer located at distance ~ < from Of2..

The expansion of I. () involves the regular part of the Green function for the operator (—A)*+-1in
()., which we define next. In R™ the operator (—A)*® + 1 has unique decaying fundamental solution
I" which solves

(1.11) (—A)T +T' = 6.
The function I is radially symmetric, positive and satisfies
a g



for |z| > 1 and «, 5 > 0 see for instance Lemma C.1 in [21].
The Green function G for (—A)® + 1 in ). solves

{(—A)ng(x,y) + Ge(x,y) =6, if v € ).,

(1.13) Ge(z,y) =0 ifz e R"\ Q..

In other words

(1.14) Ge(z,y) :=T(x —y) — Ho(z,y)

where H.(x,y), the regular part, satisfies, for fixed y € R",

115 (AP Ho(2,y) + He(z,y) =0 ifzeQ,
(1.15) H.(z,y) = T(z — y) it e R\ Q..

We will show in Theorem 4.1 that for dist (&, 0€2.) > 0 /¢, with & > 0 fixed and appropriately small,
we have that

(116) I(3g) = Io + SHAAE) + o),

where I is the energy of w computed in R", and H.(£) is given by

(117 e = [ [ Hew) o) (o) dedy

We will show that H, satisfies

o g

< <
dist(g, o0 S Te8) S G an g

where a, > 0, for all points & € €. such that dist (&, 092.) € [5, d/¢], for & > O fixed, suitably
small, and £ < 4.

(1.18)

From (1.18) and estimate (1.16), we deduce the existence of a global minimizer . for the functional
I.(ug) for all small € > 0, which is located at distance ~ < from 9. The actual proof reduces
the problem of finding a solution close to w, via a Lyapunov-Schmidt procedure, to that of finding a
critical point & of a functional with a similar expansion to (1.16), as we will see in Section 7.

In the classical case (i.e. when s = 1 and the operator boils down to the classical Laplacian),
there is a broad literature on concentration phenomena: we recall here the seminal papers [28, 29]
and we refer to [2] for detailed discussions and more precise references. In particular, we recall
that [11, 12,28, 29] construct solutions of the classical Dirichlet problem that concentrate at points
which maximize the distance from the boundary: in this sense, Theorem 1.1 may be seen as the
nonlocal counterpart of these results. In our case, the determination of the concentrating point is
less explicit than in the classical case, due to the nonlocal behavior of the energy expansion. More
precisely, for s = 1 one gets the expansion parallel to (1.16),

(i) = I + SHL(€) + Ole

_ (2+0)dist(£,09Q¢)
€

),

where now
(1.19) Hg(f) ~ 672dist(£,8§25)/5
see for instance Y.-Y. Li, L. Nirenberg [28] (compare (1.19) with (1.18)).

In the nonlocal case, much less is known. Multi-peak solutions of a fractional Schrédinger equa-
tion set in the whole of R™ were considered recently in [10]. The analysis needed in this paper is
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considerably more involved. Concentrating solutions for fractional problems involving critical or al-
most critical exponents were considered in [9]. See also [8] for some concentration phenomena in
particular cases, and also [32] and references therein for related problems about Schrddinger-type
equations in a fractional setting.

The paper is organized as follows. The rather delicate analysis of the behavior of the regular part of
Green’s function is contained in Section 2. We estimate the function u in Section 3, thus obtaining
a first approximation of the energy expansion in Section 4.

The remainders of this expansion need to be carefully estimated: for this, we provide some decay
and regularity estimates in Sections 5 and 6.

The Lyapunov-Schmidt method will be resumed in Section 7 where we discuss the linear theory and
the bifurcation from it. A key ingredient is the linear nondegeneracy of the least energy solution w:
this is an important result that was completely achieved only recently in [21], after preliminary works
in particular cases discussed in [3, 16, 20]. Then we complete the proof of Theorem 1.1 in Section 8.

2. ESTIMATES ON THE ROBIN FUNCTION HE AND ON THE LEADING TERM OF THE ENERGY
FUNCTIONAL

Given £ € . and x € R", we define
Be(x) ::/ [(z=&T(z—2)d=.
R™\ Q.
Notice that, for any x € €. and z € R™ \ 2. we have
(2.1) ((—A)S + 1)F(x —2)=0dp(x —2) =0,
and so

(2.2) ((—A)S + 1)55(1;) — /W Dz —¢€) ((—A)S + 1)F(3} ~2)dz =0

for any x € (.. Our purpose is to use Bg(l’) as a barrier, from above and below, for the Robin
function H.(x, &), using (1.15), (2.2) and the Comparison Principle. For this scope, we estimate the
behavior of 3¢ outside (.:

Lemma 2.1. There exists ¢ € (0, 1) such that

(2.3) cH.(z,&) < fe(x) < ¢ Ho(x,€)
forany x € R" \ Q. and ¢ € ). with
(2.4) dist(&,00,) > 1.

Proof. First we observe that for any =z € R™ \ €2,

(2.5) | Bij2(2) \ €| 2 e

for a suitable ¢, > 0. For concreteness, one can take c, as the measure of the spherical segment
Si={z=(¢,2) e R xRst |z| <1/2and z, > 1/4}.

To prove (2.5), we argue as follows. If By /o(z) € (R™ \ €2.) we are done. If not, let p € (9).) N
B j2(x), with dist(x, 0€).) = |z — p|. Notice that the ball centered at « of radius |x — p| is tangent
to (). from the outside at p, and |x — p| < 1/2.
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Up to a rigid motion, we suppose that p = 0 and x = |x|e,,. By scaling back, the ball of radius |Z|
centered at & := cx = ¢l|z|e, is tangent to {2 from the outside at the origin, and || = ¢|z| =
elz —p| < e/2.

From the regularity of {2, we have that there exists a ball of universal radius 7, > 0 touching €2 from
the outside at any point, so in particular B, (r,¢e,,) touches €2 from the outside at the origin, hence

(2.6) B, (r.6,) CR™\ Q.
We observe that
(2.7) T+eX C B, (r.en).

Indeed, if z = (2, 2,) € & +eXtheneX 3 z — & = (¢, 2z, — |2]) and s0 2z, — |Z| € [¢/4,¢/2]
and |2| < |z| < €/2. Hence, for small £, we have thatr, — z, > 1, — |2]| — (¢/2) > r, —e > 0,
andr, — z, <1, — |Z| — (¢/4) <1, — (¢/4) and so

€
|Zn_ro|:T0_Zn<ro_Z
that gives
€\2 €\2
el = 124 < (5) 4 (ro- )
2+52+52 2r05<
=ri4+ —4+—— r
° 16 4 2 ?

if € is sufficiently small. This proves (2.7).

As a consequence of (2.6) and (2.7), we conclude that & + €3 C R™ \ (2, that is, by scaling back,
x + 3 C R™\ Q.. Accordingly,

(Ba@)\ ) 2 Bis(a) N (a +5) =7+ 3
and this ends the proof of (2.5).
Now we observe that if a, b € R" satisfy |a — b| < |b — £|/2, min{|a — &[, [b — &|} > 1 then
(2.8) I'(a—§&) <CT(b—¢)

for some C' > 0. Indeed,
b —¢]
2

e e R R
and so, from (1.12),

n+2s
I(a—¢) < ¢ 2

_ ¢ln+2s 3 _ ¢|n+2s
la—¢] b — ¢

This proves (2.8), up to relabeling the constants. As a consequence, given = € R™ \ )., we apply
(2.8)witha := zand b := z € Bys(x) \ €., we recall (2.4) and (2.5) and we obtain that

Be(x) > / (s — ) T(x — 2) d
B /2(2)\Qe

< 2PBCA0(b — €).

WV

Cl/ [(x—=&(x—2)dz
Bl/z(fc)\Qs

C'T'(z —¢) inf T'(y) |Bij2(x) \ |

yEBy /2

> ¢, C7'T(z— &) inf T(y).

yEB1 /2

WV
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This proves the first inequality in (2.3), since x € R™ \ ). and so
(2.9) [(z —¢&) = He(x, ).

Now we prove the second inequality in (2.3). For this, we use (2.8) once again (applied here with
a := z,b:= x and recalling (2.4)) and the fact that

(2.10) / ['(z)dz =1

to see that

(2.11)

I = F(z—g)F(a:—z)dzéC/ Fx—=¢lN(x—2)dz < CT(z—¢).
Blp_g)/2(2)\Qe Blo—¢|/2(7)

On the other hand, if 2 & Bjy_¢|/2(x), we have that [z — 2| > |« — £|/2 and so, by (1.12)

C 2
(&= 2) z — 2|2 S [ — g (z =)
Consequently
L= / (2—€) T(a—2)dz < ' / [(2—&) T(2—8) dz < C'T(x—8),
R\ By _¢|/2(2) R™\ B\, _¢|/2(x)

for some C” > 0, thanks to (2.10). From this and (2.11) we obtain that
Be(x) <L+ L < C'T(z =€),
for some C” > 0. This, together with (2.9), completes the proof of (2.3). O
Corollary 2.2. There exists ¢ € (0, 1) such that
cH(z,§) < fe(x) < ¢ He(z,)
forany x € R"™ and ¢ € Q. with dist(&, 092.) > 1.

Proof. The desired estimate holds true outside €)., thanks to (2.3). Then it holds true inside €, as
well, in virtue of (2.2), (1.15) and the Comparison Principle. ]

The above result implies an interesting lower bound on the symmetric version of the Robin func-
tion H.(&, &), and in general for the values of the Robin function sufficiently close to the diagonal,
according to the following

Proposition 2.3. Letd € (0,1). Let§ € Q. with
d = dist(€,00.) € {2, g .

Letx,y € By»(&). Then

Co
H.(z,y) > it

for a suitable c, € (0, 1), as long as ¢ is sufficiently small.

Proof. Let z € R™ \ €).. Notice that

|z — ¢l
2

N QL

(2.12) -yl <5 <



and so

3
(2.13) 2=yl <z =g+ eyl < gl =&l
Similarly,
3

(2.14) |z — x| < §|z—§|.
Another consequence of (2.12) is that

2 =&l _d
(2.15) =yl z = -y > —5—2>52>1

hence dist(y, 0€).) > 1 (as a matter of fact, till now we only exploited that d > 2). Notice that in
the same way, one has that

(2.16) |z — x| > L.

Therefore we can use Corollary 2.2 with £ replaced by y and so, recalling (1.12), (2.15), (2.16),
(2.13) and (2.14), we conclude that

HE(%?J) > Cﬁy(w)
:c/Rn\Q I(z—y) '(z—2)dz

(2.17) ¢ 1
>

1
/
Zc /]R"\Qe |Z _ £|2n+4s dz

dz

Yy — Z|n+2$|x _ Z|n—|—2s

for a suitable ¢ > 0.

Now we make some geometric considerations. By the smoothness of the domain, we can touch 2
from the outside at any point with balls of universal radius, say r, > 0. By scaling, we can touch (2,
from the exterior by balls of radius 7, € !, and so of radius d (notice indeed that d < de ™! < r,e!
if § is small enough). Let n € 0S). be such that |¢ — n| = d. By the above considerations, we
can touch (). from the outside at 17 with a ball B of radius d (i.e. of diameter 2d). We stress that
B C R"™\ €, that |B| > ¢d" for some ¢ > 0 and that if z € 3 then
|2 =&l <[z —nl+[n—¢&l <2d+d=3d
These observations and (2.17) yield that
1
/ / —(2n+4s) __ 1 a—(2n+4s) 5 7—(n+4s)

H.(z,y) > ¢ /B—|Z—§|2”+45 dz > ¢ (3d) |B| =¢'3 cd ,

as desired. ([l

There is also an upper bound similar to the lower bound obtained in Proposition 2.3:

Proposition 2.4. Let{ € €. withd := dist(§, 0€0.) > 2, and x,y € By/»(§). Then
Co

H.(z,y) < s

for a suitable C', > 0.
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Proof. As noticed in the proof of Proposition 2.3 we can use Corollary 2.2 with £ replaced by y.
Then, since By(§) C €2, hence (R™ \ Q) C (R™\ By(€)), and therefore we obtain that

H.(z,y) < c'8,(z) < 0_1/ I(z—=¢&T(z —2)d=.
R™\Bg(§)
Also, if z € R™\ B4(§), we have that
d
p—al2 =gl -l —al>d—lc—al > 3,
hence, by (1.12),
1
H.(z,y) < 6_102/ dz
R\ By (€) ‘Z _ €’n+2s‘z _ x’n+2$
1
< rCA2/d)v / S —
h Re\B() |2 — €M
By computing the latter integral in polar coordinates, we obtain the desired result. O

It will be convenient to define for any & € (2.,

(2.18) M. (z,§) := i He(z, y)wg (y) dy.

As a consequence of Proposition 2.4, we have
Lemma 2.5. Let{ € Q. withd := dist(§,080) > 2. Letx € Byys(§). Then

C
H€<l’,£) < dn+4s

for some C' > 0, where 1. (z, §) is defined in (2.18).

Proof. We split the integral into two contributions, one in Bd/4(§) and one outside such ball.

We can use Proposition 2.4 to obtain that, for y € Q. N By/4(§), it holds that H. (z,y) < Cod ™%
and so

n

Ty = / H.(z,y)wi(y)dy < Cod™"~* / wi(y)dy < Crd ™",
QeNBgy4(€)

for some C; > 0.

Now we consider the case in which y € €. \ Bg/a(§). In this case, we use (1.4) to see that
wg (y) < Coly — £|7P(+25) for some C'y > 0. Also, in this case,

d d
4 8

d
ly—x| = ly—¢& — |z —§& > 3

hence, since by maximum principle

Cg 04
(219) He(x>y) g F(l’ - y) g ’Q? . y’n+23 g dn+2s’

for some C3, C; > 0. As a consequence

C2Cy —p(n+2s) Cs
T 1= / H.(z,y)w?(y) dy < ﬁ/ ly — €772 g = 5
Q\Bya(6) ¢ A2 Jem 406 B p(ni2s)

for some Cs > 0. In particular, since d > 1 and p > 1, we see that m, < Csd~"~** and therefore,
recalling (2.18), we conclude that IT. (z, &) < 7 + o < (Cy + Cs)d "%, O
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The function H. defined in (1.17) will represent the first interesting order in the expansion of the
reduced energy functional (see the forthcoming Theorem 4.1 for a precise statement). To show that
this reduced energy functional has a local minimum, we will show that H. (and so the reduced
energy functional itself) attains, in a certain domain, values that are smaller than the ones attained
at the boundary (concretely, this domain will be given by the subset of (2. with points of distance /¢
from the boundary, for some § € (0, 1) fixed suitably small possibly in dependence of n, s and €2).

To this extent, a detailed statement will be given in Proposition 2.8 and the necessary bounds on H,
will be given in the forthcoming Corollaries 2.6 and 2.7, which in turn follow from Propositions 2.3
and 2.4, respectively.

Corollary 2.6. Letd € (0,1).

Leté € Q. with
d = dist (&, 092.) € [2, g} :

Then

C
HE(&) 2 dn+457

for a suitable ¢ > 0, as long as ¢ is sufficiently small.

Proof. Notice that B (£) C Bgjs(€) C .. So, by Proposition 2.3, H.(z,y) > c,d~ ™) if
z,y € B1(§) and

2
H.(&) > / H (v, y) wi(z) wi(y) dvdy > Cod™ (49 (/ wP(2) dz) . O
By (§) ¥/ B1(£) B

1

Corollary 2.7. Let¢ € ). withd := dist(&, 0€).) > 5. Then

C
Hg(f) < qn+as’

for a suitable C' > 0.

