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ABSTRACT. We consider the behavior of the nonlocal minimal surfaces in the vicinity of the boundary. By
a series of detailed examples, we show that nonlocal minimal surfaces may stick at the boundary of the
domain, even when the domain is smooth and convex. This is a purely nonlocal phenomenon, and it is in
sharp contrast with the boundary properties of the classical minimal surfaces.

In particular, we show stickiness phenomena to half-balls when the datum outside the ball is a small
half-ring and to the side of a two-dimensional box when the oscillation between the datum on the right and
on the left is large enough.

When the fractional parameter is small, the sticking effects may become more and more evident. Moreover,
we show that lines in the plane are unstable at the boundary: namely, small compactly supported perturba-
tions of lines cause the minimizers in a slab to stick at the boundary, by a quantity that is proportional to
a power of the perturbation.

In all the examples, we present concrete estimates on the stickiness phenomena. Also, we construct a
family of compactly supported barriers which can have independent interest.

1. INTRODUCTION

It is well known (see e.g. [16, 14]) that the classical minimal surfaces do not stick at the boundary.
Namely, if €) is a convex domain and E' is a set that minimizes the perimeter among its competitors in €2,
then OF is transverse to 02 at their intersection points.

In this paper we show that the situation for the nonlocal minimal surfaces is completely different. Indeed,
we prove that nonlocal interactions can favor stickiness at the boundary for minimizers of a fractional
perimeter.

The mathematical framework in which we work was introduced in [6] and is the following. Given s €
(0,1/2) and an open set 2 C R" we define the s-perimeter of a set £ C R" in ) as

Per,(E,Q) :=LIENQ,E°)+ L(Q\ E,E\ Q),
where F¢:=R"\ E and, for any disjoint sets F' and GG, we use the notation

L(F.C) // duvaly+2
FxG |Z’— ’n *

We say that E is s-minimal in Q if Pery(F, Q) < +oo and Pery(F, Q) < Per,(F,2) among all the sets I
which coincide with E outside €.

Problems related to the s-perimeter naturally arise in several fields, such as the motion by nonlocal
mean curvature and the nonlocal Allen-Cahn equation, see e.g. [7, 21]. Also, the s-perimeter can be seen
as a fractional interpolation between the classical perimeter (corresponding to the case s — 1/2) and the
Lebesgue measure (corresponding to the case s — 0), see e.g. [18, 3, 8, 1, 12].

The field of nonlocal minimal surfaces is rich of open problems and surprising examples (see e.g. [11])
and the interior regularity theory of the nonlocal minimal surfaces has been established in the plane and
when the fractional parameter is close enough to 1/2 (see [9, 22]), but, as far as we know, the boundary
behavior of the nonlocal minimal surfaces has not been studied till now.

We show in this paper that the boundary datum is not, in general, attained continuously. Indeed,
nonlocal minimal surfaces may stick at the boundary and then detach from the boundary in a CLsts.
fashion. We will give concrete examples of this stickiness phenomenon with explicit (and somehow optimal)
estimates. In particular, we will present stickiness phenomena to half-balls, when the domain is a ball and
the datum is a small half-ring, and to the sides of a two-dimensional box, when the datum is small on one
side and large on the other side.



FIGURE 1. The stickiness property in Theorem 1.1.

Moreover, we study how small perturbations with compact support may affect the boundary behavior
of a given nonlocal minimal surface. Quite surprisingly, these perturbations may produce stickiness effects
even in the case of flat objects and in low dimension. For instance, adding a small perturbation to a
half-space in the plane produces a sticking effect, with the size of the sticked portion proportional to a
power of the size of the perturbation. We now present and discuss these results in further detail.

Stickiness to half-balls. For any § > 0, we let
(1.1) Ks = (Biys \ B1) N {z, < 0}.

We define Ejs to be the set minimizing Perg(E, By) among all the sets E such that E\ By = K.

Notice that, in the local setting, the minimizer of the perimeter functional that takes Ks as boundary
value at 0B is the flat set By N {z,, < 0} (independently of ¢). The picture changes dramatically in
the nonlocal framework, since in this case the nonlocal minimizers stick at 0B, if § is suitably small, see
Figure 1. The formal statement of this feature is the following;:

Theorem 1.1. There exists §, > 0, depending on s and n, such that for any 6 € (0,9,] we have that
Es = K.

Stickiness to the sides of a box. Given a large M > 1 we consider the s-minimal set Ej; in (—1,1) xR
with datum outside (—1,1) x R given by the jump
Ju = Jy U JY,
(1.2) where  Jy; := (=00, —1] X (=00, —M)
and  Ji; :=[1,400) x (—o0, M).

We prove that, if M is large enough, the minimal set E); sticks at the boundary (see Figure 2). Moreover,
the stickiness region gets close to the origin, up to a power of M. The precise result is the following:

Theorem 1.2. There exist M, > 0 and C, > C! > 0, depending on s, such that if M > M, then

[~1.1) x [C,M =55, M] C E,
and  (=1,1] x [-M, —C,M =] C E,,.

Also, the exponent 352 above is optimal. For instance, if either [—1,1) x [bM%, M| C ES; or (—1,1] x

[—M, —COM%] C Ey for some b > 0, then b > CV.
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FIGURE 2. The stickiness property in Theorem 1.2, with § :=

FiGURE 3. The stickiness property in Theorem 1.3.

Stickiness as s — 07. The stickiness properties of nonlocal minimal surfaces are a purely nonlocal
phenomenon and they become more evident for small values of s. To provide a confirming example, we
consider the boundary value given by a sector in R? outside By, i.e. we define

(1.3) Y= {(r,y) € R*\ By s.t. 2 >0 and y > 0}.

We show that as s — 07 the s-minimal set in B; with datum X sticks to Y, and, more precisely, this
stickiness already occurs for a small s, > 0 (see Figure 3).

Theorem 1.3. Let E be the s-minimizer of Perg(E, By) among all the sets E such that E'\ By = X.
Then, there exists s, > 0 such that for any s € (0, s,] we have that Es = X.

Instability of the flat fractional minimal surfaces. Rather surprisingly, one of our results states
that the flat lines are “unstable” fractional minimal surfaces, in the sense that an arbitrarily small and
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FIGURE 4. The stickiness/instability property in Theorem 1.4, with 8 := %

compactly supported perturbation can cause a boundary stickiness phenomenon. We are also able to give
a quantification of the size of the stickiness in terms of the size of the perturbation: namely the size of
the stickiness is bounded from below by the size of the perturbation to the power ff;g, for any fixed &g
arbitrarily small (see Figure 4). We observe that this power tends to +o00 as s — 1/2, which is consistent
with the fact that classical minimal surfaces do not stick. The precise result that we obtain is the following:

Theorem 1.4. Fix ey > 0 arbitrarily small. Then, there exists §g > 0, possibly depending on g, such that
for any & € (0,0¢] the following statement holds true.

Assume that F D HUF_UF,, where H := Rx (—00,0), F_ := (=3,—-2)x[0,0) and Fy := (2,3) x[0,6).
Let E be the s-minimal set in (—1,1) x R among all the sets that coincide with F outside (—1,1) x R.
Then

2+eq

ED(~1,1) x (—00,dT2].

The proof of Theorem 1.4 is rather delicate and it is based on the construction of suitable auxiliary
barriers, which we believe are interesting in themselves. These barriers are used to detach a portion of
the set in a neighborhood of the origin and their construction relies on some compensations of nonlocal
integral terms. As a matter of fact, the compactly supported barriers are obtained by glueing other
auxiliary barriers with polynomial growth (the latter barriers are somehow “self-sustaining solutions” and
can be seen as the geometric counterparts of the s-harmonic function % ).

Though quite surprising at a first glance, the sticking effects that we present in this paper have some (at
least vague) heuristic explanations. Indeed, first of all, the contribution to the fractional mean curvature
which comes from far may bend a nonlocal minimal surface towards the boundary of the domain: then,
the points in the vicinity of the domain may end up receiving a contribution which is incompatible with
the vanishing of the fractional mean curvature, due to some transverse intersection between the datum
and the domain itself, thus forcing these points to stick at the boundary.

Another heuristic explanation of the stickiness phenomenon comes from the different fractional scalings
that the problem exhibits at different scales. On the one hand, vanishing of the fractional mean curvature
corresponds to a s-harmonicity property (i.e. a harmonicity with respect to the fractional operator (—A)?®)
for the characteristic function of the s-minimal set, with s € (0,1/2). If the boundary of the set is the
graph of a smooth function wu, this gives an equation for u whose linearization corresponds to (—A)%“,
which would correspond, roughly speaking, to a regularity theory of order C 375 at the boundary. On the
other hand, nonlocal minimal surfaces detach from free boundaries in a C'V2*s-fashion (see [5]), which
suggests that the linearized equation of the graph is not a good approximation for the boundary behavior.

The rest of the paper is organized as follows. In Section 2, we discuss the case of the stickiness to a
half-ball and we prove Theorem 1.1. Then, Section 3 considers the case of a two-dimensional box with
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high oscillating datum, providing the proof of Theorem 1.2. The asymptotics as s — 0 is presented in
Section 4.

The second part of the paper is devoted to the proof of Theorem 1.4. In particular, Sections 5, 6 and 7
are devoted to the construction of the auxiliary barriers. More precisely, in Section 5 we construct barriers
with a linear growth, by superposing straight lines with slowly varying slopes; then, in Section 6, we glue
the barrier with linear growth with a power-like function (this is needed to obtain sharper estimates on
the size of the glueing) and in Section 7 we adapt this construction to build barriers that are compactly
supported.

This will allow us to prove Theorem 1.4 in Section 8. The paper ends with an appendix that contains a
simple, but general, symmetry property, and an alternative proof of an integral identity.

2. STICKINESS TO HALF-BALLS

This section is devoted to the analysis of the stickiness phenomena to the half-ball, caused by a small
half-ring as external datum. The main goal of this part is to prove Theorem 1.1. For this, we take K as

n (1.1), i.e
Ks = (Bl+5 \ Bl) N {l’n < O}
and Ejs to be the set minimizing Per,(E, By) among all the sets E such that E \ By = K.
We make some auxiliary observations. First of all, we check that the s-perimeter of K (and then of the
minimizer) must be small if so is ¢:

Lemma 2.1. For any € > 0 there exists 6. > 0 such that for any § € (0, 0] we have that
Pery(Ks,By) < ¢
Proof. We have

dr d
Pery (K5, B1) = L(By, K;s) < // 131J+25
Bix Bl+6\Bl ‘:E o |

Now we observe that

dx d dx d
(2.1) (0,+00) 2 // Y SHS = // - g+28
Bi x (BQ\BI) |z — | 5—’0+ Bix BQ\BH(S |1' — |

Indeed, the first integral in (2.1) is finite, see for instance Lemma 11 in [8] (applied here with € := 1,
Q := By and F := Bj). As a consequence of (2.1), for any ¢ > 0 there exists §. > 0 such that for

any 9 € (0,6.] we have
// dx dy // dx dy
Bix (32\31 |95 — gyt Bix BQ\B1+5 |1’7 —y|nts

which gives the desired result. 0

&,

Next result proves that the boundary of the minimal set Es can only lie in the neighborhood of 0B,
if 0 is small enough. More precisely:
Lemma 2.2. For any € € (0,1) there exists 0. > 0 such that for any § € (0, ] we have that
(0Es) N Bi_. = @.
Proof. We observe that it is enough to prove the desired claim for small € (since this would imply the claim

for bigger €). The proof is by contradiction. Suppose that there exists p € (0E5)NBi—_.. Then B, /5(p) C By
and so, by the Clean Ball Condition (see Corollary 4.3 in [6]), there exist pi, po € B; such that

Be:(p1) C EN B.ja(p) and Be:(p2) C E°N B.j2(p),

for a suitable constant ¢ > 0. In particular, both B..(p;) and B..(p2) lie inside By, and if x € B..(p1)
and y € B..(p2) then |z — y| <e. As a consequence

|BC€<p1>| ’B&?(IDQ)’ n—2s

Per(Es, B1) > L(Be=(p1), Bes(p2)) = s = coe" T,
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F1GURE 5. Touching the set Fs coming from the origin.

for some ¢, > 0. On the other hand, by Lemma 2.1 (used here with " in the place of ¢), we have
that Pery(Es, By) < Pery(Ks, By) < " provided that 0 is suitably small with respect to . As a conse-
quence, we obtain that € > ¢,e"~2*, which is a contradiction if € is small enough. 0

The statement of Lemma 2.2 can be better specified, as follows:
Corollary 2.3. For any € € (0,1) there exists 0. > 0 such that for any ¢ € (0,.] we have that
EsNBi_.=a.

