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Abstract

The paper is devoted to the problem of existence of propagators for an abstract linear
non-autonomous evolution Cauchy problem of hyperbolic type in separable Banach spaces.
The problem is solved using the so-called evolution semigroup approach which reduces the
existence problem for propagators to a perturbation problem of semigroup generators. The
results are specified to abstract linear non-autonomous evolution equations in Hilbert spaces
where the assumption is made that the domains of the quadratic forms associated with the
generators are independent of time. Finally, these results are applied to time-dependent
Schrodinger operators with moving point interactions in 1D.
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1 Introduction and setup of the Problem

The aim of the present paper is to develop an approach to Cauchy problems for linear non-
autonomous evolution equations of type

%u(t) + A(t)u(t) =0, wu(s)=us€eX, t,sel, (1.1)

where 7 is a bounded open interval of R and {A(t)}+cz is a family of closed linear operators in
the separable Banach space X. Evolution equations of that type are called forward evolution
equations if s < ¢, backward if s > t and bidirectional evolution equations if s and t are arbitrary.
The main question concerning the Cauchy problem (1.1) is to find a so-called “solution operator”
or propagator U(t, s) such that u(t) := U(t, s)us is in some sense a solution of (1.1) satisfying the
initial condition u(s) = us.

Usually it is assumed that either {A(¢)}tcz or {—A(t)}iez are families of generators of Cp-
semigroups in X. In order to distinct both cases we call an operator A a generator if it generates a
Co-semigroup {e*4};>0. We call A an anti-generator if —A generates a Co-semigroup {e~*4},>,
i.e., the operator — A is the generator of a semigroup. If simultaneously A is an anti-generator and
a generator, then A is called a group generator.

Very often the Cauchy problem (1.1) is attacked for a suitable dense subset of initial data us by
solving it directly in the same manner as ordinary differential equation, which immediately implies
the existence of the propagator, see e.g. [43]. For this purpose one assumes that {A(¢)}:ez is a
family of anti-generators of Cy-semigroups such that they uniformly belong to the class of quasi-
bounded semigroups G(M, (), cf. [21, Chapter IX]. If {A(t)}+ez is a family of anti-generators of
class G(M, 3) which are simultaneously anti-generators of holomorphic Cy-semigroups, then the
evolution equation is called of “parabolic” type. If it is not holomorphic, then it is called of
“hyperbolic” type. In the following in this paper we are only interested in the “hyperbolic” case.

There is a rich literature on “hyperbolic” evolution equations problems. The first author who
discussed these problems was Phillips [37]. A more general case was considered by Kato in [19, 20]
and by Mizohata in [29]. These results were generalized in the sixties in [11, 16, 24, 51, 52, 27, 15,
13]. Kato has improved these results in two important papers [22, 23], where for the first time he
introduced the assumptions of stability and invariance. In the seventies and eighties Kato’s result
were generalized in [10, 18, 25, 49, 50]. For related results see also [26, 14, 9]. Recently several
new results were obtained in [3, 36, 35, 44, 45, 46]. In the following we refer to these results as
a “standard approach” or “standard methods”. Their common feature is that the propagator is
constructed by using certain approximations of the family {A(t)}+cz for which the corresponding
Cauchy problem can be easily solved. After that one has only to verify that the obtained sequence of
propagators converges to the propagator of the original problem. Widely used approximations are
a so-called Yosida approzimation introduced in [52], piecewise constant approximations proposed
by Kato, cf. [22, 23], as well as a combination of both, see [24].

In contrast to the standard methods another approach was developed in [12, 17, 31, 32, 33, 34]. Tt
does not rely on any approximation, since it is based on the fact that the existence problem for
the propagator in question is equivalent to an operator extension problem for a suitable defined
operator in a vector-valued Banach space L?(Z, X) for some p € [1,00). More precisely, it turns
out that any forward propagator {U(t,s)}.s)ens, Az = {(t,5) € T x I : s < t}, (see Definition
2.1) defines a Cy-semigroup in LP(Z, X) by

U@ 1)) == Ult,t—o)xzlt — o) f(t— o), f € L/L,X), a0, (1.2)

where xz(-) is the characteristic function of the open interval Z. Cy-semigroups in LP(Z, X)
admitting a forward propagator representation (1.2) are called forward evolution semigroups. The
anti-generator K of the semigroup {U(c)}ser,, ie. U(o) = e 7K, o0 € Ry, is called the forward
generator. Our approach is based on the important fact that the set of the forward generators can



be described explicitly, and that there is a one-to-one correspondence between forward propagators
and forward generators , see [32].

Now, let us assume that the forward propagator {U(t, s)}(+,s)ca, is found by the standard approach
and that it solves the forward evolution equation (1.1) in some sense. Then it turns out that the
forward generator K7 defined by (1.2) is an extension of the so-called evolution operator Kz given
by

(Kzf)(t) =Dzf + Af, f € dom(Kz)=dom(Dz)Ndom(A), (1.3)

in LP(Z,X) for some p € [1,00), where Dz is the anti-generator of the right-shift semigroup in
LP(Z,X) and A is the multiplication operator in LP(Z,X) induced by the family {A(¢)}iez, see
Section 2.

This remark leads to the main idea of our approach: to solve the evolution equation (1.1) by
extending the evolution operator I?I to an anti-generator of an (forward) evolution semigroup.
Notice that in contrast to the standard approach now the focus has moved from the problem
to construct a propagator to the problem to find a certain operator extension. This so-called
“extension approach” or “extension method” has a lot of advantages, since it works in a very
general setting, and it is quite flexible and transparent. The approach becomes very simple, if the
closure of the evolution operator Kz is already an anti-generator, in other words, if Kz is essentially
anti-generator. In this case one gets the forward generator by closing K7, see Theorem 2.4,
which immediately implies the existence of a unique forward propagator for the non-autonomous
Cauchy problem (1.1). Some recent results related to the extension method can be find in e.g.
[28, 30, 35, 39, 40].

Below we exploit this approach extensively and we show how this method can be applied to
evolution equations of type (1.1). We prove that under the stability and invariance assumptions of
Kato [22, 23] the evolution operator Kz is already an essential anti-generator, which means that
its closure K7 is a forward generator.

We apply also the extension method to bidirectional evolution equations of the type

Z%u(t) = H(t)u(t),u(s) =us, s,t€R, (1.4)
on R in Hilbert spaces, where { H (t) }+cr is a family of non-negative self-adjoint operators. Using the
extension method we restore and obtain some generalizations of the Kisynski result [24]. Moreover,
we show that Kisynski’s propagator is in fact the propagator of an auxiliary evolution equation
problem closely related to (1.4). The solution of the auxiliary problem implies a solution for
(1.4). The uniqueness of the auxiliary solution does not imply, however, uniqueness of the original
problem (1.4), in general.

The paper is organized as follows. In Section 2 we recall some basic facts of the theory of evolution
semigroups. Section 3 is devoted to a perturbation theorem for generators of these semigroups,
which is used then in Section 4 to show that the closure K7 of the evolution operator (1.3) is
an anti-generator. The results of Section 4 are specified in Section 5 to families {A(¢)}er of
the form A(t) = ¢H(t) where H(t) are semi-bounded self-adjoint operators with time-independent
form domains in a Hilbert space. In Section 6, we apply these results of Section 5 to Schrédinger
operators with time-dependent point interactions of the form:

H(t):=—s———~—+V(@) + Y kj(t)i(z—2;) z€R, teR,

j=1
as well as to the case of moving point interactions of the form:
d2

H(t) := o

+r1(t)0(x — 21(t)) + K2 (t)0(t)(x — 22(t))



where the coupling constants ;(-) are non-negative Lipschitz continuous functions in ¢t € R and
z;(t) are C%-trajectories in R. These kind of problems were the subject of publications [7, 6, 38,
42, 41, 48].

2 Evolution generators

In the following we are interested not only in the forward evolution equations but also in the
backward ones as well as in the bidirectional evolution equations. The interest to theses evolution
equations rises from time reversible problems in quantum mechanics, which we consider in conclu-
sion of this paper as applications. For this purpose we show in Section 2.2 how one has to modified
the extension approach for backward evolution equations. Moreover, in application to quantum
mechanics we are concerned with infinite time intervals, in particular, with Z = R. In order to
apply our approach to this situation it is useful to localize it in time, this means that instead to
consider the Cauchy problem on R we consider it on arbitrary finite subintervals of R. In this case,
however, one has to ensure that propagators for different time intervals are compatible.

2.1 Forward generators

We start with the definition of a forward propagator in a separable Banach space.

Definition 2.1 Let X be a separable Banach space. A strongly continuous operator-valued func-
tion U(+,-) : Arx — B(X) is called a forward propagator on Az = {(t,s) € T xT : s < t},
if

(i) U(t,t) =Ix fort € T,
(ii) U(t,r)U(r,s) =U(t,s) for (t,r,s) € I3 s <r <t,

(ii) [Ullsx) = supe,syen, 1U(E 8)llx) < oo

We call a strongly continuous operator-valued function U(-,-) defined on Ag := {(¢,s) e Rx R :
s < t} a forward propagator, if for any bounded interval Z the restriction of U(-,-) to Az is a
forward propagator.

Another important notion is the so-called evolution operator. To explain this notion we introduce
the Banach space LP(Z,X), p € [1,00), where X is a separable Banach space. In LP(Z, X) we
define the multiplication operator

(M(9)f)(t) == o(t)f(t), dom(M(¢)) =L"(Z,X), ¢ L>(I). (2.1)
Definition 2.2 A linear operator K in LP(Z,X), p € [1,00), is called an evolution operator, if

(i) it satisfies the conditions:

dom(K) C C(Z, X), (2.2)
M(¢)dom(K) C dom(K), ¢ € H">(T), (2.3)

and
KM(¢)f — M(¢)Kf=M($)f, fedom(K), ¢eH">(T), (2.4)

where ¢ := d¢/dt, and
(ii) its domain dom(K) has a dense cross-section in X, this means that

[dom(K)]; := {z € X : 3f € dom(K) such that f(t) = z},



is dense in X for each t € 7.

If in addition K is an anti-generator or a generator in LP(Z, X), then K is called a forward or
backward generator, respectively.

The density of the cross-section is not a trivial condition. However, one has to mention that it is
important to ensure the continuity of the propagator. Notice that if K is an evolution operator,
then its domain dom(K) is already dense in LP(Z,X), 1 < p < o0.

Further, by virtue of Theorem 4.12, [32], it turns out that there is a one-to-one correspondence
between the set of forward propagators and the set of forward generators established by (1.2). This
correspondence plays a crucial role in our arguments below.

Let S, (o) be the right-shift semigroup in LP(Z, X), 1 < p < 400, given by

(S (0))(t) := f(t = o)xz(t —0), f€LP(T,X). (2.5)
This is a Cp-semigroup of class G(1,0). Its generator is given by —Dz, where
(D2)(1) = S 7@), [ € dom(Dy) = HY¥(T,X), T=(a,0).
According to our convention the operator Dz is an anti-generator. Here
H,P(I,X) = {f € H'"(Z,X): f(a) = 0},
and HP(Z,X) is the Sobolev space of X-valued absolutely continuous functions on Z with p-

summable derivative.

Notice that a family {A(t)}:ez of closed and densely defined linear operators is called measurable,
if there is a z € C such that z belongs to the resolvent set p(A(t)) of A(t) for almost every (a.e.)
t € T and for each x € X the function

f(t) = (A®t) =)'z, teT,

is strongly measurable. If the family {A(¢)}:ez is measurable, then one can show that the multi-
plication operator A,

(AN)@) == A@®)f(t), [ € dom(A), (2.6)

f(t) € dom(A(t)) for a.e. t € T, }

A(t)f(t) € LP(Z,X) (2.7)

dom(A4) := {f eLP(Z,X):

is densely defined and closed in LP(Z, X).

