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ABSTRACT. We explore the possibility of modifying the classical Gauss free energy functional used in capillarity
theory by considering surface tension energies of nonlocal type. The corresponding variational principles lead to
new equilibrium conditions which are compared to the mean curvature equation and Young’s law found in clas-
sical capillarity theory. As a special case of this family of problems we recover a nonlocal relative isoperimetric
problem of geometric interest.

1. INTRODUCTION

1.1. Overview. Classical capillarity theory is based on the study of volume-constrained critical points and lo-
cal/global minimizers of the Gauss free energy of a liquid droplet occupying a region F inside a container
Q C R", n > 2. 1f H"! denotes the (n — 1)-dimensional Hausdorff measure in R™, then the Gauss free
energy of F/ is

H* 1 (QNIE) + o H" (09N IE) + / g(x) dx (1.1)

E

where H" 1 (2N AE) accounts for the surface tension energy of the interior liquid/air interface, ¢ H™ (92N
OF) for the surface tension energy due to the liquid/solid interface (measured relatively to the liquid/air tension,
so that the relative adhesion coefficient o is assumed to satisfy —1 < o < 1), and where g(z) stands for the
potential energy density acting on the droplet. It is well-known that when E is a volume-constrained critical point
of the Gauss free energy having sufficiently smooth boundary, then the equilibrium conditions (Euler-Lagrange
equations) for F take the form

Hyp(z) +g(z) =c, foreveryx € QN OE, (1.2)
ve(z)-vo(z) =0, forevery z € QN OE N 09, (1.3)

where v is the outer unit normal to E/, Hyg is the mean curvature of O F (computed with respect to vg) and
¢ € R is a Lagrange multiplier.

In this paper we introduce and investigate a family of capillarity-type energies where the effect of surface tension
is measured through nonlocal interaction energies, rather then through surface area. Given s € (0,1) and

e € (0, co] we denote by
1 x—yl)d
IS(E,F)—/ dx/ 0oz —yl)dy
E P lz—ynte

the fractional interaction energy of order s truncated at scale & between two disjoint sets ¥ and F' contained in
R"™. We then work with the following “fractional Gauss free energy”

ISE(E,QHEC)JraIg(E,QC)Jr/ g(z)dz, (1.4)
E

Points in E interact with points in 2 N E° and with points in £2¢; the second type of interaction is weighted by
a constant o having the same role of the relative adhesion coefficient in the classical model, and interactions
are truncated at distance ¢. Since the kernel |z| =" is not locally integrable, the function x € E +— fEc |z —
y| "% dy explodes like dist(x, 0F)~*® as x € E approaches the boundary of E. Now for every y € OF the
function t > 0 — dist(y — tvg(y),0E) % = t~° is integrable as t — 07, and thus we understand a term
like the integral over z € Eof z € E — [ |x —y|~"~* dy, or more generally I (E, E) withe < 0o, as a
nonlocal measurement of the surface area of O E. This intuition is confirmed by the fact that, in the limit s — 1~
corresponding to highly concentrated kernels, and after scaling by the factor (1 — s), the nonlocal capillarity
energy (1.4) converges to its local counterpart (1.1),

lim (1-s)

s—1— Kn

(I;‘(E, QNE) +oI5(E, QC)> = H""HQNOE) + o H" (80N OF)

see Proposition 1.2 below. The latter property indicates that for s close to 1 the nonlocal model is quite close to
the classical one. There are however some qualitative differences of possible interest, and the goal of this paper
is starting their study.

Clearly, in order to understand these differences, the first step is deriving and discussing the Euler-Lagrange
equations for the nonlocal capillarity energy (1.4). Both the interior equilibrium condition (1.2) and Young’s law
(the contact angle condition (1.3)) are affected by the non-locality of the model.
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H = {z, >0}
)

FIGURE 1.1. The contact angle for the fractional Young’s law of order s is computed by balancing the
volume of the cone Ly and the volume of H¢ multiplied by o. In both cases “volume” is computed with
respect to the singular density |z — e(0)| ™ *dz, where both integral converge as the non-integrable
singularity e(#) is at positive distance from both Ly and H¢. Notice that Ly is defined by considering
the reflection Jj; of Jy with respect to H N 9Jy, and then by setting Ly = J; N H.

A first remarkable difference is that the interior equilibrium condition feels the effect of the relative adhesion
coefficient o at interior points whose distance from 0 is within the range of the interaction kernel. (This is
in striking difference with the classical model, where the corresponding interior equilibrium condition, namely
(1.2), is completely unaffected by the mismatch in surface tension even at points in the boundary of the droplet
lying at arbitrarily small distance from the container walls.) Indeed, as proved in Theorem 1.3 below, the interior
equilibrium condition in the fractional setting takes the form

Log(lz —yl)
S,€ (0,8) y
HaE(x)—(l—O') /C’x_wgdy+g($>—c foreverwaQﬁ@E, (15)
where Hgg(x) is the fractional mean curvature of OF at x (of fractional order s and with truncation at scale ¢),
defined as
Loe(lz—yl)
Hyp(z) = p-V-/ (1Ec(y) - 1E(Z/)) Tyt
This last integral has to be defined in the principal value sense and only for x € OF, because in order for the
integral to converge it is essential that, in a ball of radius » > 0 centered at =, 1 g and —1 g cancel out the
presence of the non-integrable kernel on outside of a region of volume o(r™). With this caveat in mind, it holds
that,as s — 17, (1 — s) H)z.(z) — Hpp(x) for every z € OF such that OE is an hypersurface of class
C? around . The novel feature of the fractional model is contained in the second term on the left-hand side of

(1.5), namely
(1-0) / Log(z -yl
o |w—ylrts
Because of this term, the mismatch 1 — o in the surface tension between the liquid/air and liquid/solid interface
is felt also at point x € 2 N OF lying at a distance at most £ from the boundary wall O€). Notice that this
nonlocal term, multiplied by (1 — s), converges to 0 as s — 1~ for every x € €.

dy VYxelE.

n

Coming to the contact angle condition, as proved in Theorem 1.4 below, when working with the fractional model
one finds a different contact angle than the one predicted in the classical Young’s law (1.3). Independently from
the considered value of € and on the ambient space dimension n, the fractional Young’s law takes the form

vp(r) - vo(x) = cos(m — 0(s,0)), forevery x € QNOE NN, (1.6)

where 0 = 6(s, o) € (0, 7) is uniquely defined in terms of s and o by the identity

where Jyp = {a: € R" : z, > 0and cosax, = sinaz; forsome a € (0, 9)},
H={zxeR":z, >0}
and e() = cos fey +sinfe,,

whose geometric significance is illustrated in Figure 1.1. (Notice that the independence of  from n is not



apparent from (1.7).) One has o € (—1,1) + (s, o) is strictly increasing with
T
0(s,0) = —, lim 6(s,o 0, lim 6(s,0) ==
(.0=F. lm 6(s0)=0. lim 0(s.0)
and, quite importantly,

111}1_ cos(m —6(s,0)) =0,

so that the fractional Young’s law (1.6) converges to its local counterpart (1.3) as s — 17 . The fact of obtaining
a different contact angle than the classical one may be reconciliated with physical observation as the angle pre-
dicted by the classical Young'’s law may be actually observed in the nonlocal context at a characteristic distance
from the boundary of the container. In other words, the nonlocal model may predict different microscopic and
macroscopic contact angles, the latter in accordance with (1.3). We plan to address this issue in a subsequent
paper, by focusing on the fractional sessile droplet problem.

Let us now comment on the mathematical background of our work. The use of fractional Sobolev norms in the
analysis of partial differential equations is of course a well established area of research with a vast literature
and a huge range of applications. The study of nonlocal geometric variational problems has attracted a large
attention since the seminal work [CRS10], where nonlocal minimal surfaces have been introduced motivated by
the study of the mean curvature flow as the limit of a process based on long range correlation. The boundary of
a set F is nonlocal area minimizing in an open set 2 if the quantity

/ / dxdy » . - ,
+ additional “lower order” interaction terms
Br Jeno lv —yl"ts

is minimized by £ among all sets F' such that '\ = E \ 2. The main result in [CRS10] is partial C'1<-
regularity theorem outside a closed singular set of dimension n — 2. Higher order regularity and improved
dimensional estimates for the singular set have been obtained in [SV13, BFV14, FV16], examples of singular
minimizing cones have been obtained in [DdPW13, DdPW14], while boundaries with constant fractional mean
curvature have been studied in [CFSW16,CFW16,CFMN16,DdPDV16]. The present paper is also a contribution
to the developing theory of nonlocal geometric variational problems. Indeed the minimization of (1.4) in the case
o =0,g=0,and e = 400 leads to study a family of relative isoperimetric problems for fractional perimeters
in the open set {2. Relative isoperimetric problems are of course a classical subject in the calculus of variations,
especially because of their importance in determining (or in bounding) sharp constants in Poincaré-type inequal-
ities; see [Maz11]. This kind of application uses the possibility of writing Dirichlet energies as perimeter integrals
over super-level sets by the coarea formula. This is possible also in the nonlocal case, where an appropriate
version of the coarea formula can be found, for example, in [Vis91].

1.2. Interaction kernels. The study of nonlocal geometric variational problems is mainly concerned with the
nonlocal perimeters defined through the infinite-range isotropic singular kernels or, briefly, fractional kernels.
Given s € (0, 1), the fractional kernel of order s is defined as

1

KS(C):W7 ¢eR"\{0}. (1.8)
It also seems interesting to consider finite range interactions. We thus introduce the fruncated fractional kernel
of order s,
Lio,e)(I€])
KE(C)zmT, CeR"\{0},c € (0,00]. (1.9)

Given K and K as the prototype kernels in our theory, we may finally want to consider possibly anisotropic
interactions. We are thus led to introduce the following family of kernels.

Givenn > 2,s € (0,1), A > 1 and e € [0, oo] we consider the family of interaction kernels
K(n,s,\,e) (andset K(n,s,\) = K(n,s, \,0))
consisting of those even functions K : R™ \ {0} — [0, +00) satisfying

1500 A
)\|C|n+s S (C) S ’C‘nJrs

V¢ e R™\ {0}. (1.10)

(Here, B:(x) is the ball of center x and radius ¢, and we simply set B. = B.(0).) In particular, we assume
that K is bounded from above by a homogeneous kernel with polynomial decay of degree —(n + s) and that
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is bounded from below by the same type of homogeneous kernels up to distance € from the origin. Notice that
K(n, s, 1, 00) contains only the fractional kernel K s defined in (1.8). Given any K € K(n, s, \, ¢) we set

K*(¢) = lim 7" K(r() (A0, (1.11)
provided the limit exists. Notice that K* is automatically —(n + s)-homogeneous and bounded from above by
A[¢|7™7#, and that in the case of truncated fractional kernels we have

(K9 = K Vs € (0,1),e>0.
Occasionally we shall need to work with smoother interaction kernels: given h € N we thus introduce the class
K"(n,s,\,e) (andset K"(n,s, \) = K"(n,s, \,0))
consisting of those K € K(n, s, A, ¢) N C™(R™ \ {0}), with

ID'K(Q)] <

|\W VCeR"\ {0},1<j<h. (1.12)

Each kernel K defines an interaction functional between disjoint subsets of R™,
I(E,F)://K(x—y)dwdye[o,oo], E.FCR" ENF=0.
EJF
The nonlocal perimeter associated to K is defined as the interaction of a set with its complement
P(E)=1(E,E), E°=R"\E.

In the important cases of the fractional kernel K = K and of truncated fractional kernel K = K¢ we write I
and I in place of I, and F; and P in place of P, so that

dx dy
J(E,F) Py(E) = I,(E, E°),
- [ P - L)

1 y) dad
I5(E,F) = // BE‘ Jdrdy by 15(m B.

€T — ‘n—i—s

As shown in [Dav02] (see also [BBMO1])

1
lim (1 —s) PS(E) = ky H" Y O*E)  kp = 2/ le-wldH™™!  ec ST,
s—1— Sn

whenever F is a set of finite perimeter in R and 0* F denotes the reduced boundary of E (for example, if £

is a bounded open set with Lipschitz boundary, then E is a set of finite perimeter and 0* E = OF).

