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Abstract

A lattice model of radiative decay (so-called spin-boson model) of a two level atom and
at most two photons is considered. The location of the essential spectrum is described.
For any coupling constant the finiteness of the number of eigenvalues below the bottom of
its essential spectrum is proved. The results are obtained by considering a more general
model H for which the lower bound of its essential spectrum is estimated. Conditions
which guarantee the finiteness of the number of eigenvalues of H, below the bottom of its
essential spectrum are found. It is shown that the discrete spectrum might be infinite if the
parameter functions are chosen in a special form.
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1 Introduction

Block operator matrices are matrices where the entries are linear operators between Banach or
Hilbert spaces [16]. One special class of block operator matrices are Hamiltonians associated
with systems of non-conserved number of quasi-particles on a lattice. Their number can be
unbounded as in the case of spin-boson models or bounded as in the case of "truncated” spin-
boson models. They arise, for example, in the theory of solid-state physics [11], quantum field
theory [3] and statistical physics [9, 10].

In a well-known model of radiative decay (the so-called spin-boson model) it is assumed that an
atom, which can be in two states — ground state with energy —e and excited state with energy
— emits and absorbs photons, going over from one state to the other [6, 10, 15, 17]. The energy
operator of such a system is given by the (formal) expression [6, 10, 15, 17]

A:=co, + / w(k)a*(k)a(k)dk + aax/ v(k)(a* (k) + a(k))dk (1.1)
Rd Rd
and acts in the Hilbert space

L= C*® Fy(Ly(RY)), (1.2)

where C? is the state of the two-level atom and F,(Lo(R?)) is the symmetric Fock space for
bosons. In the following we consider the lattice analog of the standard spin-boson Hamiltonian
cf. [11]. In the &lgebraicBense, a lattice spin-boson Hamiltonian is similar to a standard one with
only the difference is that .A does not act in the Euclidean space RY but on a d—dimensional
torus T9. This means that we have to replace R by T9 in formulas (1.1) and (1.2). We write
elements F’ of the space L in the form

F= {fég)afl(a)(kl)va(U)(klakQ)v s 7f7(10)(k17k27 .- '7kn)7 .- }

of functions of an increasing number of variables (k1, ..., k,), k; € T4, and a discrete variable
o = =& the functions are symmetric with respect to the variables k;, 2 = 1,...,n,n € N. The
norm in L is given by
IFI o= SO P43 [ 10 e )Pl (1.3
o=+ o,n (T4)™

In the expression (1.1), the operators a*(k) and a(k) are "creation and annihilation" operators,

e >0,
(10 (01
O, i — 0 —1 s Oy = 10

are Pauli matrices, w(k) is the dispersion of the free field, awv(k) is the coupling between the
atoms and the field modes, o > 0 is the coupling constant.

However, the problem of complete spectral description of the operator A still seems rather
difficult. In this connection, it is natural to consider simplified ("truncated") models [6, 10, 17] that
differ from the model described above with respect to the number of bosons which is bounded



by N, N € N. The Hilbert state space of each such model is then the space Ly := C? ®
FN(Ly(TY)) C L, where

FO(Ly(T) := C @ Ly(T) ® Ly™(T)?) @ ... & L™ ((T)Y).

Here L™ ((T9)") is the Hilbert space of symmetric functions of n variables, and the norm in
L is introduced as in (1.3). Then the truncated Hamiltonian Ay is given in Ly by Ay =
P AP, . where P, is the projection of the space £ onto the subspace Ly, and A is the
Hamiltonian (1.1).

The standard spin-boson Hamiltonian with N = 1,2 was completely studied in [10] for small
values of the parameter a. The case N = 3 was considered in [17]. The existence of wave op-
erators and their asymptotic completeness were proven there. In [6], the case of arbitrary /N was
investigated. In particular, using a Mourre type estimate, a complete spectral characterization of
the spin-boson Hamiltonian are given for sufficiently small, but nonzero coupling constant.

Let us introduce the corresponding model operator for the case N = 2. For simplicity we denote
Ho i= C, Hy 1= Lo(T9), Ho 1= LI™((T9)?) and H := F2(Lo(T9)).

In the Hilbert space H we consider the model operator H that admit an 3 x 3 tridiagonal block
operator matrix representation

Hop Hor 0
H = Hgl Hll H12
0 Hfy, Hoy

with the entries H;; : H; — H;, @ < j,1,7 = 0,1, 2 defined by
Hoo fo = wofo, Hofi = /d vo(t) f1(t)dt,
T

(Hufi)(w) = @) fife), (Hief)e) = [ o)ale i
<H22f2)(x7y> = w2(x7y)f2($7y>’ Ji € Hiy 1=0,1,2;

where wy is a real number, wy (+) v;(+), i = 0, 1, are real-valued analytic functions on T< and
ws(+,+) is a real-valued symmetric analytic function on (T4)2. Under these assumptions the
operator H is bounded and self-adjoint.

An important problem in the spectral theory of such model operators is to study the number
of eigenvalues located outside the essential spectrum. We remark that the operator H has
been considered before and the following results were obtained: The location of the essential
spectrum of H has been described in [7] for any d > 1. The existence of infinitely many
eigenvalues below the bottom of the essential spectrum of H has been announced in [8] for
d = 3. Its complete proof was given in [2] for a special parameter functions and in [1] for
more general case. An asymptotics of the form Uy | log |A|| (0 < Uy < o0) for the number
of eigenvalues on the left of A\, A < min o (H ) was obtained in [1]. The conditions for the
finiteness of the discrete spectrum of H was found in [13] for the case d = 3.

In the present paper we consider the case d = 1. We study the relation between the lower
bounds of the two-particle and three-particle branches of the essential spectrum of H. Under



natural assumptions on the parameters we prove the finiteness of the discrete spectrum of H
using the Birman-Schwinger principle. In this analysis the finiteness of the points which gives
global minima for the function ws(+, ) is important. We give a counter-example, which shows
the infiniteness of the discrete spectrum if the number of such points is not finite. For this case
the exact view of the eigenvalues and eigenvectors are found, their multiplicities are calculated.
We notice that a part of the results is typical for d = 1, in fact, they do not have analogues in
the case d > 2.

Using a connection between the operators A, and H, and applying obtained results from above
we describe the essential spectrum of Ay, and show that the operator A5 has finitely many
eigenvalues below the bottom of its essential spectrum for any coupling constant a.

The paper is organized as follows. Section 1 is an introduction. In Section 2, the main results
for H are formulated. In Section 3, we estimate the lower bound of the essential spectrum of
H. In Section 4, we apply the Birman-Schwinger principle to H. Section 5 is devoted to the
proof of the finiteness of the discrete spectrum of H. In Section 6 we discuss the case when
the discrete spectrum of H is infinite. In Section 7, the finiteness and infiniteness of the discrete
spectrum of H is established, when the lower bounds of the two- and three-particle branches
of the essential spectrum are coincide. An application to lattice model of radiative decay of a
two level atom and at most two photons (truncated spin-boson model on a lattice) illustrates our
results.

2 The main results for H

The spectrum, the essential spectrum, the point spectrum and the discrete spectrum of a
bounded self-adjoint operator will be denoted by o (+), Tess(+), 0p(+) and ggisc(+), respectively.

To study the spectral properties of H we introduce a following family of bounded self-adjoint
operators (generalized Friedrichs models) h(z), = € T, which acts in Hy & H; as

o= () Y,
where

1
hoo(x) fo = wi(x) fo, horfi = ﬁ /Evl(t)fl(t)dty
(hu1(z) f1)(y) = wo(z,y) f1(y), fi € Hi, i=0,1.

Let the operator hy(z), x € T actin Hy & H; as

)= (0 4oy )

The perturbation h(z) — ho(x) of the operator hy(z) is a self-adjoint operator of rank 2. There-
fore in accordance with the Weyl theorem about the invariance of the essential spectrum under



the finite rank perturbations, the essential spectrum of the operator /() coincides with the es-
sential spectrum of ho (). It is evident that oess(ho(x)) = [m,., M,], where the numbers m,,
and M, are defined by

My 1= Iyneijrrlwg(x,y) and M, := rgg%(wg(x,y).

