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ABSTRACT. In this paper we show a density property for fractional weighted Sobolev spaces. That is, we
prove that any function in a fractional weighted Sobolev space can be approximated by a smooth function
with compact support.

The additional difficulty in this nonlocal setting is caused by the fact that the weights are not necessarily
translation invariant.
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1. INTRODUCTION

Goal of this paper is to provide an approximation result by smooth and compactly supported functions
for a fractional Sobolev space with weights that are not necessarily translation invariant.
The functional framework is the following. Given s € (0,1), p € (1,+00) and

(1.1) ae [0, n_;p)

we introduce the semi-norm

y)|P dx dy)
12 U\ T57s,p n = // .
(12) gnen = ([, S

We define the space

’W’;,p(Rn> :={u : R" — R measurable s.t. [U]W;m(Rn) < +oo}.

Also, we define the weighted norm

. 1/ps
u(a)]”
(13) M@Wﬂ:</ Do)
= o)

where p? is the fractional critical Sobolev exponent associated to p, namely
x np
Py = :
n— sp

Moreover, we set

LP*(R™) := {u : R" — R measurable s.t. Hu||L,,;(Rn) < +o0}.

The importance of the weighted norm in (1.3) lies in the fact that, when a lies in the range prescribed
by (1.1), a weighted fractional Sobolev inequality holds true, as proved in [1]: more precisely, there exists
a constant C,, ;. > 0 such that
lell 2t oy < Cnsipa (Wl ey,
1
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for any u € C5°(R™). So we define W5P(R") := Wj’p (R™) N L% (R™), which is naturally endowed with the
norm

(1.4) lellvrg ey = [l my + 1l 52 -

The space W;’p (R™) has recently appeared in the literature in several circumstances, such as in a clever
change of variable (see [9]), and in a critical and fractional Hardy equation (see [6]). Even the case
with a = 0 presents some applications, see e.g. [5].

A natural question is whether functions with finite norm in W;’p (R™) can be approximated by smooth
functions with compact support. This is indeed the case, as stated by our main result:

Theorem 1.1. For any u € WP(R") there exists a sequence of functions u. € Cg°(R") such that |u —
Ue |y gny — 0 as € — 0. Namely, C5°(R") is dense in W7P(R™).

We observe that Theorem 1.1 comprises also the “unweighted” case a = 0 (though, in this setting, the
proof can be radically simplified, thanks to the translation invariance of the kernel, see e.g. [7]). The result
obtained in Theorem 1.1 here plays also a crucial role in [6] to obtain sharp decay estimates of the solution
of a weighted equation near the singularities and at infinity.

For related results in weighted Sobolev spaces with integer exponents see for instance [3, 10, 2, 12] and
the references therein.

The paper is essentially self-contained and written in the most accessible way. We tried to avoid as much
as possible any unnecessary complication arising from the presence of the weights and to clearly explain
all the technical details of the arguments presented.

The paper is organized as follows. In Section 2 we show a basic lemma that states that the space under
consideration is not trivial. In Section 3 we show that we can perform an approximation with compactly
supported functions.

The approximation with smooth functions is, in general, more difficult to obtain, due to the presence
of weights that are not translation invariant. More precisely, the standard approximation techniques that
rely on convolution need to be carefully reviewed, since the arguments based on the continuity under
translations in the classical Lebesgue spaces fail in this case. To overcome this type of difficulties, in
Section 4 we estimate the “averaged” error produced by translations of the weights and we use this
estimate to control the norm of a mollification in terms of the norm of the original function.

Then, in Section 5, we perform an approximation with continuous functions, by carefully exploiting
the Lusin’s Theorem. The approximation with smooth functions is proved in Section 6, by using all the
ingredients that were previously introduced. Finally, Section 7 is devoted to the proof of Theorem 1.1.

2. A BASIC LEMMA

In this section we consider a more general semi-norm and we show that it is bounded for functions in
C3°(R™). This remark shows that there is an interesting range of parameters for which the space considered
here is not trivial.

We take a, 3 € R such that

(2.1) —sp<a,f<n and a+f<n,

and we define

u(y)P dr dy
2.9 S / /
(22) Wwzne = [ L, |x— o T TP

Lemma 2.1. Let ¢ € C°(R™). Then there ezists a positive constant C' such that

Y17 8P n < C‘
[W]Waﬁ(ﬂg )



3

Proof. We take ¢ € C§°(R") and we suppose that the support of ¢ is the ball Bg (for some R > 1).
Therefore, if z,y € R™\ By then ¢(x) = ¢(y) = 0, and so we can assume in the integral in (2.2) for ¢ that
x € Bg, up to a factor 2, i.e. we have to estimate

e(y)[" dv dy
23) = ] R e
where
L ] o)l dr_dy
BrxBan \x— s x| [yl
and I, — // (@) —py)lP dv dy
Brx(RM\Bop) 1T —y|"TP |x|> y|®
We first estimate I;: we have
(2.4) IlgC// lz —ylP  dx dyy
ByrxBar |z — y|mse |zl [yl?