1.3. Nonlocal capillarity energy. Given K € K(n, s, \,¢), anopenset Q2 C R”,ando € (—1,1) we
define the nonlocal capillarity energy of £ C €2 as

E(E) = I(E, E°Q) + o I(E,Q°). (1.13)

Here and in the following we adopt the following unusual convention in order to simplify formulas involving the
interaction functional: precisely, when a set intersection £’ N (G will appear as an argument of I, we shall write
FG inplace of F' N G. For example,

I(EF,GH)standsfor [ENF,GNH). (1.14)

Looking at (1.13), the term I (E, E“Q2) accounts for interactions between liquid and air particles, while the term
I(E, Q°) accounts for interactions between £ and the solid walls of the container. From the physical point of
view, we expect short range interactions to matter the most. When working with the fractional kernels IZ, this
can be taken into account either by requiring the truncation parameter € to be small, or by taking s close to 1.
As already noticed, the latter option corresponds to highly concentrated kernels whose fractional perimeter are
increasingly close to the classical perimeter.

The basic variational problem we are interested in is then
fy:inf{E(E)—i—/ g(x)dr: ECQ, \E|:m} (1.15)
E

where m € (0,|Q2]) and g : R™ — R are given. As already noticed, when 0 = O and g = 0, (1.15) is a
nonlocal relative isoperimetric problem of geometric and functional interest. The minimization problem in (1.15)
is indeed well-posed, according to the following simple result:
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Proposition 1.1 (Existence of minimizers). If K € K(n, s, \), ) is an open bounded set with P(Q2) < oo,
and g € L (), then there exist minimizers in (1.15). Moreover, I(E, EQ)) < oo for every minimizer E.

We have already mentioned the fact that, as s — 17, fractional perimeters converge to classical perimeters.
This is true also for our nonlocal capillarity energy.

Proposition 1.2 (Convergence to the classical energy). If €2 and E are open sets with Lipschitz boundary and
E C €, then

lim (1 —s)I,(E,EQ) = r, H" Y QNIE)

s—1—
lim (1 5) [,(E, Q) = #n H* 1 (OE N 0R).
In particular,
1—
lim ( - ) E(E)=H""YQNIE) + o H" 1 (0NN IE).
s—1— n

1.4. Euler-Lagrange equations. We now address the form taken by the equilibrium conditions (Euler-Lagrange
equations) at boundary points of minimizers in the nonlocal capillarity problem. Notice that a minimizer E in
(1.15) could be in principle quite irregular, and actually the property of being a minimizer is invariant under mod-
ifications of F on and by a set of volume zero. It is thus convenient to work with a robust notion of boundary of
FE and set

OF = {meﬁ:0< |ENBy(x)] <wpr” Vr>0}.

We shall then define the regular part Reg, and the singular part ¥ of OF by setting

there exists 0 > O and a € (s,1) st. Bo(z) NOE isa Cl’o‘-manifold}

Regp =<2 € QNOE :
8B { with boundary, whose boundary points are in OS2

and X = OF \ Regp, respectively. We expect the Euler-Lagrange equations to hold in weak form at every
point x € OF and in a stronger, pointwise form at every x € Regp; see (1.22) and (1.23) below. Since our
primary goal here is understanding the qualitative features of the proposed nonlocal capillarity model, and thus
its possible physical interest, we shall not be concerned with the regularity problem, which would consists in
showing the smallness of X . Let us recall that, in the local case, when n = 3 the singular set is empty
[Tay77,Luc87,DPM15].

In order to introduce the Euler-Lagrange equations for the nonlocal capillarity energy £, it is convenient to recalll
the form taken by the equilibrium conditions for local minimizers of nonlocal perimeters. Given two sets I and
F which are equal outside of a bounded open set A we formally have

P(E) — P(F) = P(E,A) - P(F,A)
where we have set
P(E; A) = I(EA, ECA) + I(EA, ECAC) + I(ECA, E’AC) ,

and where the identity P(E) — P(F’) holds in general only in a formal sense as it involves the cancellation of
the possibly infinite interaction terms I (EA¢, E€A€) = I(F A€, F€A°) (as ENA® = F'N A° by assumption).
We thus say that £/ C R" is a critical point of P in a bounded open set A if

d
— P(fi(E),A) =0
dt o (ft( )? ) 9
for every family of diffeomorphisms { f; } ;<5 such that
fo=1d spt(fi—Id)CcC A V|t <. (1.16)
If K € K1 (n, s, \), then being a critical point is equivalent to the condition
/ /c div () (K(z —y) (T(2),T(y))) dedy =0 VT € CHA;R™). (1.17)

where we have set
div (4) (K (2 — y) (T(2),T(y))) = dive(K(z —y) T(2)) + div, (K(z —y) T(y)) .
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We refer to (1.17) as to the weak form of the Euler-Lagrange equation of P in A. Notice that (1.17) “holds at
every x € OFE” in the sense that it is satisfied by every measurable set F if restricted to vector fields 1" with
spt TNOE = @. It K € K?(n, s, \), then (1.17) implies that

HgE(x) =0 Vze ANRegg (1.18)

where HgE(:n) is the nonlocal mean curvature of OF at x (with respect to the kernel K), and is defined as

HYp (o) = pv. [

This integral converges in the principal value sense as soon as F is the epigraph of a Ch-function with o« > s
in a neighborhood of x, and actually HgE is a continuous function on Reg ;. Equation (1.18) is the strong form
of (1.17), and in the limit s — 17 of highly concentrated fractional kernels we have

<1Ec(y)—1E(y)> K(x—y)dy =xz€dE. (1.19)

n

lim (1 —s)Hpyg(z) = Hop(x)

s—1—
provided OF is of class C?ina neighborhood of x.

Coming back to the capillarity problem, we say that &/ C §2 is a (volume-constrained) critical point of £ + f g if

d

dt

E(fi(E)) +/ g=0, (1.20)

t=0 fi(E)

for every family of diffeomorphisms { f; }¢|<s such that, for every [t| < 6,
fo=Td, spt(fi—1d) CCR", f(@)=Q, |f(E)|=|E|. (1.21)

Global minimizers in (1.15) are of course critical sets. At regular points of a critical set of £ + fg the Euler-
Lagrange equations take the following form.

Theorem 1.3 (Euler-Lagrange equation). Let 2 be a bounded open set with C'' -boundary, g € C*(R™), and
E be a critical point of € + [ g. If K € K'(n, s, ), then there exists a constant ¢ € R such that

I/ div () (K (@ — ) (T(2), T(y))) dady
Ex(E<NQ)

1.22
+ 0// div (54 (K (z — y) (T(x),T(y))) dedy +/ div(gT) =c / div T e
ExQe E E
forevery T € C2°(R™; R™) with
T -vo=0 on o9} .
Moreover, if K € K?(n, s, o), then
HL(z) — (1 —0) Kx—-y)dy+g(xz)=c, VreQnNRegg. (1.23)

Qc

We next investigate the contact angle condition, or Young’s law, in the nonlocal setting. Let us recall that in the
local setting Young’s law can be derived through integration by parts starting from the weak form of (1.2), that is

/divaET—i—/ g(T-VE):c/ T vg
oF oF oF

for every T € CL(R™;R™) with T' - v = 0 on 99; see, e.g., [Mag12, Theorem 19.8], and compare with
(1.22). In the nonlocal case we need to use a different approach, avoiding integration by parts. More precisely,
the nonlocal Young’s law will be obtained by taking blow-ups of (1.23) along sequences of regular interior points
converging to €2 N Reg . Here and in the following we shall use the notation

A—l‘o

r

Ao —

for the blow-up of A C R" at scale » > 0 around g € R"™.
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FIGURE 1.2. The nonlocal Young’s law is computed at points zg € 02 where E blow-ups a cone
of the form V' N H where V is an half-space, and H is the half-space blow-up of §2 at zq. This law
determines the angle between V' and H via the identity (1.24).

Theorem 1.4 (Nonlocal Young's law). Let K € K?(n, s, \) be such that the homogeneous kernel K* is well-
defined accordingly to (1.11), and let g € C° (R™). Let 2 be a bounded open set with C' L_boundary and E be
a volume-constrained critical set of £ + f g. Given xg € Regp N 0L, let H and V' be the half-spaces such
that

Q*" — H and E*" — HNV in L} (R") asr — 0T

and set vy (xg) := vy (0). Then the angle between H and V' must satisfy the identity

Hg(}[mv)(v)—(l—a) K*(v—2)dz=0, YveHNIV, (1.24)
HC
see Figure 1.2. In the special case when K = K¢, and thus K* = K, (1.24) uniquely identifies the angle
between H and V. More precisely, for every s € (0,1) and o € (—1,1) there exists a unique § = 0(s,0) €
(0, 7) such that

ve(xo) - vo(zo) = vv(0) - va(0) = cos (m — 0(s,0)) . (1.25)
The function o € (—1,1) — 0(s, o) is strictly increasing with
0(s,0) = g, U_}%ml) 0(s,0) =0, Ulij{l O(s,0)=m

and

lim cos (m —6(s,0)) =0.

s—1—
In particular, the fractional Young’s law (1.25) converges to the classical Young’s law in the limit s — 1~ of
highly concentrated interaction kernels.

Theorem 1.4 shows that the nonlocal Young’s law may take different forms depending on the considered ker-
nels. Even in the class of isotropic fractional kernels K, the contact angle will depend on s (in addition to
its dependency on o), although it will converge to the angle predicted by the classical Young’s law in the limit
s — 17. The contact angle predicted by the classical Young’s law may be actually observed in the nonlocal
context at a characteristic distance from the boundary of the container. We plan to further investigate this issue
in a subsequent paper, focusing on the sessile droplet problem.

We also remark that in the case 0 = 0 with isotropic kernel K = K?¢, the nonlocal Young’s law always boils
down to

VE(.IQ) . I/Q(.TQ) =0 V{EQ € o00nN RegE .

This is interesting as the corresponding variational problem
inf {Ij(E,ECQ) L ECQ,|E = m}

is a natural fractional variant of the classical relative isoperimetric problem in 2. Thus critical points in the relative
isoperimetric problem and in all of its fractional variants share the same orthogonality condltlon at the boundary
of 2, independently from ¢ and s. At the same time, the equilibrium interior condition H op = constant valid
on 2 N Regy, depends on the specific values of s and €.
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FIGURE 1.3. Since in Definition 1.5 we consider variations in an open set A which is not contained
in £2, we are in practice imposing on F a Dirichlet condition along £2 N JA and a Neumann condition
along A N oN.

1.5. Interior regularity and other regularity properties. In the last part of our paper we address some reg-
ularity properties of local (almost) minimizers of the nonlocal capillarity energy £. In order to introduce the
minimality condition that we shall consider, let us notice that if £/ and F’ are equal outside of an open set A (not
necessarily contained in €2, see Figure 1.3), that is, if F'N A¢ = E N A€, then one can formally compute (with
the convention (1.14) in force)

E(E)—E(F) = I(E,EQ)+0cI(E,Q°) —I(F,FQ)—o0lI(F,Q°
= I[(FAEQ)+I(FA° E°QA)+ o I(EA,Q°)
—I(FA,F°Q) — I[(FA°, F°QA) — o I(FA,Q°).
We are thus led to consider the following kind of local (almost) minimality inequality.

Definition 1.5 (Almost minimizers). Let K € K(n, s, A), Q2 and A be open (possibly unbounded) sets in R"
such that

I(QA,Q°) < oo, (1.26)
andlet A € [0,00),79 € (0,00]and o € (—1,1).Given E C €, one says that E'is a (A, rg, o, K )-minimizer
in (A, Q) if

I(EA, E°Q) + I(EA¢, E°QA) + o I(EA, Q°) (1.27)
< I(FA,F°Q) + I(FA®, FQA) + 0 I(FA, Q) + A |EAF)

for every F' C 2 with diam(FAFE) < 279 and ' N A° = E N A°. Notice that (1.26) guarantees that
I(FA,Q°) < oo whenever ' C (2, so that, even when o < 0, the quantity

I(FA,FQ) + I(FA®, F°QA) + o I(FA,Q°),

appearing on the right-hand side of (1.27) is well-defined in (—o0, o0].

