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Abstract

We study a stationary thermistor model describing the electrothermal behavior of
organic semiconductor devices featuring non-Ohmic current-voltage laws and self-
heating effects. The coupled system consists of the current-flow equation for the
electrostatic potential and the heat equation with Joule heating term as source. The
self-heating in the device is modeled by an Arrhenius-like temperature dependency of
the electrical conductivity. Moreover, the non-Ohmic electrical behavior is modeled by
a power law such that the electrical conductivity depends nonlinearly on the electric
field. Notably, we allow for functional substructures with different power laws, which
gives rise to a p(x)-Laplace-type problem with piecewise constant exponent.

We prove the existence and boundedness of solutions in the two-dimensional case.
The crucial point is to establish the higher integrability of the gradient of the electro-
static potential to tackle the Joule heating term. The proof of the improved regularity
is based on Caccioppoli-type estimates, Poincaré inequalities, and a Gehring-type
Lemma for the p(z)-Laplacian. Finally, Schauder’s fixed-point theorem is used to
show the existence of solutions.

1 Introduction

This paper is devoted to the analysis of a stationary thermistor model that was recently
introduced in [18] to describe electrothermal effects, such as self-heating and inhomoge-
neous current distributions, in large-area Organic Light-Emitting Diodes (OLEDs). The
model consists of the current-flow equation for the electrostatic potential ¢ and the heat
equation with Joule heat source term for the temperature 7" in a domain {2 and reads as

-V (O'(SU,T, |v90‘)v90) =0,

1.1
=V (A@)VT) = (1-n)o (@, T, |Vel)| Vel Y

Here, o and \ are the electrical and thermal conductivities, respectively, and 7 € [0, 1] is
the efficiency of the light outcoupling, which describes how much of the electric power is
emitted as light and not converted into heat. The key feature of the model is that the
electrical conductivity o depends on the temperature and on the electric field E = —V .
In [18], for organic semiconductor devices o is proposed to be of the general form

T)—2
IVl }p( ) 12)

oz, T,|Ve|) = oo(x)F(z,T) [Vref/d

with o being an effective conductivity, F'(x,T) is an Arrhenius-type temperature factor,
and Vs and d are a reference voltage and thickness, respectively. Notably, p(z) > 2 is a
power-law exponent that depends on the spatial coordinate. In particular, OLEDs are thin-
film heterostructure devices based on organic molecules or polymers, where each functional
layer (electrode layer, electron and hole transport layers, emitting layer, see Fig. 1) has, in
general, its own current-voltage characteristics and material parameters. In the electrode
(made of Indium-Tin-Oxide), for example, an Ohmic behavior can be observed, which
means that p(x) = prro = 2. For organic semiconductor materials we have non-Ohmic
behavior corresponding to exponents porg > 2. This has been experimentally verified in
[9] and [11] (in [9] a value of porg = 9.7 was obtained for OLED materials from fitting to
experimental data).
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Figure 1: Schematic cross section of an OLED with crossbar contacts.

To take this behavior into account, we allow p(z) to be piecewise constant with different
values in each substructure of the device. In particular, this means that the current-
flow equation in (1.1) is of p(x)-Laplace type, which makes the mathematical analysis
challenging.

The temperature dependence of the conductivity is given by an Arrhenius-type factor

F(az,T):exp[—E"?B(@(l—lﬂ, (1.3)

where F,i(z) > 0 represents the activation energy in the materials, T}, is the ambient
temperature and kg is Boltzmann’s constant. Since the coefficient in front of the inverse
temperature is negative, a rising temperature leads to an increase of the electric current
for a constant applied voltage. By the Joule heat term in the second equation in (1.1),
this leads to even higher temperatures in the device. Thus, a positive feedback loop is
obtained, which continuously heats up the structure. Often physical experiments of this
kind lead to the destruction of the device by thermal runaway, see [10].

In the zero-dimensional (i.e. spatially homogeneous) setting discussed in [11], the current-
voltage characteristics for such devices show an S-shaped behavior for sufficiently high
activation energies (F,e > 4kpTy). In particular, a region of negative differential resis-
tance appears, which was also experimentally verified. This mechanism, together with the
high resistivity of the optically transparent I'TO anode, is considered as explanation for
inhomogeneities in current distributions and unwanted pattern formation in the luminance

of large-area OLEDs, see 3, 9].

The system in (1.1) is complemented by boundary conditions that model the electrical
contacts and the thermal coupling to the environment. They read as

o=¢” on I'p, o(x,T,|Ve)Ve-v=0 on Iy, (1.4)

—Nx)VT -v=k(z)(T —T,) on I :=00. '
Here, o is the Dirichlet data corresponding to the applied voltage at the contacts lo-
cated at I'p and I'y is formed by that part of 92 which does not belong to I'p. The
Robin boundary condition for the heat flow equation expresses the heat transfer to the
environment. The spatially dependent heat transfer coefficient k takes care of the varying
heat conduction of the surrounding materials. For a detailed discussion of the physical
background of the thermistor model, we refer to [18].
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For the mathematical analysis of the thermistor system in (1.1) — (1.4) several features
of OLEDs have to be taken into account: We work in nonsmooth domains with mixed
boundary conditions. The parameters p, Fact, 00, A, 7, and k jump at interfaces between
different materials. In particular, the exponent p is spatially varying and piecewise con-
stant and takes values in the range of 2 (Ohmic material, e.g. ITO contacts) to 10 (organic
semiconductor material). Thus, subdomains §2; C © with different exponents p; > 2 have
to be considered in the problem.

To treat the spatially varying exponent p we work in the generalized Sobolev spaces
WP()(Q) (see Subsection 2.2 or [5]). While the spaces W'P()(Q) share several char-
acteristics with their classical counterparts W1P(Q) for constant p, there are a number of
properties (e.g. Poincaré and Sobolev inequalities), which do not follow naturally with-
out additional assumptions on p. In particular, many results for WLP(')(Q) rely on the
assumption that = +— p(z) is log-Holder continuous, which is not satisfied in our setting.

To prove the existence of solutions to (1.1) — (1.4) we apply Schauder’s fixed-point theorem
for the temperature distribution 7". First, for a given 7" we obtain a unique solution ¢(7")
of the current flow equation and prove L°-bounds and regularity results for the potential
©(T). Next, exploiting these regularity results we give a weak formulation for the coupled
problem and establish a priori estimates for the solution. Finally, we show that this
solution can be obtained via a fixed-point map @ : T' — T, where T' solves the heat
equation (2.1b) for the Joule heat given by the electrostatic potential ¢(7") and F (7). In
particular, the proof follows the ideas in [18], where the case of a constant exponent p was

considered.

The crucial point in this procedure now is the regularity result for ¢, which allows
us to exploit the elliptic theory for the heat equation. In particular, we show that
[Vo| € Ls*p('l(Q), where s* > 1 is a uniform exponent that does not depend on the
temperature 7. Following the ideas in [8] and adapting some steps to the case of two
different values of p in the localized situation depicted in Fig. 2, the higher regularity
is obtained from Caccioppoli-type estimates, Poincaré inequalities, and a Gehring-type
Lemma in the version of Giaquinta-Modica (see [14, Theorem 6.6]) for the p(x)-Laplacian.
Let us note that higher regularity results for the p(z)-Laplacian are available in the log-
Hélder continuous case [1, 6, 22, 23]. In particular, the regularity result presented here is,
as far as we know, the first result for nonsmooth exponents p(z).

Plan of the paper. We start in Section 2 with a non-dimensionalization of the thermistor
system (1.1) — (1.4), which allows us to rewrite the system in a simpler, dimensionless form.
Moreover, we state the main assumptions on the data and the underlying domain and
introduce the function spaces LP()(Q) and W1P()(Q) for variable exponents. In Section 3
we proof the main result of this paper — the existence of solutions to the coupled thermistor
system (1.1) — (1.4). Here, we apply Schauder’s fixed-point theorem and exploit that
solutions of the current-flow equation have a higher regularity in our setting. The proof
of the higher integrability of the gradient of ¢ is postponed to Section 4. In particular,
the result is obtained by localization of the problem to squares and careful estimates that
are uniform with respect to the diameter of subsquares. Finally, inequalities and auxiliary
results that are used throughout the proofs are collected in the Appendix.
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2 Preliminaries

2.1 Non-dimensionalization of the system

For notational simplicity we work with dimensionless quantities. To this end, we intro-
duce reference values Vj, Iy, Tp, and Lo for voltage, current, temperature, and spatial
coordinate, respectively. We set

~ Y2 - ~ xz
4 Vo’ Ty’ e Lo
and define the non-dimensionalized coeflicients
PR ‘/OLO ~ i~ Eact(LOi’\)
= L =
ao(7) I oo(LoZ), B(%) ke To
. TyLo N . ToL3 N

We write the exponent p and the Arrhenius factor F' as

L 11 T
P(@) = p(Loz), F@ET :exp[—ﬁfﬁ\(j—r)} with 7T, = =%
@ =p(Lad). PG @(z-7 =1

and choose V) and Lo such that (Vod)/(VierLo) = 1 is satisfied. Having in mind that
Ve = L%vf we can rewrite the system in (1.1) — (1.4) in a dimensionless form for » and

T. Finally, in the resulting system of equations we drop the hats above the symbols and
arrive at

—V - (o(z,T,|Ve¢|)Ve) =0 on Q, (2.1a)
V- (A@)VT) = (1-n(j,T))o(z,T,|Ve|)[Ve* on Q, (2.1b)

where
o(z,T,|V|) = oo(x)F(z,T)|VeP®2. (2.1¢)

The system is complemented with the mixed boundary conditions

o=¢P? on T'p, o(xT,|Ve)Vp-v=0 on Iy, (2.1d)
—ANx)VT -v=k(z)(T—T,) on I :=09Q, (2.1e)

where ¢P is a function representing the non-dimensionalized Dirichlet values at all elec-
trical contacts.

