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1 Introduction 1

Abstract

We investigate linear parabolic systems with coupled nonsmooth capaci-
ties and mixed boundary conditions. We prove generalized resolvent estimates
in WP spaces. The method is an appropriate modification of a technique
introduced by Agmon to obtain LP estimates for resolvents of elliptic differ-
ential operators in the case of smooth boundary conditions. Moreover, we
establish an existence and uniqueness result.

1 Introduction

We are interested in the investigation of strongly coupled linear parabolic systems
with coupled nonsmooth capacities and mixed boundary conditions of the form

m N N
%Zejkuk - Z (Z Da<ai%Dﬁuk> — aégDﬁuk> =f; on Q xRy,

m
k=1 k=1 =0 \a=1

m N

S S S D~ Ty xR,

k=1 a=1 0 (1)
uj =0 onlp xRy,

N
[=

m
Z ejrug(0) = w; on €,
k=1
j=1,...,m,
where (D%, D'v, ..., DNv) = (v, 2, ...,-2%), and v denotes the a-th component
8961 8acN

of the outer unit normal vector. In our system the coefficient functions e in the
terms with the time derivative as well as the components of the diffusion coefficients
a]akﬁ are discontinuous space functions. The aim of the paper are (modified) resolvent

estimates related to the system (1) in the scale of VVOl P W=LP spaces where p > 2.

For the special case of (1) with only one parabolic equation (m = 1), e;; = 1 and
mixed boundary conditions a corresponding result can be found in a paper of Groger,
Rehberg [5].

Writing (1) in form of an operator equation
(Bu) + Au=F, FEu(0) = wy,
where the operator £ corresponds to the multiplication by the m x m matrix ej

of L>®(Q) coefficients (see (8)) and A represents the linear second order elliptic
differential operator (see (5)) we intend to prove in the paper (modified) resolvent
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estimates of the form

-1
[(A+AE) HL(W—Lp(QurN)m,W(}’P(QuFN)m) s

_ C
|E(A+ AE) 1HC(W—lvP(QUFN)m,W—l»P(QUFN)M) < W> 2)

_ (& .
(A4 XB) " Bllcupgoaunymgraunnm < [y 1 ReA 20

In Section 2 we introduce the notation and some auxiliary results. Section 3 contains
some results for linear elliptic systems with complex coefficients. A Hilbert space
formulation of the instationary problem and an existence and uniqueness result for
this formulation are given in Section 4. Section 5 is devoted to the main result of
the paper. There we establish the resolvent estimates. In this section we apply
techniques used in [1, 5]. Moreover, we derive conclusions which allow us to to
apply results of [2] for evolution problems of parabolic type in Banach spaces. This
then is done in Section 6, where we provide a regularity result for the corresponding
parabolic system.

2 Notation

Let G = QUTy be a bounded regular subset of RY (see [5, Section 2], [4, Defini-
tion 2]). We denote by G°, G and G the interior, the boundary and the closure
of G, respectively. We use different function spaces defined on . All functions are
considered to be complex-valued. For p € [1,00) we introduce the spaces W,”(G)
to be the closure of the set

{u|ge: u € C(RM), supp uN (G \ G) = 0}

in the space W(G°). By W~1#(G) we denote the dual space of Wo*' (G), where
p’ is related to p by % + z% = 1. We introduce the abbreviations

VP = Wor(G)™, V=W (a)m,
YP .= [P(G,C)™, ZP .= LP(G,CNTH™,
On V'? we use the norm
m N p/2
lul[0, = / <ZZ |D°‘uj‘2> dr, w=(u1,...,upy) € VP,
G \j=1 a=0

As in [6] we suppose the anti-linear or conjugate-linear forms to form the dual spaces.
We define the map J € L(V'2 V~12) by

m N
(Ju, v)pi2 = / > ) DwD;dx, Vu,ve V'
el

7j=1 a=0
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ouj Ou; 1, .
where Duj = (D%, D'uj, ..., DVu;) = (uj, 522, .., o) for u; € WP (G). With
the notation Du = (Duy, . .., Du,,) we obtain

(Ju,v)prz = / Du-Dvdz, Yu,ve V2.
G

If it is necessary to indicate the subset G C RY on which the functions spaces are
considered we write Jg instead of J. Let us remark that J corresponds to an m
component map from W, *(G) to W~"2(G) which is used in [5] for the treatment of
one single equation. Therefore we can carry over the corresponding arguments and
results from [5, Section 2| and cite them here.

