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Abstract: More and more applications require semiconductor lasers distinguished not only by large
modulation bandwidths or high output powers, but also by small spectral linewidths. The theoretical
understanding of the root causes limiting the linewidth is therefore of great practical relevance. In this
paper, we derive a general expression for the calculation of the spectral linewidth step by step in a
self-contained manner. We build on the linewidth theory developed in the 1980s and 1990s but look
from a modern perspective, in the sense that we choose as our starting points the time-dependent
coupled-wave equations for the forward and backward propagating fields and an expansion of the
fields in terms of the stationary longitudinal modes of the open cavity. As a result, we obtain rather
general expressions for the longitudinal excess factor of spontaneous emission (K-factor) and the
effective a-factor including the effects of nonlinear gain (gain compression) and refractive index (Kerr
effect), gain dispersion, and longitudinal spatial hole burning in multi-section cavity structures. The
effect of linewidth narrowing due to feedback from an external cavity often described by the so-called
chirp reduction factor is also automatically included. We propose a new analytical formula for the
dependence of the spontaneous emission on the carrier density avoiding the use of the population
inversion factor. The presented theoretical framework is applied to a numerical study of a two-section
distributed Bragg reflector laser.

Keywords: semiconductor laser; spectral linewidth; coupled-wave equations; traveling wave model;
longitudinal modes; noise; Langevin equations; Henry factor; Petermann factor; chirp reduction
factor; population inversion factor

1. Introduction

Many applications of semiconductor lasers utilized in miniaturized contemporary
photonic integrated devices for coherent optical communication, optical atomic clocks,
atom interferometry, gravitational wave detection, space-based metrology, and optical
quantum sensing impose strict requirements on the coherence of the light source, which can
be expressed in terms of the spectral linewidth. The theoretical understanding of the
governing factors limiting the linewidth is therefore of great practical relevance. After a
first prediction by Schawlow and Townes [1], the corresponding theoretical framework
was developed in the 1960s [2—6]). Later, in the 1980s and 1990s with the rapidly advancing
technology of the fabrication of semiconductor lasers and their applications the theory of the
spectral linewidth was further refined. The following five milestones can be distinguished:

(i)  The first milestone is the discovery of the enhancement of the fraction of the sponta-
neous emission going into the lasing mode in gain-guided lasers and the derivation
of a corresponding excess factor (K-factor) by Petermann [7]. Siegman recognized
this effect as a general property of non-Hermitian laser cavities [8]. Later his discus-
sion of the power-nonorthogonality of the transversal modes and its consequences
was extended to the case of the power-nonorthogonality of the longitudinal modes
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of laser cavities [9]. In Ref. [10] it was discovered, that the longitudinal modes
can become degenerate for certain parameter configurations resulting in an infinite
K-factor. The occurrence of such exceptional points is not restricted to lasers but is
inherent to non-Hermitian systems, see [11] for a recent review.

(i) The second milestone is the discovery of a linewidth enhancement in semiconductor
gain materials caused by refractive index fluctuations in response to fluctuations of
the carrier density. Due to gain clamping, intensity fluctuations (which have negli-
gible direct effect on the linewidth) can cause substantial refractive index changes,
which in turn lead to fluctuations of the phase. The magnitude of this amplitude-
phase coupling is quantified by the linewidth enhancement factor apy or a-factor
introduced by Henry [12]. Later it was found that in DFB lasers the a-factor has to
be replaced by an effective factor ayj ofs [13] and a general expression for ayy of valid
for distributed feedback (DFB), distributed Bragg reflector (DBR) and external cavity
lasers was derived in [14].

(iii) The third milestone is the discovery of the possibility of linewidth reduction due to
optical feedback from an external cavity by Patzak et al. [15]. Later a relation to the
reduction of the frequency chirp was established [16,17].

(iv) The forth milestone is related to the deterioration of the linewidth due to charge
carriers injected into a phase tuning section within the cavity. Amann and Schimpe
figured out that carrier noise is the origin resulting in an additional contribution to
the linewidth, if the a-factors are different in the gain and phase tuning sections [18].

(v)  The last milestone is the discovery of the enhancement of the linewidth due to fluctu-
ations of the shape of the profile of the optical power in the cavity by Tromborg and
co-workers [14], which is particularly important in the vicinity of instabilities [19,20].
The most sophisticated linewidth theory including fluctuations of the shape of the
power profile was published in [21,22].

In this paper, we will derive a semi-analytical expression of the spectral linewidth
from a modern perspective step by step in a self-contained manner collecting all necessary
ingredients that are otherwise found only scattered in the literature. The underlying theoretical
approach is the classical Langevin formalism [23] where the deterministic equations for the
optical field and the carrier density are supplemented by noise sources (Langevin forces).
By means of these stochastic terms, quantum field theoretical phenomena (in particular
spontaneous emission), which are essential for the laser linewidth, can be adequately
treated within the framework of the semi-classical theory. The correlation functions of the
Langevin noise sources are determined by the fluctuation-dissipation theorem, for which
we refer to Refs. [24-26].

While the starting point of most authors is the Helmholtz equation and an expansion
of its Green’s function [14,27], it is more transparent to start from the time-dependent
coupled-wave equations and to expand the forward and backward propagating fields
in terms of the stationary longitudinal modes of the open cavity [10] yielding simpler
expressions. The linewidth expression derived in such a manner includes automatically
the findings described as milestones (i)-(iii), i.e., longitudinal K-factor, effective a-factor,
and chirp reduction factor. Additionally, we propose a new analytical formula for the
dependence of the spontaneous emission on the carrier density, which is independent of
the commonly employed population inversion factor, i.e., the ratio between the spontaneous
rate of downward band-to-band transitions and the stimulated rate of downward and
upward transitions [28]. The new formula avoids problems with the singularity of the
population inversion factor near the transparency density and is in good agreement with
microscopic calculations, see Section 9. The theory can be easily extended to include carrier
noise (iv), too, as sketched in the Outlook in Section 11.

2. Prerequisites and Basic Assumptions

We consider edge-emitting semiconductor lasers as sketched in Figure 1 consisting
of an arbitrary number of sections of different functionality. The transverse cross section
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is uniform within each section, but may vary from section to section. The preferred
propagation direction of the optical field under lasing conditions is along the cavity axis
parallel to the longitudinal coordinate z. Thus laser can be well described by the traveling-
wave ansatz for the main component of the electric field strength

E(x,y,z2t) = S0Y) [w(z,t)e—fﬁoz+T—(z,t)efﬁ02}eiwof+c.c., 1)

\2€epcn

employing a scalar approximation and neglecting the dynamics in the transverse (x, y)-
plane. This means that we assume index-guiding in the transverse (lateral-vertical) plane
and lasing in a single transverse mode and exclude gain-guiding, as appropriate for narrow-
linewidth lasers. The real-valued field distribution e(x, ) is obtained as a solution of a real-
valued waveguide equation normalized to f f e? (x,y) dxdy = 1[29]. Moreover, ¢ is the vac-
uum permittivity, c the vacuum speed of light, n the reference modal index, o = 27tn/Ag
the reference propagation constant, Ag the reference wavelength and wgy = 27tc/Ag the
reference frequency. The prefactor is chosen such that ||'¥||?> = [¥T|?> + [¥~|? is the optical
power P with unit W. The left and right propagating fields ¥ vary slowly both in the
longitudinal coordinate z and time ¢ and fulfill the stochastic time-dependent coupled-wave
equations [30,31]

"gc(z> %‘I’(z, b+ [U;Z +iM(z, N, [ ]2) + iﬁ(z,t)]qf(z, ) =FEplzt,N) ()
with ¥ (1) Lo
z,t
1Y(Z, t) = |:"P_ (Z, t):| ’ 0y = |:O _1:| ’
and
2y _ [AB(z N, [¥]?) Kt (2)
e ) = [P e ) o
AB(z,N,|[¥||?) = B(z N, |[¥]|?) — Bo = %An(z) + Bn(z, N, [¥]?), (3b)
Bn(z, N, |[¥|?) = %AnN(z, N, [[¥]?) + % [g(z, N, |[¥*) — a(z, N, ||‘1f||2)}. (3¢)

) /N
reflector 4
T section
/‘ > Bragg
z grating

gain
section

Figure 1. Schematic view of a two-section DBR laser consisting of an electrically biased gain section and
a passive Bragg reflector section, exemplifying an edge-emitting multi-section semiconductor laser.