This yields Oess(h(z)) = [ma, M,].

For any x € T we define an analytic function A(x;-) (the Fredholm determinant associated
with the operator h(z)) in C \ [m,, M,] by

Ax;z) = wl(x)—z—%/qr%.

Note that for the discrete spectrum of i(z) the equality
ogisc(h(x)) = {2z € C\ [my, My] : A(z;2) =0}
holds (see Lemma 3.2).
The following theorem [7] describes the location of the essential spectrum of H by the spectrum

of the family h(x) of generalized Friedrichs model.

Theorem 2.1 For the essential spectrum of H the following equality holds

Oess(H) =0 U [m, M], o:= U Taisc(h(x))

z€eT

where the numbers m and M are defined by

m = g;g%rwz(x,y) and M := g;ég%wz(%y)-

The sets o and [m, M| are called two- and three-particle branches of the essential spectrum
of H, respectively.

Throughout this paper we assume that the function ws (-, -) has a unique non-degenerate global
minimum at the point (0,0) € T2

Ford > 0and a € T we set
Us(a) ={x € T: |z —al <d}.
We remark that if v1(0) = 0, then from analyticity of v1 (-) on T it follows that there exist positive
numbers C, C5 and ¢ such that the inequalities
Chilz|* < v (x)] < Colz|®, z € Us(0) (2.1)

hold for some a: € N. Since the function ws (0, -) has a unique non-degenerate global minimum
aty = 0 (see proof of Lemma 3.3), one can easily seen from the estimate (2.1) that for any

x € T the integral
/ vi(t)dt
T wo(x,t) —m

5



is positive and finite. The Lebesgue dominated convergence theorem yields
A(0;m) = lirr(l)A(m;m),
€Tr—

and hence if v1(0) = 0, then the function A(-; m) is continuous on T.
Let us denote by F,.,;, the lower bound of the essential spectrum of H.

The main results of the present paper as follows.

Theorem 2.2 For the lower bound E.;, the following assertions hold:
() Ifv1(0) # 0, then Erin < m;
(i) Ifv1(0) =0 andmiqrrl A(x;m) <0, then Eyy, < m;

xre

(iii) Ifv1(0) =0 andmijrrl A(x;m) > 0, then Eyin = m.
S

Theorem 2.3 [If one of the assertions

(1) v1(0) # 0;
() v1(0) =0 andmei% A(x;m) < 0;

(iii) v1(0) = 0 andmiqrrl A(x;m) >0,
xe

is satisfied, then the operator H has a finite number of eigenvalues lying below E ;.

Remark 2.4 Since the function ws (-, -) is continuous on the compact set T? there exist at least
one point (o, o) € T? such that the function wy(-, -) attains its global maximum at this point.
If v (yo) = 0, then similar arguments show that for the upper bound E ... of the essential
spectrum of H we have E... > M and the operator H has a finite number of eigenvalues
greater than E ..

Remark 2.5 The results can be easily generalized to the case when the function ws(+,-) has
a finite number of non-degenerate global minima at several points of T?. Here finiteness of the
number of such points is important. If the number of such points is infinite, then the discrete
spectrum of H can be infinite, for a corresponding example see Section 6.

Remark 2.6 The case v;(0) = 0 and miqrrl A(x;m) = 0 is considered in Section 7, where it
Te

is shown that the discrete spectrum of H can be finite or infinite depending on the parameter
functions.

3 Lower bound of the essential spectrum of

In this section first we study the discrete spectrum of A(x) and then Theorem 2.2 will be proven.

Proposition 3.1 The perturbation determinant Ap(z)/h(z)(2) of the operator hy(x) by the op-
erator h(x) — ho(x) has form

Ah(x)/ho(x)(z) = —%A($ ; Z), zeC \ U(hQ(I))



Proof. Since the operator h(x) — ho(x) is trace class, even of rank 2, the perturbation deter-
minant Ay () /ho(z)(2) is well-defined by

Ay /ho@) () = det (I + (h(z) — ho(2))(ho(z) — 2)7").

Without loss of generality we can assume that ||v;|| = 1. We choose the orthonormal basis
{@n}n C H; by the following way: ¢ := vy and ¢;_Lv; for all j > 2. Introduce

_ L (1 L1 (0 -
wms(3) s s () e

By the construction {¢,, },, C Ho & H; is an orthonormal. Set

aij(z;2) = ((h(z) — ho(x))(ho(z) — 2) "y, ¢;), i,j€N.

Simple calculation show that

1 1 v2(t)dt 11
a11($§2>:—;w1($)+_/w2¢—zﬁ;
a (x‘z)——lw / —l—li

ATy i \/_ wat — 2z 242
I ()dt 11
an(v2) = zwl(m) w2 x t) 22
@i L / £)dt +1 1
Ap\T,2) = Z?le \/_ w2 ) Z\/E,

a;;(z;z) = 0;;, otherwise.

Here ,; is Kronecker delta. Therefore,

_1 2—an(z;z)  an(z;2) RS
An(a)/ho()(2) = 4det( in(r2) 2 am(rz) ) = A2

Proposition is proved. [l

The following lemma is a simple consequence of the Proposition 3.1 and of [5, chapter 1V].

Lemma 3.2 For any fixed x € T the operator h(x) has an eigenvalue z(x) € C\ [m,, M,] if
and only if A(z; z(z)) = 0.

In the next two lemmas we describe the number and location of the eigenvalues of h(z).

Lemma 3.3 /fv,(0) # 0, then there exists 6 > 0 such that for any x € Us(0) the operator
h(z) has a unique eigenvalue z(x), lying on the left of m,.

Proof. Since the function ws(+, -) has a unique non-degenerate global minimum at the point
(0,0) € T?, by the implicit function theorem there exist § > 0 and an analytic function (- ) on



Us(0) such that for any = € Us(0) the point 4 () is the unique non-degenerate minimum of the
function wy(z, -) and yo(0) = 0. Therefore, we have ws(x, yo(x)) = m,, for any z € Us(0).

Let ws(+, -) be the function defined on Us(0) x T as ws(z,y) := wa(x,y + yo(z)) — my.
Then for any z € Us(0) the function ws(x, -) has a unique non-degenerate zero minimum at
the point 0 € T. Now using the equality

/Tw2(v%(t)dt _ /T vi(t —i—yo(:c))dt’ © € Us0),

x,t) —myg ws(x,t)

the continuity of the function v;(-), the conditions v1(0) # 0 and yo(0) = 0 it is easy to see
that lim A(z;z) = —ooforallz € Us(0).

z—mag—0

Since for any € T the function A(x;-) is continuous and monotonically decreasing on
(—00, m;) the equality

lim A(z;z) = o0 (3.1)
implies that for any z € Us(0) the function A(x ;) has a unique zero z = z(x), lying in
(—o0, m,). By Lemma 3.2 the number z(z) is the eigenvalue of h(x). O

0.

Lemma 3.4 Letv(0) =
> 0, then for any x € T the operator h(x) has no eigenvalues, lying on

(i) /fmin A(z ;m)
zeT

the left of m.

(i) If miTrrl A(x;m) < 0, then there exists a non-empty set G C T such that for any x € G
xe

the operator h(x) has a unique eigenvalue z(x), lying on the left of m.

Proof. First we recall that if v;(0) = 0, then the function A(-;m) is a continuous on T. Let
mi’}l A(x;m) > 0. Since for any x € T the function A(z ;) is monotonically decreasing on
xre

(—oo,m) we have A(x;z) > A(x;m) > Hli%lA(:C;m) > 0, that is, A(z;z) > 0 for
S

all z € T and z < m. Therefore, by Lemma 3.2 for any € T the operator h(x) has no
eigenvalues in (—oo, m).

Now we suppose that mijrrl A(x;m) < 0and introduce the following subset of T :
S
G:={zxeT:A(x;m) <0}.