2.2 Assumptions and notation

Here, we collect the essential assumptions on the domain 2 as well as on the given data
and fix the notation for the subsequent sections. In the following, we denote by C,.(y) C R?
the square with center y € R? and side length 27 and | - | is the supremum norm on R2.
We start with the definition of regular domains due to Groger.
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Figure 2: Model sets C;(0) with different constant exponents p with p4 < pp and different
types of boundary conditions.

Definition 2.1 (Regular domain [15]) We call G C R? regular, if G is bounded and
if for every 20 € OG there exist subsets U0 C R? and a bi-Lipschitz transformation
@0 : Uyo — C1(0) such that Uyo is an open neighborhood of 2° € R?, ®,0(Uyo) = C1(0),
and ®,0(x%) = 0. Furthermore, the image ®,0(Uy NG) is one of the following sets:

El = {yER2:|y’oo<1> y2>0}7
Ey:={y e R?: |yl < 1, y2 > 0},
Es:={ye€ Ey:ys >0 or,y >0}

Note that Poincaré-type inequalities and Sobolev’s embedding theorems are available on
regular domains, see e.g. [14, Theorems 3.11-3.13]. To treat the mixed boundary conditions
in (2.1d), we consider G = QU Ty and make the following assumptions for the analytical
investigations:

Assumption (A1)

(i) © C R? is a bounded Lipschitzian domain and I'p, I'y are disjoint open subsets of
I' := 99 satisfying mes(I'p) >0, T =Tp Uy U(TpNTy), and Tp N Ty consists
of finitely many points. In particular, Q UT y is regular in the sense of Groger [15],
see Definition 2.1.

(ii) Q satisfies Q@ = [JIZ; s, where ; are disjoint subdomains, and z + p(z) is such

1=

that p(x) = p; € [2,00) for z € Q;.

(iii) There exists a finite number of points x? €0, forj=1,...,N, and x? € Q, for j =
N+1,..., M, with corresponding neighborhoods U; and one-to-one bi-Lipschitzian
maps @z? : Uj — C1(0) such that mes(U; N€Y;) # 0 for at most two subdomains €2,
and €2;,. Additionally, we assume that ®;(U;) is one of the model sets C(0) given
in Fig. 2 and Uj]\il(q)x?)_l(Ci(O)) D Q is a finite covering of Q.
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Assumption (A2)

(i) The Dirichlet datum satisfies ©? € W1 ().

(ii) The electrical conductivity o :  x Ry x Ry — R is of the form o(z,T,z2) =
oo(z)F (2, T)zP@ 2, where op € L>(Q) satisfies 09 < 09 < 75 a.e. on Q. The
Arrhenius factor is of the form F(z,T) = exp[—f(z)(F — T%)] with 8 € L (Q) and
T, eR, T, > 0.

(iii) The heat conductivity X satisfies A € L>(2) and A > ¢ > 0 a.e. on 2. The heat
transfer coefficient « is such that x € LE(I") and ||s| 1) > 0.

(iv) The light-outcoupling factor n = n(x,T,j) is such that n : @ x R x R? — R is a
Caratheodory function and n(z, T, j) € [0,1] holds f.a.a. z € Q and V(T j) € R x R2.

For constant p € (1,00), we work with the Sobolev spaces
WP(Q) = {u € LP(Q) : Du € LP(Q) for |a| < 1}

equipped with the norm
HUHJ;[/L;; = Z HDauHZip

lor|<1

and
WEP(QUTN) = {u e WH(Q) : ulr, = 0}.

For p = 2, we also write H'(Q) instead of W12(Q). Moreover, the dual space of a Banach
space X is denoted by X*.

Following [17, 7, 5], we introduce the generalized function spaces LP()(Q) and W'»()(Q),
where z — p(x) is a measurable function satisfying p : Q — (1, 00). In particular, we write
p € P(Q)if p: Q— (1,00) is measurable and define

p— :=essinfp(x), p4 :=esssupp(x)
€ e

and consider bounded variable exponents p € P(Q) with p; < oo. The generalized
Lebesgue space LP()(Q) consists of all measurable functions f for which the modular

ooy (f) = /Q (@)@ da

is finite, see [17, 5]. With the Luxemburg norm

£l =t {7 > 02 g0 (L) <1}

LPO) () becomes a Banach space and it holds that p,.)(f) < 1if and only if 1l per ) < 1.

We collect some properties for LP() () spaces for the case that 1 < p_ < p, < oo, for the
more general situation see [17]: For all f with 0 < || f||;»() < oo it holds true that

oy F/ Il o) = 1, (2.2)
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and [5, Lemma 3.2.5] ensures for all f € LP()(Q) the inequality

1 1 1 1
min {pp(-)(f)”— s Pp() () 7+ } < | fllze(y < max {Pp(-)(f)p— Py ()7 } (2.3)
Moreover, according to [17, Formula (2.28)]
If py <oo, then p,y(fn) =0 ifandonlyif | fullzec) — 0. (2.4)

The generalized Sobolev space W1P()(Q) is the class of functions on € such that D*f
LPO)(Q) for every multi-index v with |a| < 1. It is equipped with the norm

1 lwacy == D 11D Fll ot (2.5)
o<1
see [17] and [5, Def. 8.1.4., Rem. 8.1.5]. By the mapping u — (u, Vu), the space W?()(Q)
is a closed subspace of LP()(Q) x (LPC)(Q))". Under assumption (A1) we introduce the
(closed) subspace W;’p (')(Q) c WHP0)(Q) of functions with homogeneous Dirichlet values
at I'p,
w5'(@) = {p € WO©) : i, =0}

equipped with the norm (2.5). The spaces W1P()(Q) and Wll)’p(')(Q) are separable, re-
flexive Banach spaces. Note, that for p_ > 2 we always have the continuous embedding
whrh(Q) c HY(Q).

In our estimates, positive constants, which may depend at most on the data of our problem,
are denoted by c. In particular, we allow them to change from line to line.

For the local treatment of the p(x)-Laplace expressions we make use of the following
inequalities: For an arbitrary, constant exponent p > 1 we consider the function z — |z|?,
which due to its convexity satisfies the inequality
atap _|al+ |zl
2 - 2
Exploiting the subdifferential estimate gives the inequality

for z1, 20 € R". (2.6)

’Zl‘p > ‘ZQ’p +p’22‘p_222 . (21 — ZQ) ifp>1, 21,2 €R". (2.7)
Additionally, we apply the inequality

(J21P7221 — |22/ 220) - (21—22) > 27 (2172 + |22[P2) |21 — 22/

> 22_p]21—z2\p ifp>2 2z, 20e€R", (28)
which can be found in [19, Chapter 10]. Moreover, we use the lower estimate
(|z1P221 — |20|P 229) - (21—22) > ¢(|z1] + \22|)p_2\21—22|2 for z1, z0 € R", (2.9)
see [16, Lemma A.1] (with F(A) = %|A\p). Finally, for p > 2 we note the estimate
’|zl|p_221 - |22]p_222‘ < c(|zl|+|22|)p_2]21722| for z1, z0 € R™. (2.10)

For a spatially dependent p € P(€) we have to distinguish in some integral estimates
the subsets of Q for which we have p(z) = 2 and p(z) > 2, respectively. Therefore, we
introduce the notation
Q={zxeQ:px)=2} Q:=Q\Q, and po_ :=essinfp(z). (2.11)
€T

€Qo
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3  Analysis for the p(xz)-Laplace thermistor model

3.1 Results for the current flow equation

In the first step, we turn our attention to the current-flow equation (2.1a) for the potential
. In particular, we consider an arbitrary but fixed 7', which is assumed to lie in the set
of relevant temperature distributions given by

T:={T € H(Q)NL>®Q) : T >T, ae. on Q}. (3.1)
According to (A2), we find for T € T that
ooF(-,T) € L®(Q) and oo(x)F(z,T(z)) € [o0,T0el’le=/Ta) =i [01,00).  (3.2)

For fixed T' € T, we introduce the operator A : @ + Wé’p(')(ﬂ) — (Wé’p(')(Q))*

D

<AT(cp),v>W1,p(.) = /Qa(x,T, Vo)V -Vodz, ve Wll)’p(')(Q),

and consider the following problem: Find ¢ € o + WLl)’p (')(Q) such that

(AT(QD),U)W}J,,,(,> =0 forallve W]%)’p(')(Q), (3.3)

which corresponds to finding a weak solution ¢ € P + Wé’p (')(Q) of the current-flow
equation (2.1a) with boundary conditions (2.1d) and fixed temperature distribution 7' € T.