Proof. Without loss of generality, we may suppose that ¢ € (0,1/2). The proof is by contradiction. Suppose
that Es N By_. # @. Then, by Lemma 2.2, we have that B;_. C Fs. Moreover, if we set

H = (32 \ Bl) N{x, >0},
we have that H C Ef§. As a consequence,
Pery(Es, B1) =2 L(B1-c, H) > L(B1)2, H) 2 c,
for some ¢ > 0. This is in contradiction with Lemma 2.1 and so it proves the desired result. O
With this, we are in the position of completing the proof of Theorem 1.1:

Proof of Theorem 1.1. We need to show that Fs N By = &. By contradiction, suppose not. Then there
exists

(2.2) p € EsN B;.
By Corollary 2.3, we know that
(2.3) B, C E§ifre (0,1—¢).

We enlarge r till B, hits 0F;. That is, by (2.2), there exists p € [1 —¢,1) such that B, C Ef and there
exists ¢ € (0B,) N (0F;s) (see Figure 5).

Therefore, using the Euler-Lagrange equation in the viscosity sense (see Theorem 5.1 in [6]), we conclude
that

XE:(Y) — XEB5(Y)
2.4 / K dy < 0.
( ) n q— y|n+2s

By (2.3), we know that
Es C (Bi\ B,) UK; C Biys \ B,

and so

— XE¢ d d
(2.5) / A W §+E22<y) </ yn+25 _/ yn+2$'
n lg — vl Bi15\B, lq — B, lq =yl




In addition, if y € Bys, then |¢ —y| < |¢| + |y| < 2 and so
dy
(2.6) / — 2>
By lq — y|nT2s

for some ¢ > 0. .
Now we define A := (g + §)2@+2. We notice that A is small if so are ¢ and §, and so Bx(g) C Bf,.

Then, formula (2.6) gives that
d . d
/ yn+2$ Zc+ / yn+28 ’
B, la =yl Ba(@)nB, 11— Yl

This, (2.4) and (2.5) give that

dy dy s
nt2s n—+2s 2 =
B145\B, |q — Bx(q)NB, lq — y!

(2.7)
and Ay := (Biys \ B,) \ Ba(q).

We notice that
dy | As| |Bis \ B)| _ C(e+6) —
/Az |q - y|n+23 < Ant2s < Ant2s g An+2s =Cve + 5?

Now we define
A= (Bl+6 \ B,) N Bx(q)

for some C' > 0. Hence, (2.7) becomes

dy dy ¢

(2.8) / e / PR
Ay lq — y| Bx(q)NB, lq — |

Now we set
Al,l = Al N Bp(2Q) and A1,2 = Al \ B;,(QQ),
see again Figure 5. We remark that B,(2¢) is tangent to B, at the point ¢, and A;; € By(q) N B,(2q).

Therefore, by symmetry
y|n+25 :

dy dy dy
s S [P =T
A171 |q - y‘ B,\(q)ﬂBp(Qq) ‘q - y| Bx(q)ﬂBP |q -

(2.9)
Now we observe that A;, is trapped between B, and B,(2q), and it lies in B)(q) therefore (see e.g.

I
Ars |q _ y‘n—&-Qs

up to renaming constants.

The latter estimate and (2.9) give
dy / B TR
Bx(q)NB, lq —

/A1 |q_y‘n+25 < y|n+25
]

1-2s
By inserting this information into (2.8), we obtain 2C (¢ + §)2#2) > ¢, which leads to a contradiction by

Lemma 3.1 in [13])
<Cp 2N <ON» = (e + 5)ﬁ’

choosing € small enough (and thus ¢ < J. small).
3. STICKINESS TO THE SIDES OF A BOX

In this section, we discuss the stickiness properties to the sides of a box with high oscillatory external
data and we prove Theorem 1.2. To this goal, we recall that the set Jj, has been defined in (1.2) and Ey,

is the s-minimal set in (—1,1) x R with datum outside (—1,1) x R equal to J;.
We first establish an easier version of Theorem 1.2, in which the sticking size is proved to be at least of

the order of the oscillation (then, a refined estimate will lead to the proof of Theorem 1.2).
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Proposition 3.1. There exist M, > 0, ¢, € (0,1), depending on s, such that if M > M, then
(3.1) [—1,1) X [c,M, M] C EYf,
(3.2) and (=1, 1] x [-M, —c,M] C Ey.

Proof. We denote coordinates in R? by x = (x1,23). We take g, > 0, to be chosen conveniently small in
the sequel. Let ¢ € [0,£2]. We considers balls of radius €,M with center lying on the straight line {z; =
(1—t)M}. The idea of the proof is to slide a ball of this type from left to right till we touch 0E);. We will
show that the touching point can only occur along the boundary {z; = 1}. Hence, by varying ¢t € [0,&2],
we obtain that [—1,1) x [(1 — &2)M, M] is contained in E,. This would complete the proof of (3.1) (and
the proof of (3.2) is similar).

The details of the proof of (3.1) are the following. We fix ¢ € [0,€2]. If z; < —M — 2, then the
ball B, p(x1, (1—t)M) lies in (—oo, —2) x R, and so its closure is contained in E,. Hence, we consider ¢ >
—M — 2 such that B. (¢, (1 —t)M) C E§, for any x; < ¢ and there exists ¢ = (¢1,¢q2) € (0Em) N
(0B, m (4, (1 —t)M)). The proof of (3.1) is complete if we show that

(3.3) @ =1

To prove this, we argue by contradiction. If not, then ¢; € [—1,1), therefore, by the Euler-Lagrange
inequality (see Theorem 5.1 in [6]),

(3.4) /R2 XES, (y> — XEu (y) d

lg — y|?+2%

Now we denote by z := (¢, (1 —t)M)) the center of the touching ball. We also consider the extremal point
of the touching ball on the right, that we denote by p := z + (¢,M,0). We claim that

(3.5) lg2 — p2| < 8v/e,M.

To prove this, we observe that, by construction, both ¢ and p lie in [—1,1] x R, hence |q:], |p1]| < 1,
consequently

(3.6) lg1 — pa| < 2.
Also, both ¢ and p lie on the boundary of the touching ball, namely |¢ — z| = ¢,M = |p — z|, therefore

y < 0.

O=lg—z2P—lp—2=lg®—2¢-2—pP+2p-2=(¢—p) (¢ +p—22)
= (@1 —p1)(q1 +p1 — 221) + (g2 — p2)(q2 + P2 — 222)
= (g1 — p1)(q1 — p1 + 26oM) + (g2 — p2)(go — p2)
> —4(1+e,M) + |g2 — p2|*.

This establishes (3.5), provided that M is large enough (possibly in dependence of ¢,).
Now we consider the symmetric ball to the touching ball, with respect to the touching point ¢q. That is,
we define z := z + 2(q — 2) and consider the ball B, j/(z). We remark that

(3.7) B. m(2) and B p/(Z) are tangent to each other at g.
We also claim that
(38) BEOM(Z) N {.7}2 > Zo + 2€3M} - {.7}2 > M}

To prove this, we observe that

—2M — 16/2,M + 262M = 2 M (1 - ﬁ) >0,
if M is large enough. Hence, recalling (3.5),
Zy+262M = 2y + 2(qy — 22) +262M = (1 — t)M + 2(qo — pa) + 262 M
> (1 — )M —16+/e,M + 2e>M > M.
This proves (3.8).



FI1GURE 6. The partition of the plane needed for the proof of Proposition 3.1.

Now we decompose R? into five nonoverlapping regions. Namely, we consider
Ry = BEOM(Z)a
Ry = BgoM(g) N {{L’Q > Zo + 2€§M}
and Ry :=B.,u(Z)N {:152 < Zy+ 253M} )

Then we define D := B, y(2) U B p(Z), K the convex hull of D and R, := K \ D. Finally, we set R :=
R?\ K and consider the partition of R? given by the regions Ry, ..., Rs.

We consider the contribution to the integral in (3.4) given by these regions. The regions Ry, Rs and Rj
will be considered together: namely, Ry C F¢,, and, by (3.8), also Ry C EY;. Therefore, by symmetry

(3.9) / xes, (Y) — XEy (Y) dy > / dy _ / dy _ / 2dy
R1UR2URs3 |q - y|2+28 ~ R1URo |q - y|2+28 Rs3 |q - y|2+25 Ro |q - y|2+25

Now, for y € Ry, we consider the change of variable gy = T'(y) := (y — q)/(¢,M). We have that
T(RQ) = B (q — Z) N {gg > £ _]\;2 + 260}

OM o
(3.10) c c

q—=z ~
o B <5OM) m{yQ > 350}7
where we used again (3.5) in the last inclusion (provided that e, is sufficiently small and M is sufficiently
large, possibly in dependence of &,).

Now we claim that

(3.11) B..(5¢0,5¢,) C B (qg_]\j) N {is > 36} .
To prove this, it is enough to take n € B., and show that
(3.12) (520, 5¢,) + 1 € By (q - Z) .

oM

For this, we use (3.5) to observe that
(3.13) g — 2112 =g — 21* — |2 — 22* = (e,M)? — 64e, M.
Moreover, by (3.6),

h—xsn=q-—ptp—a=qa-—pteM=eM—-2>0.
Hence, (3.13) gives that

q1—21:|ql—21‘> 1— 64 21 128’
eoM eoM eoM eoM
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if M is large enough. In particular

G — 21 128 1 128
— by —m 1 - = — 6, > = — :
oM 5% =M oM O 2 e, M >0
provided that &, is small enough and M large enough (possibly depending on &,). Therefore
qg1 — %1 qg1 — 21 |(]1—Zl|
— be, — = —5g,—m < ————— —4e, <1 —4e,.
eoM Fo = h eoM Fo = h eoM c c
In addition, by (3.5),
q2 — 22 |go — 2o
-5 o g 6 o g 7 o
eoM T eoM o c
Therefore
2
12 (5e,,50) — 1| < (1 —42,)* + (Te,)?
€o

=1—8¢,+16e%+49% < 1

if &, is small enough. This establishes (3.12) and therefore (3.11).
From (3.10) and (3.11), we see that

T(Rs) 2 B, (5¢,,5¢,)
and then

d 1 dy 1 dy
(3.14) / y2+23 = 23/ ~ 2?123 2 23/ ~ 2%23'
Ro |(] - y‘ (EOM) T(R2) |y‘ (50M) B¢, (5€0,5¢0) ’y|

Now, if § € B.,(5e,, 5e,) then |g| < €, + [(5e,, 5eo)| < 10e,, and then (3.14) gives that

/ dy S ¢
o Ji— g 7
for some ¢ > 0. By inserting this into (3.9) we conclude that

(3.15) / X5, (Y) — X () P
R1UR2UR3

g — y|2+2 elspp2s
Moreover (see e.g. Lemma 3.1 in [13] with R := ¢,M and A := 1), we see that

/ XE]CM(y) _;i_EQMQJ) dy‘ </ dy2+2 < 20 _
R4 g — y|?+% Ry lq —y[*T2 T g2 M

for some C' > 0. Furthermore, the distance from ¢ to any point of Ry is at least £,M, therefore Rs; C
Rz \ BEOM(Q)7 a‘nd

(3.16)

¢ (y) — d C
/ XEM (y) ;iif (y) dy' g / y2+2s = 2s 2s’
rs gyl RA\B., () 14— Yl exM

for some C' > 0.
By combining the latter estimate with (3.15) and (3.16), we obtain that

XE§, <y) — XEym (y) 1 c -
dy > ——-C-C) >0,
/Rz gy YT\

provided that ¢, is suitably small. This estimate is in contradiction with (3.4) and therefore the proof
of (3.3) is complete. O

The result in Proposition 3.1 can be refined. Namely, not only the optimal set Ej; in Proposition 3.1
sticks for an amount of order M is a box of side M, but it sticks up to an order of M 242 from the origin,
as the following Proposition 3.2 points out. As a matter of fact, the exponent éigz is sharp, as we will
prove in the subsequent Proposition 3.3.
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Proposition 3.2. There exist M,, C, > 0, depending on s, such that if M > M, then
(3.17) [—1,1) x [C,M=2, M] C E,
(3.18) and  (—1,1] x [-M, —C,M?*2] C Ey,.
Proof. We let 3 := 3532 We focus on the proof of (3.17) (the proof of (3.18) is similar). The proof is
based on a sliding method: we will consider a suitable surface and we slide it from left to right in order to
“clean” the portion of space [—1,1) x [C,M?, M]. As a matter of fact, by Proposition 3.1, it is enough to
take care of [—1,1) x [C,MP, ¢,M], with ¢, € (0,1).