First, for p > 2, J maps V' continuously into V~'*. Second, for p € [2,00), let R,
denote the class of all regular subsets G C R such that J; maps W, ”(G)™ onto
W=tP(G)™. For G € R, we introduce the number

Yp.G; 1= SUp {H“HW&»P(G)m: u € Wy(G)™, || Jaullw-1eqym = 1}. (3)

We will write v, instead of v, ¢ if the choice of G is clear. Third, we have 7, = 1 and,
according to the Open Mapping Theorem, 7, < oo. Fourth, the following results
can be found in [4] (for real-valued functions) and in [5].

Lemma 2.1 i) For every regular subset G C RY there erists a py > 2 such that
G ERy,.
ii) If G € R, for some py > 2, then G € R, for all p € [2,po] and

< A% where 1—8+1_9
Tp = o P Po 2

3 Results for linear elliptic systems

To write down formulas more concise we will write quantities y € C™N*1 in the
form y = {y§'}j=1,...m,a=0,..N
For j,k=1,...,m let (ai%)aﬁ:o,,,,,N = (aZjﬁ)aﬁ:O,m,N be measurable
complex valued (N + 1) x (N + 1) matrix functions with

@ = af € L¥(G), a,8=0,1,...,N,
Re (Z > ai’%@)yf@f) > aly|?,

<dly* faa reG, VyecCmWth
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where a; > ag > 0 are suitable constants. By means of these coefficient functions
we define the linear continuous operator A from V2 into V=12 by

m N
(Au, v)y1,2 ::/G Z Z aikﬁ DPuD%;dz, wu,v € V2 (5)

7,k=1 a,5=0

The restriction of the operator A to V! is continuous from V' into V=7, too.

Theorem 3.1 We assume that G € R, for some q > 2 and that the coefficients aikﬁ
fulfil (4). Let K := (1 — (a—0)2)1/2 and let p € [2,q] be such that v, K < 1, where v,

al

is defined in (3). Then the operator A maps V*P onto V~1P. Moreover, there holds

true the estimate
R (6)

A7 2ov-rpie < .
|| Hﬁ(V Lp ylr)y > CL% 1—'YpK

Proof. Let 7 := aga;?. We define an operator A,: Z2 — Z2 by

m N
1k
(Ap2)f =2 =7y > ally )

k=1 4=0
for z = {2} j—1,..m, a=0,...y € Z*. For arbitrarily fixed f € V' we introduce the
operator Qs: V1P — V1P,
Qu:=J (DA, Du+71f), ueV"’.
Here D* means the adjoint of D: V*? — Z2. Remembering the definition of A and

A, we find
Qru=u—71J " (Au—f), ueV'?

Our aim is to prove that the equation Au = f can be solved. For this purpose we
show that the operator Q;: V* — VP is strictly contractive. For z € Z? we obtain

—_
R
»®

_|._
ﬂl\)
NE
AN
NE
Il
2 o
7
2%
&
?er
®

Thus we conclude that | A, z||z» < K||z||z» for all z € ZP. Note that for the adapted
spaces of domain and range the estimates | D*|| sz v-10) < ||D||zv1p,z0y = 1 and
|J 7 | cv-12,v10) = 7p hold true. We estimate

|Qru — Qrvl[yrr
= ||J_1D*ATD(U —0)|[yre

< NI M e-re v D | cizev-10) | Ar |l 2 z0, 20y | Pll e 2oy [u = |1
<7 Kl|u—2oly Yu,ve V'
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Since by assumption v, K < 1 the operator () is strictly contractive and the fixed
point u € VP is a solution to Au = f. Thus A maps V*? onto V~1*. Furthermore,
if for arbitrarily given f, g € V~'* the fixed points of Q; and @, are u; and u,,
respectively, then

Huf - ugHvlm = Hquf - qugHvl»P < Hquf - Qf“gHVlvP + Hqug - qugHvlvP
<H K ||uf - ug”]ﬂ»? + T'Yp”f — gllv-1r.

