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This 
onferen
e was organized by Peter Constantin (Chi
ago), Alexander Mielke (Stuttgart)

and Edriss S. Titi (Irvine).

The aim of the meeting was to bring together experts who work in neighboring, but in-

telle
tually distin
t �elds: partial di�erential equations, dynami
al systems and sto
hasti


di�erential equations. The 
ommon interest of the parti
ipants 
entered on appli
ations

in 
uid me
hani
s. Classi
al 
uid me
hani
s is based on deterministi
 partial di�erential

equations and has 
onne
tions to dynami
al systems theory. But traditional turbulen
e

theory, as well as more re
ent models are based on sto
hasti
 partial di�erential equations

(SPDE), i.e., PDEs with sto
hasti
 
oeÆ
ients.

In re
ent years there have been important developments in the physi
al theoreti
al

approa
hes to turbulen
e, originating from Krai
hnan's passive s
alar model and using

mostly �eld{theoreti
al methods. They renewed the interest in the more mathemati
al

issues of existen
e and uniqueness of invariant measures. During the meeting there were

extensive dis
ussions 
on
erning the more diÆ
ult uniqueness problem. In parti
ular, this

led to the presentation of four very re
ent simultaneous proofs of existen
e and uniqueness

for invariant (ergodi
) measures for white{in{time sto
hasti
ally for
ed Navier{Stokes

equations and other SPDEs by W. E, J.{P. E
kmann, A. Kupiainen and S. Kuksin. A

dis
ussion of non{trivial limits due to 
ompressible e�e
ts was led by E. Vanden Eijnden.

The sto
hasti
 models are surrogates for the deterministi
 
ase whi
h still remains un-

solved. The 
losest 
onne
tion to turbulen
e in the deterministi
 Navier{Stokes equation

was dis
ussed in a series of three le
tures by C.I. Foias whi
h were based on his notion of

Vishik{Fursikov statisti
al solutions.

Problems of pattern formation and dynami
s on extended domains were 
overed ab-

stra
tly (A. Biryuk, P. Collet) as well as in 
on
rete appli
ations to the Navier{Stokes

equations (R. Farwig, T. Gallay).

Further 
uid models involved non{Newtonian 
uids (J. Ne
as, T. Hagen), thin{�lm

equations (G. Gr�un), porous media 
ow (M. Efendiev), water waves (M. Groves), averaged

Euler/Camassa{Holm equation (M. Oliver), geostrophi
 and 
limate models (J. Duan, P.

Kloeden, G. Sell, B. Turkington).
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Colle
tion of Abstra
ts

Estimates for derivatives of the Burgers equations in terms of vis
osity

Andrei Biryuk (Heriot{Watt, UK)

Consider the one dimensional generalized Burgers equation

u

t

+ f(u)

x

= Æu

xx

(1)

with an l{periodi
 and C

1

{smooth initial state. The fun
tion f is also C

1

{smooth and

stri
tly 
onvex (f

00

� � > 0). Equation (1) is studied in the small dissipation regime i.e.

Æ is a small positive parameter (0 < Æ � 1).

We say that quantity g

Æ

has order Æ

�s

if there exist two Æ independent 
onstants 
 and

C su
h that for Æ 2 (0; 1) we have: 
Æ

�s

� g

Æ

� CÆ

�s

.

Take time T = 2l

3=2

=�ju

0

�hu

0

ij

L

2

. Here hu

0

i is the mean value of the initial state u

0

.

It turns out that averaging of C

m

{norm of solution over [0; T ℄ has order Æ

�m

and,

for m � 1, the 
orresponding averaging of the Sobolev H

m

{norm has order Æ

�m+1=2

.

Using expli
it expression for a Sobolev H

m

{norm via Fourier 
oeÆ
ients we 
an get some

information for the behavior of the Fourier 
oeÆ
ients as Æ ! 0.