For this we fix any
(3.19) t € [CoMP, c,M]

and, for any pu € R, we define

S, = Byps(p — M ) 0 {|zg — t| < 4AMP}.
Notice that if u < —1 then
S, C (=00, —1) x {|zg — t| < 4MP} C EY,.

Therefore we increase p till S, touches OE,;. This value of ;o will be fixed from now on. We observe that
Proposition 3.2 is proved if we show that © = 1. So we assume by contradiction that p € [—1,1). By
construction, we have that

(3.20) S, C ES,
and there exists ¢ € (05,) N (0Ey), with ¢, € [—1,1). We claim that
(3.21) lgo — t| < 2MP°.

To prove this, we observe that |q; — pu + M?5| > M?% — |q| — || = M?® — 2. Moreover, q € 9S, C
Biypes (e — M?8.t), therefore

MY > g = (u= M) > (M¥ =2 + | — t]* > M* —AM? + |gy — ]2,

from which we obtain (3.21).
Now, using the Euler-Lagrange equation in the viscosity sense (see Theorem 5.1 in [6]), we see that

Xes, (Y) — Xewy (Y)
(3.22) / M‘q — dy < 0.

We first estimate the contribution to the integral above coming from Bj;s(q). For this, we consider the
symmetric point of z := (u — M?’ t) with respect to ¢, namely we set 2’ := z + 2(q — 2). We also
consider the ball B’ := Bj2s(2’). Notice that Byps(z) and B’ are tangent one to the other at q. We
define Ay := Byp2s(z) N Bys(q), A2 == B'N Bys(q) and As := Bys(q) \ (A1 U Ag). Hence (see e.g.
Lemma 3.1 in [13], used here with R := M2’ and \ := M~#), we obtain that

/ Xm5,(Y) = XEw (Y) dy' - / WY a0t
Ay lg =y Ay g —y>%

(3.23)

Now we observe that
(3.24) A, C ES,.
For this, let y € A;. Then |y — q| < M?. Therefore, recalling (3.21),
lys — t| < |y2 — qo| + |q2 — t| < MP +2M° < 4M°.

Since also y € Bj2s(2), we obtain that y € S,. Then we use (3.20) and we finish the proof of (3.24).
Then, we use (3.24) and a symmetry argument to see that

C - d (& -
/ XES, (y) ;i_EQM (y) dy = / y2+2 4 / XES, (y> ;iE2M (y) dy > 0.
Auds g —yFE ala =yl Ja, g -yl
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This and (3.23) give that

/ XE3, (y> - irE;:[ (y) dy > —CM_’g(H_Qs).
Byat 14—

Consequently, by (3.22),

<3.25> / XE]“M(?D _;E;:(y) dy < _/ XES, (y) _;ng(y) dy < O M —BA+2s)
R™\B,,5(q) lq — ¥l B,,6(q) lq =yl

Now we observe that

MP

(3.26) {le1 = 0] < 161\ Bule) € Gl — ) < 16) x {Jow =l > 21|

To prove this, let y € {|z; — q1| < 16} \ Bys(q) and suppose, by contradiction, that |y, — ¢o| < MP/2.
Then

M?3
|y—q\2 < 162+T < M?.

This would say that y € Bys(q), which is a contradiction, and so (3.26) is proved.
By (3.26), we obtain that

/ X5, (Y) — XEwy (Y) y / dy
AN
(ool <16N\Byae) 14— Y {lo1—a1 <16} { [ra—qu|> 242} |4 — y[*+2

q1+16 d
S / ( / %) dyy = CM P02,
016 \J{gr—uo[z0/2) @2 — Y2
for some C' > 0.

From this and (3.25), we obtain that

/ X5, (Y) — XBy (Y)
{lor—ar[>161\By s (@) 14— Y>>

(3.27) dy < OM~PU+2s),

up to renaming C' > 0.

Now we define Hy := {z;1 — ¢¢ < —16} and Hy := {z; — ¢ > 16}. Notice that H; C {x; < —15}
and Hy C {z; > 15}. Therefore Hy N{xy > —M} C ES;, HiN{xe < =M} C Ey, HoN{zo > M} C ES,
and Hy N {xe < M} C Eyy.

Then, we define, for any i € {1,2},

Hi,l = Hz N {.I'Q > 2(]2 + M},
Hi,Q = Hz N {.I'Q c (M, 2(]2 + M]},
Hl"g = _ZJZ N {1'2 S [—M, M]},
H2‘74 = H;N {Z’Q < —M},
see Figure 7.
By construction, H;; C ES; and H; 4 C E)y, therefore, by up/down symmetry,
/ Xee, () — XEw (Y) 0= / Xee, () — XEw (Y)
— 4|2+2s _ . |2+2s
(H1,1UH1’4)\BA[,3(q) |q y| (H2’1UH2,4)\B]WB((]) |q y|

Moreover, Hy 3 C E§; and Hy 3 C Eyy, therefore, by left/right symmetry,

(3.28)

/ X5, (Y) — XEwy (Y)
(HysUHs s \B, 5(a) 14— YI*T%

Finally, we point out that Hy o U Hoy C Ef; and (recalling (3.21) and (3.19)) that
Bus(q) C {zy < qo + MPY C {ay <t +3MP} C {zy < M}.

dy = 0.

(3.29)
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FIGURE 7. The geometry involved in the proof of Proposition 3.2.

Therefore
/ xeg ) ~ Xou®) / _dy
(3 30) (HI’ZUHZ’Z)\BMB((]) |q - y|2+2s Hy 2UH>3 2 ‘q - y’2+28
. ;
g 1y — ol2+2s°
(1= (16,164 M), yoe(M,2q+ M) | — Y[*T2*

Now we observe that if y; — ¢, € (16,16 4+ M) and y, € (M, 2¢2 + M), then |¢ —y| < CM, for some C' > 0.
Then (3.30) implies that

XES, (y) — xEn ()

dy > CQ2M_1_2S,
/(H1,2UH2,2)\BMB (@) lq — y|>+2s Z

for some ¢ > 0. As a consequence of (3.21) and (3.19), we also know that g, >t — 2M” > (C, — 2)M” >
C,M" /2, if C, is taken suitably large. Hence we obtain

XES, () — x&n (V)

(3.31) / s
(H1,2UH2,2)\B,,5(9) lg — y|**2

dy > cCyMP 172

up to renaming ¢ > 0. Now we observe that

(14+2s)(1—2—2s)

C1-9s=
p 5 2+ 25

= —[(1+ 2s),
so we can write (3.31) as

XES, (y) — xen (Y)

dy > cC,M~PI+29),
/(H1,2UH2,2)\BM5 (9) |q - y|2+28
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This, together with (3.28) and (3.29), gives that

/ X5, (Y) — XEw (Y)

{lor-a|>160\Byale) 14— Y[

By comparing this inequality with (3.27), we obtain that
CCOM—ﬂ(H—Qs) < CM—[B(I—&-QS),

which is a contradiction if C, is large enough. This completes the proof of Proposition 3.2. O

dy > cC,M~P1+29)

As a counterpart of Proposition 3.2, we show that the stickiness to the boundary of the domain does
not get too close to the origin, as next result points out:

Proposition 3.3. In the setting of Proposition 3.2, suppose that
(3.32) [—1,1) x [bM =2, M] C ES,,

with p = (1,bM%) € OFy, for some b > 0. Then b > C,, for some C, > 0, only depending on s,
provided that M s large enough.

Proof. For short, we set § := 125 We remark that

24-2s
I} 1
3.33 1— =1- = 0.
( ) 1+ 2s 2+2s g
We argue by contradiction, supposing that
(3.34) b< C,

for some C, € (0,1) that we can take conveniently small in the sequel. By Lemma A.1 (used here
with T'(z) := —z), we have that E) is odd with respect to the origin. This and (3.32) give that

(3.35) (—=1,1] x [-M, —bMP] C E),.
Now we let L := M — bM? and we consider the cube @ of side 2L that has the point p on its left side,
namely

Q= (1,14+2L) x (M —2L, M).
Notice that
(3.36) Q C Ey,
by the boundary datum of the problem. We also take the symmetric reflection of @) with respect to {z; = 1},
that is we set

Q :=(1—-2L,1)x (M —2L,M).
We also set

G = (—=1,1) x (=3bM" — 2, —bM" —1).
We claim that
(3.37) GCQ'.
Indeed, if 7; € (—=1,1) and 25 € (—=3bM”P — 2, —bMP — 1), then
1—2L=1-2M+2bM" <1 —2M +2M° < —1 < a4,
since M is large. Also
M —2L = —M + 2bM” < —3bM"° — 2 < x,,

using again that M is large. Accordingly, x; € (1 —2L,1) and x5 € (M — 2L, M), which proves (3.37).
Now we claim that

(3.38) G C(—1,1] x [-M, —bM"].
Indeed, if x5 € (—=3bM” — 2, —bM” — 1), then
—M < —3M" —2 < =3bMP — 2 < s,
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FIGURE 8. The geometry involved in the proof of Proposition 3.3.

for large M, and so xy € [-M, —bM"], which proves (3.38).
From (3.35), (3.37) and (3.38), we obtain that

GCQ NEy.
Using this and (3.36), by a symmetry argument we conclude that
Xew (Y) — Xeg, () / dy
3.39 / M"Cdy > | ————.
(3.39) QuUYQ’ lp — y|>+2 c|p—yl?+®

Now we recall that p = (p1, p2) = (1,06M7) and we observe that if y € G then
Ip2 — yo| = [bMP — yo| > |yo| — OM”
S M 1 — P — 1 s Pl I =l

2 2
Hence, |p — y| < Clps — yal, for some C' > 0 and thus (3. 39) and the substitution t := py — y5 give
/ XEw (Y) = Xeg, ( /
QuQ’ Ip — y|2+28 |p2 — y2|2+28

(3.40)

_C/—bMﬁ 1 Yo _C/4bMﬁ+2 dt B C
3bMB—2 |p2 y2|2+2s b1 E2F2 0 (20MP 4 1)1+2s

up to renaming C'.
Now we define

H = (—00,—1) x (—M, M — 2L),

see Figure 8. By construction, H C EY,. We notice that the portion on the right of ) all belongs to E/,
while the portion on the left of " all belongs to Ef,, that is

(—o0,1 —2L) x (M —2L, M) C EY,
and (14+2L,+00) x (M —2L,M) C Ey.

Therefore, by symmetry, these contributions cancel and we have

XEw (V) — XES, (y) XEw (Y) — XES, (y)
(3.41) mpwre e s W
R2\(QUQ") lp — ¥ {za>M}{za<M—2L} lp — ¥

Now we observe that {zy > M} C ES; and {z3 < M — 2L} \ H C E), therefore, by symmetry,

(3.42) / Xew (Y) — X, () dy— 2 / _dy
{zo>M}U{z2<M-2L} |p - y|2+2s H |p - y|2+23
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Now we observe that if y € H then |ys| > 2L — M and so

M
Iyg—pg|>2L—M—bMﬂ:M—35Mﬁ>M—3Mﬁ>7

if M is large enough. Therefore

dy 1 M—-2L dy
/ | _ ’2+25 < C/ / ’ 2425 dyl
HIP—Y —00 -M (|p1 — +M2) 3

1
—ci-1) [ LR
—0 (|1 —y1|2—i—M2) 2

-M 1
dy: dy,
SC(M_L) (/OO |1_y1|2+25+ Y M2+25>

< C(M o L) M7172s — CbMﬂflfls g C«Mﬁflfls’

2s

for some C' > 0 (possibly varying from line to line). Using this, (3.41) and (3.42), we obtain that

— c d
<343> / XEn (y> XEM (y) dy _ _2/ y2+25 > _CMgflfgs’
R2\(QUQ) u P =yl

p— P

up to renaming C.
Now we use the Euler-Lagrange equation in the viscosity sense at p and we obtain that

/ XEn (y> - ;(EQ}:W (y) dy <0.
we Pyl
Combining this with (3.40) and (3.43), we obtain

0> ¢ —CMPIE

(26M5B 4 1)1+2s
That is, up to renaming constants,
(26MP + )12 > e M2
for some ¢, > 0. Using this and (3.33), we conclude that
1
MP + 1> eI M7 = ¢, MP,

Now we multiply by M " and we take M large enough, such that M~ < ¢,/2, so we obtain

W>-MP e, > %
This is in contradiction with (3.34), if we choose C, small enough. U

As a combination of Propositions 3.2 and 3.3, we have the optimal statement in Theorem 1.2.