Proof. We split the integral in (1.17) into three contributions: first we treat the case in which z,y €
Ba/2(§), then the case in which z, y € R™\ By/»(&), and finally the case in which = € B,/,(&) and
y € R™\ Bys(&) (the case inwhich y € By/s(§) and x € R™\ By/o(&) is, of course, symmetrical
to this one).

In the first case, we use Proposition 2.4, obtaining that

/ dz / dy H. (. y) wl(z) wl(y)
Bgs2(€) Ba2(8)
2
(2.20) < Cyd= (49 </ wP(2) dz)
B2

2
< Cyd™(nH49) (/ wP(z) dz) :
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In the second case, we use twice the decay of w given in (1.4), (2.19) and (2.10), obtaining that

/ dr / dy H.(x, y) w?(x) w? (y)

<ov [ [ dgle gy Iy
R™\By/2(§) R™M\Bg/2(§)

ey <CT@R [ [ gyl g n - y)
R™\Bg/2(§) R™M\Bg/2(§)

< O (d/2) P2 / i / 40 || ~7"+29 1 (9)
R™\ B2 n

< C'd~ 2p(n+2s)+n

<Cld n+4s)

for some C’ > 0.

As for the third case, we take = € By 2(£) andy € R™\ By/2(§) and we distinguish two subcases:
either |[x — y| < d/6or |x — y| > d/6.

In the first subcase, we use a translated version of Proposition 2.4. Namely, if z € By/»(§), y €
R"™\ Bg/2(§) and |z — y| < d/6 we take € := (x + ),/2. Notice that

d d

E-vl<le—al+lz—yl<5+5

and therefore

. d d d 7d

_ &l = — 2| < |z — —¢l <3 5T =)= &

206 =&l =z +y) =2 < |z =&+ ly — ¢ 2+(2+6> G
As a consequence
R . d bd

(2.22) d = dist({, 0Q.) > dist(&,09.) — [§ — &| > ; 12
In particular
(2.23) d>2

A

Also, by construction z — £ = £ —y = (z — y)/2, and so
. . 1 d
v =€l = 18—yl =Slr —yl < ;3
This and (2.22) say that
(2.24) 2,y € Bypa(§) € By(8).

Thanks to (2.23) and (2.24) we can now use Proposition 2.4 with £ and d replaced by é and cZ,
respectively. So we obtain that, in this case,

c, C

(2.25) H.(z,y) < Tt S T

for some C' > 0, where (2.22) was used again in the last inequality.
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So, we make use of (1.4) and (2.25) to obtain that

/ da / dy H.(z, y) wl(z) wl(y)

B2 (€) Bgss(®)\Bg/2(€)

<W0d““/ (Q/ dyw!(z) |y — ¢ 72
Bgya(§ Bg/e(x)\Bay2()

—(n+4s) / d:l?/ dzw ) ‘Z|—p(n+25)
" "\Bg/2

C~1 d—4s p(n+2s)

(2.26)

//\

N

<Cd- )

Finally, we consider the subcase in which z € By/s(§), y € R\ Byy2(§) and |z — y| > d/6. In
this circumstance we use (1.4), (2.19) and (1.12) to conclude that

d d H& , p P
/Bd/2(£) x/Rn\Bd/z(f) y H.(x y)wg(iv)wg(y)

{le—y[>d/6}

<o [ an ATl - ) udla)ly - €0
Bgy2(§)

R™\Bg(€)
{lz—y|>d/6}

(2.27) < Q 5 dx /R"\Bd/Q(g) dy |x —_ y| (n+2s) ( ) |y §|—p (n+2s)
a/2(8) oyl od/6}

IQ

(d/6)" / dx / dywl(z) [y — €729
" "\Bg/2(§)

d- 2s—p(n+2s)

for suitable C, C > 0. From (2.26) and (2.27) we complete the third case, namely when = &
Byja(&) andy € R™ \ Byyo(€), by obtaining that

(2.28) / dx/ dyH.(z,y) w{(z) w(y) < (C + C)d~(n+49),
B2 (€) R™M\By/2(§)
The desired result follows from (1.17), (2.20), (2.21) and (2.28). [

For concreteness, we summarize the results of Corollaries 2.6 and 2.7 in the following

Proposition 2.8. Let§ > 0 be suitably small and
(2.29) Q.5 = {x € Q. st dist(x,00.) > d/c}.

Then 'H. attains an interior minimum in €2, 5, namely there exist ¢, cz > 0 such that

< mmH

£\ ntis
) <gin

min H, < 1" < ¢y (—
QE,E 6

Proof. Let §, to be the maximal distance that a point of {2 may attain from the boundary of ). By
scaling, the maximal distance that a point of ). may attain from the boundary of €). is J, /. Let &,
be such a point, i.e.

Ox

d, = dist(&,, 09 ) = —
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For 4 sufficiently small we have that &, € (2. 5. So, by Corollary 2.7,

n-+4s
C 06 n+4s

I&{?Hs < Hs(g*) < d2+45 - 6f+4s = (¢ )

for a suitable ¢; > 0. On the other hand, by Corollary 2.6,

n+4s

ce
e
minHe > s

which implies the desired result for ) appropriately small. 0

3. ESTIMATES ON ﬂg AND FIRST APPROXIMATION OF THE SOLUTION

Now we make some estimates on the function u, introduced in (1.9), by using in particular the
auxiliary function II. in (2.18). For this, we define, for any £ € ).,

(3.1) Ae(z) == / wg (y)I'(z — y) dy.
R™M\Q.

We have the following estimate for Ag:

Lemma 3.1. Letx, § € Q.. Assume that d := dist(&, 0€).) > 1. Then

where C' > () depends onn, p, s and ).

Proof. Ify € R™\ €. then |y — &| > dist(&, 0€2.) > 1 therefore, by (1.4),
we(y)| = lw(y — &)| < Cly — &) < Ca=29),
As a consequence of this, and recalling (2.10), we deduce that

P p
/ wg(y)f‘(a: —y)dy < (Cdf(mzs)) / D(z —y)dy < (Cd’(”Hs)) 0
R\, RM\Q,

Lemma 3.2. Letx, & € Q.. Assume that d := dist(£,0€).) > 1. Then

(3.2) te(x) = we(x) — Ae(x) — I (x,€)
and

~ C
(3.3) 0 < we(x) — ug(z) — e (z,€) < PICESTTE

for a suitable C' > () that depends onn, p, s and ).

Proof. First of all, notice that w = w? x I, since they both satisfy (1.3), thanks to (1.11), and
uniqueness holds. As a consequence

84  we(r)=w(e—€) = /

R”

wh(x —§—y)l'(y)dy = / wg (y)I'(z —y) dy.

n
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Similarly, recalling (1.9), (1.13) and the symmetry of G, we see that

te(x) = / Ue(2)04(2) dz

Qe

_ / ae(2) (~A) + 1)Ge(z,2) dz
Qe

= / wi(2)Ge(z, 2) dz
Qe

= / wg ()l (z — z) dz —/ wg (2)Ho (7, 2) dz
Qe €

= wg(2)(z — 2) dz — / wg ()1 (z — 2) dz — / wg (2)He (7, 2) dz.
R R™\Q. .

This, (2.18), (3.1) and (3.4) imply (3.2), which, together with Lemma 3.1, implies (3.3). [

Lemma 3.3. Let& € (). Assume that d := dist(, 0€2.) > 2. Then

_ C
/ wé’ 1(37) Ag(l’) HE(ZE,S) dx é W,

for a suitable C' > () that depends onn, p, s and ).

Proof. First of all, we notice that for y € R™ \ €. we have |y — £| > d > 1, and therefore, thanks
to (1.4),
lwe(y)] = Jw(y — &) < Cly — 6’7(n+23) < Cd (29,

Hence, recalling (3.1),

| w7 @A) (o, €) da
Qe

<ca e [ o [y @ - L.
£ n\Qs

< Cd-m2ep / dw/ dy wg_l(x)F(x —y)(z, &)
{le—¢l<d/4} R™\Q2e

+ Cd—(n+25)p/

{le—¢[>d/4}

o [ dyuf @)Dl - LG
R\Q.
:Ill -+ [2.
Now, thanks to (3.3), we have that I1.(z, {) < we(z), and so
II

(3.6) w? () e (z, ) < wh(a).

Therefore, I; can be estimated as follows:

I < C’d_("+25)p/ da:/ dy wi(z) T'(x — y)
{lz—¢|<d/4} R™M\Q.

< Cd("“s)p/ dx/ dy wg(z) T(x — y).
{le—¢l<d/4} R™\Bg/2(£)
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We notice that, in the above domain,

l\DI&
%I&
e~

-yl = ly—¢& — |z —§& >

hence

C
F(.I’ - y) g _ y|n+23 '

Now, we can compute in polar coordinates the following integral

/ 1 du < C
——dy < —,
R\ By 0(6) [T — Y[+ d?s

up to renaming the constant C'. This and the fact that w? is integrable give

w? (x
I, < Cyd=(m+29r / dx / dy %
(o—el<d/y  JEMByu@) 1T =Yl

(3.7) < C2d—(n+2s)pd—25/ wg(x) dr
{lz—¢|<d/4}

< C«Bd—('rL—i-Qs)pd—Qs7
for suitable C, Cy, C3 > 0. Now, if |z — &| > d/4 then, thanks to (1.4),
|we ()| = |w(z — &)] < Cla — |72,

This together with (3.6) and (2.10) implies that

I, < C’d(”+25)p/ d:z:/ dy we(z)0(z — y)
{le—¢l>d/4} R™M\Q.

F _
(jo—€|>d/4} R\, | —§|(nT2ep

< C//d—(n—i-Qs)pd—(n—l—Qs)p—f—n’

for suitable C’, C” > 0, where in the last inequality we have computed the integral in dx in polar
coordinates and used (2.10). Putting together (3.7) and (3.8) and recalling (3.5) we get the desired
estimate. ]

Lemma 3.4. Let¢ € Q. and p := min{p, 2}. Assume that d := dist(&, 0S2.) > 2. Then
C
p—1 2

for a suitable C' > ( that depends onn, p, s and ).

Proof. First we observe that
if p > 2then 2(n + 4s) = p(n + 4s) = p(n + 2s + 2s) > p(n + 2s) + 2s,
(3.9) if 1 <p<2thenp(n+4s) = p(n +4s) = p(n + 2s + 2s) > p(n + 2s) + 2s,
(n+2s)(p+1)—n=ph+2s)+2s > p(n+2s) + 2s.
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Now, we can write the integral that we want to estimate as

| w1, ds

£

el wt o) (€ do + Wl (@) (2, €) da
{lz—€1<d/8} {lz—¢€|>d/8}
:Zfl + [2.
If p > 2, to estimate /; we use Lemma 2.5 together with the fact that w5 Lis integrable to get
I < ¢
If 1 < p < 2, we notice that, thanks to (3.3), II.(z, §) < we(z) and so

we (@) T2 (2, &) = wi () 277 (2, ) T2(, €) < wf ™ () wy P () T (1, €) = we () T2 (a2, €).
Therefore, using again Lemma 2.5 and the fact that wy is integrable, we obtain

e[ we(w) I2(x,€) da
{l=—¢|<d/8}
C

< T/ we(z) dx
AP J e el<aysy
C

S dp(n+4s)”

To estimate /5, we use (3.3) to obtain that I1. (, {) < we¢(x), and so wy )2 (x, €) < p+1(:7c).

This implies that
I, < / wé’“(x) dr.
{lz—¢>d/8}

Since |z — &| > d/8, thanks to (1.4), we have that
jwe(2)] = Jw(z — )] < Cla — ¢+,

Therefore, computing the integral in polar coordinates,

(3.12)

3.13 I, < ¢ dr < ¢

1) e {lz—¢|>d/8} |z — |2+ v dn+2s)(pl)—n’

Putting together (3.11), (3.12) and (3.13) and recalling (3.10), we obtain the result (one can use (3.9)
to obtain a simpler common exponent). [

Lemma 3.5. Letd € (0,1). Let& € Q). such that d := dist(&,0Q.) > d/e. Then
/Q wé’*l(x) Af(x) da < C gWnt2s)=n,

for a suitable C' > ( that depends onn, p, s, d and (2.

Proof. We use Lemma 3.1 and the fact that € is bounded to obtain that

_ C _
/Q wy 1(;1:)/\?(3:) dr < W/Q w? Y(z) dx
C' ok o4 €2p(n+23)

S d2p(n+2s) |Q€’ S d2p(n+2s) on =~ §2p(n+2s)gn ’

for suitable C’, C"" > 0. This implies the desired estimate. O
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4. ENERGY ESTIMATES AND FUNCTIONAL EXPANSION IN ﬁg

In this section we make some estimates for the energy functional (1.10). For this, we consider the
functional associated to problem (1.3):
(4.1)
1 1
I(u) = 5/ (—A)*u(z) u(z) + u’(z)) do — 1 uP(z)dw,  u € H(R™).
n P R

Theorem 4.1. Fix§ € (0,1) and € € ). such thatd := dist(&, 0€2.) > /. Then, we have
~ 1 n+4s
(4.2) IE<U§) = I(w> + §H€(£) + 0(5 )7

ase — 0, where I is given by (4.1), w is the solution to (1.3) and H.(&) is defined in (1.17), as
long as ¢ is sufficiently small.

The following simple observation will be used often in the sequel:
Lemma4.2. Letd > 1 andq > 1. Then

/ wi(2) dz ¢
R™\Bs(£)

onlg—1)+2sq’

N

for some C' > 0.
Proof. First of all we observe that

n—1—(Mn+2s)g<n—1—(n+2s)=-1-2s<—1

and therefore

e 1—(n+2s)q 4 —5n_(n+25)q
4.3 1=t 29)a g — .
(43) /5 p P (n+2s)qg—n

Now, we use (1.4) to see that

C oo
wq(z) dz < / = dr= C’/ pnflf(n+2s)q dp
/R"\Bcs(ﬁ) ¢ B\ By (g) [T — €[0T 5

for some C” > 0. This and (4.3) imply the desired result. [

Corollary 4.3. Let& € Q), withd := dist(£, 0€2.) > 1. Then

C
p+1
/ we (2)d2 < gy

for some C' > 0.

Proof. Notice that (R™ \ ©.) C (R™\ By(€)) and exploit Lemma 4.2. O



Proof of Theorem 4.1. Using (1.9) and (3.2), we have

L) =5 [ (At + i) nga) de = [ 7w e
-1 / ) () d ]ﬁ [ @) as
9y -5/ w§<1x> (we(z) — Agla) ~ T (x,€)) do
ot [ ) = Al - e )
~(3-737) [ b @ e = [ wle) heto) + M0 6) o
1

P 1) [wf ™ (2) = (we() — Ag(x) — Ie(x,€))""] da.

We notice that the first term in the right hand side of (4.4) can be written as

11
(3 51) [ e wa
1 1 pt 1 1 / +1
e _ d _ I D d
<2 p+1)/nwf (v) dx (2 p+1) g, S (z) do

1 1
= 7 N p+1 d
(w) (2 P+ 1) /Rn\ﬂe e (z) dz.

since w is a solution to (1.3). Therefore,

(1) = I(w) — (% - 1%) /W wit (z) do
1
— 2 | wl(x) (Ae(2) + To(x, €)) da
(4.5) ? /Q ) 5

+ ]ﬁ 0. [wgﬂ(l’) — (we(x) — Ag(z) — Hs(x7£))p+1} dr

where

and  J3:= / [wé’“(as) — (we(x) — Ag(x) — Ha(x,g))pﬂ] dr...