Lemma 3.1 We assume (A1) and (A2). Let T € T be a fixed given function. Then (3.3)

has ezxactly one solution ¢, and for almost all x € Q) this solution is bounded by

essinf p? < p(x) < esssup pP. (3.4)
zef zeQ

Moreover, there are constants c, > 0 and c;ny > 0, depending only on the data (2, P,
00, 00, T, and B) but not on T, such that

lolwnse < cor ooy (V) = /Q VolP@ de < o (3.5)

Proof. In the following, we denote with h™ = max(0,h) the positive and with h~ =
max(—h,0) the negative part of a function h, respectively.

1. Uniform bounds. First, we show the bounds of solutions to (3.3). Let oP := |||,
P = ess infycqp”. Then, the test of (3.3) with (¢ — pP)T € Wé’p(')(ﬂ) gives

_ 2 ) x
OZ/QO'(CC,T,|VQOD‘V(()O—@D)+‘ dxz/Qal‘V(ap—goD)ﬂp( )da:

leading to ¢ < P a.e. in Q. On the other hand, the test of (3.3) with —(p — ")~ ensures

0:/J(a:,T,\Vme(cp_(pD)—de2/gl‘v((p_gpf:))_‘p(x)dx
. Q
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and therefore ¢ > P a.e. in Q. Therefore, (3.4) is verified.

To obtain the integral estimate (3.5) for the powers of the gradient, we use the test function
@ — P for (3.3) to obtain

/ 01 [VoP@dz < / o(2, T, |V])| Vol da
Q Q
— / o (2, T, Vo)) Ve - V(o—P)da + / o (2, T, Vo))V - VP da
Q Q

< / 03| Ve P71 |Vl dz < / %|V<p|p<x>dx+c / VP P@dz,
Q Q Q

where we have used that the first term in the second line vanishes since ¢ is a solution to
(3.3). Together with the assumed L*-bounds for Vi (see (A2)) and ¢ (see (3.4)), this
estimate leads to the desired estimate for [, |[Ve|P®) dz and [, |¢|P®) dz. Thus, by (2.3)
we have proven (3.5).

2. Ezistence of a solution to (3.3). Since we assume that p > 2 a.e. on 2 we obtain from
a pointwise application of (2.8) that

(Arpr — A1z, 1 — 02) 100
D
N / oo F (-, T)(|V1 [P 2V o1 — [Vipa P2V is) - V(o1 — 2) dae
Q
> / 127V (01 — 2) ") d > 0,
Q

which verifies that the operator Ap is monotone. To prove the continuity of Ap, we take
an arbitrary sequence ¢, — ¢ — 0 in Wém (')(Q) and show that Ary, — Arp — 0 in
Wé’p(')(Q)*. Having in mind (2.10) we have to estimate

[ Aren — ATSOHW;,W(Q)*

= sup (Aron — AT, )y 100
veW PO (), |[olly1,p() <1
p(z)—2
< sup coz(IVen| + Vo)) IV (on—)|| V| dz
veWSPO (@), Joll y1p() <179 (3.6)
< sup {1V (a2 IV0l 201y
veW P (@), [0l 1,y <1

4 [ (190nl 72 4 VP 2) 90 —) [V do .
Qo

The first term in the supremum can be estimated by ¢||V(¢n, — @) 1) [|V|| o). For the
second term we use the generalized Holder inequality with three factors (see Lemma A.1)

[ 1 @a@h(@) o < ol ol Il

N

T T

for every f € L"(Q), g € L"O(Q), h € L™"(Q), where 1+ L+ 5 =1 We set
f=1VealPO 2 or f = Vo), g = [V(pn—g)|, and b = Vo], r(-) = %
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r"(-) = p(+). Note that pr(.)(|Vg0\p(')_2) = pp(-)(IV¢l), which is finite for ¢ and ¢, too.
Thus, for all v € Wll)’p(’)(ﬂ) we find

(Azpn — Arp,oyoer S |1+ VeI o + [Vl o ]
D LPO=2 () LPO=2(Q0)7  (3.7)

X c[[V(en = @)l oer [Vl Lo -

For w = ¢ or ¢y, (2.3) ensures that on Qg and for pg_ defined in (2.11)

[[VwlPO=2] e
Lr()=2(Qo)

po——2 Py—2
SmaX{P b0 ([VwPO=2) 0" p 0 (|VwlPO=2) > }
p(H—2 p(-)-2

po——2 4+—2

= max {pp(.)(|Vw|) Po- ,Pp(-)(‘vw’)f}

which, due to (2.3), can be estimated from above by terms which are uniformly bounded
for w = ¢ or ¢, for the sequence ¢, — ¢ — 0 in Wé’p(')(Q).

Here, we applied [5, Lemma 3.2.6] and the fact that due to the definition of the norm
in WHP0)(Q) and (2.3) we have the estimate ||Vvl|p ) < cllollwree - Thus, (3.6) and

(3.7) ensure that || Arg, — ATgoHng(q .~ 0as ¢, = ¢in Wé)’p(')(Q).

Q)
Next, we prove the coercivity of Ap. We apply (2.8) to estimate

(AT, — 90D>W]5,p<4>

> / oo F(T)2* P@|V (o — oP)P@ da — / oo F(T)| VP POV (o — oP)| da
@ . (3.8)
> /Qal2“’+\v(<ﬂ — PP dz — C\HVsOD!p(')’lHL% IV (¢ — o) 1ot
_p0)
> copp() (IV (9 — 7)) — C|’|V¢D|p(')_1\|L on IV (¢ — @)l 1ot -

p(-

p(-)—1

(2.3) holds. Since by assumption (Al) mes(I'p) > 0, the seminorm [|[V(-)||;»¢) is an

The factor |||[VP[PO=1| L. in the last term is bounded since P € WhH*(Q) and
L

equivalent norm on W})’p (')(Q), compare Corollary A.1. According to (2.3) we can es-
timate p,)(|V (¢ — ¢”)|) from below, either by [[V(¢ — ¢D)||§+p(‘) or [|[V(e— @D)|’i;(~)'
Note that both exponents are greater than 1. Dividing the previous estimate (3.8) by
V(e — ¢P)|I1p) the right hand side goes to +oo if ||V (e — ¢P)||1»¢) — oo which guar-
antees that the operator Ap is coercive.

In summary, the main theorem of monotone operators (see [12, 21]) ensures the existence
of a solution to (3.3).

3. Uniqueness. To show the uniqueness of the solution to (3.3) we assume that we had
two solutions @1 and ¢y with ¢; — P € WBP(')(Q), i = 1,2. Testing the equation (3.3)



3 Analysis for the p(x)-Laplace thermistor model 11

for both solutions with ¢ — 2 € Wé’p(')(Q) and using (2.8) gives

0= (Arp1 — ATpa, 01 = P2) 100
= / UOF(T)(W‘PHP(I)ﬁVSOI - ’V%’p(x)ﬁvw) V(o1 — o) do
Q

> / 0122_1’(“”)]V(g01 _ SD2)|p(w) dx
Q

which ensures V1 = Vo a.e. in . Since ¢ — g € Wé’p(')(Q), the uniqueness of the
solution to (3.3) follows. [

The next step is to establish higher regularity of the weak solution ¢ to (3.3) for given
T € T, namely o € W20 (Q) with a uniform s* > 1, as well as to verify global upper
and lower bounds for all arbitrarily given T' € T.

Theorem 3.1 We assume (A1) and (A2). Then there exist a constant s* > 1, p*(-) =
p(-)s* € P(2) and a cp« > 0 depending only on the data (2, P, 09, 00, 1o, B, p—, and
p+) but not on T € T such that the solution ¢ to (3.3) belongs to W™ ()(Q) with

Pp () (IV@]) + ppe () (0) < e

uniformly for all given functions T € T .

In the case that p is constant, Theorem 3.1 in [8] ensures the desired result. The general
case with spatially varying p is proven in Section 4.

Corollary 3.1 We assume (A1) and (A2). Then for s* > 1 from Theorem 3.1 there exist
constants cg«, oo > 0 depending only on the data (€2, P, 00, 00, Ta, B, p—, and py) such
that for all given functions T € T the solution ¢ to (3.3) fulfills the estimates

|(1=maoF (T)|Vel?V)|

1o Sceseoand  max|p(r)| < coo-
€}

Proof. According to Theorem 3.1 we know that p,-(.)(|V¢|) < ¢+ which together with
Assumption (A2) and (3.2) ensures that the expression (1-n)o(z, T, |[V¢|)|Ve|? belongs
to L*" (). In particular, the norm can be estimated by

1 1
[(1=n)ao (1) V"] o = 020p () ([Vepl) 5= < oa(cpe) ™ = cse.