The Langevin forces

Ef(z,t,N)
Fsp(z t,N) = lei(z,t,N)l'
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model the spontaneous emission into the forward and backward traveling waves and are
assumed to have zero mean

(Fsp) = 0.

Here, ng is the real-valued group index, B is the propagation factor and An is the static
index detuning with respect to the reference modal index. S describes the dependence of
the propagation factor on the excess carrier density N, consisting of a real part proportional
to Any and an imaginary part with g being the modal gain and « the optical losses. k= are
complex coupling coefficients describing a Bragg grating (coupling forward and backward
traveling waves) and D(z,t) is the dispersion operator. The ensemble or temporal average
is denoted by (-). The dependence of Any, ¢ and a on the optical power ||¥|? is due
to nonlinear effects like the Kerr effect, gain compression, and two-photon absorption,
which affect the stationary states only slightly but can have a significant impact on the
dynamic properties.

All quantities entering (2) are obtained by weighting the original quantities entering
Maxwell’s equations with the intensity distribution e?(x, y) of the transverse mode. If we
choose the origin of z such that the grating given by a complex dielectric function &(x, y, z)
has the property ¢(x,y,z) = ¢(x,y, —z), then k™ = k= = « holds. Equation (2) has to be
solved subject to the usual boundary conditions

¥H(0,t) =¥ (0,t) and ¥ (L, t) = re  2PleH(L, 1), (4)

with L being the total cavity length and ry and r; the complex-valued reflection coefficients
at the facets at z = 0 and z = L, respectively. Scattering matrices establish transition
conditions on ¥ at the interfaces between different sections [22,30].

The coupled-wave Equation (2) must be supplemented with an equation for the
(excess) carrier density N. Although the theoretical treatment is quite general, we will
specifically treat diode lasers in this paper, where the carrier dynamics is governed actually
by both electrons and holes. We assume charge neutrality and consider only the excess
carriers in the active region with density N = n —ng = p — pp (where n and p are
the electron and hole densities and 7y, pg are the corresponding equilibrium densities),
neglecting any transport and capture effects. Thus, the excess carrier density is assumed to
obey the rate equation

ON j(z N)

ot qd + R(z,N) + Rat(z, N, |¥||*) = Fn(zt,N) ©®)

with the rate of spontaneous and non-radiative recombination R and the rate of stimulated

recombination

Re (‘I’ g — 21'1)]\1!)
dWFlwo

which can be derived by multiplying (2) from the left with [¥+*, ¥~ *], the complex conju-
gate of (2) with [¥", ¥~ ] and adding both equations to obtain a balance equation for the
electromagnetic energy in differential form (Poynting’s theorem) [30]. Here the dot product
means ¥ - ¥> = Y1 ¥S + ¥, ¥, and g is the elementary charge, 7 the reduced Planck’s
constant and d and W are the thickness and width, respectively, of the active region. The
current density can be related to the (sectional) applied voltage by means of the Joyce
model [32,33]

Rst -

(6)

Us — Up(N)
WLsRs
with sectional applied voltage Us, resistance R, injection current I;, length Ls, and the
Fermi voltage Ur. The carrier-density dependent injection current density given by (7)
counteracts longitudinal spatial hole burning, which substantially lowers the degradation
of the side mode suppression in strongly coupled DFB lasers compared to a model assuming

j(z,N) = ?)
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a constant current density [34]. The frequency modulation response, albeit not topic of the
present paper, is also affected as shown in [35].

Dispersion, i.e., the frequency dependence of the dielectric function, enters (2) first via
the group index ng in front of the time derivative resulting from a linearization of the real
part of the dielectric function with respect to the frequency w. Second, the dispersion of the
optical gain (and associated refractive index) is described in the time domain by the operator
D(z, t), which can be obtained, e.g., by approximating the gain spectrum by a Lorentzian
(or a series of Lorentzians) and a back-transformation into the time domain. This results in
auxiliary differential equations for polarization functions [36,37], see Appendix A. Due to
the fact, that the spectral width of the gain in semiconductor lasers is much larger than the
width of the cavity resonances, D(z, t) can be expanded again linearly in the frequency
domain. In contrast to [36], we neglect here the dependence of the dispersion operator on
the carrier density N.

Besides ¥, we consider N as the only further stochastic variable and spontaneous
emission as the only source of noise, neglecting all other noise sources. The theory can
be easily extended to include carrier noise as sketched in the Outlook in Section 11. We
assume that x does not depend on N, i.e., we exclude gain-coupled lasers, and neglect
fluctuations of the shape of the power profile. We neglect the impact of non-lasing side
modes on the linewidth of the lasing mode and employ a single-mode approximation. Thus
the linewidth rebroadening caused by mode partitioning and poor side-mode suppression,
cf. [38,39], can not be not accounted for.

Regarding the properties of the noise [40], we employ the usual assumptions of
ergodicity (ensemble or statistical average equals temporal average) and stationarity
(ie., ((+)&(t')) depends only on the time difference t — #') of any stochastic variable ¢. The
fluctuations are assumed to have Gaussian probability distributions and delta-correlated
covariance functions in time (Markov approximation) and space, i.e., ({(z,t){(Z,t')) =
2Dg;(z)6(t — t')d(z — 2') with Dg; being called diffusion coefficient. In order to obtain
a Lorentzian shape of the optical spectrum around the lasing frequency, some approxi-
mations have to be employed which are described in Section 4. The full width at half
maximum (FWHM) of the Lorentzian is commonly called intrinsic linewidth. As we con-
sider only spontaneous emission noise, we calculate the quantum limit of the intrinsic
linewidth. If non-Markovinan noise is considered, which is beyond of the scope of the
paper, the lineshape tends towards a Gaussian in the vicinity of the lasing frequency with a
correspondingly larger FWHM [41,42].

3. Equation of the Field Amplitude

Throughout this work, we restrict ourselves to the analysis of the noise at continuous
wave (CW) emission, i.e., at steady-state lasing. Therefore, we expand ¥ (z, t) in terms of
the stationary eigenmodes @, (z) (longitudinal modes),

= me(t)Qm(z), 8)

satisfying the equation

d . — . NglZ
|:0'zaz+1M(Z/N/ ||IIJ||2) +1;B'D(Z/Qm)+l 8 QW:l CDW(Z) =0 (9)
with

=M, (10)

Aﬁ(z ) = B(zN,T¥I?) — Bo =B~ po = AB. (1)
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Here, N and [[¥|2 are the steady-state carrier density and optical power, respectively, at
which the operator of the eigenvalue problem (9) is expanded (B, M are the corresponding
propagation factor and matrix M). The complex eigenvalue (), describes both, the frequency
deviation Re(Q;) = wy — wy (or the wavelength deviation AA;; = Re(Qy,) dA/dwl,,), and
the mode damping rate Im(€),,). The dispersion Bp(z, Q) is given by the operator D(z, t)
in the frequency domain. Equation (9) has to be solved subject to the boundary conditions

®,5,(0) = ro®,,(0)

D(L) = rie L (1) "
following from (4).