Now, we estimate separately J;, J> and .J3. Thanks to Corollary 4.3, we have that

C C
B 1 np+25(p+1)
(4.6) J1 = /Rn\ﬂ we (1) dr < Jrp2s(prl) S Srp+2s(pr1) - '
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Concerning J,, we write it as
Jo = Jo1 + Joao,

where

Jo1 ::/ wg () Ae(z) d,
Qe

Jao ::/ wg () e (z, §) do
Qe

Recalling the definition of A¢ in (3.1) and the estimate in (1.4), we have that

ot = / da / dy wl(z) wl(y) Tz — )
5 Rn\Qs
I'(z—y)
C dx/ d U)p Xrx)————————
o, W g

Qe
< ¢ d dywt(z) T
S Jr2op E x . ng(:z:) (z —y)

C
= T (/ o[ @y [ @[yt - )

{la—y|<d/2} {la—y|>d/2}
We notice that, if z € 2. and y € R™ \ Q. with |z — y| < d/2, then

d d
—&l =y - —ylzd-2=2
e =& Zly—& —|v—yl > 5 = 3

Therefore, using (1.4), (2.10) and the fact that €2 is bounded, we have

Iz —y)
/de/ o dng( z) I'( /sdx/ . _§|(n+25)p

{lz—yl<d/2} {l=— y\<d/2}

< d dYy——————
/5 x/n |x_€’n+2s

(49) C// 1/d n+23 p|Q ’
C///
d(n+2s)pen
C///
S §(n+2s)p

<

(n+2s)p—n
)

for suitable constants C’, C”, C"” > 0. Moreover, if |x — y| > d/2, we use (1.12) to get

d d d —w]g(x)
/ 17/ R\ Qe yw ( ) /n :E/ R"\SZE x_y|n+2s

(4.10) —y|>d/2} —y|>d/2}

—25
Cd ﬁ€

) |
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for some C' > 0. Putting together (4.9) and (4.10) and recalling (4.8), we obtain

" ~
Ja1 < ¢ ( ¢ glnt2s)p—n %525)

dn+2s)p \ §(n+2s)p 52
(4.11) .
for suitable C' > 0. Therefore,
(4.12) Jo = Joz + 0(e") = /Q wg () M (2, &) dx + o(e").

To estimate .J3 we expand w?“(m) in the following way

wit(z) = ag " (2) + (p+ Duwf() (we (@) — () + cpaf () (we(z) — ag(z))?,
where 0 < ¢ < ag < we and ¢, is a positive constant depending only on p. Therefore, recalling
(3.2) and (4.7),
(4.13)

Ji= [ [ @) - (wele) = Acla) ~ T, )] d
Qe
_ / (W™ (@) — " (2)] da
-+ 1) | (o) (Aee) + T ) do ¢, [ o7 (o) (hele) + Mo €))* d

— (o4 )(or + ) + 6, / o2 (2) (Ae(x) + 1.z, €))7 da.

Qe

Since a¢ () < we(x), we have that

/ oM (2) (Me(z) + (. €))% de

£

< / W) (Ae(z) + L (2, €))? da

= [l @A) e [ @ de+2 [ 0l @) Aela) (e, e

£

Hence, from Lemmata 3.3, 3.4 and 3.5 (together with the fact that d > /<) we deduce that

/ O{gfl(x) (Ag(x) + H5<SL’,£))2 dr < 05(82p(n+23)7n + g(n+23)ﬁ+2s + €(n+2s)p+2s),

€

for some Cj, where p = min{p, 2}. The last estimate, (4.11) and (4.13) give

(4.14) Jzs=(p+1)Jo +o0(e"™) = (p+1) / wg (z) (x,€) dx + o(e"+).

€

Putting together (4.6), (4.12) and (4.14) and using (4.5), we get

I(ug) = I(w) + %/ wé’(aj) I.(z, &) dw + o(e").

Thus, recalling the definitions of I1. and H. in (2.18) and (1.17) respectively, we obtain (4.2). 0

€
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5. DECAY OF THE GROUND STATE w
In this section we recall some basic (though not optimal) decay properties of the ground state and
of its derivatives.

For this, we start with a general convolution result:
Lemma 5.1. Leta, b >n,C,, C, > 0and f, g € L=(R"), with
f(@)] < Ca(1+ |2])7 and |g(x)] < Cy (1 + |2]) 7"
Then there exists C' > 0 such that
[(f*9)(x)] <C A+ z]),

with ¢ := min{a, b}.

Proof. Fix x € R" and r := |x|/2, and observe that if y € B,.(x) then

T
9l > Jal 2 ] > [o] 7 = 2]

As a consequence

/ C, Ch dy</ C, Ch dy
1) B (Ll =yl T+ uD" " = o U+l =yl 1+ (|21/2))°

o C / 1 du < C

X YXx 77

1+ [z))" Jrn (14 [z —yl)® (14 [a])?

up to renaming constants. On the other hand, if y € R" \ B,.(x) then |x — y| > r = |z|/2, thus

/ C, Ch dy < / C, Cy dy
G2 JEAB A+lz—yhr A+ "~ Jemsw 1+ (2l/2)* 1+ ly)P

< C / 1 dy < C
S @) e Ty T T (L )
Putting together (5.1) and (5.2) we obtain the desired result. [

Now we fix £ € ). and we define, forany i € {1,...,n},

o 811)5

t 85(,’1 ’

where wye is the ground state solution centered at £. Moreover, we denote by Z the linear space
spanned by the functions Z;.

(5.3)

We prove first the following lemmata:
Lemma 5.2. There exists a positive constant C' such that, foranyt =1, ..., n,
12 < Cle — €™, forany|x — € > 1,
where v := min{(n + 2s + 1), p(n + 2s)}.
Proof. Given R > 0, we take 'y p € C®°(R"), with 0 < I''p < 'inR"and 'y p = T
outside Bp, and we define I'y p :=I' — I'y . We use (1.11) to write

(5.4) w=I%xwl =T g*xw’ +Typ*w’.
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We assume, up to translation, that £ = 0. Then, our goal is to prove that, for any £ € N we have
that

ow
. (z)] <

(5.5) Cro(1 + |z]) %),

where
v(k) == min{(n+2s+ 1), p(n+2s), k(p — 1)(n + 2s)} = min{vy, k(p — 1)(n + 2s)},

for some C), > 0. Indeed, the desired claim would follows from (5.5) simply by taking the smallest k
for which k(p — 1) > p.

To prove (5.5) we perform an inductive argument. So, we first check (5.5) when k = 0. For this, we
use the fact that w € L°>°(R"™) and that ' € L'(R") to find R > 0 sufficiently small that

1
Ny)dy < ———.
/BR 2p ||wl| Lo (mn)

This fixes 12 once and for all for the proof of (5.5) when & = (. Hence, we use the sign of I';  and
the fact that I'; = 0 outside B, to obtain that
1

5.6 / Ty oly) dy = / Ty p(y) dy < / Ton(y) + Ton(y)dy < —————.
. . . 2 1wl o

Then, forany ¢ € (0, 1), we define D;w(x) := (w(z +te;) —w(x))/t and we infer from (5.4) that

(57) th = (Dtrl,R) * wP —+ F2,R * (thp).
Also, from formula (3.2) of [17] we know that
(5.8) IVD(z)| < C x|~ forany |z > 1

As a consequence, if || > 2 and n € B;(z), we have that

il > Jal o=l > 2 51,

hence

IT(x +tey) —T(x)| <t sup |VI(n)| <Ct |x|_(”+25+1),
n€Bi ()

up to renaming C. This gives that |D,I'(z)| < C (1 + |z|)~"*2+YD and so | D'y g(z)] <
C (1 + |z|)~ (251 Accordingly, we have that

59) (DT1) 7] < [0l [ DTl dy < €
Rn

Also
-1
WP (z + te;) — wP(z)] < pllwllf<gn lw(z +te;) —w(z)].
This says that
| Dy ()| < p llwlf= gy [Dew()].
Moreover ” ||
2 ||w Lo (R
[Dwa)| € =52,
hence we can define
M(t) := sup |Dyw(x)|,

TER?
so we obtain that

[Diw? ()] < p l[wll]= e M(2),
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for every x € R", and thus

n

Canx (Dw)(@)] < | Tan(y) Do~ v)ldy

M)

< pllfdn 200) [ Tty < 257
Rn

thanks to (5.6). Using this and (5.9) into (5.7), we conclude that

M(t
By taking the supremum, we obtain that
M(t
M(t) < C+ 2( ),

and this gives, up to renaming C', that M (t) < C'. By sending ¢ \, 0, we complete the proof of (5.5)
when k£ = 0.

Now we suppose that (5.5) holds true for some & and we prove it for £+ 1. The proof is indeed similar
to the case k = 0: here we take [? := 1 and use the short notation I'y := I'y p and I'y := I'y p.
By (5.5) for k = 0 and the regularity theory (applied to the equation for D;w), we know that w €
C1(R), hence we can differentiate (5.4) and obtain that

8’(1) 8F1 6w
5.10 = P4+ T Pt :
So, we use (1.4), (5.8) and Lemma 5.1 to obtain
or
(5.11) 5 1 « wp(x) (1 + |ZE|) min{(n+2s+1), p(n+25)}
L

Moreover, we notice that

(p—1)(n+2s)+v(k) =min{(p—1)(n+2s) + v, (k+1)(p—1)(n+2s)}
> min{vy, (k+1)(p—1)(n+2s)} =v(k+1).

Hence, using (5.5) for k and (1.4) we see that

(1—|—|I|) (p—1)(n+2s)—v(k) < C(1+|$’) v(k+1)

Y

5.12 wP ——(z
(5.12) ‘p aIi( )| <
up to renaming constants (possibly depending on p). Now, we observe that

1
(5.13) ifx € R"and |y| < 1then 1+ |z —y| > §(1+|x|)

Indeed, if || > 2 and |y| < 1, then

=]
2’
which implies (5.13) in this case. If instead |z| < 2 and |y| < 1, we have that

lz—y| = |z] = |yl =

1+ ]z] <3 <3(1+|z—yl),

and this finishes the proof of (5.13).
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Therefore, since I'y vanishes outside By, using (5.12) and (5.13), we have

811) PQ( )
[y [ pwP™! z)| <C d
’ (p 3xi> @) 5 (L [o— y[)@D
[y(y) C / C
<C dy < Ny)dy= ——
S T alpe VS @ f, WY T
This and (5.11) establish (5.5) for k£ + 1, thus completing the inductive argument. [
Lemma 5.3. There exists a positive constant C' such that, foranyt =1,...,n,

\VZ| < Cle —&|7", forany |z — & > 1

where v, := min{(n + 2s + 2), p(n + 2s)}.

Proof. From formula (3.2) of [17] we know that

(5.14) |D*T(z)| < Cla|~ 22 |z > 1

Hence the proof of Lemma 5.3 follows as the one of Lemma 5.2 by using (5.14) instead of (5.8). [

Lemma 5.4. For any k € N there exists a positive constant Cy, such that, foranyi =1,...,n,
|D*Z;| < Cylz — €77, forany |z — &| >

Proof. From Lemma C.1(ii) of [21], we have that

(5.15) | DD (2)] < Cilz| ™, |z > 1

The proof of Lemma 5.4 follows as the one of Lemma 5.2 by using (5.15) instead of (5.8). 0

We notice that

(5.16) / Zfdx:/ Z]deforanyi,jzl,...,n.
We set

(5.17) = / Z? dz,

and so, thanks to (5.16), we observe that

(5.18) / Z2dr = aforanyi=1,... n.
Lemma 5.5. The Z;’s satisfy the following condition

(5.19) / Z; Z;jdr = adyj.

Also, if T, € L>®([0, +00)), 7(x) := 7,(|z — €|) forany x € R" and Z; := 7Z;, then
(5.20) / Z; Z;ydx = & 6,

where'

(5.21) & = / 71 71 da...

In particular, we note that, if 7, has a sign and does not vanish identically then & # 0 (and we will often implicitly
assume that this is so in the sequel).
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Proof. We first observe that the function w is radial (see, for instance, [17]) and therefore, recalling
the definition of Z; in (5.3), we have that

ow R, 6@
5, 0 = &) =il — €

Hence, using the change of variable y = x — &, forany 7,7 = 1,...,n, we have
[ 220 = [ o= e - P20 o
n n xr —

€p
= [l o)

Z; =

(5.22)

Therefore, if 7 # 7,

| zzae= [ yj(/ ol [ ()2 Qdyz)dy':o,
n Rn—1 R | |

since the function 7,(|y|) |w’ (|y|) (5.20) when i # j. On the other hand,

if 2 = 4, formula (5.22) becomes

2

~ Y;
/ Zi Zody — / o)) [ ()2 dy.

n R |y|

We observe that the latter integral is invariant under rotation, hence

2
~ Y B
/ Zi Zody — / o) e (5 dy = .

This establishes (5.20) also when ¢ = j. Then, (5.19) follows from (5.20) by choosing 7, := 1 and
comparing (5.18) and (5.21). [

Corollary 5.6. The Z;'s satisfy the following condition

/ Z,‘ Zj dr = Oé(sz‘j + O(&V),

£

withv > n + 4s.

Proof. From Lemma 5.5,we have that

Qe n R™\Q.

= oz(Sij — / Zz Zj dz.
R\ Qe

Moreover, from Lemma 5.2, we obtain that

1
/ 7. 7;de < C < e,
R7M\Q. R\, [T —&*

which implies the desired result. 0
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6. SOME REGULARITY ESTIMATES

Here we perform some uniform estimates on the solutions of our differential equations. For this, we
introduce some notation: given £ € (). with

(6.1) dist (&, 092.) > E, for some ¢ € (0, 1),
€
and 5 < p1 < n + 2s, we define, for any x € R",
(6.2) (x) 1
. pe(x) = ————.
¢ (1+ [z —¢&)m

Moreover, we set
[¥]lxe == llog "%l oo @m)-
Lemma 6.1. Letg € L*(R™) N L>°(R™) and let1y) € H*(R™) be a solution to the problem

{(—A)sw+w+g =0  inQ,

63) b =0 inR"\ Q..

Then, there exists a positive constant C' such that

[¥(@) =)

9] oo () + sup C (lgllLee@ny + 119l 2 ) -
@)+ (llgllpoe ) &)

Proof. From Theorem 8.2 in [14] we have that ¢ € L°°(R™) and there exists a constant C' > 0
such that

(6.4) 9| L ny < C ([|g]lpoeqrny + 19 L2gny) -

Now, we show that

(6.5) 191> @y < MlgllLon).

Indeed, we multiply the equation in (6.3) by 1) and we integrate over (2., obtaining that
(6.6) / (=AY p +* + gypdr = 0.

We notice that, thanks to formula (1.5) in [30],

/< w¢dx—/| >0,

Hence, from (6.6) we have

2 de </ —gde.

Qe
So, using Holder inequality, we get

1/2 1/2
2 2 2
s ([ re) ([ ee)

1/2
and therefore, dividing by <f95 W)? dx) , we obtain (6.5).
From (6.4) and (6.5), we have that

[0 oe@ny < C (llgllzoeny + lgllz2@n) -



26

Now, since both 1) and ¢ are bounded, from the regularity results in [35] we have that v is C'* in the
interior of (2., for some v € (0, 2s).

It remains to prove that 1) is C'“ near the boundary of €2.. For this, we fix a point p € 02, and we
look at the equation in the ball By (p).

We notice that |(—A)*y| is bounded, since both ) and g are in L>°(R"), and therefore we can
apply Proposition 3.5 in [31], obtaining that, for any x,y € B;(p) N €,

(@) Py
d>(x)  d*(y)
where d(z) := dist(z, 02.). In particular, we can fix y € Bi(p) N 2., such that d(y) = 1/2.
Since v is bounded, from (6.7) we have that

()
()

(6.7)

< Oy ([l o rny + gl o))

<

< Co (19| zo ey + 9]l oo gemy)

which gives that
Y(@) < Co ([l omny + gl pe ) ().
This implies that 1) is C'* also near the boundary and concludes the proof of the lemma. [

Lemma 6.2. Let{ € (2., B be a bounded subset of R", and Ry > 0 be such that
(6.8) BRO(S’) D B.
Let W € L*°(R™) be such that

(6.9) m = inf W > 0.
R"\B

Letalso g € L*(R™), with ||g||.c < +00, and lety) € H*(R™) be a solution to
(ZA)Y+Wip+g=0  inQ,
=0 inR™ \ Q..