Lo < 02|[ VP

By Theorem 3.1, ¢ belongs to W'#"()(Q). Since p* := essinf,cq p* = s* essinfeqp > 2
and because of the continuous embeddings of the spaces Wh?"()(Q) < WP~ (Q) — C(Q)
the estimate (3.4) from Lemma 3.1 is satisfied for all z € Q. O
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3.2 The coupled p(x)-Laplace thermistor problem

To tackle the complete p(x)-Laplace thermistor problem in (2.1), we introduce the operator
A (P + W5 PO (@) x (H(Q) N L2(9)) = (W5 (@) x H (@) by

(A(e,T), (p,T)) ::/Q {o(z,T,|V¢|)Ve Vo + Az)VT - VT }dz
- [ =G, 1ot 7.1V V4T da 39)
+ /F k(T —T)TdT  Vee WiP(Q), VT e H'(Q)
and look for solutions to Problem (P)
A, T) =0, pec?+W5PQ), TeH(Q)NL®Q) (P)
which correspond to the weak solutions to the system (2.1a) — (2.1e).

Theorem 3.2 (Bounds) We assume (A1) and (A2). Then there exist positive constants
Cp*s Cq+, Coo and an exponent g* > 2 such that any weak solution (¢,T') to Problem (P)
fulfills

Po (Y IV + Ppe() () < e, maxp(@)] < eoo,

1Tl i < cgy, Ta <T(2) <coo forallz € Q.

Proof. 1. For the lower bound of the temperature we test (P) by —(0,(T" — 1,)”) and
obtain

/)\|V(T—Ta)_|2dx—|—/m((T—Ta)_)QdF <0
Q T

which by (A2) ensures that 7' € 7.

2. If (¢, T) is a solution to Problem (P) then ¢ is a solution to (3.3) for 7', and the estimates
for the component ¢ of the solution to (P) result from Lemma 3.1 and Theorem 3.1.

3. According to Corollary 3.1, the Joule heat term in the right-hand side of the heat
equation, (1-n)a(x, T, |V¢|)|Ve|?, belongs to L* () and its L* -norm can be estimated
by cs+. We use regularity results for second order elliptic equations with non-smooth data
in the case n = 2. According to [15, Theorem 1] there is a ¢ > 2 such that the strongly
monotone Lipschitz continuous operator B : H'(Q) — H(Q)*,

(BT, w) := /(WT Vw+Tw)dz, we HY(Q),
Q

maps W14(Q) into and onto W~14(Q) for all ¢ € [2,4]. Here, W~14(Q) means W4 (Q)*
with % + % = 1. Next we define ¢* € (2, ] by

~ s* 2q
if € [1, — ]
4 ' s*—1 q—2
28" s 2q ()
2 — s* s*—1" ¢qg—2
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This definition guarantees that L (Q) — W14 (Q) = W@ (Q)*. Remark 13 in [15]
then ensures W19 -estimates for solutions to problems of the form BT = R(T), where R
is any mapping from W12(Q) into W19 (Q). For our problem under consideration we
use

(B(T),w) = [

Q
for w € W@ (Q). Thus, we find ¢, > 0 such that T € WhH (Q) and ||Typrer < cqe-

4. The continuous embedding of W14 (Q) into C(Q) supplies the pointwise lower and
upper bound of the temperature distribution 7" which sharpens the result of Step 1. 0O

((l—n)a(x,T, Vo)|Ve|* + T)w dz + /F k(Ty, — T)wdl,

Let us mention that according to the proof of Lemma 3.1, the upper and lower bounds
of the electrostatic potential ¢ of any solution to (P) are given by the upper and lower
bound of the Dirichlet function P, respectively. The continous embedding WP~ (Q) <
C%1(Q) for p* > 2 and 0 < a; < (p* —2)/p* and WL (Q) — C%2(Q) for ¢* > 2 and
0 < ag < (¢*—2)/q¢* in two spatial dimensions ensures the following regularity result for
solutions to (P).

Corollary 3.2 We assume (A1) and (A2). Then any solution (p,T) to (P) is Holder
continuous.

The following main result establishes the existence of weak solutions to the coupled p(z)-
Laplace thermistor system (2.1).

Theorem 3.3 (Existence of solutions) We assume (A1) and (A2). Moreover, letn €
L>(Q) satisfy n(z) € [0,1] for a.a. © € Q. Then there exists at least one solution to
Problem (P).

Proof. 1. We intend to use Schauder’s fixed point theorem. We fix some ¢° satisfying 2 <
q° < q*, with ¢* being the exponent from Theorem 3.2, and denote by cqe = ¢4+ gocg > 0
the product of the embedding constant g« 4o > 0 of the continuous embedding Wh4" () —
Wh4°(Q) and of the constant cq= from Theorem 3.2. We work with the bounded, closed,
convex, nonempty set

M= {T e W (Q) 2 [Tl < cpo T 2 T},

We consider the following mapping Q : M — M. For given T € M we solve problem (3.3),
see Lemma 3.1, and get a unique solution ¢ € Wl’p*(')(Q), see Theorem 3.1. Corollary 3.1
ensures that (1—n)o(z, T, |Ve|)|Ve|? € L*"(Q). Now we find the unique solution 7" of the
heat flow equation with the right hand side (1—n)o(z, T, |V¢|)|Ve|? € L*(Q) € HY(Q)*,
where s* > 1 is the exponent from Theorem 3.1. This is possible since the corresponding
operator L : H'(Q) — HY(Q)*,

<LT,w>:/)\VT-de:p+/ndeI‘, w e HY(Q),
Q T

is Lipschitz continuous and strongly monotone from H!(Q) to H'(Q)* (compare As-
sumption (A2)), which proves the solvability. The higher regularity of the solution is
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guaranteed by the regularity result of Groger for second order elliptic equations with
non-smooth data in the case n = 2 (see [15]). Note that the Joule heat term be-
longs to L* () ¢ Wh@)'(Q)*. Arguing as in Step 3 of the proof of Theorem 3.2
we find that ||Ty1.4+ < ¢g+. The continuous embedding W14 (Q) — WhH"(Q) gives
1T lwiee < cgrqo | Tl yp1ar < cqo. Moreover, T' > T, is verified similar to the proof of
Theorem 3.2. By this procedure we define a mapping @ : M — M with T := Q(f) To
apply Schauder’s fixed point theorem, we show that Q : M — M is continuous as well as
compact.

2. We start with the continuity: Let T, — T in W2°(Q) and ¢,,, ¢ € WP()(Q) be the
corresponding solutions to the current-flow equation in (3.3). The continuity is proved
by four convergence results: First, we show that ¢, — ¢ in Wl’p(')(Q), then ¢, — ¢ in
Wtre()(Q), where pg = 6p + (1—0)p* and 6 € (0,1) arbitrary. Next, we prove T}, — T in
H'(Q), and finally T}, — T in WH(Q).

The test of (3.3) by ¢, — ¢ € WL]‘)’p(')(Q) gives

/ oo F(T,) (!chn!p(”)’2vcpn - IVw\p(””)’QVsO) - V(pn — @) dz
@ (3.10)

_ /Q 00(F(T) — F(T,))[Vol!® 2V - V(g — ¢) du.

In (3.10) we use (2.8), oo F(-,T,) > o1, the definition of p,.), the Lipschitz continuity of
F in T for arguments T' > T, and Holder’s inequality to obtain

10 (Ve = 2l) = o1 [ [V = )P e

<e / T — Tl VPV (0 — )| da
Q (3.11)

< o|F - Tl /Q VPV (g0 — )| da

<e|T - anLwHIVMp(')_lHL p) [[V(on = @)l Leer-

p()—1
According to (2.3) and Lemma 3.1 we have
p_—1 py—1 p——1 py—1

_ll‘Lpﬁgll Smax{pp()(|V<p|) b= 7:0p()(|v90‘) P+ }SmaX{Cinpt_ 701'7;?- }a

NS
1 1
19— @n)llotr < max{ oy 1V (0 = 2n))P= 2y (90 — )7+ .

The continuous embedding W°(Q) < L®(Q) ensures |[T — Tp||z~ — 0 as n — oo.
Therefore, we conclude from (3.11) the convergences

o) IV (@ = @n)) = 0, V(e = @n)llppry =0 asn— oo (3.12)

Here, we additionally used (2.4). Since ¢, —¢ € Wé’p(')(Q), we obtain ||¢n, — @||j1ee) — 0,
see Lemma A.2.
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Let be pg € P(Q) with pg(z) = Op(z) + (1-0)p*(z) for € (0,1). Then by Holder’s
inequality
Poa (V) = /Q o[ PP@+(1-0p" (@) g < CHU”(')HL% Hv(w)p*(-)HLﬁ _ CHUp(-)H‘z1 va*(-)H;@

= ¢pp()(©) () (0)

and similar for the gradient
Pa) 1V01) < €y (IV0) e (IV0) .