In the case of stationary eigenmodes considered here, the two-point boundary value
problem (9) together with the boundary conditions (12) is in fact a quasi-linear eigen-
value problem. The point of expansion (W, N) of the nonlinear operator must be
chosen self-consistently, i.e., it is required to satisfy the conditions (36) and (68) for the
(mean) stationary state given below. Furthermore, in the presence of dispersion Bp(Qy),
the eigenvalue problem is also nonlinear in the eigenvalue. The problem is similar to
the self-consistent field method in electronic structure theory [43] and can be treated in
a similar way (e.g., linearization of the optical-power and the frequency dependency of
the gain dispersion and fixed-point iteration, where the point of expansion is updated to
the most recent stationary state in each step). Alternatively, the system can be directly
propagated in the time-domain (as it has been done in Section 10), until convergence to a
suitable CW state has been achieved.

Note that different modes (eigensolutions of (9)) fulfill the orthogonality relation

d
(P, £d>n) =0 for m#n (13)
which can be derived by multiplying (9) from the left by [®,,, ®;/], the corresponding
equation for @, by [®,,, @], integrating along z, using (12) and subtracting both equations.
Here the short notation

(@, ) = /O (@Y 4 o) dz (14)

denotes an inner product, distinguished from a standard Hilbert space scalar product. At
an exceptional point the expansion (8) includes also a generalized eigenmode [10]. For
m = n, the factor d/dw, which can be interpreted as an inverse complex-valued group
velocity, is the exact derivative

P _ g, 9o
dw ¢ ow 10, (15)
In the general case of m # n this holds only approximately:
9B _ng  Bp(Qm) —fp(Qu) g o
dw ¢ + Q- Q, T + dw 10, 16)

A system of ordinary differential equations for the amplitudes f;,(t) can be obtained
by inserting (8) into (2), using (9), multiplying from left with [®, , ®;/], and integrating
along z. In order to exploit the orthogonality relation (13) with the approximation (16),
we have again to expand

(@)~ Bo () = L] (@-0y), 7
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where @ = w — wy. Note that this is consistent with the slowly varying amplitude
approximation. Transforming back into the time domain yields

JBo(@) = po(Qulfn(@)e do = [D = (62| (8 (18)
and
?TD 0 /(‘Z’_Q’”V’"(‘a)em a0 = aa[if { mfm(t) /fm (@) ’wfdw}
m m (19)
a aa'Bcme|: mfm() fm]

Therefore the amplitudes f, fulfill

(O, aﬁ q;m)afm i (D, aa—f)dDm)fm +iY (@, AMD,) fy = (P, Fsp)  (20)
with
AM=M—M= (g P) [(1) ‘ﬂ e

In what follows, we employ the single mode approximation and drop the subscript m.
Then (20) becomes a single differential equation for the complex-valued amplitude f of the
lasing mode

d P, AMCD
f iQf +1i . ) —f = (22)
( ’ aw )
The new Langevin noise source entering (22) is given by
P, F,
Fr = (@ Fp) 5 ;P) (23)

For an analysis above threshold, it is beneficial to derive equations for the modulus
|f| and the phase ¢ of f, because the fluctuations of |f| are damped but those of ¢ are not.
For the modulus squared |f|? (called intensity in the rest of the paper) it follows

(@, AMCD)

d 2
WL 4 21m(@) f2 -~ 21m o gy T = 2RelES ) @)
An equation for the phase can be determined from
tm (37 ) = Re(0) P+ Re “DEE 72— i ) @)
(@, @)
and 5 5 5
ol p2 (ff) FR5E. (26)

The stochastic term on the right—hand side of (24) describes intensity noise, which does
not have a vanishing expectation value anymore: (F¢f*) # 0. It is therefore convenient
to rewrite the term by distilling out the expectation value and introducing two new real-
valued Langevin forces F s> and F, with zero mean as

2Fff* = 2(F¢f*) + Fpp + 2il f*Fy. (27)
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It will be shown below that (Fyf*) is real-valued, see (66). Then, the final equations for the
modulus squared and phase of f read

(®, AMP)

WE _ oty 2
(Q)[f]" +2Im |f| +2(F¢f*) + B (28)
(@, awcb) f If1
and d (®, AMD)
99 _
Now we consider small fluctuations
N(z,t) = (N(2)) + 6N(z,1), (30)
p(t) = (p(t)) +o9(t), (31)
FBP = (IfP) +6l£ () (32)
and expand
9P 9p 2
B =BUN), () + 6N + ol f] (33)
Ny Pl
around the mean values
(NG) =N (2), o0

The mean intensity (|f|?) is required to satisfy

(QIf1?) = (Fef™). (35)

Due to the extreme smallness of the spontaneous emission (Fsf*) going into the lasing
mode, (35) can be replaced by
Im(Q)) =0 (36)

above threshold ({|f|?) > 0), which will be exploited in what follows (i.e., Q = Re(Q)).
The intensity and phase fluctuations fulfill the equations

J )
aslflp (@ 3ON®) + (@, 5 @)alf

2
+ F (37)
of @, Zo) (%) + Fige
and 2 y
g (@ ROND) + @ ol -
ot 9B Ll

which are the basis for the derivation of the linewidth formula in the following sections.

4. Lorentzian Line Shape

The power spectral density (PSD) of the optical field at z = 0 can be calculated utilizing
the Wiener—Khinchin theorem as [44]

Sp(w) = // /::o<E*(x,y, 0,t)E(x,v,0,t+ 7))e T dr dxdy (39)

with

1—|rol? »
2epcn

(E*(x,y,0,t)E(x,y,0,t + 1)) = e (x,y)(f*(t)f(t+T)>|CI>_(O)|2ei“’°T—l—c.c. (40)
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We do not address here technical issues regarding the non-existence of Fourier integrals of
fluctuating quantities here and refer to the discussion in [44]. Hence we have to calculate
the PSD

Sp(w) = [ (st e et an )

with
(FF(OF (1) = (FDIIf(E+)feletED=ewl), (42)
Now we employ here a first approximation: We neglect in (42) the intensity fluctuations

because above threshold they are damped, in contrast to the phase fluctuations, which can
been seen by comparing (37) and (38), see the discussion in [45]. Therefore, we obtain

(FF (O f(E+T)) = ([fI?) ()’ (43)
with
Arp =6p(t+71) —do(t) (44)

and Q) = Re(Q)). The random variable A ¢ is assumed to be Gaussian distributed [46],
such that it holds

(Arg)* .
_ varT(ZﬂP) elAT(PdAT(P _ e*% Var(ATgo)_ (45)

1
J 2
/21t Var(Ar¢) /foo ©

The variance of the phase fluctuations is

(ee9) =

(Aep— (Acg))?)

(Acp)?)