4. STICKINESS AS s — 0T

This section contains the asymptotic properties as s — 0 and the proof of Theorem 1.3. For this, we
recall that 3 has been defined in (1.3) as

Y= {(z,y) €R*\ By s.t. x>0 and y > 0}

and F, is the s-minimizer in By with datum ¥ outside B;.
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Proof of Theorem 1.3. First, we show that
(4.1) E, C{r+y=1}

To prove it, we slide the half-plane h; := {z +y < t}. If t < —3, we have that h; lies below X U B; and
so hy C E¢. Then we increase t until hy intersects E,, with ¢, € [—3,1]. Notice that (4.1) is proved if we
show that

(4.2) t, = 1.

We prove this arguing by contradiction. If not, there exists p € By N (0F) N {x +y = t.}. Hence, using
the Euler-Lagrange equation in the viscosity sense (see Theorem 5.1 in [6]) and the fact that h,, C E¢, we

obtain
0> / xesW) = X y) / X () = s, )
Rz |p—y[*t R2 p—y|*t

This shows that h;, must coincide with E¢. This is impossible, since E; is not a half-plane outside Bj.
Hence, we have proved (4.2) and so (4.1).

By (4.1), we get that B, 5, C ES. So we can enlarge r € [v/2/2,1] till B, touches E,. We remark that
Theorem 1.3 is proved if we show that this touching property only occurs at r = 1.

Thus, we argue by contradiction and we suppose that there exists

(4.3) re[v2/2,1)

such that B, C E¢ and there exists ¢ € (0B,) N (0E;). Then, by the Euler-Lagrange equation, we have
that

(4.4)

/ Xee(Y) — XB. (V) dy < 0.
]R2

q— y|2+2s

By construction,
(4.5) E, C{(z,y) € R*\ B, s.t. x >0 and y > 0}.

Also, 0 < ¢1,¢q2 < 1. Then we consider the translation by ¢: namely we define F, := E, — q. It follows
from (4.5) that

(4.6) F, C{(z,y) € R*\ B,(—q) s.t. z > —1 and y > —1}.
Also, by (4.4),
xre(y) — xr.(y)
4.7 / - —dy < 0.
(4.7) 2 |y[2+2

Now we define D, := B,(q) U B.(—q) and we let K, be the convex hull of D,. Notice that
(4.8) B, C K,.
We also define P, := K, \ D,.. Since B,(—q) C F¢, by symmetry we obtain that

/ Xre(y) — X (Y) g

|y|2+25

(4.9) y > 0.

Moreover (see Lemma 3.1 in [13], used here with A := 1) and (4.3),

/ XFe(Y) = XF (Y) <017"*23 < Cy 7
, |y[#+2s 1—2s ~1—2s

for suitable positive constants C; and C5 that do not depend on s. Using this, (4.7) and (4.9) we obtain

that
0 >/ XF;(?J) ;;iF(y) dy+/ XFg(y) ;;CSF(?J) dy+/ XF;(?J) ;;CSF(?J) dy
R2\K, || \ || , i

/ Xre(y) — Xr(y) Cy
R2\ K

(4.10)

> d .
P T2
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FIGURE 9. The partition of the plane needed for the proof of Theorem 1.3.

Moreover, recalling (4.8) (and using again (4.3)), we have that

xre(y) = xr () / dy
: ——dy| < T S Cs,
/B27‘\K7' |y|2+25 B27‘\Br |y|2+28

for some C5 > 0 that does not depend on s. Hence (4.10) gives

XFe(y) — X (Y) Cy
4.11 0> 2 ——dy — C3 — .
(4.11) /]1@2\3% |y[+2s T T T

Now we observe that B,.(—q) C By,, since |¢| = r. Consequently, recalling (4.6),
F,\ Ba, C{(z,y) €R*\ By, s.t. 2 > —1 and y > —1}.
That is, Fy \ By € A3 U Ay U A3, where
Ay ={(z,y) €ER*\ By, st. z>0and y € (—1,1)},

Ay = {(z,y) € R*\ By, s.t. z € (—1,1) and y > 0}
and Az = {(r,y) ER*\ By, s.t. x> 1and y > 1}.

On the other hand, F¢\ By, O A} U A, U AL U A}, where

A= {(z,y) €ER?*\ By, s.t. x<0and y € (—1,1)},

Ay = {(z,y) € R*\ By, s.t. z € (—=1,1) and y < 0},

AL = {(z,y) € R*\ By, s.t. 2 < —1 and y < —1},
and Al = {(z,y) €ER*\ By, s.t. 2> 1and y < —1},

see Figure 9. After simplifying A; with A}, A; with A} and A with A%, we obtain

Xre(Y) — Xr.(Y) dy
(4.12) / : dy > |
R2\ Ba, |y|>+2 Ay |yl

Notice now that A/, contains a cone with positive constant opening with vertex at the origin, therefore

d oo g c c
/ 2323 2 Cl/ 1f23 = 223 2 _3’
A, |yl P sr $

where we have used again (4.3), and the positive constants ¢, ¢ and ¢3 do not depend on s. The latter

estimate and (4.12) give that
/ Xrs(y) — xr.(y) Qs
R2\B,

ly[*+2 s
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FI1GURE 10. The proof of Lemma 5.1.

Therefore, recalling (4.11),

C3 Cy
0>—=—-0C3— .
S P12
This is a contradiction if s € (0,s,) and s, is small enough. Hence, we have completed the proof of
Theorem 1.3. O

5. CONSTRUCTION OF BARRIERS THAT ARE PIECEWISE LINEAR

This part of the paper is devoted to the proof of Theorem 1.4. The argument will rely on the construction
of a series of barriers, and the proof of Theorem 1.4 will be completed in Section 8.

In this section, we construct barriers in the plane, which are subsolutions of the fractional curvature
equation when {x; > 0}, which possess a “vertical” portion along {x; = 0} and which are built by joining
linear functions whose slope becomes arbitrarily close to being horizontal (a precise statement will be given
in Proposition 5.3). For this scope, we start with a simple auxiliary observation to bound explicitly from
below the fractional curvature of an angle:

Lemma 5.1. Let ¢ > 0,
Ey = (—00,0] x (—00,0)
Ey :={lxy— 12, <0, x>0}
and E = FE UEs.
Then, for any p = (p1,p2) € OF with py > 0,

/ Xe(y) = xee(y) o 0)

5.1 Z )
(5.1) ly — p|2+2 PEE

for a suitable nonincreasing function c : [0, 4+00) — (0,1).
More precisely, for large £, one has that c() ~ cl=, for some ¢ > 0.

Proof. Let ¢ := arctan(1/¢) € (0,%]. By scaling, it is enough to prove (5.1) when
(5.2) Ip| = 4.

Now, for any ¢t > 0, let S; be the slab with boundary orthogonal to the straight line {fzy — z; = 0}
of width 2¢, having p on its symmetry axis (see Figure 10). For small ¢, the slab S; does not contain the
origin, thus, the “upper” half of the slab is contained in E¢ while the “lower” half of the slab is contained

in £, namely
/ Xely) = xeey) ,
St

ly — p|>+%
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Enlarging t, the “lower” half of the slab is always contained in E. As for the “upper” half, we have that
the triangle 7" with vertices (0,0), (—cosd, —sind), (—1,0) lies in E. Notice that

sin
T = —.
7= 2

Also, if y € T then |y| < 2 and so, recalling (5.2),

ly —p| < [pl+2<2lp|.
Consequently,

|y _ p‘2+25 = 92+2s ’p|2+25 - 97+2s ’p|257

/XE(y)—xEc(y)d < T sind
T

which gives the desired result. (|

The next result is the building block needed to construct a barrier iteratively. Roughly speaking,
next result says that we can tilt a straight line towards infinity by estimating precisely the effect of this
modification on the fractional curvature.

Lemma 5.2. Let { > q > 0 and 0 := arctan(1/¢) € (0,%]. Let e := ({ — g, 1).
Let 7 € C3°(Bi(e)) with T =1 in Bys(e).
Let 7, € C*°(R) be such that

(5.3) T(t)=1ift €[5, 2] and 7,(t) =0 ift e R\ [$, 2],

For any x € R?, let also a(x) € [0,27) be the angle between the vector x — e and the xy-axis. Let

(5.4) 7(z) = (1 — 7"(3:)) To(a(x)).

For any 0 € R, let Ry be the clockwise rotation by an angle 0, i.e.

Roe) — Rolor.a) i < cos 6 Sme) (x)

—sinf cosf To

Let also
Vo(z) := Rr(zyo -
Let E C R? be an epigraph such that
En{z; <0} =(—00,0) x (—00,0),
E DR x (—00,0),
En{zy>1} ={leyg— 21 —q< 0} N{xy > 1}
and EN{xy >0 —q} ={lxeg—x1 —q<0}N{xy >{—q}.

Assume that, for any p € OE N {xy > 0},

(5.5) /R xe(y) — xee(y) B> C

|y — p|2+2s ~ p|?

for some ¢ € (0,1).
Then, there exist nonincreasing functions ¢ : [0,+00) — (0,1) and ¢, : [0,+00) — (0,¢) such that for
any 6 € [0, ¢(£)] the following claim holds true. Let F' := Wy(E). Then, for any p € (OF) N{xy > 0},
— XFe o((
(5.6) / Xr(y) = xrey) oo Coll)
R2

y—pP> YT e

More precisely, for large ¢, one has that c,(f) ~ ¢min{c, =1}, for some ¢ > 0.
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Proof. First we point out that

C
(5.7) [Va(z)| < m>
for some C' > 0. Indeed, a(z) is identified by the two conditions
(5.8) |z —e|cosa(z) = |z — £+ ¢
and |z — e|sina(x) = |ro — 1]. Assume also that sin® a(z) > 1/2 (the case cos?a(x) > 1/2 is similar).

Then we differentiate the relation (5.8) and we obtain
Tr—e r1—Ll+q

cosa(r) — |r —e|sina(x) Va(r) = 1,0).
S eoma(e) ~ | — el sina(z) Va(r) = 4 (1,0)
Therefore
2 - — 0
Vs — ] [Vala)| < o -l sina(a)| [Va(o)| - g eosale) — i (1,0)| <2
which proves (5.7).
Similarly, taking one more derivative, one sees that
C
5.9 D? < —s-
(59) Do) < o
Now, by (5.4) and (5.7),
XR2\B, 5(e) (Z)
(5.10) 970 < (Xmona o) + 5220 ).
Using (5.9), one also obtains that
XR2\ B /5 (e) (x)
(5.11) |D*7 ()| < C (X&(@\Bl/z(e)(x) + W) :
e (r()9) (r()p)
. _ (cos(T(z)0) =1  sin(r(x)0 T
() := Tp(r) — 7 = ( —sin(7(z)0) cos(T(z)0) — 1) ($2> '
We claim that
(5.12) | D®y(z)| < C(1+10)0,
for some C' > 0. To prove it, we consider the first coordinate of ®y(x), which is
(5.13) (cos(7(x)0) — 1) z1 + sin(7(z)6) z»,
since the computation with the second coordinate is similar. We bound the derivative of (5.13) by
(5.14) | cos(7(x)0) — 1| + | sin((2)8)| + 6 <| sin(7(2)0)| + | COS(T(x)Q)D VT (x)] |x].

