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The interaction of intense femtosecond pulses with metals allows for generating

ultrashort hard x-rays. In contrast to plasma theories, tunneling from the target into

vacuum is introduced as electron generation step, followed by vacuum acceleration in

the laser field and re-entrance into the target to generate characteristic x-rays and

Bremsstrahlung. For negligible space charge in vacuum, the Ka flux is proportional to

the incident intensity and the wavelength squared, suggesting a strong enhancement

of the x-ray flux by mid-infrared driving pulses. This prediction is in quantitative

agreement with experiments on femtosecond Cu Ka generation. VC 2015 Author(s).
All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution 3.0 Unported License. [http://dx.doi.org/10.1063/1.4915485]

I. INTRODUCTION

Non-perturbative light-matter interactions are induced by optical fields which are comparable to

or stronger than intraatomic or interionic electric fields, resulting in light-driven coherent electron dy-

namics on the time scale of the optical cycle, ionization processes, and plasma generation from dense

materials.1–7 Apart from their fundamental relevance for probing nonequilibrium properties of matter,

such phenomena have been exploited extensively for generating short-wavelength radiation from the

extended ultraviolet (EUV) to the hard x-ray range.8–21 High-harmonic generation from gaseous tar-

gets, which covers the EUV and soft x-ray range, is based on light-induced tunneling of electrons into

vacuum, field-driven coherent motion of the free electron, and recombination with the ionized

atom.22 Hard x-ray generation has exploited electrons which are accelerated outside a metal target

and produce characteristic x-ray emission and Bremsstrahlung after re-entering it.

Ultrashort hard x-ray pulses have been generated by shining intense optical pulses at visible

or near-infrared wavelengths on metallic targets and collecting the characteristic x-rays emitted

in backward or forward direction.1,17,19,21 State-of-the-art femtosecond sources of this type

work at up to kilohertz repetition rates with a total x-ray flux of up to 1011 photons/s and have

found widespread application in time-resolved x-ray diffraction.4,5,10 For analyzing the genera-

tion mechanisms, the following 3 steps are distinguished: (i) provision of free electrons either

in a laser-generated plasma at the target or by field-induced extraction from the target (step 1

in Fig. 1), (ii) electron acceleration in the plasma or in the vacuum by the strong laser field

(step 2), and (iii) electron re-entrance into the target, collisional inner-shell ionization, and

x-ray emission by a radiative transition of an outer-shell electron into the unoccupied inner

shell (step 3). This scheme requires a strong electric field component perpendicular to the target

surface as exists, e.g., for a p-polarized driving field under a large angle of incidence.

In the laser-plasma scenario, a pre-pulse23,24 or the leading part of the main pulse creates a

very hot (kBT� 500 eV) overdense plasma at the surface of the metal target [Fig. 2(a)]. The ini-

tial condition for the subsequent electron acceleration (step 2) depends strongly on the
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formation time of the plasma, in particular, for optical driver pulses of sub-50 fs duration.

Formation of a thermalized hot plasma with kT� 500 eV requires inelastic collisions between

electrons and ions in the target, processes which are expected to take several hundreds of fem-

toseconds, i.e., substantially longer than the optical cycle of the driving field.25,26 This issue has

remained unaddressed in most plasma models which use empirical plasma parameters as initial

conditions. After creation of the high temperature plasma it starts to expand into vacuum with a

low speed. Within 100 fs, copper ions of a thermal energy kBT� 500 eV travel only a distance

of �4 nm which is distinctly less than the skin depth at the driver wavelength. As a conse-

quence plasma expansion effects due to a pre-pulse are relevant on a �10 ps time scale.23,24

FIG. 1. Laser-target interaction geometry and the x-ray generation process. The coordinate system used in our theory is

indicated by the vectors~x and~z.

