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CONTENTS 1

Abstract

For a scattering system {Ag, Ao} consisting of selfadjoint extensions Ag and Ay of a
symmetric operator A with finite deficiency indices, the scattering matrix {Se(A)} and a
spectral shift function g are calculated in terms of the Weyl function associated with the
boundary triplet for A* and a simple proof of the Krein-Birman formula is given. The
results are applied to singular Sturm-Liouville operators with scalar and matrix potentials,
to Dirac operators and to Schrodinger operators with point interactions.
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1 INTRODUCTION 2

1 Introduction

Let q € LZOC(RJr) be a real function and conslder the singular Sturm-Liouville differential

expression —=— + ¢ on R;. We assume that — = + ¢ is in the limit point case at oo, i.e.
the correspondlng minimal operator L,
Lf=—f"+qf, dom(L)={f€ Dnas : f(0) = f'(0) =0}, (1.1)

in L?(R,) has deficiency indices (1,1). Here D4, denotes the usual maximal domain
consisting of all functions f € L?(Ry) such that f and f’ are locally absolutely continuous
and —f” + qf belongs to L?(R,). It is well-known that the maximal operator is given by
L*f = —f"+qf, dom (L*) = D4, and that all selfadjoint extensions of L in L?(R,) can
be parametrized in the form

Lo = L* | dom (Le), dom (Le) = {f € Dpaw : £1(0) = OF(0)}, © € R,

where © = oo corresponds to the Dirichlet boundary condition f(0) = 0.

Since the deficiency indices of L are (1,1) the pair {Le, Lo}, © € R, performs a complete
scattering system, that is, the wave operators
Wi(Le,Loo) = s — lim etbeeihe pac(r, )
t—=+oo

exist and their ranges coincide with the absolutely continuous subspace ran (P%“(Lg)) of
Lo, cf. [6, 25, 34, 38]. Here P*(Ls) and P*(Leg) denote the orthogonal projections
onto the absolutely continuous subspace of Lo, and Lg, respectively. The scattering op-
erator Sg = Wy (Lo, Leo)*W_(Le, Lo ) commutes with L., and therefore Sg is unitarily
equivalent to a multiplication operator induced by a family {Sg(A)} of unitary operators
in the spectral representation of L.,. This family is usually called the scattering matrix
of the scattering system {Lg, Lo} and is the most important quantity in the analysis of
scattering processes.

A spectral representation of the selfadjoint realizations of f% + ¢ and in particular of
L has been obtained by H. Weyl in [35, 36, 37], see also [29, 30]. More precisely, if (-, \)
and ¢(-, \) are the fundamental solutions of —u” 4+ qu = Au satisfying

e(0,0) =1, ¢'(0,A\)=0 and (0,\) =0, ¥'(0,)\) =1,

then there exists a scalar function m such that for each A € C\R the function = —
o(z, \) + m(A)Y(x, \) belongs to L?(R,). This so-called Titchmarsh-Weyl function m is a
Nevanlinna function which admits an integral representation

m\) = a + /_O; <t_1A - HttQ) dp(1) (1.2)

with a measure p satisfying [(1 + t?)"*dp(t) < co. Since Lo is unitarily equivalent to
the multiplication operator in L?(IR,dp) the spectral properties of L., can be completely
described with the help of the Borel measure p, i.e. L is absolutely continuous, singular,
continuous or pure point if and only if p is so.
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It turns out that the scattering matrix {Se ()} of the scattering system {Lg, L} and the
Titchmarsh-Weyl function m are connected via

O —m(A+10)

T )

(1.3)
for a.e. A € R with Sm (m(A+1i0)) # 0, cf. Section 5.1. For the special case ¢ = 0 in (1.1)
the Titchmarsh-Weyl function is given by m(\) = v\, where /- is defined on C with a
cut along R and fixed by Sm+v/A > 0 for A € Ry and by v/A > 0 for A € R,.. In this case
formula (1.3) reduces to

_O+iVA

R

for a.e. A € Ry (1.4)

and was obtained in e.g. [38, §3].

The basic aim of the present paper is to generalize the correspondence (1.3) between the
scattering matrix {Sg(\)} of {Le, L} and the Titchmarsh-Weyl function m from above
to scattering systems consisting of a pair of selfadjoint operators, which both are assumed
to be extensions of a symmetric operator with finite deficiency indices, and an abstract
analogon of the function m.

For this we use the concept of boundary triplets and associated Weyl functions developed in
[13, 14]. Namely, if A is a densely defined closed symmetric operator with equal deficiency
indices n4(A) < oo in a Hilbert space $ and II = {H,T,['1} is a boundary triplet for
A*, then all selfadjoint extensions Ag of A in ) are labeled by the selfadjoint relations ©
in H, cf. Section 2.1. The analogon of the Sturm-Liouville operator L., from above here
is the selfadjoint extension Ay := A* | ker(I'y) corresponding to the selfadjoint relation
{(9) : h € H}. To the boundary triplet II one associates an operator-valued Nevanlinna
function M holomorphic on p(A4p) which admits an integral representation of the form
(1.2) with an operator-valued measure closely connected with the spectral measure of Ay,
see e.g. [2]. This function M is the abstract analogon of the Titchmarsh-Weyl function m
from above and is called the Weyl function corresponding to the boundary triplet II, cf.
Section 2.2.

Since A is assumed to be a symmetric operator with finite deficiency indices the pair
{4, Ao}, where © is an arbitrary selfadjoint relation in H, is a complete scattering sys-
tem with a corresponding scattering matrix {Sg(\)}. Our main result is Theorem 3.8,
which states that the direct integral L?(R, uz,Hx) performs a spectral representation of
the absolutely continuous part A5¢ of Ay such that the scattering matrix {Se(\)} of the
scattering system {Ag, Ag} has the form

So(A) = I, +2iv/Sm (M(N)(© — M(A) ™ /Sm (M(N)) (1.5)

for a.e. A € R, where M(X) := M(X +i0), pr is the Lebesgue measure and Hy =
ran (Sm (M (A))). If the Weyl function scalar, i.e. the deficiency indices of A are (1,1),
then we immediately restore (1.3) from (1.5), see also Corollary 3.10. We note that in [1]
(see also [4]) V.M. Adamyan and B.S. Pavlov have already obtained a different (unitarily
equivalent) expression for the scattering matrix of a pair of selfadjoint extensions of a
symmetric operator with finite deficiency indices.
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We emphasize that the representation (1.5) in terms of the Weyl function of a fixed bound-
ary triplet has several advantages, e.g. for Sturm-Liouville operators with matrix poten-
tials, Schrodinger operators with point interactions and Dirac operators the high energy
asymptotic of the scattering matrices can be calculated and explicit formulas can be given
(see Section 5). Furthermore, since the difference of the resolvents of Ag and Ay is a finite
rank operator, the complete scattering system {Ag, Ag} admits a so-called spectral shift
function &g, cf. [27] and e.g. [9, 10]. Recall that g is a real function summable with
weight (1 + A?)~! such that the trace formula

(4o =) = (=27 == [ S ar

is valid for z € C\R. The spectral shift function is determined by the trace formula up to
a real constant. Under the assumption that © is a selfadjoint matrix, we show that the
spectral shift function of {Ag, Ap} is given (up to a real constant) by

fo(\) = %C\‘ym (tr (log(M (X +1i0) — ©))) for a.e. A€R, (1.6)

see Theorem 4.1 and [28] for the case n = 1. With this choice of {g and the representation
(1.5) of the scattering matrix {Sg(A)} it is easy to prove an analogue of the Birman-Krein
formula (see [8])

det(Se(N)) = exp(—2mio(\)) for ae. A €R

for scattering systems {Ag, Ag} consisting of selfadjoint extensions of a symmetric operator
with finite deficiency indices. Finally we mention that with the help of the representation
(1.5) in a forthcoming paper the classical Lax-Phillips scattering theory will be extended
and newly interpreted.

The paper is organized as follows. In Section 2 we briefly recall the notion of boundary
triplets and associated Weyl functions and review some standard facts. Section 3 is devoted
to the study of scattering systems {Ag, Ap} consisting of selfadjoint operators which are
extension of a densely defined closed simple symmetric operator A with finite deficiency
indices. After some preparations we proof the representation (1.5) of the scattering matrix
{Se(N\)} in Theorem 3.8. Section 4 is concerned with the spectral shift function and
the Birman-Krein formula. In Section 5 we apply our general result to singular Sturm-
Liouville operators with scalar and matrix potentials, to Dirac operators and to Schrodinger
operators with point interactions. Finally, for the convenience of the reader we repeat some
basic facts on direct integrals and spectral representations in the appendix, thus making
our exposition self-contained.

Notations. Throughout the paper ) and H denote separable Hilbert spaces with scalar
product (-, ). The linear space of bounded linear operators defined from $ to H is denoted
by [9,H]. For brevity we write [$)] instead of [$),9]. The set of closed operators in $
is denoted by C(9). By 5(57)) we denote the set of closed linear relations in §). Notice
that C($)) C C ($). The resolvent set and the spectrum of a linear operator or relation are
denoted by p(:) and o(-), respectively. The domain, kernel and range of a linear operator
or relation are denoted by dom (+), ker(-) and ran (-), respectively. By B(R) we denote the
Borel sets of R. The Lebesgue measure on B(R) is denoted by pr ().
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2 Extension theory of symmetric operators

2.1 Boundary triplets and closed extensions

Let A be a densely defined closed symmetric operator with equal deficiency indices ny (4) =
dimker(A* F i) < oo in the separable Hilbert space §). We use the concept of boundary
triplets for the description of the closed extensions Ag C A* of A in 9, see [12, 13, 14, 24].

Definition 2.1 A triplet II = {H,Ty,T'1} is called boundary triplet for the adjoint op-
erator A* if H is a Hilbert space and T'g,T'1 : dom (A*) — H are linear mappings such
that

(i) the abstract second Green’s identity,

(A*f7g) - (f7 A*g) = (Flfv Fog) - (Fofvrlg)a
holds for all f,g € dom (A*) and

(i) the mapping I := (T'y,I'1)" : dom (A*) — H x H is surjective.