Then, there exists a positive constant C, possibly depending on m, Ry and | W || e =n) (and also
onn, s, and ), such that’

(6.10) [¥]lee < C ([¥]lzes) + l9llee) -

Proof. We define
(6.11) Wi=mxe + Wxeng
' and G:=(m—W)xgv¢ —g.

We observe that
[Gllee < sug(l + |z —&))F (m +W(x)) Y(x) + |9l

S
(6.12) < 2(1+ Ro)" [Wllzoe @y 19l oo (8) + 9l e
< Co[[¥]l sy + 19llxes

2In (6.10) we use the standard convention that ||z/1||Loo(B) := 0 when B := & (equivalently, if B = &, the
term [|9|| . () can be neglected in the proof of Lemma 6.2, since, in this case, G and g are the same from (6.11) on).
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for a suitable Cy > 0 possibly depending on Ry and || WW|| = (&n) (notice that (6.8) was used here).
Also 1) is a solution of

(=AY +Wip = (W =W)p —g
= (W = Wxzms —Wxs) — g

(6.13)
= (mxg —Wxs)Y — g
=G

and, in virtue of (6.9),

(6.14) W = mxp + mxgm\g = m.

We take po := (1 + |z|) ™" and n € H*(R™) to be a solution of
(6.15) (—A)*n 4+ mn = po.

We refer to formula (2.4) in [10] for the existence of such solution and to Lemma 2.2 there for the
following estimate:

(6.16) sup (14 [z])"n(x) < Cy sup (14 |2])"po(w) = Ci,
TreR™ TxeR™

for some C; > 0, possibly depending on m. Also, by Lemma 2.4 in [10], we have that > 0, and
so, recalling (6.14), we obtain that

(6.17) (W(z) —=m) n(z — &) > 0.
Now we define ¢ (x) 1= n(z — &),
(6.18) Cy = [|Gllee

and w := C,n £+ 1. We remark that the quantity C, plays a different role from the other con-
stants Cy, C; and C5: indeed, while C, C and C; depend only on m, Ry and ||[W|| L) (as
well on n, s and (2), the quantity C, also depend on (7, and this will be made explicit at the end of
the proof.

Notice also that po(z — &) = pe(x), due to the definition in (6.2), and
Cupe(a) & G(2) > pe(a) (€. — o5 ()| G2 )

(6.19) pe() (C* - |G *,»:)
0

VoWV

Thus we infer that

@Afw+ww:41@—Awk+wm)i<@Afw+ww)
(6.20) = Cipe + C, (W — m) Ne +G
= 0,
in €2, thanks to (6.13), (6.15), (6.17) and (6.19). Furthermore, in R™ \ 2. we have thatw = C,n >

0. As a consequence of this, (6.20) and the maximum principle (see e.g. Lemma 6 in [33]), we
conclude that w > 0 in the whole of R™.
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Accordingly, for any z € R"

Fo (@e(e) = pg (@) (Canelar) - w(@))

Cupe ' (2)ne ()

C, sup pg ' (y)ne(y)
yeRn

Cy sup pg ' (y +E)nely +€)
yeR™

= Cisup(1+ |y[)n(y)
yeR”

< Cl C*a

NN

where (6.16) was used in the last step. Hence, recalling (6.18) and (6.12),

19 (@)0(@)] < C G e < 1 (Co 0oy + e ).

which implies (6.10). 0

As a consequence of Lemma 6.2, we obtain the following two corollaries:

Corollary 6.3. Letg € L*(R"), with ||g|l+¢ < +00, and letp € H*(R™) be a solution to

(—A)y ¢+ —putp+g=0  inQ,
=0 inR™ \ Q..

Then, there exist positive constants C' and R such that

(6.21) 9]l < C (10llzoeBriey + lgllee) -

Proof. We apply Lemma 6.2 with W := 1 — pwg_1 and B := Bg(§) (notice that, with this nota-
tion (6.21) would follow from (6.10)). So, we only need to check that (6.9) holds true with a suitable
choice of R. For this, we use that w decays at infinity (recall (1.4)), hence we can fix R large enough
such that

1
pwP 1 (z) < 5 foreveryz € R™\ Bg.
accordingly W > 1 — (1/2) = 1/2, which establishes (6.9) with m := 1/2. O
Corollary 6.4. Letg € L*(R"), with ||g|l+¢ < +00, and letyp € H*(R™) be a solution to

{(—A)Swww =0 inQ,,
W=0 inR™\ €.

Then, there exists a positive constant C' such that

[Plle < Cliglle:

Proof. We use for this Lemma 6.2 with V} := 1 and B := & (recall footnote 2). 0
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7. THE LYAPUNOV-SCHMIDT REDUCTION

In this section we deal with the linear theory associated to the scaled problem (1.8). For this, we
introduce the functional space

U= {1/16HS(R")s.t.¢:0inR"\Qaand wZidx:Oforanyizl,...,n},

Qe
where the Z;’s are introduced in (5.3). We remark that the condition
Y Z;dr =0foranyt=1,....,n
Qe

means that 1 is orthogonal to the space Z (that is the space spanned by Z;) with respect to the
scalar product in L?(€2.).

We look for solution to (1.8) of the form
(7.1) U= Ug \= ﬂg—l—?ﬂ,

where 1, is the solution to (1.9) and 1) is a small function (for ¢ sufficiently small) which belongs
to .

Inserting u (given in (7.1)) into (1.8) and recalling that ¢ is a solution to (1.9), we have that, in order
to obtain a solution to (1.8), ©» must satisfy

(7.2) (—A)*p + ¢ —pwf™ ' = E(¥) + N(¢) in (L,
where®
E() == (g + )P — (we +9)°

7.3
o and N (1) 1= (w + )" — ul — pul ™.

Instead of solving (7.2), we will consider a projected version of the problem. Namely we will look for
a solution ¢ € H*(R™) of the equation

(7.4) (=AY +¢ —pul Y = E@) + N(@) + Y ¢ Ziin €,
=1
for some coefficients ¢; € R, i € {1,...,n}. Moreover, we require that ¢/ satisfies the conditions
(7.5) Y =0inR"\ Q.
and
(7.6) Y Z;dx=0foranys=1,...,n.
Qe

We will prove that problem (7.4)-(7.6) admits a unique solution, which is small if € is sufficiently
small, and then we will show that the coefficients ¢; are equal to zero for every i € {1,...,n} fora
suitable &. This will give us a solution v € W to (7.2), and therefore a solution u of (1.8), thanks to
the definition in (7.1).

3As a matter of fact, one should write the positive parts in (7.3), namely set E(¢)) := (ti¢ + )5, — (we + ).
and N(¢) = (we + )5 —wf — pwf_lw, but, a posteriori, this is the same by maximum principle. So we preferred,
with a slight abuse of notation, to drop the positive parts for simplicity of notation.
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7.1. Linear theory. In this subsection we develop a general theory that will give us the existence
result for the linear problem (7.4)-(7.6).

Theorem 7.1. Let g € L*(R") with ||g|l.e < +o0. Ife > 0 is sufficiently small, there exist a
unique v € W and numbers c¢; € R, foranyi € {1,...,n}, such that

(7.7) (A + ¢ —pul Y+ g =Y ¢ ZiinQ.
=1

Moreover, there exists a constant C' > 0 such that
(7.8) [¢]lxe < Cllgllse-

Before proving Theorem 7.1 we need some preliminary lemmata. In the next lemma we show that
we can uniquely determine the coefficients ¢; in (7.7) in terms of ¢ and g. Actually, we will show
that the estimate on the c¢;’s holds in a more general case, that is we do not need the orthogonality
condition in (7.6).

Lemma7.2. Letg € L*(R") with ||g||,¢ < +00. Suppose that ) € H*(R") satisfies

(—A)s¢ + ¢ - pwg_lw +g= Z Ci ZZ in Q£7
=1

(7.9)
=0 inR™\ Q,
forsomec;, e R,1=1,...,n.
Then, fore > 0 sufficiently small and for anyi € {1, ..., n}, the coefficient c; is given by
1
(7.10) C; = a/ ngdZL’—FfZ,
where « is defined in (5.17), for suitable f; € R that satisfies
(7.11) 1fil < Ce™? (19l 2y + lgllz2@m) S

for some positive constant C'.

Proof. We start with some considerations in Fourier space on a function 7' € C*(R™) N H%(R").
Firstof all, forany j € {1,...,n}

13T 2y = I F @D Z2 ey = €T 172 gen) :/IR T de.

Moreover, by convexity,

n 2 n
€|t = (Z&?) <2y ¢
j=1 j=1

and therefore

DT ey = D 2108 T ey > [ 11 7€)

i=1 R

As a consequence
(=AY T 72 @ny = IF(=A) T2 = €17 T 1132 an)
712) ~ [ wgeirords< [ s irer
< TIZ2@eny + 211D Tl 2@ny < CIT ||mr2 ey,
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for some C' > 0.
Now, without loss of generality, we may suppose that
(7.13) Be/:(§) C €,

for some ¢ > 0. Fixe > 0, and let 7. € C*(R™,[0,1]), with 7. = 1in B(¢/s)-1(§), 7. = 0
outside B./-(£) and |V7.| < C. We set 1. ; := Z;7.. Hence, from (7.12) and Lemmata 5.3
and 5.4,

(7.14) 1(=2)"Tz T2y < C
for some C' > 0, independent of € and j.

Moreover, the function 7. ; belongs to //°(R") and vanishes outside 5, /. (), and so in particular
outside {2, thanks to (7.13).

Thus (see e.g. formula (1.5) in [30])
7.15) / (—AY G T, de = /Q (AP0 (AP Ty do = [0 (A) T, de
As a consequence, recalling (7.14)

/ (AU do

(7.16) < W llzz o) 1(=A) Tzl 20 < CllYll2an).

Now, we fix j € {1,...,n}, we multiply the equation in (7.9) by 7 ; and we integrate over €2.. We
obtain

(717) Z Ci/ Zl T&j dx = / Tg’j ((_A)sw + ¢ — pw€_1¢ —+ g) dx
i=1 e Qe

Now, we observe that, thanks to (7.15), we can write
(7.18)

/Q( T dx_/ (- Tg,jdx_/ (= dx+/ W(—=A)Z; da.

Using Hoélder inequality and (7.12), we have that

/ B(—A) (Toy — ;) de
Qe

Let us estimate the H?-norm of T.. ; — Z;. First we have that

7= 2l = [ =P 220 [ z2a,

Blese)-1(8)

< Pllz@n [(=2)" (T2 = Z;) [l 2@y
< COlYllez@n Tz 5 = Zjll a2 ).

(7.19)

since 7. = 1in B(¢/)-1(£) and takes values in (0, 1). Hence, from Lemma 5.2 we deduce that

1

_ 2v
Bf,)oy_1(6) |1' 2

up to renaming C'. Therefore,

(7.20) 1T — Zi||p2@ny < C ™2



32
Moreover, we have that

IV (Tes = Z) oy = [ 10~ DVZ+ Vr.2 da

— / (e = V?IVZ;)? + |V7|*Z] + 2(r. — 1)Z;V Z; - V1. da.

Using the fact that both 7. — 1 and V7. have support outside B ./c)—1 (¢) and Lemmata 5.2 and 5.3,
we obtain that
(7.21) IV (Tej — Z;) || p2ny < Ce™2.
Finally, using again the fact that 7. — 1, V7. and D*7. have support outside Bi./.)—1(€) and
Lemmata 5.2, 5.3 and 5.4, we obtain that

ID*(T.; — Z;) || 2y < C ™/,
Using this, (7.20) and (7.21) we have that

HTé,j — ZjHHZ(Rn) < an/27

and so from (7.19) we obtain

(7.22) Y(=A) (T ; — Z;) dx

Qe

é CEn/QH’l?bHLQ(Rn).

Now, using (7.18), we have that

/Q Ty (AYw + ¢ — pul ™) do

_ / B(=AYZ; + To§ — pul ™ T, da + / B(—AY (T, — Z;) da.
Qe

Qe
Since wy is a solution to (1.3), we have that Z; solves

(—A)*Z; + Z;j = pui ™' Z,;,

and this implies that

/Q Ty (A% + o — pul ™) do

= / O(Tey — Z;) — pwl ™" p(Tey — Z;) da +/ Y(=A)(T%,; — Z;) d.
Q. 0.

Hence, using the fact that w, is bounded (see (1.4)) and Holder inequality, we have that

‘/Q Tey (A% + ¢ — puf ') de

7.23
(7.23) < Ol Te = Zillzqum) +

< Oén/ZHw”LZ(Rn),
where we have used (7.20) and (7.22) in the last step.

)

. Y (=AY (Te; — Zj) dx

Now, we can write
(7.24)

/ T.;gdx :/ (Tg,j—Zj)gdx—i-/ Zjgdx :/ (Taj—Zj)gdx—i-/ ngdx—/ Z;gdz.
£ € € € n Rn\Qs
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Using Hoélder inequality and (7.20), we can estimate

/ (Te; — Zj)g dx

€

Moreover, from Holder inequality and Lemma 5.2 (and recalling that dist (&, 9€2.) > ¢/e), we obtain

that
c 1/2
/ Z;gdx| < |\ gl r2@n) </ o dx) < Ce"2||g|| 1o @my.
RP\Q. rm\o, [T —¢&|

The last two estimates and (7.24) imply that

/Tejjgdx:/ ngdx—I—fj,
QE n

£ < Ce2|lgl 2.
From this, (7.17) and (7.23), we have that

<NTej = Zjll ey lgll 2y < Ce™2|g]l L2 (gn)-

where

(7.25) Z C; / Z; Te,j dr = / q Zj dx + fj,
i=1 Ve "

where

(7.26) il < C 2 (Il 2y + llgllz2cen))

up to renaming the constants.

On the other hand, we can write

From Hdélder inequality, (7.20) and Lemma 5.2, we have that

1/2
/ Z; (T&*’j — ZJ) dr| < (/ Zf dlL’) ||T5,j — ZjHL2(R") < an/Q.
Qe Qe

Using this and Corollary 5.6 in (7.27), we obtain that

(7.28) / Z; T.;jdr = ad;; + O(e"?).

€

So, we consider the matrix A € Mat(n x n) defined as
(729) Aji = / Zz Ta,j dx.

Thanks to (7.28), the matrix o~ A is a perturbation of the identity and so it is invertible for ¢ suf-
ficiently small, with inverse equal to the identity plus smaller order term of size £"/2. Hence, the
matrix A is invertible too, with inverse

(7.30) (A = a7 16y + O(e?).
So we consider the vector d = (dy, . .., d,,) defined by
(7.31) d; ::/ gZjdx + f;.

We observe that

/ g Z;dx
Rn

< lgllzz@m 1 Zi || 2gny < Clgll2@ny,
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thanks Lemma 5.2. As a consequence, recalling (7.26), we obtain that

(7.32) 4] < C (I¢llz2@n) + llgllz@n) -
up to renaming C'.

With the setting above, (7.25) reads

n

ZCiAji:/ gZ]dl"i‘fJ:d]

i=1
that is, in matrix notation, Ac = d. We can invert such relation using (7.30) and write
c=Ad=aotd+ f*
with
(7.33) fH < Ce?ld) < Ce? (1Yl 2@ny + Ngll2@ny) 5
in virtue of (7.32). So, using (7.31),
G=atdi+ ff=a / 9Zidz+a ' fi+ fF.