FIG. 2. Basic concepts of different models for hard x-ray generation with femtosecond laser pulses on metal targets. (a)

Laser-plasma model. (b) Vacuum heating or “Brunel” model without quantum mechanical effects. (c) and (d) Metal model

potentials including the action of the driving field for (c) E¼ 0 and (d) E> 0.
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A completely different approach pioneered by Brunel27 considers a one-dimensional capacitor

model in which the target at z¼ 0 represents a perfect conductor which can freely emit electrons

[Fig. 2(b)]. Using the constraint of classical electrodynamics that the electric field perpendicular to

the surface has to vanish at the metal-vacuum interface, the dynamic space-charge in the vacuum

determines uniquely the density of electrons which are accelerated in the field and reenter the tar-

get. In order to ensure the applicability of Brunel’s concept, it is necessary to have a high contrast

to pre-pulses to make sure that no plasma has formed before the main pulse arrives.28 The modern

development of the high power femtosecond lasers29 allows for extremely high contrast ratios

down to 10�10. Brunel’s concept has been shown to give a realistic description in an intermediate

range of field strengths while it fails in the limits of both very small and very high electric fields.

At low fields, electrons cannot be extracted from a real metal because of the large triangular bar-

rier determined by the work function (WF) and the applied electric field [Figs. 2(c) and 2(d)]. At

very high electric fields, Brunel’s model predicts arbitrarily high electron densities in the vacuum

nvac(z, t) � nmetal during the field-buildup for the typical fields used in experiments.

In this article, we present a novel theoretical concept for laser-driven femtosecond hard x-ray

sources which overcomes the problems discussed above. Our theoretical study focuses on few

cycle driving pulses with a pulse duration of tp< 100 fs and high contrast to pre-pulses, so that

essentially no plasma has formed before the main pulse arrives. Optimal Ka flux is observed for

excursion lengths of the electrons on the order of k/4 which are orders of magnitude larger than

those of the ions (see estimate above). In such a scenario vacuum heating strongly dominates

over resonant absorption.28 Thus, similar to Brunel’s concept27 we treat the light-metal target

interaction with the linear Fresnel equations for electrons residing in the metal and use the vac-

uum heating model for electrons in the vacuum. For electron extraction from the metal surface,

we introduce a quantum mechanical tunneling picture with a barrier width and height modulated

by the optical driving field. This keeps the electron charge densities nvac(z, t) in the vacuum at

any time much smaller than in the metal, i.e., nvac(z, t) � nmetal. In addition, we include in an

effective one-dimensional propagation geometry also the radiation reaction field. The latter allows

for radiative damping and ensures energy conservation in the light-matter interaction.

We discuss theoretical results as a function of various parameters such as incident intensity

I, driver wavelength k, angle of incidence h, and the carrier-envelope phase /cep of the driving

pulses. The theoretical predictions agree well with recent experimental results.18,21 In the case

of negligible space charge in the vacuum, our theory predicts an x-ray flux being proportional

to the incident intensity and the wavelength squared I k2. This scaling law is relevant for future

ultrafast hard x-ray sources driven at mid-infrared wavelengths. For optimized focusing condi-

tions, the space charge enhances the x-ray flux for k< 3.5 lm slightly and causes a gradual sat-

uration for longer wavelengths.

II. THEORETICAL MODEL

In this section, we describe our theoretical model in detail, following the stepwise genera-

tion scheme illustrated in Fig. 1.

A. Optical propagation geometry and electron equations of motions

We consider a one-dimensional light propagation geometry to keep the numerical effort

limited and get a deeper insight into electron extraction and acceleration (Fig. 1). P-polarized

light is focused under the angle of incidence h onto the metal target, e.g., a copper tape. The

incident and reflected waves form a standing wave along the z-coordinate (surface normal of

metal). Assuming plane phase fronts of the incident and reflected waves, the effective one-

dimensional propagation is described by

~E
3D

in x; y; z; tð Þ ¼ Ein t� x

c
sin hþ z

c
cos h

� � cos h
0

sin h

0
@

1
A; (1)
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~E
3D

re x; y; z; tð Þ ¼ Ere t� x

c
sin h� z

c
cos h

� � �cos h

0

sin h

0
B@

1
CA

¼ Ein t� x

c
sin h� z

c
cos h� k

2pc
U rp k; hð Þ
� �� �

� jrp k; hð Þj
�cos h

0

sin h

0
B@

1
CA: (2)

In Eq. (2), we use the complex Fresnel coefficient for metal reflection rp(k, h) the phase