for some constant C' > 0 depending on the C'-norm of u. Now, if a, 8 < 0 then |z|7* < (2R)™® and
ly| 7 < (2R)~". Therefore, by the change of variable z = x — y, we get

L < C(2R)‘“(2R)_ﬂ/ dx/ dz |z —y|P " < C,
Bar Bar

up to renaming C', that possibly depends on R.
Now we suppose that «, 8 > 0. We claim that

dz d
(2.5) L <C // |z =y x—f’ﬁ
BQRXBQR |‘,L'|a

Indeed, if |z| < |y|, then formula (2.5) trivially follows from (2.4). On the other hand, if || > |y|, then

o f] eyt
BQRXBQR |y|04+,3
and so by symmetry we get (2.5).

From (2.5) we obtain that
11<0/ 4 / L)
b T gy P77

thanks to (2.1), up to renaming C.
Finally, we deal with the case o > 0 and 3 < 0 (the other situation is symmetric). Then, |y|=* < (2R)~?

and so
dr d
I, < C’(ZR)_'G// |x_y|p—n—spﬂ
BQRXBQR |x|04

< 0(23)—ﬂ/ / 2P s
Bor |x|a Bir

< G

thanks to (2.1), up to relabelling C' (that depends also on R).
Therefore, we have shown that for any «, 3 that satisfy (2.1) we have that

(2.6) L<c,

up to renaming the constant C'.
Now we estimate I5. For this, we observe that if x € Bg and y € R"™\ Byg then
lyl |, 1yl

—yl =yl =2l =5+ 5 — el > 5
lz —yl = [y| = |z] = 5 T3 || 5




Thus
1 dv d
o< 2 Qi) [f = o
dx dy
SQ"HPZULOORTLP/—/ —_—
( etz )) B 17| Rn\Bap |y|ntepth

< G,

thanks to (2.1). Using this and (2.6) into (2.3) we obtain that I is bounded. O

As an obvious consequence of Lemma 2.1, we have that C§°(R") C WsP(R™), and so, by (1.1), we see
that Cg°(R™) € W2P(R™). This says that the approximation seeked by Theorem 1.1 is meaningful.

3. APPROXIMATION WITH COMPACTLY SUPPORTED FUNCTIONS

In this section we will prove that we can approximate a function in W?(R") with another function with
compact support, by keeping the error small.

Lemma 3.1. Let u € WP(R"). Let 7 € C3°(By, [0,1]) with 7 = 1 in By, and 75(x) := 7(x/5). Then

JET [l = mjullypsr@ny = 0

Proof. We set n; := 1 — 7;. Then u — 7ju = n;u, and n;(z) — n;(y) = 7;(y) — 75(x). Accordingly |u(z) —
Tu(x)| < 2|u(z)| and so

(3.1) il — 7yl s

=0,

by the Dominated Convergence Theorem. Moreover,

nju(z) —nyu(y)l < [m(x) = 7)) [u)] + |ul) = uly)n;(2).

Also, we observe that if both = and y lie in B;, then 7;(z) = 7;(y) = 1. Therefore

/] (= 7y0)(x) — (w— ) )] de dy

R2n |z — y|t+ep lz|e |yl

(8:2) , |(u— my0)(@) — (u — ) ()] de dy
//I%”X(R”\B)

|z =yl v 2] [y|®

N

<C(I; + Jyp),

where
[-// 7i(x) = 7P [uly)|P dx dy
’ R7x (R™\B;) |z — y|rrep lz|e |y|*
w(x) — u(y) Pt (x) dr d
Rex@aB) [Tyt (el Jyl

We estimate these two terms separately. First of all, we estimate /;. For this, we define
Do i={(z.9) € R" x (R"\ By) s.t. || < |yl/2],
Dj, = {(:E,y) e R" x (R"\ Bj) s.t. |z] > |y|/2 and |z —y| > j

and D;y = {(x,y) € R" x (R"\ By) s.t. |z > |y|/2 and |z —y| < j},

// |7i(2) = ;)P [u(y) P dz dy
i Dy |z — y[ntsr |z|a [yl

and we write, for k € {0, 1,2},




Notice that

(33) [] - Ij’(] + Ij,l + Ij72
So we define oy := s, and we fix o7 € (0,s) and 09 € (s,1). We write
7)) = 7" lu)”_ |m(@) — 7)1 |u(y)l”
|x_y|n+sp|x|a|y|a |x_y|(s+o'k)p |x_y|n—0kp|x|a’y|a