Instead of solving the Cauchy problem (1.1) for a suitable set of initial data us we consider the
operator _ _

Kzf:=Dzf+Af, f€dom(Kz):=dom(Dz)Ndom(A), (2.8)
in LP(Z, X), p € [1,00). If the domain dom(K7) has a dense cross-section, then by the definition
above K7 is an evolution operator. This leads naturally to following definitions:

Definition 2.3 Let {A(¢)}:tcz be a measurable family of a closed and densely defined linear op-
erators in the separable Banach space X.

(i) The forward evolution equation (1.1) is well-posed on T for some p € [1, 00) if K7 is an evolution
operator.

(ii) A forward propagator {U(t,s)} s)ea, is called a solution of the well-posed forward evolution

equation (1.1) on Z if the corresponding forward generator Kz, cf. (1.2), is an extension of K.



(iii) The well-posed forward evolution equation (1.1) on Z has a unique solution if K7 admits only
one extension which is a forward generator.

It is quite possible that the forward evolution equation (1.1) has several solutions, which means that
the evolution operator IN(I admits several extensions, and each of them is a forward generator. The
dense cross-section property of the evolution operator is not sufficient to show that the evolution
equation admits a unique solution.

In the following the next statement will be important for our reasoning.

Theorem 2.4 Let {A(t) }tez be a measurable family of closed and densely defined linear operators
in the separable Banach space X. Assume that the forward evolution equation (1.1) is well-posed
on T for some p € [1,00). If the evolution operator K7 is closable in LP(Z,X) and its closure K1
is an anti-generator, then the forward evolution equation (1.1) on Z has a unique solution.

Proof. Since the evolution equation is well-posed, the domain dom(f(z) is densely defined in
L?(Z, X). By assumptions the closure K7 is an anti-generator. Hence, it remains to show that the
closure K7 satisfies the conditions (2.2)-(2.4). It is easy to verify that the closure K7 satisfies the
conditions (2.3) and (2.4). To show (2.2) let us assume that K7 belongs to G(M, 3). By Lemma
2.16 of [33] the closure K7 admits the estimate

M
WH(KI + &) fllerz.x), f€dom(Kz), pe€]l,00),

for a.e. t € T and £ > 3. In particular, we have

IF®)lx <

M ~ ~
[fllezx) < W”(Kz + & fllLez,x), [ € dom(Kx). (2.9)

Since I~(I has a closure K7, there is a sequence of elements {f, }nen for any f € dom(f(z) such
that f, € dom(I?I), fn— fand I?Ifn — Kz f in the LP(Z, X)) sense when n — co. By (2.9)
one gets that {f,}nen is a Cauchy sequence in C(Z, X). Hence f € C(Z,X), that proves (2.2).
Since dom(f(z) has a dense cross-section for each t € 7, one gets that its closure K7 has a dense
cross-section for each t € Z. Hence K7 is forward generator.

Let K1 and K’ be two different extensions of I?I, which are both forward generators. Since K7z

is the closure of K7 one has K7 C K. Since K7 and K% are generators of a Cp-semigroup, one
gets K7 = K. Hence the evolution equation (1.1) is uniquely solvable. ([l

2.2 Backward generators

In the following we are also interested in so-called backward evolution equation (1.1), ¢t < s, t,s € Z.
Equations of that type require the introduction of the notion of backward propagator:

Definition 2.5 A strongly continuous operator-valued function V(-,-) : V7 — B(X) is called a
backward propagator on Vz :={(t,s) €T x I : ¢t < s}, if

(i) V(t,t)=Ix fort € Z,

(ii) V(t,r)V(r,s) = V(t,s) for (t,r,s) € I3, t <r <s,

(iii) sup( gev, IVt 8)[l5x) < oo

We call a strongly continuous operator-valued function V(-,-) defined on Vg := {(t,s) e R xR :
s < t} a backward propagator if for any bounded interval Z the restriction of V(-,-) to Vz is a
backward propagator.



Similar to forward propagators there is a one-to-one correspondence between backward propagators
and backward generators given by

(eEHt)=V(t,t+o)xz(t+0)f(t+0), feLP(T,X), o>0, (2.10)

p € [1,00). With the backward evolution equation we associated the operator K~

KTf=DTf+ Af, fedom(K?):=dom(D?)Ndom(A), (2.11)
where 9
(DEF)(t) = 5, (1), f € dom(DT) := {f € H,"(T,X): f(b) = 0}

is the generator of left-shift semigroup S;(c) = e’P* on LP(Z,X), that is,

Si(a))Ht)=ft+o)xz(t+0), teZ, felLP(Z,X), o>0.

Definition 2.6 Let {A(t)}+cz be a measurable family of closed and densely defined linear opera-
tors in the separable Banach space X.

(i) The backward evolution equation (1.1) is well-posed on Z for some p € [1,00), if K7 is an
evolution operator.

(ii) A backward propagator {V(t,s)}« s)ev, is called a solution of the well-posed backward evo-
lution equation (1.1) on Z if the corresponding backward generator KZ, cf. (2.10), is an extension
of KZ.

(iii) The well-posed backward evolution equation (1.1) on Z has a solution if K7 admits only one
extension which is a backward generator.

Now, following the same line of reasoning as in Theorem 2.4 we obtain a similar statement con-
cerning the backward evolution equation (1.1):

Theorem 2.7 Let {A(t)}+cz be a measurable family of closed and densely defined linear operators
in the separable Banach space X. Assume that the backward evolution equation (1.1) is well-posed

on T for some p € [1,00). If the evolution operator K7 is closable in LP(Z, X) and its closure K*
is a generator, then the backward evolution equation (1.1) on T has a unique solution.

2.3 Bidirectional problems

Crucial for studying bidirectional evolution equations on bounded intervals is the following propo-
sition.

Proposition 2.8 Let {U(t,s)},s)ea; and {V(t,s)}q sev, be for- and backward propagators
which correspond to the for- and backward generators Kz and K%, respectively. The relation

Vs, )U(t,s) =U(t,s)V (s, t) =Ix, (t,8) € Az, (2.12)
holds if and only if for each ¢ € HL->(Z) N H;’OO(I) the conditions
M(¢)dom(Kz) C dom(K%) and M(¢)dom(K?T) C dom(K7) (2.13)

and
KIM(¢)f = KzM(¢)f, fe€dom(Kz) or f e dom(K7), (2.14)

are satisfied.



Proof. We set

9(0) = M(@)e I f, e LNT.X), ¢ € HY(D).
Taking into account (1.2) and (2.10) we find

(9(0))(t) = V(t,t + 0)p(t + O)U(t + 0, t)xz(t + 0)xz () f(1), t€T.

Using (2.12) we obtain

(9(0)(t) = ¢(t + O)X(ap-o) (D) f (1), tE€Z, 0<o<b—a. (2.15)
Since . .

(9(o) = M(¢)f = (" = M (d)f + ™™ M(¢)(e” T — I)f, (2.16)
by (2.15) we get that
lim L (g(0) = M(6)f =0, feLM(T,X).

Assuming f € dom(Kz) we immediately find from (2.16) that M(¢)f € dom(K?Z) and (2.13).
Interchanging K7 and Kz we prove M(¢)f € dom(Kz) and (2.14).
Conversely, assuming (2.13) and (2.14) we get that the function g(o) is differentiable and

= gl0) = e (KTM(9) = M(9)Kz) e"N5f, 520,

By virtue of (2.4) we find

d

G 9(0) = MG 020

which yields

g

K M (p)e K f = M(¢)f + /0 dr e X M(@)eKf, o> 0.
Therefore, using representations (1.2) and (2.10) we obtain
Vt,t+o)U(t+ o, t)p(t + o)xz(t + o) f(t) =
() f(t) + /OU dr V(t,t + 1)Ut 4+ 7,8)(t + 7)xz(t + 7) f (1)
for t € 7 and ¢ > 0. Put s :=t + 0. Then we get
V(t,s)U(s, t)p(s)xz(s) f(t) =
o050+ [ dr VU DI

for (s,t) € Az. Let Ty C Z be a closed subinterval such that restriction ¢ [ Zg = 1. If s,t € T,
then

V(t,s)U(s, 1) f(t) = f(t)
for t € Z. Since [dom(K7)]; is dense in X for each t € Z, we prove the first part of the equality
(2.12). To prove the second part one has to interchange generators K7 and KZ. O

Corollary 2.9 Let Kz and K7, p € [1,00), be evolution operators in LP(Z,X). Assume that for
each ¢ € H-(T) N HY ™ (Z) one has

M(¢)dom(K7) C dom(K?) and M(¢)dom(K?) C dom(K7) (2.17)

and
KTM(¢)f = KzM(¢)f, fedom(Kz) or fedom(K7). (2.18)

If the closures K7 and KT of the evolution operators Kz and K7 exist and are (respectively) for-
and backward generators, then the corresponding for- and backward propagators {U(t,s)} . s)eas
and {V (t,5)}x,s)ev, verify the relation (2.12).



Proof. Let f € dom(Kz). Then from (2.18) and (2.4) we get
K*M(9)f = M(¢)Kzf — M(d)f.
Since K7 is closable, for each f € dom(K7z) there is a sequence {f,, }nen, fn € dim(f(z), such that
lim, .o fn = f and lim,, .., K7 f, = Kz f. Since
KTM(9)fo = M($)Kzfu — M(9)fn, neN,
we get M(¢)f € dom(K7T) and

KIM(¢)f = M(¢)Kzf — M()f

for f € dom(Kz). Using (2.4) we prove M(¢)dom(Kz) C dom(K?) and (2.14). Similarly, we
prove also M (¢)dom(K%) C dom(Kz) and (2.14). Then application of Proposition 2.8 completes
the proof. O

Now it makes sense to introduce the following definition.

Definition 2.10 A strongly continuous operator-valued function G(-,-) : Z xZ — B(X) is called
a bidirectional propagator on T x T if

(i) G(t,t) = Ix for t € T,
(i) G(t,r)G(r,s) = G(t,s) for (t,7,s) € I°,

(iil) sup(; sezxz IG(E 8)[B(x) < o0
A strongly continuous operator-valued function G(-,-) defined on R x R is called a bidirectional

propagator on R x R, if for any bounded interval Z the restriction of G(-,-) to Z x Z is a bidirectional
propagator.

One can easily verify that if G(-,-) is a bidirectional propagator, then U(:,-) := G(-,-) | Az
and V(-,-) := G(-,-) | Vz are, respectively, for- and backward propagators related by (2.12).
Conversely, if U(+,-) and V (-, -) are, respectively, for- and backward propagators, which are related

by (2.12), then
_JU(t,s), (t,s) € Az
G(t,s) == {V(t,s), (t.5) € Vg (2.19)

defines a bidirectional propagator.

Definition 2.11 Let {A(t)}+ez be a measurable family of closed and densely defined linear oper-
ators in the separable Banach space X.

(i) The evolution equation (1.1) is well-posed on Z if the for- and backward evolution equations
(1.1) are well-posed Z for some p € [1,0).

(ii) The bidirectional propagator {G(t,s)}«,s)ezxz is called a solution of the bidirectional evolu-
tion equation (1.1) on Z if the for- and backward propagators {U(t, )} s)eas, U(,-) == G(-,-) |
Az, and {V(t,s)}@,s)evy, V(,-) := G(-,-) | Vz, are solutions of the for- and backward equations
(1.1) on 7.

(iii) The well-posed evolution equation (1.1) has a unique solution if the for- and backward evolu-
tion equation (1.1) has unique solutions.

Theorem 2.12 Let {A(t)}+ez be a measurable family of closed and densely defined linear operators
in the separable Banach space X. Assume that the bidirectional evolution equation (1.1) is well-
posed on I for some p € [1,00). If the closures K7 and KT of evolution operators K1 and KT exist
in LP(Z,X) and are anti-generators and generators, respectively, then the bidirectional evolution
equation (1.1) has a unique solution on .