Thus, we bound | cos(r(x)f) — 1| < C§? and |sin(r(2)f)| < C6 and we make use of (5.10), to estimate the
quantity in (5.14) by

(5.15) co (1 Ml )

|z — el
Now we observe that |e| = /(¢ — q)? + 1 < V{2 + 1, therefore

lz| < |z —e| + V2 +1
and so, if |[xt —e| > 1/2,

|m||<1+2v0+1.

r—e

By inserting this information into (5.15) we bound the first coordinate of ®y(x) by C (1 + ¢)6. This
proves (5.12).
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FIGURE 11. The diffeomorphism of R? in Lemma 5.2.

Similarly, making use of (5.11), one sees that

(5.16) |D*®y(z)| < C (1+4) 0.
Notice also that, for any fixed x € R?, we have that

(5.17) [Wo(2)| = [Rr@o x| = |z,
therefore

lim |Uy(x)| = +o0.

|| —+o0

From this, (5.12), and the Global Inverse Function Theorem (see e.g. Corollary 4.3 in [19]), we obtain
that Uy is a global diffeomorphism of R?, see Figure 11.

As a consequence, using (5.12), (5.16) and the curvature estimates for diffecomorphisms (see Theorem 1.1
in [10]), we conclude that

Xr(Y) — Xre(y) Xe(Y) — XEe(y)
(>15) LAyt | IR - casno

with ¢ := W, ' (p), for any p € (OF) N {xq > 0}.
Now we claim that

(5.19) if p € {xg > 0} then ¥, (p) € {22 > 0}.

Suppose, by contradiction, that W, (p) € {zo < 0}. Notice that 7 vanishes in {z, < 0}, therefore Wy is
the identity in {x; < 0}. As a consequence p = Wy(¥, ' (p)) = ¥, ' (p) € {z2 < 0}. This is a contradiction
with our assumptions and so it proves (5.19).

Using (5.5), (5.17), (5.18) and (5.19), we have that

xr(Y) — xre(y) c c c
5.20 / dy>-—S —C(1+00=—"—C1+063 ,
(5.20) oy g W U 00= e O 00> g

1

with ¢ := Uy (p), for any p € (9F) N {xz > 0} N B,,, where ry := (W) * (we stress that ry is large,

for small 6, according to the statement of Lemma 5.2).

Now we take p € ((0F) N {z, > 0}) \ B, and we observe that ((9F) \ B,,) N {z2 > 0} coincides with
a straight line of the form \ := {{yzs — 1 — gy = 0}, with £y > ¢, |y — {| as close to zero as we wish for
small 0, and g := ¢y — ¢ + q. The intersections of the straight line A with {z3 = 8} and {zy = 0} occur at
points x1 = 80y — qp and x1 = —qy, respectively.

Hence, we consider the triangle 7" with vertices (8¢y — qy,0), (8¢9 — qo,8) and (—gy,0). We observe
that |T'| = 320y < 32(1 + £), for small §. Moreover, if y € T, then |y| < C(1+ ¢y + q9) < C(1+{), up to
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renaming constants. Therefore, if p € By and y € T,

y—pl >l -ca+0 =2

if # is small. Consequently,

Cl+0) _CO+0

5.21 .
( ) T |y _p|2+25 = |p|2+23 = 7“3 |p|23

Now we define F := FUT. By Lemma 5.1,
- _ = g
/ Xi(y) >2<f2(y) > c(fo) |
R2 |y —p[* P — (—gs,0)[*

Using that £y < and that ¢(-) is nonincreasing, we see that c({y) > ¢ (376) Moreover,

Ip— (—q0,0)] < [p|+ao < |p| + ¢+ 1< 2|p|,

so we obtain that

/ Xe(y) = Xpey) oo (%)

|y _ p|2+25 = 92s |p|23'
Exploiting this and (5.21), we obtain that, for any p € ((9F) N {xz > 0}) \ Bre,
/ xr(y) = X W) 4 > / Xi(y) = >2<F2 / _
re |y —pl*t Re |y —plt ly —pP>2 p!“
(5.22) 30 3¢
c(¥) ca+o - (%)
~ 92s |p|2s 7“3 |p|?s ~ 9l+42s ‘p’287
for small 6. Then, (5.6) follows by combining (5.20) and (5.22). O

By iterating Lemma 5.2 we can construct the following barrier:
Proposition 5.3. Fix K > 0. Then there exist ax € (0,1), {x > K, qx > 0, cx € (0,1), a continuous
Junction ug : [0,400) — [0,+00) and a set Ex C R?* with (0Ex) N{xy > 0} of class CY' and such that:

o ug(z2) = Ui xo — qi for any x4 € [1,400),
e we have that

Ex N{x; <0} = (—00,0) x (—00,0),

Ex DR X (—00,0),

Ex D (0,400) X (—00, ag],

Ex n{xy > 1} = {x1 > ug(za), x> 1},

B N {zy >l — qr} = {71 > uk(x2), 1>l —qi}

and

/ XEx (Y) — ;<b;;<(y) i > c;; |
g2 |y —ppte [p|**
for any p € (0Ek) N{xy > 0}.
More precisely, for large K, one has that cx ~ ¢ly', for some &> 0.
Moreover, one can also prescribe that

(5.23) qx < K.

Proof. We apply Lemma 5.2 iteratively for a large (but finite) number of times, see Figure 12.
We start with ug := 0 and Ey := R?\ {z; < 0 < 2»}. By Lemma 5.1 (used here with ¢ := 0) we know

that
/ XEo (V) —;<+E2§(y) dy > 02 ,
Rz |y —p|*t Ip|*s
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FIGURE 12. The barrier of Proposition 5.3.

for some ¢ > 0. Then we apply Lemma 5.2 and we construct a set F; whose boundary coincides with {zy =
0} when {x; < 0} and with a straight line {¢;x5 — 21 — ¢, = 0} when {x2 > 4}, whose fractional curvature
satisfies the desired estimate (as a matter of fact, we can take the new slope ¢; as the one obtained by ¢(0)
in Lemma 5.2, thus ¢; > 0).

Then we scale E; by a factor % and we apply once again Lemma 5.2, obtaining a set Ey whose boundary
coincides with {zo = 0} when {z; < 0} and with a straight line {lozy — 1 — go = 0} when {zo > 4},
whose fractional curvature satisfies the desired estimate. Notice again that ¢y is obtained in Lemma 5.2
by rotating clockwise the straight line of slope ¢; by an angle ¢(¢;) > 0, hence ¢, > ;.

Iterating this procedure, we obtain a sequence of increasing slopes ¢; and sets E; satisfying the desired
geometric properties. We stress that, for large j, the slope ¢; must become larger than the quantity K
fixed in the statement of Proposition 5.3. Indeed, if not, say if ¢; < ¢, for some £, > 0, at each step of the
iteration we could rotate the straight line by an angle of size larger than ¢(¢,), which is a fixed positive
quantity (recall that ¢ in Lemma 5.2 is nonincreasing): hence repeating this argument many times we
would make the slope become bigger than /,, that is a contradiction.

Thus, we can define j, to be the first j for which ¢; > K. The set E; obtained in this way satisfies the
desired properties, with the possible exception of (5.23). So, to obtain (5.23), we may suppose that g;, >
K1, otherwise we are done, and we scale the picture once again by a factor p := K _1qj_01 € (0,1). In this
way, the geometric properties of the set and the estimates on the fractional curvature are preserved, but
the line {¢;, o — x1 — ¢j, = 0} is transformed into the line {¢; zy — z; — ¢;, = 0}, with g;, := ug;,. By
construction, we have that ¢;, = K ', which gives (5.23). O

%+s+so
6. CONSTRUCTION OF BARRIERS WHICH GROW LIKE xq

In this section, we construct barriers in the plane, which are subsolutions of the fractional curvature

1
equation when {z1 > 0}, which possess a “vertical” portion along {z; = 0} and which grow like 22" """ at

infinity (here, €9 > 0 is arbitrarily small). This is a refinement of the barrier constructed in Proposition 5.3,
which grows linearly (with almost horizontal slope). Roughly speaking, the difference with Proposition 5.3
is that the results obtained there have nice scaling properties and an elementary geometry (since the
barrier constructed there is basically the junction of a finite number of straight lines) but do not possess
an optimal growth at infinity. As a matter of fact, the power obtained here at infinity is dictated by the
growth of the functions that are harmonic with respect to the fractional Laplacian (—A)", where

1
(61) Yo ‘= 5 + s.
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As a matter of fact, this procedure provides a good approximation of the fractional mean curvature equation
at points with nearly horizontal tangent. Namely, we set

1 1
73:§+5+€0=%+€o€ (571>-

We will use the fact that v > =y to construct a subsolution of the ~vy-fractional Laplace equation. More
precisely, the main formula we need in this framework is the following:

Lemma 6.1. Let ¢y € (0,1 — ). We have that

1/(1+t)1+(1—t)1—2

9 |t|2+28

dt > C«€0,

for some ¢, > 0.
Proof. Let r > 0. By a Taylor expansion at » = 1, we have that
22
r(r=1 7 =n0)&e " (r=1)°
Yo %

for some & on the segment joining r to 1. In particular, £ < 1+r. Using this with r := (1£¢)}°, we obtain

AEDP 1) vy =& (0T -~ 1)

e
ro =1+

Y

14+4) =14 ,
(1) o v
for some ¢ € (0,2 + |t|]. Consequently, since
T 9= 10
"0 "o

we obtain that
E070 = 24t 7 = 2+ t) 2

Accordingly,
2

T(AEOY 1) 3G =) (2P 1)

(1)) >1+ :
i Yo 7% (2 +[H)?

and so

V(AP +A-DF -2) (=) [(A+DT ~ 1)°+ (1-0F -1)]
Yo 76 (2 + [¢])? '

1+t +(1-0)1—-2>

Hence, we set
(+07 ) + (1= —1)°

¢(t) =

£ (2 + J¢])? ’
we use that 7 = v9 + ¢ > 7 and we conclude that
(6.2) (1+t)1+(1—t)1—2dt>l (1+t)1°+(1—t)1°—2dt+g_0 o(t) di
: ’t‘2+2$ = |t’2+25 )
R Yo JR Y JRr

Also, we know (see e.g. [15]) that (—A)*t] = 0 for any ¢ > 0, therefore, using this formula at ¢ = 1 and
noticing that 1 + 2y = 2s, we see that

1+1¢)%° 1—¢)2° =2
R |t|2+2$

Using this and (6.2), we obtain

1+1)) 1—t)] —2
R [£[>+2 7o Jr

which implies the desired result. O
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FIGURE 13. The sets involved in Section 6.

Throughout this section, we will consider m and ¢y (to be taken appropriately small in the sequel,
namely ¢y > 0 can be fixed as small as one wishes, and then m > 0 is taken to be small possibly in
dependence of £y) and ¢, € R, and let

m(z1 4 ¢m) ]
—7 )

The parameter ¢, will be conveniently chosen in the sequel, see in particular the following formula (6.16),
but for the moment it is free. Also, given p := (p1,p2) with p; > 1 — ¢,,, and py = v(p1), we consider the
tangent line at v through p, namely

(6.3) v(xy) =

_ m +cm)?
(6.4) Axy) == (p1)(z1 — p1) +o(p1) =m (p1 + cn)? My —p1) + %
We observe that the tangent line above meets the x;-axis at the point ¢ = (¢1,0), with
v(p1) p1+cm
65 = _— = J— .
( ) a1 b1 v (p) h y

We also consider the region A which lies above the graph of v and below the graph of A and the region B
which lies above the graph of A and below the xj-axis, see Figure 13. More explicitly, we have

A= {(z1,22) s.t. 1 > ¢ and v(xy) < 29 < Axq)}

6.6
(6.6) and B := {(z1,22) s.t. 1 < ¢ and A(z) < 23 < 0}.

The first technical result that we need is the following:

Lemma 6.2. Let g9 € (0,1 —~g). There exist ¢, ¢ € (O 1) such that if m € (0, ceo| then

degm
6.7 ;
( ) / ’y p‘2+2s / ‘y p’2+2s Z (p1+cm)%+s—€0

for any p := (p1,p2) with p1 = 1 — ¢, and py = v(py).

Proof. First of all, we observe that |y — p| > \yl — p1], therefore

(6.8) / / — /+Oo Alyr) —vly) dy, =: H.
ly — p|2+2s lyn — p1‘2+28 o |y — P

Recalling (6.3) and (6.4), we have that
H = / Fm (py A+ en) " (= ) A9 1+ )L =y i+ )]
" g1 — pi|2Fes

m(p1+ cm)? /*” Y(pr+cm) Ny —p1) +1— (pr+cm) (Y1 + )
Y @ lyp — p1 |22
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Now we recall (6.5) and use the change of variable from the variable y; to the variable ¢ given by

(6.9) Y1+ cn = (pr+cm)(t+1).