Derivation of the Euler equations from a 
ari
ature of Coulomb intera
tion

Yann Brenier (Paris/Ni
e, Fran
e)

We start with the following 
ari
ature of ele
trodynami
s: N parti
les with positive 
harge

are �xed and equally spa
ed in a bounded domain D. N parti
les with negative 
harge

are moving around D. At ea
h time, there are N springs linking, one{to{one, a positive

parti
le and a negative parti
le. They have the same sti�ness. The dynami
s w is made

non trivial, by updating the pairing of positive and negative parti
les so that the total

potential energy of the system stays minimal. It is shown that, as the sti�ness of the

springs and the number of parti
les N go to in�nity (at a mu
h faster, algebrai
 rate),

the negative parti
les will move as a perfe
t in
ompressible 
uid provided their initial

velo
ity is given by a smooth divergen
e free ve
tor �eld parallel to the boundary �D. A

geometri
al interpretation of this theorem is provided: the dynami
al system turns out

to be a natural dis
retization of the Euler equations viewed as the geodesi
 
ow on the

group of volume preserving di�eomorphisms of D. In addition it is (formally) shown how,

for �nite sti�ness, the dynami
al system minimizes the Coulomb intera
tion, through a


omparison between the Monge{Amp�ere and the Poisson equations.
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Global properties of extended systems

Pierre Collet (Palaiseau, Fran
e)

We 
onsider a damped non linear hyperboli
 equation in dimension 1. The semi 
ow is

globally de�ned and there is an attra
ting ball for bounded initial 
onditions (Feireisl).

In the spirit of Shannon and Kolmogoro� we look at the "{entropy per unit length. We

prove it exists and is bounded above by 


te

log "

�1

for small " where 


te

depends only on

the data of the equation. We also prove existen
e and �niteness of the topologi
al entropy

per unit length and show that this number 
an be re
overed using information from a

dis
rete mesh.

(joint work with J.{P. E
kmann)

Sto
hasti
 two{layer quasi{geostrophi
 
ows: is the bottom layer important?

Jinqiao Duan (Chi
ago, USA)

3D rotating Navier{Stokes model redu
es to 3D quasi{geostrophi
 (QG) model when

the Rossby number is small. With verti
al dis
retization, 3D QG model simpli�es to

multi{layer QG model with Ekman dissipation at bottom and random wind for
ing on

top 
uid surfa
e. We show that, under suitable 
onditions on Ekman number, vis
osity,

�{parameter and tra
e of 
ovarian
e operator of wind for
ing, the long{time dynami
s is

determined by the top layer, i.e., the bottom layer is slaved by the top layer.

(joint work with I. Chueshov and B. S
hmalfu�)

Invariant measures of the sto
hasti
 Navier{Stokes equation

Weinan E (Prin
eton/Courant Institute, USA)

We 
onsider Navier{Stokes equations with white{in{time sto
hasti
 for
ing. We prove

two results 
on
erning the uniqueness of invariant measures. The �rst result is for any

�nite dimensional Galerkin approximation. We show that when a minimal number of

large s
ale modes are for
ed, the system has a unique invariant measure. The se
ond is

for the full Navier{Stokes. We show that if the determining modes are for
ed, then the

invariant measure is unique. The �rst result is proved using Mallivain 
al
ulus and the

Harris 
ondition. The se
ond is proved by redu
ing the system to a �nite dimensional

problem with memory.

(joint work with J. Mattingly and Y.G. Sinai)
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Uniqueness of the invariant measure for a sto
hasti
 PDE driven by

degenerate noise

Jean{Pierre E
kmann (Geneva, Switzerland)

We 
onsider the sto
hasti
 Ginzburg{Landau equation on a bounded domain. We assume

the sto
hasti
 for
e a
ts only on the high{frequen
y (spatial) modes. The low{lying fre-

quen
ies are then only 
onve
ted through the non{linear 
oupling with these modes. This

problem has a unique invariant measure. The te
hniques of the proof use a 
ontrollability

argument together with Malliavin 
al
ulus. Note that in this problem, the deterministi


problem is already unstable.