(Gp(t+7))) — 2(59(1)og(t +T)) + ((69(1)°)
2[((59(0))%) — (69(0)9(7))],

Var(Ac¢) =

(46)

where we exploited (Ar¢) = 0 and the stationarity property. We introduce the PSD of
phase fluctuations which is even in the frequency (S;, (@) = S5y (—@))

Sspl@) = [ (5p(1)3p(t + 1)) 9 dr @)

and the PSD of optical frequency fluctuations éw (@) = i@wdp(@)

Sow(@) = /joo(éw(t)éw(t +1))e T dr = @2554,((17). (48)

[e9)

With these spectral densities, the variance of the phase fluctuations can be written as
1 0T ~.
Var(Ar¢) = - / Ssp(@ )(1 —e ) dw
wT e -
- / Ssp(@ (2 sin (2> - zsm(wr)> dw
(49)
— / S(;q, ) sin ( ) dw

N
2 oo sin (4F
- ;T/msgw(a;)< (gf )> d@.
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We carry out a second approximation by noting that the function sin? (95)/(%F)? peaks
strongly at @ = 0 for large |t|, and obtain

kd o0 sm2 x
Var(Acg) = 1155, (0) [ Z d = 7S50 (0). (50)

In this step, we have recovered a central property of Brownian motion, as we can observe
that the root mean square displacement of the phase fluctuation grows as o /| t|. Inserting
(50) into (45) and, finally, the result into (43) yields

(F(Of(E+ 1)) ~ (| f]P)e 25 OlTleiOT (51)

and

Sp(@) e (|f) [ e B0l sieor 0wt gr
S50 (0) (52)
)
(w — (wo + Q))2 + (SMT(O))

This is a Lorentzian centered at w = wy 4+ () with the FWHM

= (%)

Aw = Ss,(0) (53)

given by the PSD of the optical frequency fluctuations taken at zero Fourier frequency.

In the following sections of this paper, we will focus on the static white noise limit,
where the frequency noise PSD S, (w) is effectively approximated by a constant, such
that the second approximation carried out on the step from (49) to (50) becomes in fact
redundant.

5. Correlation Functions
The correlation function of the spontaneous emission noise Fy defined in (23) is

(@, Fip (2, 1)) (P, FSp(ert,)»'

(FF(OFs(t)) = (54)
Y (@ Lo
The numerator reads
((®", Fp(z,1))(®, Fp(2, 1))
:/ / ¢+*F (z,t)+<I>‘*P$*(z,t)} [CI)+FP(Z t)+¢_FSJ}§(z’,t’)}>dzdz’
(55)
:/ / |q>+| o (2,1 Fq (’,t'))—l—|<I>’|2(F;}§*(z,t)Fs;(z’,t’»} dzd?
=2 [* o) 2Dyp () dz(t — )
with
D[ = [@F* + [0 |? (56)

taking into account the noise covariance functions [25-27] for index and absorption coupling

<F$*(z, t)Fs:l‘;(Z’/ tl)> — ZDSP(Z)(S(t . t/)(S(z _ Z/),
(Fp'(z, ) Ep (2, ) =0,
(F(z, ) Es () =0, (57)
(F(z, ) (2,)) = 0
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with

2Dsp(z, N, [[¥|?) = hwonep (N)g(z, N, [[¥]]%), (58)
where 7, is the population inversion factor (a Bose-Einstein distribution function multi-
plied by —1). The correlation functions for gain-coupling can be found in [47].

Since ¥ has the unit vW, Dsp must have the unit Ws/m as it is. The diffusion
coefficient D« defined by

(FF()Fs(t')) = 2Dgufd(t — ). (59)

is therefore .
Jo 1@(2)[I?Dsp (2, N, [['¥]|?) dz

(@ L)
The correlation functions of the Langevin forces entering (37) and (38) read
(Fip(t)Ff2(t)) = 2D pp rpd(t — ') = 4D (| fP)6(t — 1), (61)
(Fp(B)Fp(t)) = 2Dypd(t — ') = <|ff|2f>5(t —t), (62)
(Fip(t)Fp(t')) = 2Djp,0(t — ') =0 (63)

which can be derived using the transformation rules for the diffusion coefficients [23]

AfPPalf? ., alff? alfI?
D|f|2f|2—( of ofr T af of )D “fr
dp dp | g 9
_ (2l 99 , 9lfI>9¢
e = (o * 3 a7 )P

and the relations |f|> = f*f and ¢ = —In(f/f*). Following [48], the ensemble average
defined in (27) can be obtained using the formal solution of (22) in the form of

f=su-an+ [ L a )

where the time step 0 < At < 'ygl is assumed to be short in comparison to the (inverse)
relaxation rate yg = Im(Q — (®, AM®)/ (P, 0, fP)). Substituting (65) into (F¢(t)f*(t))
yields

(EA(B)f*(8)) = (Fp(8) £ (t — L)) +/ af;t, Dyar

= () (F° (- ) — /Ht (0 3570 ) (FOFE)a

+ /tiAt<Ff(t)F}‘(t’)> dt’,

where we have used (22) in the second step. The first term vanishes because of causal-
ity, since the fluctuations of f*(f — At) are not correlated with the future noise Ff(t).
Consequently, the correlation function factorizes and results in zero due to the zero-mean
property of the Langevin force. The second term can be dropped since it is non-zero only
over a set of measure zero (i.e., at t = t'). Finally, we obtain with (59)

(Ff(H)f (1)) = ./t.im(Ff(t)PJi‘(t/» dt' = Dy, (66)
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where a factor 2 is canceled by 1/2 encountered in integrating only half of the J-function.

6. Effective Linewidth Enhancement Factor

Using the ansatz (8), we can approximate the rate of stimulated emission (6) as

_ 8§ +2Im(Bp(Q)) | 121112
Ry = 82D e )

The stationary mean value of the carrier density and its fluctuations satisfy

J(N)) §UN), (IfP)1®IP) +21m(Bp ()
R((N)) + Whee Il 68)

and BN | N aR
st 2

respectively, with the inverse differential carrier lifetime (taken at (N) and (| f|?))

1 19 R , 3Ry

The FWHM of the Lorentzian line shape is given by the spectral density of the fre-
quency fluctuations at zero Fourier frequency, cf. (53). This is equivalent to setting the time
derivatives of the fluctuations equal to zero (static limit)

WIfI> _
o =0 (71)
and 36N

Furthermore, we omit carrier noise (Fy = 0), considering only spontaneous emission noise
as mentioned in Section 2. With these approximations, the carrier density fluctuations are
directly related to the intensity fluctuations by

aRst 2
ON = —1, Slf]°. (73)
We substitute (73) into (37) and obtain
Fie2
A 2(] f1?) Im(ha)

with

alf 12 ' [P
hy = (75)
(@, 559P)

(@, a3 B @) — (@, %, )
j
7 dw

Inserting (74) back into (73) yields

IRst Fp
d9|f|2 2(|f12) Im(hy)”

Finally, substituting (76) into (38) results in

6N =

(76)

959 Fp Re(h)
ot~ 2P Im(h) T @
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which can be considered as a defining equation for the so-called effective Henry’s a-factor

N _ Re(h)
H,eff— Im(h,x)

(78)

If a; s # O, the Langevin force resulting in fluctuations of the intensity leads also
to fluctuations of the phase. By virtue of the different integrals in the numerator and
denominator of (75), the carrier dependence of the propagation factor, nonlinear gain
(gain compression), absorption (two-photon absorption) and index (Kerr effect) as well as
gain dispersion are accounted for. The impact of longitudinal spatial hole burning and
multi-section cavity structures (e.g., including Bragg gratings, passive sections or external
cavities) is also correctly described. If all of these additional effects are neglected, for a
Fabry-Pérot (FP) laser the a-factor is recovered

Re( 28 A
= I;Eaﬁg i:agaiwaa @)

oN oN

The second equality is obtained using (3c). The minus sign in (78), resulting in a corre-
sponding minus sign in (79), has been chosen in agreement with the usual convention
ensuring positive values of gy around the gain peak [49]. The derivative da/0dN of the
modal absorption in (79) is often neglected, cf. [49]. One should keep in mind that ay; is
not a constant but depends on the carrier density (and the wavelength) because modal
index and gain vary differently with carrier density.