We refer to [13] and [14] for a detailed study of boundary triplets and recall only some
important facts. First of all a boundary triplet II = {H,T, 1} for A* exists since the
deficiency indices n4(A) of A are assumed to be equal. Then ni(A) = dimH holds. We
note that a boundary triplet for A* is not unique.

An operator Ais called a proper extension of A if A'is closed and satisfies A C A C A*. Note
that here A is a proper extension of itself. In order to describe the set of proper extensions
of A with the help of a boundary triplet II = {H,Ty,T'1} for A* we have to consider the
set Cf (H) of closed linear relations in H, that is, the set of closed linear subspaces of H®H.
A closed linear operator in H is identified with its graph, so that the set C(H) of closed
linear operators in H is viewed as a subset of 5(7{) For the usual definitions of the linear
operations with linear relations, the inverse, the resolvent set and the spectrum we refer

o [15]. Recall that the adjoint relation ©* € C(H) of a linear relation © in H is defined as

o = {(,’j) (k1) = (K, ) for all (2‘) e @} (2.1)

and O is said to be symmetric (selfadjoint) if © C ©* (resp. © = ©*). Note that definition
(2.1) extends the definition of the adjoint operator.

With a boundary triplet IT = {H,T,T'1} for A* one associates two selfadjoint extensions
of A defined by
Ag = A" ker(Ty) and Ay := A*[ ker(T'y).

A description of all proper (closed symmetric, selfadjoint) extensions of A is given in the
next proposition. Note also that the selfadjointness of Ay and A; is a consequence of
Proposition 2.2 (ii).

Proposition 2.2 Let I = {H,Ty,T'1} be a boundary triplet for A*. Then the mapping

O Ag:=T"'0={fedom(4*): I'f=Tof,T1f)" €0} (2.2)
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establishes a bijective correspondence between the set C(H) and the set of proper extensions

of A. Moreover, for © € C(H) the following assertions hold.

(i) (Ae)" = Ae-.
(ii) Ae is symmetric (selfadjoint) if and only if © is symmetric (resp. selfadjoint).

(ili) Ag is disjoint with Ag, that is dom (Ag) Ndom (Ag) = dom (A), if and only if © €
C(H). In this case the extension Ag in (2.2) is given by

A@ = A* r ker(I‘1 - GF(]).

In the following we shall often be concerned with simple symmetric operators. Recall that
a symmetric operator is said to be simple if there is no nontrivial subspace which reduces
it to a selfadjoint operator. By [26] each symmetric operator A in §) can be written as the
direct orthogonal sum Ao A, of a simple symmetric operator A in the Hilbert space

= clospan{ker(A* — ) : A € C\R}

and a selfadjoint operator A; in & fj Here clospan{-} denotes the closed linear span of
a set. Obviously A is simple if and only if $ coincides with $).

2.2  Weyl functions and resolvents of extensions

Let, as in Section 2.1, A be a densely defined closed symmetric operator in §) with equal
deficiency indices. If A € C is a point of regular type of A, i.e. (A — \)~! is bounded,
we denote the defect subspace of A by N\ = ker(A* — \). The following definition can be
found in [12, 13, 14].

Definition 2.3 Let II = {H,[o,T'1} be a boundary triplet for A* and let Ay = A* |
ker(Ty). The operator valued functions ¥(-) : p(Ao) — [H, 9] and M(-) : p(Ay) — [H]
defined by

YA == oI M) and  M(A) :=T1y(A), A€ p(Ao), (2.3)

are called the y-field and the Weyl function, respectively, corresponding to the boundary
triplet 1I.

It follows from the identity dom (A*) = ker(I'g) +Nx, A € p(Ap), where as above Ay =
A* | ker(Tp), that the y-field v(-) in (2.3) is well defined. It is easily seen that both ~(-)
and M (-) are holomorphic on p(Ag). Moreover, the relations

() = (I + (=M (Ao — )" )v(N), A€ p(Ay), (2.4)

and
MA) = M(p)" = A =my(w)™v(N), A p € p(Ao), (2:5)
are valid (see [13]). The identity (2.5) yields that M(:) is a Nevanlinna function, that is,

M () is holomorphic on C\R and takes values in [H], M (\) = M(\)* for all A € C\R and
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Sm (M (X)) is a nonnegative operator for all A in the upper half plane C; = {A € C :
Sm A > 0}. Moreover, it follows from (2.5) that 0 € p(Sm (M (X)) holds. Tt is important
to note that if the operator A is simple, then the Weyl function M (-) determines the pair
{A, Ap} uniquely up to unitary equivalence, cf. [12, 13].

In the case that the deficiency indices ni(A) = n_(A) are finite the Weyl function M
corresponding to IT = {H,T,T'1} is a matrix-valued Nevanlinna function in the finite
dimensional space H. From [16, 18] one gets the existence of the (strong) limit

M(A+i0) = Jim M(A+ic)

from the upper half-plane for a.e. A € R.

Let now II = {H,Ty,T'1} be a boundary triplet for A* with y-field v(-) and Weyl function
M (-). The spectrum and the resolvent set of a proper (not necessarily selfadjoint) extension
of A can be described with the help of the Weyl function. If Ag C A* is the extension
corresponding to © € C(H) via (2.2), then a point A € p(Ag) (A € 0;(4o), ¢ = p,c,7)
belongs to p(Aeg) if and only if 0 € p(© — M(A)) (resp. 0 € 0;(© — M(X)), i = p,c, 7).

Moreover, for A € p(Ag) N p(Ae) the well-known resolvent formula
(Ao =)' = (Ao = )7 (N (O = M) (V)" (2.6)

holds. Formula (2.6) is a generalization of the known Krein formula for canonical resolvents.
We emphasize that it is valid for any proper extension of A with a nonempty resolvent set.
It is worth to note that the Weyl function can also be used to investigate the absolutely
continuous and singular continuous spectrum of extensions of A, cf. [11].

3 Scattering matrix and Weyl function

Throughout this section let A be a densely defined closed symmetric operator with equal
deficiency indices n4(A) = n_(A) in the separable Hilbert space $). Let II = {H,T'o,I';}
be a boundary triplet for A* and let v(-) and M(-) be the corresponding v-field and Weyl
function, respectively. The selfadjoint extension A* | ker(I'g) of A is denoted by Ag. Let
Ag be an arbitrary selfadjoint extension of A in $) corresponding to the selfadjoint relation

O € C(H) via (2.2), Ag = A* | T1©.
Later in this section we will assume that the deficiency indices of A are finite. In this case
the wave operators
Wi(Ae, Ao) = s, lirin elthegmitdo pac( 4y,

exist and are complete, where P (Aj) denotes the orthogonal projection onto the ab-
solutely continuous subspace $%¢(A4g) of Ag. Completeness means that the ranges
of Wi(Ag,Ag) coincide with the absolutely continuous subspace $9H%¢(Ag) of Ag, cf.
[6, 25, 34, 38]. The scattering operator So of the scattering system {Aeo,Ag} is then
defined by

S@ = W+(A@7A0)*W, (A@,Ao). (31)

Since the scattering operator commutes with A it follows that it is unitarily equivalent to
a multiplication operator induced by a family {Sg(A)} of unitary operators in a spectral
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representation of A%° := Ay [ dom (Ap) N H*(Ap). The aim of this section is to compute
this so-called scattering matriz {Se(\)} of the complete scattering system {Ag, Ap} in a
suitable chosen spectral representation of A% in terms of the Weyl function M (-) and the
extension parameter ©, see Theorem 3.8.

For this purpose we introduce the identification operator
J:=—(Ae —i) 1Ay —i)"t € [9) (3.2)

and we set
B:=Ty(Ae +i)™' and C:=Ti(Ag—1i)"" (3.3)

Lemma 3.1 Let A be a densely defined closed symmetric operator in the separable Hilbert
space § and let 11 = {H,To,T1} be a boundary triplet for A*. Let Ay = A* | ker(T'y) and
let Ao = A* | T71O, © € C(H), be a selfadjoint extension of A. Then we have

AeJf —JAof = (Ae =)' f — (Ao —0)7'f, f € dom(Ay),

and the factorization
(Ao —i)™' — (49— i)' = B*C (3.4)

holds, where B and C are given by (3.3).

Proof. The first assertion follows immediately. Let us prove the factorization (3.4). If
~v(-) and M(-) denote the ~-field and Weyl function, respectively, corresponding to the
boundary triplet II, then the resolvent formula

(Ao —A) ' = (Ao = N+ (N (0 — M(N) (V)" (3.5)

holds for all A € p(Ae) N p(Ao), cf. (2.6). Applying the operator I'g to (3.5), using (3.3),
Ay = A* | ker(T'g) and the relation T'gy(—i) = Iy we obtain

B =Ty(Ae +1i)"" = To(Ag+ i)~ + Toy(—i) (6 — M(=i)) ' ~(i)*
= (0= M(=i)) ()",
Hence © = ©* and M(—i)* = M(i) imply
B* =~(i)(© — M(i)) . (3.6)
Similarly, setting A, := A* | ker(I';) we get from the resolvent formula (3.5)
(A1 — i)™ = (Ao — 8) 7" = A(D)M() " ()",

On the other hand, by the definition of the Weyl function I';7y(¢) = M (4) holds. Therefore
we obtain
C=T1(Ag— i)' =7(=i)* and C* =y(—i). (3.7)

Combining (3.5) with (3.6) and (3.7) we arrive at the factorization (3.4). O
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Lemma 3.2 Let A be a densely defined closed symmetric operator in the separable Hilbert
space $), let 11 = {H,To,T1} be a boundary triplet for A* and let M(-) be the corresponding
Weyl function. Further, let Ag = A* | ker(Ty) and let Ag = A* | T710, O € 5(7{), be a
selfadjoint extension of A. Then the relation

1
1+ A2

1 -
- /\—H\sm(G—M(z))

holds for all A € C\{R U %i}, where B is given by (3.3).