Proof. One easily verifies that the operators K7 and KZ defined by (2.8) and (2.11) satisfy the
conditions (2.17), (2.18). Then application of Corollary 2.9 completes the proof. O

2.4 Problems on R

Let us consider the forward evolution equation (1.1) on R. A natural way to study this problem
is to comsider the equation (1.1) on bounded open intervals Z C R. In this case one gets a
solution {Uz(t, 5)}(¢,s)er for any bounded interval Z. Then we have to guarantee that two solutions
{Uz,(t, 8)}t,5)ear, and {Uz, (L, $) }(t,s)enr, » which correspond to different bounded open intervals
71 and Z,, are compatible, i.e., one has

UIl (ta S) = UIQ (tv 3)3 (ta 5) € A1 g A27 (220)

for Z; C Z5. Below we clarify this compatibility of propagators in terms of evolution generators.

If7; C I,, then LP(Z;, X) is a subspace of LP(Z3, X ). Let Qz, denote the projection from L?(Zs, X)
onto the subspace L?(Z;, X) given by

(Qz, f)(t) == xz, ) f(t), [ € LP(Tz, X).

Let intervals Z; = (a1,b1) and Zs = (ag, b2) be related by as < a1 < by < by. We set T’ = (aq, ba).

Proposition 2.13 Let Z; = (a1,b1) and Iy = (ag,b2) be two bounded intervals such that T C 5.
Further, let Kz, and Kz, be forward generators, respectively, in LP(Z1,X) and LP(Z2,X). The
corresponding propagators {Uz, (t,8)}t.s)eay, and {Uz,(t,8)}t,s)ens, are compatible if and only
if for any f € LP(Za, X) obeying Q7 f € dom(Kz,) one has Qz, f € dom(K7z,) and relation

K7,Qz,f=Qr,K7,Qz f. (2.21)

Proof. We put K; := Kz, Uj(t,s) :== Uz,, Q; := Qz,, j = 1,2, and Q' := Q. Assume that the
propagators Uy (¢, s) and Us(t, s) are compatible. In this case one easily verifies that

e QU = QeT Q' f, 020, fe LIz X)
Moreover, by
1 1
(=0 f = —Qi(I —e™7™)Q'f, >0,
one gets that Q'f € dom(K3) yields Q1 f € dom(K7) as well as (2.21).

To prove the converse we set
W(o)f = e KL Qe Q' f, 0< o< T
If g:= Q'f € dom(K3), then g(0) := e 7%2Q’ f € dom(K>) for o > 0. Since
Qe Q f=e"K2Q'f, feLP(T5,X), o>0, (2.22)
we obtain Q'g(c) = Qe 7F1Q’' f € dom(K>), which yields Qe 7%2Q’f € dom(K). Hence

4
do
Applying to this equation the relation (2.21), we obtain 9, W (o) f = 0, which yields

W(o)f = e T=K (K1Q, — Q1Ky) e 752Q'f, 0<o<T

W(r)f=wQO)f, 7=0,

or

Qre 7K2Q' f =e 7 K1Q.f, o0>0, (2.23)
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for all those f € LP(Z2, X) that Q'f € dom(K>).

Now we notice that the set
D ={fel’(Z,X):Qfedom(K>)}

is dense in LP(Z’, X). Indeed, let ¢ € H'°°(Z,) such that supp(¢) C Z'. By (2.3) we have M (¢)f €
dom(Ky) for f € dom(Kz). By virtue of Q"M (¢)f = M(¢)f, we get M(¢)dom(K>) C Dz. Since
this holds for any ¢ € H'*(Z,) obeying supp(¢) C Z’, we immediately find that D’ is a dense in
(T, X).

Hence, the relation (2.21) holds for any f € LP(Zy,X). This implies the compatibility of the
propagators Ui (¢, s) and Us(t, s). O

Corollary 2.14 Let I?Il and f(zw T1 C I, be evolution operators such that Qz/f € dom(f(az)
yields Qz, f € dom(Kz,) and the relation

K7,Q7, f = Qr,K7,Qz f (2.24)

holds. If the closures Kz, and Kz, of evolution operators IN(L and f(zz exists in LP(Z,X), p €
[1,00), and they are forward generators, then the corresponding forward propagators are compatible.

Proof. Let 7; = (a1,b1) and Zy = (ag,b2), 1 € Zy. As above we set K; := Kz,, Uj(t,s) := Ug,,
Qj = Qg;, j = 1,2, and Q' := Qz/, where I’ = (a1,b2), see above. Let g := Q'f € dom(Kz,).
Then there is a sequence {gn}nen, gn € dom(f(g), such that g, — ¢ and f(ggn — Ksg as
n — oo. Let ¢ € HY*°(Zy) such that supp(¢) C 7. By (2.3) we have M(¢)gn € dom(K>) and
Q'M(p)gn = M(¢p)gn, n € N. Then taking into account (2.24) we obtain

K1\QiM(¢)gn = Q1 K2Q'M($)gn, n€N.

Using (2.4) we find

Q1 K2Q M()gn = QaKaM($)gn = M(6)Q1Kogn + M(6)Q1gn, 71 €N,
which yields _
Q1 K2Q'M(9)gn — Q1 KoM (9)Q'f as n — oc.

Hence, we obtain _
KiQiM(¢)gn — Q1 K2M(9)Q'f as n — oo,

which proves N
K1QiM(¢)gn — K1Q1M(p)f as n — oo

and
KiQiM()f = Q1K1 M(¢)Q'f.
Using (2.4) we also get

KiQiM(¢)f = M(9)Q1KoQ'f + M (9)Q1 f (2.25)
for ¢ € HY>(T,) obeying supp(¢) C T .
Let us put
0 t € (az,a1]
os(t) == (t—a1)/d te(ar,a1+0)
1 te [a1 + 4, bg)
where 6 > 0. Then by (2.25) we obtain
KrQiM(69)f = M(65)QuEQ S + =M (X(ay )1 f (226)

11



for any 6 > 0. If g € LP(Z, X)) is continuous at ¢ = a1 and g(ay) = 0, then

1
5 — llg}) gM(X(al,arHs))g =0.

Since Q' f is continuous, one has f(a;) = 0. Hence

o1
s = 71_11% SM(X(GL!M-HS))Q/]C =0.

Since s — limg_,o M (¢s) = @', from (2.26) we obtain that
;iir(l) KiQi1M(¢s)f = Q1 K2Q' f

and

lim Q1M (¢5)f = Q1.

This yields Q1f € dom(K;) and K 1Q1f = Q1K2Q'f. Applying now Proposition 2.13 one com-
pletes the proof. |

Definition 2.15 Let {A(t)}+er be a measurable family of closed and densely defined linear oper-
ators in the separable Banach space X.

(i) The forward evolution equation (1.1) is well-posed on R for some p € [1, 00) if for any bounded

open interval Z of R the operator K7 is an evolution operator.

(ii) A forward propagator {U(t, s)} s)en, is called a solution of the well-posed forward evolution
equation (1.1) on R if {Uz(t,s)}¢ s)eas, Uz(-+) == U(-,+) | Az, is a solution of the forward
evolution equation (1.1) for any bounded interval Z of R.

(iii) The well-posed forward evolution equation (1.1) on R has a unique solution if for any bounded
interval Z C R the forward evolution equation (1.1) admits a unique solution.

This definition can be extended (mutatis mutandis) to backward and to bidirectional evolution
equations on R.

Theorem 2.16 Let {A(t)}+cr be a measurable family of closed and densely defined linear operators
in the separable Banach space X. Assume that the forward evolution equation (1.1) is well-posed
on R for some p € [1,00). If for any bounded open interval T of R the closure Kz of the evolution
operator Kz exists in LP(Z,X), p € [1,00), and it is an anti-generator, then the forward evolution
equation (1.1) has a unique solution on R.

Proof. Let Z; C Zs. One can easily verify that the evolution operators KL and I?Iz, which

are given by (2.8), satisfy the condition (2.24). Since the operators K7, and Kz, are closable
and their closures are already forward evolution generators, one gets from Corollary 2.14 that the
corresponding forward propagators (they exist and are unique by Theorem 2.4) are compatible. O

Proposition 2.13, Corollary 2.15 and Theorem 2.16 can be generalized (mutatis mutandis) to back-
ward and bidirectional evolution equations.

3 Semigroup perturbations

Theorem 2.4 shows that the problem of the unique solution of the forward or backward evolution
equation (1.1) can be transformed to the question: whether the evolution operators K7 or K7 is
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are closable and their closures K7 or K7 are anti-generators or generators in LP(Z, X) for some
p € [1,00) ? In applications {A(t) }+ez is often a measurable family of anti-generators or generators
belonging uniformly to the class G(M, 3), for some constants M and . One can easily verify that
in this case the induced multiplication operator A is an anti-generator or generator in LP(Z, X).

This reduces the problem to the following one: Let T' and A be anti-generators or generators in
some Banach space space X, is it possible to find conditions ensuring that their operator sum K:

Kf=Tf+Af, dom(T)Ndom(A), (3.1)

is closable in X and its closure K is an anti-generator or generator ? To prove such kind of result
we rely on the following theorem.

Theorem 3.1 Let in X the operators T and A be generators both belonging to the class G(1,0).
If dom(T) Ndom(A) is dense in X and ran(T + A + &) is dense in X for some & < 0, then K is
closable and its closure K is a generator from the class G(1,0).

This theorem was originally proved by Kato, see [21, TheoremIX.2.11], however, under the addi-

tional assumption that K is closable. This condition was dropped by Da Prato and Grisvard in [4,
Theorem 5.6].

In general, the assumption T, A € G(1,0) is too restrictive for our purposes. So, we modify this
assumption. It is known that in general it is possible to find in the Banach space X a new norm
such that one of the operators: T or A, becomes a generator of the contraction semigroups on X.
Indeed, since T is the generator of Cy semigroup, i.e. T € G(M, Br), one has:

le” fI| < Mrpere. (3.2)

Setting
I1£1ll = sup e fle” T |
>0
one immediately gets that
Ile™ flI] = "7 T sup e~ T LTH e T f .
>0

This observation shows that in the Banach space ¥ endowed with the norm ||| - ||| the semigroup

{e°T1}, belongs to the class G(1, 87) of quasi-contractive semigroups. Since

A< TLAIE < M| £,

the norm ||| - ||| is equivalent to || - ||. The same reasoning can be applied to the semigroup {e“4},,
but in general it is impossible to find an equivalent norm such that both semigroups become quasi-
contractive.

Definition 3.2 Let T and A be generators of Cy-semigroups e®” and e“4 in X. The pair {T’, A} is

called renormalizable with constants 34 and Br if for any sequences {7, }2_,, 7 > 0, and {0} }_,,
o >0, n € N, one has

sup e PrimeemBadion||gnTenid . oTaTemmAf| < oo (3.3)

for each f € X. In an obvious manner the definition carries over to pairs {T', A} of anti-generators.

Remark 3.3 In the following we formulate the statements in terms of pairs of generators. How-
ever, it is easily to see that these statements remain true for pairs of anti-generators.
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Lemma 3.4 (Lemma 5.1, [34]) Let T and A be generators of Cy-semigroups in X. There is an
equivalent norm ||| - ||| on X and such that T € G(1,08r) and A € G(1,84) if and only if the pair
{T, A} is renormalizable with constants Br and Ba.

Proof. Let the pair {T, A} be renormalizable with constants S and 54. On the space X we define
a norm by

LA = sup e Prn e Baron|enTemd. T AL

Obviously, we have || f|| < |||f]ll, f € %X. On the other hand, by the uniform boundedness principle,
see e.g. [21, Theorem 1.1.29], we find that the value of

M = sup e BT X Tk o—Ba Zak”eTlTeadA_”e‘rnTeo'nAfH
12>20,...,7, >0
0'1207---30-n20
neN|fl<1

is finite, which yields [||f||| < M||f|l, f € X. Hence, the norms || - || and ||| - ||| are equivalent.
Moreover, it turns out that 7' € G(M, Br) and A € G(M, 34). Furthermore, a straightforward

computation shows that
e fIIl < e NI f €%,

eIl < *7NlIfNll, - f €

Therefore, in the Banach space {X, ||| |||} the generators T' and A belong, respectively, to G(1, 5r)
and G(1,84).