7. Spectral Linewidth

Collecting the results of the previous sections, we can now calculate the spectral
linewidth. Rewriting (53) as

[t [5¢(t) ddg(t+T)
o (g0

and inserting the equation of the phase fluctuations (77), we obtain

H i e
Mo = ity / (B () p(t+ 7)) dr + LW<F¢(t)F¢(t YO)dr,  (81)
where we have taken (63) into account. Inserting (61) and (62) results in the remarkably
simple expression for the spectral linewidth

Aw _ Dy

=29 T (1442 ).
YT on 2n<|f\2>< Sy

(82)

In the following, we will rewrite this expression in terms of the intra-cavity photon number

L 2 B
1 L 9B e fo |l Re(%)dz
o0 = i PRe<aw>d Feop (1 Tro)[ @ (O] 5
where
P(z) = (|f»)®(=)]? (84)

is the stationary optical power inside the cavity and

Py = (1~ |ro*)(If1*)|@~ (0)? (85)
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is the outcoupled power at z = 0. Moreover, we define the rate of spontaneous emission
into the lasing mode

L 2
@ d
Rsp - Lfo H || nspag - (86)
B Re(%> dz

and the longitudinal excess factor of spontaneous emission
L d 2
S @2 Re (L) dz
K= (f : (a“'z) ) . (87)
(@, )|

Now, (82) can be written as

— KRSP 2
&= g (1+ o) (88)
which is the standard form found in the literature [14,46].

The mode profile ®(z) entering (83), (86), and (87) is obtained by solving (9), (36) and
(68) self-consistently above threshold. Thus, ® is a mode of the active cavity affected by
spatial hole burning. The expression for the K-factor generalizes the one given in [10] for
non-uniform and complex-valued group velocity (df/dw)~! and is in basic correspon-
dence with [14,50,51], but fundamentally different from the modified K-factor introduced
in [52].

At an exceptional point, the mode is orthogonal to itself, i.e., (P, %@) =0, and the
K-factor approaches infinity. However, one has to keep in mind that at an exceptional point
the single-mode approximation used here fails. Instead, for the description of the dynamics
in the vicinity of such a point one has use at least one eigenmode and the corresponding
generalized eigenmode [10].

8. Impact of a Passive Section, Chirp Reduction Factor and the Fabry-Pérot Case

In this section, we apply the general theory developed above to special configurations
that allow for further simplifications (i.e., neglect of spatial hole burning, nonlinear gain
and index as well gain dispersion). Thereby, it is shown that the general framework entails
some well-established formulas from the literature as special cases.

8.1. Linewidth of a Laser Consisting of a Gain Chip Subject to Feedback from an External Cavity

We consider a laser consisting of one active section for z € [0, /] with length / and an
arbitrary number of passive sections (including an external cavity) for z € [I, L] with total
length L — I. The active section is of the Fabry-Pérot (FP) type having no Bragg grating
(k =0forz € [0,1]). The passive sections may contain Bragg gratings but no excess carriers
(N=0,08/0N =0,Dsp =0, Rt = 0forz € [I,L]). The reference plane is located just
inside the active section so that a possible finite reflectivity at the interface between active
and passive sections belongs to the passive sections. Furthermore, we neglect spatial hole
burning (i.e.,, 9N /9z = 0), nonlinear gain and index (98/9|f|*> = 0, 9Rst/3|f|> = Rst/|f|?)
and gain dispersion (Bp = 0, df/dw = ng/c). See Figure 2 for an illustration of the device.

The functions & (z) as solution of (9) are defined on the whole cavity z € [0, L]. In the
active section they are given by

o+ (Z) |active = ot (l)e:Fi(AB+”T80)(Z4) ©9)

and hence
DT (2)P (2)|active = P ()P (1) (90)
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holds. Furthermore we define the left and right reflectivities
(1) _ D) —2il(AB+"80)
+ = = = ¢ 1
7 o (1) and r o () - roe , 91)

where we exploited the fact that the ®*(z) are continuous at z = I. The derivative of r*
can be expressed as (see Appendix B)

An(rt) _ o, Ji @5 dz 92)
ow Ot (1D (1)
Therefore,
1 L
(@,a—ﬁcp) = 2/ ot~ dz+2/ oo 2 g,
Jw 0 Jdw I Jw
_ B idln(r™)
=201 ()P (1) {l —— 93
ow active 2 dw ( )
_,. 0B
= 21T ()P~ (1) = X
ow active
where we introduced the parameter
oln(rt) +
dw . C aln(r )
x=1+ =1+i— (94)
21% 2lng  dw
as in [14]. We omit |active in what follows. Furthermore
0B ORst 2 /’ Y
D, T4g=—=——-P)=— | PO 1y-——R
( /TdaNa|f|2 ) |f|2 0 TdaN stdz ©5)
2 ap !
_ _Z ot — (2P
= |f|2<I> (Ho (l)aN A T4Rst dz
holds. Then from (75), (78) and (79)
x 0
N X
. e ( g > Re(3fix) _ Re(ar +ix) %)
Heff = — B - 9 . = I .
Im<%ﬂ§l?€*) Im(%x ) m(apx +ix)
Jdw
and 12
X
1+ad o= (1+a)—2— 97
Heff = ( H)Imz(szx i) 97)
follow. Similarly, we obtain
! 2
Jo |®||*Dsp dz 1
Df*f = 0 P —_— (98)

- 2 2°
2 fyore- Lz Al
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Figure 2. Schematic illustration of a two-section DBR laser featuring an active gain section and a
passive Bragg grating as considered in Section 8.

Hence, the product of (97) and (98) is given by

i |®[2Dsp dz (1+a%)

Df*f 1+ “%I,eff = PR P (99)
( ) ‘Zf()quJ“‘I’_ng?,dZ‘ Im*(apx +ix)
and the spectral linewidth can be written as
Av
Av = F;“P (100)
with the chirp reduction factor
F = Im(apx +ix)
c dln(rt) c dln(r ™) (101)
=1- I R
2ngl m( ow ) + “H2ngl e( ow

and

I 2
®|12Dy, dz
Avep = Jo @1 Dsp (1+a2H) (102)

l 2
27 (|f )2 Jy @@= 2L |

being the linewidth of a FP laser having the cavity length | and the reflection coefficient
rT(Q) at the rear facet. Equation (101) agrees with [53,54] as well as [16,55] if the differently
chosen harmonic time dependence (e/“0* as used here versus e ~/“0t) is observed. The rela-
tion to the static frequency chirp is given in Appendix C. Introducing an effective length of
the passive cavity

+
Iy = —— Im(aln(r )), (103)
2ng ow
the chirp reduction factor can be written as
ngpl c dln(r™)
F=1+-2£P R . 104
+ ngl +le2ngl e( ow ) (104)

Thus the second term on the right-hand side of (101) can be interpreted as the ratio of the
round-trip times in the passive and active sections. The chirp reduction factor allows an
estimation of the reduction of the linewidth by a passive section or an external cavity for
given group index, length and Henry’s a-factor of the active section.
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8.2. Linewidth of the Fabry—Pérot Laser Cavity

We start from (88) and employ the same approximations resulting in (100) and (101).
The rate of spontaneous emission into the lasing mode (86) is

Jo I9(2)|Pnsp (N)g(N) dz _ ¢
Tio@pre(Z)a  m (105

Rsp(N) =

The expression (105) should be compared with

Rsp(N) = ﬁsp VRrad(N) (106)

often used in rate equation based modeling [56], where B, is the dimensionless spon-
taneous emission factor (ratio between the spontaneous emission going into the lasing
mode and the spontaneous emission into all modes), V' the volume of the active region and
R..q = BN? the rate of radiative spontaneous recombination (B bimolecular recombination
coefficient). Equalizing (105) and (106) at the lasing threshold yields

c Nsp (Nth)g(Nth)

— 107
g VRyaq(Nip) 107)

,BSP -

which is of the order 1075 for typical edge-emitting lasers. The photon number (83) can be
written as

By Jo I®()]*Re(55) d=
PR g (T )@ (0)
“s Po ot (o2 2Im(B 2_,—2Im(B)z
T @ o dz (108
c hwo((1—|r0|2)|q>f(0)|2)/o “ (0)[%e 2 1107 (0)[%e } z (108)
ng PO |7’0‘2<e21m(/5)l_1) _elem(ﬁ)l_i_l

¢ hwy 2Im(B)(1 - |ro|?)