Since A(-;m) is a continuous on the compact set T, there exists a point ° € T such that

min A(z;m) = A(2®;m), thatis, z° € G. So, the set G is a non-empty. Note that if

zeT

max A(x;m) < 0,then A(z;m) < Oforallz € T and hence G = T.
e

Since for any = € T the function A(x;-) is a continuous and monotonically decreasing on
(—o00, m] by the equality (3.1) for any 2 € G there exists a unique point z(z) € (—oo, m) such
that A(z; z(z)) = 0. By Lemma 3.2 for any x € G the point z() is the unique eigenvalue of
h(z).



By the construction of G the inequality A(x ;m) > 0 holds for all z € T \ G. In this case one
can see that for any = € T \ G the operator i(z) has no eigenvalues in (—oo, m). O

Proof of Theorem 2.2. Let v1(0) # 0. Then by Lemma 3.3 there exists § > 0 such that for

any z € Us(0) the operator h(x) has a unique eigenvalue z(x), lying on the left of m,. In

particular, z(0) < my. Since m = miqr; mg = my it follows that min o < 2(0) < m, that is,
e

Erpin < m.

Let v1(0) = 0. Then two cases are possible: rilelqr; A(z;m) > 0or I;lel{‘l A(z;m) < 0. Inthe
case rilel% A(x;m) > 0, by the part (i) of Lemma 3.4 for any x € T the operator h(x) has no
eigenvalues in (—oo, m), that is, min o > m. By Theorem 2.1 it means that E,,,;, = m.

For the case min A(z ;m) < 0, using the part (i) of Lemma 3.4 we obtain mino < z(2') <

zeT
mforall 2’ € G, thatis, Epin < m. O

4 The Birman-Schwinger principle.

For a bounded self-adjoint operator A acting in the Hilbert space R and for a real number A,
we define [4] the number n(\, A) by the rule

n(A, A) = sup{dim(F) : (Au,u) >\, u € F C R, ||u|| = 1}.

The number n (A, A) is equal to infinity if A < max oess(A); if n(A, A) is finite, then it is equal
to the number of the eigenvalues of A bigger than \.

Let us denote by N (z) the number of eigenvalues of H on the left of z, z < E;,. Then we
have N(z) = n(—z,—H), —z> —FEpn.

Since the function A(-;-) is positive on (x,z) € T X (—00, Fuin), there exists a positive
square root of A(z; z) forallz € Tand z < Epip.

In our analysis of the discrete spectrum of H the crucial role is played by the self-adjoint com-
pact 2 x 2 block operator matrix 7'(z2), z < Ey;, acting on Ho & H; as

ro=( 0 he)

with the entries T;;(z) : H; — H;, i < j,4,j = 0, 1 defined by
’Ug(t)gl (t)dt
RVINGEI

gi(t)dt
2\/A /\/A )(wa(z,t) — 2)

Too(2)go = (1 4+ z —wo)go, To1(2)gr =

(T (2)g1)(x) =

Here g; € H;, 7 =0, 1.

The following lemma is a modification of the well-known Birman-Schwinger principle for the
operator H (see [1]).



Lemma 4.1 The operator T'(z) is compact and continuous in z < E;, and

N(z) =n(1,T(z)).

For the proof of this lemma see Lemma 5.1 of [1].

5 Finiteness of the number of eigenvalues of H

In this section we prove the finiteness of the number of eigenvalues of H, that is, Theorem 2.3.
We have divided the proof into a sequence of lemmas.

Lemma 5.1 There exist positive numbers C, Cy, C3 and ¢ such that the following inequalities
hold

D) C1(2? +y?) < waz,y) —m < Coa? +y?), w,y € Us(0);

(i) wa(z, y) —m > Cs, (z,y) € Us(0) x Us(0).

Proof. Since the function ws(-, -) is analytic on T? and it has a unique non-degenerate global
minimum at the point (0, 0) € T?, the following decomposition holds

1 (82’11)2(0,0) 2 i 282'11}2(0,0) 4 82w2(0,0) 2

un(o) =mot 5 (e g 2P0 gy o TR0 Ol 4 1y

as x,y — 0. Therefore, there exist positive numbers C';, Cs, C3 and § such that (i) and (i) hold
true. n

Lemma 5.2 Let the assumption (iii) of Theorem 2.3 be fulfilled. Then there exists a positive
number Cy such that the inequality A(x ; z) > C holds for all x € T and z < m.

Proof. By assumption (iii) of Theorem 2.3 we have mi%l A(z;m) > 0. Since forany x € T
e

the function A(x ; -) is monotonically decreasing in (—oo, m/|, we have

A(x;2) > Alx;m) zmi%rlA(x;m) >0
re

forall z € T and z < m. Now setting C; := mijrrl A(z ; m) we complete the proof. O
Te

We recall that by Lemma 3.2 the set o is equal to the set of all complex numbers z € C\
[my, M| such that A(z; z) = 0 for some x € T.

If the condition (i) or (ii) of Theorem 2.3 holds, then by the assertions (i) and (ii) of Theorem 2.2
we have F,,;, € o, hence there exists x; € T such that A(x; ; Enin) = 0. Since iy < m,
the function A(- ; Emin) is a regular in T. Therefore, the number of zeros of this function is
finite.

Let {z € T : A(x; Enin) = 0} = {x1,...,2,} and k; be the multiplicity of x; for j €
{1,...,n}. The fact Ei, < m implies that the difference ws(x,y) — z is positive for all

10



x,y € T and z < FEpn,. Hence the function (ws(+,-) — 2)~! is an analytic one on T? for
all z < FEyi,. Then there exists a number 6 > 0 such that for any 4,j € {1,...,n} and
z < E, the following representations are valid

[ki/2]

v (7)v(y) _ (1) P Y N\t () v
2(wy(z,y) — 2) ; y (o) (y — )+ (y — x) + (z:2,y), (5.1)

forallz € Tandy € Us(x;);

[ki/2]

vi(z)v1(y) _ D (o — 2V 4 (g — ) ki/2H1 (2) Jo
2(ws(,y) — 2) ]; i (zy)(@ — )" + (2 — 2y) (z2,9), (5.2

forallz € Us(z;) andy € T;

[ki/2] [k;/2]

WSS e ) ay) ¢

2(’602(55 Z/ PR —

[ki/2] oo

> Z dij z)*(y —x;)" + (5.3)

k=0 r=[k;/2]+
00 [k5/2]

Z Z A (2)(x — 2" (y — ;)" 4 (x — a) BTy — ) B2 g (22, y),

k=[k;/2]+1 =0

forall (x,y) € Us(z;) X Us(x;). Here [-] is the entire part of a, for any z < E,;, the numbers
d7 (z) are some real coefficients, the functions cg,f)(z, D, a=1,2; m( )(z, ) m§2)(2; )

and ¢}7 (z; -, -) are some analytic functions on T; T x Us(z;); Us(z ) X T and Us(z;) x Us(x;),
respectively.

Lemma 5.3 Let the assumption (i) or (ii) of Theorem 2.3 be fulfilled and j € {1, ... ,n}. Then
there exist numbers C' > 0 and § > 0 such that the inequality

|1- — mj|[kj/2}+1

<C (5.4)
Ax;2)

holds for all x € Us(x;) and z < Eyyin.

Proof. If the assumption (i) or (ii) of Theorem 2.3 holds, then by Theorem 2.2 we have E i, <
m. Since the function A(z ; -) is monotonically decreasing on (—oc, m) we have

xj‘[kj/2]+1 g;j][kj/Z]H

|z —
A(z;2) VA@; Enin)

|z —

for all z < FE;,. Taking into account the fact that the number kz is the multiplicity of the z; and
the function A(-; Epin) is analytic on T we obtain the inequality (5.4). O

11



Lemma 5.4 Let the assumptions of Theorem 2.3 be satisfied. Then for any z < FE., the
operator T'(z) can be represented in the form T'(z) = Ty(z) + T1(2), where the operator-
valued function Ty (+) is continuous in the operator-norm in (—o0; Eryin| and T1(z) is a finite-
dimensional operator for all z < E..;, whose dimension is independent of z.