Thus we apply the Holder inequality with exponents n/sp and p%/p (which is in turn equal to n/(n — sp))
and, for any k € {0, 1,2}, we obtain that

n—sp

T 7i(y)| 5 Ps ’
(3.4) Ly < [// |7 (sig))n dx dy] [// k(g) ok dx dy]
Djkx |z — s Djk |z —

e

Now we change variable X =z / j and we see that

|7;( m(z/j) —T(y/j)|*
/ / j <s+ck)n - dady = <s+am dz dy
] k |:L’ — ] k |$ —

_ .2n (S+Uk)n // (H%))L AXdY — (s— %)n // n+g)7s d dy,
Dy i |X Y Dy g |:E - | .

That is, if we set P :=n/s, we get that

’T T(y)|% '(S_Uk)n .(S—Uk;)n
(3.5) // |J @ dedy <j = |I7llorr@y <Cj =,
Dij r —

E]

where WP (R") is the usual Gagliardo semi-norm (which coincides with WoF(R") with a = 0, see e.g. [4]).
In addition, if (z,y) € D;,, we have that |z — y| > |y| — |z| > |y|/2 and so

// (n|7:o(p>3 apf ek dr dy < C// |u<n (n=cop)n | ark dx dy
Dio |z —y| m=er [z R

y|v
n(n—sp—a)

lyl/2 |y P s p;
n—1— 2 y v |uly
(3.6) <C/ / p 1P|szma@:0/ ! Mmuﬂ dy
R™\B; |J0 ly| e R"\B; ly| n=sr

lu(y)|Ps
_of o,
RIB; [y~

Moreover, if k € {1,2}, using the change of variable z := 2 —y (and integrating in y € R™\ B; separately),
we see that

!Mwm u(y)[”
/ / (n—ogp)n cdrdy < C (n s Gort dz dy
D w —y| e |a| Djw |2 — |

yl =yl
Ph
= C’// |u( ) 5 dz dy
+ op)pn 2ap5
Y e
dz
Clulyg sy [~ k=1,
LZ (R \BJ) R"\Bj |Z|n+%
<
dz .
CHUHLPS ]R"\B)/ WW if k=2.

Thus, recalling that o1 < s < 09, we conclude that, for any k € {1, 2},

(a}€ —s)pn

u(y)l” .
(3.7) // I ~drdy < C ||uHLp @y d
Dk |z — y| ] % Jy

n—sp |P
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As a matter of fact, in virtue of (3.6), and recalling that oy = s, we have that the above equation is valid
also for k = 0.
So, for k € {0,1,2}, we insert formulas (3.7) and (3.5) into (3.4) and we conclude that

(s—op)n | sP .(okfs)pn n—sp n—sp

k< CG )" (lull gy 3 ) " <CHU’Lf:%(W\Bj)'

Thus, by (3.3), we obtain

(55) o

Now we consider J;. For this, we define

lu(x) — u(y)[? n; ()

¢j(‘7;7y) = XR"X(R"\B]')(J;??J) ’iE — y\"+5P|£E|“]y|“ .

Notice that

_ p
IU(SC)+ u(y)| € L(R™),
|z — y|vrer|zle |yl

HERTIES
thus, by the Dominated Convergence Theorem,
Jj:/ Yi(z,y)drdy — 0 as j — +00.
R2n

This, (3.2) and (3.8) give that

P
R2n Ix—mM”WHM“

The latter formula and (3.1) give the desired result. O

4. ESTIMATES IN AVERAGE AND CONTROL OF THE CONVOLUTION

Here we perform some detailed estimate on the “averaged” effect of the weights under consideration.
Roughly speaking, the weights themselves are not translation invariant, but we will be able to estimate
the averaged effect of the translations in a somehow uniform way.

From this, we will be able to control the norm of the mollification by the norm of the original function,
and this fact will in turn play a crucial role in the approximation with smooth functions performed in
Section 6 (namely, one will approximate first a given function in the space with a continuous and compactly
supported function, so one will have to bound the convolution of this difference in terms of the difference
of the original functions).

Due to the presence of two types of weights, the arguments of this part are quite technical, but we tried
to explain all the details in a clear and self-contained way. We start with an averaged weighted estimate:

Proposition 4.1. There exists C' > 0 such that

; 1/ dz < C
u b
o0 7 g, Je+ 2y + 27 Jalelyle

for every x, y € R™\ {0}.