B(Ae =N 'B =55 ((0 - M) T = (0 - M(1)) )

1

Proof. By (3.3) we have
B(Ae — A\)"'B* =To{To(4e +i) (Ao — N) (Ao — i)'} .

It follows from the resolvent formula (3.5) that
Po(Ae — )" = (6 = M(n)

holds for all 4 € C\R. Combining this formula with the identity

Yy (n)*

(Ao +i) (Ao —N)H(Ae —i) ' =

o (o =07 = (o +0)71) - S (o =)~ (Ao +1)7)

we obtain
B(Ae - \)'B" = r{AlH (0= M(X) )" = (8 = M=) "(i)")
2(;_> ((0 = 2() (=) — (0 - M(z‘))%(z‘)*)} .

Calculating the adjoint and making use of Toy(u) = Iy, p € C\R, and the symmetry

property M () = M(A)* the assertion of Lemma 3.2 follows. O

From now on for the rest of this section we will assume that the deficiency indices n4 (A4) =
n_(A) of the symmetric operator A are finite, ny(A) < co. In this case the dimension of
the Hilbert space H in the boundary triplet II = {H,Ty,T'1} is also finite and coincides
with the number ny(A). Let again Ag = A* | ker(I'g) and J, B and C as in (3.2) and
(3.3), respectively. Then the operators BJ and C are finite dimensional and hence the
linear manifold

M := span{ran (P**(Ag)J*B*),ran (P*(Ag)C*)} C $H*(Ao) (3.8)

is finite dimensional. Therefore there is a spectral core Ag C 04.(Ag) of the operator
Ade = Ag | $H%°(Ap) such that M is a spectral manifold, cf. Appendix A. The spectral
measure of Ay will be denoted by Ey. We equip M with the semi-scalar products

4 BNE.g),  Aedo figeM,

(fv g)Eo,)\ - d\
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and define the finite dimensional Hilbert spaces M A by
My = M/ker(| - [g,0), A€ Ay, (3.9)

where || || g, is the semi-norm induced by the semi-scalar product (-, -) g, x, see Appendix
A. Further, in accordance with Appendix A we introduce the linear subset Dy C $%¢(A4y),
A € R, with the semi-norm [-]g, » given by (A.2). By factorization and completion of D)
with respect to the semi-norm [-]g, » we obtain the Banach space

Dy :=cloy,, , (Dx/ker([lg,a)), AER,

where cloj denotes the completion with respect to [-|g,,x. By Dy : Dy — ﬁA we

1Eg.a
denote the canonical embedding operator. From M C Dy, A € Ag, we have D\ M C D;.
Moreover, since M is a spectral manifold Dy M coincides with the Hilbert space M for
every A € Ay, cf. Appendix A.

Following [6, §18.1.4] we introduce the linear operators Fp;(A) and Fo () for every A € Ag
by

FBJ(}\) = DAPGC(A())J*B* S [H,M)\] (310)
and

Fo(X\) i= DyP™(Ag)C* € [H, M,).

Lemma 3.3 Let A be a densely defined closed symmetric operator with finite deficiency
indices in the separable Hilbert space $), let I = {H,To, 1} be a boundary triplet for A*
and let M(-) be the corresponding Weyl function. Further, let Ao = A* | ker(Iy) and let
Ag =A*T71'O, 0 ¢ C~(H), be a selfadjoint extension of A. Then

1 1
+ 1 A2(@ M(3))~ }

-1

1 .
and /W,\ =ran Fo(\) holds for all X € Ay.

Proof. Inserting J from (3.2) into (3.10) we find
FBJ()\) = —D,\Pac(Ao)(Ao + i)_l(A@ + i)_lB*.
For f € $%(Ap) Lemma A.3 implies Dy(Ag +i)"'f = (A +i)" 1D, f and therefore
Fpy(A) = — (A +1i)"'D\P*(A¢)(Ae + i)' B*
— (A + 1) 'DAP*(Ao) ((Ae +14) " — (Ao + i)~ ') B* (3.11)
— (A +1)7IDy\P*(Ag)(Ag + i) B*.

By (2.5) we have 2iy(i)*y(i) = M (i) — M (—i). Taking this identity into account we obtain
from (3.5), (3.6) and (3.7)

(Ao +i)~' = (4o +1i) ") B*
= (=i)(© — M(~0)) ") i) (O — M(i)) " G2
= C* (0 — M(—i)) " 'Sm (M(5))(© — M(i)) ' '
— C*Sm(0 — M(i)) "
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On the other hand, by (2.4) we have v(i) = (A + i)(Ag — i) "17y(—i) and this identity
combined with (3.7) and (3.6) yields

B* = (Ao +i)(Ag — i) 'C* (0 — M(i)) . (3.13)
Inserting (3.12) and (3.13) into (3.11) and making use of (3.7), Lemma A.3 and the defi-

nition of F(\) we obtain

Fgy(\) = — (A +14) " DyP*(Ag)C* Sm(© — M (i)~
— (A2 + 1) DyP*(A0)C* (6 — M (i)
1

=—Fel {Aiﬁm(@ - M@) "+ 55 (0 —M(z‘))_l}

-1

for all A € Ag. Therefore ran Fg;(\) C ran Fo(A) and it follows that /\//\IA coincides with
ran Fo(A), A € Ag. This completes the proof of Lemma 3.3. O

In the next lemma we show that the spectral manifold M defined by (3.8) is generating
with respect to A2 if the symmetric operator A is assumed to be simple (cf. Section 2.1
and (A.1)). The set of all Borel subsets of the real axis is denoted by B(R).

Lemma 3.4 Let A be a densely defined closed symmetric operator in the separable Hilbert
space ) and let Ay be a selfadjoint extension of A with spectral measure Eo(-). If A is
stmple, then the condition

§H%(Ap) = clospan{ Eo(A)f : A € B(R), f € M} (3.14)

is satisfied.

Proof. Since A is assumed to be simple we have $ = clospan{N, : A € C\R}, where
Ny = ker(4A* — )). Hence $9%°(Ag) = clospan{P*(Ag)Ny : A € C\R}. From C* = ~y(—1)
we find P*¢(Ag)N_; C M and by (2.4) we have

Ny = (Ag +i)(Ag — N) TN,

which yields
N, C clospan{ Ey(A)ran (C*) : A € B(R)}

for A € C\R. Therefore
P(Ag) Ny C clospan{ Eo(A)P*(Ag)ran (C*) : A € B(R)} € H*(Ao)
for A € C\R. Since $%¢(A,) = clospan{ P (Ag)Ny : A € C\R} holds we find
65°(Ay) = clospan{ Fo(A) P**(dg)ran (C*) : A € B(R))

which proves relation (3.14). O

In accordance with Appendix A we can perform a direct integral representation
L2(Ao, jr,, My, Spm) of $%¢(Ag) with respect to the absolutely continuous part AZ¢ of
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Ap, where /\//\l)\, A € Ay, is defined by (3.9), py, is the Lebesgue measure and Sy is the
admissible system from Lemma A.2. We recall that in this representation A§¢ is unitarily
equivalent to the multiplication operator M,

~ -~

(M)A = Af(N),  J € dom (M),
where
dom (M) := {F € L*(Ao, i, M, Saa) - A= AF(N) € L2(Ao, i, M, Spq) b

Since the scattering operator Sg (see (3.1)) of the scattering system {Ag, Ag} commutes
with Ay and Ag Proposition 9.57 of [6] implies that there exists a family {Se(\)}rea,
of unitary operators in {M\ Afaea, such that the scattering operator Se is unitarily
equivalent to the multiplication operator §@ induced by this family in the Hilbert space
L?(Ao, pir, ./(/l\,\, Sr). We note that this family is determined up to a set of Lebesgue mea-
sure zero and is called the scattering matriz. The scattering matrix defines the scattering
amplitude {To(N) }aca, by

~

To(N) = Se(\) — Iz, A€ Ao
Obviously, the scattering amplitude induces a multiplication operator f@ in the Hilbert

space L?(Ag, i1, M, Spq) which is unitarily equivalent to the T-operator
To := Se — P*(Ayp). (3.15)

The scattering amplitude is also determined up to a set of Lebesgue measure zero. Making
use of results from [6, §18] we calculate the scattering amplitude of {Ag, Ap} in terms of
the Weyl function M(-) and the parameter ©. Recall that the limit M (X + i0) exists for
a.e. A € R, cf. Section 2.2.

Theorem 3.5 Let A be a densely defined closed simple symmetric operator with finite defi-
ciency indices in the separable Hilbert space $), let 11 = {H,To,T'1} be a boundary triplet for
A* and let M(-) be the corresponding Weyl function. Further, let Ag = A* | ker(T'g) and let
Ao = A* [ T710, © € C(H), be a selfadjoint extension of A. Then LQ(AO,ML,M\A,SM)
is a spectral representation of A% such that scattering amplitude {To(\)Yren, of the scat-
tering system {Ag, Ao} admits the representation

To(A) = 2mi(1 + A Fo(A\) (0 — M(A +i0)) " Fo(\)* € [My]
for a.e. X € Ag.