Proof. Since the operators Too(2), To1(2) and T}, (2) are of rank one independently of z, it is
sufficient to study the operator 77 (z).

We denote the kernel of the integral operator 771 (2) by T11(z; x, y), that is,

vy (z)v1(y) .
2/ A 2) (wa(w, y) — 2)/ Ay ;5 2)

Ti(zx,y) =

First we will prove the statement of lemma under the assumption (i) or (ii) of Theorem 2.3. In this
case Foy, < m and using the representations (5.1)—(5.3) we obtain T () = TP, (2)+T(2),
where the kernels T, (z2; x, y) and T}, (z; z, y) of the integral operators 17} (z) and T}, (z) has
form

TY (z5,y) + = (1= xv; (@) (1 = xv; (W) T (25 2, )+

(1—xu (@) 5~ xu @ —2) W2 0y
A(m) e

(1— k24
XV‘S ZXV‘S r —z) M (z;2,y)+

VA Az; 2)

n (x . xi)[kl/2}+1(y _ xj)[kj/z}ﬂ
Xvs (2)xv; (9) ; VA@2)VAy; 2)

Qij(z2,y);

1 (- m( DXV (1) o= o L
T (2 2,y) Z(y — i)y, (2 0)+

\/A \/Ayzzlko

n [ki/2]
xvs (@) (1 — xv; (y i)
;) 29)+
VAT 2)/A( Z;k;

ki /2] [k5/2]

)
@j;ii” 3 (XX e - a -+

Z]lkO’f’O

[ki/2] oo

SN )@ - )y - )+

k=0 r=[k;/2+1
oo [k;/2]

SN e @) - a)),

k=[k:/2]+1 r=0
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n
respectively, where Vs := |J Us(z;), xa(+) is the characteristic function of the set A C T,
i=1

Mi(l)(Z;xay) = { mz(‘l)(Z;xvy)> (z,y) € T x Us(z:),

0, otherwise,

MP (22, y) : { m? (z;2,9), (x,y) € Us(w:) x T,

0, otherwise,

(Z;Jf,y), (ZE,y) € U(;(ZEZ) X U5(xj)7

otherwise.

Qij(z;m,y) = { gij

Applying Lemma 5.3 we obtain that the function T, (2;+, ), 2 < FEui, is square-integrable
on T? and converges almost everywhere to 17 (Fumin; -, ) as 2 — Eni — 0. Then by the
Lebesgue dominated convergence theorem the operator 77 (2) converges in the operator-norm
to TP (Emin) @s 2 — Eym — 0. The finite dimensionality of the operator 77, () follows from
the definition of T, (z; x, y). Now setting

0 0 TOQ(Z) T01<Z)>
To(z) == . Ti(z) = %
9= (0 mi ) 50 = (720 B
we complete proof of Lemma 5.4 under the assumption (i) or (ii) of Theorem 2.3.

Let the assumption (iii) of Theorem 2.3 be satisfied. Then by Theorem 2.2 we have F,.;, = m.
Applying Lemmas 5.1 and 5.2 and as well as inequality (2.1) one can see that the function

|T11(z; -, -)| can be estimated by
[z ]*[y[*
Cr |1
1 ( Ty

for = < m with @ > 1. The latter function is a square-integrable on T? and the function
T11(z; -, +) converges almost everywhere to 111 (m; -, -) as z — m — 0. Then by the Lebesgue
dominated convergence theorem the operator 7'1(z) converges in the norm to 77;(m) as
z — m — 0. Now setting

woe (3 nta ) mo= (56 57

we complete proof of Lemma 5.4 under the assumption (iii) of Theorem 2.3. 0

We are now ready for the proof of Theorem 2.3.

Proof of Theorem 2.3. Using the Weyl inequality
n(A1 + A2, A1 + Az) <n(Aq, A1) +n(As, Ag) (5.5)
for the sum of compact operators A; and A, and for any positive numbers A; and A\, we have

n(1,T(2)) n(2/3,To(2)) + n(1/3,T1(2))

<
< n(1/3,To(2) = To(Ewmin)) + n(1/3, To(Emin)) +n(1/3, T1(2))(5.6)

13



forall z < Fopin.

By virtue of Lemma 5.4 the operator Ty ( Erin ) is compact and hence n(1/3, To(Erin)) < 00
and n(1/3,To(2) — To(Fmin)) tends to zero as z — FEy, — 0. Since T'(z) is a finite-
dimensional operator and its dimension is independent of z, z < E;n, there exists a number
F such that for all z < Fy,,, we have n(1/3,71(z)) < F < o0. So, by the inequality (5.6)
we obtain that the number n(1, 7'(z)) is finite for all z < Epip.

Now Lemma 4.1 implies that N (z) = n(1,7(z)) as 2 < Eni, and hence

lim N(Z) = N(Emin) < n(1/3,T0(Emin)) + TL(]_/S, Tl(Emin)) < 0.

Z‘)Eminfo

It means that the number of eigenvalues of H lying on the left of E\;, is finite. L]

6 Infiniteness of the number of eigenvalues of

In this section we consider the case when the parameter functions v;(-), ¢ = 1,2, w;(-) and
ws(+, -) have the special forms:

vo(z) :==0, wi(x):=a, vi(z):=b, a,beR\{0}

wo(x,y) :=e(x —vy), e(x):=1—cosx.

It is obvious that the function wy(+, -) has non-degenerate minimum at the points of the form
(xz,z) for any x € T. Then it is clear that the number z = wy is an eigenvalue of H with
the associated eigenvector f = (fy,0,0) with fy # 0 and the equality holds cess(H) =
{Fmin} U [0,2] U {Fyax}, where Eyi, and Ep,.x are zeros of the function A(-) defined on
C\ [0,2] by

2

A(z) ::a—z—b— _dr

2 Jre(t)—z

such that By < 0 and Eyax > 2.

We define the function D(+) on C \ 0ess(H) as

1

D(z) == HDk(z), Di(z):=1— Mdk(z)’ du(2) = /T cos(kt)dt

e(t)—z

The following lemma establishes a connection between eigenvalues of the operator H and
zeros of the function D(-).

Lemma 6.1 The number z € C \ (0ess(H) U {wy}) is an eigenvalue of H if and only if
D(z) = 0. Moreover, if for some k € N the number z;, € C \ o.s(H) is an eigenvalue of
H with Di(z) = 1 — M\i(2,) = 0, then the corresponding eigenvector f*) has the form
f® = (0, fl(k), fék)), where the functions fl(k) and f2(k) are defined by

(£ () + £ ()
2e(r —y) — 2)

F9(x) = exp(Fika), f3(a,y) = (6.1)

14



Proof. Let the number z € C\ (0ess(H )U{wy }) be an eigenvalue of H and f = (fo, f1, f2) €
"H be the corresponding eigenvector. Then fj, fi and f, satisfy the following system of equa-
tions

(wo — 2) fo =0;
(a—2)fulw) +b / fol, t)dt = 0, 62)
T

g(fl(ff) + fi(y) + (e(x — y) — 2) folzx,y) = 0.

Using the condition z # w, we get from the first equation of (6.3) that fo = 0. Since z ¢ [0, 2],
from the third equation of the system (6.3) for f> we find

_b(fi(z) + fily))

T

(6.3)

Substituting the expression (6.3) for f into the second equation of the system (6.3) and using
the fact that A(z) # 0 for any z € C \ 0es(H) we conclude that the number z € C \
(0ess(H) U {wy}) is an eigenvalue of H if and only if the number 1 is an eigenvalue of the

integral operator 7°(2) in Ly (T) with the kernel

b2
20(z)(e(x —y) — 2)

Since the function ((-) — z) ™! is continuous on T and A(z) # Oforall z € C \ 0ess(H), the
operator 7'( ) is Hilbert-Schmidt and as well trace class. Hence, the determinant det(/ —7'(z))
of the operator I — T'(z) exists and is given by the formula (see Theorem XIII.106 of [14])

o0

det(I —T(2)) = [J(1 = Me(2)). (6.4)

k=0

where I is the identity operator on Lo(T) and the numbers {\;(z)} are the eigenvalues of
T(Z) counted with their algebraic multiplicities. By Theorem XI11.105 of [14] the number 1 is an
eigenvalue of T'(z) if and only if det(I — T'(z)) = 0.