Proof. Fixed r > 0, consider the following four domains:

Dy = {zEBrs.t. |x+z\>%amd|y+z|2|y7l},
D, = {zeBrs.t. \$+z\<g—’and\y+z\>w7l},
Dy, = {zeBrs.t. |x+z\>|£2|and|y+z|<|y7l}
- Izl vl
and D3 = qz€ B, st. [z +2] < 5 and |y + z| < 5 (-
Then
<41) / Calz a </v fliz a < - lBTL‘
Dy [T+ 2%y 4+ 2[* ~ Jp, (l2/2)(lyl/2)* ~ [z]*]y]
Now we observe that
if there exists z € B, such that |z + z| < %,
(4.2) le] |
x
then r > |z| > |z| — |z + 2] > 5

From this, we observe that if D; # @ it follows that r > |x|/2 and so, using the substitution ( := = + z,

/ dz < 2¢ / dz < 2¢ / ¢
py T+ zlely+ 2| 7 fyle Jp, [+ 20 T [yl By 1C1°

4.3
( ) 01(7" + |x|)n7a < 02(37’)n < CQ(ST)” o Cg?”n
h |yl Syl T lalelyle eyl
for some constants Cy, Cy, C5 > 0. Similarly, by exchanging the roles of  and y, we see that
d Cyr™
(4.4) / z <
Dy lT 42"y + 2 |z|*fyle

Moreover, if D3 # &, we deduce from (4.2) (and the similar formula for y) that

2 —, =
T maX{ 9 9

dz dz dz
bt <L Lt
(45) C n—2a n—2a
\//. [¢P \// § |¢|2a sV ()= V()

_ Cs(r+ [a)™2 (r + |y])™/? - Cs(3r)"/2 (3r)™2  Cer
rtlzher+lwhe = Jzlelyle falelyle
Notice that we have used all over in the integrals that a < 2a < n, thanks to (1.1).

The desired result now follows by combining (4.1), (4. 3) (4.4), (4.5) and the fact that B, = Dy U Dy U
Dy U Ds. U

A simpler (but still useful for our purposes) version of Proposition 4.1 is the following;:

and therefore

Proposition 4.2. Let b := % = 290 There exists C' > 0 such that

n—sp

< 1 / dz < C
u T . _h _’
r>IO)7" B, |z + 2[° h |z[?
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for every x € R™\ {0}.

Proof. The proof is similar to the one of Proposition 4.1, just dropping the dependence in y. We give the
details for the facility of the reader. Fixed r > 0, consider the following two domains:

Dy = {zEB st |z +z| = ’2‘}
and D; = {ZGBT s.t. ]x+z|<%}.
Then
dz dz 2% B, |
(4.6) | e/ < 2B
o [z 42"~ Jp, (lz]/2)" = 2’

Now we observe that if there exists z € B, such that |z + z| < |z|/2, then r > |z] > |z| — |z + 2| = |z|/2.
From this, we observe that if Dy # @ it follows that r > |z|/2 and so

dz d¢ _ Gilr+ =) _ Ci(3r)"
47 | e[ G- <
(47) o ot ol S g 0P SOOI =T S T
for some constant C; > 0. We observe that we have used here above that b < n, thanks to (1.1). Then,
formulas (4.7) and (4.6) imply the desired result. O

Now, we observe that, in this paper, two types of “different” weighted norms appear all over, namely (1.2)
and (1.3). In order to deal with both of them at the same time, we introduce now an “abstract” notation,
by working in RY (then, in our application, we will choose either N = n or N = 2n). Also, we will consider
two functions @ : R® — RY and © : RN — [0, +-00]. The main assumption that we will take is that

1 dz C
(48) b /B O(X + =(2)) S o)’

for a suitable C' > 0, for a.e. X € RY. We point out that the integral in (4.8) is always performed on
an n-dimensional ball B, (i.e., in that notation, z € B, C R"), but the point X lies in RY (and n and N
may be different).

Concretely, in the light of Propositions 4.1 and 4.2, we have that

condition (4.8) holds true when
N = 2n, w(z) = (2, 2), O(X) = |z|"y|*, X = (z,y) e R"" x R",
(4.9) and when

2ap;
P
From (4.8), we obtain a useful bound on (a suitable variant of) the maximal function in R™ x R™:

N=n @)=z O@)=l b=

Lemma 4.3. Assume that condition (4.8) holds true. Let ¢ > 1. Let V be a measurable function from RN
to R. Then, for any r > 0,

(4.10) /R ) L“l" V(X - o( ))ydz] %gc N ’g&%‘q e

for a suitable C' > 0.