As proved in Corollary 5.5 below, if E is a minimizer in (1.15), then there exist A > 0 and rg > 0 (depending on
E and ||g]| o< ()) such that E is a (A, 79, o, K')-minimizer in (R™, §2). The same is true for local minimizers
of course, and the lower order term A |[EAF| in the minimality inequality (1.27) actually allows to reabsorb
various type of constraints (see [Alm76, Tam84] for more examples of this idea).

We are thus interested in understanding the regularity of (A, 7o, o, K )-minimizers. Since at present an inte-
rior regularity theory for nonlocal variational problems has only been developed in the isotropic case of the
fractional kernel K (see [CRS10,CG10]) we shall mainly focus on this case. The first important remark is
that on variations supported away from the boundary of €2, the minimality inequality (1.27) implies the type of
almost—minimality condition considered in [CRS10,CG10]. Thus, interior regularity is readily established.

Theorem 1.6 (Interior regularity). /f E is a (A, o, o, K)-minimizer in (A, ), then AN QN Regp is a CH°-
hypersurface for some universal o € (0,1) and A N Q N X is a closed set with Hausdorff dimension less
thann — 3.

The regularity problem near points on €2 is more complex than its interior counterpart because it involves
the study of a free boundary. Here we just address what is usually the first step in the analysis of a regularity
problem, namely, we obtain perimeter and volume density estimates which hold uniformly up to the boundary
of €. This problem, in the case o < 0, presents some additional difficulties with respect to the interior case.
These difficulties are addressed by exploiting some geometric inequalities for fractional perimeters.
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Theorem 1.7 (Density estimates). Letn > 2,s € (0,1),0 € (—1,1), A > 0, and K = K¢ for somee > 0.
If ) is either a bounded open set with C 1 boundary or an half-space, then there exist positive constants Cy
(depending onn, s, o, and A), ¢, (depending onn and s) and k (depending on n, s, o and §2) such that if E
isa (A, 1,0, KE)-minimizer in (A, ), then

L(EB:(x), (EB:(x))%) < Cor™ ™", (1.28)
whenever B, (x) C A andr < min{ro, ¢, k, ¢« €}. Moreover,
1 ENnB 1
7<M<1_7 (1_29)
Co rh Co

whenever B, (x) C A, r < min{rg, ¢, k,csc}, andxz € QN IE.

Remark 1.8. Theorem 1.7 holds for a much larger class of “uniformly-C'' open sets, of which bounded
open set with C''-boundary and half-spaces are particular cases. The dependence of x from € can actually
be expressed quite precisely in terms of this uniform C'-property as explained in the course of the proof of
Theorem 1.7.

1.6. Organization of the paper. In section 2 we address the existence of minimizers in the nonlocal capillarity
problem, and the convergence of the fractional capillarity energy to the classical Gauss free-energy in the limit
s — 17. In section 3 and section 4 we discuss, respectively, the deduction of the Euler-Lagrange equations in
weak and in strong form, and of the nonlocal Young’s law. In section 5 we explain how to quickly deduce interior
regularity, while section 6 is devoted to the proof of Theorem 1.7. Finally, in appendix A we obtain a quite natural
closure result for sequences of almost-minimizers which shall be useful in future investigations.

2. EXISTENCE OF MINIMIZERS AND CONVERGENCE TO THE CLASSICAL ENERGY

We start by proving the existence of minimizers in the variational problem (1.15), namely
fy:inf{E(E)—i—/ g(z)dz: ECQ, \E\:m} (2.1)
E

under the assumptions that K € K(n, s, A, ), 2 is an open bounded set with P({2) < oo, and g € L*>(1Q2),
and where

E(E)=I1(E,EQ)+0cI(E,Q°;
see Proposition 1.1. The proof is based on a semicontinuity argument and on a direct minimization procedure.
We premise the following lower semicontinuity lemma.

Lemma 2.1 (Lower semicontinuity). If P(§2) < oo, E; C 2, and E; — E in L'(Q), then
liminf £(E;) > E(F) .
j—»OO

Proof. This is immediate by Fatou's lemmaif o > 0. 1f 0 € (—1,0), then we exploit the identity

E(E) = —P(Q)+I(E,EQ)+ P(Q) —|o| I(E,Q°)
= —P(Q)+I(E,E°Q) + (1 - |o]) [(E,Q°) + I(E°Q,Q°),
and, again, Fatou’s lemma, to complete the proof. O

Proof of Proposition 1.1. We first remark that since K € K(n, s, \, €), then and any p € R",
1
P(F) Z XIS(FBE/2(p)7FCBs/2(p))7 VE CR™. (2.2)

Indeed, if z, y € B, /2(p), then |z — y| < |z — p| 4 |p — y| < € and so, by (1.10),
1 dzx d
P(F)_I(F,FC)Q/ / K(x—y)d:rdy}/ / _ 9Ty erS,
FAB. ;3(p) JFeNB. 15(p) A JraB. s(p) JEenB. 5 0) T~ Yl
that proves (2.2). Now, if H is a half-space such that |H N Q2| = m and R > 0 is such that {2 C Bp, then
E(HNQ) = I(HQ, (HQ) Q) + o [(HQ, Q) < I(H Bg, H Bg) + P(Q) < 00,
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since I(H Bg, H® Bg) < C(n,s) R™* thanks to (1.10). As a consequence, we find that v < oo. Let
E; C Q2 be such that £(E;) + ij g — 7, then for j large enough

V14 / 9] > (B, ESQ) + 0 I(E;,9°) > I(E;, ESQ) — P(9),
Q
and thus
Q

Since E; C Bg, using this and (2.2), we find that, up to extracting subsequences, £/; — E' in Ll (R™) for

some E C Q with | E| = m. By Lemma 2.1, we conclude that E'is a minimizer. Now we remark th{a?[C
I(E,Q° < 1(Q,9° = P(Q) < 400, (2.3)
and so the fact that £(E) < oo also implies that
I(E,E°Q) < 400, (2.4)
as claimed. O

We now turn to the convergence of the fractional capillarity energy to the Gauss free energy in the limit s — 17,
that is, we prove Proposition 1.2. Recalling that, by definition,

/@n:/ le - w]|dH™!

we shall actually prove a stronger result, valid for every set of finite perimeter contained in 2. Here 0* F denotes
the reduced boundary of the set of finite perimeter E, see [Mag12].

Proposition 2.2. If ) is an open set with Lipschitz boundary and E C §2 is a set of finite perimeter with
I,(E, E°) < oo, then

lim (1 s) (. E°Q) = ’12" H"1(QNOE) (2.5)
lim (1—8) [,(B, Q) = ’12” H (9" E N OQ) (2.6)

Proof. Given V' C R™ we define a Radon measure 1/ on R™ by setting

Y (A) = (1= ) (L(BAEV) + I(EV, E°4))

- <1—s>/Adx/qu(m)—1E<y>|Ks<x—y>dy.

Notice that 1) (R™) is finite as p} (R") < 2 (1 — s)Is(E, E°). By [Dav02, Lemma 2] we have that

pl Bk, H L (VN O*E) weakly-* as Radon measures in V/ (2.7)
whenever V' is an open set, with
kn H YV NO*E) = lim pY (V) =2 lim (1 —s) I,(EV, E°V) (2.8)
s—1— s—1—

provided V' is open, bounded, with Lipschitz boundary. By applying (2.8) with V' = ) we find that
kn H"HQNO*E) =2 lim (1 — s) I,(E, E°Q),
s—1—

that is (2.5). We now set
N, (A) = {a: e R" : dist(x, A) < 7’} r >0
and apply (2.8) with V' = N,.(Q2€), to find
fn HP L (N (QF) N O*E) = 2 Sl_i)r{lﬁ(l — 8) I,(EN,(92°), E°N,.(Q°))

and thus
kn H* 1 (0QNO*E) =2 lim lim (1 — s) I(EN,(9°), E°N.(Q°)).. (2.9)

r—0t s—1—



We have
I;(EN:(Q°), E°N.(Q°))

I(E, E°Ny (Q°)) — Is(E\ Ny (Q°), E°Np ()
I,(E,Q°) — I,(E, E°N,(Q)Q) — I,(E \ N,(Q°), E°N,(Q°))
(2.10)

where in the last step we have use the fact that Q¢ C E°N NV, (Q2¢). We now want to estimate the two negative
terms on the right-hand side of (2.10). First, since E& C (2,

(1= 5) L(E, E°N,(Q29)9Q) < ug (N(29) N Q)
and since for a.e. 7 > 0 we have H" 1 (N,.(Q2¢) N 0*E) = 0 we find
limsup(1 — s) I;(E, E°N,(Q9)9Q) < s, H" H(N(Q)NQNI*E)  forae.r >0,

s—1—
where H" L (N.(Q) N QN I*E) — 0asr — 0 thanks to Q N 9N = @ and H* H(0*E) < oo;
summarizing,
lim lim (1 —s)I4(E, E°N,.(Q°)Q) =0. (2.11)

r—0t s—1—
Coming now to the second term on the right-hand side of (2.10), we have
I(E\ Ny (Q2), E°Ny(Q°)) = L(E\ Np(Q2°), E°Np(Q°)Q) + L(E \ Ny (), BN, (2)2°)
< L(E,E°N.(Q°)Q) + I,(E \ N,(9°),Q°)

where the first term has been addressed in (2.11), while the second satisfies

d
IS(E \ NT(QC)7 QC) - / dx/ dy n+s S / dm/ ynJrs
E\N,(Q¢) Qe |z — ¥ E\N,(Q2¢) - ( e |z =yl
o dt E|
< =
< cwpl [ =c
so that
lim (1 —s)Is(E\ N-(Q29,Q9=0 Vr>0. (2.12)
s—1—
By combining (2.9), (2.10), (2.11) and (2.12) we deduce (2.6). O

3. THE EULER-LAGRANGE EQUATION

In this section we characterize the Euler-Lagrange equation for the nonlocal capillarity energy £, see Theorem
1.3.

Lemma 3.1 (Weak form of the Euler-Lagrange equation). Let K € K'(n, o, \). If Q is a bounded open set
with C'* -boundary, g € C*(R™), and E s a critical point of £ + [ g, then there exists a constant ¢ € R such
that

J[ vy (K- ) (2. TW)) dedy
Ex(E°NQ)
+ U//EXQC div (3.4 (K(CU —y) (T(z), T(y))) dxdy + /E div(gT) =c¢ / div T

E

(3.1)

forevery T € CZ°(R™;R™) with
T -vog=0 on o9} .