This proves (7.10) with -
fi=a it £,
and then (7.11) follows from (7.26) and (7.33). 0

Now, we show that solutions to (7.7) satisfy an a priori estimate. We remark that the result in the
following lemma is different from the one in Corollary 6.4, since here also a combination of Z;,

fori = 1,...,n, appears in the equation satisfied by ).

Lemma 7.3. Let g € L*(R") with ||g|l.¢ < +o0. Lett) € U be a solution to (7.7) for some
coefficients c; € R, 1 =1, ..., n and for ¢ sufficiently small.

Then,

[Plle < Cliglle:

Proof. Suppose by contradiction that there exists a sequence €; ~\, 0 as j — 400 such that, for
any 7 € N, the function 1); satisfies

( n
(=AY + ¢ —puwl "+ 9= d 7 in Q..
i=1
(7.34) ;=0 in R™\ €,
ijZ-jdl’:O foranyi=1,...,n,
( Qe

for suitable g; € L*(R™) and &; € Q. , where

77— Owg
v al’z ’
Moreover,
(7.35) ijH*,gj = 1lforanyj € N
(7.36) and 9illwe;, . Oas j — 4o0.

Notice that the fact that the equation in (7.34) is linear with respect to ¢;, g; and Zg allows us to
take the sequences v; and g; as in (7.35) and (7.36).
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We claim that, for any given R > 0,
(7.37) [9ill o= (Br(g;) — Oas j — +oo.

For this, we argue by contradiction and we assume that there exists 6 > 0 and j, € N such that,
forany j > jo, we have that ||; || Lo (B (¢,)) = 0.

Thanks to Lemmata 7.2 and 5.2, we have that
Cy

el < o

lg;llve, + Cae}’?,

for suitable positive constants C'; and C5. Hence, from (7.36) we obtain that

(7.38) cg\Oast—i-ooforanyi6{1,...,n}.

Now, from Lemma 6.1 we have that

(7.39)
wop 1100 = 50
a£y |z =y
<O\ |+ d Z +puwl ', + s+ Y 7+ put
i=1 Lo° (R7) i=1 L2(R™)

We observe that

g+ > 2+ pul Tty
=1

<C <||g||*,sj + > ldl+ H%H*,@-) )

thanks to the decay of Zf in Lemma 5.2 and the fact that wé’jl is bounded (recall (1.4)). So,
from (7.36), (7.38) and (7.35), we obtain that

- .
(7.40) g9+ d 7]+ pul <C,
for a suitable constant C' > 0 independent of ;.
We claim that
n
o .
(7.41) gi+ > ZI+ pul Tty <C,
=1 L2(R™)

where C' > (0 does not depend on j. Indeed,

1/2 1/2
ol = ([ stde) <laslee ([ o)

1 1/2
< oo ([ qrpoegmt) <Clalks<C

since 24 > n and (7.36) holds. Moreover,

Sz
=1

< 1N Z 2@ < C,
L2(R™) i=1
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thanks to (7.38) and Lemma 5.2. Finally, using (1.4), the fact that 24 > n and (7.35), we have that

1/2
A 2(p-1) 2
L2(R™) < p”d’]”*,gj (/Rn We, P, d$>
1 1/2
S Cllilleg d <C.
X ||¢]||*,§J (/Rn (1 + |ZL‘ . gjl)z(p_l)(n+25)+2//4 l‘) RS

Putting together the above estimates, we obtain (7.41).

—1
ez

Hence, from (7.39), (7.40) and (7.41), we have that the 1);'s are equicontinuous.
Forany 7 = 1,...,n, we define the function
V() == (z + &),
and the set
Qi ={r=y—§withy € Q. }.

We notice that @Zj satisfies
(7.42) (A + 1y — pwP ™y + g = > Ziin €y,

where §;() := g(z + &) and Z; := 9 Moreover

(7.43) ;= 0inR™\ Q.

Now, thanks to (6.1) we have that B,/ (£;) C €),. Hence, B/, C Qj, which means that Qj
converges to R"™ when 7 — +o0.

Furthermore, we have that

[5l| 2% By = 6
(7.44) and  [[(1+ |2])"sj e rn) = L.

Now, since the 1);’s are equicontinuous, the @Ej’s are equicontinuous too, and therefore there exists
a function 1) such that, up to subsequences, 1); converge to v uniformly on compact sets.

The function ¢/ € L%(R™). Indeed, by Fatou’s Theorem and (7.35) and recalling that 2t > n, we
have

_ 1
) . . 2 . : 2
dr <1 f “dr <1 155, dr < C.
9t <tmint | ode <hmntivitly [ e
Moreover, 1Z satisfies the conditions
(7.45) [l o5y = 0
(7.46) and (14 |z])"|| oo mmy < 1.

We prove that zﬁ solves the equation

(7.47) (=AY 4+ = pwP~ 1) in R™.

Indeed, we multiply the equation in (7.42) by a function n € C§°(£2;) and we integrate over R™.
We notice that both 77 and 1), are equal to zero outside €2; (recall (7.43)), and therefore we can use
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formula (1.5) in [30] and we get

(7.48) / (=A)*n+n—pw'n) ) dx +/ gjndx = Zcﬁ/ Z;nde.

Now, we have that

195110 = llgillce; O as j — +o0.

/ gjndx
]Rn

since 20 > n, which implies that

Moreover,

< 1100 / pon < Clld o,
Rn

(7.49) / gindr — 0as j — +oo.

Also,

icj/ Zindx
i=1 R

and so, thanks to (7.38), we obtain that

<Ci!c§r,
=1

(7.50) ZCZ/ Zindx—>0asj—>+oo.
i=1 "

Finally, we fix » > 0 and we estimate
(7.51)

/n ((=A)n +n — pw™'n) ¢, dv — / ((=A)*n+n—puw’'n) ¢ de

n

< / (=A)'n+ 1 — pur | [d; — 9] do

= [ A= gl dlde+ [ A= pur ] 1 - 6] do.

r R™\ B,
We define the function
7= (=A)n+n—pwn

and we notice that it satisfies the following decay
C
7.52 )| < ——.
( ) |77( )| ~ (1+ |l’|)n+25
Hence,

_ ~ - ~ - 1
(=AY +n—pw~yl [ —dlde < Cilldy —dllr=s,) /

5, B, (14 [z])+2s
< Gol|vy — Y|l ()

which implies that

(7.33) / (=AY +n — pw=n| [ — ] dz N, 0as j — +oo,

T
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due to the uniform convergence of 'l;j to 1; on compact sets. On the other hand, from (7.44), (7.46)
and (7.52) we have that

- _ 1
—A)Yn+n—pwP iyl —lder < 2C / ————dx
[ 19 -9 o, T

1
< 201/ T Ao
re\B, 7|72

< 037’728.

Hence, sending 7 — +00, we obtain that

(7.54) / [(=A)*n 41— pw? 'yl [¢; — ¢ dz \, 0.
R”\B,

Putting together (7.51), (7.53) and (7.54), we obtain that

(—A)*n +n —pw~'n) ¢, dv — (=A)n+n—pw’'n)Ydrasj — +oo.
n J Rn

This, (7.49), (7.50) and (7.48) imply that
/ ((=A)yn+n—puw~n)Yde =0
Rn

for any n € C§°(R™). This means that @E is a weak solution to (7.47), and so a strong solution,
thanks to [33].

Hence, recalling the nondegeneracy result in [21], we have that

- " dw
(7.55) Y= ; @-a—xi,

for some coefficients 3; € R.

On the other hand, the orthogonality condition in (7.34) passes to the limit, that is
(7.56) / U Z;de =0, foranyi=1,...,n.

Indeed, we fix > 0 and we compute

(7.57) / (®- )2 dv = / (Y — ;) Zidx + /R . (¥ — ;) Z; d.

Concerning the first term on the right-hand side, we use the uniform convergence of 1;]- to & on
compact sets together with the fact that Z; is bounded to obtain that
/ () — ;) Zidz — 0 as j — +o0.

As for the second term, we use (7.44), (7.46) and Lemma 5.2 and we get
_ -~ 1 _
/ (Y =) Zidx < C/ e dr < Cr=2,
R"\ B, R™\ B, 2]
which tends to zero as r — +00. Using the above two formulas into (7.57) we obtain that
R” R™
which implies (7.56).
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Therefore, recalling also (5.3), (7.55) and (7.56) imply that 1/_) = 0, thus contradicting (7.45). This
proves (7.37).

Now, from Corollary 6.3 (notice that we can take R sufficiently big in order to apply the corollary) we
have that

547

=1

[05llse; < C | Nslloeaien +

3

/N
Q

19522 B + 95l + || D 1€l Z
=1 &)

= O | [l + 19illee, + ||D_ Il pg Z

< C ||¢jHL°o(BR(§j))+||9j||*,5j+2|05|>
=1

up to renaming C, where we have used the decay of Zf (see Lemma 5.2) and the fact that 1 <
n + 2s. Therefore, (7.36), (7.37) and (7.38) imply that

[¥illg; — Oasj — 400,
which contradicts (7.35) and concludes the proof. ]

Now we consider an auxiliary problem: we look for a solution ¢ € ¥ of

n

(7.58) (—A)Y+¥+g= ¢ ZinG,
i=1
and we prove the following:

Proposition 7.4. Letg € L*(R") with ||g||..c < +00. Then, there exists a unique 1) € ¥ solution
to (7.58).

Furthermore, there exists a constant C' > 0 such that
(7.59) [l < Cllgllwe.

Proof. We first prove the existence of a solution to (7.58).

First of all, we notice that formula (1.5) in [30] implies that, for any 1, ¢ € U,

[ earvode= [ CayPo-artods = [ v-areds
n n Rn
Now, given g € L*(RR™), we look for a solution 1) € W of the problem

(7.60) / (=A% (=AY Ppde+ [ Yodr+ / gpdr =0,
n Rn n

for any ¢ € W. Subsequently we will show that v/ is a solution to the original problem (7.58).

We observe that

Wod) = [ (OPua)Ppdo s [ bipds

]:R’IL
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defines an inner product in W, and that

Pl i=— [ gods

is a linear and continuous functional on W. Hence, from Riesz’s Theorem we have that there exists
a unique function ¢» € W which solves (7.60).

We claim that
(7.61) 1) is a strong solution to (7.58).
For this, we take a radial cutoff 7 € C§°(€2.) of the form 7(x) = 7,(|x — £|), for some smooth

and compactly supported real function, and we use Lemma 5.5. So, for any ¢ € H*(R") such
that ¢ = 0 outside ()., we define

6=0—> N()Z,
=1
where
(7.62) Ai(¢) =a! / o Z; dx,

and Zi and & are as in Lemma 5.5. We remark that ZZ- vanishes outside €2., hence so does qu5
Furthermore, forany j € {1,...,n},

Q;Z]dl‘ = QZ;ZJCZZC

QE R
= ¢Zjdx—2)\i(q§)/ Z; Z; dx
R i=1 R
= / ¢ Zyde — Y N\i(¢) ady
Rm i=1

= Rn(ijdiC—)\j(¢>O~é
= 07

thanks to Lemma 5.5 and (7.62). This shows that <;~5 e v,

As a consequence, we can use é as a test function in (7.60) and conclude that
/ (—A)*2) (—A)? (¢ - Xi(9) Z) dz
" i=1
+/ W <¢—ZM¢)Z> dl""/ g <¢—ZM¢)Z) dr =0,
R? i=1 R i=1
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that is
/ (=A%) (= A2 da + zbgbd:v—i—/ godx
n R” Rn

(7.63) = /R (@+yg) ; Xi(9) Z; d + /R (=) ; Xi(¢) Z; da

=M@ [ g (-A10) Zids

Now we define
b= a! / (b + g+ (~A)) Zida,

we recall (7.62) and we write (7.63) as

/ﬂ(—Afﬂw(—AY”¢dx+- w¢dx+:/ g odx
n Rn R™
=> X(d)ab
=1

=> b | ¢Zdx.
i=1 R
Since ¢ is any test function, this means that 1) is a solution of
(AP +¢+g= sz‘ Z;.
i=1

in a weak sense, and therefore in a strong sense, thanks to [33], thus proving (7.61).

Now, we prove the uniqueness of the solution to (7.58). For this, suppose by contradiction that there
exist Y1 and 1), in W that solve (7.58). We set

15 = 77/)1 - ¢2>
and we observe that @Z € VU and solves
(7.64) (A + =) a; ZiinQ,
=1
for suitable coefficients a; € R, 7 =1,...,n.

We multiply the equation in (7.64) by zﬁ and we integrate over €., obtaining that

| cayiiian—o

€

since ¢ € U (and so it is orthogonal to Z; in L3().)foranyi = 1,...,n).Since ¥ = 0 outside (2.,
we can apply formula (1.5) in [30] and we obtain that

J.

which implies that ¢» = 0. Thus 11 = 1» and this concludes the proof of the uniqueness.

(~2)723] +§?dr =0

that is

Hs (Rn) - 0’
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It remains to establish (7.59). Thanks to (7.58) and Corollary 6.4, we have that

n n
(7.69) |Y]lee < C |lg — Z ciZil| <O |gllee+ ZCz‘ Zi

=1 *,& =1 *,&
First, we observe thatforany: =1,...,n

|Zille = sup et Zi| < C,

due to Lemma 5.2 and the fact that ;1 < n + 2s (recall also (6.2)). Hence,

n n
< el 1 Zille <G> el
=1 =1

n

ZCZ' ZZ

=1

(7.66)

*,€
Now, we claim that

(7.67) < Oy (WHLQ(R”) + HQHH(R”)) .

*75

n
E ¢i Zi
i=1

Indeed, we recall Lemma 5.5, we multiply equation (7.58) by Z, for j € {1,...,n}, and we
integrate over R", obtaining that

(7.68) / (—A)s@b Zj +¢Z] +gZ] dr = de,
where Z; and & are as in Lemma 5.5. Thanks to formula (1.5) in [30], we have that
/ (=A% Z; d

where we have used Hélder inequality. Therefore, this and (7.68) give that

= < (=) Z; || 2y |0 | L2y

Y (=A)Z; dx
R

ale;| < [|(=A) Zjll 2 19| L2ny + 1125 2y |91 2y + 1125 | L2y 91| L2y

which, together with (7.66), implies (7.67), since both || (—A)*Z; || 12(gn) and || Z;]| 2 (zn) are bounded
(recall Lemma 5.4).

Now, we observe that
(7.69) [ 22®n) < |9l L2y
Indeed, we multiply equation (7.58) by 1) and we integrate over €).: we obtain

A(—A)Swww%gwx:o,

since 1) € W. We notice that the first term in the above formula is quadratic, and so, using Holder
inequality, we have that

/ W < / (—g)b d < (gl soqam 1] 2.
Qe Qe

which implies (7.69).
Therefore, from (7.67) and (7.69), we deduce that

n

ZCZ‘ ZZ

=1

< 2 03 ||g||L2(Rn)
*€
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Moreover,

1/2 1/2

1
all 2 < gl (/ p%zx) = llg]l. (/ dx) < Cllgllee.
191l 2rny < llgllee P S\ O =g ¢

since 21 > n. The above two formulas give that

n

Zci Zz

=1

<Oyl gllue
*75

This and (7.65) shows (7.59) and conclude the proof. [

Now, for any g € L*(R™) with ||¢g|,¢ < 400, we denote by .A[g] the unique solution to (7.58). We
notice that Proposition 7.4 implies that the operator A is well defined and that

[Algllve < Cllg

*7&‘
We also remark that A is a linear operator.

We consider the Banach space
(7.70) Y, ={¢ :R" = Rs.t. |[¢|l,e < +o0}

endowed with the norm || - ||«

With this notation we can prove the main theorem of the linear theory, i.e. Theorem 7.1.