Conversely, if there is an equivalent norm ||| - ||| in the Banach space X such that T € G(1, 8r) and
A € G(1,04), then a straightforward computation yields (3.3), i.e., the pair {7, A} is renormalizable
with constants Or and (4. O

Definition 3.5 Let ) be a Banach space which is densely and continuously embedded into the
Banach space X, i.e. ) — X, and let the operator T" be the generator of a Cy-semigroup in X. The
Banach space Q) is called admissible with respect to T, if the space Q) is invariant with respect to
the semigroup €7, i.e.

eTYCY, 0>0,

and restriction e°” :=e°T [ 9), o > 0, is a Cy-semigroup on 2).

If J:9) — X is the embedding operator of ) into X, then we get
e TIf =TS, fe,

which yields

~

TJf=JTf, fedom(T).

Lemma 3.6 Let T and A be generators of Cy-semigroups of class G(1,0) in the Banach space Q).
If either dom(T*) or dom(A*) are dense in *, then for any £ < 0 one gets the inequality:

€lllglly- < 1779+ A%g +Eglly-, g € dom(T*) N dom(A"). (3-4)
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Proof. Let dom(A*) be dense in 9)*. We define
Ay = A +aA)"', a<o.
Since A € G(1,0) we have A, € G(1,0) for v < 0. Further, we set
Kof =Tf+ Aof, f€dom(K):=dom(T), «<0O0.
Since T € G(1,0) and A, € G(1,0) we find that Ko € G(1,0), a < 0. This yields the estimate

1

Ko+ ¢t

Ifly, f€D, a<0, £<0.

Hence, we obtain

7% — 1 *
||(Ka+§) 19”2}* S EHQHQ’W g 6@ ) a < 07 §< 07

or

€lllglly- < I(KE+E)glly-, g € dom(Kr) = dom(T*), a<0, €<O0. (3.5)

Note that N N N N
K:g=T'g+ ALg, gedom(T*), a<0, ¢<O0.

Now, since dom(g*) is dense in 2)*, we get
s — i%(1+aﬁ*)*1 =1, a<0,
which yields R N N
(liE}JK;g =T"g+A%g, «a<0,
for g € dom(T*) N dom(A*). Then in the limit o — 0 the inequality (3.5) gives (3.4).
The proof is similar, if one supposes that dom(f*) is dense in 9*. a

Corollary 3.7 Let Tand A be generators of Cy-semigroups of class G(1,0) on X. Further, let
) — X be admissible with respect to T, A and let the operator A be such that

9 C dom(A). (3.6)

Assume that the induced generators T and A are of the class G(1,0). If dom(A*) is dense in X*,
then
Elllgllp- < 1779+ A"g +&glly-, g € dom(T™) N J*X7, (3.7)

for & <0 where J 1Y) — X is the embedding operator.

Proof. By condition (3.6) we get that dom(A*) D J*X*. Let g € dom(T*) N J*X*. Then there is
h € X* such that g = J*h. Hence

K:J'h=T*Jh+ A*J*(I +aA*) 'h, a<O0.
By condition (3.6) the operator B := AJ : 3) — X is bounded. This yields the representation
K:Jh =TJ*h+ B*(I + aA*) " 'h.
Since dom(A*) is dense in X* we have s — lim, (I + «A*)~! = I. Hence
lim K:Jg=TJ*h+ B*h=T*g+ A*g.

Using (3.5) we get (3.7). O
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Theorem 3.8 (Theorem 5.5, [34]) Let {T, A} be a renormalizable pair of generators of Cy-
semigroups on X. Further, let the Banach space 9 — X be admissible with respect to operators
T and A. Assume that A satisfies condition (3.6) and that the pair {T,A} is renormalizable. If

either one of the domains dom(T*), dom(A*) is dense in 9*, or dom(A*) is dense in X*, then the
closure K of K, _ B
Kf=Tf+ Af, dom(Kz)=dom(T)Ndom(A),

exists and K is the generator of a Cy-semigroup.

Proof. Since the pairs {T, A} and {JA“, A\} are renormalizable we can assume without lost of
generality that T, A € G(1,0) as well as T, A € G(1,0). It is obvious that

TJf=JTf, fe€dom(T),

and R R
AJf=JAf, dom(A).

By condition (3.6) we get that J*X* C dom(g*). Since dom(f) is dense in ) and ) is densely
embedded in X, we get that the operator K is densely defined. In particular, we have

J dom(T') C dom(K).
Let g € dom(K*) C X*. Then we have
(KJf.g) = (TIf.9)+(Bf.g) = (JT.g) +{f, B'g)
for f € dom(f). Hence
(Tf.0°9) = (f,B"g) = (£.7°K"g), f € dom(T),
which yields J*dom(K*) C dom(T*). Since J*X* C dom(A*) we obtain

J*dom(K*) C dom(T*) N dom(A*). (3.8)

Now, assume that ran(f( + &) is not dense in X for some £ < 0. In this case there is a g € X* such
that

((R+8f.9)=0, fedom(K).
Hence g € dom(K*) and (K* 4 €)g = 0. By (3.8) we obtain
J*g € dom(T*) N dom(A*).

If cither dom(7™*) or dom(A*) is dense in 9*, then by Lemma 3.6 we get J*g = 0, which yields
g =0. If dom(A*) is dense in X*, then we apply Corollary 3.7 and find also J*g = 0, which yields
g = 0. Hence, the range ran(f{ + &) is dense in X. We note that by virtue of T, A € G(1,0) the
operator K is closable. Indeed, one has the estimate

ENFII < IEf+Ef|l, f€dom(K), €<0,

which yields the existence of the closure K. Applying now Theorem 1X.2.11 of [21] one completes
the proof. O

Remark 3.9 Under the assumptions of Theorem 3.8 one can easily verify that the set © :=
Jdom(T) C X is a core of K, i.e., the closure of the restriction K [ © coincides with K. This
follows from the observation that in fact we have proved the density of the set (f( +8)9,£<0,in
the space X.
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Taking into account Theorem 3.8 and [47] one immediately obtains the following corollary.

Corollary 3.10 Let the assumptions of Theorem 3.8 be satisfied. If either one of the domains
dom(T™), dom(A*) is dense in P*, or dom(A*) is dense in X*, then the Trotter product formula

n
s — lim (eUT/neUA/n) :eUK

n—oo

holds uniformly in o € [0, 09], for any og > 0.

4 Solutions of evolution equations

4.1 Solutions of forward evolution equations

Let {A(t) }tez be a measurable family of anti-generators of class G(M, 3), in the separable Banach
space X. By A we denote the multiplication operator induced by (2.6) and (2.7) in the Banach
space X = LP(Z,X), 1 < p < oco. Notice that A is an anti-generator of a Cp-semigroup on
X = LP(Z,X) of class G(M, 5).

Definition 4.1 ([22, 23]) Let {A(t)}:ez be a measurable family of anti-generators of Cp-
semigroups in the separable Banach space X. The family is called forward stable, if there are
constants M > 0 and 3 > 0 such that the estimate

He—mA(tl)e—ozA(tz) - e_O'nA(tn) HB(X) < M@B > h=10k

holds for each sequences {ox}}_1, ok > 0, and a.e. (t1,t2,...,tn) € Ay := {(t1,82,...,t,) € R":
a <ty <tp_1 <---<t; <b} with respect of the R"-Lebesgue measure.

Tt is clear that if {A(t)}+ez is forward stable, then the anti-generators A(t) belong to G(M, 3) for
a.e. t €l

Lemma 4.2 (Lemma 5.9, [34]) Let {A(t)}tcz be a measurable family of anti-generators of Cy-
semigroups in the separable Banach space X . The pair of anti-generators { Dz, A} is renormalizable
on X = LP(Z,X), 1 < p < oo, if and only if the family of anti-generators {A(t)}iez is forward
stable.

Definition 4.3 Let {A(t)}tez be a measurable family of anti-generators (generators) of class
G(M, ) in the separable Banach space X. Further, let Y be a separable Banach space which
is densely and continuously embedded into X. The Banach space Y is called admissible with
respect to the family {A(¢)}iez if:

(i) for a.e. t € Z, the Banach space Y is admissible with respect to A(¢),

(ii) there are constants M and 3 such that the anti-generators (generators) {A\(t)}tez of the
induced semigroups belong to G(M, 3) for a.e. t € T,

(iii) the family {A(t)};ez is measurable in Y.

We note that the condition (iii) in Definition 4.3 is redundant if X* is densely embedded into the
Banach space Y*.

Lemma 4.4 (Lemma 5.11, [34]) Let {A(¢)}iez be a measurable family of anti-generators in the
separable Banach space X belonging to G(M, 3) and let the separable Banach space Y be densely
and continuously embedded into X. The Banach space ) = LP(Z,Y), 1 < p < oo, is admissible
with respect to the anti-generator A if and only if the family {A(t)}iez is admissible with respect
toY.
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Summing up all those properties it is useful for further purposes to introduce the following defini-
tion:

Definition 4.5 Let {A(t)}:ez be a measurable family of anti-generators in the separable Banach
space X. Further, let Y be a separable Banach space which is densely and continuously embedded
into X. We say the family {A(¢)}:cz satisfies the forward Kato condition if :

(i) {A(t)}+er is forward stable in X,

(ii) the Banach space Y is admissible with respect to the family {A(¢)}+ez,
(iii) the induced family {A(t)},ez is forward stable in Y,

(iv) Y C dom(A(t)) holds for a.e. t € Z,

(v) A() 1Y € L=(Z, B(Y, X)).

In the following we use a so-called Radon-Nikodym property of certain Banach spaces, see e.g. [8].

We recall that a scalar-valued measure p(-) defined on the Borel sets of R satisfies the Radon-
Nikodym property if, for instance, its continuity with respect to the Lebesgue measure implies the
existence of a locally summable function f(-) such that u(d) = [; f(z)dz for any bounded Borel
set 0 C R. In general, this property does mot extend to measures taking their values in Banach
spaces. However, there are classes of Banach spaces where this Radon-Nikodym property still
holds. For example, dual spaces of separable Banach spaces admit this property if and only if they
are itself separable. This, in particular, yields that the dual Banach space LP(Z,Y)*, 1 < p < oo,
is isometric to L4(Z,Y™), % + % =1

Theorem 4.6 Let {A(t) }tez be a measurable family of anti-generators in a separable Banach space
X. Further, let Y be a separable Banach space which is densely and continuously embedded into X .
If {A(t) }rex obeys the forward Kato condition and if, in addition, one of the following conditions :

(A1) Y™ satisfies the Radon-Nikodym property,
(As) dom(A*(t)) is dense in Y* for a.e. t € I,
(A3) dom(A(t)*) is dense in X* for a.e. t €T

holds, then the forward evolution equation (1.1) is well-posed on T for some p € (1,00) and has a
unique solution.

Proof. By Lemma 4.2 the pair {Dz, A} of anti-generators is renormalizable. Further, let us
consider the Banach space ) = LP(Z,Y), 1 < p < oo. Since Y is densely and continuously
embedded into X the Banach space 2) is densely and continuously embedded in X = LP(Z, X).
Since the family {A(t)}+cz is admissible with respect to Y, the operator A is admissible with 9,
cf. Lemma 4.4. Then from conditions (iv) and (v) of Definition 4.5 we find that 2 C dom(A).