The complex mode frequencies of the FP cavity (obtained from (89) applying the boundary
conditions (12) at z = 0 and z = [) are the solutions of

c|mm - i
with m € Z. To ensure Im(Q)) = 0 for the lasing mode, (109) leads to the usual threshold
condition

Rout = f% In([ror* (Re(Q))]) = 2Im(B) = g — . (110)

In what follows, we set r; = r*(Q)) (reflectivity seen by the laser at z = [). From (110) it
follows

2 1
_ g Dy |7’0| (\7071\ B 1) B |1’0r1| +1 _ Ng Pout 111
ph = — 71— = 5 =% , (111)
¢ hwo 2Im(B)(1 — |ro|?) ¢ Tiwoaout

where we used the relation between outcoupled power Py and total output power Pyt

b out

Pp=———. 112
1—[ro[? [ri
The final result is
Kgp c? hwonsp (0‘ + “out)“out 2
Avpp — JEP € (1 ) 113
VEP = I 2 Pout o 1

g
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where Petermann’s K-factor

I 5 BY 4z 2
o (o lolRre(5E) )

_ . (114)
2y ot 3E dz|

of the FP cavity can be similarly derived as

[ (rol + )@ = |rori)]?
KFP‘[ 2o In{ror) } (113)

in agreement with [9,27]. Equation (113) together with (112) was used by several authors,
e.g., [12,55,57]. However, one should be aware of the approximations involved in the
derivation.

The original Schawlow-Townes formula [1] is obtained by setting Kgp = 1, nsp = 1,
« = 0, oy = 0, and relating the outcoupling losses &yt to the spectral FWHM of a cavity
resonance by Aveay = ¢/ng - dout/ 27T to

ﬂth

Avgr = (AVcav)z- (116)

out

There are two reasons why this differs from the original formula by a factor of 4. First, in [1]
the half widths instead of full widths are used (factor of 2). Second, in [1] the sub-threshold
case is considered resulting in a further factor of 2, which can be seen as follows: Below
threshold the spectral density can be directly calculated from (22) for AM = 0 by Fourier
transformation via

(f(w)f(w")) =21Sf(w)d(w — ') (117)
with the result
2Df*f 2Df*f
Se(w) = = , (118)
M Rl IO (et s (%)

where we have used (35) and (66). This is a Lorentzian with the FWHM

D g«
_ _rf
AVSub’[hl‘ - 7T<|f|2>’ (119)

which is a factor of 2 larger than (82) (for apj e = 0). See [6] for a more thorough discussion.

9. Population Inversion Factor

The population inversion factor (sometimes misleadingly called ‘spontaneous emis-
sion factor’) introduced in (58) and used in (86) and (113) is given by [28]

1

where Ur is the Fermi voltage (spacing of quasi-Fermi potentials of holes and electrons),
g the elementary charge, kg the Boltzmann constant and T the temperature. It has a singu-
larity at the transparency density Ny, where fiwy = Up(Ny) and ¢(Nir) = 0. Therefore, the
replacement

nsp(N) = (120)

rsp(N) = n5p(N)(N) = nsp (& + aout) (121)

with constant 1, often employed is critical because for high-Q-cavities with low a and
Xout the spontaneous emission is underestimated. We calculated the modal gain, the spon-
taneous emission into the lasing mode and the inversion factor employing a numerical
simulation based on a 8 x 8 k - p band structure calculation and a free carrier theory for
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the optical response functions with phenomenological corrections for many-body effects
such as band-gap renormalization, Coulomb enhancement and transition broadening [58].
The results for a 5 nm thick InGaAs quantum well emitting around 1064 nm embedded into
an AlGaAs-based waveguide structure are compared with analytical models in Figure 3.
The increase of the absorption (negative gain) at small increasing carrier densities observed
in the simulation is caused by band-gap narrowing, shifting the absorption edge to longer
wavelengths [59].

LA LA BN B B B7) I L L LA L B R
@ 501 ‘ 12 ®) 59
= - ) 1
g 40 S 40
N2 - = 1
= 30 3] 30
& L & ~ i
g ERA _
£ 107 s < 10 ]
=0 PR
£ s & E
2-10 = -10 3
. X S S
>
= -20 3 20
E L L
80 _30 =30 | |

1.15 120 125 130 135
carrier density N (cm™) energy hw (eV)

Figure 3. (a) Modal gain (blue) and rate of spontaneous emission (green), left axis, and population
inversion factor (red), right axis, versus carrier density obtained from a microscopic simulation
(symbols) and the analytic models (122), (123) and nsp = rsp/g (solid lines) for a fixed wavelength
Ag = 1064nm. The dashed green line is the spontaneous emission computed using a constant
population inversion factor ns, = 2. See the Appendix A for the consideration of the gain at a
fixed wavelength within the framework of the present model. (b) Microscopically computed gain
spectra for carrier densities ranging from N = 1- 10" cm =3 to1-10" cm 3. The position of the fixed
wavelength A is shown by a blue line, the peak gain position is indicated by a red line.

The gain at a fixed wavelength is modeled as

¢=¢Ngln {maX(N ’ Nd)] (122)
Ntr
and the modal spontaneous emission as
2
g /Ntr N

with differential gain ¢’ = 19 - 10722 m?, transparency density Ni; = 1.7 - 10%* m~2 and
gain clamping density Ny =7 - 108 m—3. Equation (123) exhibits the correct asymptotic
behavior rgp o N? for N < Ng and rsp = § for N — oo. The agreement of rs, between
simulation and model is remarkably good without the need of introducing any new
parameters. The singularity of the inversion factor at N = Ny, is clearly visible in Figure 3.
If a constant value of nsp = 2 is used, the spontaneous emission is considerably under- or
over-estimated (depending on the respective carrier density).

10. Numerical Results for a DBR Laser

In the simulations described below we study a simple two-section DBR laser as
sketched in Figures 1 and 2. It consists of a 1 mm long active gain section (without Bragg
grating) and a 3 mm long passive Bragg reflector section (without active layer) with a



Appl. Sci. 2021, 11, 6004 20 of 29

coupling coefficient of x = 2 cm~!. The full set of parameters characterizing the simulated
DBR laser is listed in Table 1. The usage of such DBR lasers having long reflector sections
with low coupling coefficients was suggested in Ref. [16] for the first time. In fact, in
Ref. [57] an intrinsic linewidth of 2 kHz at an output power of 180 mW was reported. This
device had a 3 mm long gain section and a 1 mm long reflector section, where the active
layer extended over the whole cavity (i.e., including the reflector section). The device
studied here resembles the one presented in Ref. [60], where an intrinsic linewidth of 4 kHz
at an output power of 73 mW was reported. Experimentally, the intrinsic linewidth is
determined from the plateau of the frequency noise spectrum, as in the theory [61].