(joint work with M. Hairer)

The long{time behavior of the thermo
onve
tive 
ow in a porous medium

M.A. Efendiev (FU Berlin, Germany)

For the Boussinesq approximation of the equation of 
oupled heat and 
uid 
ow in a

porous medium we show that the 
orresponding system of partial di�erential equations

possesses a global attra
tor. We give lower and upper bounds of the Hausdor� dimension

of the attra
tor depending on a physi
al parameter of the system, namely the Rayleigh

number of the 
ow. Numeri
al experiments 
on�rm the theoreti
al �ndings and raise new

questions on the stru
ture of the solutions of the system.

(joint work with J. Fuhrmann and S.V. Zelik)

Navier{Stokes equations and analyti
 semigroup theory

Reinhard Farwig (Darmstadt, Germany)

Besides Galerkin's approximation analyti
 semigroup theory is the main tool to 
onstru
t

and analyze instationary solutions to the Navier{Stokes equations. A semigroup approa
h

has the advantage to leave the linear part u

t

� ��u + rp or u

t

+ Au, when using the

Stokes operator A = ��P� and the Helmholtz proje
tion P , un
hanged and to allow an

L

p

{theory, 1 < p <1, in
luding weights from the very beginning. We report about three

di�erent dire
tions of progress in this �eld.

� Existen
e of a bounded analyti
 semigroup (e

�tA

)

t�0

in Besov spa
es

Æ

B

s

pq

(R;L

r

(�))

and in L

q

(R;L

r

(�)){spa
es in the 
ase of an in�nite 
ylinder 
 = R � � with


onstant 
ross se
tion �
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� The instationary 
ow (existen
e of weak and strong solutions, energy inequalities,

de
ay for t ! 1) in an aperture domain pres
ribing either the 
ow through the

hole or the pressure drop (PhD thesis of M. Franzke)

� A semigroup approa
h in weighted Sobolev spa
es using Mu
kenhoupt weights with

singular behavior near the boundary, inside the domain or at in�nity (PhD thesis

of A. Fr�ohli
h)

Statisti
al solutions of the Navier{Stokes equations

Ciprian Ilie Foias (Bloomington/College Station, USA)

A short presentation of the theory of statisti
al solutions of the Navier{Stokes equations

as averages of deterministi
 solutions, as well as of some simple illustrations of how the

theory provides rigorous mathemati
al proofs of some features of the Kolmogorov and

Krai
hnan theories for fully developed turbulen
e.

Exa
t 
ontrollability and feedba
k boundary stabilization

for Navier{Stokes systems

Andrei V. Fursikov (Mos
ow, Russia)

Exa
t 
ontrollability problem is as follows: We 
onsider Navier{Stokes equations on a

torus T (i.e. with periodi
 boundary 
onditions) with distributed 
ontrol 
on
entrated on

a subdomain ! of T. Let (v̂;rp̂) be a given solution of Navier{Stokes equations without


ontrol su
h that v̂(0; �) 6= v

0

(�), where v

0

(�) is an initial 
ondition of the Navier{Stokes

equations (NSE). The problem is: �nd a 
ontrol u (suppu 2 (0; T ) � !) su
h that the

solution (v;rp) of NSE supplied with v

0

satis�es the property: v(T; x) � v̂(T; x). In the

talk the solution of exa
t 
ontrollability problem was expounded for 3D and 2D 
ase.