In this way, we obtain that

m /+°°”yt+1 (t+1)+dt Cam
0% <p1 + Cm>1+25—'y |t|2+25 <p1 + Cm)1+25—”y’

+oo 1— 1
CA:—/ vt + (t+ )+dt

|t’2+28

where

2=

Therefore, recalling (6.8), we conclude that

d C
(6.10 | e < o
Aly—=pPr " (pr+ o)t

Now we claim that

(6.11) if y € B, then |ys — pa| < m|y1 — p1)-
To prove this, we take y € B. Then A(y;) < y2 < 0, therefore, since py > 0, we have

pl +Cm>ﬂ/ 1’3/1 ’

N—

ly2 — p2| = p2 — 2 < p2 — A1) = v(p1) — (v’(pl)(yl p1) + v(p1)

Now we have that p; + ¢,, > 1, by our assumptions. Hence, since v — 1 < 0, we conclude that |y, — po| <
m|y; — p1|, thus proving (6.11).

As a consequence of (6.11), we have that if y € B then |y — p| < (1 + Cm)|y1 — p1|, for some C' > 0,
and therefore

dy dy
6.12 /—> l—Cm/—zl—CmI
(6.12) B |y — p|*+? ( )B\yl—pl\ms ( )

up to renaming C' > 0, where

d “ A
[:/ v / (y12)2 ds.
B ly1 — p1]?*2s oo |t — pr P

Recalling the definition of H in (6.8), we have that
0 A(y1) —v(y) “ A(y1)
J=H—-1= /ql —’/yl —p1’2+23 dyl + /_Oo —|y1 —p1|2+25 dyl
Accordingly, since v(y;) = 0 if y; < ¢1, we obtain that
J /+°° My) —vln) /+°° v(p) —olyy)
o |y — pPTE o L= pPPE

where We have used (6.4) in the last identity and the integrals are taken in the principal value sense. Hence,

Y1,

we use (6.3) and the substitution in (6.9), and we conclude that
”1+”m+%”—w+%)d m /m1_wuﬂ _ Csm
|y — pa[>+2 ~(pr )t [t[> 2 (p1 + C)2 o0
where

oo H}l—1
CB I:/ —(t+ )+ dt.

|t[2+2s
From Lemma 6.1, we have that Cg > c,&¢, for some ¢, > 0. As a consequence,
(Ca+Cp)m < (Ca+ cigg)m

I=H-—J= ! > v
+ Cp)2 e +Cp) 2T
(pl m) tee (pl m) tee
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FiGURE 14. The barrier constructed in Proposition 6.3.

and so, by (6.12)

/ dy - (1 = Cm)(C4+ cieo)m
By —p|*+* (1 +en)its—0
Putting together this and (6.10), we obtain that

/ dy _/ dy [(1 = Cm)(Ca + cieo) — Ca] m
sly—pP%  Jaly—pPt> " (p1 + C) 350 ’

which implies the desired result. U

Now we are in the position of improving the behavior at infinity of the barrier constructed in Proposi-
tion 5.3. The idea is to “glue” the barrier of Proposition 5.3 with the graph of the “right” power function
at infinity. The construction is sketched in Figure 14 and the precise result obtained is the following:

Proposition 6.3. Let ¢y € (0,1 — ). There exists ¢ > 0 such that if m € (0, ceo], then the following
statement holds.
There exist ay, >0, dp > 1> a,, >0, ¢, € R and a set E,, C R? with (OE,,) N {xy > 0} of class C*

and such that:

E., N{z; <0} = (—00,0) x (—00,0),

By DR x (—00,0),

E, 2 (0,400) X (—00, 4y,

Ep 0 {ay, <21 < dp} = {xe <V (dy) (21 — dp) + v(dy), @ <21 < dp}

and E,n{zy > dn} = {xs <v(zy), 1 > dn},

where v was introduced in (6.3). Moreover, there exist ¢ € (0,1) and N > 1 such that

— XEe cdegm
(6.13) / XEn (Y) X5, (v) s Ceom
R2 ly — p|*+2s |p|2ts—eo

for any p € (0E,,) N{z1 > %}, and

— c /
o [, on
k2 |y =7l 4 pP

for any p € (0E,,) N {1 € (0, %]}

Proof. We use Proposition 5.3 with a large K. In this way, we may suppose that {x > K is as large
as we wish, while g < K~! is as small as we wish. We fix N > 0, to be chosen appropriately large
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(independently on K) and we set
dy = N?

(6.15) and  m = 0 (7 (d + qxc))

1—y

We stress that m > 0 is small when K is large, since
m < K~ (y (N? +K*1))1_7,

that is small when K is large (much larger than the fixed N). Hence Proposition 5.3 provides a set,
say F),, whose boundary agrees with a straight line \,, of the form x5 = 6}1 (x1 4 qi) when 1 > ayy, for
suitable qx € [0, K~ and a,, > 0.

Now we join such a straight line with the function v defined in (6.3), at the point (d,,, v(d,,)), with 3, :=
d,, — o, suitably large. To this goal, we define

(6.16) Cm = (v — Ddp + VK-
Notice that

(6.17) dp + ¢ = Y(dm + qr)-
This and (6.15) give that

o(dy) = m (dm, + cm) _m (W(dm + QK))’Y _ (7 (d,, + QK>)1_’Y . (v(dm + qK))7

gl g v

which says that v meets the straight line A, at the point (d,,, v(d)).
Also, by (6.15) and (6.17), we see that

V' (dm) = m(dy + ) =0 (v (d + C]K))l_AY (v (dm + CIK))V_l =l

therefore v and A, have the same slope at the meeting point (d,,,v(d,,)). Therefore, the set FE,, which
coincides with F,,, when {z; < d,,} and with the subgraph of v when {z; > d,,} satisfy the geometric
properties listed in the statement of Proposition 6.3, and it only remains to prove (6.13) and (6.14).

For this scope, we first consider the case in which p; > d,,. Then, we take A as in (6.4) and A and B as
in (6.6). Let also T" be the subgraph of A. Then, by symmetry

/ xr(y) — >2<+Tz(y) dy = 0.
|y —pl|
Notice that T'\ E,, C A and E,, \ T 2 B, therefore

/ XEm (Y) — ;cf;m (y) ay
R2 |y - p|
XEn(Y) — XEe, () — xv(¥) + X7 (¥)
52 dy
R2 ly — p|?+2s
_ 2/ XEm\T(y) - ;(f;\Em (y) dy
R2 ]y - p\ s

> 2/ xB(y) — xa(y) dy

ly — p|**2s

(6.18) l—cp=1—(y=1Ddp —vqx <1 —=7dp +d,, < dp,
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thanks to (6.16) and (6.15). Hence, in this case, p; > d,, > 1 — ¢,,, and so the assumptions of Lemma 6.2
are fulfilled. Therefore, by (6.7),

—_— c /
(6.19) / Xz, (Y) X, @ , Ceom
R2 |y _ p| s (pl + cm)§+sfso
for some ¢’ > 0. Now we notice that, by (6.16) and (6.15),
p1+cm=p1+ (v = Ddm + 745 < 2p1 < 2Jp).

Using this and (6.19), we see that (6.13) holds true in this case.
Hence, it remains to prove (6.13) and (6.14) when p; € (0,d,,). In this case, we use that, by Proposi-
tion 5.3,

WV

— c 5
/ XFu (Y) ;Cf;n; (y) dy > |
g2 |y —pl Uk |p|
for some ¢ > 0. Also F,, \ E,, coincides with the portion comprised above the graph of v and below the
straight line \,,, that is

G = {x1 > dp, v(v1) < 22 <V'(dp) (21 — din) + 0(din) },
while E,, \ F}, is empty. Therefore

¢ XEn(Y) — XEe, (¥) XFm (Y) = XFe, (Y) — XEn () + XEe, (¥)
2s 242 dy < 242 dy
Uk |p|?s R2 ly — p|?+2s R2 ly — p|?+2s

(6:20) / PR / o — p1|2+28
:2/ V()01 = d) + 0(d) = 0la)
dim iy :

1 — p1|2+2s

Now, we distinguish the cases p; € (0 dm) and p; € [Wm )
If py € (0,%2), we use (6.20) and observe that v(y;) > v(d,,) if y1 > d,, to conclude that

¢ XE. (Y) — Xzz, (V) , / oy —di,
_ " dy < 2v'(d, T Y
Uk |p|*s /Rz ly — p|*>*t2s () g = pa P !

to g Cm (dy + c)"™
/ Y1 mQm m
< 20'(d,, / <
@) =)™ Sl — o)
Cm (dy, + cn)7 1

~X d?’ﬁs 9
up to renaming constants. Therefore, recalling (6.15) and (6.17),
/ Xew ) = X0 (Y) 4 cm B Cm
R R TV P e P O

(6.21)

B m c C
(A4 ) \pl> dZ )

we have that po < 1+ (" (% +¢x) < 2+ % < &2 and

Now we observe that, when p; < dWm,

s0 |p| < <&7. Therefore
C C ¢
9e < < )
dy = N2 pPe = 2l
if N is large enough (independently on m and K). This and (6.21) imply that
/ XEn () — X5, (Y) dy > me ‘
ge |y —pl* 2(dm + )" |pl?*
By recalling (6.17), we see that the latter estimate implies (6.14) in this case.
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am —Cm’p —Cm dm

FIGURE 15. A power-like function tangent at p € OF,,, with p; € [ ydm )

[t remains to prove (6.13) when p; € [dwm, dm). In this case, we argue like this. For any p = (p1,p2) € 0F,,
with p; € [dwm, dm), we have ps = v/(d,,,)(p1 — dn) +v(d,y,), and we define v, the power function whose graph
passes through p and tangent to the line {zy = v'(d) (21 — dp) + v(d,n)} at p, see Figure 15. Explicitly,
we define

my (21 + Cm,p)l

vp(21) = ,
' g
with — my, = (yp2)'Ym (d + ¢,) 707V
P2
and Cmp 1= — 1.

m (dy + )7t
We remark that
vp(p1) = p2 and v, (p1) = v'(dyn).

Since py < v(dy) = my~ (dm + ¢m)?, we have that
(6.22) A en)) M (Ao 4 )0 = m.
Moreover py = v'(d,,)(p1 — m) + v(dm) =m (dm + cn) (p1 — dpm) + myHdpm + ¢)?, therefore

M (dp + )" (p1 — dp) +m (i + €)Y

(6.23) Gma = 1 (s + O )71 e
= ’7(p1 - dm) +dm + Cm, —p1= (1 - 7)(dm _p1> + Cm-
Hence, since p; < d,,,
(6.24) Cmp > Cm-
Also, from (6.16) and (6.23),
(6.25) cmp = (L =)(dmn —p1) + (v = Ddm + vax = —(1 = 7) p1 + 7k
Therefore, since p; > dWm =N,
(6.26) Cnp < —(L=7)N+7qx < =(L =) N +1< ~1 < —ay,

provided that N is large enough.
Furthermore, using again (6.25),

(6.27) DL+ Cmp = 101+ YK > L = AN > 1.

In addition,
mp(pl + Cm,p)lil = U;;(pl) = U/(dm> = m(dm + Cmﬂ—ila
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therefore, by (6.17) and (6.25),

mp _ (1t tmp)y | (i t+7a0)y” (it an)y”

M (At em)y” (Wdm k)T (dn +ar)”

(%), 1

Z @d) N

(6.28)

Vv

Now we claim that
(6.29) if 21 > d,p,, then vy(z1) < v(xq).
To prove this, we use (6.18) and (6.24) to see that
1+ Cmyp 2 T1+ Cy = dpy +Cy 2 1,

therefore

UY(w1) =7 (vp(21) — v(21)) = My (@1 + € ) — M (21 + )7
Also, v, is concave, therefore

Up(dim) < vp(p1) + 0, (p1)(din — 1) = P2 + V' (din) (d — 1)
= ' (dp)(p1 — dm) + v(dy) + V' (d) (dm — p1) = v(dp).
As a consequence, ¥(d,,) < 0. Moreover, for any x1 > d,,,
U (@1) = myy (T1 4 cmyp) ™ —my (T1 4 )T <my [(@1 + Cnp)’ T = (21 + en) ] <0,

thanks to (6.22) and (6.24). From these considerations, we obtain that ¢» < 0 in [d,,, +00), which
proves (6.29).
Also, by concavity,

if 21 € [—¢mp, dn), then
vp(21) < vy (p1)(x1 — p1) + vp(p1) = V' (dn) (@1 = p1) + p2 = V' (dw) (21 — d) + 0(d).