Proof. We may suppose that the right hand side of (4.10) is finite, otherwise we are done. We use the
Holder inequality with exponents ¢ and ¢/(q — 1), to see that

/|VX w(2))] dz < [/ V(X (= ))|qdz]1/q[/rldz](ql)/q

- | [ v = >>rwz]1/q,



for some C} > 0, and so, by (4.8), and using the change of variable X:=X- w(z) over RV we obtain

/RN L"l” VX mdz’r % < f—j/w { BT|V(X—w(z))]qdz} %

C? U dx } o5 / = dX
= — V(X —w(2))|* dz = — VX)) ———— | d=
™ Jp, LJrN Ve =) O(X) ™ Jp, |Jry V! O(w(z) + X)
q o~ ~ o~ ~
S L / = v« / V(R 4y,
T JrN . O(w(z) + X) RN O(X)
as desired. ]

With the estimate in Lemma 4.3, we are in the position of bounding a (suitable variant of) the standard
mollification. For this, we take a radially symmetric, radially decreasing function 7, € C*(R™), with > 0,
supp 1, € By and

(4.11) / no (@) d = 1

With a slight abuse of notation, we write 7,(r) = 7,(z) whenever |z| = r. Given a measurable function v =
v(z,y) from R?" to R, we also define

(4.12) vk No(T,y) 1= /n v(x —z,y — 2)n.(z) dz.

Then we have:

Proposition 4.4. For every measurable function v = v(x,y) from R®" to R, we have that
* Mo p p
// [o oz, y)I” // \vxy\dd%
e [olelylt re ||yl

Proof. The argument is a careful modification of the one on pages 63-65 of [11]. First of all, we use an
integration by parts to notice that

1 1 1

(4.13) / ™|l (r)| dr = —/ r . (r) dr = n/ ", (r) dr = Co/ No(x) dx = Cp,
0 0 0 B

for some Cy > 0, due to (4.11). We define

Aryz,y) = " 1/5 1]v(x—rw y —rw)| dH" (W)

for a suitable C' > 0.

and A(r,z,y) = / lv(x — 2,y — 2)| d=.

Now we use Lemma 4.3 with N := 2n, w(2) = (2, 2), X = (z,y), O(X) := |z|*|y|*, ¢ :== p and V(X)) :=
v(z,y), see (4.9). In this way we obtain that

p p
(4.14) // {A(T’w’y)} doedy // vz, yl dz dy.
R2n " 2]yl R |7yl

for some C > 0. Moreover, by polar coordinates,

A(r,z,y) = C2/ {p”l/s lv(z — pw,y — pw)| dH"H(w) | dp
0 n—1

= CZ/ A(ﬂ:'%'vy)dp:
0

and therefore 5
EAO“? x, y) = CQ)‘<T7 x, y)
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Notice also that A(0,z,y) = 0 = 1,(1). Consequently, using again polar coordinates and an integration by
parts, we obtain

[oxno(z, y)|l < (e =2y = 2)[no(2) dz

(4.15) ¢y /0 1 { /S " o(z — rw,y — 1w)| no(r) dH”—l(w)] dr = Cy /O A ) () dr
= o [ St =0y [ Avr)

We recall that ) < 0, so the latter term is indeed non-negative. Now we use the Minkowski integral
inequality (see e.g. Appendix A.1 in [11]): this gives that, for a given F' = F(r,z,y), and du(z,y) = —=

we have
L[ 1w eia] aen) "< [ [f]iresopie) o

Using this with F'(r,z,y) := A(r,z,y) n,(r) and recalling (4.15), we conclude that

1/p 1 P drd Y
W lox (. ) dxdy] e [// U A<r,x,y>rn;<r>rdr} N ya}
o Telly lotly
dx d
< /[// Alr,z,y) P I, ()P y} dr

p dr d 1/p
o [ [Rer] ) v
0 R2n r =[]y
Therefore, recalling (4.14),

[v % 1o, ) I? o [o(z, )P R
dx dy < dedy| " |nl(r)|dr.
wen oyt wen |2]fyl®

This and (4.13) give the desired result. O

A simpler, but still useful, version of Proposition 4.4 holds for the standard convolution of a function u :
R” — R, i.e.

uxny(x) = / u(z — 2) n,(2) dz.
The reader may compare the latter formula with (4.12). In this more standard setting, we have:

Proposition 4.5. Let b := %. For every measurable function u from R™ to R, we have that

Ry T

jz]? reo |7l

Py

Y

for a suitable C' > 0.

Proof. The argument is a simplification of the one given for Proposition 4.4. For the convenience of the
reader, we provide all the details. We define

Ar,z) = ! /Snl |u(z — rw)| dH" (w)

and A(r,z) = |u(x — 2)| d=z.