Proof. Besides the scattering system {Ag, Ag} and the corresponding scattering operator
Se and T-operator Tg defined in (3.1) and (3.15), respectively, we consider the scattering
system {Ag, Ao, J}, where J is defined by (3.2). The wave operators of {Ag, Ag, J} are
defined by

Wi (Ae, Ag; J) = 5, lirin eithe JemitAo pac( Ay,

— 00

they exist and are complete since A has finite deficiency indices. Note that

Wi (Ae, Ao; J) = —(Ae — i)' Wi(Ae, Ag)(Ag — i)~

0 (3.16)
= —Wx(Ade, Ag)(Ag — i)
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holds. The scattering operator S; and the T-operator T; of the scattering system
{Ag, Ap; J} are defined by

Sy =Wy (Ae, Ao; J)*W-(4e, Ao; J)
and
Ty:=8;—Wi(Ae, Ao; J)"Wi(Ae, Ao; J)
=Sy — (I + A7) 2P**(Ay),
respectively. The second equality in (3.17) follows from (3.16). Since the scattering oper-
ator Sg commutes with Ay we obtain
Sy=(I+43) %S (3.18)
from (3.16). Note that S and Ty both commute with Ay and therefore by [6, Proposi-
tion 9.57] there are families {S;(A)}rea, and {T7(A)}rea, such that the operators S and

Ty are unitarily equivalent to the multiplication operators S; and T induced by these
families in L?(Ao, pir,, Mx, Spm). From (3.1) and (3.17) we obtain

(3.17)

1
I~
(14 A2)2" M
for A € Ag. As (3.18) implies S;(A) = (1 4+ A2)"285(\), A € Ag, we conclude
~ 1

~ -~

To(N) = So(\) — Iz, and T;(\) =S,(\) -

T\ = ——55Te(N), A€ A 3.19
YN = EEle®). A€o (319)

In order to apply [6, Corollary 18.9] we have to verify that
lim B(Ae — A\ —ie) 'B* (3.20)

exists for a.e. A € Ag in the operator norm and that

s fim (Ag—A—id) ™" —(Ag—A+1i8)~ 1) f (3.21)

exist for a.e. A € Ag and all f € M, cf. [6, Theorem 18.7 and Remark 18.8], where C
is given by (3.3). Since H is a finite dimensional space it follows from [16, 18] that the
(strong) limit

: Sy -1 vy —1

Jim (—(0 = M(A+i6) ) = (0 = M(A+i0))

of the [H]-valued Nevanlinna function A — —(© — M(\))~! exists for a.e. A € Ag, cf.
Section 2.2. Combining this fact with Lemma 3.2 we obtain that (3.20) holds. Condition
(3.21) is fulfilled since C' is a finite dimensional operator and M is a finite dimensional

linear manifold. Hence, by [6, Corollary 18.9] we have
T5(\) = 27i {~F; (N Fe(N)* + Fo(\)B(Ao — A —i0) " B*Fo(\)*}

for a.e. A € Ag. Making use of Lemma 3.3 and Lemma 3.2 we obtain

T;(\) = QWti(A){)\_li_Z_ Sm(O — M(z‘))’1 +1 +1A2 (CE M(z’))*1
+ H#A?((@ ~M(A+i0)) " — (0~ M) )
-3 iz Sm(O — M(z’))_l}FC()\)*.
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Combining this relation with (3.19) we conclude

1 -~ . -1 N
for a.e. A € Ag which completes the proof. |

In the following we are going to replace the direct integral L?(Ao, pr, My, S M) by a more
convenient one. To this end we prove the following lemma.

Lemma 3.6 Let A be a densely defined closed simple symmetric operator with finite de-
ficiency indices in the separable Hilbert space ) and let I = {H,To,T'1} be a boundary
triplet for A* with corresponding Weyl function M(-). Further, let Ay = A* | ker(Ty), let

Ag = A* | T71O, © € C(H), be a selfadjoint extension of A and let Ag be a spectral core
of A%® such that M in (3.8) is a spectral manifold. Then

1

Fo(A\)"Fo(A) = (1422

Sm (M (M 4+ :0)) (3.22)
holds for a.e. X € Ag.

Proof. Let B and C be as in (3.3) and let Ay be a spectral core for A%® such that M
defined by (3.8) is a spectral manifold. By definition of the operator D) we have

(Fe(\)*Fe(MNu,v) = %(EO(A)C*U,P“C(AO)C*U), u,v € H,

for A € Ap. It is not difficult to see that

d

T (Bo(N)Cu, P*(49)C™v) dpr, (M)

(Eo(6)C™u, P*(Ap)C™*v) :/
s
d
_ / S (Bo(NC*u, C0) dur (V)
5
holds for all u,v € ‘H and any Borel set 6 C R. Hence, we find
d * ac * _ i * %
for a.e. A € Ag and u,v € H, which yields

(Fe(A\)*Fo(Au,v)

. 1 . — . — * *
:62120% ({(Ao =X —i6)™" — (Ag — A+ i0) "'} C*u, C*v)
for a.e. X € Ag and u,v € H. From C =T1(Ag —i)~' = y(—i)* (see (3.3) and (3.7)) and
the relation I';1(Ag — \) ™! = y(A)*, X € C\R, we obtain

C{(Ag—X —i0) " — (Ag — A+ id) 1 }C*
= () — A 0 ()}
- = ) — A i) (i)}
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With the help of (2.5) it follows that the right hand side can be written as

M(—i) — M(\+ m)}

1 N ‘
'{‘ym(M(Z)H i A+ io

1 '{Sm(M(Z_))+M(—i)—M(A—i5)}

i+ A—10

and we conclude

. 11 ‘ .
for a.e. A € Ag and u,v € ‘H which immediately yields (3.22). |

In order to formulate the main result we introduce the usual Hilbert spaces L?(Ao, pr, H)
and L?(R, ur,,H) of square integrable H-valued functions on the spectral core Ag of Ag¢
and on R, respectively. Note that L?(Ag, iz, H) is subspace of L?(R, ur,H). Let us define
the family {H)} eam of Hilbert spaces Hy by

Hy :=ran (Sm (M(A+i0))) CH, XeAY,
where M (A +40) = lim._,o M (X + i€) and
AM = {X € R: M(\+10) exists}.

We note that H, = {0} is quite possible and we recall that R\A™ has Lebesgue measure
zero. By {Q(M\)}ream we denote the family of orthogonal projections from H onto M.
One easily verifies that the family {Q()\)} eam is measurable. This family induces an
orthogonal projection Qg,

(Quf)(N) = QN F(N), forae Aelo, [eL(Aour,H),

in L?(Ao, pur, H). The range of the projection Qg is denoted by L?(Aog, pir,, Hy). Similarly,
the family {Q(\)}ycanm induces an orthogonal projection @ in L?(R, ur,H), the range of
Q is denoted by L%(R, ur,Hy). We note that L?(Ag, ur, Hy) € L?(R, ur, Hy) holds.

Lemma 3.7 Let A be a densely defined closed simple symmetric operator with finite defi-
ciency indices in the separable Hilbert space 9, let 11 = {H,T0,T'1} be a boundary triplet
for A*, Ag = A* | ker(T'y), and let M(-) be the corresponding Weyl function. If the Borel
set Ao C a40(Ag) is a spectral core of A&, then L?(Ao, pr, Hy) = L2(R, ur, Hy).

Proof. Define the set A} by
A = {xeAM H, £ {0}}. (3.23)
Then we have to verify that pz(AYY\Ag) = 0 holds. From (2.5) we obtain
Sm (M(V) = Sm () 7(), AeCy.
and from (2.4) we conclude that Sm (M (A)) coincides with

Sm (A)y(@)* {T+ X+ i) (Ao — N H{IT+ (A=) (Ag — A) 7'}y (d).
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Hence we have
Sm (M(X)) = Sm (A)y(9)* (Ao + ) (Ao — X) (Ao — )(Ag — A)"14(0)
for A € C; and if A tends to R from the upper half-plan we get

V(0)" Eo (dA)y(i)

Sm (M(N)) = 7(1 + \?) 7\

for a.e. A € R. Here Ey(-) is the spectral measure of Ay. Hence for any bounded Borel set
d € B(R) we obtain

1
Sm (M(N) dur(A\) = N E8C(6)(4).
[ S (1)) dis () = 7 ) B (5120
Since Ay is a spectral core of A3° one has E§¢(Ag) = E§°(R) which implies E§¢(R\Ag) =0
and therefore

/R\A ﬁ%m (M(XN))dur(X) = 0.

Hence we have Sm (M (X)) = 0 for a.e. A € R\Ag and thus Hy = {0} for a.e. A € R\A,.
Consequently pur,(A}\Ag) = 0 and Lemma 3.7 is proved. O

We note that the so-called absolutely continuous closure cl,.(Aj?) of the set A} (see
(3.23)),
loc(A)) i={zeR:pr((z — e,z +€)NAY) >0 Ve>0},

coincides with the absolutely continuous spectrum o,.(Ag) of Ag, cf. [11, Proposition 4.2].

The following theorem is the main result of this section, we calculate the scattering matrix
of {Ag, Ap} in terms of the Weyl function M(-) and the parameter © in the direct integral
L2 (R7 KL, 7_{/\)

Theorem 3.8 Let A be a densely defined closed simple symmetric operator with finite
deficiency indices in the separable Hilbert space $ and let I = {H,To,T'1} be a boundary
triplet for A* with corresponding Weyl function M(-). Further, let Ag = A* | ker(Ty) and
let Ao = A* | T71O, O ¢ 5(7{), be a selfadjoint extension of A. Then L*(R,pur,Hy)
performs a spectral representation of A3¢ such that the scattering matriz {Se(\)}rer of
the scattering system {Ae, Ao} admits the representation

Se(A) = I, +2iv/Sm (M(N) (6 — M(A\) ™' v/Sm (M(V) € [Ha] (3.24)
for a.e. A € R, where M(X) := M(X+10) and Hy :=ran (Sm (M (N))).

Proof. From the polar decomposition of Fo (M) € [H,./T/I\A] we obtain a family of par-
tial isometries V(\) € [My, H] defined for a.e. A € Ay which map M, = ran Fo(\)
isometrically onto H ) such that

1

VN Fo(A) = W Sm (M(X +i0))
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holds for a.e. A € Ag. Let us introduce the admissible system
= {Z ay(NVNIfi | fie M, o € L(Ag,pr), n € N} C XaeaoHa.