And we obtain

agp Vp
[y = ugllyrr < a_% W 1f = gllv-1e,
which proves the norm estimate (6). O

4 The instationary problem

.....

is a real-valued m x m matrix function on G with the properties

ejr =¢ep; € L*(G), jk=1,....,m,
2

Z Zejk(x)yk < eflyl,
j=1 | k=1 (7)
Re <Z ejk(x)yk§j> > eoly* faa. ze€G, VyeC™

k=1

By means of this matrix we define the operator E from V'? into V=12 by

(Bu,v)yprz = /G Z ejrupvjdz,  u,v € V2 (8)

jk=1

For right hand sides F' € L*(S,V~1?) and initial values wy € Y? we consider the
linear instationary problem

(Bu) + Au=F, FEu(0)=wy, u¢€L*S,V"?), FEucHY(S,V'%). (9)

Theorem 4.1 Let G be a bounded reqular subset of RN and let the coefficients ai%
and e, fulfil the properties (4) and (7), respectively. Then, for all F € L*(S,V~1?)
and all initial values wy € Y? there is a unique solution u to the initial value prob-

lem (9).

Main ideas of the proof. Applying techniques as used in [3, Hilfssatz 2.84] (for one
component) and the properties (7) we can show that the operator

A: {u € L*(S, V"), Bu e HY(S,V™1?), Bu(0) = wo} C L*(S,Y?) — L*(S, V1),
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Au = (Eu)

is maximal monotone. According to (4) the operator A: L?(S, V1?) — L*(S,V~1?)
is Lipschitz continuous and strongly monotone. Therefore by a theorem of Browder
(see [8, vol. TI/B]), for all F € L*(S,V~1?) and all initial values wy € Y? there is a
unique solution u to the initial value problem (9). O

Now we are interested in assertions concerning higher regularity of the solution to
(9). For this purpose we will deal with resolvent estimates and will apply results of
Favini and Yagi [2].

5 Resolvents

We denote by H the complex half plane
H:={\e€ C:Re A >0}.

Lemma 5.1 Let G be a bounded reqular subset of RN and let the coefficients af;lkﬁ
and ej, fulfil the properties (4) and (7), respectively. Then there exists a ¢ > 2 such
that for every p € [2,q] and all A € H

i) the mapping (A + \E)|y1» is a continuous bijection from VP onto V™' and

ii) the mapping (Idy-1» + AEA™Y) is a continuous bijection from V=P onto itself.

Proof. Let A € H be fixed. We set x# = 1 — g%sgn (Im A)i. Then |k[* < 2 and
Re (k1) = Re A + 42 |Im A|. Furthermore, note that Im (Eu,@) = 0 for u € V2,
Then, for u € V12 we can estimate

2| Au + AEul|y-1z2||ul|pre > [k(Au + AEu,w)| > Re (k(Au + AEu,u))
= Re (Au,w) —Im sk Im (Au, @) + Re (kA\) Re (Fu,u) — Im (kA) Im (FEu, )
> Re (Au,u) — &\Im (Au, )|+ (Re A+ ﬂ|Im Al) Re (Eu, )
2a1 2aq

Qo Qo
> agllull3re — 3HuH%m + Q—MIMeoHuH%z

Qo €o
> 2 (uls + SNl

Here we have used the properties (4), (7). In summary we obtain

4
||u||vl,2 < —||Au + )\Equflﬁ Yu € V12, (10)
Qg

Since the mappings A|y1» as well as E|y1,» are linear and continuous from V'* into
V=P for all p € [2,00), the continuity of (A + AE)|yws is obvious and injectivity
results from (10).
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By Theorem 3.1 there exists a ¢ > 2 such that for all p € [2,¢| the operator A
from V' onto V=P is linear and continuous, and A~': YV~1P — YIP ig linear and
continuous, too. Therefore, (Idy-1, + AEA™!) is linear and continuous from V1P
into itself. Injectivity can be shown as follows: Let v + AEA v = 0 for some
v € VP, Then u := A~ € V'? fulfills Au + AEu = 0 which by the injectivity of
A+ AE leads tou =0 and v = 0.