By



11

Here we use Lemma 4.3 with N := n, w(z) := 2, X := z, O(X) := |z|’, ¢ := p! and V(X) := u(x),
see (4.9). In this way we obtain that

ps p:
(4.16) / Alro)|™ dz o / @) ;.
n| o™ Fak no|xlb

for some C7 > 0. Moreover, by polar coordinates,

M) =Ca [ [t = pollarw= )] ao= o [ Mo

and therefore

0
EA(T, x) = CoA(r, x).

Notice also that A(0,x) = 0 = n,(1). Consequently, using again polar coordinates and an integration by
parts, we obtain

[u ()] < ; lu(x — 2)|n,(2) dz = 03/0 {/Sn_l " u(z — rw)| no(r) dH™ (w)]| dr

1 1 1
= Cg/ A, z) no(r) dr = Cy %(r, x) no(r)dr = —04/ A(r,x)n.(r) dr.
0 0

0

Now we use the Minkowski integral inequality (see e.g. Appendix A.1 in [11]) and we conclude that

P 1/p3 1 2 L/p:
[/ %d] <olf [/ A(r,xm;(rndr] dr
R iy E

1 1/p: 1 A pE 1/p;
<c [ IA(r,2) & d“;,] - [ |] [ Wﬂ R
0 R™ |95| 0 n
M D3

rn |z|®
So, recalling (4.16),
1/ps 1 * 1/p}
U * 770 T Ps u\x n /
[/ —| |x|(b ) daz} < CG/O [/ | |(x|>b dx} ™ nl(r)| dr.

From this and (4.13) we obtain the desired result. O

2

No(T)

5. APPROXIMATION IN WEIGHTED LEBESGUE SPACES WITH CONTINUOUS FUNCTIONS

In order to deal with the semi-norm in (1.2), it is often convenient to introduce a weighted norm over R?",
by proceeding as follows. Given a measurable function v = v(x,y) from R*" to R, we define

dr dy \"?
(5.1) ol omy = (// o(a, ) ) .
sa = [ 2 Ty

When [[v]|1z , 2n is finite, we say that v belongs to L? ,(R*"). Notice that

u() — u(y)

n )
Z+s
p+

if v (2, y) =
(5.2) ]

namely ||’U(u)||Lg7a(R2n) = [Wgs @y -

then formula (5.1) reduces to (1.2),

Now we give two approximation results (namely Lemmata 5.1 and 5.2) with respect to the norm in (5.1).

Lemma 5.1. Let v € L (R**). Then there exists a sequence of functions vy € LE ,(R**) N L>(R*") such
that [[v —vn|| e, 2ny — 0 as M — +oo.
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Proof. We set

M if v(z,y) > M,
UM(xay) = /U(.Cll',y) if U(.’L‘,y) € (_M7 M)J
-M if v(z,y) < —M.

We have that vy; — v a.e. in R?" and

|UM('7;7 y)|p < |U($, y)|p

e I'(®R™),
alelyl S Talyle

thus the claim follows from the Dominated Convergence Theorem. U

Lemma 5.2. Let v € Lg’a(RQ”). Then there exists a sequence of continuous and compactly supported
functions vs - R*™ — R such that ||v — vs|| 1z g2n) — 0 as 6 — 0.

Proof. In the light of Lemma 5.1, we can also assume that
(5.3) v € L(R™).

Let 7; € C*°(R?*",[0,1]), with 7;(P) = 1if |P| < j and 7(P) = 0if |P| > j+ 1. Let v; := 7ju. Then v; — v
pointwise in R?*" as j — +oo, and

[o(z,y) :ngx,y)lp < 2p!v(fyya)!p LL(R2).
[z1°[y] |z]°[y]

As a consequence, by the Dominated Convergence Theorem,

]l{frn v = villzz ,@2ny = 0.

So, fixed 6 > 0, we find j5s € N such that
(5.4) lv = vjsll 25, r2ny < 6.
Notice that vj, is supported in {P € R* s.t. |P| < js + 1}.

Also, given a set A C R?", we set
// dx dy
/’Laa a
jz[e|y|*

By (1.1), we see that y,,, is finite over compact sets. So, we can use Lusin’s Theorem (see e.g. Theorem 7.10
in [8], and page 121 there for the definition of the uniform norm). We obtain that there exists a closed
set E5 C R?" and a continuous and compactly supported function vs; : R*® — R such that vs = v,
in R?"\ Es, fia,a(Es) < 07 and ||vs|| oo rany < [, || oo mzn).