Let (see (A1)) Y* satisfy the Radon-Nikodym property. Then 9* = LP(Z,Y)* = LY(Z,Y"),
1/p+1/q = 1, which yields that dom(ﬁ%) is dense in PP*. Applying Theorem 3.8 we immediately
get that I?I is closable and its closure K generates a Cy-semigroup. Taking into account Theorem
2.4 and Theorem 3.8 we complete the proof of the Theorem under condition (A;).

If Y does not satisfy the Radon-Nikodym property, then the dual space * can be identified with a
space LI (Z,Y™), cf. [2]. The space L9 (Z,Y™*) consists of equivalence classes [g] of w*-measurable
functions g(-) : Z — Y* such that fOT lg(t)||$. dt < oo. Two functions g1(-) : Z — Y™* and
g2(-) : T — Y™ are called equivalent, if < x,g1(t) >=< x,g>(t) > holds for a.e. t € T for each
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x € Y. Recall that a function g(:) : T — Y™* is w*-measurable, if < x,g(-) > is measurable for
each x € Y. By a straightforward computation we obtain that (aA* +¢)71, € > 8, a > 0, admits
the representation

(@A +9)729) (1) = (@A) + &) 7'g(t), g€ LLET,Y™). (4.1)
Hence,
n —1 q b A\ * —1 g
(st +0 19 -9)[0 = [ el + &9 - g0 . a.
Note that for a.e. t € 7 we have the estimate:
N B M¢
A * 1 _ .
Jet@der + o790, < =5 oy
which yields .
le@Ay +200) — o] < 31+ 2 b g0l
v = e-ap

~

for a.e. t € Z. Since the domain dom(A(¢)*) is dense in Y* for a.e. t € Z, by assumption (As) we
get

=0

lim [¢@ AW +&~'9(0) — (1) .

for a.e. t € Z. Hence, by the Lebesgue dominated convergence theorem we obtain

i (0 0~} 0.
which shows that dom(A*) is dense in 9*. Taking into account Theorem 2.4 and Theorem 3.8 we
again conclude that the forward evolution equation (1.1) is well-posed and uniquely solvable.

Finally, by the same reasoning we obtain that under the assumption (A3) the domain dom(A*) is
dense in X*. Applying again Theorem 2.4 and Theorem 3.8 we deduce that the evolution equation
is well-posed and uniquely solvable. O

Notice that using (2.5) we get the following representation:
(((e—o Dz/ne—o A/n)) f) (t) —
e A(tfa/n)/nefa A(t—20/n)/n . e ° A(tfa)/nxl_(t 7 (T)f(t o 0)

for a.e. t€Z and o > 0.

Corollary 4.7 If the assumptions of Theorem 4.6 are satisfied, then the propagator can be ap-
prozimated as follows:

b—o

lim

n—oo
a

n— n— p
e E AT 0) 8 A E20) Lo E AWy _ (s + g,s)xH ds =0

foreachze X and0<o<b—a,1<p< 0.

4.2 Backward and bidirectional evolution equations

To solve the backward evolution equation (1.1) we assume that {A(¢)}+ez is a measurable family
of generators of Cy-semigroups of the class G(M, 3). We note that the multiplication operator
defined by (2.6) and (2.7) generates a Cy-semigroup of class G(M, [3).

19



Definition 4.8 Let {A(t)}+cz be a measurable family of generators of class G(M, 3) in a separable
Banach space X. The family {A(¢)}iez is called backward stable if

||eU1A(t1)602A(t2) L. etan(tn) ||B(X) < MEB 2 k=10k

is valid for each sequence {ox}}_;, o > 0 and a.e. t € V,, := {(t1,t2,...,tn) ER" 1 a <t; <ty <
oo <tp, < b}

Then Lemma 4.2 admits the following analogon.

Lemma 4.9 Let {A(t) }iez be a measurable family of semigroup generators in the separable Banach
space X, which is supposed to belong to G(M,3). Then the pair {D*, A} is renormalizable on
X=LP(Z,X),1<p<oo,if and only if the family of generators { A(t) }sez is backward stable.

Proof. Let Z = (a,b). We introduce the isometry U : LP(Z, X) — LP(Z, X), defined by
OHE) =fla+b—1t), teZ, fedom(V):=LPZ, X). (4.2)

Notice that U2 = I which yields U~! = U. A straightforward computation shows that 3~ D0 =
UD?0 = —D7z. Introducing the family

A(t):=-Ala+b—1t), teT,
and the multiplication operator A’ in LP(Z,X) we get that O"1AUD = UAU = A’. Hence,
O~YDT AU = B{D*, A}U = {—Dz,—A’'}. Thus, the generator pair {D%, A} is renormaliz-
able if and only if the corresponding anti-generator pair {Dz, A’} is renormalizable. From Lemma
4.2 we obtain that { Dz, A’} is renormalizable if and only if the family {A’(¢)}+c7 is forward stable.

On the other hand, {A’(¢)}1ez is forward stable if and only if {A(t)}1ez is backward stable, that
finishes the proof. ]

Definition 4.10 Let {A(t)}iez be a measurable family of generators on the separable Banach
space X and let Y be a separable Banach space which is densely and continuously embedded into
X. We say the family {A(t)}:cz satisfies the backward Kato condition if:

(i) {A(t)}iez is backward stable in X,
(ii) the Banach space Y is admissible with respect to the family {A(¢)}iez,

(iii) the induced family {A(t)};ez (see Definition 4.3) is backward stable in Y,
and, in addition, we assume that conditions (iv) and (v) of Definition 4.5 are valid.

Then, applying Theorem 3.8 we immediately obtain the following statement:

Theorem 4.11 Let {A(t)}iez be a measurable family of generators in the separable Banach space
X. Further, let Y be a separable Banach space which is densely and continuously embedded into X .
If {A(t) }tex obeys the backward Kato condition and if in addition one of the conditions (A1)-(As)
holds, then the backward evolution equation (1.1) is well-posed on I for some p € (1,00) and has
a unique solution.

Corollary 4.12 If the assumptions of Theorem 4.11 are satisfied, then for each x € X we obtain
approzimation of the propagator in the form:

b

lim

n—oo

n n P
e Al— o) f Als—720) | 0T Als)y U(s—o, S):L’H ds =
a+o

foreachz e X and0 <o <b—a, 1 <p<oo.
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The proofs of the Theorem 4.11 and Corollary 4.12 follow directly from Theorem 4.6 and Corollary
4.7 by using transformation (4.2).

Theorem 4.13 Let { A(t) }+ez be a measurable family of group generators in the separable Banach
space X and let Y be a separable Banach space, which is densely and continuously embedded into
X. If the family {A(t)}rex obeys the forward and backward Kato conditions and if one of the
conditions (A1)-(As) holds, then the bidirectional evolution equation (1.1) is well-posed on I for
some p € (1,00) and has a unique solution.

The proof follows directly from Theorem 2.12, Theorem 4.6 and Theorem 4.11. Finally, let us
consider bidirectional evolution equations (1.1) on R.

Theorem 4.14 Let { A(t) }1cr be a measurable family of group generators in the separable Banach
space X. Further, let Y be a separable Banach space which is densely and continuously embedded
into X . If for any bounded open interval of R the family { A(t) }rez obeys the forward and backward
Kato conditions and if one of the conditions (A1)-(As) holds, then the bidirectional equation (1.1)
is well-posed on R for some p € (1,00) and admits a unique solution.

The proof follows from a bidirectional modification of Theorem 2.16 and from Theorem 4.13.

5 Evolution equations in Hilbert spaces

Our next aim is to apply the above results to evolution equations for families of semi-bounded
self-adjoint operators {H (t)}1er with time independent form-domains.

This case was studied by Kisyniski in [24]. The main Theorem 8.1 of [24] states that if for all
elements of the form-domain, the corresponding closed quadratic form is continuously differentiable
for t € R, then one can associated with the bidirectional evolution equation

Lot HOu(D) =0, u(s) =, s1EE (5.1)

a unique propagator which is called the solution of (5.1). In the present section we elucidate and
improve this result.

5.1 Preliminaries

Let {H(t)}+cr be a family of non-negative self-adjoint operators in a separable Hilbert space $.
In the following we consider the non-autonomous Cauchy problem (1.4). As above we assume that
the family of operators {H (t)};cr is measurable. As in [24] we assume also that

DT =dom(H(H)'/?)C 9, teR,
which means that the domain dom(H(¢)*/?) is independent of ¢ € R. Introducing the scalar

products
(f,9)f = (WVHOf.VH()9) +(f.9), teR, fgeD.

one defines a family of Hilbert spaces {$; };cr, which is densely and continuously embedded,
9 — 9, into H. The corresponding vector norm is denoted by || - [|;7. The natural embedding
operator of 57)?' into $ is denoted by Jt+ : 5’)?‘ — 9.

By the closed graph principle it follows that for each ¢, s € R the constants

ct,s) = H(H(t) + 1)V (H(s) + I)_l/ZHB(YD)
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are finite. Obviously, we have
IFlI < et slfIT, feD, tsekR,

which yields the estimates:

1
1A < IAIT < (s, DlfIE, feD, tseR. (5-2)
c(t, s)
This means that the norms || - || are mutually equivalent.

We note that for each ¢+ € R the Hilbert space £, is admissible with respect to H(t). The
corresponding induced group (see Definition 3.5) is denoted by U, (¢) and is unitary. Its generator
is denoted by HT(t), i.e. U;t (o) = e~@H" (1) Using the embedding operator J;* one gets that

U,  f=JFU (o) f, feon!, ocR tecR, (5.3)
Notice that
HY*W)f =H()f, fedom(H*(t)):={fecdom(H(t)): H(t)f € H},

which gives
dom(H™(t)) = dom(H(t)3/2).

The dual space with respect to the scalar product (-,-) is denoted by $; . We note that
N =99, teR
The dual space can be obtained as the completion of the Hilbert space $) with respect to the norm
IF1l7 = IH @) + D72 f], - f e
Then from (5.2) we get

1

@Hf”f <|flls <ct,9lflly, feH tseR,

which shows that the set D~ := ), is independent of ¢ and the norms || - ||;, t € R, are mutually
equivalent. The natural embedding operator of §) into $; is denoted by J; : H — $, . Obviously,
we have

J7 = (N and J = (J7)*, teR. (5.4)

The group U(o), o € R, ¢t € R, admits a unitary extension to the Hilbert space $; , which we
denote by U, (), o € R, t € R. The generator of this group is H; , i.e. U; (o) = e 5 € R,
t € R, and its domain is given by

dom(H™(t)) = dom(H (t)*/?) =D+, (5.5)

One can verify that the Hilbert space §) is admissible with respect to H, , ¢ € R. The corresponding
unitary group coincides with Uy(o). One also has

U (o), f=J;Ulo)f, feH oceR, tekR, (5.6)

and

dom(H(t)) = {f € dom(H(t)) : H (t)f € 9}.

Since $; is admissible with respect to H(t), one gets that $; is admissible with respect to H; .
The natural embedding operator is given by J; := J. J;t : 7 — $;, we obtain:

U (o) Jof = U (o) f, fehf, oceR, teR,
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which shows that
dom(H(t)) = {f € dom(H(t)) : H~(t)f € H;)}.

Moreover, regarding the operator H(t) as an operator acting from $; into $; , one finds that
H (t) can be extended to a contraction B(t) acting from §;" into §; . Indeed, this follows from the
estimate

1B&fll; = (5.7)
I(H )+ DPH@ [l < 1HOY flle < IS f € dom(H ().

Finally, taking into account (5.3)-(5.6) we get the relations:

Uf(o)*=U (-o) and U; (0)*=U;(~0), c€R, teR.

5.2 Auxiliary evolution equation

We consider the Hilbert space
X =9, with [-[lx ="l

and the auxiliary bidirectional evolution equation
0 —
&u(t) +iH (H)u(t) =0 (5.8)

on R. To apply results from Section 4 we set A(t) = iH (¢), t € R. Obviously, {A(t)}ier is a
family of group generators in X. Further, we set

V=9 with |-y =] (5.9)
It turns out that the Hilbert space ¥ = f_)f{ is densely and continuous embedded into X and
admissible with respect to {A(t)}+cr.