Proof. Step one: Given T’ € C2°(R™; R"™) satisfying
T -vg=0 ondf2 /diszO (3.2)
E
the flux

V|t| < e,

Ophy(x) =T (hy(x))
ho(xz) = x
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generated by T satisfies h;(2) = Q for every |t| < ¢ and |h(E)| = |E| + O(¢?). By picking any vector field
S € C°(Q; R™) with support a positive distance from the support of 7" and such that

/ divsS >0
E

and by exploiting a classical argument based on the implicit function theorem (see [Mag12, Theorem 19.8, Step
one]) we can find s € C*°((—¢,¢)) with s(0) = s’'(0) = 0 such that the family of diffeomorphisms

file) =x+tT(z)+s(t)S(x) (x,t) € R" x (—¢,¢) (3.3)
satisfies f;(2) = Qand | f;(F)| = | E|, that is (1.21). In particular, by assumption,
d
Gl ea@n+ [ g0, 4
t=0 fi(E)
We notice that by (3.3) (see, e.g. [Mag12, Lemma 17.4])
Vi=1d +tVT +0(t?), Jfi=det(Vf) =1+tdiv T+ O(t?), (3.5)
uniformly on R™ as ¢t — 0, as well as
|fi(z) = fi(y)| < Clz—y[  Vz,y e R". (3.6)
for some C' > 0. Moreover, if F' is an arbitrary Borel set and b € C'}(R™) then
d
— / h= / div (hT) (3.7)
dt t=0 J fe(F) F
while if F is of locally finite perimeter in an open neighborhood of spt 7" and h € C°(R"™), then
d
— / h= / h(T-vp)dH" !, (3.8)
dt]i—o J p.(p) o F

see for example [Mag12, Proposition 17.8].
Step two: We assume that K € C?(IR™) and prove that

d I(fi(E), fi(E)Q) = //Ex(Ech) [divx(K(a: — y)T(x)) + divy(K(az — y)T(y))} dx dy

dt

t=0

d . .
S I(f(E), Q) = // (div, (K (z = y)T(@)) + divy (K (@ — 9)T()) | dody.
dt +=0 ExQc
(3.9)
By (3.3) and since s'(0) = 0 we have
|(fe(@) = fe(y) — (@ —y)| < Ctlz—y| Vo,yeR" |t <e,
so that if , then
¢ > lz—y] g y‘, (3.10)

whenever z,y € R", |t| < €, and ( is a point lying on the segment joining = — y and f;(z) — fi(y). From

(1.12) and (3.10), |[D?K (¢)| < C' |z — y|~" 52, and thus

Ct?min{1, |z — y|?}
|z — y|ntet2

ID*K ()] | fi(x) = fily) — (x —y)* <
for x, y, t and ¢ as in (3.10). Also, since (3.3) and s'(0) = 0 give
|fe(2) = fi(y) — (x —y) —t(T(2) = T(y)| < Ct|lz —yl, Va,yeR",|t| <e,
by using again (1.12) we find
[VK(z —y)- (fiz) = fily) = (z —y)) —tVK(z —y) - (T(z) = T(y))]
C
W ‘ft(x) — fily) = (z —y) —t(T'(z) — T(?J))‘
Ct?min{1, |z — y|}
’x — y|n+s+1

(3.11)

S



for every x,y € R, |[t| < €. From this and (3.11),
K(fi(x) = fily)) = K(z —y) + tVK(z —y) - (T(x) = T(y)) + 7T (z,y), (3.12)

where here and in the rest of this proof, T denotes a generic function (which may change from line to line) such

that

Cmin{l, [z — y[}
|z — y|rtstl

1T (z,y)| < (3.13)

By combining (3.5) and (3.12) we find
K(ft(x) - ft(y)) J fi(x) J fi(y)
= |K(@—y) + VK@ —y) - (T(@) = T(y) + 2 T(z,y)| e
[+ tdiv T (@) + 0] [14 tdiv T(y) + 0| |
=K(x—y)+tVK(z —y)- (T(:c) — T(y)) + tK(z, y)(div T(z) + div T(y)) + t2T(:c, ).
Now we observe that
div,(K(z —y)T(z)) = VK(z —y) - T(z) + K(z — y)div T (z).
Then, since K is even,
divy (K(z —y)T(y)) = VK (z —y) - T(y) + K(z — y)div T (y)
and therefore

div , (K ( T(z)) + div (K (z — y)T(y))
= VK(x - y) (T(z) + T(y)) + K(z — y) (div T (z) + divT(z)).
Comparing this with (3.14), we conclude that

K(ft(@ - ft(y)) J fi(x) J fi(y)
=K(z—vy)+t [divgc(K(x —y)T(z)) + div (K (z — y)T(y))} + 2 (z,y).
Consequently, by the area formula,
I(fe(E), fe(E) N Q) = I(E, E°NQ)

+ t//Ex(ECﬁQ) [divI(K(x —y)T(z)) +divy (K (z — y)T(y))} dx dy
+ 2 //Ex(Ean)T(w’y) dx dy
I(fe(E), Q%) = I(E,Q)
+t//E><Q<’ d1v —y)T(z ))—i—divy(K(:U—y)T(y))] dx dy
+ t2 //Ech Y (z,y)dzdy.

By (1.10), (3.13) and (2.3) it follows that

. dz dy
z—y|<e

lz—y|<e

// (x,y)drdy < +o0.
ExQe

Similarly (using (2.4) in lieu of (2.3)), we obtain that

// Y(z,y)dxdy < 4o0.
Ex(E°NQ)

(3.15)

and thus
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Accordingly, we find from (3.15) that
I(fi(E), ff(E)*NQ) = I(E,E°NQ)

1 / /E e [div (K (2~ )T(@)) +div (K (2~ y)T(0))] dedy + O()
I(fi(E), Q) = I(E, Q)
+ t//Ech d1v —y)T(z)) + div (K (z — y)T(y))} dx dy + O(t?).
This completes the proof of (3.9), thus of step two.

Step three: We now claim that (3.9) holds with K € K. (n, 0, A, ¢) in place of a generic K € C?(R™). For
eachd € (0,1/2),letns € C*°([0,+00)) be such thatns = 1in [0, 0]U[1/0, +00),ns = 0in [20,1/(24)],
|n5| < 4/6, and ns — 0 monotonically as § — 0, and set

Ks=(1-n5K. (3.16)
If we let

¢s(t) := E(fie(E))  o(t) := E(fi(E))

then by monotone convergence, ¢s5(t) — ¢(t) as § — 0T for every |t| < €, where ¢ and ¢ are smooth
functions by the area formula (and since I(E, EQ)), I(E, Q°) < o). On noticing that

aft / —_.
Sh@) = T() + 5/() S(@) = Tu(a)

by (3.9) we have

P5(t) <//Ex(3cm) +o //EXQ> le 2 (Ks(z—y)Ti(x))+div  (Ks(z—y) Ti(y ))} dxdy . (3.17)

We now claim that

- </[Ex(Ech) to //EXQ> [divw(K(x—y)Tt(»’U)) +diVy(K(rc—y)Tt(y))} dady (3.18)

uniformly on [t| < e as 0 — 0. By applying the mean value theorem to ¢ and since ¢s — ¢ as § — 0T
pointwise, this will imply that

(//Ex gy //EXQ) dw K(z—y)T(x ))+divy(K(x—y)T(y))]dxdy

as required. To prove (3.18) we just notice that

div ; (Ks(z — y)Ty(2)) + div (Ks(z — y)Ti(y))

= Ks(z —y) (div Ti(z) + div Ty(y)) + VEs(z —y) - (T(x) — Tu(y))
where |T;(z) — Ty (y)| < C' |z — y| for every z,y € R™ and |t| < ¢, so that (1.12) gives

C

W SCK(z—-y),

div o (Ks(x — y)Ty(2)) + divy (Ks(z — y)Ti(y ))’

and, in conclusion, (3.18) holds by dominated convergence and thanks to I (E, EQY), [(E,Q°) < oo (recall
(2.3) and (2.4)).

Step four: Let us consider the linear functional on 7' € C°(R™; R"™) defined by

T ey et

By combining (3.4), (3.7) and step three we find that A(7)) = 0 whenever T satisfies (3.2). If 71,1, €
C>°(R™; R™) have disjoint supports and are such that

T -vg=T5-vg =0 onodf2 /ding#O,
E



then

div T;

T=T — M

fE div T2
is admissible in (3.2), and thus satisfy A(T") = 0. Thus A(T1)/ [ div Ty = A(T3)/ [ div T%, and the proof
is completed by the arbitrariness of T} and 7. O

In passing from Lemma 3.1 to Theorem 1.3 we shall need the following proposition.

Proposition 3.2. Ifo € (—1,1) and K € K'(n, s, \), then for every E C §Q the function

Hgéo,ﬁ(x) = p.V. . K(JU — y) (1Ecmg(y) + Uch(y) — lE(y)) dy x € OF

is continuous on ) N Reg; with

H 7 - HESY  asd —0F (3.19)

uniformly on compact subsets of ) N Regg. Here, K is defined as in (3.16).
Proof. Since K5 € C}(R™) we definitely have

Hgg”Q(m) = Hgg(x) - (1-o0) Ks(zx —y)dy Yz € 0F, (3.20)
(9143

see (1.19) for the definition of HgE‘; It is shown in [FFM™ 15, Proposition 6.3] that the continuous functions

{Hgg}(; converge uniformly on compact subsets of {2 N Regy, to HgE. An identical argument leads to obtain

(3.19), proves the continuity of Hgé"’g on Regp N Q. O

Proof of Theorem 1.3. Let K5 € C?(R™) be defined as in (3.16). As soon as E has finite perimeter, one has
(by [Mag12, Formula (15.11)])

/ divo (K@ — 9)T(@)) de = | Ks(e — y)Tla) - vp dH

E O*E

where 0* E denotes the reduced boundary of OF and v its measure-theoretic outer unit normal. In particular,
for any set I’ that does not intersect F/ we find

/EXF div o (Ks(z — )T (2)) dedy = /

( Ks(x —y)T(x) -vg dHZ_1> dy. (3.21)
F \Jo*E

Similarly, for any set F’ that does not intersect F,

[y (Kste ) T@) dy= [ K- p)T) e arg
F oO*F

and therefore, integrating in E' and changing the names of the variables,

//EdeiVy(Ké(”f—y)T(y)) drdy = /E< | Koa—y)Tw)-vr dH;”) dx

_ /E < 8*FK5(x—y)T(:p)-VFdH£_1> dy.

Using this formula and (3.21) with F' = E° N €, we obtain that

J[ v (Kot )T, 7)) do dy
Ex(EcNQ)
= / < Ks(x —y)T(x) - vp dHZ_1> dy

EcNQ O*FE

+ / ( / Ks(z — y)T(2) - vieng dH;;l) dy
B \Jo*(Eenq)

= / T(z) - vg ( Ks(x —y) (lEch(y) — 1E(y)) dy) dH 1,
QNo*E R™

(3.22)
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and analogously

/ / div (o) (K5(x — 4) (T(2), T())) da dy
ExQc

(3.23)
= [ @) ( Ks(e — y) o) dy) aH,
QNo*E R”

In particular,

( / /EX(ECOQ) o / /EQ >div o) (Ks(x = 9)(T(2), T(y))) dz dy

_ / (T - vg) Hgga,ﬁ dH™ 1.
QNo*E

Let us now fix x € QN Regp and T € CL(B,(z) N Q) with o > 0 such that By ,(z) NOE C QN Regp. In
this way, Hgg’a’ﬂ converges uniformly to ng’;’ﬂ on spt 1" and thus the right-hand side of (3.24) converges to

(3.24)

fB,_,(;z:)maE(T - VE) HgEU’Q. Since we have already shown in the proof of Lemma 3.1 that in the limit § — 0
we can take replace K5 by K on the left-hand side of (3.24), we conclude that

(/me i //EQ )div ) (K (z = 9)(T(2), T())) dz dy

= / (T - vp)HY S dH L
B, (z)NOE

for every x € QN Regp and T' € CL(B,(x) N ), for o > 0 depending on x. By combining this identity with
3.1), [pdiv(Tg) = fBg(x)maE g (T - vg), and the arbitrariness of T', we finally deduce (1.23). O

4, NONLOCAL YOUNG’S LAW

This section addresses the proof of Theorem 1.4. We premise a simple technical lemma. Here, we decompose
rc€R"asx = (2/,2,) € R"! x R and set

C={zecR":|2/|<1,|z,] <1} and D={zeR"!:|z|<1}.
Lemma 4.1. Let A > 1,5 € (0,1) and o € (s,1). If {F}}ren is a sequence of Borel sets in R™ with

0 € 0Fy,
F, — FinL. (R") forsome F C R",

loc

and, for some functions uy,,u € C1H*(R"~1),
CNF,= {x €eC:z, < uk(a:’)} and klim |ur — ullcramy =0,
—00
then

. K
lim Hyk (0) = Hp(0)

k—o0

whenever { K}, }en and K are kernels in K (n, s, A, 0) with K}, — K pointwise in R™ \ {0}.