Proof of Theorem 7.1. We notice that solving (7.7) is equivalent to find a function 1) € W such that
(7.71) ¥ — A[—pwl ] = Alg].

For this, we set

(7.72) B[] := Al—pug'¢)].

Recalling the definition of Y, given in (7.70), we observe that

(7.73) if 1 € Y, then B[] € Y,.

Indeed, from Proposition 7.4 we deduce that B[] € U solves (7.58) with g := —pwé’*lz/}, and so

1B]le < Cll = pwf llue < Cll|lvg,

for some C' > 0 (recall that we is bounded thanks to (1.4)), which proves (7.73).

We claim that
(7.74) BB defines a compact operator in Y, with respect to the norm || - ||, .

Indeed, let (1);); a bounded sequence in Y, with respect to the norm || - ||,.¢. Then, thanks to
Lemma 6.1, the fact that wé’*l and Z; are bounded and w‘g*lpg and Z! belong to L*(R™) and
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Lemma 7.2, we have that

oy [BlE1) = Bl )
TH#Y |‘T - y|s

+
Lo°(Rn)

—pwf Y+ Y 7]

=1

< H—pwg—le+2c325

=1

L2(Rm)

< Co [ 5llzoe@m + Y 1N Z oq@ny + 105l1e 1w~ pell2eny + > |C’§|||Zf||L2(JRn)>
=1 i=1

< Cs | sllee+ ) !c?!)
i=1

< C47

for suitable positive constants C'1, Cy, C3 and Cy. This gives the equicontinuity of the sequence B[],
and so it converges to a function b uniformly on compact sets. Hence, for any R > 0, we have

(7.75) 1Blt5] = bll < (Baey) — 0 @s j — +o0.
On the other hand, for any x € R"™ \ Bg(&), we have the following estimate

g™ (@)s()] < Nl

< Gslldyllee

wg () pe(w)]
1
(1 + |$ — §|)(n+23)(p71)p€(1‘)

14 (29 (=1)
< Gsllyllere " (@),

for some C5 > 0, where we have used the decay of w, in (1.4) and the expression of p¢ given
in (6.2). This implies that

sup  |pg 'w? Tl < Csllylle sup pE(x),

z€R™\ BR(£) zER™M\BR(§)
where
n+2s)(p—1
(7.76) o= ( ) ) > 0.
7
Hence, since 1); is a uniformly bounded sequence with respect to the norm || - ||, ¢, we obtain that
(7.77) sup  [pg Blyll < Cs sup pf ().
2€R™\BR(€) z€R™\BR(£)
It follows that
(7.78) sup  |p;'b| < Cs  sup  pf(x).

z€R™\Bg (&) z€R™\BRg(£)
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We observe that

sup |p; ' (BlYy] =0)| = sup |pg " (Bl = b) XBree) + e (Blib] = b) xem\Bae)|
rER? TER?
< sup ([pg" (BlYy) =) xaago| + [ec” (BIY3] = B) xemmaco)|)

N

sup [p¢ " (BIYs] = B) Xzato)| + sup |og” (Bls] = b) xemsace|
= Sup |p§ ( (5] _b)|+ sup |p£ ( ¢J]_b)|
zE€BR(£) €R™\Bg(

Therefore, we obtain that

HBWJ] b”*é— SUP |p5 ( ¢J] )|

(7.79) S b e (Blwy) — H%Ri‘\lgR et (Blyy] = b))

< sup ‘ps (Bzﬂ] )‘+C7 sup  pg (),
z€BR(¢ z€RM\BR(&)

where we have also used (7.77) and (7.78). Concerning the first term in the right-hand side, we have

sup ‘,05 (Bly;] —b)| = sup |1+ |z — &))" (B[] —b)]

2E€BR() zEBR(E)
< (L+ R)*IBts] — bl (Bre)-
Therefore, sending j — 400 and recalling (7.75), we obtain that

(7.80) sup |ps ! (Bly;] —b)| — Oas j — +o0.
z€BR(§)

Now, we send R — +00 and, recalling (7.76), we get

(7.81) sup  p¢(r) — Oas R — +oo.
z€R™\BR(§)

Putting together (7.79), (7.80) and (7.81), we obtain that
1B;] = bllg — Oas j — +oo,
and this shows (7.74).

From (7.59) in Proposition 7.4, we deduce that if g = 0 then ) = A[g] = 0 is the unique solution
to (7.58), and so by Fredholm’s alternative we obtain that, for any g € Y,, there exists a unique
that solves (7.71) (recall (7.72) and (7.74)). This gives existence and uniqueness of the solution
to (7.7), while estimate (7.8) follows from Lemma 7.3. This concludes the proof of Theorem 7.1. [

In the next proposition we deal with the differentiability of the solution 1) to (7.7) with respect to the
parameter & (we recall Theorem 7.1 for the existence and uniqueness of such solution).

For this, we denote by 7; the operator that associates to any g € L*(R") with ||g||s¢ < 400 the
solution to (7.7), that is

(7.82) Y := T¢[g| is the unique solution to (7.7) in Y,
where Y is given in (7.70).

We notice that, thanks to Theorem 7.1, 7g is a linear and continuous operator from Y, to Y, endowed
|| x> and we will write Ze € L(Y5).
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Proposition 7.5. The map £ € Q. — T¢ is continuously differentiable. Moreover there exists a

positive constant C' such that
dg
<c <||9||*,f + |5 ) -
*,& *,&

Proof. First, let us prove (7.83) assuming the differentiability of { — 7. Given £ € (1,
with ¢ # 0 and a function f, we denote by {; := & + te;, and by

f(&) = f(§)

07elg]
o¢

-

t] <1

te._
D;f = " ,
forany j =1,...,n.
Also, we set
(7.84) @: = Ditpand d; ; := Djc;.

Using the fact that 1) is a solution to (7.7), we have that g0§» solves
(7.85) (—A)scpz- + go? — pwg_lcpz- = p(Dj.wg_l)dz — D;-g + Z ;i D;Zi + Z dﬁ,j Z;in Q..
i=1 i=1

Moreover, we have that ¢} € H*(IR") and ¢, = 0 outside (2.

Now, for the fixed index j, forany i € {1,...,n} we define

(7.86) )\i(goﬁ) = 64_1/ goz-Z,» dx,

where & is defined in (5.21), and
(7.87) Bl= 0t = > Ni(eh) Zi,
i=1

where ZZ- are the ones in Lemma 5.5. We remark that 903- and Zi vanish outside (2. by construction.
Hence @; vanishes outside (2. as well. Moreover,

/ngb;de:z: = /Rn@;dex—ZAi(gp;) /RnZide:c
i=1

_ / o Zdr — 3 M(ph) o

=1
= /n @' Zy dx — Me(}) @
= 0,
thanks to Lemma 5.5 and (7.86). This yields that
(7.88) ¢ eV

By plugging (7.87) into (7.85), we obtain that

(7.89) (~AY@ + @) —pug G =g+ Y di ;7
=1
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where
i == (=AY N(E) Zi =Y (@) Z;
=1 =1
(7.90) +pul ™Y NS Zi
=1

+p(Diwt ™) — Dig+ Y " ¢; D' Z;.
=1

From (7.89), (7.88) and Lemma 7.3, we obtain that

(7.91) 15511e < Cl|G5llxe-

Now we observe that

n

> N Z

i=1

(7.92) < Clgllse.

*ﬂ£

To prove this, we notice that the orthogonality condition ) € W implies that

/ goszdxz—/ ¢D§defl?>
Qe Qe

forany k € {1,...,n}. Hence, recalling (7.87), (7.88) and Lemma 5.5,

Therefore

Me(@5)] = [a7]

Qe

| / o 6] pe | DLy d

VAN

N

6 e / pe | D' 2] de
< Clolhe
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thanks to Lemma 5.3. Using this and Lemma 5.2, and possibly renaming the constants, we obtain
that

Z NG 11 Zille

<C> |AZ-<¢§->| <Ol
i=1

On the other hand, by Lemma 7.3, we have that [|¢)|[,¢ < C'||g|l+¢, so the above estimate im-
plies (7.92), as desired.

Now we claim that

< Cllgllve

(7.93) H(—A)S D oN(E) Z
*,&

=1

Indeed, Z; is compactly supported in a neighborhood of £, hence (—A)*Z; decays like |z —&| 7"~
at infinity. Accordingly, || (—A)®Z;||.¢ is finite, and then we obtain

SAPY NG Z| = Do) (-A)Z
i=1 *& =1 *&
< L@ | -arz|
i=1 ’
< O I
i=1
< C Hg”*vﬁa
due to (7.92), and this establishes (7.93).
Now we claim that
(7.94) | Diw?™ < C,
with C' independent of ¢. Indeed
_ 1 _
Djwy "2) = (w” Yo — & —te;) —wP 1(1:—5))
= /—wplx—f—Tej)dT
= — wp_z(a:—f—Te-)iw(a: §—rTe;)d
t 0 dr /
p—1

= WP (x — € — 1e;)Vuw(z — £ — Tej) - e; dr.
0

Also, by formulas (IV.2) and (IV.6) of [6], we know that

(7.95) w(x) is bounded both from above and from below by a constant times ————.
1 + ’$‘n+2s
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Thus, supposing without loss of generality that ¢ > 0, and recalling Lemma 5.2, we have that

—1 rt
Dt @) < P [ w (e - ¢ —7e))|Vule — € — re;)| dr
0
c [t ~(p—2)(n+2s) —(n+25)
< T i (1+|x—§—7'ej|) (1—|—|x—§—76j|) dr
C t
.
t
< g ldr
t Jo

= C,
and this proves (7.94).

—(p—1)(n+2s) dr

From (7.94) and Lemma 7.3 we obtain that
(7.96) I(Djwgllee < O[]l < Cllglle.

Now we use Lemmata 5.3, 7.2 and 7.3 to see that

n n
Y aDizi|l <D |D5Zi|, .
=1 i=1

n

<C Z |cil

=1
1
i

¢ (HQHLQ(R”)+Z’JZ”>

<C (19l 2@y + gl 2@m)
<C (WH*s + 1g]lxe)
< Cg

*75

(7.97)

By plugging (7.92), (7.93), (7.96) and (7.97) into (7. 90) we obtain that
1950l < C (N9l + [1Djgllxe) -

165016 < C (lglleg + 1 Djgllee) -

Therefore, by (7.91),
This and (7.92) imply that

165se < N15llee +

> N(@) z
=1

C (llgllee + I1D5gllxe) -

J

*’5

Hence we send ¢ ™\, 0 and we obtain

oY
fol.. <

(ng*,g + |5
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which implies that

el Hag
— <C v+ = .
] s < (ot |52

Using the previous computation and the implicit function theorem, a standard argument shows that
§ +— T is continuously differentiable (see e.g. Section 2.2.1 in [2], and in particular Lemma 2.11
there, or [10] below formula (4.20)). O

7.2. The nonlinear projected problem. In this subsection we solve the nonlinear projected prob-
lem

(A9 + ¢ — pul v = E(¥) +Zczz in €2,
(7.98) =0 in R™\ Q,
Y Zidr =0 foranyi=1,...,n,
Qe

where E(v) and N (1)) are given in (7.3).

Theorem 7.6. If¢ > 0 is sufficiently small, there exists a unique 1 € H*(R™) solution to (7.98) for

suitable real coefficients c;, fort = 1, ..., n, and such that there exists a positive constant C' such
that
(7.99) [9]lne < Cemr.

Before proving Theorem 7.6, we show some estimates for the error terms F(1)) and N (v)).
Lemma 7.7. There exists a positive constant C' such that

(7.100) |ie — we| < C "t

Proof. To prove (7.100), we define 7 := u¢ — we¢, and we observe that 7). satisfies

(—A)Sﬁg + e = 0 in €2,
(7.101) { e = —we i RN \ Q..

due to (1.3) and (1.9).
We have
ne| = |we| < O™ outside €.,
thanks to (1.4). Hence, this together with (7.101) and the maximum principle give

ne] < O™ inR™,

which implies the thesis (recall the definition of 7). 0

Moreover, we can prove the following:

Lemma 7.8. There exists a positive constant C' such that
Oue_ O
o0& o0&

with v; == min{(n + 2s + 1), p(n + 2s)}.

(7.102) < Ce”,
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Proof. We set 1 := u¢ — we. From (1.3) and (1.9), we have that 7)¢ solves
(—A)Sﬁg + 775 =0in QE.
Therefore, the derivative of 1)¢ with respect to § satisfies

(—aypdte L e g

(7.103) 5 o

Moreover, since us = 0 outside €2., we have that

’Ikzﬂg—wgz —wginR”\Qa,
which implies

8775 . 8w§ o 311)5
oc — ¢ ox
Therefore, from Lemma 5.2 (recall also (5.3)), we have that
One
23
From this, (7.103) and the maximum principle we deduce that
One
23

which gives the desired estimate (recall the definition of 7). ]

inR™ \ Q..

< Ce™ outside ()..

< Ce”inR™,

In the next lemma we estimate the x-norm of the error term E(1)). For this, we recall the definition
of the space Y, given in (7.70).

Lemma 7.9. Lety) € Y, with ||¢)||,¢ < 1. Then, there exists a positive constant C' such that
IE@) e < Cem™.

Proof. Using (7.100) and Lemma 2.1 in [15] with a := w¢ + % and b := ¢ — we, we obtain that
[EW)| = [(@e — we + we +9)F — (we + )"
< Cilwe +¥)7 g — wl
< Coe™(we + )P
Hence, since ||we||,¢ and ||1/||,.¢ are bounded, we have
IE@) e < Cae™™,

which gives the desired result. 0]

Now, we give a bound for the x-norm of the error term N (1).

Lemma 7.10. Letv € Y,. Then, there exists a positive constant C' such that

IN@)llwe < C (1011 + 1) -

Proof. We take 1 € Y, and we estimate
INW)| = [(we + )P — wf — puw? ™'y
< C(P+vP),
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for some positive constant C' (see, for instance, Corollary 2.2 in [15], applied here with @ = w,
and b := 1)). Hence,

pe INW) < Copt ([0 +[wlP)
< C(p 0P + o [0l)
< C([le + 1012e)
which implies the desired estimate. [

For further reference, we now recall an estimate of elementary nature:

Lemma 7.11. Fixed k > 0, there exists a constant C,, > 0 such that, for any a, b € [0, k| we have

(7.104) Pt — 0P~ < Cyla — b|4,
where
(7.105) q :=min{l,p — 1}.

Proof. Fixed any a € (0, 1), for any ¢ > 0 we define

t+1)*—1
b= CHU L
Using de LHospital Rule we see that
tl_a

limA(t) =lim ———— =0,

0 ®) N (t+1)l-
hence we can extend  to a continuous function on [0, +-00) with 2(0) := 0. Moreover
hence there exists
(7.106) My := sup h(t) < +oco.

te[0,+00)

Now we prove (7.104). For this, we may and do assume that a > b. If p > 2, we have that
a
a’t -t = (p - 1)/ ™2dr < (p—1)a” 2 (a —b)
b

<(p—1)r2(a—b),

that is (7.104) in this case. On the other hand, if p € (1,2) we take t := (a/b) — 1 > 0 and a :=
p—1,s0
(a/b)P~1 —1 aP~t — pp1
M > h t) = = ,
N (7 e T

thanks to (7.106), and this establishes (7.104) also in this case. O

Now we are ready to complete the proof of Theorem 7.6.

Proof of Theorem 7.6. Recalling the definition of the operator 7; in (7.82), we can write
U =TJ[E(W) + N(¥)].

We will prove Theorem 7.6 by a contraction argument. To do this, we set

(7.107) Ke(v) = Te[E() + N(9)].
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Moreover, we take a constant Cy; > 0 and € > 0 small (we will specify the choice of Cy and ¢
in (7.118)), and we define the set

B = (v € Vst [ic < Coe™*™,

where Y, is introduced in (7.70).