Lemma 5.1 Let {H(t)}ier be a measurable family of non-negative self-adjoint operators defined
in a separable Hilbert space $ such that dom(H (t)'/?) is independent of t € R. If T is a bounded
open interval and

cz:= sup c(t,s) < oo,
(t,s)€EIXT

then there are constants Mz and Bz such that {A(t)}tez is a measurable family of group generators
belonging to G(Mz, Or).

If the Hilbert space Y is given by (5.9) and there is a constant yr > 0 such that
c(t,s) < erlt=sl ¢ sel, (5.10)

holds, then the families {A(t)}tcz obey the forward and backward Kato conditions, respectively.

Proof. The measurability of the family { A(¢) }+cz follows from the equivalence of weak and strong
measurability, see e.g. [1]. Next, we have

le” 40z x = e Oz|g < (0,8l Dal|;

< (0, 8)[xfl; < e(0, )e(t, 0)[|zllg = (0, t)e(t, 0) ||z x,

o € R. Hence,
le?4®z)| x < Mz|z||x, z€X, oc€R, teI,

where Mz := c¢Z, which yields that A(t) generates a group of the class G(Mz, 0).
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If condition (5.10) is satisfied, then the forward and backward stability of {A(t)}:cz follows from
[43, Theorem 4.3.2].

To prove the measurability of {A(t)}iez we note that Y is admissible for a.e. ¢t € Z. Using (5.2)
we obtain that the generator A(t) of the induced group (Definition 3.5) belongs to G(Mz, 0), too.

The measurability of the induced family {A\ (t) }+ez follows from the equivalence of strong and weak
measurability.

The forward and backward stability of {A(t)}ez follows again from condition (5.10) and [43,
Theorem 4.3.2].

The condition Y C dom(A(t)) for a.e. ¢ € T is obtained from (5.5). The condition A(:) [ Y €
L>(Z,B(Y, X)) follows from (5.7). O

Theorem 5.2 Let {H(t) }1er be a measurable family of non-negative self-adjoint operators defined
in a separable Hilbert space § such that the domain dom(H (t)'/?) is independent of t € R. If for any
bounded open interval T the condition (5.10) is satisfied, then the auxiliary bidirectional evolution
problem (5.8) is well-posed on R for p € (1,00) and has a unique solution {G~(t,5)}(t.s)erxR
obeying the estimate

IG=(ts)ally < ally, ze 5, (5.11)

for all (t,s) € T x T.

Proof. Since Y = $ is a Hilbert space, all conditions (A;)-(A3) are satisfied. Using Lemma 5.1
and Theorem (4.14) one gets that the bidirectional evolution equation (5.8) has a unique solution

{G_ (ta 8)}(t,s)€R><R on R.

By Corollary 4.7 there is a subsequence {ny }ren such that one has

— . e H (st EL S H (st k2 o -
UI (S+J’5)$:57 lim e "'» (s+ ng ‘7)6 th (s+ ng 0)”'6 iZH (S)ZL‘

k—o0

for each z € $ and a.e. s € (a,b—0),0< 0 <b—a, where U; (,-) := G~ (-,-) | Az. This yields
the estimate
Uz (s + 0, t)al o < e7zlly, =z €9y,

for a.e. s € (a,b—0),0 < o <b—a. Since U (-,-) is strongly continuous, this holds for any
s € (a,b— o). Setting t := s + o we obtain

U7 (ts)zll; < z|ls, ey, (ts)€Ar (5.12)
Similarly, using Corollary 4.12 we obtain
IV (s —ot)zls, <e|zlly, xe€ny,
for s e (a+0,b),0 >0 > b—a, where V; (-,-) :== G (+,-) | Vz. Hence one gets the inequality:
IVZ (t9)2lly < lzll7, w ey, (ts)eVr (5.13)

Using (5.12) and (5.13) we immediately obtain (5.11). O

5.3 Back to the original problem
Our Theorem 5.2 gives no information about solvability of the bidirectional evolution equation (1.4)

on R. This goes back to the fact that in general the evolution equation might be not well-posed.
In fact, it may happen that the cross-sections of the sets

dom(K7) := dom(Dz) N dom(Hz) = HYP(Z,$) N dom(Hy)
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and

dom(K7?) = dom(D?) N dom(Hz) = H,”(Z, $) N dom(Hz),
p € (1,00), are not dense in §) for intervals T = (a,b) C R. Recall that Hz is defined as the
multiplication operator induced by the family {H (¢)}1ez in LP(Z, H).

To avoid this situation we assume in the following that the bidirectional evolution problem (5.1)
is well-posed on R. Naturally, then we face up to the question: whether under this condition the
evolution equation (5.1) admits a solution on R?

Lemma 5.3 Let {H(t)}ier be a measurable family of non-negative self-adjoint operators defined
in the separable Hilbert space $) such that dom(H (t)*/?) is independent of t € R. If for any bounded
open interval T the condition (5.10) is satisfied, then there is a unitary bidirectional propagator

{G(t,5)}(t,5)cr> 0n §, such that
Jy G(t,s) = G~ (t,s)Jy, (t,s) € R (5.14)
Moreover, there is a bidirectional propagator {G™ (t, 5)}(t,5)er2 0N 536", such that
JoGT(t,s) =G (t,8)Jo, (t,s) € R? (5.15)
and
JFGT(t,s) = G(t,s)J, (t,5) € R (5.16)
Proof. Let J* := J, J~ :=J; and J := Jy. We consider the forward case. Let Z = (a,b) be a
bounded open interval of R and let 0 < 0 < b — a. By Corollary 4.7 we get that
Uﬁ(' + o, ')J7$0 =
L?(Z,,X)

s — ~ lim e

n—oo

SIEH (4 25k0) S H (4 2520) | —iZH () =y

Z, := (a,b — o), for each z¢ € §. Since

n

a2 n—1 S H™ n—2 S H™ _
e~ EH (54 220) i ZH (s 2520) | ~iZH () o —

n—1

J efi%H(er - o')efi%H(er ";20) .

—_ia
eI EH()

for a.e. s € I, and since {e 1 FH( 1) =i FH(+2720) . o=iTH()) o is bounded in L%(Z,, $),
we obtain that the weak limit

P o n— o n— i
L _}(I(;,f)) lim e_Z?H('J'_ nl”)e_le(‘J’_TQ”) .. e_z;H(')IO

n—oo

U(-+o0, )z :=w
exists for each xp € $ and for each o € (0,b — a). Hence, we obtain
JU(s+0,8)x0=U"(s+0,8)J x
for a.e. s €Z,, 0 € (0,b—a) and any z( € $. We note that
1U(s + 0, 8)z0ll5 < [lzollo

for ae. s € I, and ¢ € (0,b —a), zp € $H. Taking into account that the propagator
{U™(t,8) }(t,s)en, is strongly continuous, one gets that {U(t,),s)ea, is a weakly continuous
family of contractions obeying

JTU(t,8)xo = U (t,8)J a0 (5.17)

for any (¢,s) € Az and for each 2o € $. Similarly one proves that there is a weakly continuous
family of contractions {V (¢, s)},s)ev, such that

JV(t, s)xg =V (t,8)J xg (5.18)
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holds for (t,s) € Vz and xg € $. Setting G(t,s) := U(t,s), (t,s) € Az, and G(¢,s) := V(¢,s),
(t,s) € Vz, and taking into account that Z is arbitrary, we obtain a weakly continuous family
{G(t,8)}(t.5)erxr Of contractions obeying

G(t,s) = G(s,t)"", (t,s) €R xR,
Since for (t,s) € R x R and any z¢ € §) one has
[zolle = G (s, )G, s)xollg < (|G, 8)xollg < [lolls,

|G(t,s)zolls = [[zolls, which shows that {G(t, s)} ¢ s)erxr is @ weakly continuous family of unitary
operators. However, this immediately yields that {G(t, s)} s)erxr 18 in fact a strongly continuous
family of unitary operators obeying

JG(t,s) =G (t,s)J, (t,s) e RxXR, (5.19)
which yields that {G(t, )}, s)erxr is a unitary propagator.
Now we put
VE(s,t):=U"(t,s)", (t,s) € Ag, and UT(s,t):=V(t,5)", (t,5) € Vg,

as well as
Gt (s,t) := G (t,s)*, (t,s)¢c R

Then one can easily verify that {GT(t,5)} sezxz i weakly continuous propagator for any
bounded interval Z. Taking into account (5.11) and (5.12) we obtain

IV* (s, ylld < yllf, y e Hf,

and
IUF @ syl < e ylf, ye st

for s < t. Using the scalar product (f, 9)¥ := (\/H(s) + If,\/H(s) + Ig), f,g € DF, we get:

(Ut s)y =yl = (U (& )yl + (lylF)? — 2Re(U (L, s)y, )3 -
Now, using (5.11) we find
U, s)yllE < U )yl < eyl
which implies
(U™t 5)y = yll5)? < e[yl + (lyl5)? — 2Re(U* (8, 5)y, )7

By the weak continuity of the forward propagator {U™ (¢, s)}(¢,s)ca, We obtain lim 1o U (t,s) =
I. Hence, limy 10 ||[UT(t,8)y — y||T = 0 for each y € HF. Since the norms || - ||;” and || - ||& are
equivalent, we find lim;_ 0 [|[UT(¢,s)y — y|| = 0 for each y € Y = §§. Similarly we prove
limy—s—o |V (¢ 8)y —yllg =0 for each y € Y = $7. Using the representation:

GT(t,s)=G*(t,00GT(0,s) ,

where
U*(t,0), t=>0,

= d G*H0,s) =
vewo), t<o, M G0 {

V*(0,s), s>0,

G*(t,0) =
(4.0) { Ut(0,s), s<0,

one proves the strong continuity of the families: {G*(t,0)}¢er and {G*(0,5)}ser, which yields
the strong continuity of {GT(t,5)} s er2-
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Finally, by (J7)* = J*" and J = J~J* we find the equation
JTGT(s,t) = G(s,t)Jt, (s,t) e R xR,
which by virtue of (5.19) proves (5.16). Hence we get that

JGT(s,t) = J JTGT(s,t) =
J G(s,t)JT =G (s,t) ] JT =G (s,t)J, (s,t) e R xR,

which proves (5.15). O

Now it is useful to introduce the following definition.

Definition 5.4 Let {G(t,s)},s)crxr be a bidirectional propagator in a separable Banach space
X and let Y be a separable Banach space, which is densely and continuously embedded into X.
The Banach space Y is called admissible with respect to the family {G(t,s)} s)erxr if there is a

bidirectional propagator {(A?(t, 5)}(t,s)erxr in Y such that
G(t,s)J = JG(t,s), (t,s) €eR xR, (5.20)

holds where J is the embedding operator of Y into X.

The following theorem generalizes Theorem 8.1 of [24]. Our proof is quite independent from the
that in [24].

Theorem 5.5 Let {H(t)}er be a measurable family of non-negative self-adjoint operators defined
in the separable Hilbert space $) such that dom(H (t)Y/?) is independent of t € R. If the bidirectional
evolution equation (5.1) is well-posed on R for some p € (1,00) and the condition (5.10) is satisfied
for any bounded open interval, then the bidirectional evolution equation (5.1) admits on R a unitary
solution {G(t,5)},s)erxr for which the Hilbert space 9¢ is admissible. Moreover, if for any
bounded open interval T = (a,b) the sets

HM(T,98)Ndom(Hz) and HYP(Z,9¢)Ndom(Hz), pe(1,00), (5.21)

are dense in H-P(Z,9§) and Hl}’p(I, D), respectively, then there is only one unitary solution for
which the Hilbert space ,68' is admissible.