Let ¢ be the eigenfunction of f(z) associated with the eigenvalue A, that is,

s o(t)dt
Aple) = 2A(2) /T e(r—t)—z

By expanding ¢ into a series with respect to the basis {exp(ikx)} ez we obtain

bicy exp(tkt)dt
2A(2) /T e(x—t)—z

Acg exp(ikz) =

or A(z) = b2di(2)/(2A(2)). Then for any k € Z the eigenvalue A (z) of the operator T(z)
in formula (6.4) can be expressed by A\, (2) = b%dy(2)/(2A(z)) and the corresponding eigen-
function o () has the form @y (z) := exp(ikz).
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Forany k € Z and z € C\ 0ess(H) we have dy(z) = d_x(z). Hence, if the number
1= Me(21), 2z € C\ Uess(Hlis an eigenvalue of T'(z;), then @i (z) = exp(Likx) is the

corresponding eigenfunction of 7°(zy ). From here it follows that if the number z;, € C\ 0ess(H)
is an eigenvalue of H with Dy (z;) = 1 — A\g(z;) = 0, then the corresponding eigenvector

F® has the form f® := (0, £, £, where £ and f{¥) are defined by (6.1). O
Let NO =NU {0}

Lemma 6.2 For the functions A(-) and d(-), k € Ny, the equalities hold

b? 27 [1—z—\/z2—2z]k

Alz)=a—2— ———, d , < 0;
() =a-z V22— 2z () Vz2 =2z ©
k
2 o [1— 2+ V2 —2
Az)=a—z+ b di(z) = Tll-zt e ° z > 2.

V22— 27 V22— 2z ’

Proof. The assertion of lemma for the case z < 0 can be proven similarly to Lemma 10 of [12].
We consider the case z > 2. Using the identity

/” cos(kt)ydt —  w(—c)*

Y

1+ 2ccost+ ¢ 1—¢2

where k € Ny and 0 < ¢ < 1, one can show that

/7r cos(kt)dt _ m(—c)* 65)
o 1+ 2c/(L+¢e?))cost /1 —(20)2/(1+c2)? '

Since the function £(-) is an even, the function dj(-) has form

dk(z)ZQ/OW cos(kt)dt 2 /O7r cos(kt)dt

l—cost—z 1—z 1+cost/(z—1)

Introducing the notation ¢, := z — 1 — /22 — 2z we obtain

2 / B cos(kt)dt
0

T 1-2 14 2c,cost/(1+c2)

ltis clear that ¢, € (0, 1) for all z > 2 and hence the equality (6.5) completes proof of lemma
for the case z > 2. O

Now we formulate the result about infiniteness of the discrete spectrum of H.

Theorem 6.3 (i) The operator H has an infinite number of eigenvalues {g,ff“)}go with o =
1,2,3 such that {€{" 15> C (=00, Ein), {617 36° € (Bmaxs 00). {67 }5° € (2, Einax) and

lim & = B, lim 67 = lim &7 = B,
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For o = 1,2, 3 the multiplicity of every eigenvalue & ,(j“), k € N is two, the multiplicity of 5(()3)
is one or two and 5(()1), 552) are simple eigenvalues of H. Moreover, the eigenvalues & ,il) resp.
§ ,9 are solutions of the rational equations

mb? [1—2—\/z2—22k_1

) z < Emin;
A(z) V2t =2z
resp.
k
b2 |1 —2+V22 -2z
" [ =1, z> Fax.

A(z) V22 —22 ’

(ii) The operator H has no eigenvalues in ( Eyy, 0).

Proof. (i) For any fixed & € Ny we have

i = i = lim  Dy(z) = —o0.
zklinoo Dk(z) 17 zﬂgg}nfo Dk(Z) zHElrf]ralx+0 k(Z) >
Since the function Dy(+) is continuous in (—00, Fyin) and (Epax, 00) there exist numbers

,(gl) € (=00, Eyin) and f,(f) € (Epax, 00) such that Dk(f,(f)) = 0 for a = 1, 2. The equality

liin D(z) = 1 and the analyticity of the function D(-) on C \ ({ Ewin} U [0,2] U { Emax })
;f) _

imply that khﬁrgo 5,(:) = F.,in and klim &7 = Enax. By Lemma 6.1 for any o = 1,2 and

— 00

k € Ny the number 5,(:‘) is an eigenvalue of H and the corresponding eigenvector f*) has the
form f*) := (0, fl(k), fQ(k)), where fl(k) and fz(k) are defined by (6.1) with 2, = §l(ca). Moreover,
f(()l), (()2) are simple eigenvalues and for any £ € N the multiplicities of f,ia) are two.

Note that the function Dy(+) is defined on (2, £, ) and for z > 2 we have
—1<1l—z+v2z2-22<0.

By Lemma 6.2 the function Dy (+) can be rewritten as

k
1—z2+ V22 =2
Dk(Z) =1- L [ FrVE ° S (27 Emax);
2A(2) V22 =22

therefore, for any fixed z € (2, Einax) the equality klirn Dy(z) = 1 holds.
— 00

It is clear that A(z) > 0 for all z € (2, Eax) and hence the inequality Dog1(2) > 1 holds
forall k € Ny and z € (2, Epax). Since klim Dy (z) = 1 for any fixed z € (2, Eyax), there
exists a subsequence {k, } C 2Nj such that Dy, ((Fmax + 2)/2) > 0 holds for any n € N.
Now the equality  lim Ong(z) = —o0 and the continuity of the function Dy(+) imply that

— Emax—

Dy, (€5 = 0for some £ € ((Emax +2)/2, Emax)- It follows from the analyticity of D(-) on
C\({ Eaain JU[0, 2] U{ B }) that Tim &5 = Ei.... Now repeated application of Lemma 6.1

implies that the number f,(f’) is an eigenvalue of H. Similarly, for any n € N the multiplicity of

7(13) is two. If kg = 0, then 663) is a simple, otherwise its multiplicity is two.
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(i) ltisclearthat 0 < 1 — 2z — /22 — 2z < 1 for z < 0. Then by Lemma 6.2 the function
Dy (+) can be represented as

1 [1—2—\/22—2z}k

D =1- , Z € Emin; 0).

k(z) 2A<Z) 22—22 ( )
Since A(z) < Oforall z € (Epn, 0) the inequality Dy(z) > 1 holds for such z and hence
D(z) > 1. By Lemma 6.1 the operator has no eigenvalues in (Fpn, 0). O

7 Thecasev;(0) =0and A(0;m) =0

In this section we are going to discuss the discrete spectrum of H for the case v1(0) = 0 and
A(0;m) = 0. In this case the discrete spectrum of H might be finite or infinite depending on
the behavior of the parameter functions.

Case I: Infiniteness. Let the parameter functions v (-), w1 (+) and ws(+, -) have the form

vi(r) = psine, p>0; w(z)=1+sin’x;

we(z,y) =e(x) +le(x+y) +e(y), e(x):=1—cosz, I >0. (7.1)
Then the function ws (-, -) has a unique non-degenerate zero minimum (m = 0) at the point
(0,0) € T? and v1(0) = 0. Itis easy to see that for

L2
sin“ ¢ dt

A(a:;z)zl%—sin%c—z—ﬁ/ -
2 Jre(x)+le(x+1t)+e(t) — 2

we have A(0;0) = 0if and only if

Tsin2tdt\ T 141
([ et
0

e(t) 7T

The following decomposition plays an important role in the proof of the infiniteness of the dis-
crete spectrum of H.

Lemma 7.1 The following decomposition

pr(l+20—-17) | 2(1+1)
x j—
1+ 02112 1+ 20

holds asx — 0 and z — —0.