Next we show the surjectivity. Let f € V~1P arbitrarily be given. We want to solve
the equation Au 4+ A\Eu = f. We set v = Au, u = A~'v and obtain the problem

v+ AEA T = f. (11)

Since A~1: V1P — Y7 is continuous and the embedding W, ?(G) < L?(G) is com-
pact the operator A=': V~1? — Y? is completely continuous. On the other hand, F
considered as mapping from Y? to V~!? is continuous. Therefore EA~1: Y=1r —
V=P is completely continuous. Hence, by the Riesz-Schauder Theory Idy-1, +
AEA™" could fail to be an operator from V~'* onto V=17 only if § is an eigenvalue
of —EA7L If % would be an eigenvalue and v* # 0, v* € V=1 would be the corre-
sponding eigenfunction we would find u* = A~ 'v* # 0, u* € V' (since A is linear
and surjective). We apply (10) to u* and obtain

|u*|lpre < el Au™ + AEu*||y-1.2 = c||v™ + )\EA_lU*Hv—l,Q.

The last term is zero if (%, v*) is an eigenpair which gives the contradiction to u* # 0.
Thus, Idy-1,+AEA! is a mapping from V1P onto V17 and for all f € V=1 there
is a solution v € VP to (11). Setting u = A~'v we get a solution to Au+ AEu = f.
Thus, (A + AE)|pip: VP — V712 is surjective, too. O

Theorem 5.1 Let G be a bounded reqular subset of RN and let the coefficients ai%
and ey, fulfil the properties (4) and (7), respectively. Then there exists a ¢ > 2 such
that for every p € [2, (]

sup [[(A + AE) ™| z-10p10) < 00,

AeH

sup [ AE(A + AE) ™| coy-10 p-10) < 00,
AeH

sup [[(A + AE) 'AE|| covre prey < 00.
AEH

Proof. 1. We define the set G := G x (—1,1) which becomes a regular subset in
RN*1 Thus we find a ¢ > 2 such that G belongs to Rz(RV™!) (see Section 2).

For A\ € H we define the operator Ay: Wo(G)™ — W=12(G)™,

m  N+1

<Z@,§>W3,2(é)m = / >N @ Du v dr, W e Wet(G)", o (12)
G

7,k=1 a,5=0
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where for j,k =1,...,m the (N +2) x (N + 2) matrix functions a’* are given by

Nikﬁ( ) :/iai%(x) for a, 3 =10,..., N,

aiv(NH)(x) €N+1) (2):=0 fora=0,...,N,
~ik - kKXajejp(r) - _
Gvenoven (7) = — 32 = T=(@avn) €6,

K is the same as in the proof of Lemma 5.1.
2. Then, by (4), (7)

aaﬁ Y| = K aaﬁ Yx ‘)\|€0 Yg
j=1 a=0 | k=1 =0 j=1 a=0| k=1 =0 j=1 | k=1
m N 2 m
<o {353 e (2) Sowr )
k=1 p=0 k=1
e 2
< 2a? <1 + (6—1) ) ly> vy e CmiE2
0

3. Furthermore, we estimate

- (E £

j,k=1a,6=0
KAQ1 €5 B
“re (353 w3 S )
7.k la,ﬁ 0 k=1 €o
>he ) Z 297 — T ol [l 3 Z @y Uy B
J:k=1a,=0 j.k=1a,5=0
Re (KA)ay Im (kA) al
V"7 Re N+1—N+1 N+1— N+1
|)\‘€0 Z €ik Yy, ‘)\|€0 Z €ik Yp
Jk=1 k=1
m . CLQ
—%ZZ\ - ZZ\W
j=1 a= j=1 a=0
a;Re A+ 2{Im )\| “
2 Re Z ejkyN-i-l ]N+1
| Aleq
7,k=1
a m a m
>SS g S
7j=1 a=0 7j=1
ag m N+1
> ? Z ‘y] vy € Cm(N+2



5 Resolvents

4. According to the last two steps we can apply Theorem 3.1 to the operator ZA
with the constants % and 2a,(1+e;/eg) instead of ag and a;. Therefore there exists

an exponent ¢ > 2 such that for all p € [2,¢] the estimate
~ _ . T~ . ~ 17p ~ m
Hu||W01‘p(G)m < c){g?f{ [Axtllyy—1p@ym Vi€ Wot(G)

is fulfilled. We denote the minimal exponent of ¢ and ¢ again by q.