Using these inequalities for v = ¢, — ¢, taking into account the bounds from Theorem 3.2,
the convergence @, — ¢ in WP()(Q), and the relation (2.4) we obtain

©n — @ in WHPO(Q)  for all py < p*. (3.13)

Let T}, and T' denote the solutions to the heat flow equation with the arguments (7, ¢n)
and (T, ¢) in the Joule heat term, respectively. We test these equations by T,, —T. Taking
into account Assumption (A2), we find

||Tn - THJ%Il

<c [ (P@)IVeul - PDONP)IT, - T|ds 510

<e / (FT)|IVenl?® — |VlP)| + [Vl ®) | F(T,)  F(D)|)|To — T da
Q

From the vector inequality (see [20, p. 379] or [4, Chap. 4, p. 257])
‘|zl|p_221 — |zz|p_2z2‘ < 3(p—1)|z1 — z2|(|z1| + |2|)P72 forp>2, 2,2 €R"
we derive
|[21P—|22[P| = ||21/P %21 - 21— |22 P 222 - 22
< \2’1!Hzl\p_Qzl—!ZQ\p_QZz‘ + sz\p_222H21—22\
< ep)|z1—za|(|z1] + |22])P 7.

Applying this inequality with the maximal ¢, = max,cq c¢(p(z)), p(z) € [p—,p+], and using
the boundedness and the Lipschitz continuity of F' for arguments greater or equal to T,
we continue the estimate (3.14) by

||Tn - TH12L11

(3.15)
< eV len=0)psacs ([IVnlO | gris + 96O ey JITo = Tl
LprC)—1 LP(O—1

+ eIVl L 1T = Tllz= | T = Tl 1,

o~ |
where s* and p* are defined in Theorem 3.1 and

1 p(z) —1 1
po(x)  p*x)  q(0;7)

=1, and

| =
+

@ | =
Il
—

po(z) € (p(z),p*(z)),
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Since pg%m) +p1()f2;)1 < 15)9((?) we can choose 6 € (0, 1) such that esssup,¢q (ﬁ(w)—i—p;fg;;) <1
and a corresponding ¢(0;-) € P(£2). Additionally, we find some ¢ satisfying ¢(0;z) < g <
oo a.e. in Q such that || T, — T|| a0y < || T —Tllza < ¢(@)||Tn — Tl By (2.3) and

Theorem 3.1 we estimate

N— p—_*l inf @
IO e < mae ey (V)™ 57 gy (V)™ 5 } <
and similar for ¢,. For the treatment of the last line in (3.15), note that by Theorem 3.1
|||V<p\p(')HSLZ* < ¢p and ||T5, — T'|| ;7 < ¢(q)||T5 — T'|| - Following all these arguments for
the terms in (3.15) we arrive at

1T = T < e{llen = Cllwrracs + 1T = Tllze fITo = Tl

Dividing by ||, — Tz and taking into account that ||T}, — Tz~ — 0 as n — oo as well
as (3.13) we finally obtain
T — T||zn — 0.

Since || Ty |lyp1.a% s [|T]lyp1.0 < cg+ this convergence implies by interpolation arguments the
convergence T, — T in Wh4°(Q) for 2 < ¢° < ¢*.

3. To show that Q is compact we start with any sequence (f ), fn € M. Since M is
bounded in W4° (Q) and W9°(Q) is compactly embedded in L>°(€2) we find a T' € L>°(€2)
and a subsequence (also denoted by (73,)) such that T, — T"in L>°(€2). Therefore, we can
argue as in Step 2 of the proof to verify that QT,, — QT in Wh4"(Q).

Thus, we can apply Schauder’s fixed point theorem, which proves the theorem. [

4 Proof of the higher regularity of the potential

Here, we prove Theorem 3.1 by deriving the higher integrability of V(p—¢®). The higher
regularity of ¢ then results from the regularity assumption for ¢ in (A2) and the L*°-
estimate for . We proceed in several steps: First, we localize the problem to squares using
the model situations (a) — (h) in Fig. 2. Then, we derive Caccioppoli-type inequalities near
the boundary (Lemma 4.1) and use reflection arguments to extend the estimates from half
squares to full squares (Lemma 4.2). The Caccioppoli-type inequalities for interior squares
can be derived similarly and are hence only shortly mentioned (Lemma 4.3). Finally,
we establish the higher integrability of the gradient by applying a Gehring-type lemma
(Subsection 4.5).

4.1 Localization

As before, we denote by C1(0) C R? the unit square centered at 0 with side length 2 and
by C; (0) its upper half. For 2 € 9Q let ®,0 : U,o N Q — C;(0) and for 2° € Q let
®,0: Uy NQ — C1(0) be bi-Lipschitz transformations with ®,0(x) = y, which exist due
(A1). Let
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be a finite open covering of Q. If 2% € 9Q is such that I'p N Uy # (), we denote Tp =
®,0(I'p NU,o) the localized part of the Dirichlet boundary.

Moreover, we have assumed that p takes at most two different constant values pa, pg
in the set @;01(01 (0)), which we always assume to satisfy ps < pp. We find constants

0<1§7<5®suchtha‘c for
%i(y) = | det DD ()|

it holds v; € L*(C1(0)) and v < v;(y) < 7 almost everywhere. For the center points 2,
i=1,..., M we introduce

v :z(poq);(_)l, v o=
7

3(y) =0 (20 (1), T(®5 (1), Bly) :=p(P0 (1)

and neglect the dependency on x¥ of the transformation ® .

In the following, we concentrate on the covering of the boundary. For i = 1,..., N, we

have 29 € 9. Let 2° be one of them. According to the transformation formula, we

obtain for the solution to problem (3.3) and for test functions @ € Wllj’p (')(Q), having their
support in Uy N (QUT'y), that

0= / 00(2) F(T ()| V()" ?Vp(z) - Vip(a) de
U,0nQ

- /(ﬁ(o) o0(@ () F(T(@ (1)) [ Vap (@ () 2
Vap(@7H(y)) - Vap (27 (y)) | det DO (y)| dy

which, for H(y) = D®|g-1(y), gives us the “localized” relation
~ Bly)—2 _
0= [ FNEITH (W) - (T @) A @D
1
Note that 0 < g1y < 0y < 027 a.e. in C; (0). Moreover, we introduce the notation

p_— p
7 := min {min {67, e%} . € is the smallest eigenvalue of D@IQDCI)xQ on Uy N Q},

i=1,..,M
P— P+ T
T = maxM { max {gn2 ,€n’ | 1 €p is the maximal norm of D®_oD® 0 on U0 N Q}
i=1,..., 7 7 7

We have to discuss the different model cases for C(0) depicted in Fig. 2. Note that
the situations (a), (c), (e) and (g) can be treated already by the methods provided in
[8]. Therefore, our discussion contains new ideas for the cases (d), (f) and (h) where
the corresponding 2° € dQ. The “interior” case (b) with 20 € Q follows from similar
arguments, hence, it is only briefly discussed.
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4.2 Caccioppoli-type inequalities near the boundary

We consider additional squares Cs(y") with smaller side length 0 < 2s < 2 and center
at y°. In particular, for a given 3% € Cfr/4(0) and 0 < r < i we have Cs,.(y°) C C1(0).
We will often abbreviate C,(y") with C, and C;F(3°) := {y € C.(3°) : y2 > 0} with C,F,
respectively. By (Al), p takes at most two different values (denoted pa4 < pp) in C1(0).
For a given y”, we denote by C} (resp. Cf,) the part of C;F(y°) (resp. Cj,(y")), where
D takes the value pa, and m¥ (v) (resp. m},.(v)) stands for the mean value of a function
v on C’Xr (resp. C:{%). For pp, we proceed analogously.

Lemma 4.1 We assume (A1) and (A2) and suppose that x° € 9Q and that ®,0 : Uyo N
Q — O (0) is the corresponding bi-Lipschitzian map leading to one of the cases (c)-(h) in
Fig. 2. Let ¢ be the solution to (3.3) for any T € T and v = po @;01 the corresponding
localized part of @, vg = po @;01 —¢Po @;01. Let ¥ € C’f/4(0) and 0 < r < %. Then there
exists a constant ¢1 > 0 independent of y°, v and the involved T such that

/ ’V’U0|ﬁ(y)dy§51/ \VvD]ﬁ(y) dy
cg o

(4.2)

~ ~ PB

rA
€1 5Ad)ﬁA €1 ( 5Bd)’3B
+a (/C;IVUO\ v)" 4 e, [Vl dy)™,

B3r

where pa = 2pa/(pa+2) and pp = 2pp/(pp+2), respectively.