Ax;z) = A(0;0) + 2+ 0(2*) + O(V/]2])

Proof. Let 6 > 0 be sufficiently small and T := T \ (=6, d). We rewrite the function A(-;-)
inthe form A(z;2) = Ay(x;2) + Ag(x; 2), where

in®t dt
Alp:s): =1 sin?e— _H/ sin
(73 2) +sin“x — z > )i, e(x) +le(x +1t) +e(t) — 2’
b 02
L sin® t dt
No(zi2): =-—% ’
2(2;2) 2 /_5 e(z) +le(x+t) +e(t) — =

18



Since A4(-; z) is an even analytic function on T for any z < 0, we have
Ai(z:2) = A(0;0) + O(z?) + O(Jz2]) (7.2)
asz — Oand z — —0. Using
1
sinz =1+ O0(2*), 1—cosz = §x2+0(x4), r—0 (7.3)

we obtain
5 2
t=dt
A . =
2(252) “/_5 (14 022+ 2t + (1 + )12 — 2z

+0(2*) + O(|2])

as r — 0 and z — —0. For the convenience we rewrite the latter integral as

/‘5 t2dt B
s(T+ D22+ 20zt + (1 +1)t2 -2z

25 lx [° 2tdt
1+z_1+z/_5 (1+ D22+ 2at + (1 + )2 -2z
(1+Da? -2z [° dt

141 /_5(1+l)x2+2lxt+(1+l)t2—2z'

Now we study each integral in the last equality. For the integral in the second summand we
obtain

’ 2tdt B
/_5(1 + a2+ 2xt + (1+1D)t2 — 22
4lxd
(14 1)a? —2lxd + (1 +1)0% — 22

1+

log

1+1

2l /5 dt
1+1 ) s (T4 Da? 420zt + (1 + )2 — 22

Since
4lxd
(14+1)a? —2lzd + (1 4+1)6%2 — 22

as ¢ — 0, comparing the last expressions we obtain

1+ = O(x)

log

/5 t2dt B
s (T D22+ 20wt + (1 + 12 -2z

20 1+2z—12$2_ 2 /5 dt N
1+1 (1+1)? 1+1 s T+ Dz2+20xt + (1 4+ 1)t2 — 22
O(2%) + O(|2)

as xr — 0 and z — —0. Using the identity

/b dt L arcta b arcta a (7.4)
——— = — | arctan — — arctan — .
o TP |2 |z] |z]
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we have

/5 dt B
s+ D2+ 2zt + (1 + D12 — 22

1 /5 dt B
1+1 ) 5 (t+ ha)2 + a2 — 2y

1+l (1+1)2 I+1
1 o+t — L
z <arctan ; Lt + arctan z L+ )
142 2 142 2 142 2
I+ D/ et — 72 \/(1+1)2x2 RIS \/(1+l)2952 Tt
The following properties of the arctan function
1
arctany + arctan; =5 Y >0 and arctany =O0(y), y—0 (7.5)

imply that

/5 dt B
s (L D22 +2lat + (1 4+ D)2 — 22

(1+2l—l2x2_ 2 Z) m Lol 1+2lm2_ 2 )
(1+1)2 1+1 (1+l)\/1+21x2—iz (141)? [+1

(1+1)2 I+1

as r — 0 and z — —0. Taking into account

1+20—-17 , 2 T
1102 5 1400 l
(1+1) + (1+l)\/(ﬂl2)2x2—l%z
1+20-2 [ 201+
= — + O(V—2),
TV v L R R A
we obtain
pr(1+20—12) [ 2(1+1)

Ao(x;2) = 82(0;0) + 2+0(2*) + O(V=2) (7.6)

(1+10)2v1+21 ! 20+ 1

as ¢ — 0. The equalities (7.2) and (7.6) give the proof of lemma. U

Let T'(9; z) be the operator in Hy & H; defined by

T(5;2) = ( 8 Tn(%é 2) ) ’

where T11(9; z) is the integral operator on Ly (T) with the kernel

(1+1)%V1+ 21 1 X(=5:6)(Z) X (=5:0) (¥) 2y 1
14+20—12 4 o 2040, 1+ D22 +2xy+ 1+ D)y —22 4/ o 2041
T Y = 2

20
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Lemma 7.2 Let i = pg. Then for any z < 0 the operator F(z) := T(z) —T(9; z) is compact
and the operator-valued function F'(+) is continuous in the operator-norm in (—oo, 0.

Proof. Denote by T31(z;2,y) and T11(0,z;x,y) the kernel of the operator 77;(z) and
T11(6; z), respectively, and set F(z; z,y) := Th1(z; 2,y) — Th1(9, z; z, y). We split the func-
tion F'(z;-,-), z < 0 into four parts
F(z2,y) = Fo(z2,y) + Fi(z;2,y) + Fa(zs 2, y) + F3(2;2,9),
where
Fo(zz,y) : = (1 — X(=s5) (@) X(=s,0)(¥) 111 (25 2, y),
K X(=4,6) () X(-60)(Y) %

Fi(zz,y) =
2 /Ax;2) VAy; 2)
sinz siny 2y
e(x)+le(x+y)+ely)—2z (A+Da2+2xy+ 1+Dy>—22 )
u u
F2(Za T, y) L= -
\/A(UU ;2) pr(1421—12) 20141) \/A
(1+)2v/112l a? 1+2l
X(fa,ts)(ﬂ?)X(f&,a) (y)zy
(14 Da? + 2lzy + (1 + 1)y? — 227
, L 1 X(-5.0)(T)X(=5.6) (Y)Y
Blze.y): = 1+ )2 + 2zy + (1 + Dy? — 2
pr(1420-12) [ o 2(1+1) (L4022 +2lzy + (1 +1)y* — 22
a2y Ve 1721 ¢
i
\/ (y;2) pr(1421-12) _2(14D)
(1+0)2/1 12l 112 ©
We show that the functions Fj(z;-,-), 7 = 0, 1,2, 3 are square-integrable on T for any fixed

z < 0. First we note that for any flxed z < 0 the function Fy(2;-,-) is bounded on T? and
hence it is a square-integrable on this set.

Using the decompositions (7.3) we obtain that there exists C' > 0 such that for any z < 0 the
inequality

sin  sin y 2xy
elx)+le(z+y)+ely) —z (A+Dx2+2zy+ (1+1)y?—2z

< Clwyl,

z,y € (—0,9), holds. Therefore, for any fixed z < 0 the function F(z;-,) is a square-
integrable on T?.

By Lemma 7.1 forany x € (—4,0) and z € (—4,0) we get the estimate

Cv/—z
B a Y+ 0Vl
\/A($ ;2) pr(1421—12) 9 2014 (2% —2)
ax2viza V& 1120 ©

21



It follows from the last estimate and Lemma 7.1 that

sy < -y 1
V(@2 =23 (I + D22+ 2zy + (L+0)y? — 22 ¢/y2 — 2
N Claf"2ly i
(14 Da? 4+ 2zy + (1 4+ Dy? — 22 {42 — 2
or
|Fy(2;2,y)| < Cla' 2y * =2 Cla[*2]y[*

(142?24 2ley + (1 +1)y? — 22 * (14?4 2ley + (1 +1)y? — 22

forall z,y € (—4, ) with some positive constant C'. Since

5 6 ]33\1/2@]3/2 2d ] o
< _
/5/5<(1+l)932+2193y+(1+l)y2—2z> zdy < Cflog(~2)],

for any fixed z < 0 the function Fy(z; -, ) is a square-integrable on T2. By the same way we
can show the square-integrability of F5(z;+,-) on T? for any fixed z < 0.

Hence, the operator T} (z) — T31(; 2) belongs to the Hilbert-Schmidt class for all z < 0. In
combination with the continuity of the kernel of the operator with respect to z < 0, this implies
the continuity of 711 (z) — T11(d; 2) with respect to z < 0.

By the definition the operators Ty0(2), To1(2) and Ti;(z) are rank 1 operators and they are
continuous from the left up to z = 0. Consequently the operator F'(z) is compact and the
operator-valued function F'(-) is continuous in the operator-norm in (—oo, 0]. O

By the structure of T'(J; z) we have o (T'(0; z)) = {0} U o(T11(6; 2)).