We claim that
(7.108)
ICe as in (7.107) is a contraction mapping from B into itself with respect to the norm || - ||, ¢.

First we prove that
(7.109) if € Bthen K¢(¢)) € B.

Indeed, if ¢ € B, we have that

(7.110) IN@)lle < Cr (1912 + 11117 )

thanks to Lemma 7.10.

Now, thanks to (7.8), we have that

1K)l = 1 T[EW) + N(@)][lve < CIE) + N(¥)|xe-
This, Lemma 7.9 and (7.110) give that

1Ke(@)llve < CUE@) e + [IN(W)]xe)
C B ee+Cr (I91e + 1912 ))
C (C_« 8n-i-25 + O Cg 62(n+28) + Ol C«(I)? 6p(n+25))

(7.111)

OO 5n—i—25 (%C + 001 008n+2s + CC CP 1 p 1)(n+28)> ,
0

since ¥ € B. We assume
(7.112) Cy > 20C

and

1/(n+2s) .
<2001 Co+CP~1 > itp =2,

1 1/(p—1)(n+2s) 1 5
(2001(CO+C” 1)> ifl<p<2.

(7.113) E< g =

With this choice of Cjy and &, (7.111) implies that
1Ke(1)[lxg < Coe™™,

which proves (7.109).
Now, we take 11,1, € B. Then,

IN() = N(2)| = |(we + ¢1)" — (we + v2)? — pwt™" (1 — ) |
< Co (] + [ + [P 4 [02P7F) 41 — thal.
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This and the fact that 1)1, 99 € B give that
(7.114)

IN@W1) = N(@2)llag < Co ([9nlleg + [82llee + Il + 19all5) 1t — allue
< Cy (2Cy ™ 4200~ P D0F2)) Ylapy — ahy ||,
< 205 (Co+ Cé”’l) 1210y — o v g,
where ¢ is defined in (7.105).
We claim that
(7.115) |E(¢1) — E(¢2)] < Clug — wel? [ — o],
where g is given in (7.105).
Fixed z € (2., given T in a bounded subset of R we consider the function
e(1) = (ug(x) + 7)P — (we(x) + 7)P.
We have that
€' (7)] = p|(ag(@) + )P = (we(z) + 7)1 < Clg — wel”,
where we used (7.104) with a := u¢(x) + 7 and b := we(x) + 7. This gives that
(7.116) le(r1) — e(m)| < Clug — we|? |11 — 12l

Now we take 71 := 91 (x) and 75 := (x): we remark that 7 and 7 range in a bounded set by
our definition of B and that e(7;) = E(v;). Thus (7.115) follows from (7.116)

Hence, from (7.115) and (7.100), we obtain that

IE(W1) = E(¥2)|lwe < Ce129[ehy — by e
This, (7.114) and (7.8) give that

1K (1) = Ke(2) e
<C (2 Cy (Co + ng) gilmt2s) 4 égq(nﬁs)) 1 — al|xe-

Now, we denote by

1 1/q(n+2s)
Eg = — = .
<0(2 Co(Co+CH 1) + 0))
Therefore, recalling also (7.112) and (7.113), we obtain that if

(7.118) Cyp > 20C and € < min{ey, &5}
then, from (7.117) we have that
1Ke(t1) = Ke(W2)llwe < [[¥1 — ollie,
which concludes the proof of (7.108).
From (7.108), we obtain the existence of a unique solution to (7.98) which belongs to B. This
shows (7.99) and concludes the proof of Theorem 7.6. O
For any £ € (2., we say that
(7.119) U (€) is the unique solution to (7.98).

Arguing as the proof of Proposition 5.1 in [10], one can also prove the following:
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Proposition 7.12. The map £ — V() is of class C*, and

e

for some constant C' > 0.

¢ <||E<\v<5>>||*,g v |2

*’£>

7.3. Derivative estimates. Here we deal with the derivatives of the solution ¢ = W(§) to (7.98)
with respect to &. This will also imply derivative estimates for the error term £ — E(W(§)).

*’g

We first show the following

Lemma 7.13. Letv) € U be a solution’ to (7.98), with |||, ¢ < Ce"25. Then, there exist positive

constants C' and ~y such that
< <O | et q(n+2s) 4 ’
*,& 3

where q is defined in (7.105).
Proof. First of all, we observe that, thanks to Proposition 7.5 (applied here with g := — (E (1)) + N (v))),
the function 2% is well defined.

2.

85
We make the following computations: from (7.3) we have that

9E(W) _ (g + )P~ (% + a_zp) —plwe + ) (% " 0_¢>

o€ o 0 9 9
0 Oue 0
= D (e + 0 = (gt 0]+ plae + ) T — plu+ )
0 0 0
= o5 [+ o = e o] atae+or (G - 5
0
4 |+ 0P = (b | T
Thus, recalling (7.104), (7.100) and (7.102), we infer that
OF B} o1 |OUe O
D2 < |G 1o = wdr -+ (el + 1 |G -
0
+ Cp |Z_L§ — w§|q ai;

(7.120)
' 042 | (Jag] + o))"

Owe

C'gd(n+2s)
+ Ce D¢

for some C > 0. Now, we claim that

sup (1 + [z — &[)* [ag(x)[P e < O
z€eR™

and sup (1+|a — £} [p()lP'e" < Ce,
rER™

(7.121)

*We remark that a solution that fulfils the assumptions of Lemma 7.13 is provided by Theorem 7.6, as long as € is
sufficiently small.
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for suitable C' > 0 and v > 0. Let us prove the first inequality in (7.121). For this, we use that ¢
vanishes outside (2., together with (7.100) and (1.4), to see that

sup (1 + [z — &])" |ag(x) [~ 'e”

$€R"
= sup(l + |:r; _ §|)u |a£(x)’p71€l/1
€N,
< sup (1+ o — €))7 DO 4 sup (1+ [ — €])* fug(w) P
(7.122) 2€Qe €9,
<O el V2 4 sup (14 [ — €)1 070 fwg(a)|P (14 | — €)@ e

e
C e Help=Dnt2s) ngHfglgw(%ngm

<

L C et Dn+2s) o o 0 c=1=p)+ o1
Now we observe that
(7.123)

—p+(p=1Dn+2s) +n
=min{—p+(p—1)n+2s)+n+2s+1,—pu+ (p—1)(n+2s)+p(n+2s)}
>min{—(n+2s)+(p—1(n+2s)+n+2s+1,—(n+2s)+ (p—1)(n+2s) +pn+2s)}
= min{(p — 1)(n +2s) + 1, (2p — 2)(n + 2s)} > 0.

Moreover, if p > 2, then
—(2—=p)y +v1 =11 >0,
while if 1 < p < 2, then
— w2 —p)y + 11
= min{—p(2—p)+n+2s+1,—u(2 —p) +pn+2s)}
> min{—(n+2s)(2—p)+n+2s+1,—(n+25)(2—p) +pn+2s)}
= min{(p — 1)(n +2s) + 1, (2p — 2)(n + 2s)} > 0.

Using this and (7.123) into (7.122) we obtain the first formula in (7.121). Now, we focus on the second
inequality: from the assumptions on 1) we have

sup (1 + [ — &))" [ (2)["'e”

zeR™
= sup (1 + [z — £)! [ ()~
€N
(7.124) = sup(1+ |z — §|)u(p—1) l(x) [P (1 + |z — §|)u(2—p) eV
€N

< H¢||f_gl eTH(2=P)+ o1

< O P D42s) —p(2=p)+ o1

If p > 2 we get the second inequality in (7.121), as desired, hence we focus onthe case 1 < p < 2.
For this, we notice that

(p—1)(n+2s) —pu(2—p)y +u1

=min{(p — 1)(n+25) —pu(2—p) +n+2s+1,(p—1)(n+2s) — u(2 —p) + p(n + 2s)}
>min{(p—1)(n+2s) —(2—p)(n+2s)+n+2s+1,(p—1)(n+2s) — (2—p)(n+2s) + p(n +2s)}
= min{(2p — 2)(n +2s) +1,(3p — 3)(n +2s)} > 0,
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and this, together with (7.124), implies the second inequality in (7.121) also in this case. Hence the
proof of (7.121) is finished.

Exploiting (7.121) and Lemma 5.2, we infer from (7.120) that

(7.125) H— < Cellnt29) ‘ + Ce?,

*,& af
for suitable C' > 0 and v > 0, and this concludes the proof of Lemma 7.13, up to renaming the
constants. O

Lemma 7.14. Let ) € U be a solution to (7.98), with ||{)]|,¢ < Ce™*?. Then, there exists a
positive constant C' such that

0y
9]
Proof. We observe that, thanks to Proposition 7.5 (applied here with g := — (E(¢)) + N (v))),
o HaE(w) ON(¥)
— <C||F v+ IV «£ T+ + .
% (H Wt INOle+ | 7582+ |75
Therefore, from Lemmata 7.9, 7.10 and 7.13, we obtain that
o ION(v)
(7.126) H 1 4 gdnt29) + H— .
85 *f ( 8€ *,& 85 *,&
Now we observe that, from (7.3),
ON(y) p—1 % 3@0 10 _ -2 w& _ 1a_¢
_ 81/1 _ 11 Ow
_ p—1 _ , p— p—1 _ ,p—1] T _
As a consequence, using (7.104) once again,
(9N(1/)) q &b 8w5 8105
(7.127) ‘ 9 ‘ C'ly] | T lae || T C 4]
Now we claim that
_92 aw§

for some C' > 0. When p > 2, (7.128) follows from (1.4) and Lemma 5.2, hence we focus on the
case p € (1,2). In this case, we take v as in Lemma 5.2 and we notice that

vi=v1—(2—=p)(n+2s) =min{n+2s+ 1+ (p—2)(n+2s), (2p —2)(n + 2s)}
=min{(p —1)(n+2s)+ 1, (2p—2)(n+2s)} > 0.
Then we use (7.95) and we obtain that

Owe
0%

Since wy is positive and smooth in the vicinity of &, this proves (7.128).

w? <Cle— §|(2—p)(n+2s) z— &)™ =Clz — §|—f/'

_9 811)5

=2 -



58

Now, using (7.128) into (7.127), we obtain that

ON 0 0
(7.129) ‘% < Oyl Ha—? 5?” +C ).
We claim that
(7.130 HaN—W <ol [H T (0 TR
0& iy

Indeed, the claim plainly follows from (7.129) if ¢ = 1 (that is p = 2), hence we focus on the
case g = p — 1 (thatis 1 < p < 2). In this case, we observe that

0 0
(1 + o — €|l [a—‘g ﬂH

T
(1 o €M (L4 o — €] HZ—? " %H (1+ o — €))7

23
*,5] 7

Hence, using our assumptions on 1, we deduce that

< clll, [H

H 8w5

*€
and this implies (7.130) also in this case.

N 0
H8_¢ < Ogtnt29) ‘ 44 +1| +C,
8§ *75
up to renaming constants. By inserting this into (7.126) we conclude that
0 110
'_¢ < C’ + — _w ,
o0& ot 2 || 0¢ t
as long as ¢ is sufficiently small. By reabsorbing one term into the left hand side, we obtain the
desired result. ]

Lemma 7.15. Lett) € U be a solution to (7.98), with |||, ¢ < Ce™ 5. Then, there exist positive
constants C' and ~y such that

<O,

H OE ()
*E

9¢

Proof. The proof easily follows from Lemmata 7.13 and 7.14, up to renaming the constants. 0

7.4. The variational reduction. We are looking for solutions to (1.8) of the form (7.1), that is, re-
calling also (7.119),

(7.131) ug = e + W (§).

We observe that, thanks to (1.9) and (7.98), the function u, satisfies the equation

n
(7.132) (—A)°ue +ue = ug + Z ci Z;in€),.
i=1
Notice that if c; = 0 for any ¢ = 1, ..., n then we will have a solution to (1.8). Hence, aim of this
subsection is to find a suitable point £ € {2, such that all the coefficients ¢;, 2 = 1,...,n,in (7.132)

vanish.
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In order to do this, we define the functional J. : {2, — R as

(7.133) Je(&) == I (ue + V(&) = I.(ug) forany £ € €,
where . is introduced in (1.10). We have the following characterization:
Lemma 7.16. /fe > 0 is sufficiently small, the coefficients c;,1 = 1,...,n, in (7.132) are equal to
zero if and only if € satisfies the following condition

0J

5 (&) =0.

§

Proof. We make a preliminary observation. We write { = (&1,...,&,) and, forany j = 1,...,n,

we take the derivative of u, with respect to &;.

We observe that

8u5 8115 ov (5)
(7.134) = + )
o6 0¢ 0§
Thanks to (7.102), we have that

Oue _ Owe

(7.135) = + O(e™).

& 04
Moreover, from Proposition 7.12 and Lemmata 7.9 and 7.15, we obtain that

v ()
(7.136) =0(e7),
9

where v > 0. Hence, (7.134), (7.135) and (7.136) imply that

8u§ aw§

— = — O(E’Y)7

9 0§
which means, recalling (5.3) and using the fact that %—g = —%—Zf_, that

8u£
(7.137) — =—Z;+0(").

3] /
In particular,

ou
(7.138) / Z; == dx = / Z; (— Z; + O(a”)) dr = —/ Z; Zjdr 4+ O(g7)
o. 0§ Qe Q.
and, from Lemma 5.2, we deduce that
ou
(7.139) L < Ci(|Z] +£7) < Co.
0E;
With this, we introduce the matrix M € Mat(n x n) whose entries are given by
8u§
! o. 9

We claim that

(7.141) the matrix M is invertible.
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To prove this, we use (7.138), Corollary 5.6 and the fact that & > 0 (recall (5.17)): namely we
compute

= —Oé(gij -+ 0(67).

This says that the matrix —a~'M is a perturbation of the identity and therefore it is invertible for &
sufficiently small, hence (7.141) readily follows.

Now, we multiply (7.132) by 88—“; obtaining that

8
(( A) U§+U§—U£ Ug Zcz 1 e 87

and therefore

((=A)%ug + ug — ug) au&

Z [2

This, together with (7.139) and Lemma 5.2, implies that the function ((-A)SU§ + ue — ug) 88—“; is
in L>°(€).), and so in L*(2.) uniformly with respect to &.

This allows us to compute the derivative of .J. with respect to §; as follows:

S (6 = e lu
- az (/ 3 g + 5 - dx)
(7.142) = LE%<_A)S%“5+;< A)? u5‘2§f+ gzju ¢ —ul f;gﬁ dx
- [ (vt @) G
- 0
_ Zlci/QEZi aZjd ,

where we have used (7.132) in the last step. Thus, recalling (7.140), we can write

0. (&) = Z ciMj;,

0% i=1
forany j € {1,...,n}, that is the vector %(ﬁ) = <%(£), ce %(5)) is equal to the product
between the matrix M and the vector ¢ := (cy,...,¢,). From (7.141) we obtain that %‘25 (&) is
equal to zero if and only if c is equal to zero, as desired. [

Thanks to Lemma 7.16, the problem of finding a solution to (1.8) reduces to the one of finding critical
points of the functional defined in (7.133).To this end, we obtain an expansion of J..

Theorem 7.17. We have the following expansion of the functional J.:

Jo(§) = L(Tig) + o(e™™).
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Proof. We know that
Je(§) = Le(ug + ¥ (E)).
Hence, we can Taylor expand in the vicinity of u¢, thus obtaining

J(€) = L(mg) + (@) (e)] + I"(@)[W(E), T(E)] + O(W(E))
— L(ag)+ / (= AT W(E) + e W(E) — a2 W(E) da

" / (AP W) T(E) + T(E) — put " WP(E) dx + O(T(E)P)
= Lla)+ [ (AUt u— ) W) do
_ /Q (—A) (g — i) + e — g — i + 72) W(E) e

n / (A W(E) W(E) + V() — pul "W (€) di + O(T(E)[").