Besides a new formalization of feedba
k notion was proposed and feedba
k boundary

stabilization for 2D NSE was 
onstru
ted.
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Steady water waves as a dynami
al system

Mark Groves (Stuttgart, Germany)

The hydrodynami
 problem 
on
erning the irrational 
ow of a 3D perfe
t 
uid of 
onstant

density in a domain bounded above by a free surfa
e and below by a rigid bottom is known

as the water{wave problem. Here we examine the gravity{
apillary steady water{wave

problem, in whi
h the 
uid is a
ted upon by the for
es of gravity and surfa
e tension and

all waves are uniformly translating with 
onstant speed in the horizontal dire
tion x. We

use the method of spatial dynami
s and the Kir
hg�assner redu
tion: we formulate the

equations as an in�nite{dimensional Hamiltonian system in whi
h an unbounded spatial


oordinate is the time{like variable and use a redu
tion theorem due to A. Mielke to show

that it is lo
ally equivalent to a �nite{dimensional Hamiltonian system whose solution set


an be analyzed.

In the 2D version of the problem we identify two regions of parameter spa
e in whi
h

there are in�nitely many solitary waves, that is solutions to the equations whi
h de
ay

to zero for large jxj. We 
onsider several types of 3D water waves: (a) Waves that are

periodi
 in the dire
tion transverse to x. Here we �nd generalized solitary waves, that is

3D waves whi
h de
ay to a 2D spatially periodi
 motion at large distan
es. (b) Waves

whi
h are periodi
 in x. Here we �nd waves whi
h resemble solitary waves in the dire
tion

transverse to x.

A waiting time phenomenon for thin �lm equations

G�unther Gr�un (Bonn, Germany)

The lubri
ation approximation allows us to des
ribe the height of thin �lms of vis
ous

liquids spreading on plain surfa
es by a fourth order degenerate paraboli
 equation. For

the model problem h

t

+ div(h

n

r�h) = 0 we formulate a general 
riterion on the growth

of initial data near the free boundary whi
h guarantees that for suÆ
iently small times

the support lo
ally does not in
rease. It turns out that this 
ondition only depends on the

smoothness of the di�usion 
oeÆ
ient in its point of degenera
y. Our approa
h 
ombines a

new version of Stampa

hias's iteration lemma with weighted energy or entropy estimates.

(joint work with R. Dal Passo and L. Gia
omelli)
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On the approximation of the sto
hasti
 hypervis
id Burgers equations

Christoph Gugg (Augsburg, Germany)

We 
onsider a hypervis
id Burgers equation with additive white{in{time noise, approx-

imate the basi
 Wiener pro
ess by a linear interpolation and prove 
onvergen
e of the

solutions of the equations driven by the noise 
orresponding to the approximating pro
ess

towards the solutions of the original equation. The 
onvergen
e takes pla
e in a L

p

(
){

spa
e with values in a fun
tion spa
e with as mu
h regularity as possible, 
 is the basi


probability spa
e, and is proved under weak 
onditions on the noise.

Analyti
al issues in for
ed elongation

Thomas Hagen (TU M�un
hen, Germany)

For
ed elongation is a quasi{one{dimensional 
ow in a regime of extension: a thin 
uid

thread is extruded through a 
apillary and extended axially by a pulling for
e at a 
ertain

velo
ity. In the non{isothermal situation, the thin 
uid �lament solidi�es by 
ooling

through the surrounding environment. The mathemati
al des
ription is based upon the

Navier{Stokes equations when \thinness" of the �lament is used to redu
e the equations

to a 1D 
ow. This ansatz yields equations of the form (involving a moving boundary)

a

t

+ (va)

z

= 0 a : 
ross{se
tional area

(av

z

)

z

= 0 v : axial velo
ity

T

t

+ vT

z

+

T

p

a

= 0 T : normalized temperature

We dis
uss the following issues for the Matovi
h{Pearson{�lament equations of for
ed

elongation:

� Temperature monotoni
ity along the thread: It is rigorously proved that (lo
ally in

time) the 
uid temperature diminishes as the distan
e to the exit in
reases.

� The semigroup 
orresponding to the linearized system is eventually 
ompa
t, thus

allowing stability 
on
lusions through a resolution of the spe
trum of its generator.