The subspace of functions g having support in (—4d, d) is an invariant subspace for the operator
T11(6; 2). Let Tl(?)(é; 2) be the restriction of the operator 771 (J; 2) to the subspace Lo (—4,d),
that is, the integral operator with the kernel

+ + xy
(1+0)2/I+2 1 1
14+20—12 4 o 2040, 1+ D22 +2xy+ (1+0)y? —22 4/ o 2041 ]
T L s

2,y € (—0,6). Then we have o/(T11(0; 2)) = o(TV(6: 2)), = < 0.

1
T

Let LS(—0,d) and L§(—4, ) be the spaces of odd and even functions, respectively. It is easily
to check that 7% (8; 2) : L3(—6,8) — L3(—8,8) and T\ (8; 2) : L§(—8,8) — L(—36, ).

Let us consider the unitary operator

Us : L3(=06,8) — L2(0,6), (Uof)(x) = V2f(x).

Then
N . B L f(x) as x>0
Uol 'L2(075) —>L2(—5,5), (UO lf)(:L‘) = { ?%f(l‘) as <0



Let T,(2) := U,T0(8; 2)U; 1. Then (T (5; 2)) D o(Ty(2)), where T, (2) is the integral
operator acting on Ly (0, ) with the kernel

T ) L(1+1)*/1+21 1 [ Ty N
Wz y) = —
VT T 20- [, s L1+ )2+ 2lay + (L + 1)y? — 22
T
Ty } 1
1+ Da?—2zy+ (14+D)y> =221 4 5 2041
Yy 2+1 ¢

Let Ti(z), 2z < 0 be an integral operator on L(0,6) with the kernel
X (@) To(2; 2, y) Xae) (1), where Q(z) := (|z['/2,4].

Lemma 7.3 Let u = pg. Then for any z € (—6,0| the operator G(z) = T,(z) — T5(z) is
compact and the operator-valued function G(+) is continuous in the operator-norm in (—9, 0].

The subspace of functions g having support in €2(z) is an invariant subspace for the opera-
tor T (z). Let T5(z) be the restriction of the operator 7 (z) to the subspace Lo(€2(z)), that
is, the integral operator with kernel Tx(z; x,y) = To(z;x,y), x,y € §2(2). Then we have
o(Ti(z)) = o(Tx(2)) for z € (=46, 0].

Let us consider the unitary dilation
U: Ly(Q2)) — Ly(—m,m),
Uh)w) = /22
U™ Ly(—m, ) — Ly(Q(2)),

B(z) (a:+7r))1/2f(|z‘1/2€R2(:> (erﬂ'))

(2%

Y

2
202 (2 j0g 2y R(z) = 1o

U f)p) = R(2) R(z) |2[1/2

The operator T3(z2) := UTy(2)U ! is integral operator on Ly(—1, ) with the kernel

(1+1)2/1+ 20 R(2) i @)

X
_ ]2 R(2) (1 2(141
14+20—1 2w (eﬂ(+)+%)1/4
1

R(z)

1
Tg(Z, z, y) = ;

B (@4m)
1
(1 +l) Hatm) o1 faR wtm) o B tm) 4 (1 +l) 2(y+m) 4 9

3R(z)
€ 4m

) +2

(1+D)e” W+m) 4 (14 )e”

X

(y+m)

(6 134(:)

(y+m) 4 22(11_:515))1/4’
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Lemma 7.4 Let n = pg. Then for any z € (—0, 0] the operator G1(z) := T3(z) — Ty(2) is
compact and the operator-valued function G1(+) is continuous in the operator-norm in (—d, 0],
where the operator T,(z) is an integral operator on Lo(—m, ) with kernel Ty(z; x),

(L+)*VIF2AR()
1+20— (2 2
1 1

+ )
2(1+ )ch B2 (z) 121 2(1 + 1)ch B2 () — 2l]

1
Ty(z; ) =

Let us define in Ly(—, 7) the operator S(z), z € (—6,0) by

ZM (©r, )Pk

kEZ

where

(1+02/1+2 1 1

A(2) = Ly
142l -1 1+ Isin(arccos =)
sh(arccos 15 }22?: ) + sh((r — arccos 111)}22](673)
2km?2 ’
hR(z)

as well as @o(z) := 3= and @, (z) = \/Lﬂe‘m asn # 0.

Lemma 7.5 Let i = po. Then for any z € (=9, 0] the operator G5(z) := Ty(z) — S(z) is
compact and the operator-valued function G(+) is continuous in the operator-norm in (—0, 0].

Proof. Note that the operator 7} (z) is convolution type. Therefore the eigenvalues of 7, (z) can
be found. By the Hilbert-Schmidt theorem the operator 7 (z) can be decomposed as

Zun (@ns ) Pn,

nez
where

(141)? ¢1+—23()

W) =T g

™ emt eznt
/ [ o o dt.
2(1 + I)ch(E&2¢) + 21 2(1 + [)ch(52t) — 21

We represent uy(z) as

uk(2) = ag(2) — O(2), (7.7)
where
o (VIT2L e A" ol
1+20—12 7 J)_o L2(1+1)chs+ T 2(1 + I)chs — 21
1+0)2V1+201 RET inint
Oi(z) == Chd) il / [ ‘ + ‘ }dt.
1420 —1? >822 L2(1+)chs +20  2(1 + I)chs — 21
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Using the equality

1 [ €' sina sh(ar)
— dt = , as |a|<m
2 J_ cht+cosa sh(7r)

we get the equality g (z) = Ag(2). It follows from (7.7) that the difference Ga(z2) := Ty(z) —
S(z) is a Hilbert-Schmidt operator and continuous up to z = 0. 0

Lemma 7.6 Let L = . There exist! > 0 and p > 0 such that lim n(1 + p, S(z)) = co.

Zz——

Proof. Since

Ak(0) == Zl_i>r£10 Me(2) =

(1+02V/1+20 1 1 arccos 1L+l + sh(m — arccos #)
1+20—1 1+ Isin(arccos 15) T '
It is easy to check that for any k € Z it takes place A\;(0) > 1l asl = 2. d

Main result of this section is the following statement.

Theorem 7.7 Let u = p and the parameter functions v1(-), ws(-) and ws(+,-) be given by
(7.1). Then there exists al > 0 such that the operator H has a infinite number of eigenvalues
lying below E;, = 0.

Proof. Using the Weyl's inequality (5.5) for any z € (—d, 0] we have the inequalities

n(l+9,5(z)) <n(1+ %5,711(2)) + n(g, S(z) — Ty(2)),

n(l+ 4E(S,TLL(,Z)) <n(1+ %6,T3(2)) + n(g, Ty(2) = T5(2)),
n(1+ ?,ng)) =n(1+ ?ﬂ(z)) <n(l+ 2%ﬂ(z)) + n(g,TM —To(2));
2 L) =01+ 2 T 5:2)) + (2, To() - T (5:2)),

P+ 3 T5:2)) =n(1 + 2, 7(5,2)) < n(1,T() + (3, T(5:2) ~ 7).

According to Lemmas 7.2—7.5 we get the inequalities

n(1+

n(=,S(z) — Ty(2)) < oo, n(g,ﬂ(z) —T5(2)) < o0, n(g,Tl(z) —To(2)) < o0,

03 L) ~ TG ) < 00, n(3, T(5:2) ~ T(2)) < oc

forany z € (—4,0]. Thenn(1+ p, S(z)) < C 4+ n(1,T(z)), where C > 0 does not depend
of z € (=46, 0]. Hence by Lemma 7.6 we obtain the proof of the theorem. O
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Case lI: Finiteness. Let the parameter functions v1(+), wy(+) and ws(, -) have the form

vi(x) = /p(l —cosz), p>0; wi(r)=2—cosz; w(r,y)=2—Ccosx —CoSY.