Table 1. Parameters of the simulated DBR laser.

Parameter Symbol  Unit Value First Used
reference wavelength Ao m 1.064 - 10~°

front facet reflectivity 0|2 0.3 4)

rear facet reflectivity |7 |? 0 4)
internal optical loss (both sections) o m~! 60 (3¢0)

group index (both sections) ng 3.9 2)
built-in index detuning (both sections) Any 0 (126)

Active section
length l m 1-1073

differential gain g m? 18.62 10722 (122)

a-factor &y 1 (79)
transparency carrier density Nir m~3 1.7-10% (122)
self-heating induced index tuning Vs Al 9.16-1073 (126)
gain clamping density Nq m~3 0.8-10% (122)
index clamping density Ng m~3 0.01-10% (125)
gain saturation power Psat W 5.866 (124)
dispersion peak amplitude gD m~! 50 (A3)
dispersion peak frequency detuning wp rads™! 0 (A3)
dispersion HWHM YD rads™!  83.25.10'2 (A3)

thickness of active region d m 4-.10° 5)

width of active region 4% m 10-107°? (6)

series resistance R (@) 1 (7)
Fermi voltage derivative % Vm?3 3-10726 (128)
defect recombination coefficient A s1 4-108 (127)
bimolecular recombination coefficient B m3s~1 1-10716 (127)
Auger recombination coefficient C mbs! 4.10"%2 (127)

injection current I A [0,300] - 103 (7)

Passive section
length L—1 m 3-1073

coupling coefficient K m~! 200 (10)

cross-heating induced index tuning Ve A1 1.83-1073 (126)

Within the active section, we assume the logarithmic gain model (122) supplemented
with the nonlinear gain saturation factor

max(N, Nd(z))] 1

124
Nez) 149 P 2

g@Nwwﬂ=ywwanm[
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and the refractive index model with square-root-like dependency on the carrier density

)\OECHg/Ntr max(N, N ;)
A = _ ~~ —1]. 12
"N 27 Nir ( 5)

Note, that at the transparency carrier density N, the fixed parameter &y agrees with the
a-factor agg from (79), whereas Any vanishes. The a-factor correspondingly increases for
N > Ni. The value of &7 = 1 was chosen in agreement with simulations [58] and is in
basic agreement with measurements, where a-factors between 1 and 2 for a highly-strained
InGaAs quantum well were obtained, depending on the detuning [62].

Other changes of the refractive index, including self-heating-induced self- and cross-
heating contributions, are modeled by [30]

vsl, z€[0,1]

, 126
vel, zell L] (126)

An(z) = Ang(z) + Anr(z), Anr(z) = {

where [ is the injection current into the active (gain) section. We employ the commonly
used cubic model for the rate of non-radiative and spontaneous recombination of the
carriers in the active section

R(N) = AN + BN? + CN?, (127)

is approximated by describing Shockley—Read-Hall recombination, direct band-to-band
recombination and Auger recombination. Finally, the current density (7) in the gain section
is approximated by

. I dup N—1[iNdz
j(z,N) = Wi AN Wik, (128)
where the derivative of the Fermi voltage dUr/dN is taken at a fixed carrier density.

The numerical solution of the coupled-wave Equations (2), (4), (5) and (A1) in the
time domain were performed with the software package LDSL-tool developed at the
Weierstrass Institute [63].

Several characteristics of the steady states obtained in the numerical simulations
of the DBR laser with an upsweep of bias current are shown in Figure 4. The almost-
periodic jumps towards the steady-state defined by the adjacent longitudinal optical mode
and corresponding changes of the state characteristics are induced by the self-and cross-
heating modeled according to (126). While the self-heating of the active section is mainly
responsible for the fast shift of the lasing wavelength to longer values and periodic jumps
to the shorter-wavelength state, the cross-heating induces a reduced shift of the peak
wavelength of the DBR reflectivity and, therefore, the corresponding shift of the mean
lasing wavelength, see Figure 4c. The maximum emitted optical power, see Figure 4a, and
the minimal (averaged) carrier density, see Figure 4e, within each period coincide well with
the maximum field reflection provided by the Bragg grating shown in Figure 4g.

The overall decay of the estimated spectral linewidth, see Figure 4b, reflects its inverse
proportionality to the field intensity, see (82). The decay of the linewidth within each period
is consistent with the decrease of the modulus of the effective linewidth enhancement
factor ayy off, see Figure 4d, the increase of the chirp reduction factor F shown in Figure 4f,
and the behavior of Petermann’s K-factor plotted in Figure 4h. The narrowest linewidth
within each period is observed at the long-wavelength flank of the DBR reflectivity just
before the transition to the neighboring state. The dependence of F and ay; on the deviation
of the lasing wavelength from the peak wavelength of the DBR reflectivity confirms earlier
findings [16,64,65] that F increases and ayy ¢ decreases at the long-wavelength flank of the
reflection spectrum.
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Figure 4. Simulated characteristics of the DBR laser as functions of the upsweeped injection current
I. Dotted and dashed lines indicate mode jumps and maxima of the DBR reflectivity, respectively.
(a) Output power Py, (b) spectral linewidth Av, (c) deviation from reference wavelength A — A,
(d) effective a-factor wef 11, (€) stationary carrier density (N), (f) chirp reduction factor F, (g) reflection
coefficient |r* |2, and (h) Petermann K-factor.

11. Outlook

The theory presented can be easily extended to take into account carrier noise. Includ-
ing the source Fy # 0, we obtain instead of (73) the relation

aRst

ON = 14Fn — 14 SIf)?. (129)
FIE £l
Substituting this expression into (37) yields a simple modification of the Langevin force
(®, 2174\ ®D)
Fip = Figo + Zlm;Na—,gq)ﬂf 2), (130)
7 % )

leading to two additional additive contributions to the linewidth due to carrier noise and
the cross-correlation between carrier and intensity noise. The same procedure can be
applied to the calculation of the modulation of amplitude and frequency in response to an
external modulation of the current injection term in (5).
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In case of gain coupling, (21) has to be replaced by

_[B=B x—x
AM—[K_K BB (131)
and (33) has to be supplemented by
k= x((N)) + X 6N (132)
N ON

Note that for loss or gain coupling or for higher order gratings there are additional contri-
butions to the imaginary part of 8. Furthermore, the rate of stimulated recombination (6)
has to be modified [66] and the diffusion coefficient (60) is varied because of non-vanishing
(Fp*(z,t)Fp(2',t')) # 0 and its complex conjugate [22,47].

Fluctuations of the shape of the power profile can be accounted for by a linearization
of (2) and (5) around a steady state, performing a Fourier transformation and solving for
the fluctuations J¥, e.g., by the Green’s function method [22] to calculate the noise spectral
densities Sg(@) from

(T (@)¢ (@) = 275z (@)o(@ — @), (133)

where ¢ is the variable of interest (e.g., phase or intensity).