Since VSpq = S one easily verifies that the operator
V: L2(A07 Kmr, M\A,SM) - LQ(A(N KL, H)u S)a
(VAN :=VF), A€,

defines an isometry acting from LQ(AO,MLJ\//\I)”SM) onto L2(Ag, pr,Hy,S) such that
the multiplication operators induced by the independent variable in L?(Ag, uz, M A SM)
and L?(Ag, iz, Ha, S) are unitarily equivalent. Hence L?(Ag, pr,, Ha,S) is a spectral rep-
resentation of A2¢, too. In the spectral representation L?(Ag, iz, Ha,S) the operator
To = Se — P*(Ap) is unitarily equivalent to the multiplication operator induced by
{To(Mhrean, A

To(A\) =V NTo(MV(N)*, A€ Ao,

in L?(Ag, iz, Ha,S). Using Theorem 3.5 and Lemma 3.6 we find the representation
To(A) = 2iy/Sm (M(A+i0)) (6 — M(A +i0)) "' /Sm (M(X + i0))
for a.e. A € Ag and therefore the scattering matrix {Se(\)}rea, has the form (3.24).

A straightforward computation shows that the direct integral L?(Ag, ur,Hx,S) is equal
to the subspace L?*(Ag, pir, Hy) € L?(Ao, pr, H). Taking into account Lemma 3.7 we find
L?(Ao, pir, Ha,S) = L*(R, pur, Hy) which shows that L?(R,ur,H,) performs a spectral
representation of A3 such that the scattering matrix is given by (3.24). O

Remark 3.9 Note that the scattering matrix {Se(A)} in (3.24) is defined for a.e. A € R
and not only on a spectral core of Ag. In particular, if Sm (M (X)) = 0 for some A € R,
then Hy = {0} and Se()) = I{o}. In this case we set det Sg(A) = 1.

Corollary 3.10 Let A, II, Ag and Ag be as in Theorem 3.8 and assume, in addition, that
the Weyl function M(-) is of scalar type, i.e. M(-) = m(-)Iy with a scalar Nevanlinna
function m(-). Then L*(R, ur,Hy) performs a spectral representation of A3 such that the
scattering matriz {So (M) }rer of the scattering system {Ag, Ao} admits the representation

Se(A) = Ir, +2iSm (m(A\) (0 —m(\) - In)) " € [H]

for a.e. X € R. Here Hy =H if Sm (m(N)) # 0 and Hx = {0} otherwise. If, in addition

© € [H], then
-1

500 = (6~ 0N - 1) (60— m() - I
for a.e. A € R with Sm (m(\)) # 0.

(3.25)

Remark 3.11 It follows from (3.24) that if © € [H], then the scattering matrix {So(A\)}
admits the representation

—1/2 1/2

Se(N) = (Sm(M(N)) "S(N)(Sm (M(N)) "™ € [H] (3.26)
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for a.e. A € R with Sm (M (X)) # 0, where
S(A) == (& — M(A—i0))(© — M(A+i0)) . (3.27)

Here the operator (Sm (M())))~'/2 is well defined in H, for a.e. A € R. Tt is worth to
note that the first (second) factor of S(-) admits a holomorphic continuation to the lower
(resp. upper) half-plane.

If the Weyl function M(:) = m(-)Iy is of scalar type and © € [H], then we have
Se(A) = S(A) and relations (3.26) and (3.27) turn into (3.25). In this case Sg(-) itself
can be factorized such that both factors can be continued holomorphically in C_ and C,
respectively.

4 Spectral shift function

M.G. Krein’s spectral shift function introduced in [27] is an important tool in the spectral
and perturbation theory of self-adjoint operators, in particular scattering theory. A detailed
review on the spectral shift function can be found in e.g. [9, 10]. Furthermore we mention
[20, 21, 22] as some recent papers on the spectral shift function and its various applications.

Recall that for any pair of selfadjoint operators Hy, Hy in a separable Hilbert space $ such
that the resolvents differ by a trace class operator,

(Hy =\ = (Ho—N)"' € 61(9) (4.1)
for some (and hence for all) A € p(Hy) N p(Hp), there exists a real valued function &(-) €

L}, .(R) satisfying the conditions
_ _ 1
A € p(H1) N p(Ho), and
1

cf. ]9, 10, 27]. Such a function ¢ is called a spectral shift function of the pair {H;, Hp}.
We emphasize that £ is not unique, since simultaneously with £ a function £ + ¢, ¢ € R,
also satisfies both conditions (4.2) and (4.3). Note that the converse also holds, namely,
any two spectral shift functions for a pair of selfadjoint operators { Hy, Hy} satisfying (4.1)
differ by a real constant. We remark that (4.2) is a special case of the general formula

tr ($(Hy) — 6(Ho)) = / &(1) €(t) dt, (4.4)

which is valid for a wide class of smooth functions. A very large class of such functions
¢(-) has been described in terms of the Besov classes by V.V. Peller in [31].

In Theorem 4.1 below we find a representation for the spectral shift function g of a pair
of selfadjoint operators Ag and Ay which are both assumed to be extensions of a densely
defined closed simple symmetric operator A with finite deficiency indices. For that purpose
we use the definition

log(T) := —i/ooo((T +it) "t — (1 +it) ') dt (4.5)
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for an operator T on a finite dimensional Hilbert space H satisfying Sm (7)) > 0 and
0¢a(T), see e.g. [20, 32]. A straightforward calculation shows that the relation

det(T) = exp(tr (log(T))) (4.6)

holds. Next we choose a special spectral shift function g for the pair {Ag, Ap} in terms of
the Weyl function M and the parameter O, see also [28] for the case of defect one. Making
use of Theorem 3.8 we give a simple proof of the Birman-Krein formula, cf. [§].

Theorem 4.1 Let A be a densely defined closed simple symmetric operator in the separable
Hilbert space $ with finite deficiency indices ny(A) =n, let 1 = {H,Ty,T'1} be a boundary
triplet for A* and let M(-) be the corresponding Weyl function. Further, let Ay = A* |
ker(T'g) and let Ag = A* | T7'0, © € [H], be a selfadjoint extension of A. Then the
following holds:

(i) The limit lim._, o log(M (X + i€) — O) ewists for a.e. A € R and the function
1
fo(N) := =Sm (tr(log(M (X +i0) — ©))) for a.e. A€ R (4.7)
7r

is a spectral shift function for the pair {Aeo, Ao} with 0 < £o(A) < n.

(ii) The scattering matriz {Se (\)}rer of the pair { Ao, Ao} and the spectral shift function
o in (4.7) are connected via the Birman-Krein formula

det So(\) = exp(—27ie(N)) (4.8)
for a.e. X € R (c¢f. Remark 3.9).

Proof. (i) Since A — M(X) — O is a Nevanlinna function with values in [H] and 0 €
p(Sm (M(N)) for all A € C,, it follows that log(M(A\) — ©) is well-defined for all A € C,
by (4.5). According to [20, Lemma 2.8] the function A — log(M(\) — ©), A € C4, is a
[H]-valued Nevanlinna function such that

0 < Sm (log(M () — ©))

IN

’ﬂ'I'H

holds for all A € C4. Hence the limit lim. ;¢ log(M (X + ic) — O) exists for a.e. A € R
(see [16, 18] and Section 2.2) and A — tr(log(M(X) — ©)), A € C4, is a scalar Nevanlinna
function with the property

0 < Sm (tr(log(M(X) — ©))) <nm, XeCq,
that is, the function £ in (4.7) satisfies 0 < g(A) < n for a.e. A € R.

In order to show that (4.2) holds with Hy, Hy and £ replaced by Ag, Ag and £g, respectively,
we first verify that the relation

d 4 d
ﬁtr(log(M(/\) -0)) =tr ((M()\) - 0) d)\M()\)) (4.9)
is true for all A € C,.. Indeed, for A € C; we have

log(M(\) — ©) = —i/om((M()\) —O+it) = (L4it) Iy dt
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by (4.5) and this yields

% log(M () - ©) =i / (M) O it (M) (M)~ O+ it) .
0

Hence we obtain

% tr(log(M(X) — ©)) = i/ooo tr (M(X) — © +it) 2L M(N)) dt

and since (M(X) — © +it)~! = —i(M(X) — © 4 it) =2 for t € (0,00) we conclude

%tr(log(M()\) -0))=- /Ooo %tr (M(X) —©+it) " LM (X)) dt

for all A € C,4, that is, relation (4.9) holds.
From (2.5) we find

VA () = M(Al_ﬂf(“) A€ C\R, A £ 1, (4.10)

and passing in (4.10) to the limit g — X one gets

V) = M),

Making use of formula (2.6) for canonical resolvents together with (4.9) this implies

tr((Ade = A) 7" = (Ao = \)71) = —tr (M () = ©) 1y (X)™v(N))
(4.11)

=~ Cir(log(M(\) - ©))

for all A € Cy..

Further, by [20, Theorem 2.10] there exists a [H]-valued measurable function t — ZEg(t),
t € R, such that
Ho(t) = Eo (t)* and 0< E@(t) < Iy

for a.e. A € R and the representation
log(M(\) —©)=C + / Eot) (t—A)"'—t1+t3)") dt, XeCy,
R

holds with some bounded selfadjoint operator C'. Hence
tr(log(M(\) — ©)) = tr(C) + / tr(Ze(t)) (t—XA) "' —t1+t)"") at
R
for A € C; and we conclude from

fo(N) = lim, %%m (tr(log(M (A + ic) — ©)))

= lim l/Rt]r (Eo(t) e(t — N2 +€2)dt
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that o () = tr(ZEe(N)) is true for a.e. A € R. Therefore we have

%tr(log(M()\) -9)) = /R(t —\)"%o(t)dt

and together with (4.11) we immediately get the trace formula

1
tr (Ao — N — (Ag—N)) = —/ Loy,
r (E—A)

The integrability condition (4.3) holds because of [20, Theorem 2.10]. This completes the
proof of assertion (i).