Proof. Up to rigid motions we may assume without loss of generality that 0 € OF (so that u(0) = ux(0) = 0)
and that Vg, (0) = Vu(0) = 0. Since u € C1*(D) and uy, — uin C1*(D) we can find v > 0 such that

max{lug(2)],Ju(z)[} <7|z/"**  VzeD,keN.
If we let
Pm:{xeBE: |2 <fy]a;'|1+°‘} e €(0,1),
then |z| "% € L1(P., U (B:)®) and thus
HEE (0) = / (15, —1p) Kx  HE.(0) = / (15— 1p) K.
(Bg)CUPE,W (BE)CUPEN

Since (1%, — 1r,) — (1% — 1F) a.e. on R™ we conclude by dominated convergence that Hglﬂik(O) —
HX(0). O
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Proof of Theorem 1.4. Step one: We start proving the validity of (1.24). Let us fix x¢g € 92 N Regp, so that g
is a boundary point of the manifold with boundary B, (xo) N JE. Consider a sequence {z }reny C 2NRegp
such that . — g, and set

T — To prore E —xg QEomh — O —x

Tk Tk Tk

T = |zg — 20| vk =
We recall that, by (1.23),
Hjp(ae) —(1—0) | Ko —y)dy+g(n)=c (4.1)
for a constant c independent of k. We have that
Qs — H and E*"™ — V N Hin L] _(R™)
where H and V' are suitable half-spaces in R™ so that

va(zo) =vu(0) wvy(0) = klingo vi(xg) =: vy (0).

Up to extracting subsequences, we have that v, — v for some v € S™=1. We can use the change of variables
Yy = xg + 71 2 to find

Hjp(z) = . K(xr —y) (Lpe(y) — 1u(y)) dy (4.2)

= r,;s/ it K (zp — 20 — 1 2) (1(prornye(2) — Lpmork (2)) dz (4.3)

Now, since {x1 }ren C QNRegy, we can find rigid motions @y, : R™ — R™ and functions u; € C1(R"~1)
such that if we set
F = Qp(E™"™ — vy)
then 0 € JF}, and
CNF= {1‘6 C:ux, guk(xl)}.
Notice that
F,— F=HNVinL (R")

loc

with 1, — win C1%(D) for a linear function u : R*~ — R. If we set
Kp(Q) =r; " K(rk () ¢ € R"\ {0},
then by (4.2) we get
HB, (1) = 1 S (0).
Since K, — K™ pointwise in R™ \ {0}, by Lemma 4.1 we find
khjgo ri Hpp(ex) = Hg(;mV) (v),

and since 7}, g(xg) — 0 (indeed x; — xo and g is locally bounded), (4.1) implies

Hg(}mv)(v) —(1-o0) lim r} Kz, —y)dy=0.

k—o0 Qc

By the change of variable y = z¢ + 7§ 2,

K(zp —y)dy =r.° / i K (rp(vg — 2)) dz
Qe (Q07k )e
where
lim T K (r (v — 2)) dz = K*(v—2)dz.
k—o0 (on,rk)c He
We have thus proved that
Ha(}{mv)(v) —(1-o0) K*(v—2)dz=0, YvoeHNOV, (4.4)

HC
that is (1.24).
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FIGURE 4.1. The cones Jy, Ly and My when 6 € (0, 7/2).

Step two: We now assume that K = K for some ¢ > 0, so that K* = K. Up to a rigid motion we can
assume that H and V satisfy

H = {zeR":z,>0}
HNV = {xER”:xn>0andcosowcn:sinaxlforsomeae(0,0)} =:Jyg,
for some § € (0, 7). Since (4.4) is —s homogeneous in |v|, we find that (4.4) is equivalent to

/ (Lygna + 0 1ge — 15,)(2) p
n le(0) — 2|+

z=20 (4.5)

where
e(f) = cos fe +sinfe, .
In this step we show that there exists a unique 6 = 6(n,s,o) € (0,7) such that (4.5) holds — so that,
correspondingly,
vE(wo) - va(zo) = vv(0) - vy (0) = cos (T — O(n, s,0))

and (1.25) holds — and that the function o € (—1,1) — (n, o) is strictly increasing with

O(n,s,0) = z, lim 6(n,s, o) = lim O(n,s, o) =r. (4.6)

2 o—(=1)t o—1—

We first notice that we do not need to specify the integral in (4.5) in the principal value sense as there always
is a ball centered at e(f) with one half of it contained in Jp, the other half contained in Jj N H. It is also
geometrically evident (see Figure 4.1) that the choice 0 = 0, § = 7/2 solves (4.5) and that if a pair (o, 6)
satisfies (4.5) then (i) 0 € (0,7/2) ifand only if o € (—1,0); (i) @ € (7/2,7) ifand only if o € (0, 1); iii) if
0 € [r/2, w), then (—o, ™ — @) also solves (4.5).

We are thus left to show that o € (—1,0) there exists a unique 6 € (0, 7/2) (also depending on n and s)
such that (4.5) holds, and that the correspondence o € (—1,0) — 6(n, s, o) is strictly increasing and satisfies
O(n,s,(—1)%) = 0. To prove this, let us notice that having restricted o € (—1,0), we can directly consider
(4.5) with @ € (0, 7/2). Since in this case the reflection of .Jy with respect to the hyperplane containing HNd.Jy
is entirely contained in .JJ§ N H, (4.5) turns out to the be equivalent to

/ ey +olue)() 4.7)
no |e(d) — 2"+

where Ly is equal to H minus the union of Jy with its reflection with respect to the hyperplane containing
H N 0Jy. With Figure 4.1 in mind, now let Lj be the reflection of Lg with respect to the hyperplane containing
H N 0Jy, so that Ly is contained in H€, and let My = H° N (Ly)°. As H® = Ly U Mg with L N My = @
and since L, is mapped into Ly by an isometry keeping the distance from e(0) invariant, we get

(g, +olpge)(z) , / dz / de
/n le(6) — z|n+s dz=(1+o0) L, Je(®) — 2 +o w1, Je(@) — 2]t (4.8)

and thus, by (4.7), we conclude that (4.5) holds for some 6 € (0, 7/2) if and only if

/ dz__(Hl)/ 4z 4.9)
My |€(0) = 2|+ o/ Ju, le(0) = 2"+ '




Let us set
dz dz

alf) = /Mg e@) e 0= /L o(0) — 27+

|
Clearly a(#) is strictly increasing on (0, /2), with a(0) = 0 and a(7/2) < oo: indeed

d
a(ﬁ):/ 7zn+s Uez{xeR”:xn<0,|$1\<|xn|tan9},
|z — en|

where the latter function is trivially increasing as |Up, \ Uy, | > 0 whenever 0 < 0; < 62 < /2. At the same
time b(0) is strictly decreasing with b(0") = +o0o and b((w/2)~) = 0. This is seen as while ¢ increases
from 0 to /2, the region Ly is strictly decreasing from H to the empty set, while the distance between the
singularity e(6) and Ly is strictly increasing. In conclusion

06(0,72r>|—>z((z))

is a strictly increasing function on (0, 7/2) with limit 0 as @ — 0 and limit +-00 as § — (7/2)~. Moreover,

€ (~1,0) — —(1+§)

is a strictly increasing function on (—1,0) with limit 0 as ¢ — (—1)™ and limit +-00 as o — 0~. In conclusion,
forevery o € (—1,0) there exists a unique = 6(n, s, o) € (0,7/2) such that (4.7) holds. The resulting map
o € (—1,0) — 6(n,s,o) is strictly increasing and satisfies the first two properties in (4.6). This completes
the proof of step two.

Step three: We conclude the proof of the theorem by showing that #(n, s, o) = 6(s, o) with
lim cos(m —6(s,0)) =0, Voe(-1,1).
s—1—

To this end, let us first go back to (4.7), and notice that

(I +0lme)(z) = f(21,2n)
so that if n > 3, then (4.7) takes the form

dw
/Rdzl/Rf(zl,zn) dzn /Rn_z T ) =0 (4.10)

021, 2,) = /(21 — cos0)2 + (2, — sinf)2.

where we have set

Now, in polar coordinates,

/ dw —(n—2)w /00 nSdT
Rn—2 (€2+ |w|2)(n+s)/2 - n—2 0 (£2+r2)(n+s)/2

/OOO ( 3 dr Cln,s)

where, by scaling,

02 1+ T2)(n+s)/2 T p2+s
By taking (4.10) into account, the definition (4.7) of 8 boils down to

f Zl,Zn
/d1 A
which is actually equivalent to (4.7) in the case n = 2. This proves that 6(n, s, o) = 0(2,s,0) for every
n > 3. We thus plainly set § = (s, o) and then turn to the proof of cos(m — 0(s,0)) — cass — 17.

By exploiting the symmetries of (s, o) in o, it suffices to consider the case when o € (—1,0) (and thus
0 € (0,7/2)). ltis then convenient to rewrite (4.8) by using [} = [} 5. — [y, to find that

fMe |z — e(0)|~+9)dz
|z —e(0)|~2+s)dz

1+o0=
fL@UM@

Notice that Ly U My is an half-plane lying at distance sin 6 from e(6). Hence,

/ dz B / dy B 1 / dx
LouM, 12 = €(O)PT Jiyocoy ly —sinfes? ™ (sin6)® Jp, o) [ — et
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A T2 A z2

FIGURE 4.2. Notation used in computing the limit of (s, c) as s — 1.

At the same time, by a counter-clockwise rotation around the origin of angle (7/2) — 6, which thus maps
e(f) = cosfe; + sin f e into ez, we find

/ dz _/ dx
v 12— O~ Jo, To = eal?™s

ng{U}ERz:x2<0,—0<arctan(—ﬂ) <6},
€2

where we have set

see Figure 4.2. Putting everything together we find that 8 = 6(s, o) satisfies

(l—l-a)/ dx _/ dx @11)
(sinf)s To o |z — eq|?ts r, |z — eg]?ts” '

(indeed I';. /o = {2 < 0}). We now consider the function u : {xa < 0} — (—/2,7/2) defined by

u(x) = arctan ( - ﬂ)
T2

and notice that u(x) is a locally Lipschitz on {x2 < 0} withI'g = {—0 < u < 6} and
1
|Vu| = —.
|z

By the Coarea formula for every Borel function g : {z2 < 0} — [0, o] we have

w/2
T w(z)|dr = T =g
/{M}g( ) [Vu(a)|d /_W/th/{u:t}m ) aH" ()

_ 1F0 (x)
[Vu(z)| [z — ea|?+s

so that, by choosing

g9(z)

we get

d 6 0
/952—/ dt/ ’”“"|2dH;—2/ dt/ . —
r [T —e2*T5 S g Jumy [z — €2t 0 {u=t} |z — e2|***

Now, if ¢ € (0,7/2), then {u = t} is the half-line {x € R? : 71 > 0,23 = —(tant) z1} so that
x1 = |x| sint  x9 = —|x|cost Vr e {u=t}.

Hence, setting || = r we find

/ ¢ dHl — /oo rdr
{u=t} |z —egf*ts o (r2+2rcost+1)2+s)/2°
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By dominated convergence

lim edt/oo rdr - /edt/w rdr
s—1- Jo o (r242rcos(t) +1)2+)/2 [ o (r2+2rcost+1)3/2
0
dt

B / _ sind
~ Jo 14+cost 14cosf’
where we have used

/ rdr B 1 1+ cost
(r2+2rcost+1)3/2  sin®t /1 + 2rcost + r2

-+ const.

In summary, by taking the limitas s — 17 in (4.11) we find

1+0  sin(0(1,0))
sin(0(1,0)) 1+ cos(0(1,0))’

which gives o = — cos(0(1,0)) = cos(m — (1, 0)). This completes the proof of Theorem 1.4. O

5. ALMOST-MINIMALITY AND INTERIOR REGULARITY

In this section we gather some simple basic properties of the almost-minimizers introduced in Definition 1.5,
show that minimizers in (1.15) are almost-minimizers, and then check the interior regularity theory from [CG10]
applies in our case. Let us recall that given K € K(n, s, A), open sets {2 and A with

I(QA, Q) < o0, (5.1)
and A € [0,00), g € (0,00] and o € (—1,1), we say that £ C Qis (A, ro, o, K)-minimizer in (A, Q) if
I(EA,EQ) + [(EA°, E°QA) + 0 I(EA,Q°) (5.2)
< I(FA,FeQ) + I(FA®, F°QA) + o I(FA,Q°) + A |EAF|,
whenever F' C Q, diam(FAFE) < 2rgand FNA® = ENA° Thanks to (1.26), I (F'A, 2°) < oo whenever

F C €, and in particular the right hand side of (5.2) is always well definite in (—oo, 0o]. We begin with two
simple remarks.