12. Summary

We have derived in a self-contained manner the spectral linewidth of edge-emitting
multi-section semiconductor lasers starting from the time-dependent coupled-wave equa-
tions with a Langevin noise source. For this, we have expanded the forward and backward
propagating fields into the longitudinal modes of the open cavity and have obtained very
general expressions for the effective linewidth enhancement factor ay and the longitu-
dinal excess factor of spontaneous emission (K-factor), including the effects of nonlinear
gain (gain compression) and index (Kerr effect), gain dispersion, longitudinal spatial hole
burning for multi-section cavity structures. We have shown that the general linewidth
expression contains the effect of linewidth narrowing due to an external cavity by the
chirp reduction factor F. Finally, we have investigated the dependence of the population
inversion factor on the carrier density and proposed a new analytical formula. Based on the
derived expressions, the spectral linewidth as well as ayy, K, and F have been calculated for
a two-section DBR laser as functions of the injection current and the optical output power,
taking into account the thermal detuning between gain and reflector sections. The mode
jumps appearing with increasing current are accompanied by sudden rises of the spectral
linewidth due to the rise of the modulus of a; and the drop of F.
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Abbreviations

The following abbreviations are used in this manuscript:

Ccw Continuous wave

DBR Distributed Bragg reflector
DFB Distributed feedback

FP Fabry—Pérot

PSD power spectral density

FWHM  Full width at half maximum
HWHM  Half width at half maximum

Appendix A. Dispersion Operator

The dispersion operator D(z, t) in the coupled-wave equations (2) models the fre-
quency dependence of the gain and associated refractive index. The approach followed here
is based on approximating the material gain spectrum locally around the gain peak by a
Lorentzian, see Figure A1, and supplementing the time-domain coupled-wave equations (2)
with additional dynamical equations for auxiliary polarizations [31,36,37]

) ,

EP(Z, t) = (iwp(z) — vp(2))P(z,t) + vp(2)¥ (2 1), (A1)
where wp is the detuning between the peak gain frequency w), and the reference frequency
wo, vp is the half width at half maximum (HWHM) of the gain curve and

Pz t) [ﬁfgiﬂ

The corresponding dispersion operator in (2) reads

~

Dz 0¥(z 1) = ~ 5gp(2) (¥(z,1) ~ P(z,1)), (A2)

where ¢p describes the difference between the maximum amplitude gain g(z, N, || ||?), see
(3¢), and the gain at the reference frequency. The parameters wp, vp, and gp are obtained
from a fit to a microscopically computed gain spectrum or experimental data.

A Fourier transformation of (A2) yields, together with the frequency domain solu-
tion of the polarization Equation (A1), an expression for the dispersion factor (complex

Lorentzian)
_ 8p(z) Q —wp(z)
P ) = S A= wn@) + 1@ (49

The associated effective gain spectrum entering the rate of stimulated emission (67) reads

Sett(2, N, [T, Q) = g(z, N, [[¥?) + 2Im(Bp(z,2))
(Q—wp(2)® (A4)
(Q = wp(2))* + 7% (2)]

which is maximal at () = wp, i.e,, if the laser operates at the peak gain frequency.

=gz N, |I¥]*) - gp
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frequency w

Gett(2=wp)
f]oﬂ"(Q = U)
Jdp

gain

0 wp rel. frequency Q =w—wy

Figure A1l. Illustration of the Lorentzian fitted (effective) gain spectrum and labeling of the dispersion
parameters wp, yp, and ¢p. The peak gain is denoted by gt (Q2 = wp) = g and gegr(Q = 0) is the
effective gain at the reference frequency wy.

An alternative representation of (A2) is obtained with the help of the Green’s function
of the polarization Equation (A1) as

D(z,H)¥(z,t) = —égp(z) (‘I’(z,t) —vp(2) /Ot el =107y (7, t — 1) dT), (A5)

where dispersion is induced via the convolution of the memory kernel with the time-
delayed field amplitude (we omitted the quickly decaying initial value term here).

Appendix B. Calculation of Derivative of r*
To derive (92) we have to calculate

1 1 1
where we abbreviated d/dw = 9. The coupled-wave Equation (9) together with their
derivatives with respect to frequency can be written as

a%qﬁ(z) = —iB(Q)PT (z) — ikd (z),
—aa—zdf(z) = —iB(Q)P (z) — ixd"(z), )
%awqﬁ(z) = —iB(Q)9, P (z) — ik P (z) — i, B(Q)DT(2),
0

—ancb_(z) = —iB(0)3u® (z) — ik, P (2) — idB(Q)P ™ (2),

where 3(Q) = AB(z) + Bp(Q) + ngQ/c and 9, B(Q) is defined in (15). By multiplying the
left- and right-hand sides of these equations by 9,®~, 9,®", —®~, and —®™, respectively,

we get
0P~ %qﬁ = —ip(Q)P" 9, — kD P,
a,d" aiq,f = —iB(Q)D 9, D — ixkdT I, D,
) z (A8)
—07 L 9,®F = iB(Q)OT 9P + kDT %@ +idB(Q) DT O,
ot %awcb— =iB(Q)PT 9, P +ikdT 9, DT +idp(Q)PT D

Adding all these equations implies

% (@ 9@~ — @ 9p®") = 2id,,B(Q) DT . (A9)
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An integration over the passive sections corresponding to the coordinate interval [, L] yields
L
[@F 9, &~ — @~ 9,0 ]|F = 2i /l 9 B(Q)D+ D dz. (A10)

Due to the reflecting boundary condition, the expression [®F 0, ®~ — &~ 9, P | vanishes
atz = L and

—®T (1)@ (1) + D (1) 9, ®T (1) = 2i /ZL 0uB(z, Q)P T (2)® (2)dz (A11)

follows. Dividing by —® ™ (1)@ (I) finally yields

9 log(r") = (A12)

N A LCLR Ol
ST (NS (1)

Appendix C. The Relation to Static Frequency Chirp

Here we justify the naming of the factor F defined in (101). We start from the
roundtrip condition

H(@,9)r (@,8) =1 (A13)

following from (91) which can be transformed into equations for the modulus

Re(In(r~(@,g))) + Re(In(r*(@))) =0 (A14)

and the phase

h(@,g) =Im(In(r~ (@,g))) + Im(In(r"(@))) = 27tm (A15)

with @ = w — wp and m € Z. As aresult of the solution of (A13) or, equivalently, (A14) and
(A15), we obtain the real-valued frequency () = @ and the gain g of the steady lasing state.

Let the modal index in the active section vary due to a fluctuation of some parameter
such as carrier density or temperature. Equation (A15) establishes a relation between the
index fluctuation 6An and the frequency fluctuation dw,

oh = %5(4) + %(571 =0, (Ale6)
where 6n = 6An and 1/0n = 1/9dAn. The w-derivative of h is
oh dln(r) dln(r™) dln(r)Y og
The w-derivative of the lasing gain g can be determined from (A14),
a1 dln(r*
og  Re(M5iL) +Re(M)  q i
= = = —-Re (A18)
ow Re(alrg(r )) I ow
8
taking into account
dln(r™) Mg
o —2117 (A19)
and SIn(r)
n(r .
ra 1(1+iay), (A20)
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following from (91) and (11), such that

oh Mg dln(r™) dln(r™)
is obtained. Furthermore, (91) and (11) imply
dln(r—)  _.2m
e 2il o (A22)
and oh  4nl
T
- - _ A2
on /\0 ( 3)
Therefore,
n c dln(rt) c dln(r™) 47l
h=—21-8]1— I R ——on=0 (A24
0 l c [ 2ngl m( ow >+aH2ngl e( ow 0w Ao on =0 (A24)
and 5
S = —wy LF1 (A25)
g
is gained. For the solitary laser with r* (@) taken at a fixed @ = (), the same analysis
results in -
n
2T 918 A2
ow l c (A26)
and 5
Sws = —wo—n. (A27)
Mg

Therefore in a laser with a passive section or an external cavity, fluctuations of the frequency
dw due to a fluctuation of some parameter in the active section are reduced (or enhanced)

by the factor
Sw 1
= = A28
ows F ( )
compared to a the solitary laser, as stated in, e.g., [16,17]. If the active section is not a single
FP cavity, the chirp reduction factor can be generalized to [67]

dln(rt)
F=1+ Re<(1 — i) ah?(‘;g) ) (A29)
ow
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