Now we claim that

(6.30)

(6.31) the subgraph of v, is contained in E,,.

To check this, let x = (z1, z2) be such that x9 < v,(x1). Then, if 21 < —¢;,, then v,(21) = 0 and so (6.31)
plainly follows. If x; € [—cmyp, dn], then (6.31) is implied by (6.26) and (6.30). Finally, if 21 > d,,,
then (6.31) is a consequence of (6.29).

Hence, we define S := {z2 < v,(z1)}, we use (6.31) and Lemma 6.2 (which can be exploited in this
framework with the power-like function v,, thanks to (6.27)) and we obtain that

Xew ) = xea (W) o o [ xsW) = xse(y) o Ceomy
_ pl|2+2s Y= _ m|2+2s vz lys—eg’
R2 ly — p| g2 |y — Dl (p1 + Cmp)? 0

for some ¢ > 0. Now we recall (6.25) and we see that p; + ¢, < p1 < |p|. Using this and (6.28) (notice
that N has now been fixed), we obtain (6.13) if p; € [%=,d,,) as a consequence of (6.32).
This completes the proof of (6.13) in all cases and finishes the proof of Proposition 6.3. 0

(6.32)

7. CONSTRUCTION OF COMPACTLY SUPPORTED BARRIERS

In this section, we construct a suitable barrier for the fractional mean curvature equation in the plane
which is flat and horizontal outside a vertical slab, and whose geometric properties inside the slab are
under control. Roughly speaking, we will take the barrier constructed in Proposition 6.3 and a reflected
version of it and join it smoothly in the middle. The effect of this surgery is negligible at the points of the
barrier that are near the horizontal part, and give a bounded contribution in the middle.

This barrier is described in Figure 16 and the precise result obtained is the following:



33

FIGURE 16. The barrier constructed in Proposition 7.1.

Proposition 7.1. Let ¢y € (0,1 — 7). There exists me, > 0 such that if m € (0, mg,| then the following
statement holds.
There exist @y, > 0, Ly > Ay > dp > 1, ¢, €R, Cy > 0 and a set Fy, C R* with (OF,,) N {xy > 0} of

class C*' and such that:

F, n{z; <0} = (—00,0) x (—00,0),

F, DO R x (—00,0),

Fp 2(0, Ly, + 1) X (—00, ay],

1is
Fp C {xs < Com L)
and Fon{dy, <x1 < Ly} ={xy <v(z1), dp, < 21 < Ly},

where v was introduced in (6.3). In addition, one can suppose that
(7.1) L, =104, >2+m ! + cum.

Moreover, the set F,, is even symmetric with respect to the vertical axis {x1 = L,, + 1}, and there exists
C'" > 0 such that

XFn (YY) — XFe (Y)
7.2 / i i dy = 0,
(7.2) Rz |y —p|*t

for any p € (OF,,) N{x1 € (0, A,,)}, and
— ¢ !0 28
/ Xen(Y) = xre(y) o C'm
RQ

ly — p|*+2s g

(7.3)

L%-I—s—so’
for any p € (0Fn) N {a1 € [Am, Lin + 1]}

Proof. We let E,, be the set constructed in Proposition 6.3. Let E! be the even reflection of E,, with
respect to the vertical axis {z1 = L, +1}. We take a smooth function w : [Ly,, Ly, +2] — [v(Ly,), Cm L),]
that is even with respect to {zy = L, + 1}, with w(L,,) = v(L,,) and such that its derivatives agree with
the ones of v at the point L,,. The set F}, is then defined as

(B N {z1 < Lin}) U {22 <w(z1), 21 € (L, Ly +2)} U (E), N {1 > Ly, + 2}).

For completeness, let us describe the above function w explicitly. One takes an odd function 7 €
C*>(R,[—1,1]) such that 7 = —1 in (—oo, —1] and 7 = 1 in [1,400) and defines w by
(1—=7(z1 — Lyn — 1)) v(21) + (14 7(21 = Ly, — 1)) v(2Lp, 4+ 2 — 1)

w(zy) == 5 :
Then w(L,, + 1+ x1) = w(Ly,, + 1 — z1), hence w is even with respect to {z; = L,, + 1}. The set F,,
has the desired geometric properties, so it remains to prove (7.2) and (7.3). For this, we take L,, = 104,,
appropriately large. In particular, we suppose that L,, > ¢, + 2A,,, and therefore, for any y; € [L,,, +00)
and p; € (0, A,,) we have that y; + ¢, < 2(y; — p1), and so, by (6.3),

m(y; +cm)l _ 27m(y; —p1)?
U(yl) _ (ylly )—l— < (ylly pl) )
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We also notice that E,,\F,, C {x1 > Ly, 0 < x5 < v(z1)}. Therefore, for every p € (0F,,){z1 € (0, An)},

XEn (Y) — XEe, (V) XFw (Y) — XFe, (¥)
dy — dy
R2 R2

y — p|rres y — p[2tes
_ 2/ XE\Fu (Y) —;SFJZZL\Em(y) dy < 2/ dy2+25
(7.4) R2 ly — pl Epm\Frm ly — pl
' +oo 'U(yl) dyl +o0 Cm
<2 —2r = < Cm — )22 =
/m (g1 — p1)2+2 . (41 —p1) (Ln — p1) 25
Cm Cm

~ 1+2s—y 1,6 o0
Lm+ s L%{"S €0

up to changing the names of the constant C' > 0 line after line. Hence, recalling (6.13),

/ XFn (Y) — XFe, (y) S deom _ Cm N ¢ egm
R |y —pPr T plEtee a7 2fplate

for any p € (OF,,)N{z1 € (%=, A,,)}, aslong as L,, is large enough (possibly in dependence of SUDg, e(0,4m) 14])-
This establishes (7.2) if p € (0F,,) N {z1 € (%=, A,)}.
If instead p € (OF,,) N {z; € (0,%]}, we use (7.4) and (6.14) to obtain that
/ X7 (Y) — XrFe (Y) - dm Cm d N*m Cm  JdN*m Cm
R2

_ — = — P>
_ 2+42s = gl 1,4 = 1—v 1, . 1, 1, =
|y p| dpm |p|2$ L72n+s €0 dm d,%f L72n+s €0 d72n+8 €0 ern-‘rs €0

as long as L,, is large enough, and this proves (7.2) also in this case.

Now we prove (7.3). For this, we take p € (0F,,) N {x1 € [Am, L, +1)}. By (6.3), the curvature of F,
at p is bounded (in absolute value) by CmLY~2. Hence (see Lemma 3.1 in [13], applied here with A := L)~*
and R := m™'L*77, so that AR = £2 and canceling the contribution coming from the tangent line) one
obtains that

- - —2s —2s C s
(7.5) / W) = XE W) g | (11 (ot 120) 7 = oyt = ST
Bpr, (p) ly — p|**+2s L%JrS*Eo

for some C' > 0, possibly varying from step to step.
Moreover, to compute the contribution coming from outside Br,, (p), we can compare the set F,, with

the horizontal line passing through p. Notice indeed that F},\ B, znp) = {x2 < 0}\ BLn (p). Thus, since py
is controlled by C'mL7,

X (Y) — Xrg (9) dy
2+42s dy < 2 242s
R2\B, (p) ly — pl {0<p2<CmLEN\B Ly, ly — pl

d C
< CmL;/ % — CmLz.L_l_QS _ : m .
{ly1—p1|>Lm} T L?n-i-s—fso
up to renaming C' > 0. This and (7.5) imply (7.3), as desired. 0

By scaling Proposition 7.1, one obtains the following result:

Corollary 7.2. Fiz ¢y > 0 arbitrarily small. There exist an infinitesimal sequence of positive d’s and
sets Hs C R?, with (0Hs)N{x2 > 0} of class C*', that are even symmetric with respect to the axis {z1 = 0}
and satisfy the following properties:

HsNn{zx; < =1} = (=00, —1) x (—00,0),
Hs D R x (—00,0),
Hs D (—1,1) x (—o00,§1-2]

and Hs C{zy < 6}
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FIGURE 17. The barrier constructed in Proposition 7.3.

Moreover,

(7.6) jQQXHAy)—-xHAy)

ly — pl***

for any p € (0Hs) N {z; € (-1, -1+ 5)} and

/ xrs (Y) — xrg(y)
R2

ly — p|*T2s

for any p € (0Hs) N {z; € [-1+ 15, 0] }.

Proof. We scale the set F}, constructed in Proposition 7.1 by a factor of order ﬁ (then we also translate
1

78750
to (7.1). Also, the estimates in (7.6) and (7.7) follow from the ones in (7.2) and (7.3), since the fractional

curvature scales by a factor proportional to L.
We also remark that the vertical stickiness of F,, in Proposition 7.1 was bounded from below by a,,,

to the left by a horizontal vector of length 1) and take § := — . Notice that ¢§ is infinitesimal, due
L2

and L, > eﬁ, by (7.1). As a consequence, by scaling, the vertical stickiness of Hs here is bounded by an
2
T=25—2¢g

This quantity is in turn bounded by an order of 2 2 which we can bound

Gm o~ U
order of 2 [Tog ]

1
L log Ly, *
2+eq .

by 125, up to renaming &y. U

We observe that while in (7.6) we obtained that the fractional mean curvature of the set is nonnegative
near {x; = £1}, from (7.7) we can only say that the fractional mean curvature of the set near {z; = 0}
is controlled by a small negative quantity (and this cannot be improved, since at the points in which the
set reaches its highest level the fractional mean curvature must be negative). By adding an additional
small contribution to the set in {|x1| € (2,3)}, we can obtain a complete subsolution, i.e. a set whose

fractional mean curvature is nonnegative. Such subsolution has the important geometric feature that the
points along {z; = 0} detach from {zs = 0}, see Figure 17. The precise statement goes as follows:

Proposition 7.3. Fiz cq > 0 arbitrarily small. There exist C' > 0, an infinitesimal sequence of positive §’s

and sets By C R?, with (9E5) N ((—3,2) x (0,+00)) of class C*', that are even symmetric with respect to

the azis {x1 = 0} and satisfy the following properties:
Esn{z; € (—o0,-3)U(-2,—-1)} = ((—oo, —3)U (-2, —1)) X (—00,0),
Esn{x € [-3,-2]} =[-3, 2] x (—o0, C9),
Es O R x (—00,0),
Bs D (—1,1) x (—o00, 612
and Esn{|z1] <1} C{xy < 6}
Moreover, for any p € (0Es) N {|x1| < 1},

XEs(Y) — XEe(y)
7.8 /‘ 7y > 0.
(7:8) w y—pPe Y
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Proof. Let Hs be as in Corollary 7.2. We define Ejs := Hs U F_ U Fy, where F_ := (=3, —2) x [0,C9) and
F, :=(2,3) x [0,C0). Then Ej satisfies all the desired geometric properties, and Es D Hs. Therefore,
when p € (0Es) N {|z1| € (1 — 555, 1)}, we have that (7.8) follows from (7.6). Moreover, when p €
(0E5) N {|z1| < 1 — 155}, we have that (7.8) follows from (7.7) and the fact that |F| = [F_| = C§ (and

U

one can choose C' > 0 conveniently large).

Remark 7.4. Concerning the statement of Proposition 7.3, by (7.8) (see in addition Lemma 3.3 in [13]),
we also obtain that

(7.9) y =0

/ XE; (YY) — XEg(Y) J

’y _p|2+25

for any p € (0Fs) N{|z1| < 1}.

8. INSTABILITY OF THE FLAT FRACTIONAL MINIMAL SURFACES

With the barrier constructed in Proposition 7.3 we are now in the position of proving Theorem 1.4. For
this, we will take F and F as in the statement of Theorem 1.4.