Therefore, using (7.131), we have that

1) = 1w + [ ((~A)uc+ e —uf) V(e do
(7.143) e

+ / (uf = — pug” W (€)) W(E) dx + O(L(E)[*).
Q.

We notice that

/Q ((=A)*ug +ue —u?) (&) da = 0,

thanks to (7.132) and the fact that W () is orthogonal in L?(£.) to any function in the space Z.
Hence, (7.143) becomes

(7.144) J:(&) = I (ug) + /Q (u§ — T — pﬂg"l\D(g)) U (&) dz + O(|T(€)).
Now, we observe that
uf — @ — pal ()| < |uf — af| + plat W ()| < C A (e,

for a positive constant C', and so, using also (7.100), we have

/Q (uf — a — pul ™" W (&)) V(&) dw

<C / e P ()2 de
Qe
(7.145) < CIY(E)|2, / |ae|P~! pF dae
Qe
< Clu ()|, / e + O )P 2 da
Qe

< (JII‘If(rS)IIig/Q Jwel”™ o dfff+06“"”“‘“5)II‘I’(S)Ilf,g/Q pe de.
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Recalling the definition of p¢ in (6.2) and the fact that 11 > n/2, we have that

(7.146) / pg dx < Ch,

€

for a suitable constant C'; > 0. Moreover, thanks to (7.99) (recall also (7.119)), we obtain
5(p—1)(n+2s)||g;(§)||i£ < Oy eP=D(428) 2(n42s) — () (pH1)(n+2s)

which, together with (7.146), says that

(7.147) O D029 g (62, / R dr = of"H).

£

Also, using (1.4) we have that

1 1
p—1 2d < C / de < C
/QE |w£| p{ €T 3 o (1 + |.1' _ 5‘)(;071)(7’%‘1*28) (1 + |.1' _ 5‘)2u T X Uy,

and so, using also (7.99) we have that

mW@m;A;mw44m=m@%%.

This, (7.144), (7.145) and (7.147) give the desired claim in Theorem 7.17. [

8. PROOF OF THEOREM 1.1

In this section we complete the proof of Theorem 1.1. For this, we notice that, thanks to Theorems 4.1
and 7.17, we have that, for any £ € Q. with dist(&, 0€.) > /¢ (for some ¢ € (0, 1)),

1
8.1) Jo(€) = I(w) + SH:(§) + o(e"™),
where J. and I are defined in (7.133) and (4.1) respectively (see also (7.119)), where H, is given
by (1.17).

Also, we recall the definition of the set (). 5 given in (2.29), and we claim that .J. has an interior
minimum, namely

(8.2) there exists ¢ € Q. 5 such that J.(£) = min J.(£).
gegaﬁ

For this, we observe that .J. is a continuous functional, and therefore

(8.3) J. admits a minimizer £ € Q. 5.

We have that

(8.4) €€y

Indeed, suppose by contradiction that f € 0% 5. Then, from (8.1), we have that
J(6) = T(w)+ SH.E) + o)

(8.5) 1 B
> - : ntasy
AT AR

On the other hand, by Proposition 2.8, we know that . has a strict interior minimum: more precisely,
there exists £, € (). 5 such that
(8.6) He (&) = minH. < et

£,0
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and

H £\ ntés
8.7 min > c (—) ,
( ) 99,5 e = L2

for suitable c1, ¢, > 0. Also, the minimality of £ and (8.1) say that

1 = min (0
< &)
= 1)+ FHAAE) + o).

By comparing this with (8.5) and using (8.6) and (8.7) we obtain

C25n+4s + ( n+4s> < I H. + ( n+4s)
gontas T OF S Qa0 e
< J(§) — I(w)
1
< §H5<€0) + O(€n+4s>
c €n+4s
< 1 5 +0(6n+45)
So, a division by £"*** and a limit argument give that
Co < 2
2 jntis 2

This is a contradiction when ¢ is sufficiently small, thus (8.4) is proved. Hence (8.2) follows from (8.3)
and (8.4).
From (8.2), since (), s is open, we conclude that
oJ, -
-(§) =0.
23

Therefore, from Lemma 7.16 we obtain the existence of a solution to (1.1) that satisfies (1.5) for
sufficiently small, and this concludes the proof of Theorem 1.1.

ACKNOWLEDGEMENTS
This work has been supported by Fondecyt grants 1110181, 1130360 and Fondo Basal CMM-Chile,

EPSRC grant EP/K024566/1 “Monotonicity formula methods for nonlinear PDE” and ERC grant
277749 “EPSILON Elliptic Pde’s and Symmetry of Interfaces and Layers for Odd Nonlinearities”.

APPENDIX A. SOME PHYSICAL MOTIVATION

Equation (1.1) is a particular case of the fractional Schrédinger equation

(A1) ihop) = B> (—A)*y + V ah,

in case the wave function v is a standing wave (i.e. 1(z,t) = U(x)e™") and the potential V'
is a suitable power of the density function (i.e. V' = V(|1)|) = —|¢[P71). As usual, & is the
Planck’s constant (then we write ¢ := h in (1.1)) and ¢ = (x,t) is the quantum mechanical

probability amplitude for a given particle (for simplicity, of unit mass) to have position x at time ¢ (the
corresponding probability density is [t)]?).
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In this setting our Theorem 1.1 describes the confinement of a particle inside a given domain 2: for
small values of A the wave function concentrates to a material particle well inside the domain.

Equation (A.1) is now quite popular (say, for instance, popular enough to have its own page on
Wikipedia, see [36]) and it is based on the classical Schrédinger equation (corresponding to the
case s = 1) in which the Brownian motion of the quantum paths is replaced by a Lévy flight. We
refer to [25—-27] for a throughout physical discussion and detailed motivation of equation (A.1) (see
in particular formula (18) in [25]), but we present here some very sketchy heuristics about it.

The idea is that the evolution of the wave function ¢ (z, t) from its initial state ¢y(z) := 1(z,0) is
run by a quantum mechanics kernel (or amplitude) K which produces the forthcoming values of the
wave function by integration with the initial state, i.e.

(A.2) P(z,t) = /n dy K(z,y,t) Yo(y).

The main assumption is that such amplitude K (x,y, t) is modulated by an action functional .S; via
the contributions of all the possible paths  that join x to ¢ in time Z, that is

(A.3) K(z,y,t)= / dy e #St/R
F(zy,t)

The above integral denotes the Feynman path integral over “all possible histories of the system”, that
is over “all possible” continuous paths v : [0,t] — R™ with v(0) = y and y(t) = z, see [18]. We
remark that such integral is indeed a functional integral, that is the domain of integration F (z, y, t)
is not a region of a finite dimensional space, but a space of functions. The mathematical treatment
of Feynman path integrals is by no means trivial: as a matter of fact, the convergence must rely
on the highly oscillatory behavior of the system which produces the necessary cancellations. In
some cases, a rigorous justification can be provided by the theory of Wiener spaces, but a complete
treatment of this topic is far beyond the scopes of this appendix (see e.g. [4,5] and [1,23]).

The next structural ansatz we take is that the action functional .S; is the superposition of a (complex)
diffusive operator H, and a potential term V.

Though the diffusion and the potential operate “simultaneously”, with some approximation we may
suppose that, at each tiny time step, they operate just one at the time, interchanging their action®
at a very high frequency. Namely, we discretize a path - into /V adjacent paths of time range ¢/ N,
say 71,...,7n : [0,t/N] — R™, with 7;(0) = y and vy (t/N) = z, and we suppose that,
along each -y, the action reduces to the subsequent nonoverlapping superpositions of diffusion and

Sna sense, this is the quantum mechanics version of the Lie—Trotter product formula

. N
A+B _ lim (eA/NeB/N)
N —+o00

(&

for A, B € Mat (n x n). The procedure of disentangling mixed exponentials is indeed crucial in guantum mechanics
computations, see e.g. [19]. In our computation, a more rigorous approximation scheme lies in explicitly writing .St ()
as an integral from 0 to ¢ of the Lagrangian along the path -, then one splits the integral in N time steps of size {/N
by supposing that in each of these time steps the Lagrangian is, approximatively, constant. One may also suppose that
the Lagrangian involved in the action is a classical one, i.e. it is the sum of a kinetic term and the potential V. Then the
effect of taking the integral over all the possible paths averages out the kinetic part reducing it to a diffusive operator.
Since here we are not aiming at a rigorous justification of all these delicate procedures (such as infinite dimensional
integrals, limit exchanges and so on), for simplicity we are just taking H to be a diffusive operator from the beginning.
In this spirit, it is also convenient to suppose that the potential is an operator, that is we identify V' with the operation of
multiplying a function by V.



65

potential terms, according to the formula

(A.4) ISt/ iy (efitHo/(hN)efitV/(hN))N_
N—+o0

Once more, we do not indulge into a rigorous mathematical discussion of such a limit and we just
plug (A.3) and (A.4) into (A.2). We obtain

o= [ [ e

— lim dy/ dy o~ itHo/(AN) ,—itV/(hN) N%(y).
N—+oo Jpn F(z,y, ( )

(A.5)

Therefore, if we formally® apply the time derivative to (A.5) we obtain that

(A.6)
. Ho _un J(AN) _—itV/(hN) V. _am J(AN) _—itV/(hN)

= lim dy dy N | —e "0 e + —e e

) (e—itHo/(hN)e—itV/(hN))N*1 Wo(y)
— lim / dy / dy (Hoe—itHo/(hN)e—itV/(hN) +Ve—itHo/(hN)e—itV/(hN))

N—+oo Jgn ,y,t)

—q —i N—

< (e tHo/(hN) tW(ﬁN)) 1¢0(y)

= (Ho+V) / dy / e S My (y)
n 71y7
= (Hoy+ V)¢

by (A.2), (A.3) and (A.4). The classical Schrodinger equation follows by taking Hy := —h2/A, that is
the Gaussian diffusive process, while (A.1) follows by taking Hy := hQS(—A)S, that is the 2s-stable
diffusive process with polynomial tail.

5The disentangling procedure allows to take derivative of the exponentials of the operators “as they were commuting
ones”. Namely, by the Zassenhaus formula,

6t(A+B) _ etAetBeO(tQ) _ etAetB(l + O(t2)>

that in our case gives
e—itHo/(RN) ,—itV/(AN) _ efit(HngV)/(hN)(l + O(t2/N2))

and so
(e it/ (RN)=itV/(RNI) N o=it(Hot V)M (1 4 O(12 /N?))
Hence
lim 8t(e_itHO/(hN)e—itV/(hN))N
N —+o0
i (H )
= W ’weﬂt%m/h(l +O(2/N?) + O(t/N?)
_ilHo+V)
3 .

Moreover, we point out that a couple of additional approximations are likely to be hidden in the computation in (A.6).
Namely, first of all, we do not differentiate the functional domain of the Feynman integral. This is consistent with the
ansatz that the set of the paths joining two points at a macroscopic scale in time ¢ “does not vary much” for small
variations of ¢. Furthermore, we replace the action of Hy and V' along the infinitesimal paths with their effective action
after averaging, so that we take (Hg + V') outside the integral.
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Having given a brief justification of (A.1), we also recall that the fractional Schrédinger case presents
interesting differences with respect to the classical one. For instance, the energy of a particle of unit
mass is proportional to |p|** (instead of |p|?, see e.g. formula (12) in [25]). Also the space/time
scaling of the process gives that the fractal dimension of the Lévy paths is 2s (differently from the
classical Brownian case in which it is 2), see pages 300-301 of [25].

Now, for completeness, we discuss a nonlocal notion of canonical quantization, together with the
associated Heisenberg Uncertainty Principle (see e.g. pages 17-28 of [22] for the classical canonical
quantization and related issues).

For this, we introduce the canonical operators for k € {1,...,n}
(A.7) P, = —iﬁsak(—A)(S_l)/Z and Qy = Tp.

Notice that ()}, is the classical position operator, namely the multiplication by the kth space coor-
dinate. On the other hand, Py is a fractional momentum operator, that reduces’ to the classical
momentum —ihd;, when s = 1. In this setting, our goal is to check that the commutator

n

Q. P =" [Qx, Py

k=1

does not vanish. For this, we suppose 0 < o < n/2 and use the Riesz potential representation of
the inverse of the fractional Laplacian of order o, that is

a8 ()l —clns) [ TSy [ My

R |y|n—2a ” ‘I _ y‘n—2a )
for a suitable ¢(n, s) > 0, see [24].
In our case we use (A.8) with o := (1 —s)/2 € (0,1/2) C (0,n/2). Then

Pk¢($) = _C(n7 S) Zhsak & dy = c(n, S) i h° (n—|—5—1) / w dy

Rn ‘l’ _ y‘n+371 ‘.T _ y‘n+s+1

and so

(e — yr) yr ¥ (y) du

|l‘ _ y|n+s+1

PQib(x) = Pu(xpp(x)) = ¢e(n,s)ih* (n+ s — 1) /

n

This gives that

QrPrt) — PQi
= e(n, )ik (nts—1) U wi (ke — yn) Y (y) ay— /n (x5 — yi) Y (y) "

n

(zr — ye)* ¥(y)

|.I‘ _ y|n+s+1

Y

= c(n,s)ihs(n—i-s—l)/

n

’0f course, from the point of view of physical dimensions, the fractional momentum is not a momentum, since
it has physical dimension [Planckconstant]’/[length|®, while the classical momentum has physical dimen-
sion [Planckconstant]/[length]. Namely, the physical dimension of the fractional momentum is a fractional power
of the physical dimension of the classical momentum. Clearly, the same phenomenon occurs for the physical dimension
of the fractional Laplace operators in terms of the usual Laplacian.
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and so, by summing up® and recalling (A.8), we conclude that

Q, Pl = <ns>ms<n+s_1)/ Y(y)

g |2 — y[r et

dy=1i(n+s—1)E(=A) 7D/,

Notice that, as s — 1, this formula reduces to the the classical Heisenberg Uncertainty Principle.

We also point out that a similar computation shows that, differently from the local quantum momen-
tum, the kth fractional quantum momentum does not commute with the mth spatial coordinates even
when k # m, namely [Q,,, Px|1(x) is, up to normalizing constants,

ihs/ (T — Ym) (2 — yp) Y (y) dy.

’.I _ y’nJrerl

This Heisenberg Uncertainty Principle is also compatible with equation (A.1), in the sense that the
diffusive operator H is exactly the one obtained by the canonical quantization in (A.7): indeed

Z Pk2 = i ( _ ihsak<_A)(s—1)/2> ( _ ihsak<_A)(s—1)/2>

k=1

— _p% Z 8]%(_A)sfl
k=1

— _p=A (_A)s—l
_ h2s(_ A)*
= H,.

Moreover, we mention that the fractional Laplace operator also arises naturally in the high energy

Hamiltonians of relativistic theories. For further motivation of the fractional Laplacian in modern
physics see e.g. [7] and references therein.

BAIternativer, one can also perform the commutator calculation in Fourier space and then reduce to the original vari-
able by an inverse Fourier transform. This computation can be done easily by using the facts that the Fourier transform
sends products into convolutions and that (up to constants)

(Tx * g)(&) F(zeFg(2))(€)

= / dx/ dy e (y=¢) kg (y)
= i_l/ d:c/ dy ayke”'(y_g)g(y)
= 2/ dx/ dy e”'(y_f)akg(y)

= z’/n dx e_mf]:_l(akg)(x)

= iF(F(09))(©)
= i0kg(§).
Then we leave to the reader the computation of F([Q, P]w) ().
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