Proof. We fix an arbitrary y° € 034(0) and consider 0 < r < i. Moreover, we take t and

s such that § <t < s <r. We work with cut-off functions £ € C*(R?;[0,1]) fulfilling

6

{le, =1, g’RQ\Cs =0, [V¢< s _ ¢’ (4.3)
where 6 > 1 does not depend on ¢t and s. For vy as above we have
V(vo€) = EVvg 4+ 1oVE and  |Vo| < |[Vug| + |VoP|. (4.4)

Depending on the position of C;(yo) and p we consider different test functions for the
localized current-flow equation (4.1). In particular, we choose T = (vg — k)&, where k € R
is a constant to be fixed. Assuming that ¥ is an admissible test function we can use it to
test (4.1) to obtain with (4.4)

0= /C+ 3(y)y(y)|VoH (y)|Y) 7 (VoH (y)) - [&Vvo + (vo—k)VE| H(y) dy. (4.5)

s
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This identity, together with the estimate in (2.8) for z; = Vo (y)H (y) and 2, = Vo H(y)
as well as the definition of = and 7, gives a constant ¢; > 0 such that

c1 / Voo PW¢ dy < / 587(!%1{]5@—2%—\WDHF(”‘QWD)H-WOH@
ot cF

— - /C 57 ((wo—k) Vol (Tom) - (VEH)

+ [V Y (VOP H) - (Voo H)¢ ) dy
_ —k _ _
< / (c[VvP’(y)_l [vo—A] + |V [PW) +c§]VvD\p(y)>dy,
ct s—1t 2
where we have used (4.3) and Young’s inequality for the last line. Exploiting that £ = 1
in C;f and ¢ < 1, we restrict to the smaller domain C; in the left-hand side and finally
arrive with Holder’s and Young’s inequality at

_ 1 ~ . —k|\Pv)
/ Vo PV dy < / Vo [P dy+c/ Vol P dy+c/ (’UO ‘)p ! dy. (4.6)
o 2 Jef o cf N\ s—t

Case 1: If Cf = C, and CHNTp = 0 we set k = m’ (vo) and obtain with (4.6) and
p(y) = pa for y € C;F the estimate

/ ’VUOV?(?/) dy
cf

1 - N T
<L / oo P dy + ¢ / TP W) dy + / (lvomm(%ﬂ)“dy (47)
2 C;L C;L CXT s—t

rA

1 _ N _ P,
- / |Vvo‘p(y) dy + c/ |VUD‘p(y) dy + _°c (/ Vv |PA dy) Pa
2 Jer oy (s =P\ Jor,

In the last line we used the Poincaré-Sobolev inequality in Lemma A.4 on C’XT and for the

exponent p4q = Q%f“ (with a uniform embedding constant, note that C’j{r contains at least

A
az2rxr rectangle§. In particular, we have that

IN

C := max { max{Cps p,, Cpryp, }, 1 =1,... ,m} is finite (4.8)

(for Cpsyp and Cpp,p from Lemma A.4 and Lemma A.3, respectively, and p; being the
constant value of p on the subdomain Q; C €2). Finally, we have enlarged the integration
domain to C’XST. Putting

PA

Z(t) =/ [VuolPW) dy, W, :c(/ |V [P4 dy)a, yzc/ VL) dy
Ct+ ct C;'rr

A3r

(note that due to (3.5) in Lemma 3.1 and (A2) W; and Y are finite), Wy = 0, R = r,
p=15, 1 =pa, p2 =1, and 1 = % we can apply Lemma A.5 to obtain from (4.7) that
PA

L wapOay<e [ 9opays ([ wuiag) g
T A3r

5 3r
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Case 2: If C;F = C} and CF NTp # 0 we use k = 0 and derive from (4.6) the estimate

/ Vo[
e

1 |Uo‘ PA

< ply Dply

< 2/ Vol dy+0/03 Vo= [P dy+0/%T (S_t) dy (4.10)
1 = S c = 5

<= ply) D\p(y) / Pa Pa
< POy e [P0 ay s ([ vl a)

A3r

In the last line we used Poincaré-Friedrichs inequality in Lemma A.3 on C'}. a3 and for the
exponent p4 (with a uniform embedding constant, note (4.8) and that Cf sy contains at
least a r x 3r rectangle with Dirichlet boundary of length ). With the same meaning of
the quantities as in Case 1 we obtain by Lemma A.5 from (4.10)

/C+ IVoPW) dy < C/C |VoP P dy—k(/c+ |V [P dy)a. (4.11)
2

3r A3r

The estimates for Case 1 and 2 can be done analogously for the situation C;F = C’E using

2pB
PB = 2+pB”

Case 3: If |C} [,|C | > 0 and CF, N T'p =0 we set k = M}, (vo) to obtain from (4.6)
1 ~
/ Voo P dy < & / Voo P dy + c/+ VoD P 4y
Cs

+ +
+c/ (”l}o—mmrw)mdw/ (IUo—mggAvo)!)m 0.
C§3T S_t CX&T t_S

For the first term on the last line, we apply the Poincaré-Sobolev inequality in Lemma A.4
on Cf,. and for the exponent pp = 22@‘)33 (with a uniform embedding constant, note (4.8)
and that C§3r contains at least a r x 3r rectangle). Moreover, the second term in the last
line is estimated by the corresponding integral over C;;, note that pa < pp. Indeed, by

triangle inequality we have

(4.12)

HUO_mE:sr(”O)HLPA(C;) < H”O_m:J'»?(UO)HLPA(c;) + Hm$(”0)_mgsr(vo)HLPA(C;y
where the last term can be estimated as follows
ng’j—r(vo)_mg3r(vo)HLPA(C;T) - ‘mz’:“(vo)_mgi’»r(vo)‘HlHLF’A(C;,;)

+
< @ HUO_m?)T(UO) HLl(ngr) | 1HLPA )
T

1
< ——||lvg—md 1 / 1
= |C§3r| HUU m3T‘(UO)HLPA (Cg?)r) H ||LPA (C§3T) H HLPA (C;")

’ng ’HUO m;} (vo HLPA ) H1||LpA () ||1||LPA(()+)
T
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where i + i = 1. With this, we find
C+
oo 00 ey < (1 62V om0
2|C5
< o= 00l
:

Therefore, we apply the Poincaré-Sobolev inequality Lemma A.4 now on Cg; and (4.8) to
obtain for the second term in the last line of (4.12)

+
pa < {2|C’3r|}P+H +(UO)‘pA

|[vo—m g, (vo)| racy) < CE, | vo—Mmg3, LPA(CH) < ||V P4
T

LPA(CY )’

where the constant in front of the right-hand side is chosen independently of » and p. In
summary, we continue the estimate in (4.12) by

/|vvoyp dy < = / |V [P dy+c/c+ Vol [PW) dy
T by (4.13)

C ~ e ~ =
+(/ |Vug P2 dy) "B 4 (/ |Vuo|PA dy ) ™ .
(s=t)Pe \ Jog, e )

Since vy € WHPB(Ch, ) and vy € WHPA(CH) we set p1 = pp, p2 = pa,

bA

vE o ma
Wy = c(/ | Vg |PB dy) PB . Wy = c(/ | Vg |PA dy) pa
C§3r C;;

and keep the other quantities as in the Cases 1 and 2 to apply Lemma A.5. This leads to

/ |V [P dy<c/0 |VuP P dy—l—(/CJr ]V’Uo|p3dy>
3r B3

: (4.14)

PA

- PA Pa
+ PA (/C3+ |V7)0| dy)
Case 4: If |C} |,|C5,.| > 0 and CT.;H T'p+#0 weuse k=0 in (4.6) to obtain
1 ~
/ V@ dy < / VD dy+c [ VPP gy
Cs

p p
vo [ (Lby"ayee [ (Juby”
C;Sr S_t CXBT S_t

For the first term in the second line, we applied the Poincaré-Friedrichs inequality in
Lemma A.3 on C§3r and for the exponent pp = (with a uniform embedding constant,

PB

(4.15)

2+p
note (4.8) and that Cj, C Cj. contains at least a r x 3r rectangle with a Dirichlet

boundary of length ). Finally, the second term in the last line of (4.15) is estimated by the
corresponding integral over C;;, and then the Poincaré-Friedrichs inequality Lemma A.3
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on C’;; with p4 < pp is applied. The constant is uniform since C’;; contains at least a
Dirichlet boundary part of length r and (4.8). In summary, we proceed with the estimate
in (4.15) by

_ 1 . _
VeoPWdy < 5 | [VeofW dy e | VPP dy
o 2 Jog 5,
rs vy (4.16)

¢ PB gy ) PB ¢ / Pa qq ) P4
+(s—t)PB( /nglv”(" v) +(s—t)PA( il v)

which is exactly the same as in (4.13) of Case 3. Therefore, with the same arguments as
for Case 3, we obtain the estimate (4.14) also for Case 4.

The estimates in the Cases 1 to 4 cover all situations (c) to (h) in Fig. 2. Hence, by adding
all (non-negative) terms on the right-hand sides of (4.9) and (4.14) and taking also for the
Cases 1 and 2 the terms for pp into account, we end up with (4.2). O

4.3 Reflection

We extend the estimates from Lemma 4.1 to full squares C, 5(y°) and Cs,.(y"), respectively.