(i) To verify the Birman-Krein formula note that by (4.6)

exp(—2iSm (tr(log(M(\) — ©))))
= exp(—tr(log(M(X) — ©))) exp(tr(log(M(X) — ©)))

~det(M(\) —©)  det(M(N)*—0)
~det(M(\) —0©)  det(M()\) —©)

holds for all A € C,. Hence we find

det (M (X +i0)* — ©)
det (M (X +i0) — ©)

exp(—2mio(N)) = (4.12)
for a.e. A € R, where M (A 4+ 40) := lim._, 1o M (X + i€) exists for a.e. A € R. It follows
from the representation of the scattering matrix in (3.24) and the identity det(I + AB) =
det(I + BA) that

det S(\) = det(IH+2z Sm ( (AHO)))(@—M(AHO))*)
= det([ M(X\+10) — ()\—l—z'O)*)(@—M(/\—HO))_l)
— det ((0- M)\—i—zO))-(@—M()\—H'O))_l)

~ det(© — M(X+i0)*)
© det(© — M(A+10)) (4.13)

holds for a.e. A € R. Comparing (4.12) with (4.13) we obtain (4.8). O

We note that for singular Sturm-Liouville operators a definition for the spectral shift func-
tion similar to (4.7) was already used in [19].

5 Scattering systems of differential operators

In this section the results from Section 3 and Section 4 are illustrated for some differential
operators. In Section 5.1 we consider a Sturm-Liouville differential expression, in Sec-
tion 5.2 we investigate Sturm-Liouville operators with matrix potentials satisfying certain
integrability conditions and Section 5.3 deals with scattering systems consisting of Dirac
operators. Finally, Section 5.4 is devoted to Schrodinger operators with point interactions.
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5.1 Sturm-Liouville operators

Let p, g and r be real valued functions on (a,b), —co < a < b < oo, such that p(z) # 0 and
r(xz) > 0 for a.e. = € (a,b) and p~1,q,7 € L*((a,c)) for all ¢ € (a,b). Moreover we assume
that either b = co or at least one of the functions p=!, ¢, does not belong to L'((a,b)).
The Hilbert space of all equivalence classes of measurable functions f defined on (a,b) for
which |f|?r € L((a, b)) equipped with the usual inner product

b
(f.9) = / f(@)a@)r(z) de

will be denoted by L2((a,b)). By our assumptions the differential expression

(£02)

is regular at the left endpoint a and singular at the right endpoint b. In addition we assume
that the limit point case prevails at b, that is, the equation

_(pf/)/+qf:>‘rfv AE(C)

has a unique solution ¢(-,\) (up to scalar multiples) in L2((a,b)). We refer to [17, 34] for
sufficient conditions on the coefficients r, p, ¢ such that (5.1) is limit point at b.

In L?((a,b)) we consider the operator

(Af)(@) : = ﬁ(—@f’)’(x) +4(@) (@)

dom (A) L= {f € Dnzax : f(a) = (pf/)(a’) = 0}7

where D,,,, denotes the set of all f € L2((a,b)) such that f and pf’ are locally absolutely
continuous and 1 (—(pf’)’ + ¢f) belongs to L2((a,b)). It is well known that A is a densely
defined closed simple symmetric operator with deficiency indices (1,1), see e.g. [17, 34]
and [23] for the fact that A is simple. The adjoint operator A* is

(A" f)(x) = %(—(pf’)’(x) L q@)f(@),  dom(A®) = Dyas.
If we choose II = {C, Ty, 'y},

Lof := f(a) and T1f:= (pf')(a), f € dom (4"),

then II is a boundary triplet for A* such that the corresponding Weyl function coincides
with the classical Titchmarsh-Weyl coefficient m(-), cf. [33, 35, 36, 37]. In fact, if p(-, \)
and 1 (-, \) denote the fundamental solutions of the differential equation —(pf’) +qf = Arf
satisfying

QD(G,, /\) =1, (ZXP/)(CL, /\) =0 and 1/’(@7)\) =0, (Pi//)(aa /\) =1,

then sp {¢(-, A) + m(AN) (-, A)} = ker(A* — X), A € C\R, and by applying I'y and I'; to the
defect elements it follows that m(-) is the Weyl function corresponding to the boundary
triplet IT .
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Let us consider the scattering system {Ag, Ao}, where Ay := A* | ker(T'g) and
Ag = A* I ker(I'y — ©g) = A* | {f € dom (A*) | (pf')(a) = O f(a)}

for some © € R. By Corollary 3.10 the scattering matrix has the form

for a.e. A € R with Sm (m(X +40)) # 0, where m(A) := m(X +40), cf. (1.3).
Notice, that in the special case A* = —d?/dx?, dom (A*) = WZ(Ry), i.e.
r(z) =p(z) =1, ¢(x) =0, a=0 and b= o0,

the defect subspaces ker(A* — \), A € C\R, are spanned by z eiﬁm, where the square
root is defined on C with a cut along [0,00) and fixed by Sm+/X > 0 for A & [0,00) and
by VX > 0 for A € [0,00). Therefore the Weyl function corresponding to IT is m(\) = iv/A
and hence the scattering matrix of the scattering system {Ag, Ao} is
0+iVA

O — iV’
where © € R, see [38, §3] and (1.4). In this case the spectral shift function g(-) of the
pair {Ag, Ao} is given by

Se(A) =1+ 2ivVA(© —ivVA) ™ AeR,,

1-— X[O,oo)o\)% arctan (\/g) , 0 >0,
£o(N) = {1 = $X[0.00) © =0, (5.2)
X(=00,-62)(A) = X[0,00) (A) £ arctan (@) , ©<0,

for a.e. A € R.

5.2 Sturm-Liouville operators with matrix potentials

Let Q € L™ (R4, [C"]) be a matrix valued function such that Q(-) = Q(-)* and the functions
x — Q(x) and z — zQ(x) belong to L' (R, [C"]). We consider the operator

2
A= —%JFQ, dom (A) := {f € WF(Ry,C") : f(0) = f'(0) =0},

in L?(R,,C"). Then A is a densely defined closed simple symmetric operator with de-

ficiency indices n4(A) both equal to n and we have A* = —d?/dx? + Q, dom (A*) =
W2(R,,C"). Setting
Tof = f(0), Tif=f'(0), f € dom (A%) = W (R4, C"), (5.3)

we obtain a boundary triplet IT = {C™, Ty, ', } for A*. Note that the extension Ay = A* |
ker(I'y) corresponds to Dirichlet boundary conditions at 0,

2
Ao = f% +Q. dom(4o) = {f € Wi(Ry,C") : f(0) =0} (5-4)
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Proposition 5.1 Let A= —d?/dx? + Q and I be as above and denote the corresponding
Weyl function by M(-). Then the following holds.

(i) The function M (-) has poles on (—o0,0) with zero as the only possible accumulation
point. Moreover, M(-) admits a continuous continuation from Cy onto Ry and the
asymptotic relation

M\ +1i0) = iVA Ien +0(1)  as A=A — 400 (5.5)

holds. Here the cut of the square Toot /- is along the positive real awis as in Sec-
tion 5.1.

(ii) If© € [C™] is self-adjoint, then the scattering matriz {Se(N)} of the scattering system
{Ao, Ao} behaves asymptotically like

So(A) = Ien + 2iVA(0 — iV - Ien) ' 4 0(1) (5.6)

as A — 400, which yields Sg(A) ~ —Icn as A — +o0.

Proof. (i) Since the spectrum of Ay (see (5.4)) is discrete in (—o0,0) with zero as only
possible accumulation point (and purely absolutely continuous in (0, 00)) it follows that the
Weyl function M (-) has only poles in (—oo,0) possibly accumulating to zero. To prove the
asymptotic properties of M (-) we recall that under the condition z — zQ(x) € L' (R, [C"])
the equation A*y = Ay has an n X n-matrix solution E(-,\) which solves the integral
equation

E(x,\) = eV Ten +/ SM\/(;x))Q(t)E(t,)\)dt, (5.7)

A e Cy, z € Ry, see [5]. By [5, Theorem 1.3.1] the solution E(z, ) is continuous and
uniformly bounded for A € Cy and = € R;.. Moreover, the derivative E(z,\) = -L E(z, \)

exists, is continuous and uniformly bounded for A € C, and = € R, too. From (5.7) we
immediately get the relation

E(0,)) = Ien + %0(1) as Re()) — +oo, AeCs. (5.8)

Since

E'(2,) = ivVAe™ e — /oo cos(VA(t — 2))Q(t)E(t, \)dt,

x

AeCy, v €R,, we get
E'(0,\) =iVAI,+0(1) as Re(A) — 400, AeC,. (5.9)

In particular, the asymptotic relations (5.8) and (5.9) hold as A — 400 along the real axis.
Since A*E(z, \) = AE(x, \)E, € € C™, one gets

Ny =ker(A" = X)) ={E(,N¢: £eC}, reCy.
Therefore using expressions (5.3) for I'y and I'; we obtain

M()\) = E'(0,\)-E(0,\)™", XeCy, (5.10)
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where the existence of E(0,\)~! for A € C; U(0, 0o) follows from the surjectivity of the map
Ty and the fact that the operator Ay has no eigenvalues in (0, 00). Further, by continuity
of £(0,)\) and E'(0,)\) in A € C; we conclude that the Weyl function M(-) admits a
continuous continuation to Ry. Therefore combining (5.10) with (5.8) and (5.9) we arrive
at the asymptotic relation

M(X+i0) = E'(0, A\ +i0) - E(0, A +i0)"" = ivV/X Ign + 0(1)

as A = A — +oo which proves (5.5)
(ii) Let now ® = ©* € [C"] and let Ag = A* | ker(I'y — OT'g) be the corresponding
selfadjoint extension of A,

2
Ao = -1 Q. dom(de) = {f € WHRL.CY) : 61(0) = £}

and consider the scattering system {Ag, Ao}, where Ay is given by (5.4). Combining the
formula for the scattering matrix {Sg(\)},

Se(A) = Ien +2i/Sm (M(N)(© — M(A) ™ /Sm (M(X))

for a.e. A € Ry, from Theorem 3.8 with the asymptotic behaviour (5.5) of the Weyl
function M(-) a straightforward calculation implies relation (5.6) as A — 4o00. Therefore
the scattering matrix of the scattering system { Ag, Ao} satisfies Sg(A) ~ —Icn as A — +00.