In particular, since 7;; € [0,1], we have that [|vs||pee@er) < ||[0]|Loo(r2ny, and this quantity is finite, due
o0 (5.3). Therefore

dr dy
lvis — vsl7p , gan) /E lvis (2, 9) = v, )l 2 T

< 2p(||“ja||ioo(]g2n) + ||U5||]Zoo(R2n))Na7a(E6> < 2p+1||v||1£00(R2n)5p_

From this and (5.4), we obtain that [|v — vs|| 1z , geny < (14 4[|v]| oo reny )8, which concludes the proof. [

We remark that a simpler version of Lemma 5.2 also holds true in L5* (R™). We state the result explicitly
as follows:

Lemma 5.3. Let u € LY (R™). Then there exists a sequence of continuous and compactly supported

functions us : R" — R such that |ju — u(;HLps Ry 0 asd— 0.
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Proof. The argument is a simplified version of the one given for Lemma 5.2. Full details are provided for
the reader’s convenience. First of all, by the Dominated Convergence Theorem, we can approximate wu
in Lf* (R™) with a sequence of bounded functions

M if u(z) > M,

up () == u(z) ifu(x) € (=M, M),

-M if u(z) < —M.
Consequently, we can also assume that
(5.5) u € L>®(R").

Let 7, € C*(R™, [0, 1]), with 7;(P) = 1if |P| < j and 7(P) = 0if |[P| > j+1. Let u; := 7ju. Then u; — u
pointwise in R™ as j — 400, and

— ()P s () |Ps
|U(ZC> ;jii(‘r) Eapz c Ll(]RQn)
|z B
As a consequence, by the Dominated Convergence Theorem,
]EE—H HU u]Hng (R”) = O
So, fixed > 0, we find j; € N such that
(56) ||U - ujé”[jﬁ?(ﬂ{n) < 5

Notice that uj, is supported in Bj,;;. Also, given a set A C R", we set

dz
IU’G«(A> ::/ 2ap}
e

By (1.1), we see that p, is finite over compact sets. So, we can use Lusin’s Theorem (see e.g. Theorem 7.10
in [8], and page 121 there for the definition of the uniform norm). We obtain that there exists a closed
set E5 C R™ and a continuous and compactly supported function us : R™ — R such that us = u;, in R™\ E,
pa(Bs) < 0% and [[us| oo ey < [|uj || oo grn)-

In particular, since 7;; € [0, 1], we have that ||us||peo@n) < ||u|/ze@®n), and this quantity is finite, due
o (5.5). Therefore

dx

‘ | ujé 2aps

W /m ) - us(a))”
|z| >
)Ma(E5) 2Ps+1Hv

< oPs ( §Ps

)

< (1 + 4]Ju| oo (rn)) 8, which concludes the proof. [

From this and (5.6), we obtain that [[u — us]| & S

6. APPROXIMATION WITH SMOOTH FUNCTIONS

In this section we show that we can approximate a function in the space WP(R") with a smooth one.
We remark that, if there are no weights, smooth approximations are much more standard, since one can use
directly the continuity of the translations in L?(R?"). Since the weights are not translation invariant, and
the continuity of the translations in Lebesgue spaces is, in general, not uniform, a more careful procedure
is needed in our case (namely, to overcome this difficulty we exploit the techniques developed in Sections 4
and 5).

We take a radially symmetric, radially decreasing function n € C§°(R™) such that n > 0, supp n C B,
and

(6.1) /B n(z)dz = 1.



14

and, for ¢ > 0, we define the mollifier 7. as

1

ne(a) = = (2

—) , for any x € R".

€

Then, given u € W?(R™), we consider its standard convolution with the mollifier 7.. That is, for any
e > 0, we define

(6.2) us(x) == (uxn)(z) = / u(x — z)n.(z)dz, for any z € R™.

n

By construction, u. € C*(R™). We will show that, if ¢ is sufficiently small, then the error made approxi-
mating u with u. is “small”. The rigorous result is the following:

Lemma 6.1. Let u € W5P(R™). Then

y_{% lu — u€HW§’p(R") = 0.

Proof. We first check that

(6.3) lim [Ju — we]| = 0.

L5 (R™)
To this scope, we start by proving that

if u: R" — R is continuous and compactly supported, then
(6.4) lim ||@ — @ * ||, pz,,, = 0.
20 et )
For this, we fix £, > 0 and we use the fact that @ is uniformly continuous to write that

sup |[u(z —ez) —u(z)] < &,
z€B;

provided that € is small enough (possibly in dependence of ¢,). Also, since w is compactly supported, say
in Bg, and writing b := 2“%, we obtain that

e [ -]

. dx .
< ebs / — = Cebs|
Bri1

Py

JRLORLEE

j”

with C' independent of £ and ¢,. Since ¢, can be taken arbitrarily small, the proof of (6.4) is complete.

Now we prove (6.3). For this, we fix ¢, > 0, to be taken as small as we wish in the sequel, and we use
Lemma 5.3 to find a continuous and compactly supported function @ : R" — R such that ||u—u|| 17 @) < &,
By Proposition 4.5, we deduce that

[ me —w* nsHLg.’é(Rn) = [|(u—u) * 776”L52‘(Rn) < Cflu— a”Lg:(Rn) < Ce,.