To do this, we expand functions v from C;"(0) onto C (0) by reflection at the hyperplane
{y € R? : yo = 0}. Defining

() = {U(yl,yg), if y € C{(0), (4.17)

U(ylain)a lfy € C;(O)a

and extendmg the Dirichlet function v and the exponent p by the same procedure to v

and p, respectively, gives v € WL )(C1(0)) provided that v € WHPO)(C(0)). We work

with 79 = v — oP.

Lemma 4.2 Let the assumptions of Lemma 4.1 be fulfilled, and let y° € C1/4(0) and

0<r< i. Then there exists a constant ¢a > 0 independent of y°, r and the involved T
such that

/ |v50|1~3(y) dy < 52/ |1~)D|f'7\(y) dy
T Csy
2

PA ~
CQ( ~ 7 A C9
2 Vol dy) ™ (/ V|77 dy)
T oA /Csrl vo[P* dy e CB37“ voP” dy

Proof. We follow the ideas in [8] and discuss separately the following two cases.
Case A: C3,.(y") N{y € R? : yo =0} # (i
i) In case of yJ > 0 we use the estimate

J

(4.18)

PB
PB

Cr
2

|VUO|P )dy < 2/ ‘V’goﬁ(y) dy = 2/ Vo [P®) dy,
(v") CE) )
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apply Lemma 4.1 and enlarge the integration domains from C3 (y°) to Cs-(y°), from
Cha(y°) to Casr(y°), from Ch, (y°) to Cpar(y°) and change the integrands to the corre-
sponding prolongated quantities to verify the desired estimate of Lemma 4.2.

ii) If 99 < 0 we find for 7° = (v, —19) that

/ VP dy = / V3o P®) dy < 2 / Vo |P®) dy.
C5 () Cy () Cr @)

Next we exploit Lemma 4.1 and with the estimate

/ ol dy < / @)% dy = / @1 dy
Ch-@) Cizr(7°) Cizr(y¥°)

for integrands w = Vg, Vo and s; > 0, i =1,...,m, we arrive at the desired result.
Case B: C5,(y°) N{y € R?: yo =0} = 0

i) If 49 > 0 then C:F/Q(yo) = C,2(y") and C3.(y°) = C5.(3°) and vy = vo. Therefore we
can directly apply the result of Lemma 4.1.

i) In case of y§ < 0 we find for 7° = (39, —48) that C, 5(@"), Cs.(F") C {y € R? : 2 > 0}
which ensures

J

Thus, again Lemma 4.1 and arguments as in Case A ii) give the desired estimate. This
finishes the proof. [

. ]Vﬂo]%(y) dy—/ . \V'ﬁoﬁ(y) dy—/ ~ Voo [P®) dy.

(y Cr(y Cr(y

r
2

4.4 Caccioppoli-type inequalities for interior squares

Lemma 4.3 We assume (A1) and (A2) and suppose that 2° € Q and that ®,0 : U,oNQ —
C1(0) is the corresponding bi-Lipschitzian map producing the cases (a) or (b) of Fig. 2.
Let ¢ be the solution to (3.3) for any T € T and v = o @;01 the corresponding localized
part of o, vg = po® t —pPod L. Let ¥ e C1/4(0) and 0 <7 < %. Then there exists a
constant ¢g > 0 independent of y°, r, and the involved T such that

/ |Vv0\ﬁ(y)dy§53/ |V1}D|ﬁ(y)dy
Cr CST'

2 . o (4.19)
3 _ LA 3 N [J:3
+ — Vv pAd>A—|—</ Y de)B.

o </03T| vol™* dy o\ J, [Vl dy

Proof. We work with the cut-off functions introduced in (4.3) and use the test func-
tion vy — ma,(vg) for case (a) and vy — mps,(vg) for case (b) of Fig. 2, where m 4,(vo)
and mps,(vg) denote the means of vy on Cyu,(y°) and Cps,(y°), respectively. We can
follow all the arguments in the proof of Lemma 4.1, Case 1 and 3 substituting the sets
Cr(y°), CF (y?), C’;Q(yo), Ca ("), Chs(¥°), Cis,(¥°), CT(0) by the corresponding sets
Ci(y°), Cs(¥°), Crpa(y?), Csr(y?), Casr(y®), Cosr(y°), C1(0). Having in mind that the
uniform bound for the Poincaré-Sobolev embedding result in Lemma A.4 covers also this
situation, we obtain the result. [

B



24 A. Glitzky and M. Liero

4.5 Higher integrability of the gradient

Our aim is to apply the Giaquinta-Modica Theorem A.2 to establish the higher integra-
bility of the gradient stated in Theorem 3.1. If 20 € 99 let v, 1y be given as in (4.17),
while for 20 € Q we set ¥ = v, 19 = vg. First, we rewrite the inequalities (4.18) and (4.19)
as follows: We estimate the second term in the right-hand side in (4.18) and (4.19) by

PA PA

1 _ A c _ PA c _ PA
([ wara)t e ([ wara) e[ mama)t o
(L wmran)™ < ([ wmpran)™ s ([ 9wy g

where the last term can be estimated by

1 pa g \ia o L i
~ P P

(L, e < o (wm g )
T Cpaar T (CB LPA pA (CBST‘)
PA
= V’UU )pA

(H HLpA (CB3r) It HLPA ~PA (Cpay) (4.21)
w ~ pa
< CHVUOHLPA (Crar) " Pa < || Vol LPA(Cgsr)

= c/ |Vug[P4 dy
CB3T

since 2pa —pa(2+pa) = 0. Denoting by x¢ the characteristic function of a set C' C C1(0),
we introduce the functions

9(¥) = X010 )| VW) [ + Xm0 @) [ Vi (y)|7?

Mwaﬁ% ;wowwwvﬂp) (4.22)

With this, the left hand side in (4.18) and (4.19) can be written as 2 f,, 19 dy. Moreover,
dividing the inequality in (4.20) by 2, we have for the first term in the right-hand side

pA

! (/ |v~|5Ad)§3< L (/ fﬁid)gﬁ<<][ i%d)E
Soa o Y > g Y >C g Y )
’["2+pA CA37‘ T2+pA Csp Csr

where we have used again that 2p4 — pa(2+ pa) = 0. The last term in (4.18) and (4.19)
can be estimated in a similar way using that 2pp — pp(2 + pg) = 0. Finally, we can
estimate the right-hand side in (4.21) and the first term in the right-hand side of (4.18)
and (4.19) via h to obtain

PB

PA ;573 P
][ gdy < c(][ g dy) + c(][ gre dy) P+ c][ h(y) dy. (4.23)
Cr/2 C C3r 037“

3r
Let w: 2+p+ > 1 such that waA, W% > 1 and define g := g'/%. We can write
PB )

f 7 dy= a2 (L, 9% du)™ = (555) " 101
Cr )2 r? (Crya)’ c 3672 i ’

3r L PB (C3T‘)
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and similar for p4. Since py > pp we have 24 > % and can estimate

pa
B :3 B :3
TP A L [ PN U
L™ PB (Cs,) Car LPBPA (Csy) LPBPA—PBPA (C3,)
PB
o [ R 1 L,

L PA(C3y)  LPBPA=PBPA (Cs,)

Moreover, an elementary calculation shows that
1 PB PB 1 PA

(367‘2)5”1‘@ ppTs = (361"2)5A.

LPBPA—PBPA (Cs,.)

Concluding, this enables us to estimate the second term in the right-hand side of (4.23)
so that we end up with

A

pa LA
][ gdy < c{(f gra dy) ot ][ h(y) dy} vy’ € C1(0), V7 e (0,3).  (4.24)
C’V‘/2 Csr 4

C3T‘

We are going to apply the Giaquinta-Modica result in Theorem A.2. For this, we set
Qr = C1(0) and a := g—i and take g and h as in (4.22). Since by assumption (A2)
4
©P € W1>(Q), and we supposed p4 < pp there is some b > 1 such that h € L?(C41(0)).
4

Then, (4.24) guarantees the assumptions of Theorem A.2 for all Q C @ C @R, where @ has
six times the diameter of ). Thus, the Giaquinta-Modica Theorem A.2 and Remark A.1
yield an exponent s* > 1 and a constant ¢ > 0 such that g = |V[P0) € L (C1 (0)) and

1
24
Foowarraysc{(f wapoa)+
0211(0) C1(0) C

1
4 4

h(y)* dy}-
0)

This ensures

/ Vil ay < e ( / V) dy) + / (X () IVT0 P2+ V0P Py |
C 1 (0) C%(O) 021{( )

If 20 € 09, restriction to the upper half square and back transformation by means of @;01
(or only back transformation by means of @;01 if 20 € Q) leads to

/ Voo P dar

5 (C 1 N0

S C{ / ’V(po‘p(z) d,f[,‘) —|—/ (XQB (1:)|Vg00|pA + |V¢D‘p($))s* dx}7
L0 (C1ne @73 (Cne

where g = ¢ — ¢P and xq, is the characteristic function of the set {x € Q : p(z) = pg}.
This finishes the proof of Theorem 3.1, since by (A1) there exists a finite number of sets
@;01(0 ) which cover €.