]

We note that with the help of the asymptotic behaviour (5.5) of the Weyl function M(-)
also the asymptotic behaviour of the spectral shift function {g(-) of the pair {Ag, Ao} can
be calculated. The details are left to the reader.

Remark 5.2 The high energy asymptotic (5.6) is quite different from the one for the
usually considered scattering system {Ag, Lo}, where A is as in (5.4),

d2

Lo==03

dom (Lo) = { f € WF(Ry,C") : f(0) =0},

and @ is rapidly decreasing. In this case the scattering matrix {5 (M) }aer, obeys the rela-
tion limy o0 S(A) = I¢n, see [5], whereas by Proposition 5.1 the scattering matrix {Se(A\)}
of the scattering system {Ag, Ao}, © € [C"] selfadjoint, satisfies limy_, oo So(A\) = —Icn.

Let us now consider the special case @Q = 0. Instead of A and A* we denote the minimal
and maximal operator by L and L* and we choose the boundary triplet II from (5.3). Then
the defect subspace is

MNy={z—eVV¢: ceCzeR,}, AeCyuC,
and the Weyl function M (-) is given by

M) =iVA-Ien,  AER,.
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Let Lo be the selfadjoint extension corresponding to © = ©* € C(C") and let Ly = L* |
kerI'y. By Corollary 3.10 the scattering matrix {Se(A)}xrer, of the scattering system
{Le, Lo} admits the representation

So(A) = Ien 4+ 2iVA (O =iV - Icn) ' for ae. A€ Ry (5.11)
Moreover, if © € [C"] formula (5.11) directly yields the asymptotic relation

AEI-‘:I-IOO S@ ()\) =l

If, in particular © = 0, then Lg = L* | ker(I';) is the operator —d?/dz? subject to
Neumann boundary conditions f/(0) = 0, and we have So(A) = —Icn, A € R

We note that the spectral shift function £g(-) of the pair {Le, Lo} is given by
n
fo(\) =D &o,(\)  forac NER, (5.12)
k=1

where O, kK = 1,2,...,n, are the eigenvalues of ©® = ©* € [C"] and the functions &g, (*)
are defined by (5.2).

5.3 Dirac operator
Let a > 0 and let A be a symmetric Dirac operator on R defined by
0 -1\ d a 0
ar=(1 ) a5 5
dom (4) = {f = (f1, f2) " € W3(R,C*): f(0) =0}.
The deficiency indices of A are (2,2) and A* is given by

" 0 -1\ d a 0
Af:(l O)dxf+(0 —a)f’

dom (A*) = W3 (R_,C?) @ W, (R, C?).

fz(O—)> <f1(0—)> (f1>

T'of = ' f = =

Of <f1(0+) ) 1f f2(0+) ) f f2 )

f1,f2 € W3 (R_,C) @ W4 (Ry,C), we obtain a boundary triplet IT = {C?, T, "1} for A*,
cf. [11]. Let the square root /- be defined as in the previous sections and let k(\) :=

VA —avA+a, A € C. One verifies as in [11] that ker(A* — X), A € C,, is spanned by the
functions

Moreover, setting

i YAEa Eik(Vz
Inx(w) = VAL e e (2), TER, AeCy,
&

and hence for A € C, the Weyl function M corresponding to the boundary triplet II is
given by

iy 3Ee 0
M(\) = =], rec. (5.13)
0 7 ¢
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If © = ©* is a selfadjoint relation in C? and Ag = A* | I'"'O is the corresponding

extension,
nof=(1 ) (6 %) 8
domtao) =17 (1) coomean: (o) o) <o)
then it follows from Theorem 3.8 that the scattering matrix {Se(A)}req,, where Q, =

(=00, —a) U (a,0), of the Dirac scattering system {Ag, Ao}, Ag = A* | ker(Ty), is given
by

Se(A) = Ie2 4+ 2iy/Sm (M(N) (6 — M(A) ' v/Sm (M(N) (5.14)
for a.e. A € Q,, where
)\+a| 0
Sm (M(N)) = Ama . AEQ,. (5.15)
0 ol

Note that for A € (—a, a) we have Sm (M () = 0.

Remark 5.3 We note that the parameter © = ©* € [C?], i.e. the boundary conditions of
the perturbed Dirac operator Ag, can be recovered from the limit of the scattering matrix
Soe(A), |A| = 400, corresponding to the scattering system {Ae, Ag}. In fact, it follows
from (5.14), (5.15) and (5.13) that

So(o) i=  lim Se(\) = Io: +2i(6 - O

holds. Therefore the extension parameter © is given by

e = ’L(S@(OO) + ICQ)(S@(OO) - I@2)_1.

Assume now that © = (4 ), 61,65 € R. Then

o _(h v 01f2(0—) = f1(0—)
dom (4e) = {f = <f2> € dom(AT): ok (04) = f2(0+>}

and the scattering matrix {Sg(A\)}req, has the form

01+1i i\tﬂ 0
. [A+a
Se(\) = | VA |, e
0 O2+iy/|57a |
03—i\/ 374

In this case the spectral shift function g of the pair {Ag, Ao} is given by

Eo(A) =ng, (A) + 19, () for a.e. A € R,
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where

1 — xq, ()L arctan (91” / ’ i‘\fg > , 0; >0,

ne,(\) = {1-3xe,(\), 0; =0,

XX — X, (V) L arctan (;”/Rtg ) .6, <0,

1 = 1,2, and the real constants 9;,9 € (—a,a) are given by

62 — 1

1— 62
=a
02 +1

a1+9§'

and 5 =

1

5.4 Schrodinger operators with point interactions

As a further example we consider the matrix Schrodinger differential expression —A + @
in L?(R3,C") with a bounded selfadjoint matrix potential Q(x) = Q(z)*, z € R3. This
expression determines a minimal symmetric operator

H:=-A+Q, dom(H):={feW3R?C") : f(0)=0}, (5.16)

in L2(R3,C"). Notice that H is closed, since for any # € R? the linear functional I, : f —
f(x) is bounded in W2(R3,C") due to the Sobolev embedding theorem. Moreover, it is
easily seen that the deficiency indices of H are ny(H) = n. We note that if @ = 0 the
self-adjoint extensions of H in L?(R3,C") are used to model so-called point interactions or
singular potentials, see e.g. [3, 4, 7).

In the next proposition we define a boundary triplet for the adjoint H*. For x =

(z1,22,23)" € R® we agree to write r := |z| = (23 + 23 + 23)/2.

Proposition 5.4 Let H be the minimal Schrédinger operator (5.16) with a matriz poten-
tial Q = Q* € L>=(R3,[C"]). Then the following assertions hold.

(i) The domain of H* = —A + @ is given by

dom (H*) = {f € L2(R3,C™) : SJ; Z%ECT" ?fllgojn{ij) } (5.17)

(ii) A boundary triplet Il = {C", Ty, T'1} for H* is defined by

—-r

e

Dif=2vr&, f=%&

+&e "+ fgedom(H"), j=0,1. (5.18)

(iii) The operator Hy = H* | ker(I'g) is the usual selfadjoint Schrédinger operator —A+Q
with domain W3(R3,C").

Proof. (i) Since @ € L>(R3,[C"]) the domain of H* does not depend on Q. Therefore it
suffices to consider the case Q = 0. Here it is well-known, that

dom (H*) = {f € L*(R*,C") N W3, (R*\{0},C") : Af € L*(R*,C")}
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holds, see e.g. [3, 4], and therefore the functions z +— e "/r and © — e ", r = |z| =

(22 + 23 + 22)'/2, belong to dom (H*). The linear span of the functions

-r

e

T 50 + fle_r 507 61 S (Cna

r

is a 2n-dimensional subspace in dom (H*) and the intersection with dom (H) is trivial.
Since dim(dom (H*)/dom (H)) = 2n it follows that dom (H*) has the form (5.17).

(ii) Let f,g € dom (H*). By assertion (i) we have

e " e "

T

+771€_ )

f=h+fug, h==%& +&e, and g=k+gy, k=n

r r
with some functions fr,gg € dom (H) and &, &1, 70,7 € C™. Using polar coordinates we
obtain

(H*fag)i(va*g) :(H*hvk)f(haH*k)

ot [ 22 myar —an [ 202 2 i
—47T/O h(r)arr ark(r)dr 471'/0 5" arh(r)k;(r)dr

oo

=dr [r2h(r)ak(r) - rzgh(r)k(r)]

or 0

and with the help of the relations

P2 k(r) =~ {(1+ )0+ °m)
and 9
TQEh(T) =—¢ {1 +r)& + 1}

this implies
(H*f,9) = (f, H"g) = 4 {ew (o +7é0 +7%1) <7Z? +m>

—e ¥ <§? + 51) (Mo + 7o + er)]

o0

0

This leads to

(H*f7g) - (faH*g) = 47T(£17770) - 4”(50#71) = (Flfv Fog) - (Flfa FOg)

and therefore Green’s identity is satisfied. If follows from (5.17) that the mapping I' =
(To,T1) T is surjective and hence assertion (ii) is proved.

(iii) Combining (5.16) and (5.17) we see that any f € W3(R3,C") admits a representation
f=&e ™+ fg with & := f(0) and fg = f — &e™" € dom (H) which proves (iii). O

It is important to note that the symmetric operator H in (5.16) is in general not simple (see

o~

e.g. [3]), hence H admits a decomposition into a simple part H and a selfadjoint part H,
that is, H = H® Hg, cf. Section 2.2. It is not difficult to see that the boundary triplet from
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Proposition 5.4 is also a boundary triplet for H*. Then obviously the Schrodinger operator
Hj from Proposition 5.4 (iii) can be written as Hy = Ho & H, where Hy = H* | ker(T).