Remark 5.1 (Almost-minimality and blow-ups). Let us recall our notation A*" = (A — x)/r for the blow-up
of A C R" near x € R™ at scale > 0. It is easily seen that for every x € R™ and r > 0 one has that F is a
(A, 79,0, K)-minimizer in (A, Q) if and only if

E*"isa (r*A,ro/r, o, v K(r-))-minimizer in (A%", Q7).
In particular, should E*" converge to a limit set E* as 7 — 0T (for some 2 € A fixed), then one expects

E* to be a (0, 00, 0, K*)-minimizer in (Bg, H) for every R > 0, with H = R" if x € A N, and with
H={z:z vg(x) <0}ifz € AN O and  is an open set of class C*. Here K* is defined as in (1.11).

Remark 5.2 (Almost-minimality and complement). One notices that E is a (A, o, o, K )-minimizer in (A, Q)
if and only if
QN Eisa (A, rg, —o, K)-minimizer in (4, §2).
This can be easily checked by noticing that, for any set & C (2,
I(QE°A, (QE)Q) = I(QE°AE)
= I(FA E°QA) + I(EA°, E°QA),
I(QE°AS, (QE)°QA) = I(EA,EQA%),
cI(QE°A,Q°) = —ocI(FEA Q) +0I(NA,Q°).

Let us recall the definition of (nonlocal) relative perimeter of E in an open set A,

P(E; A) = I(EA, E°A) + I(EA, E°A°) + I(EA®, E°A).
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Proposition 5.3. If K € K(n,s,\) and E is a (A, g, o, K)-minimizer in (A, Q) and x¢ and oy are such
that Ba . (z0) CC Q2N A with gy < 0, then
|[EAF|
%
for every set F' such that EAF CC B, (x¢), where C depends on A, X\, n and s.

P(E; By (10)) < P(F; By, (w0)) + C

(5.3)

Proof. Since gy < 1 we can plug any F' such that EAF CC By, (z0) into (5.2), and then deduce
I(EAE°Q)+ I(EA°,E°QA) < I(FA FQ)+ I(FA°, F°QA)
+|I(FA,Q°) —I(EA Q)|+ A|EAF|,
where K € K(n, s, \) gives

II(FA,Q°) — I(EA, Q)| < A [ dy / dixw
EAF)NBg, (zo |z -yl

dy
Bagg (z0)© diSt(y’ BQO (xo))nJrs
A /°° tn—ldt |EAF|
2

< A|EAF]

< = —— |FAF| L C
o ), G PAFIS O 4

We thus have
[EAF|

I(BA, B°Q) + I(BAT, °QA) < I(FA, F°Q) + I(PA, F'QA) + C
0

Let us now set W = B, () for the sake of brevity. Since W CC € N A we have
[(EA,E°Q) + [(EAS, E°QA) = I(EW,E°W) + [(EW, EEWeQ)
FI(EAW®, EW) + I[(EAW®, ECWQ)
VI(BAC, ECW) + I[(EAS, E°QAW®)

where EAF CcC W CC A implies that by replacing F with £ we leave unchanged both the fourth and sixth
interaction terms. We denote by « their sum, so that x(E) = k(F’), and rewrite the above identity as

I(EAE°Q)+ I(EA, E°QA) = I(EW,EW)+ I(EW, ECWQ)
+I(EAWC, EW) + I(EAS, E°W) + K
= I(EW,E°W)+ I(EW,E‘WQ) + [(EW, EW) + &
P(E;W) —I(EW,E°Q°) + k.
Hence (5.4) is equivalent to
]EAF]

P(E;W) < P(F; W)+ I(EW, E°Q°) — I(FW,F°Q°) + C ——— 7 (5.5)
0
But since E° N Q¢ = F° N °, by arguing as before we find
EAF
\I(EW,ECQC)—I(FW,FCQC)g/ dy/ K(x—y)dm§0| . ‘,
c EAF )
and (5.3) is proved. ]

Corollary 5.4. If E is a (A, 19,0, Ks)-minimizer in (A, $2), then there exists a relatively closed subset 3 of
QN OE suchthat XN OE \ ¥ is a C1*-hypersurtace for some o € (0, 1) and ¥ has Hausdorff dimension at
most n — 3. In particular, 3. is empty ifn = 2.

Proof. The validity of (5.3) allows one to apply the main result of [CG10] and the deduce the above assertion
with the Hausdorff dimension of 3 bounded by n — 2. The improvement on the dimensional bound for X is

obtained by exploiting [SV13]. [l

We now show that minimizers in (1.15) are almost-minimizers.
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Proposition 5.5. If E is a minimizer in (1.15), then E is a (A, 1o, o, K)-minimizer in (R™, Q) for values of ry
and A depending on E and ||g|| . () only.
Proof. Let us fix two points xg # yo € 2 N JF so that for some g9 > 0 we have

|EﬂBQO(QZ0)| >0, |EOBQO(y0)| >0, |l‘0*y0| >4 0, BQO(iL‘o)UBQO(yo) cc .

Then there exists T' € C°(By, (x0); R™) and S € C2°(By, (yo); R™) such that

/disz/diszl,
E E

see, e.g. [CM16, Lemma 3.5]. Let us now pick F' C Q with diam(FAE) < 2rg. If vy is small enough with
respect to o, then we either have dist(F, By, (zo)) > 0 or dist(F, By, (y0)) > 0. Without loss of generality,
we may assume to be in the first case. Now let f;(x) = = + ¢t T'(x) and define

F = (ft(E) N B, (:100)) U (F \ By, (Io)> = fi(F)

for [t| < €0 and £ small enough to ensure that { f¢ }|;| <, is a family of smooth diffeomorphisms with spt ( f; —
Id) CC By, (o) for every |t| < eq. If we set ¢(t) = |F}, then

gp/(O):/ div T =1,
E

so that, up to decreasing the value of g, ¢ is strictly increasing on (—&¢, £¢), with range (—vg, vg) for some
v > 0. Notice that the size of vy only depends on E through the choice of x( and of the vector field T'. Thus,
up to decreasing the value of 79 depending on E, we find that || F'| — | E|| < wy, r{ < vg, and thus that there
exists t, = t.(F") such that

|F| =Bl |t <C|IF| - |E]]
for a constant C' = C'(E). By minimality of E/ we have

I(E,E°Q)+ 0 I(E,Q°) + /

g <I(Fo FEQ) + o I(F,,, Q) +/ g.
E

Fi,

Now, since for some C' = C'(E) we have |J fi(z) — 1| < C'[t| and |V fi| < C on R" for every |t| < £, by
the area formula we find

|I(Fy, FfQ) — I(F, F°Q)| < C|t| I(F, F°Q),

‘I(FMQC) _I(F’QC)’ < C’t’I(F’QC)a

[ o= [ <] [ o= [ o]+ gl IEAFI < Cltl + gl | BAF,
F E F F

whenever |t| < &¢. By exploiting these facts with ¢ = t, and taking into account [t.| < C' ||F| — |E||, we
conclude that

I(E,E°Q) + o I(E,Q)+ < I(F,F°Q) + 0 I(F,Q°) + C |[EAF|,
where A = A(E, ||g| o ())- O

6. DENSITY ESTIMATES AT THE BOUNDARY

We now discuss the proof of Theorem 1.7. We shall actually prove a more general result, involving the following
notion of uniformly C' domain.

Definition 6.1. If 7 > 0, A is an open set, {) is an open set in R™ with boundary of class C'* in A, and H,
denotes the affine tangent half-space to {2 at p € 0f), then we define

QA(777 Q)
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as the supremum of all ¢ > 0 such that for every p € A N I there exists a C!-diffeomorphisms 7}, : R™ —
R™ with

T,(Bo(p)) = Bo(p), (6.1)

T(Bo(p) N Q) = B,(p) N Hy, (6.2)

1T, —1d || cony + 1T, — 1d [|cown) <m0, (6.3)
IVT, = 1d [|cogny + (V) ™" = 1d [lcogny < 7. (6.4)

Remark 6.2. If {2 is a bounded open set with C''-boundary, then o~ (n,€) > 0; but, of course, one can have
orn (1, 2) > 0 even if £ is unbounded (for example, if orn (1, H) = oo if H is a half-space). We also notice
that for every x¢g € R™ and r > 0 one has

04(1, Q) = 7 oazor (n, A7) (6.5)

Indeed, given a set of maps {7}, } ,con associated to some o < 04(7,2) one can use the maps {5, }qcqzo.r
defined by
Tp(xzo+ 1Y) — 20
p=wo+rg,  Sly) = ——— )
to show that o/r < ga=o.7 (1, 2%°"). In particular, p4(7, ) < pazor(n, Q%07 for every r € (0, 1), that
is, the positivity of g 4zo.» (1, 279") is stable under blow-ups of ). Identity (6.5) is needed to obtain density
estimates that are stable under blow-up limits.

With Definition 6.1, we can formulate the following improved version of Theorem 1.7. Notice that the assumption
of €2 being a bounded open set with C’l-boundary or an half-space is replaced here by the requirement that
04(n,Q) > 0 for every n > 0.

Theorem 6.3 (Density estimates). Letn > 2,s € (0,1),0 € (—=1,1), A > 0 and K = K¢ for somee > 0.
If A is an open set and 2 is an open set with C'*-boundary in A such that 04 (n, Q) > 0 for everyn > 0, then
there exist positive constants Cyy (depending onn, s, o and A), ¢, (depending onn and s) and 1, (depending
onn, s and o) with the following property: for every (A, ro, o, K)-minimizer E in (A, ), one has

I{(EB(x), (EBy(x))) < Cor"™*, (6.6)
whenever B, (x) C A andr < min{rg, ¢, 0a(n1,?), ¢« €}, and, moreover,
1 ENB 1
< | ()] <1— —, (6.7)
Co rh Co

whenever B, (x) C A, r < min{rg, cx04(m,Q), cxe}, andx € QN IE.

We now turn to the proof of Theorem 6.3. A key tool is a geometric inequality, stated in Lemma 6.4 below,
which can be introduced by the following considerations. A crucial role in the study of local capillarity problems
is played by the geometric remark that, if Per denotes the classical (local) perimeter, then

Per(Z; H) > Per(Z;0H), (6.8)

whenever Z C H is of finite perimeter and finite volume (this is a consequence of the divergence theorem; see,
for example, [Mag12, Proposition 19.22]). An analogous inequality to (6.8) holds for fractional perimeters too: if
H is a half-space in R™ and 7 is a bounded subset of H, then

1(Z,Z°H) > I,(Z, H°). (6.9)

Indeed, let R > O be suchthat Z C H N Br.lfwesetJ = H°andY = J U Z, then J is a half-space and
Y \ Bgr = J \ Bg, so that, by [CRS10, Corollary 5.3(b)] (see also [ADPM11, Proposition 17]),

I(YBR,Y)+ Is(YBR®,Y°Br) > I;(JBR, J¢) + Is(JB%, J°BR) . (6.10)
Since Y¢ = Z°N H and Z C H N Bpg, one finds

I.(YBR, Y = I,(Z,Z°H) + I,(H Bg, Z°H) ,
I.(YBS%,Y*Bg) = I,(H°B%, HZ°By),
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which, combined with (6.10), gives

I(Z,2°H) > I,(H°Bgp,H)— I,(H°Bg, Z°H)
+I,(H°BS, HBR) — I,(H°B%, HZBR)
= I,(H°Bg,Z) + I,(H°B%, Z) = I,(Z, H®).

(This argument actually shows that (6.9) is equivalent to (6.10).) We now want to generalize (6.9) to the case
when an open set {2 takes the place of the half-space H. The idea is that on sets of sufficiently small diameter,
if the boundary {2 is regular enough to be locally close to a half-space at each of its boundary points, then an
inequality like (6.9) should hold true with some error terms.