Proof of Theorem 1.4. Let Ejs be as in Proposition 7.3. The idea is to slide Es (or, more precisely, F s ) from
below. Namely, for any ¢ > 0 we consider the set E(t) := E% —teq. For large t, we have that E(t) C E. So
we take the smallest ¢ > 0 for which such inclusion holds. We observe that Theorem 1.4 would be proved

if we show that such ¢ equals to 0.
Then suppose, by contradiction, that

(8.1) t>0.
By construction,
(8.2) E(t)CFE

and there exists a contact point between the two sets. From the data outside [—1, 1] x R, we have that all
the contact points must lie in [—1, 1] x R.
Furthermore,

(8.3) no contact point can occur in (—1,1) x R.

To check this, suppose that there exists p = (p1,p2) € (OE(t)) N (OF) with |p;| < 1. Then, using the
Euler-Lagrange equation in the viscosity sense for £ (see Theorem 5.1 in [6]) and (7.8) we have that

/ Xe(y) — Xee(y) <0 </ xew(y) — xeew(y) du.
r2 |y —p[Pt re |y —pP®

Also, the opposite inequality holds, thanks to (8.2), and therefore E(t) and E must coincide. This would
give that ¢ = 0, against our assumption. This proves (8.3).

As a consequence, we have that all the contact points lie on {£1} x R. Since both 0E(t) and OF are
closed set, we can take the contact point with lower vertical coordinate along {x; = £1}, and we denote
it by 2 = (£1,25,).

Now, for any & € N (to be taken as large as we wish) and any h € [0, 1/k] we consider the ball of
small radius 7 > 0 (smaller than the radius of curvature of E(t)) centered on the line {zs = z, + h}
and we slide such ball to the left (towards {x; = —1}) or to the right (towards {x; = 1}) till it touches
either O0E N {|x1| < 1} or {z; = £1}, see Figure 18.

We claim that there exists a sequence k — +o0o for which there exists hy € [0, 1/k] such that the sliding
of this ball (either to the right or to the left) touches OE N {|z1| < 1}. Indeed, if not, we have that OF,
near {z; = +1}, stays above {z, = , + o}, for some o > 0. But this would imply that we can keep
sliding E/(t) a little more upwards, in contradiction with the minimality of ¢.

Therefore, we can assume that, for a suitable sequence k — -+o0o, we have that there exist points x; =
(ks Th) € (OF) N {|ay| < 1} with a0 = x5, + hy, and hy € [0, 1/k]. By construction, the points
must lie outside E(t), hence, if r is small enough, we have that |z ;| — 1 as k — +o0.
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FI1GURE 18. Sliding the balls from the barriers towards OF N {|z1] < 1}.

Hence, we assume that 2 € (OE)N{|z1] < 1} and z, — x, := z, as k — +o00 (the case in which z, — x}
is completely analogous). Then, by the Euler-Lagrange equation at the points zj, (see Lemma 3.4 in [13]),
we obtain that

(8.4) / xﬁy)——yﬁ;(sy) dy < 0.
On the other hand, by (7.9),

xXew (Y) — Xee (y)
(8.5) /R Ly >0

Combining (8.2), (8.4) and (8.5), it follows that E(t) = E. Thus, from the values of Es and E out-
side {|z1] < 1}, we conclude that ¢ = 0. This is in contradiction with (8.1) and so the desired result is
proved. 0

APPENDIX A. SYMMETRY PROPERTIES AND A VARIATION ON THE PROOF OF LEMMA 6.1
Here we prove that the minimizers inherit the symmetry properties of the boundary data:

Lemma A.1. Let T : R — R" be an isometry, with T'(Q)) = Q. Assume that there exists N € N such
that TN (z) = x for every x € .

Let E C R™ be such that T(E) = E. Let E, be the s-minimal set in a domain Q0 among all the sets F
such that F\ Q = E\ Q. Then T(E,) = E..

Proof. We let
1 o 2
Fu) =+ / / de .
2 R27\ (Q2¢)2 |$’ - y|” s

F(xE) = Pers(E,Q).
Moreover, by Lemma 3 on page 685 in [20], we have that
F(min{u,v}) + .Z (max{u,v}) < Z(u) + F(v),
and the equality holds if and only if either u(z) < v(z) or v(z) < u(z) for any = € .

We use the observations above with u := xp, and v := x7(g,). Notice that, in this case, min{u, v} =
XE.n7(E.) and max{u, v} = Xg,ure,). Hence, we obtain

(A1) Per,(E.NT(E,),Q) + Pery(E.UT(E,),Q) < Pery(E,, Q) + Pery(T(E.),Q),

and the equality holds if and only if either xg, () < X7z (%) or Xr(E) (%) < xE. (2) for any x € Q, that
is, if and only if

(A.2) either E, NQ CT(E,)NQor T(E,)NQC E,NQ.

We observe that

u
u
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Now we observe that
Per,(T(E,),Q) = L(T(E.)NQ R”\T )+ L(Q\T(E,), T(E)\ Q)
= L(T(E. Q),R*"\ T(E,)) + L(T(Q) \ T(E.), T(E) \ T(?))
= L( (B, ﬂQ R”\E)) ( (Q\ E,), T(E, \Q))
= L(E*ﬂQ,R”\E*)—l—L(Q\E*,E*\Q)

= Pery(E,, Q).
Substituting this in (A.1), we obtain that
(A.3) Per,(E, NT(E.),Q) + Per,(E,UT(E,),Q) < 2Per,(E,, Q).
On the other hand,
(A4) TENJ\Q=TE)J\TQ)=TE\Q)=T(E\Q)=T(E)\Q=FE\.

This says that E, NT(FE,) and E, UT(FE,) are admissible competitors for E, and therefore
Pery(E,,Q) < Pery(E,NT(E,),Q) and Pery(E,,Q) < Pery(E.UT(E,),Q).

This implies that the equality holds in (A.3), and so in (A.1).

Therefore, (A.2) holds true. So we suppose that E,NQ C T(E,)NS (the case in which T'(E,)NQ C E.NQ
can be dealt with in a similar way). Then we have that E, N Q C T(FE, N ). By applying T, we
obtain T(E, N Q) C T*(E, NQ), and so, iterating the procedure

E.NQCTENQC---CTVHENQ) CTV(E,NQ) =E.NQ.
This shows that £, NQ =T(F,NQ), that is £, NQ =T(E,) NQ.
Also, by (A.4), E.\ Q=T(E,) \ Q. Therefore E, = T(E,), as desired. O
Now we give a different (and more general) proof of Lemma 6.1, according to the following result:

Lemma A.2. Let 0, 0 € (0,1), with 0 < 20¢. Then, for any t > 0, we have
(A.5) (=A)7t] = —AT(1+ o) ['(200 — o) sin (7(c — 0¢))t" >,
where ' is the gamma function.
In particular,
e if 0 = 0y, then, for anyt >0,
(—=A)7t5 =0,
e if 0 > 0y, then for anyt > 0,
(—A)7t% <0,
o if o < 0y, then for anyt > 0,
(—=A)7t7 > 0.

Proof. The proof is a modification of an argument given in [4]. In order to prove Lemma A.2, we will use
the Fourier transform of [¢|? in the sense of distribution, where ¢ € C\ Z. Namely (see e.g. Lemma 2.23
on page 38 of [17])

(A.6) F(|t|7) = Cq €717,

with

(A7) C, == —2(1 + q) sin %

Notice that the map R 3 ¢ — [t]|? is even, and so we can rewrite (A.6) as
(A.8) FHlel") = (2m) 7 Cq [t
Moreover,

1
[t + J—HatMUH = 2t7.



Therefore, taking the Fourier transform and using (A.6) with ¢ := ¢ and ¢ := o + 1, we obtain that

{0} 1 g
27(5) = FU)+ 77 (Oeft|”*)
2i€
= F(t|")+ —=Z(t]""
(17 + 7 # t7)
21€
— Co —1—0 Oa 7270.
€] + s €]
So, multiplying the equality above by |£]|??°, we obtain that
21
2 200’-@' tO’ — CO’ 200—0—1 200—0—2
EPF ) = C|eP + 2y €,
and so
2C, 411
(A.9) 277 (e F (1)) = Co FH (€077 + =L F Q) x T (g0
o
Now we claim that, for any test function g,
(A.10) (Z7H&) = g) (t) = —idug(1).

Indeed,
(ffl(f) xg) (t) = F 1 (£Fg(€)) (1)

= [y [ deer 0 ygte) = —5= [ ay [ deoer g0
— o v [[dcer D006 = o [ dyer F (o) )
1

=~ 7 (F(09)) (1) = i D),

which shows (A.10).
Using (A.10) into (A.9), we obtain that

Cos1i
“(lePrEen) = CoF (P - ST 0T (P
Co
= G T (P + g (),
As a consequence, exploiting (A.8) with ¢ := 209 — 0 — 1 and q := 209 — 0 — 2, we have that
CO’ Ccr o
y_l <|§|200ﬁ(ti>) - CU 0200*071 |t|0 200 + %8 |t|(7 200+
g—20 g — 200 + ]. o—900—
= C, 02007071 ’tl 200 + O-—_|_1 . C’G+1 02007072t ‘t’ 200-1
This gives that, for t > 0,
— 2 1
{gZ—l (|§|200¢O/\(t3——)) = (Co’ 020'0—0'—1 + % . Co_+1 0200_0_2) to’—20'0.

So we obtain that, up to a dimensional constant, for any ¢ > 0,

o— 209+ 1 90
(A.11) (=A)™(t]) = <C’U Covg—o—1 + - Z0r-. Coi1 C’ggogg> o200,
o+1
Now, we observe that
LT LT
(A.12) Cy Cory—o-1 =4T(1 4+ 0)I'(20¢ — o) sin (5(7) sin <§(200 -0 — 1)) .

Moreover,
I'2+o0)=(1+0)'(14+0) and I'(200 — o) = (200 — 0 — 1)[(200 — 0 — 1).

39
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As a consequence, recalling (A.7) and (A.12),

o—209+1
———— Oy 1 Oy

U+1 +1 Y209 2
0—200+1

= —— 4024+ 0) (200 — 0 — 1) sin <g(a + 1)) sin (%(200 —0— 2))

oc+1

= —4T(1+0)T'(200 — o) sin <g(a + 1)) sin (2(200 —0— 2)>

= _CO' 02007071 :

sin (2(o + 1)) sin (2(200 — 0 — 2))
sin (20) sin (2(209 — 0 — 1))
Plugging this into (A.11), we get

sin (2(o + 1)) sin (

(200 — 0 — 2))

(=A)°(t7) = Co Cogy—o-1 (1 -

INIERINIE

sin (

NE

0) sin (

Now, by elementary trigonometry, we see that

(200 — 0 — 1))

) tO’—QO’o.

sin (g(o + 1)) = cos (ga) and sin <g(200 —0— 2)) = — cos <g(200 —0— 1)) :

Therefore,
~sin(§(o +1)) sin(5(200 — 0 —2))
sin (Z0) sin (Z(209 — 0 — 1))
_ cos (20) _cos (2(200 — 0 — 1))
= sin (20)  sin (2(209 — o — 1))
_ cos (30) [sin (30) L oo (2(200 — 0 — 1))]
sin (20) |cos(Zo)  sin(%Z(200 — o0 — 1))
_cos (Zo) _sin (20) sin (2(200 — 0 — 1)) + cos (30) cos (2(200 — o — 1))
sin (Zo) cos (Z0) sin (2(209 — 0 — 1))
_cos (Z0) ' cos (m(o — 0o) + %)
sin (20) cos (%0) sin (3(200 — 0 — 1))

20) ‘ sin (7(o — 0yp))
Zo) cos(Zo) sin (2(200 — 0 — 1))
B sin (7(o — 09))

sin (Z0) sin (3(200 — 0 — 1))’

Accordingly, up to a dimensional constant,

sin (w(o — ay))

tO’*QO’O'
sin (Z0) sin (2(200 — 0 — 1))

(_A>Uo(ti) = _CO' C’20'0—0'—1

So, recalling (A.12), we obtain that, for any ¢ > 0,

(=A)°(t7) = —4T (1 + o) (200 — 0) sin (w(o0 — 0y)),

which shows (A.5).
We finish the proof of Lemma A.2 by noticing that
e if 0 = 0y, then sin (7(0 — 0y)) =0,
e if 0 > 0y, then sin (7(c — 0y)) > 0,
e if 0 < 09, then sin (7(0 — 0¢)) < 0.

This implies the desired result.
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