� The spe
trum of the semigroup generator allows an asymptoti
 des
ription through

a logarithmi
 
urve.

(joint work with M. Renardy)
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Stationary solutions of sto
hasti
 quasi{geostrophi
 
ows

Peter Kloeden (Frankfurt, Germany)

The existen
e of a stationary solution in the form of a pullba
k attra
tor of the random

skew produ
t 
ow generated by the quasi{geostrophi
 equations with random for
ing and

a random boundary 
ondition was dis
ussed. The main emphasis for us on di�erent sorts

of attra
tors in
luding pullba
k attra
tors for topologi
al skewing produ
t 
ows generated

by ODEs, the generalizations to deterministi
 PDEs and to random ODEs, to sto
hasti


DEs and sto
hasti
 PDE was then indi
ated.

(joint work with B. S
hmalfu� and J. Duan)

Randomly for
ed 2D Navier{Stokes equations

Sergei B. Kuksin (Heriot{Watt, UK)

We study the 2D Navier{Stokes equation, for
ed by a random ki
k for
e. This equation

de�nes a Markov 
hain in a fun
tion phase spa
e. We prove that this Markov 
hain has

unique invariant measure and is mixing.

Ergodi
ity and mixing of 2D sto
hasti
 Navier{Stokes equations

Antti Kupiainen (Helsinki, Finland)

We 
onsider the Navier Stokes equation on a two{dimensional torus with arbitrary vis-


osity 
oeÆ
ient � > 0, and smooth for
ing, white noise in time. We require the for
ing

to be nonzero for a �nite number of Fourier 
omponents depending on the vis
osity. We

prove that the sto
hasti
 dynami
s 
onverges to an invariant measure exponentially fast

in time, for arbitrary L

2

{initial 
onditions for the vorti
ity.

Pattern formation below 
riti
ality for
ed by noise

Stanislaus Maier{Paape (Augsburg, Germany)

We address the question of pattern formation of equations of Swift{Hohenberg type per-

turbed by additive noise. These equations are below 
riti
ality, whi
h therefore are stable

in the absen
e of noise. Nevertheless, the sto
hasti
 perturbation is strong enough to

drive the solution with high probability into regions where patterns are observed, whi
h

usually o

ur in spinodal de
omposition.
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In
ompressible 
uids with vis
osity depending on the pressure

Jindri
h Ne�
as (Prague, Cze
h Republi
)

We prove the existen
e of a global solution in time for 3D spa
e{periodi
 solutions and

non{Newtonian, in
ompressible 
uid. The vis
osity depends on the pressure and on the

se
ond invariant of the velo
ity gradient giving a shear thinning 
uid.

Symmetries and invariant solutions of turbulent 
ow

Martin Oberla
k (Darmstadt, Germany)

The logarithmi
 law{of{the{wall is still 
onsidered as one of the main building blo
ks in

physi
al and engineering turbulen
e theory. It has been veri�ed in innumerable experi-

ments and has been implemented in almost all statisti
al turbulen
e models. Even data

from numeri
al simulations of the Navier{Stokes equations are usually validated against

the law{of{the{wall. The key drawba
k is that the law{of{the{wall has not been derived

from �rst prin
iples. Using group theoreti
al methods (Lie{groups) it has been shown

that the law{of{the{wall and a very broad variety of new turbulen
e laws for plane shear


ows 
an be derived from the Navier{Stokes equations alone in the limit of vanishing

vis
osity. The resulting turbulen
e laws have 
learly been validated against the data from

experiments and numeri
al simulations of Navier{Stokes equations.