Proof. We have to show that the evolution operator IN{I,
[N(If =Dz +iHzf, fe€ dom(f(z) = dom (D7) Ndom(Hz),

which is associated with the forward evolution equation (5.1), can be extended to a forward gen-
erator. Let K7 be evolution operator:

I?I_g =D7g+iH;g, g€ dom(IN(I_) = dom(D7) Ndom(H7 ),
associated with (5.8), where D7 is the anti-generator of the right-shift semigroup in LP(Z, 9, ),
and let H; be multiplication operator induced by {H ™ () }1ez. By J~ we denote the embedding
operator of LP(Z,9), p € (1,00), into LP(Z, 5, ), defined as:
(TN =J"f@t), fel’Z,9)
where J~ := J; . One can easily verify that J~dom(K7) C dom(f(f) and

K;J f=J Kzf, fedom(Kz).
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By Theorem 5.2 the forward evolution equation (5.8) is uniquely solvable. This means that the
operator K7 admits only one extension K, which is a forward generator. In fact, it has been
already proven that the closure of K coincides with K7 .

By Lemma 5.3 there is a forward generator {Uz(t,s)},s)eas, Uz(t,s) := G(t,s) | Az obeying
(5.14). By the relation
(e ))(t) = Uz(t,t = o)xz(t = o) f(t =), feL'(T,9),

one defines a forward generator K7 in LP(Z, ). Obviously, we have

e KT g f=g"e KT feLP(T,9H).
Hence
J~dom(K7) C dom(K7)
and
K;J~f=J Kzf, [ e dom(Kz).
Notice that .
—oK,- —TK- — P _
e Ig—g—/ dr e K79, g€ LP(Z,9).
0

Then choosing g=J " f, f € dom(f({), we obtain
J e BT = j*f—jf/ dr eiTKII?If
0

which yields
e oKz f— ¢ —/ dr efTKIIN(If, fe dom(f(z).
0

Therefore, IN(I C Kz, which shows that {Uz(t,5)},s)ea, is a solution of the forward evolution
equation (5.1) on Z. The same procedure can be applied to the backward evolution equation (5.1)
on Z. Hence the unitary bidirectional propagator {G(t, s)}(¢,s)eTxr defined by (5.14) is, in fact, a
solution of the bidirectional evolution equation (5.1) on R.

Assume now that {Z(t, )} (+,s)erxr is another unitary solution of the bidirectional evolution equa-
tion (5.1) such that Hilbert space $j is admissible with respect to {Z(t, s)},s)erxr- Then from

JYZ(t,s) = Z(t,s)JT, (t,s) € R xR,

we obtain

Z(t,s) T =J Z(t,s)*, (t,s)€RxR,

~

where it is used that J= = (JN)*. We set Z (t,s) = Z(s,t)*, (t,s) € R x R. Since
{Z(t,5)}(t,s)erxr is unitary, we have Z(t,s) = Z(s,t)*. By this we find

Z=(t,s)J” =J Z(t,s), (t,s) eRxR.

Since {Z(t, s)}(1,s)crxr and {Z T (t,5)}(;,s)crxr are bidirectional propagators in £ and 9, respec-
tively, one easily gets that {Z (%, s)}(,s)crxr is a bidirectional propagator in §; . For any bounded
interval Z in R a forward generator L corresponds to the forward propagator {Z; (t,s)} . syeas,
Z7 () == 2Z (-,+) I T x T by relation:

(el f)(t) == Z7 (t,t —o)xz(t —o)f(t — o), te€Z, feLP(ZT,9y).

It is obvious that B
e*O’LI j* — jfefo'LI’ o 2 0,
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where Lz denotes the forward generator, which corresponds to {Zz(t,)}t.s)eny, Zz(t--) =
Z(-,-) | Az. Hence, J~dom(Lz) C dom(L7) and

L7 T f=J"Lzf, f[e€dom(K7).
Since L7 is an extension of IN(I, we obtain

Ly J f=J Kzf, fe€dom(Ky),
which shows that L7 is an extension of EE =L71J ~dom(K7z). Since

K:J f= J~Kzf, f¢€dom(Kz).

holds one gets that K7 is also an extension of EE. Since the intersection HlP(Z, $§)Ndom(Hz), cf.
(5.21), is dense in H?(Z, ), the domain dom (L7 ) of the closure L7 of L7 contains H?(Z, §).
By Remark 3.9 the set H}P(Z,9{) is a core of K7, which shows that K7 = L. Hence L7 = K7,
which yields Z7 (t,s) = Uz (t,s), (t,s) € Az, for any bounded interval Z of R. The same can be
proven for the backward evolution equation, which ensures that the bidirectional evolution (5.1)
admits only one solution for which the Hilbert space g is admissible. O

6 Examples

6.1 Point interactions with varying coupling constant

We consider a family { H(t) };cr of self-adjoint operators associated in the Hilbert space $ = L?(RR)
with the sesquilinear forms

belf, g] = (6.1)
/R {zml(x) f’<w><g’<w>} + V(@) ()g() + D s (0)F (5)9(a;),

where f,g € dom(b;) := H"2(R), 1 < N < co. We assume that
1
m(z) > 0, - +me L*R), and V € L*(R)

zj €R,j=1,2,..., N, and that the coupling constants x;(-) : R — R are measurable functions.
The family {H (¢)}1er is uniformly semibounded from below. Indeed, we have

H(t) = —[|VllL=®), teR.

Therefore, without loss of generality we assume that V(z) > 0 for a.e. € R, which yields that
{H(t)}+er is a family of non-negative self-adjoint operators. Moreover, one can easily verify that
{H(t)}+cr is a measurable family of self-adjoint operators. For finite N the domain dom(H (t))
admits an explicit description. Indeed, in this case the operators H(t) are given by the sum of
operators in the form-sense (6.1):

with domain defined by
dom(H (t)) := (6.2)

Lo Epeme®\UYL o)),
FeH TR (5f) (x5 —0) = (g7.f) (x5 +0) = w;(t) f(z;),
1=12,....N <
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for t € Z. In the following we assume (convergence condition) that
supZﬁj(t) <oo, 1< N <oo, (6.3)

for each bounded subinterval Z C R. Furthermore, we assume (continuity condition) that for each
bounded subinterval Z C R there is a constant C'z > 0 such that

ZMJ —Ki(s)| < Crlt —s|, t,sel. (6.4)

Since ®F := dom(H(t)'/?) = dom(h;) = H"?(R) is independent of ¢+ € R, Theorem 5.2 is appli-
cable in this case: the auziliary bidirectional evolution equation (5.8) admits a unique solution, if
the estimate (5.10) is satisfied for each bounded subinterval Z C R.

To show this it is sufficient to verify that the estimate

IWH®) +1f| <™ NVH(s) + If], f.g9€DF (6.5)

holds for any t,s € Z. Indeed, one obviously has

| f () 2§Re{/ f'(x dz} feHY2R), je€1,2,...,N,
which yields
flap)P < /{If WP+ I1f (@)} de, j=1,2,...,N. (6.6)
Hence
|f(2)]* < max{1,2m| = }IVH(s) +If]? 5=1,2,...,N. (6.7)

Therefore, we have

IVH® + 1112 = VHE) + 1P| < im(t) 55 ()] 1 ().
and consequently, by (6.6) we obtain:
IVE® + 1112 = V) + 11| <
max{L, 2m| . }Iv/H5) + 1] i 5 () = 5 (5)].

Using (6.4) we get

IVE@ 1P = |VHE) + 1P| < 292 [t = sl I|VH) + 1) (6.8)

for t,s € Z, where
1
NI = iCImaX{l,QHWHL“}'

From (6.8) it follows that

IWH®) +Ifll < V1+2yz [t —s| [VH(s) + 1]

which yields

IWH@) +1f] < 1 +rz lt—s)) IVH(s) + 11l
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for t,s € Z. Since 1 + 7 |t — s| < e?7!*=3I for any t,s € Z, we obtain (6.5).

Then by Theorem 5.5 the original bidirectional evolution equation (5.1) admits a solution for which
the Hilbert space H%?(R) is admissible. It is more complicated to solve the problem whether
this solution of the original problem is unique. To this end one has to verify the additional
condition (5.21) of Theorem 5.5. This condition is satisfied if the sets (I + Hz) *HY*(Z,$)
and (I + Hz)"'H}*(Z,$) are dense in HY2(Z,9¢) and H,*(Z, H7), for any bounded interval
Z = (a,b), respectively.

To prove this we introduce linear operators C; : L*(R) — C defined by
Cif == (I +H(0) ") (x;), feL’R), j=12,...,N.

Using the estimate (6.7) we find [C; f| < C||f| z2w), where C is given by C := max{1,2|[m|| e }.
Setting B; := C}C; we obtain the representation

(I+HE) =T+ HO) YV2RE)IT+HO) Y2, teR,
where

N
R(t):= [T+ rit)B;| , teR

Since the coupling constants are locally Lipschitz continuous, see (6.4), we get that R(t)x
HY2(Z,9), x € 9, for any bounded open interval Z C R. Hence, R(t)f(t) € H}*(Z,$) for f €
H1 2(Z, $) and any bounded open interval Z C R. Hence we get (I+H( )7L ( ) € HYX(Z, 97 for
f € HY2(Z,9) and Z C R. Now we show that the set of elements (I+ )" (), f € HY2(Z, 9),
is dense in H2%(Z, 9§). Note that the standard norm of H}2(Z,${) is equivalent to the norm

1/2
Alageag) = ( [IVIFHOT O )

If the elements (I + H(t))"'f(t), f € HL2(Z,9), are not dense in H22(Z, H), then there is an
element g € HY2(Z, $) such that

/( T+ H(0) ((1+H(O))—l/QR(t)(HH(O))—I/Qf(t))’, I+H(O)g’(t))dt:0
A

for any f € H%(Z,9). Hence we obtain
/I(R’(t)(f+ H(0)™Y2f(t) + R(&)(L + H(0) ™ /2f'(t), /T + H(0)g'(t))dt = 0.

Setting h(t) := (I + H(0))""/?f(t) € Hy*(Z,97) and k(t) := /T + H(0)g'(t) € L*(Z,$) we find
that

/ (R'(Oh(t) + RO (), k(#))dt = 0 (6.9)
A

for any h € HL2(Z, ). Since HL2(Z, H7) is dense in HL-2(Z, $) one gets that (6.9) holds for any
h € H}2(Z,9). From (6.9) we obtain

/ (W (1), R()k(t))dt = — / (h(t), R/ (kL)) dt
T T

for any h € HY2(Z, $), which yields z(t) := R(t)k(t) € H,*(Z,$) and

d

ZROk() — B (Dk(t) = 0 (6.10)
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for a.e. t € 7. From the representation
N
k(t) = | T+ r;(t)B; | 2(t)
j=1

and condition (6.4) we obtain that k(t) € H; 2(Z,$). Taking into account this last observation
we get from (6.10) that R(t)k'(t) = 0 for a.e t € Z. Since ker(R(t)) = {0} for ¢ € Z, we find
that k'(t) = 0, which implies k(t) = const. But since k(b) = 0, we get k(t) = 0 for ¢t € Z. Hence
g'(t) =0 for t € Z, which yields g(t) = 0 for t € Z. Consequently, the set (I + Hz) 'H}*(Z, ) is
dense in H}2(Z,$) for any bounded open interval Z = (a, b).

Similarly, one proves that the set (I + HI)’lel’Q(I,fJ) is dense in Hbl’Q(I, 9¢) for any bounded
open interval Z = (a, b).

Taking into account the second part of Theorem 5.5 one finds that there is a unique solution of
the original problem (5.1) such that $7 is admissible.