Furthermore, by (6.4), we know that

||’1:L/— U * T}€| ng(Rn) < €o,

as long as ¢ is sufficiently small. By collecting these pieces of information, we conclude that
ot el gy < Tt = ] gy 18— T g+ % 7 = 5 7
< (24 O)es,.

This completes the proof of (6.3)
Now we recall the notation in (4.12) and we prove that

if v : R?™ — R is continuous and compactly supported, then

6.5 .
(6:5) lim v = v 0|z, @eny = 0.
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For this, we fix ¢, > 0 and we use the fact that v is uniformly continuous to write that

sup |v(x —ez,y —ez) —v(x,y)| < &,
2€B,

provided that ¢ is small enough (possibly in dependence of ¢,). Also, since v is compactly supported, say
in {|(z,y)| < R}, for some R > 0, we have that

v(z,y) =0=v(x —ez,y —€2)
if z € By and max{|z|, |y|} > R+ 1, as long as ¢ < 1. Moreover

v(z,y) —vxn(x,y) = /B1 <v(x, y) —v(r —ez,y — sz)) n(z)dz,

and, as a consequence,
dx dy
xr — V% xZ,
//RM ,Y) Ne(w, )| T2yl

P dxd
< [[ [ e - vty - ealneas| S
BR+1><BR+1 By |x‘a|y‘a

caff
BR+1><BR+1 ’$| ’y|
= (Céb,

with C' depending on v, but independent of € and ¢,. Since ¢, can be taken arbitrarily small, the proof
of (6.5) is complete.

Now we are in the position of completing the proof of Lemma 6.1. We remark that, by (6.3), and
recalling (1.2) and (1.4), in order to prove Lemma 6.1, it only remains to show that

66) hm/é%w ) = ucle) = uly) + w(y) dv dy

e=0 |z — y[ntep lz|e |yl

To this goal, we let
" u(x) —uly
|z =yl

By comparing (4.12) and (6.2), we see that
v % (z,y) = / v (z — 2,y — 2)n.(2) dz

_/ ’LL(iC—Z)—'LL(y—Z) (Z)dZ_ U*Ue( ) U*ﬁe(y) _U(u*n5)<$ y)

= g e = [N - yd).

no e —yle” o —yl"

We fix ¢, > 0, to be taken as small as we wish in the sequel, and use Lemma 5.2, to find a continuous and
compactly supported function v such that

(6.7)

(6.8) [0 — o]l g meny < €
Notice that, by (6.5),
(69) HU — UV % 775HL31(1(R27L) < 50,

as long as ¢ is sufficiently small.
Moreover, by Proposition 4.4 (applied here to the function v(*) —v) and (6.8), we have that

(6.10) H(v(“) — ) *UEHL’;@(RQ") C |lo™ — ||z, weny < Céo.
Also, by (5.2)

U— UK ) _ /U(U*WE)

[U — U * 77€]Ws p(Rn) H’U Lga(RQn) = HU(U)

Thus, recalling (6.7),

Lga(R2M)

[u — w1 e (mn) = ||v(“) — W *T]EHLQG(R%).
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Accordingly, by (6.8), (6.9) and (6.10),

[u —ux ne]W;vP(Rn) < HU(U) - UHLﬂ,a(R%) + HU —Ux 77€HL5,a(R2") + HU *Ne — o) x neuLﬁ,a(R%)
< (24 O)e,.

Since g, can be taken arbitrarily small, we have proved (6.6), and therefore the proof of Lemma 6.1 is
complete. O

(7.1) lu = Tyullyigr gny <

7. PROOF OF THEOREM 1.1

Let u € W5P(R"), and fix § > 0. If 7; is as in Lemma 3.1, then for j large enough we have that

0
27

thanks to Lemma 3.1.

Now, for any € > 0, let 7. be the mollifier defined at the beginning of Section 6. We set

Pe 1= TjU * 7).

By construction, p. € C*(R™). Moreover, standard properties of the convolution imply that

supp p. C supp (1;u) + B..

Also (see e.g. Lemma 9 in [7]) one sees that

supp (7;u) C (supp 7;) N (supp u) C Egj N (supp u).

Hence

supp p. C (B, N (supp u)) + B-.

As a consequence, p. € C5°(R™).

Furthermore, Lemma 6.1 gives that

)
lpe = Tjullyzr@ey < 3

if ¢ is sufficiently small. Therefore, from this and (7.1) we obtain that

)
[ = pellyizr@ny < llu = T5ullisr@ny + 1750 = pellyizr@ny < 55 = 0.

Since 0 can be taken arbitrarily small, this concludes the proof of Theorem 1.1.

1]
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