Let us now consider the case where the potential () is spherically symmetric, that is,
Q(x) = Q(r), r = (z} + 22 +232)/2. In this case the simple part H of H becomes unitarily
equivalent to the symmetric Sturm-Liouville operator

A= 4 Q dom(4) = {f € Wi(RL.CT): £(0) = F(0) =0},

cf. Section 5.2, and the extension I;To becomes unitarily equivalent to the selfadjoint ex-
tension Ay of A subject to Dirichlet boundary conditions at O.

Proposition 5.5 Let H be the minimal Schrodinger operator with a spherically symmetric
matriz potential Q = Q* € L®(R3,[C"]) from (5.16) and assume that r — Q(r) and
r+— rQ(r) belong to L*(R ., [C"]). Let Iy and 14 be the boundary triplets for H* and A*
defined by (5.18) and (5.3), respectively. Then the corresponding Weyl functions Mg(+)
and Ma(-) are connected via

Mg (N) = Icn + Ma(N), A e C\R, (5.19)

and the pairs {ﬁ, ﬁo} and {A, Ap} are unitarily equivalent. If, in particular, Q@ = 0, then

MH()\) = (Z\/X-i— 1) -Ien .

Proof. Let E(-,\), A € C4, be the n x n-matrix solution of the equation A*E(r,\) =
AE(r, \) from Section 5.2. Since E(-, \)¢ € L*(R4, [C"]), £ € C™, we see that

1
U(SC, A) = ;E(T’, A), r = (I’% + x% + I§)1/2 ?é O,
satisfies U(z, \)¢ € L2(R3,[C"]), £ € C*, A € C4, and

Uz, = —AU(z, N+ Q(r)U(x, )
(“E"(\ 1) + Q(r)E(r, \))€ = %A*E(r, NE = AU (2, V€.

*3\)—‘\./

Therefore ker(H* — \) = {U(-,\)§ : £ € C"}, A € C,.. Tt follows from (5.18) that U(-, \)¢
can be decomposed in the form

-Tr

Ul NE = B e = Zo0E S A ENEeT + Unla Ve (5.20)

where
Eo(A) = E(0,7),  Ei(A) = E(0,A) + E'(0, ), (5.21)
and Ug (-, \) € dom H.

Note that according to (5.10) the Weyl function M4(-) corresponding to II4 is Ma(A) =
E'(0,A) - E(0,\)~1, X € C4 On the other hand, (5.20) and (5.21) imply

Mg (A) =Z1(A) - Zo(N) " = (E(0,A) + E'(0,)) - E(0,\) ™" = Ice + Ma()).
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The unitary equivalence of the simple operators H and A as well as of the selfadjoint
extensions Hy and Ay is a consequence of Corollary 1 and Lemma 2 of [13]. O

Let now H = H & H, and @ be as in Proposition 5.5 and consider the scattering system

{He, Hy}, where Hg = H* | IO for some selfadjoint © € C(C"). Then in fact one
considers the scattering system {Hg, Hy}, Ho = Ho® H;. In accordance with Theorem 3.8
the scattering matrix {Seg(A)}aer, of the scattering system {Hg, Hp} is given by

So(N) = Icn + 2i/Sm (Ma(N) (6 — (Ma(N) + Icn)) ™ /S (Ma(N))

for a.e. A € Ry, where My(-) is the Weyl function of the boundary triplet I14, cf. (5.10).

o~

If, in particular Q = 0, then Sg(\) takes the form

~

So(A) = Ien + 2iVA(O — (iVA+1) - Ien) .
In this case the spectral shift function fA@(-) of the scattering system {f[@, I;TO} is given by
fo(A\) =&o_1(\)  forae. A€R,

where o_1(+) is the spectral shift function of the scattering system {Lo_j, Lo} (see the
end of Section 5.2) defined by (5.12).

A Direct integrals and spectral representations

Following the lines of [6] we give a short introduction to direct integrals of Hilbert spaces
and to spectral representations of selfadjoint operators.

Let A be a Borel subset of R and let 4 be a Borel measure on R. Further, let
{Hx, (s )7, }rea be a family of separable Hilbert spaces. A subset S of the Cartesian
product X ca™,y is called an admissible system if the following conditions are satisfied
(see [6]):

1. The set S is linear and S is closed with respect to multiplication by functions from
L (A, p).

2. For every f € & the function A — |[[f(A)[ln, is Borel measurable and
SallF)IF, di(h) < oo.

3. span{f(A\)| f € S} is dense in Hy (mod ).
4. If for a Borel subset A C A one has [, [[f(A)[|F, du(X) = 0 for all f € S, then
n(A) = 0.

A function f € Xyea™M,y is strongly measurable with respect to S if there exists a sequence
t, € S such that lim, o || f(A) =t (N[, = 0 (mod p) is valid. On the set of all strongly
measurable functions f, g € XyeaH, with the property

/A 1OV, du()) < 0o and /A 19\ 2, d(N) < o0
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we introduce the semi-scalar product

(1) 1= [ (1900, V)

By completion of the corresponding factor space one obtains the Hilbert space
L?(A, i, Hy, S) which is called the direct integral of the family Hy with respect to A, u
and S.

Let in the following Ag be a selfadjoint operator in the separable Hilbert space $), let Ejy
be the orthogonal spectral measure of Ag, denote the absolutely continuous subspace of
Ap by H9%¢(Ap) and let py, be the Lebesgue measure.

Definition A.1 We call a Borel set A C 0,.(Ag) a spectral core of the operator A3 :=
Ag | dom (Ag) N H*(Ag) if Eo(A)H%*(Ag) = H*(Ag) and pr(A) is minimal. A linear
manifold M C $9H%°(Ap) is called a spectral manifold if there exists a spectral core A of Aj°
such that the derivative -4 (Eo(\)f, f) exists for all f € M and all X € A.

Note that every finite dimensional linear manifold M in $%°(Ag) is a spectral manifold.
Let us assume that M C $*¢(Ap) is a spectral manifold which is generating with respect
to A§¢, that is,

§H%(Ag) = clospan{ Eo(A)f : A € B(R), f € M} (A1)
holds and let A be a corresponding spectral core of A3°. We define a family of semi-scalar

products (-, ) gy, x by

(F,9)mn = (BN Fg), AN, fge M,

and denote the corresponding semi-norms by || - ||g,,n. We remark, that the family
{(*,") By, }ren is an example of a so-called spectral form with respect to the spectral mea-

sure E§¢ := Ey | H%(Ap) of AZ° (see [6, Section 4.5.1]). By M, A € A, we denote the
completion of the factor space

M/ ker(]| || z,.)

with respect to || - || g,,n. The canonical embedding operator mapping M into the Hilbert
space My, A € A, is denoted by Jy,

J,\:M—M/T/l\,\, ]43'—>J,\k‘.

Lemma A.2 The set
Spm o= {ZOLZ(A)JA]‘} CfieEM, o € LOO(A,/J,), n e N} - XAGAM\A
=1

is an admissible system.

Proof. Obviously S is linear and closed with respect to multiplication by functions from
L>®(A,p). For f(A\) = Jnf, f € M, A€ A, we find from

d
IF %, = 1z = 75 (Bo(N £ £)
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that A — || f(\)| 5, is Borel measurable and that

/ IOV din (V) = (Bo(A)f, f) = (/. ) < o0
A A

holds. Hence it follows that condition (2) is satisfied. For each A € A the set {J\f : f € M}
is dense in My, thus (3) holds. Finally, if for some A € B(A) and all f € Sy

0= /Hf I, ds (M) = (Bo(A)f, £) = | Eo(A) £

holds, the assumption that M is generating implies Eq(A)g = 0 for every g € $H*¢(Ao),
hence Eo(A) =0. As A is a spectral core we conclude pr,(A) = 0. O

Then the direct integral LQ(A,ML,M\,\,SM) of the family /(/l\,\ with respect to the spec-
tral core A, the Lebesgue measure and the admissible system Spq in Lemma A.2 can
be defined. By [6, Proposition 4.21] there exists an isometric operator from $%°(Ao)

onto L2(A, p L,M\ A Sm) such that Ey(A) corresponds to the multiplication operator in-
duced by the characteristic function ya for any A € B(A), that is, the direct integral

L?(A, pp, M x> Sm) performs a spectral representation of the spectral measure E§¢ of A3°.

According to [6, Section 3.5.5] we introduce the semi-norm [-] g, ,

(= tmsup & (Ba(AA+A)FS). AER. f €57 (),

and we set
yi= 1 €9%(A0) : [flmon <o}, AeR (A.2)

If M is a spectral manifold and A is an associated spectral core, then M C D, holds for
all A € A. Moreover, we have

(f, D Eor=Bgns FEM, XA

By ﬁ,\ we denote the Banach space which is obtained from D, by factorization and com-
pletion with respect to the semi-norm [-]g, », i.e.

DA = CIO[,]EOYA (D,\/ker([~]E07>\)).
For A € A we will regard MA as a subspace of DA By D) we_denote the canonical

embedding operator from D, into ’D>\ Note that clo DxM = MA, A € A, where the
closure is taken with respect to the topology of D,.

Lemma A.3 For a continuous function ¢ on o(Ag) the relation

Dxp(Ao)f = p(N)DAf

holds for all A € R and all f € Dj.
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Proof. We have to check that
0 =1[p(Ao)f — (N f]Ey

— timsup 3 (Ba((A, A+ 1)) (#(do) = () £, (#(do) = () f)

Ath
= lim sup % /}\ d(Eo(t) (ga(Ao) - SD()\))fa (SO(AO) - W(A))f)

h—0

holds for A € R and f € D,. From

t

(Ea()(eledo) = o) £, (0(A0) = () 1) = [ lilo) = eI a(Eals) 1. )

— 00
we find

1 A+h
[P0} = N T p =limsup 1 [ [o(t) = eV PAE(DS. ).
h—0 A

As f belongs to Dy and ¢ is continuous on o(Ag) we obtain that this expression is zero.
|
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