Therefore, summing up this line of reasoning we obtain the proof of the following theorem:

Theorem 6.1 Let 0 <V € L>®(R), m > 0 and 1/m +m € L>®(R). Further, let {z;}jen be a
(infinite) sequence of real numbers which are mutually different and let k;(-) : R — R, be non-
negative locally Lipschitz continuous functions. Moreover, let { H(t)}+cr be a family of non-negative
self-adjoint Schrédinger operators associated with the sesquilinear forms (6.1). If the conditions
(6.3) and (6.4) are satisfied, then the bidirectional evolution equation (5.1) is well-posed on R for
p =2 and possesses a unique solution {G(t, )} s)erxr such that HY(R) is admissible.

A similar problem was treated in three dimensions by [41] for the case of finite point interactions
and m(z) = const. In contrast to Theorem 6.1 their results concern the case of coupling constants
k;(t) which are twice continuously differentiable, cf. [41, Theorem 1]. In this case the bidirectional
evolution equation is verified in the strong sense. Moreover, only the existence of a bidirectional
propagator was established under the weaker assumption that the coupling constants k;(t) are
locally L*°-function, cf. [41, Theorem 2]. The first results was improved in [5], where the smooth-
ness of the coupling constants was reduced to a certain Holder continuity. However, it seems to be
difficult to extend the technique used [5, 41] to the case of an infinite number of point interactions
and to a non-smooth position dependent effective mass m.

In conclusion we would like to remark that Theorem 6.1 covers rather bizarre situations. For
instance, let {z;};en be an enumeration of the rational numbers Q and let {«;(t)} be a sequence
of coupling constants such that conditions (6.3) and (6.4) are satisfied. Moreover, let us assume
that for any ¢ € R the values r;(t) are pairwise different. In this case one has (,.; dom(H (t)) =
{0} for any bounded open interval Z C R. Nevertheless, the sets (I + Hz) " *HY?(Z,$) and
(I + Hz)""H}*(Z,$) are dense in H2*(Z, ) and H,*(Z, H7), respectively !

6.2 Moving potentials

In this section we consider an example, which is more involved than that we studied above. Here
we consider the Hamiltonian of two mowving point particles:

H(t) = —%% + r1(t)d(x — z1(t)) + ka2 (2)0(z — 22(t)), (6.11)
which domain is described by
dom(H (t)) := (6.12)
fre HRARA {1 (t), 22(1)}),
FeHYR): (f'/2)(x1(t) = 0) = (f'/2) (w1 (t) +0) = k() f (a1 (¢
(f'/2) (@2(t) = 0) = (f'/2) (22(t) +0) = (
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in the Hilbert space L*(R). In the following we assume that x;(-) : R — Ry are continuous
differentiable functions. Moreover, we suppose that

3?1(75) < 3?2(75) (613)

for t € R. The sesquilinear form associated with H(¢) is given by

ht [fa g} =
5 | 1 @F@de + a0 (22 (D)D) + ra(t) a8,

f,g € dom(h;) := HY2(R). Notice that the sesquilinear form b; is non-negative.

To handle this case we start with some formal manipulations. Using the momentum operator P,

0
19y

Pf==o-f(x), f€dom(P):=H"*(R),

we get the representation

belf, 9] = 5(Pf, Pg) + k1(t) f(21(t)g(21(1) + ka(t) f (2(t))g(w2(1)),

f,g € HY?(R). The momentum operator generates the right-shift group S(7) := e~ 7F 7 € R,
acting as

(S(r)f)(z) = flx—7), feL*R), TER
Obviously, one has that
S(r)TTH()S(1) = 3P + k1 ()0(z — 21 (t) + 7) + K2 (8)( — 22(t) + 7).
In particular, for y(t) := $(z1(t) + z2(t)) we obtain:
H®(t) = S(y(t) " H(t)S(y(t) =
eVOP (1) e WP = %P2 + k1()0(x + x(t)) + ka(t)o(x — x(t)),

where the relative coordinate obeys

>0, teR.

by (6.13). Further, we define the unitary transformations W (#) : L?(R) — L?(R)), 6 > 0,
W(0)f)(x) == VOf(0x), [eL*R).

Let X be multiplication operator (X f) := xf(z) in L?(R). Then

1
L= 3(XP+ PX)

is a so-called dilation operator, which is self-adjoint in L?(R). The operator iL generates dilation
group given by ‘
(e f) (@) = e?f(e°x), feL’R), seR.
Then we obviously get W () = e!'™(®)L 6 > 0 and
W ()" H ()W () =
6% d?
BCTe) + k1 (8)06(x + 0x(t)) + ko (t)0d(x — 0z(1)) .
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If we set 0 = 1/x(t), then

HW (1) == W(1/x(t) " HY ()W (1/96( ) =

e MBS (e e = o ( E 5 P2+ (0)0(x + 1) + s(t)d(x — 1),
X

where

1 (t) = and  p(t) = -

Relation between this Hamiltonian and (6.11) has the form:

H(t) _ e—iy(t)Pe—iln(x(t))LHSW (t)ei ln(;c(t))Leiy(t)P.
Now we introduce in the Hilbert space L(R, ), $ := L?(R), the operator
(Df)(t,x) ( > dom(D) := H"*(R, §).

The multiplication operator S := M(S(y(t))), y(t) = $(z1(t) + za(t )) (ie., (Sf)(t,z) =
(S(y)f)(t,z) = f(t,x — y(t)), see (2.1)), defines a unitary operator on L?(R, ), and we have
that

D% :=S57'DS=D-yt)P.

Similarly, the multiplication operator W := M (W (1/z(t))), z(t) = %(z2(t) — z1(t)), induces a
unitary operator on L?(R, $)). We set

DSV .= Ww1DW.

Since the multiplication operator W = M (e~* II‘(‘”(t))’:), by the commutation relation LP—PL =
one gets that
x(t) x(t)
Now we set,
HW =W 'ST'HSW
and
KSW .— pSW | gswW

with domain dom(K5W) := dom(DS") N dom(HSW). Then a straightforward computation gives
that this operator is equal to _
KW =D+ Ly

with domain dom(K5"W) = dom(D) N dom(Ly), where

1
2x(t)?
301 (1)0(x + 1) + 222(t)0(x — 1) .

(P = 2(®)(EOX +5(0)* - 3 (@(O)X + (1)

LQ (t) = B

Finally, let us introduce the gauge transformation
(D)) i= e JolEDmrI 4P g0 f e 12(R),
which induces the multiplication operator I' := M (I'(t)) on L?(Z, $). Then we find

K:= KSWT .— - 1gSWT =D+ L,
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where operator

L(t) :=
1
22(t)?

(P+ Br()X + Bo(t))® + %XQ +a(B5(z + 1) + 3005z — 1)

with
G1(t) == /0 (i(s)2 + 1)ds — z(t)Z(t)
and

Bo(t) = / §(s)i(s)ds — ()i (2).

As above the family {L(t)}+er, is measurable and defines a densely defined self-adjoint multipli-
cation operator L := M(L(t)) on L2(Z,$). Then the operators K := D + H and K = D + L are
related by _ B

K=SWIKr'w-ts1, (6.14)

Instead to solve the bidirectional evolution equation (5.1) we consider the modified bidirectional
evolution equation

10
H au(t) + L(t)u(t) = 0. (6.15)
Following Section 5 we introduce the family of quadratic forms L[, -]
1
k[f,g] = W(Pf + B ()X + Bo(t)f, Pf+ Bi(t)Xg + Bo(t)g) +

S(XF Xg) 450 (- )g(1) + 50(0) F()3(0) + (7, ),
f,g € dom(l}) := dom(P) Ndom(X) corresponding to operators L(t), and define the norm

I = IV L@) + Lf[| = VULf £+ 112

f € dom(y/L(t) + I) = dom(l;) = dom(P) Ndom(X). It is easy to check that the domain dom(l;)
is independent of ¢ € R. By Ef we denote the Hilbert space, which arises when we endow the
domain dom([;) with the scalar product (f,9); = L[f,g] + (f,g). Note that the norm || - || is

equivalent to the norm || f|lpx = IIPfII? + I X fII?, f € dom(P) N dom(X).

Now we proceed as in the previous section. First we find

GUSIEY = ZEPT + 50X ] + Ga(011 P

+#%6(Pf L BIOX S+ Bo®)f (DX F + Fo(d)])

+ia (O F (1) + s2(t) | F(1)*.

A straightforward computation shows that for any bounded interval Z there is a constant vz such
that

d
S (I < 292 (I £11)*?

for t € 7 which yields
d
9z < S (A7) < o
Hence we obtain the estimate:

=zt =) <W(|[f]) = W(If7) < vzt —s)
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for t,s € 7 and s < t, which yields
IFIIF < DfE, tseZ, s<t

The last relation implies (5.10). By virtue of Theorem 5.2 we get that the auxiliary bidirectional
evolution equation

0 o
gu(t) +iL™ (H)u(t) =0

admits a unique solution {A™(t,5)},s)erxr on R. By Theorem 5.5 the original bidirectional
evolution equation (6.15) admits a solution for which the Hilbert space Sar is admissible. By the
same line of reasoning as for non-moving point interactions one can prove that there is unique
unitary solution {A(Z, )} s)erxr of the bidirectional evolution equation (6.15) for which £ is
admissible.

These results allow to prove that the original forward evolution equation (5.8) on R admits a
solution. To this end one has to verify that for any bounded interval Z the extension of the
forward generator K7 of K7 defines an extension of the forward generator K7 of K7 defined by
K;:=SWTKzI'™! W-! §~1. However, this is evident since it follows form the representation
(6.14). Similarly, one proves that for any bounded interval Z the backward generator extension
K7 of KZ defines a backward generator extension KZ of KZ by KX := SW T KZ T w~1 g1,
By these we immediately obtain that the bidirectional propagator {G(t, s)}(;,s)erxr defined by

G(t,s) := e”WOPmin@OILP YA (2, §)D(s) ~Le! EEN L) P (6.16)
for any (¢,s) € R x R, is a solution of the bidirectional evolution equation (5.1).
It remains only to identify the subspace which is admissible with respect to {G/(t, 5) }(¢,s)crxr. We
recall that £7 is the subspace which is admissible with respect to {A(t, 8) }(t,s)erxr- If we set
HY'(t):=T@®LHI@)"', teR,
then a straightforward computation shows that

1 . .
H(t) = W(P —z(®)Et)X — z(t)y(t)? +

%XQ +n (B8 + 1) + ()5 — 1),

Further, setting
HFW(t) = e—iln(m(t))LF(t)L(t)F(t)—161' In(z(t))L

we find that

X2 4+ k1 ()6(z + 2(t)) + k()8 (z — 2(1)).

HIY(0) = 5P - T3X ~ 0P + 5

Finally, we introduce the family:
HFWS(t) = e—iy(t)Pe—iln(x(t))LF(t)L(t))F(t)—lez’ In(2(t))L ,iy(t)P
which implies

#S(0 = 5 (P- LB - uo) +

(X —y(1)* + r1()3(z — 21(t)) + k2 (8)3(x — 22(1)).

2x(t)?

For a shorthand let Z(t) := H"W9(t). Then quadratic form associated with Z(t) we denote by
3t[-,-]- One can easily verify that the domain dom(3;) is independent of ¢ € R. The Hilbert space
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which is associated with 3; is denoted by 3;”. A straightforward computation shows that for any
t € R the Hilbert space 3, can be identified with Hpx = {dom(P) Ndom(X),|| - |px}. It is
obvious, that the Hilbert space $px is admissible for the bidirectional propagator {G(t, s)}(t,s)cr
defined by (6.16). Summing up one gets the following theorem:

Theorem 6.2 Let £;(-) : R — Ry and z;(-) : R — R be continuously differentiable functions.
Further, let {H(t)}tcr be the family of non-negative self-adjoint operators given by (6.11) and
(6.12). If the condition (6.13) is satisfied for any t € R, then the bidirectional evolution equation
(5.1) is well-posed on R for p = 2 and possesses a unique unitary solution for which the Hilbert
space Hpx is admissible.
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