Lemma 6.4. Givenn > 2, s € (0,1), ande > 0 there exist positive constants C and 1 (depending on n
and s, and with C,, g < 1) with the following property. If A is an open set, () is an open set with C'' -boundary
in A, n € (0,m),

Q) €
T4 1= min {QA4(7(737'* ), 20*} (6.11)
and
GCcQNB,(xr) forsomex cR" (6.12)
then
(G, G°0) > (1— Cy) I5(G, ) — % G, (6.13)

Proof. Let us fix n € (0,10), assume without loss of generality that o4 (7, 2) > 0, define r, by (6.11), and
directly consider the case |G| > 0. The idea is that when B, _(x) is sufficiently close to €2, then one can first
“flatten” the boundary and then exploit the local minimality of half-spaces expressed in (6.9) in order to obtain
(6.13). If, instead, B, (x) is away from 02 then (6.13) follows by the isoperimetric inequality (for the fractional
perimeter F;).

Step one: We prove that if, in addition to (6.12), we have B, ,, () C €2, then
I$(G,GQ) > I (G, Q). (6.14)
First we notice that, trivially,

Ce—1

*

|z —y| > |z — x| Yy € By, (x),z € Beo,r, (7)°. (6.15)

(We definitely assume that C, > 1.) By assumption we have G C B, (z) and Q¢ C Bc, r, ()¢, so that

(6.15)and K: = 1p_ K, give us
dz
d
) / y/BC*T* ¢ ’Z - $|n+s

c. \"* s, _nwa (G \"T |G
< n T Sdp A
nw <C*—1> |G| C*r* 5 (C*—l) (Cor) (6.16)

where w,, is the volume of the unit ball. At the same time, by the fractional isoperimetric inequality (see [FLS08,
CV11]) we have that

mam><zmﬂwmﬂ<<

Py(G) = LBy |G\ n=s)/n (6.17)
W»Sln s)/n

Since (Cyx + 1) e < 2C4ry < cand G C B, (x) we have that
ly—zl<e VYyeG,ze Be,,,(x),

so that by K¢ = 1p_K and by Be,,, () C 2 we find

I5(G.G°Q) > I5(G, G* By, (1) > (G, G B, () = (PA(G) — 1(G: Bor, (x)7))
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Hence, by (6.17) and (6.16), we have

Ps(B1) |G|(n—3)/n _ M( Cy >n+s _1Gl

IE(G, GCQ) S wn=s)/n s Ci—1 (Cyr)s
I5(G,Q0) 7 nwn (Cc* )"*S Ll
_ 3 Cy —I\mts o (1Br.(z)[\s/m
- EPS(Bl)( C, ) C*( G| > -1
5 Cy —1\nts
> EPS(Bl)( o ) Cs—1>1,

where the last inequality holds provided C is large enough depending on 7 and s.

Step two: We now complete the proof of the lemma. We first notice that

K.(6) - K] < Cn) SV G - 6.18)
whenever |1 — (2| < |¢1]/2. Indeed, if t € [0, 1], then
1+ (1-0G] > fal ~ 16—l > 9

and thus

[Ks(C) — Ks(Q)] < sup [VE(tG + (1 - £)C)| G2 — G

tel0,1]
< sup KQ — Cl‘
te(0,1) [t + (1 = )Gy |mHstt

This proves (6.18), which we are going to use now in the proof of (6.13).

K,
< C(n,s) |<(1<\1) G2 — Ca -

Given step one, we may directly assume that there exists p € B¢, ., (x)NOS2 (as well as that B, ()N # &,
otherwise (6.12) would give G = @). The existence of p gives

By, (x) C By(p), for some o < o(n, ?) . (6.19)
Indeed, if ¢ € Bs,, (x) and we pick Cy > 2, then we find
lg —pl <lg—z|+ ]z —p| <27+ Cir < 2C,r, < 0(n, Q)

by definition of 7. By definition of 04 (,2) there exists a C'!-diffeomorphisms 7, : R" — R™ such that
(6.1)—(6.4) hold with g as in (6.19). In particular (6.4) gives that

(Tp(2) = Tp(y) = (z =) <mlz—yl, ¥z, yeR",
so that, provided 79 < 1/2, in view of (6.18),
Ko(Ty(2) = Tow) = Koz —y)| < Clns) Koz —y)m, itz =yl <=
At the same time (6.4) implies
’JTp(z) JTp(y)—l) <C(n)n Vz,yeR",
so that in conclusion, for every z,y € R we have
Ty (2) T () Ko(T(2) = Tylw)) = Koz = )| < Con Koz = ).

By the area formula, for every pair of disjoint sets A1, Ay C R™ one has that I;(A;, A2) if finite if and only if
I(T, (A1), T, (Ag)) is finite, with
(1= Cum)ls(Ar, Az) < L(Tp(A1), Tp(A2)) < (1 + Cum) Ls(Ar, Ag) . (6.20)
We are now in the position to conclude our argument. By G C B, (x) N € and (6.19) we find T,,(G) C
H N B,y(p), where H = H,, is the affine tangent half-space to €2 at p (see Definition 6.1). Thus we can apply
(6.9)to Z = T,(G) and find
I,(Ty,(GQ), T,(G)°H) > I,(T,(G),H°) , (6.21)
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which is equivalently written (by using 7),(G)¢ N B,(p)¢ = B,(p)°) as
I(T,(G), Tp(G) HBy(p)) + 1s(T(G), HB,o(p)°)
> I(T,(G), H By (p)) + Ls(Tp(G), HB,(p)°) -
Since H N B,(p) = T,(2 N B,(p)) and H* N B,(p) = T,,(Q2° N B,(p)), by exploiting (6.20) we obtain
(14 Cun) Is(G,GQB,(p)) + Is(T,(G), HB,y(p)°) (6.22)
2 (1=Cun) L(G,Q°By(p)) + Is(T,(G), H By (p)©) -
Again by (6.20) one finds

HB())\
)

so that (6.22) gives
(14 Cun) (Is(G,GQ) + I(G, Bo(p)°)) (6.23)
> (1= Cin) (G, Q°By(p)) + Ls(Tp(G), HBy(p)©) -
Similarly, by using (6.20) one more time,
(s (Ty(G), H By(p)©) — Ls(G, 2By (p)°)]

S (TH(G), Tp(Q By (p)9)) — 15(GL Q% Bo(p)°)]

L (Tp(G), Tp (2B (p)%)) — Ls(Tp(G), H Bo(p)©)|
< Cunls(G,Q°B,(p)%) + Is(Ty(G), B,(p)%)
< Ginls(G,Q°B,(p)%) + (1 + Cun) Is(G, Bo(p)°)

which plugged into (6.23) gives, as Cynp < 1,
(1+Cun) Is(G, GCQ) > (1 - Con) I4(G, Q) — 4 I,(G, B,(p)°) . (6.24)
Since G C By, (x) with By, (x) C B,(p), recalling (1. 10) we have

Wy,
d = G
/ oo o = 2 0

27‘*

and thus (6.24) implies

1+ Cn) (GG > (1-Con) IE(G,9°) — A 1,(G, By(p)’) (6.25)
> (1 Con) E(G.9) — O, )] 6.26)
Now
C _ € C dy € C |G’
I,(G,GQ) = I{(G,G°Q) + [ d= e < IE(G,GQ) + C(n, 5)
G < (2)NGeNQ |z —yl €
and so we deduce (6.13) from (6.25) and 7, < €/C(n, s). O

We are now ready for the proof of Theorem 6.3.

Proof of Theorem 6.3. Let E be a (A, o, o, KZ)-minimizer in (A, ), so that
I5(EAE°Q) + I (EA°, E°QA) + o IZ(EA, Q°) (6.27)
< IS(FA,F°Q) + IS(FAS, FQA) + 0 IF(FA,Q°) + A |EAF]
whenever F' C Q with diam(FAFE) < 2rgand F'NA° = EnN A°

Let us fix Br(z) C A with r < rg and test (6.27) with F' = E N B,(x)¢. Since FNA=ENB,(z)°N A
and F* = E€U (E N B,(x)) one has

IS(FA,F°Q) — IS(EA, E°Q) = —I5(EB,(z), E°Q) + I{(EB,(z)°A, EB,()).
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Similarly, by F'N A¢ = E N A€,
I(FAC FQA) — I (EA°,E°QA) = I;(FA° EB,(x)),
I5(FA,Q°) — IS(BA,Q°) = —IZ(EB,(z),Q"),
so that (6.27) gives
[£(EB,(2), E°Q) + o I5(E B, (2), )
< IS(EB,(2)°A, EB,(z)) + IZ(EA®, EB,(z)) + Au(r),
provided u(r) = |E N B,(x)|. By A° C B,(z)° one finds
I2(EB,(2)° A, BB, (2)) + I (EA%, EB,(v)) < 2 I5(EB,(x), BB, (2)°),
so that, by adding /5 (E B, (x), EB,(x)) to both sides of (6.28), one gets
I(EB, (w), (EQ) U (EB,(2)")) + o I5(EB, (x), ) 6.29)
< 3I:(EB(z),EB.(2)°) + Au(r).

(6.28)

(
)

Now let C, and 7 be as in Lemma 6.4 and fix 71 € (0, 70) depending on n, s, and ¢ so that
(1=Com)?*—lo| =m
We are going to apply Lemma 6.4 with 7 = 7)1, so that (6.11) gives

oa(n, Q) €
4C, '2C,

for a constant ¢, depending on n and s. If we set G = E N B,(x), then G C QN B, (x) provided < 7.
In particular, by (6.13) we find

r*:min{ }éc* min {04 (n1,Q), ¢}

I5(G,GQ) = (1 - Com) I5(G, Q) — % Gl (6.30)
Moreover, )
GNA=(ENQU(B(z)'NQ) =(E°NQ) U (ENB,(x)),
so that (6.29) gives
3I:(EBy(z), EB,(z)°) + Au(r) > I;(G,GQ) + o IS (G, Q°).
By (6.13),
3I(EBy(z), EB(2)°) + Au(r)
Cem IZ(G,GU) + (1 - Com)IL(G,GQU) — |o| IZ(G, Q°)

WV

WV

Cx
Com I5(G, G°Q) + [(1 = Cam)® — 0[] I5(G, Q) — (1 = Cim) s ulr)
*

m (156.670) + 15(6.2)) = S utr) = m PEO) — i)

Ty Ty

WV

Summarizing, if B, (z) C A with r < min{rg, r.}, then
Cx
3I5(EB, (), EB,(2)°) + (A + 75) u(r)=m PEG), G=ENB(z). (631
Since I:(EB,(x), EB,(x)¢) < P:(B,(z)) < C(n,s)r" *and u(r) < w,r", we see that (6.31) immedi-

ately implies (6.6). Next, we apply the fractional isoperimetric inequality (6.17) to bound from below P%(G) in
(6.31). More precisely, we notice that

dy Gl G|
Py(G) = P:(G /dz/ ———— < PS(G) 4+ C(n,s G)+C(n,s
(@) ooy =y <TG+ Clnes) < PG +Clns)
so that, up to increasing the value of C*, (6.17) gives
P(B
3I5(EB,(x), EB.(2)°) + (A + g) u(r) > (n(f;/)n n u(r) ™=/ (6.32)
T Wy
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By exploiting u(r) < (wy, )%/ ™u(r)(*~5)/™ we find that if

C* P(Bl) m
A+ —= ) (wy r")s/” < ——, (6.33)
( rs ) 5 =)/
then (6.32) implies
u(r)"I" < C(n, s, A, 0) I (EB, (), EB,(x)°). (6.34)

We notice that (6.33) is equivalent to
(1)5 . PB)m

r) O 2wn(rsA + Cy)
which, by S A < A, is in turn implied by

r < c(n,s)r.