(13)

5. We fix some function ¢ € C3°((—1,1)) with the properties 0 < ¢(s) < 1 and
¢(s) =1for s € [-3,3]. We enlarge functions u € VP to functions & defined on €

by the rule

U(F) = u(z)p(s)e™, F=(r,5)€C, p= (m) )

a1

Then we can validate the estimate

p/2
Hqu LG _/ / ( Z \Do‘uj|2> dzds = ||ulf},.,-

=1 a=0

Moreover, for 7 € W' (G)™ we reconstruct functions v € V' by

v(x) ::/_ 0(z,5)p(s)e ds, z€ G,

1

and obtain
m N p'/2
Wi = [ (30
m N p'/2
< a~ |12 < p
c/ L v]|> Ao < Ty o

7=1 a=
Since ¢ € C§°((—1,1)) we can calculate

/\

(14)



10 A. Glitzky, R. Hiinlich

Using this identity we estimate

m  N+1

(AT, D) = / Z Z a]kDﬁukD v;dT

]k 1a,5=0

_ / { Z Z  DPu /_ 11 6(5)e™ DT (-, 5) ds

j,k=1a,3=0

Z ejkuk/ eiHs DNHUJ ds} dz

7,k=1

ik
{ a’ 5DﬁukDo‘vj
a,3=0

]kl

+ 2 €]kuk/_ 2”8(2925( )DNH ( 20(s )+¢”(S))f5j('=3))d3}d$

1

= |k(Au + AEu, v)|
KA Z /e]kuk/ (24 (s) DV, + ¢ (s)U;(-, 5))ds da

< |n<Au B+ ellully o[y iy

In summary we end up with
ANy -1ag@ym < el Au + ABully-1o + [[ully»). (15)
6. Now we combine the estimates (13), (14) and (15) and get
lul|yre < c(||Au + AEully-1» + ||u||yp) VA e H. (16)
According to Necas [7, Lemma 2.6.1], for every € > 0 there exists a ¢. > 0 such that
[ully» < ellullvre + cellully-.

Therefore it results from (16) and (10) and the continuous embeddings W'?(G) —
L*(@) and W HP(G) — W~12(G) that

[ullyre < cl|Au+ ABully-1s, (17)

which proves the first assertion of the theorem.

7. Since A: V1P — V=P s linear and continuous, and (17) holds, we estimate

H)\Etufl,p < HAU + )\Etufl,p + HAUH];fl.,p

18
< ||[Au + AEu||y-10 + c|lu|lpre < cl|Au + AEu||y-1.s. (18)
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For g € V™17 we define u, = (A + AF)'g € V'?. Using (18) we find
IAE(A + AE) ™| coo-10,v-10)
= sup {[AE(A+ AE)Yglly-1s | g € VT, [lgllv-10 <1}
= sup {[|AEugy|[y-1 }g eV gllv-1s <1}
< csup {[[(A+ AE)uy|ly-15 | g € VP, |lgllv-10 < 1}
— e sup {[(A+ AE)(A+ AE) " gllyorn | g € V-, fglly-rr < 1}

= csup {[lgllv-1o | g €V, lgllv-1e <1} <,

which gives the second assertion.
8. For u € V'? we can estimate
(A + AE) " \AEu||yre < |(A+ AE) " A+ AE)u|lyis + ||(A 4+ AE) " Aullyprs
< (14 (A + AB) cwmro vy 1Al coroy-ray) lullvrs
< cllullyre,

where we used the first assertion of the theorem and (4). Thus

(A + AE) ' AE| oo yiwy = sup (A + AE) "]ABu|y» < c

u€VLP, Jlully,1,p <1
proves the last assertion. [

Next we formulate a result which ensures all requirements of [2, Theorem 3.8, p.56].
Our Theorem 5.2 guarantees that (in the setting M = EA™!, L = —Idy-15) [2,
Theorem 3.8] can be applied.

Theorem 5.2 Let G be a bounded reqular subset of RN and let the coefficients af;lkﬁ
and eji, fulfil the properties (4) and (7), respectively. Moreover, let q be given by
Theorem 5.1. Then for every p € [2,q| the operator EA™Y: V=1 — V=P 45 q closed
linear operator. Moreover, the generalized resolvent set

pea—1(Idy-1p) = {)\ € C: Idy-1» + AEA™ has a single
valued bounded inverse on V_l’p}

contains a sector
Z:{)\EC: A=r(cosp+ising), r >0, |g| <g+5}

for a suitable 6 > 0, and the generalized resolvent fulfils

EA Y Idy-10 + AEA™ Y)Y pp-1y <
| (Idy-—1» + ) ||£(V1)_|>\‘+1
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Proof. 1. Let p € [2,q] be arbitrarily fixed. We denote
[ - [dv—l,p.