Then the function wy(+, -) has a unique non-degenerate global zero minimum (m = 0) at the
point (0,0) € T? and v;(0) = 0. Itis easy to see that for

(1 —cost)*dt
2—cosx —cost — z

A(w;z):2—c0sx—z—,u/
0
we have A(0;0) = Oifandonly if u = 1/.

Lemma 7.8 Let ;. = 1/m. Then there exist the numbers Cy,Cy > 0 and § > 0 such that

Cia* < A(x;0) < Cya?, € Us(0).

Proof. Let & > 0 be sufficiently small. We rewrite the function A(-;0) in the form A(x;0) =
Ay (x) + Ag(z), where

T (1 —cost)*dt
Aq(x) ::2—cosx—u/ 2_< CO_S ) —,
s COsST — COSt — z

J _ 2
Aoz 2) = _M/ (1 — cost)®dt
0

2 —cosx —cost — 2z
Since A4 (-) is an even analytic function on T, we have

as x — 0. Using the expansion (7.3) for 1 — cos x we obtain

é 4
1 t*dt
Ag(l‘) = _Z/O :L’Q——l—tQ + O(l’2>

0 4 3 é

t=dt 0 dt
/ﬁ:——(w“fl/ PR
0x+t 3 Ol’-l-t

by the properties (7.4) and (7.5) we have

as r — 0. Since

Ay(z) = Ay(0) + O(z?) (7.9)
as x — 0. Recall that if © = 1/7, then A(0;0) = 0. Now, taking into account the equalities

(7.8) and (7.9) we obtain A(z;0) = O(2?) as x — 0, which implies that there exist Cy, Cy >
0 and 4 > 0 such that the assertion of lemma holds. O

Lemma 7.9 Lety = 1/7. Forany z < (O the operator T'(z) is compact and continuous on the
leftup toz = 0.
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Proof. Let 1 = 1/7. Denote by ()(z; x, y) the kernel of the integral operator T11(z), z < 0,
that is,
v1(@)v1(y)

2\/Ax;2) (wa(w,y) — 2)V/Ay; 2)

By virtue of decomposition (7.3) and Lemma 7.8 the kernel (Q(z;x,y) is estimated by the

square-integrable function
T
¢, 14 Xa@)xa@)lllyl |
ZL’2 + y2

Qzz,y) =

defined on T?, where Xs(+) is the characteristic function of (—d, d). Hence for any z < 0 the
operator 7711 (z) is Hilbert-Schmidt.

The kernel function of 711 (z), z < 0 is continuous in =,y € T. Therefore the continuity of the
operator 77 (z) from the left up to z = 0 follows from Lebesgue’s dominated convergence the-
orem. Since for all z < 0 the operators To(2), Tp1(2) and 7§, (2) are of rank 1 and continuous
from the left up to z = 0 one concludes that 7'(z) is compact and continuous from the left up
toz = 0. 0

Using Lemma 7.9 we can now proceed analogously to the proof of Theorem 2.3 to show the
finiteness of the negative discrete spectrum of H.

8 Application

In this section we investigate the spectrum of As, introduced in Section 1 applying the results for
H. We recall that the operator A5 has a 3 x 3 tridiagonal block operator matrix representation

Aw Ann 0
Ay = | A5 A A |,
0 ATQ AQQ

where matrix elements A;; are defined by
Awfy” =<y,
A01f1(0) = / U<t>f1(_g) (t)dt,

T

(An i) (@) =(e0 +w(@)) A7 (x),
(Af) (@) =a / o(t) £ (1),

T
(Ao "), y) =(c0 + w(z) + w(y) f” (z,9),
f = {fég),fl(a),fz(”);a = +} € L,. We make the following assumptions: ¢ > 0; the

dispersion w(+) is an analytic on T and has a unique zero minimum at the point 0 € T; v(+) is
a real-valued analytic function on T'; the coupling constant o > 0 is an arbitrary.
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Consider the following permutation operator
d: Ly —HDH,
+ - + - + - + - + - + -
®: (f T B BT = T AT BT 5T D ).

To investigate the spectral properties of A5 we introduce the following two bounded self-adjoint
operators Agg), o = =, which acts in fs(Q)(Lg(T)) as

A Ao 0
A= | &y A A
0 A, AY

with the entries

-'zﬂo%)fo = €0 fo, «101f1 = Oz/v(t)fl(t)dt,

T

(A7 f)(@) = (—eo +w(@) fi(z), (Aif)(x)=a / u(t) fola, t)dt,

T

(A fo) (2, y) = (e + w(@) + w(y) folz,y),  (fo, fi, f2) € FP(La(T)).

The definitions of the operators As, A(za) and ® imply that

dA,P ! = diag{ AT, A,
The following theorem describes the relation between spectra of A, and Aga).

Theorem 8.1 The equality 0(Ay) = J(AgH) U U(Ag_)) holds. Moreover,

Tess(A2) = Oes (AT ) U 0 (AS)), - 0(As) = 0, (AST) U, (AST).

Remark 8.2 Since the part of adiSC(Agf)) can be located in 0.ss(A2) we have the inclusion

Odise(Az) C Oaise(AST) U 0aise (A7), (8.1)

To describe the location of the essential spectrum of A, we introduce the following two families
of bounded self-adjoint operators h(?)(z), z € T, which acts in F (L2(T)) as

, R(z)  h
K )(x) — 00*( ) (0)01 :
o hiy ()

where
hig () fo = (=0 + w(@))fo, horfr =

(PS7 (@) fi)(y) = (o + w(z) +w(y)) fily

Sl
S—

i v(t) f1(t)dt,

. (fo, f1) € ~7:S(1)(L2(T))-

~—

28



By Theorem 2.1 for the essential spectrum of Ag’) the following equality holds

Oess A2 U Odisc(h (@) U [oe, 2M,, + o¢]|, M, := maxw(x).

zeT
Now taking into account last equality we obtain from Theorem 8.1 that

Uess -’42 U U Udlsc (@) 37 [—E, 2M,, — 5] U [8, 2M, + 8].

o=+ zeT

To estimate the lower bound of the essential spectrum of A5, for any x € T we define the
Fredholm determinant A (z;-) :

v3(t)dt
z) +w(t) -2

inC \ [oe + w(z), M, + o0& + w(x)], associated with the operator 1) (). By Lemma 3.2
for the discrete spectrum of 2(?)(z) the equality

2
A@ (g 2) = _ _O‘_/
(x;2) oe+w(zx) — 2z 2 Jooetw

Oaise (7 (x)) = {z € C\ [oe + w(x), My, + 0e +w(z)] : A (z:2) =0}

holds. By definition of A(?)(-; -) we have

2(t)dt
min A (z;2) = —e0 — 2 — — L, z < oe.
z€T 2 Jroe+w(t) —=z

If we set E( ‘= min aess(Aéa)), then Theorem 8.1 implies

min

Frin := min oeg(Az) = mln{E -) E(H}

min?’ min

It is clear that min A(Y)(z; —¢) < Oforall @ > 0 and hence Eypp, < B <« ¢

zeT min

Now we study the lower bound of the essential spectrum of Agf)

f

then again mijrrl AT (z;—¢) < Oforalla > 0, thatis, Erpy, < g
S

v2(t)dt
Lo <=

min A (z; —£) <0 & a > ay = 2\/E</

z€eT T W(t)

< —e. If

then

mi%A(_)(x ;—e) >0 a<a.
e
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So, by Theorem 2.2 we obtain EY) <« _ctoralla > g and EY) = ctoralla < ap.

min min
The above analysis leads to F\,;, < —¢ forall a > 0.

(+)
2

Since the parameter functions of A, "’ satisfy the conditions of Theorem 2.3, it has finitely many

eigenvalues smaller than Er(n’;)l for all & > 0. Similarly for any o > « the operator Ag_) has
a finitely many eigenvalues smaller than Eﬁ;)l For the case a < ag we have Er(n_n)1 = —c and

Eon < EI(n_H)l Hence the operator .Ag_) has a finitely many eigenvalues smaller than E,;,.

Now by the inclusion (8.1) we conclude that the operator A, has a finitely many eigenvalues
smaller than E\;,.
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