1
24
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A Appendix

Lemma A.1 (Generalized Holder inequality) Let r(-),r'(-),r"(-) € P(Q) be variable

exponents with r—,r’_ " > 1, r v/, rl < oo, and ﬁ+ﬁlir)+ T,,%x) =1 a.e inQ. Then

/Q |f(@)g(x)h(z)| de < c(r—,rZ, PO Il e gl g 1A ey
for every f € LT(')(Q), g€ LTI(')(Q), h e LT”(')(Q).

Proof. We generalize the proof given in [17] to the situation of three factors. We
suppose that | fll o), gl ), Al L) # 0 and set pointwise a = f(z)/|fll e, b =
9@)/\gll ey, ¢ = h(@)/l|h]l () and use the inequality

ar b
abc < o + o + R

integrate over 2 and apply (2.2) to find

£ (2)g(x)h()]
d
/Qufum.)\gum.)uhum.> !

< esssup L Py ( / ) + esssup L Py ( g
=0 @ OM e T e @) O gl
n 1 ( h )< 1 n 1 n 1
essSsup — P/ (NN 75— - - 7
Q pr”(m)pr ) NPl prry” =

Then multiplication by || f| ;- lgll . IRl () gives the desired result. [

Theorem A.1 (Poincaré-Friedrichs inequality, [2, Theorem 5.4.3]) Let Q@ C R"
be a bounded Lipschitzian domain and p € [1,00). Then for every w € WLP(Q) with bound-
ary value zero on a set To C ) of positive measure, we have ||[w||rrq) < C|[Vwl| o),
where the constant C > 0 depends only on n, p, I'g and 2.

The previous result is formulated for C' domains in [2], however, all arguments in the
proof work also for Lipschitzian domains.

Lemma A.2 (Poincaré inequality) LetQ C R? be a bounded Lipschitzian domain with
mes(I'p) > 0 and let p € P(Q) a variable exponent with 2 < p_ < p, < oco. Then there is
a constant ¢ > 0 such that

ol oy < Vol oy for all v € WEPO(Q).

Proof. This lemma generalizes some assertion of [5, Theorem 8.2.18] to Sobolev functions
with mixed boundary conditions with zero boundary values on a part I'p of the boundary
with positive measure. Note that in the situation n = 2 and p_ > 2 for u € Wé)’p(')(Q) we
can make use of the following embedding results

WP (Q) < WEP-(Q) = LP+(Q) < LPO(Q)
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comp. [5, Lemma 8.1.8], classical Poincaré-Sobolev inequality for the constant exponents
p— > 2 and p; < oo, Poincaré-Friedrichs inequality Theorem A.1 for p~, and [17, Theorem
2.8]. Therefore we find with changing constants ¢ > 0 depending on 2, p_ and py that

1,p(-
o]l ooy < €llollprs < elollyro < el Vol < el|Vollpae Yo e WHPO(Q)

which gives the desired estimate. [

From the definition of the W1P()(Q)-norm in (2.5) and the Poincaré inequality Lemma A.2
directly follows

Corollary A.1 Let Q C R? be a bounded Lipschitzian domain with mes(T'p) > 0 and let
p € P(Q) with2 < p_ < py <oo. Then ||V-||1p) is an equivalent norm on Wp Le( )(Q),

1p(:
e Voll o < ollyrpey < 2l Vol Yo € WEPO (),

Lemma A.3 (Uniform Poincaré-Friedrichs type inequality) Let y° € C{(0), p €
4

(0,%]. Let G C (y° + [=3p,3p]%) N [~1,1] x [0,1] be an azis parallel rectangle with length
(ao + a1)p and hight asp, where agp = mes(G N {y € R? : y; > 0, yo = 0}) is the length
of the Dirichlet boundary and aip = mes(G N {y € R? : y; <0, yo = 0}). Additionally we
assume that ag, az € [1,6] and a; € [0,6]. Let p € [p—,p+| be constant and p = %. Then
there is a constant Cprp > 0 such that

[0l < CorpllVelts Vo € WE(G)

LP(G)2
for all G with admissible y°, p, ag, a1, as.

Proof. For p € (0, 3] and y° € C1(0) and ag, as € [1,6], a1 € [0,6] we introduce the affine

1
transformation V2 : 0 (0) — G by
py°,a0,a1,a2

aptai P
D _ 2 D
V p,y0,a0,a1,a2 (Z) - zZ+ b py°,a0,01,a2
0 azp
with a suited translation b% Note that

p,y%,a0,a1,a2"
det DV . (ap + a1)az o

| et py ,00,01, az‘ - 92 P

Let p € [p—,p+] be fixed. Then the Poincaré-Friedrichs inequality Theorem A.1 for the
embedding WHP(C;(0)) < LP(C;(0)) with the Dirichlet boundary part I'g := [2/3,1] x
{0} can be applied.

By construction, for functions w on G with zero Dirichlet values on fD the function
w(z) := w(VP (z)) has zero Dirichlet values at least on I'y = [2/3,1] x {0}. Apply-

p:y°,a0,a1,a2 R
ing the transformation formula, the classical Sobolev embedding result W1P(C;(0)) <
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LP(C(0)), Theorem A.1 and back transformation we obtain with (from estimate to esti-
mate changing) constants ¢ > 0 not depending on G

[l = / (@()|P | det DV, . . |ds
Lr(G) cH0) pylao,,a1,02

([ o (PP + 9-2)7) az)”

<et( [, IV-mEIPaz)” < elVullyg O
1

IN

A

Lemma A.4 (Uniform Poincaré-Sobolev type inequality) Lety’ € C 1 (0) and p €

(0, %] Let G C y°+[-3p,3p]? C [~1,1])? be an axis parallel rectangle with side lengths ayp
and agp, ay, az € [1,6]. Moreover, let p € [p—,p+] be constant and p = %. Then there
is a constant Cpgp > 1 such that

1
= ma ()l < Crspl Vullisgp Yo eW(G), matw) = /G wly) dy
for all G with admissible y°, p, a1, as.
Proof. For all p € [p_,p4], the classical Poincaré-Sobolev inequality for the embedding

WLP(C1(0)) < LP(C1(0)) gives an embedding constant ¢, which continuously depends on
p, and CPg := max,c, .| ¢y is finite.

For p € (0,1] and ¢° € C1( ) and aq, az € [1,6] we introduce the affine transformation

Vpuo.a1,as : C1(0) = G by
al
2P
Voo ar,a2(2) = a 2+ bpy0.a1,05
with a suited translation b, 0 4, 4,. Note that
| det DV, =@ 9DVl masp 11
pyar,a2 4 "7 |G| dajasp? 4 |C1(0)|

Therefore, the mean value mg(w) can be expressed by mg(w) = me, ()(w) with @(z) =
W(V},40 01,05 (2))- Using the transformation formula, the classical Sobolev embedding result
WLP(C1(0)) < LP(C(0)) for the function @ —mg, (0)(W), the classical Poincaré inequality
and back transformation we obtain with (from estimate to estimate changing) constants
¢ > 0 not depending on G

Jw-mew)lfy = [, 0 -me, 0@ 146t DV, gl
1

<o (/c © (m(z)*mcl(m @) +|V:0(:)) dz)

_ 4
<e( /C o VP )" <elVullyg. O
1

hS2iS]
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Lemma A.5 Let Z(t) be a bounded non-negative function on the interval [p, R|. Let for
all p <t < s < R the inequality

Z(t) < [Wl(s TR Wa(s — )2 Y} 1 Z(s) (A1)
with Wi, Wo, Y >0 and p1 > pz > 0 and 0 < ¢ < 1 be fulfilled. Then

Z(p) < c(p1,1) {Wl(R —p) M+ Wa(R—p) H2 + Y].
This lemma is taken from [13, Lemma 6.1]. Some form of a generalized Gehring lemma is

Theorem A.2 (Giaquinta and Modica, Theorem 6.6 in [13]) Letbeg,h € LY(QR)
with g,h > 0 a.e. and assume that for every pair of concentric cubes QQ C QQ CC Qg where
Q has the double diameter of Q, we have for some constant w > 0

égdxﬁw{(ég“dx)é—i— ]éhdx},

with 0 < a < 1. Let the function h € L*(QR) for some b > 1. Then there exist constants
¢ >0 and s* > 1 such that g belongs to L (Qry2) and

*

]éR/Qgs*dxgc{<][QRgdx)s —l—]{?RhS*dx}. (A.2)

Remark A.1 As already mentioned in [8], an inspection of the proof of [13, Theorem
6.6] ensures that the result in the spirit of Theorem A.2 remains valid if @ has six times
the diameter of Q. However, in this case the resulting estimate in (A.2) is obtained with
g€ LS*(QR/G) and the integration domain in the left-hand side of (A.2) has to be Qr/s

instead of Qp/a-
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