The operators I and FA~! are closed linear operators defined on the whole space
V~1P According to the proof of Lemma 5.1, EA™': V=17 — VY=1P is completely
continuous, I + AEA™! could fail to be an operator from V~'* onto V=P only if +
is an eigenvalue of —FA™! and H lies in the generalized resolvent set pgs-1(I).

2. Next, we prove two generalized resolvent estimates for A € H. Using the second
inequality in Theorem 5.1 and the boundedness of the linear operator A: V'? —
V=P we can estimate

1T+ ABA™) 1y = A+ AB)A ]l w1y
= |JA(A + AE)‘1||£(V_1,p)

. (19)
< Allcoray-10) (A +AE) " co-rav1)
S C1 V)\ S H
Moreover, we find from (19) that
INBATT 4+ XEA™) e 1
= |1+ AEA™YI +AEA™) ' = (I + AEA Y)Y cv-1) (20)

< || zew-1wy + [[( + AEA_l)_lﬂc(v—lm)
S (&) VA eH.

3. Next, we prove that a resolvent estimate of type (19) (with a changed constant)
holds true for A in a suitable sector ¥ D H, too. Let § > 0 be a constant such that
Veos? o+ (1 —sinp)? < ﬁ for all ¢ with § < |¢| < § + 0. We define

Z:{)\EC: A=r(cosp +ising), r >0, |g| <g+5}‘

Let A = r(cosp + isinp) € ¥\ H be arbitrarily given. Then § < |¢| < T + ¢ and
Ao = 1r € H. We write

(I+XEA) T =T+ MNEAT + (A= XN)EAT]!
= [{I+ (A= M) EAT (I + MEA™) NI + NEA™) ™!
= (I +MEA™) I+ (A= A)BAT (I + NEAT) T}

Since A € ¥\ 'H, Ao € H the inequality (20) guarantees that

(A= X) EA™H (I + MEA™) M| z-10) < 7y/cos? o + (1 — sin cp)2|c—2| <
0

N | —
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Therefore, the operator I+(A—Xg) EA™Y I+ gEA™1)~! possesses a bounded inverse
with

11+ (A= X)) EAT (I + NEA™ ) c-1)
< ST = A IEATNT 4 M EAT) B < S ( ) =
n=0 n=0

In summary, using (19), we obtain

I(1 +AEA™Y) | 2-10)

S ||] + ()\ - Ao)EA_l(I + )\0EA_1)_1||[,(V71,17)||(I + )\OEA_1>_1H£(V71,P) (21)

S 261 VA e
Thus, the generalized resolvent set pga-1(/) contains the set X.
4. Now we carry over the estimate of type (20) to A € . We find

AIEA™T + AEA™) | oweiny = INEAT + AEA™) ey

= [T = (T + AEA™Y) Hzw-1m) (22)
< (HIHE(V—LP) + 261) < c3 Y e .

5. Using the inequalities (21) and (22) we obtain for all A € ¥ the estimate

A+ DIEAT (I + ABAT) ™ o1y
< INIEATT + AEA™) Y| o1y + | BAT (T + AEA™) ™ g1
< ey + ||[BEA | co-10)[(T + AEA™) Y 21y < 3+ 2ce1 < c5.

This ensures

EA YT+ AEA Y ppoim <
H ( + ) HE(V 1')—|)\‘_‘_1

which completes the proof. [

6 Regularity results for the solution of the insta-
tionary problem

Lemma 6.1 Let G € RY be a regular bounded set and let p € [2,q] where q be given
by Theorem 5.1. Moreover, we assume (7) for the coefficients ej;. Then the closure
of the set E[V'?] in V=P is the whole space V1P,