and thus by 7 < ¢ (n,s) min{oa(n1,),c}. We have thus proved the validity of (6.34) provided r < 79
and r < c¢«(n, s) min{pa(m,2),e}. Arguing as in [CRS10, Lemma 4.2], we conclude that if B,(z) C A,
x € QN OFE, and r satisfies the above constraints, then u(r) > cor™ for some ¢y = co(n, s, o, A). By
Remark 5.2, 2 N E¢is a (A, ro, —o)-minimizer in (A, ), and since 2 N 9(Q2 N E€) = QN JFE one can
repeat the above argument with 2 N £ in place of F to find the upper volume density estimate in (6.7). O

APPENDIX A. CLOSURE THEOREM FOR ALMOST-MINIMIZERS AND BLOW-UP LIMITS

In this appendix we prove a closure theorem for sequences of (A, rg, o, K )-minimizers (Theorem A.1). As an
application, we then show that blow-up limits exists and are in turn minimizers (Theorem A.2). In the following,
given an interaction kernel K € K(n, s\), we set

wp(x) = 1p(x) K(x—-y)dy FCR" (A1)
FC
so that
wr belongs to L1 (A) if (and only ify [(AF, F¢) < +o0. (A.2)

Theorem A.1. Letn > 2,s € (0,1),0 € (—1,1), A\ > 1,A > 0,79 > 0, K € K(n,s,\) and A
be an open set. Consider a sequence {E;}jen of (A, ro, o, K)-minimizers in (A, Q;), where {§);}jen is a
sequence of open sets. If there exists an open set 2 with P(£)) < oo such that
E; — Eand$Q; — Qin L] _(A) (A.3)

and

wgq, converges to wg weakly in Ly, (A) (A.4)
then E is a (A, ro, o, K)-minimizer in (A, §2).
Moreover, in the case when K = K and(); = (1 is an open set with C L_boundary such that o(n, ) > 0 for
everyn > 0, one has that:

()ifx; € ANQNOE; andx; — x forsomex € A, thenx € OF;

(ii) if v € Q N OF then there exists v; € OE; such thatx; — x.
Proof. Step one: We want to prove that (5.2) holds whenever F' C €, diam(FAFE) < 2rgand F' N A¢ =
E N A€. Of course, without loss of generality, we may assume that
I(FA FQ)+ I(FA,FQA)+ 0 I(FA,Q°) < .
Since I(F'A,Q°) < I(QA, Q°) < oo, this implies
I(FA, FeQ) + I(FA®, F°QA) < oo (A.5)
and hence

/ wp = I(AF, F¢) = I(AF, F°Q) + I(AF,Q°) < I(AF, F°Q) + P(Q) < 0o.
A
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Similarly,
/ wpe = I(AFC,F)=I(AF® AF)+ I(AF°®, A°F)
A
< I(AFC AF) 4+ I(AF°Q°, A°F) + I(AF°Q, A°F)
where [(AF°, AF) < [, wp < 00, [(AF“Q°, A°F) < P(Q) < 00, and I(AF°Q, A°F) < oo by (A.5).
We have thus proved that in showing (5.2) for a given F' C Q with diam(FAFE) < 2rgand FNA¢ = ENAS,
we can directly assume that
wp ,wre € LY(A). (A.6)

Now we fix a bounded set W with wyy, wyye € L' (R™) such that FAE CC W CC A and diam(W) <
27 (we can achieve this by taking W in the form of a finite union of balls, say). Our goal is thus proving that

I(EW, EQW) + I(EW, EQW€) + I[(EW¢, E° QW) + o I(EW, Q°) (A7)

< I(FW,FQW) + I(FW, EQWE) + I(EW, F QW) + o I(FW,Q°) + A |[EAF]|.
To this end we set Fj = (F'NQ,; N W) U (E; NW¢), and test the minimality inequality of E; (see (1.27)) on
F};. In this way we find
< I(FQ]W, FCQ]W) + I(FQJW, EJCQJWC) + I(EJWC, FCQJW) +o0o I(FQ]W, Q;)

+A |E;AF).
We claim that in the limit 5 — oo, (A.8) implies (A.7). By Fatou’s lemma and (A.3), the inferior limit as j — oo
of the sum of first three terms on the left-hand side of (A.8) is bounded from below by the corresponding sum
on the left-hand side of (A.7). We thus have to address the behavior of the two o-terms in (A.8), and of the first

three terms appearing on its right-hand side. We start with the first of these terms, and find by (1.10) and (A.1)
that

[I(FQ;W, FCQuW) — I(FQW, FQW)| < |[I(FQ;W, F°Q;W) — I(FQ;W, F°QW))|
+|I(FQ;W, FCQW) — I(FQW, F°QW))|

(Q;AQ)NW (Q;AQ)NW

By (A.3) and (A.6) we thus find

lim_T(FQ,W, P, W) = [(FQW, FQW). (A9)
j——4o0
Now we claim that if G; C 2 and G; — G in L. .(A), then
lim1(GW. %) = I(GW,9). (A.10)
‘]% o0

To this end, we recall that (A.4) implies

lim wg, =0  whenever lim |U;| =0,
j=oo Ju, 7 j—00

see [AFP00, Theorem 1.38]. Since, by definition, (A.4) gives us [, uwq, — [p. uwq foreveryu € LY (A),
we conclude that

(G W, Q5) — I(G;W,Q°)| =

/ la,nw (@) (we, (z) — wo(z)) do
R"

<

/n low (x) (ij (x) — wg(x)) dx

4 / (wa, (2) + wa()) de — 0
(G, AG)NW

as j — +-o0. From this last fact and thanks to wq € L' (R™) we have
[1(G;W,Q5) — I(GW, Q)
< (GW,Q5) — LG W, Q)| + [I(G;W, Q) — I(GW, QF)|

< I(GyW, Qj)I(GjW,QC)|+/ wo(z)dr — 0
(G;AG)W
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as j — o0, which proves (A.10). We now exploit (A.10) with G; = E; and with G; = F' N €2, to take care
of the o-terms in (A.8) and find

lim I(B;W,Q5) = I(EW,Q°)  lim I(FQ;W,Q%) = [(FQW,Q°). (A.11)

J——+00 J——+00
We are left to take care of the second and third terms on the right-hand side of (A.8). To this end we notice that
since wyy, wyye € LY(R™), if Gj, Ly C QjwithG; — Gand Lj — Lin Llloc(A), then
|I(G;W, L;W€) — I(GW, LW®)]|
< | (GW, LyWe) — I(G;W, LWO)| + [1(G;W, LW€) — I(GW, LW*)|
< / wyye(x) dx + / wwy(x)de — 0
L;AL G;AG
as j — +00. By using this observation first with G; := F'N€); and L; := E]CQ] and then with G; := [},
and L; := E;, we finally obtain that
lim I(FQ;W, E;Qch) = [(FQW, E°QW°)

oo
lim I(E;QW¢, FeQW) = [(EQ;WC, FCQW).

j—-+oo

We have thus completed the proof of (A.7).

(A12)

Step two: Let us now assume that K = K and that €2; = () for an open set {2 with C'-boundary such that
o(n,2) > 0forevery > 0, so that the density estimates of Theorem 6.3 hold. Let us pick z; € ANQ N IE;
and z; — x forsome z € A, then x € OF. By (6.7)

1 _E0B@) L

Co rh Cy
for every r < min{dist(x;, 0A), 1o, cxo(n1,Q), cx e} where Cy = Cy(n, s,0,A) and ¢, = c.(n, s). As
j — oo we find

1 _IENB@I 1

Co rr Cy
for every r < min{dist(z, 0A), 1o, cxo(n1,2), cx e}, thatis x € JE. Now let us consider x € QN IE,
and assume that for some 7 > 0 and for infinitely many values of j we have B, (x) N 0E; = &. Without loss
of generality we may assume that either |E; N B, (x)| = 0 or |ch N B (x)| = 0 for infinitely many j. In this
way, by Fatou’s lemma,

0= lim I3(E;B-(v), EjB;(x)) =2 I;(EB:(z), E°Br (7))

Jj—00

so that either |[E N B (z)| = 0 or |[E°N B, (z)| = 0, against the fact that z € 2 N JE and thus the density
estimates (6.7) hold for E at z, being F a (A, o, o, K¢)-minimizer. O

As an application of Theorem A.1 we obtain the following compactness result for blow-ups. For the sake of
simplicity, we limit our analysis to the case K = K.

Theorem A.2. Letn > 2,s € (0,1),0 € (—=1,1), A > 0,79 > 0, and let A be an open set. Let E be a

(A, 70, 0, K)-minimizer in (A, Q) where (2 is an open set with C*-boundary in A and with 04(n, Q) > 0 for

everyn > 0, letzg € ANQ N OE, and given a positive vanishing sequence {r;} jen, set

E —xg
T

Then there exists an half-space H with0 € OH and aset E C H with0 € OF such that, up to extracting a

subsequence, E; — E and); — Qin L., (R") asj — oo and E isa (0, 0o, o, K)-minimizer in (R", H).

Ej = F%0T = Qj = Q%075

We shall need the following simple lemma.
Lemma A.3. If f : R™ — R"™ iw a bi-Lipschitz diffefomorphism and €2 C R", then
wii)(r) < Cwa(f(z) Vo eR",

with a constant C' depending only on the Lipschitz constants of f and f ~1 and converging to 1 when these
Lipschitz constants converge to 1.
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Proof of Lemma A.3. Setting § = f~(y) and = f~!(z) the area formula gives

- i Ay Jf(y)dy
wya)(x) = L) (z) /f = lo(?) /Q |f(Z) — f(g)|nts

Qe |7 —y|"s

We conclude as ||/ f || oo (rn) < 1+ C(n) [Lip(f) — 1| and |£(Z) — f(7)| > Lip(f ) & — gI. O

Proof of Theorem A.2. By regularity of 92 we have that 2, — H in L (R"), while if we set A; = (4 —
zo)/rj, then A; — R"in Ll (R") as 7y € A. By Remark 5.1, E; is a (A r3,70/75, 0, Ks)-minimizer in

(A;,9;). Letus fix 7 > 0 and R > 0 and notice that for j large enough we certainly have that £; N Bop is a
(1,77 Y, 0, K,)-minimizer in (Bg, 2; N Bapg). Let us also notice that by (6.2) we can certainly assume that

05, (1:95 0 Ban) = i, ayeos (12 (20 Bay, (20))707)

1 0a(§%,m)
= — 0Bp, (z0) (TI, QN Bagy, (m)) > ——
7’]' J Tj

In particular, for 71 = n1(n, s, o) as in Theorem 6.3 we have

0 := inf QBR(H,Q]‘ N Bar) > 0.
JEN

Now we show that, up to extracting a subsequence, £/ — E in Llloc(BQR) for some set £ C H. Indeed, by
(6.6) we have
Is(E; By (x), (E;Br(z))) < Cor"™?,

whenever B,.(z) C Brandr < min{r !, ¢, 8} where Cy = Co(n, s,0,A), cx = cx(n,s) and§ > 0Ois
as above. By a covering argument we see that

sup I(E;W, Ef) < oo

jeN
for every W CC Bag. In particular, E; — Ein LL _(Bag) for some set F, and the fact that E C H follows

loc

immediately from E; C Q; and Q; — H in L} (R").

We claim that wo,n B, converges weakly in LY(BR) to whnB,,,- Indeed, there exists a bi-Lipschitz family of
diffeomorphisms f; : R™ — R" such that f;(0) = 0, f;(©2; N Bar) = H N Bag and

(1=06) |z —yl <|fjx) = fiy)| <A +0;) |z —y| Va,yeR"
where 5j — 0. In particular, by Lemma A.3,
(1 - C(n) 5j) WHNByg S ijﬂBzR g (1 + C’(n) 59) WHNByR onR™.
This proves our claim.

Since Ps(H N Bar) < oo we can apply Theorem A.1 to conclude that, for every 7 > 0, E'is (1,71, 0, Kj)-
minimizer in (Bgr, H N Bag). By the arbitrariness of 7, F is (0, 00, 0, K)-minimizer in (Br, H N Bag). By
the arbitrariness of R, E'is (0, 0o, o, K )-minimizer in (R"™, H ). Again by Theorem A.1, since 0 € ; N OE;
for every j, it follows that 0 € OF. O
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