The averaged Euler equations as a basis for numeri
al s
hemes

Mar
el Oliver (T�ubingen, Germany)

We 
onsider the isotropi
 averaged Euler equations (also 
alled invis
id se
ond grade 
uid

equations, Camassa{Holm equations, Euler{� equations, or �ltered K.{O. equations),

�

t

(1� �

2

(�)u+ ur(1� �

2

�)u� �

2

(ru)

T

�u+rp = 0; r � u = 0 (*)

These equations regularize the standard Euler equations (� = 0) and thus may form a

basis for stabilizing or �ltering the numeri
al simulation on the level of the PDE in a

stru
ture{preserving way. We dis
uss the following aspe
ts in two dimensions:

� The equation 
an be rigorously understood as one parti
ular vortex blob algorithm,

whi
h is a true solution to the regularized PDE. Convergen
e as �! 0 is shown.

� For initial data in the Besov spa
e B

2;1

1=2

, equation (*) in its vorti
ity form is an

invis
id vorti
ity limit to the regular Navier{Stokes equations. Due to the mat
hing

boundary 
onditions, the model may provide a way to develop pseudo{vis
ous point

vortex s
hemes.
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Global 
limate modeling: A paradigm and an appli
ation

George R. Sell (Minnesota, USA)

We present a new feature of o
eani
 
ows whi
h is based on a gravitational for
e ~g(t) whi
h

is 
aused by gravitational �eld of the Sun{Earth{Moon (SEM) a
ting, in parti
ular, on the

o
ean. Due to the KAM (Kolmogorov{Arnold{Moser) theory, it is reasonable to assume

that ~g(t) is a quasi{periodi
 fun
tion of time t, with frequen
y module m(~g) = fn � ! :

n 2 Z

3

g where ! = (!

1

; !

2

; !

3

) is the frequen
y ve
tor of the three body SEM{problem.

This leads to an o
eani
 model

�

t

w + Aw + L(t)w = F (w) +G(t) (1)

where w = (u; T; S); u = velo
ity; T = temperature and S = salinity. We show that if

the averaged equation

�

t

v + Av + Lv = F (v) +G (2)

has a hyperboli
 stationary solution, and if L(t)� L and G(t)�G are \small", then the

equation (1) has a quasi{periodi
 solution w = w(t) with M(w) � M(~g). We use this

result to give an interpretation of the ENSO (El Nino Southern Os
illation) phenomenon

in the Pa
i�
 O
ean.

Statisti
al equilibrium models of 
oherent stru
tures in two{dimensional and

geostrophi
 turbulen
e

Bru
e Turkington (Massa
husetts, USA)

Gibbsian equilibrium statisti
al me
hani
s 
an be applied to ideal hydrodynami
s in

2D and to the asymptoti
 equations in geophysi
al 
uid dynami
s (barotropi
, quasi{

geostrophi
 �{plane equations). The theory predi
ts the formation of steady 
ows on

the large s
ales and it links the statisti
al property of multi{s
ale 
u
tuations with the

quantitative properties of these 
ows. But the thermodynami
s of these systems is novel.

These features, however, are 
on�rmed by 
omparison with physi
al observations.
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Generalized 
ow and turbulent transport

Eri
 Vanden Eijnden (New York, USA)

The study of passive s
alar transport in a turbulent velo
ity �eld feeds naturally to the

notion of generalized 
ows. These are families of probability distributions on the spa
e

of solutions to the asso
iated ODE's whi
h no longer admit unique solutions. Two most

natural regularizations for this problem, namely the regularization via adding a small

mole
ular di�usion and the regularization via smoothing out the velo
ity �eld are 
on-

sidered. White{in{time random velo
ity �elds are used as an example to examine the

variety of phenomena that take pla
e when the velo
ity �eld is not spatially regular.

Three regimes 
hara
terized by their degree of 
ompressibility are identi�ed in the pa-

rameter spa
e. In the regime of intermediate 
ompressibility, di�erent regularizations give

rise to di�erent s
aling behavior for the stru
ture fun
tions. Physi
ally, this means that

the s
aling depends on a turbulent Prandtl number measuring the relative strength of

mole
ular di�usion and vis
ous e�e
ts.

(joint work with Weinan E)
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