Proof. 1. It suffices to prove that for any real-valued function

1
be L*(G)with 0<—<b<7 ae. onG forsome 7 >0
T
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the set b [W,*(G)] is dense in W~1?(G). Then the result can be carried over to the m
component case where the operator E describes the multiplication by a symmetric,
positive definite m x m matrix of real-valued L>°(G) coefficients (see (7)).
2. Let f € W™'?(@) and € > 0 be arbitrarily given. Since W' (G) is dense in
LP(G) and W' (G) is reflexive, LP(G) is dense in W~5P(G). Let I,: LP(G) —
W~1P(G) denote the corresponding embedding and let ¢, be its norm. Thus there
exists an u € LP(G) such that || f — Lyul|lw-1r) < 5. Then su € LP(G), too. Since
C(Q) € Wy P(G) is dense in LP(G), we find some y € C$°(Q) with
5= vl < — 5
—u — Y|l —
p T YIp@) cpT 2
Finally, we can conclude that

1f = Ipbyllw-rre) < I = pullw-1r@) + [Hpw — Lbyllw-1rc)
€ 1

g
5+ cpllu — byl r () < 5t bl oyl v — Yl vy < €

< b

which proves the lemma. [

Theorem 6.1 Let G be a bounded reqular subset of RY and let the coefficients aikﬁ
and ej, fulfil the properties (4) and (7), respectively. Moreover, let q be given by
Theorem 5.1. Then for every p € [2,q| and o € (0,1] the following assertions hold:
For any F € C°([0,T]; V~'?) and any wo € V~'? there is a unique solution to the
problem

(Bu)(t) + Au(t) = F(t) in V™, t€(0,T),

(Eu)(0) = wy. (24)

This solution owns the reqularity properties Eu € C*((0,T]; V=) nC([0,T]; V~17)
and u € C((0,T]; V'r).

Proof. 1. First, we consider the instationary problem
(EA ") (t) +v(t) = F(t) in V' te(0,T] (25)
with an initial condition which is to be understood in the seminorm sense that
|IEA {EA  v(t) — wo}||y-1» — 0 ast— 0.

[2, Theorem 3.8, p. 56] guarantees the following existence result for problem (25).
For any F € C7([0,T];V™'?) (0 < ¢ < 1) and any wy € V™' equation (25)
possesses a unique strict solution v such that

EA ' e CH((0,T); V), v e C(0,T]; V7).
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2. Moreover, (see [2, Theorem 3.9, p. 56]) if wy € FA-[V~-Lr] = E[V'P] then
EA7'(t) is continuous at ¢ = 0 in the norm of V=17 ie. EA v € C([0,T]; V~1?)
and EA™(0) = wy.

3. According to Lemma 6.1 we have E[V'»| = V1P such that for any wy € V1P
the solution v of (25) fulfills EA™'v € C([0,T];V~'?) and EA™'v(0) = wy.

4. Next, we take this solution v of (25), define u = A~'v and find that the function
u is a solution of the problem

(Bu)'(t) + Au(t) = F(t) in V', te(0,T).

This solution u fulfills Eu € C'((0,7];V'?) and Au € C((0,7];V'?). By the
isomorphism property of A we get u € C((0,T]; V). Moreover, since wy € V™17 =
EVtr] we get Eu € C([0,T];V~'P) and (Eu)(0) = wg. O

For 6 € (0,1) we consider the interpolation spaces (cf. [2, (3.17)])

0
[V‘Lp} = {z eV sup CI[(CEA™ + 1) 2lly-1s < 00}-

¢>0

[2, Theorem 1.12] ensures that
o
Vo] = (v D(AET), . 6 E(0,1),

where (V™17 D(AE_l))&OO denotes the real interpolation spaces and D(AE™!) is
the domain of definition of the operator AE 1.

Remark 6.1 /2, Theorem 3.17, p. 62] ensures the following reqularity properties
of the solutions to (25) and (24), respectively.

If the right hand side fulfills F € C°([0,T);V~*") and F(0) € [V‘l’p}e for some
0 € (0,1) and if additionally wo = 0 then the solution v to problem (25) enjoys the
reqularity

(BA™N) € C°([0,T); V%) n B([0, T]; [V~"*]")
where B([0,T]; X) denotes the set of bounded functions f : [0,t] — X. Moreover we

obtain
v=F— (EA W) € 00, T]; V7).

Under the same assumptions the corresponding solution u to problem (24) possesses
the property that

(Eu)’ S 09([0, T]; V—Lp) N B([O, T]; [V‘l’p]9)7 Au— F — (Eu)’ c 09([07 T]; V_l’p).

Using the isomorphism property of A this yields for w itself the reqularity u €
Co ([0, T); V1),
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