U[rp(k, h)] of which determines its dispersion. The amplitude j1þ rpðk; hÞj sin h plotted in

Fig. 3(a) shows that the electric fields in the vacuum close to the metal surface point essentially

into the z-direction for angles h close to the respective maximum of the curves. We neglect any

influence of the magnetic field on the electron motion, i.e., the vacuum electron motions in the

FIG. 3. Electric field at the metal-vacuum interface. (a) Amplitude of the electric field component perpendicular to the sur-

face E? ¼ Einj1þ rpðk; hÞj sinðhÞ as a function of the angle of incidence h for different driver wavelengths k (dashed line:

ideal conductor). (b) Absorbed laser power per unit area of metal surface normalized to the intensity of the incident beam

½1� jrpðk; hÞj2� cosðhÞ. (c) Electric field distributions E?(z) and EkðzÞ along the coordinate z perpendicular to the surface.

Red line: E?(z) decays due to both space charge within the metal and that of electrons emitted into the vacuum. The electric

field parallel to the surface EkðzÞ (blue dashed line) decays in the metal with the skin depth and shows in the vacuum a

standing wave out of phase with that of E?(z). Green line: in the “Brunel” model E?(z) vanishes exactly at the metal-

vacuum interface z¼ 0. Black line: E?(z) for low fields without electrons in the vacuum.
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x- and y-directions. This results in the following expressions for the electric charge in vacuum,

i.e., the space charge, and the current of vacuum electrons:

n3D
vac x; y; z; tð Þ ¼ �

e0

A
H zð Þ

XN

i¼1

d z� zi t� x

c
sin h

� �� �

¼ nvac z; t� x

c
sin h

� �
; (3)

~J
3D

vac x; y; z; tð Þ ¼ �
e0

A
H zð Þ

0

0

1

0
B@

1
CAXN

i¼1

vi t� x

c
sin h

� �
d z� zi t� x

c
sin h

� �� �

¼ Jvac z; t� x

c
sin h

� � 0

0

1

0
B@

1
CA; (4)

vi ¼
dzi

dt
¼ piffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
e þ

pi

c

� �2
s ; (5)

e0 is the elementary charge, H(z) the heaviside step-function has a value of 1 for z> 0 and 0 for z< 0,

and A is a normalization area to be determined yet (see below). In our model calculation, we use an

ensemble of N electrons with spatial positions zi and velocities vi with the relativistic relation (5) to

their momenta pi. To account properly for the local field acting on each electron, one has to include

the incident (1) and reflected beam (2) as well as the electric field generated by the charge density (3)

and current (4) originating from the electrons in vacuum, i.e., from the space charge. The vacuum

electrons emit the radiation reaction field which leads to radiative damping of the electron motion and

accounts correctly for energy conservation in the light-matter interaction.

The light propagation geometry used here is identical to our earlier work on radiative cou-

pling effects of inter-subband transitions in semiconductor multiple quantum well samples.30–32

The retarded Green’s function tensor in dyadic form [Eq. (A2) of Ref. 30] provides the electric

field re-emitted by electrons in vacuum

~E
3D

em x; y; z; tð Þ ¼ �
Z0 tan h

2

ð1
0

dz0 �

8><
>:Jvac z0; t� x

c
sin h� jz� z0j

c
cos h

� �

�
H z0 � zð Þ �H z� z0ð Þ½ �cos h

0

sin h

0
BB@

1
CCA

þ Jvac z0; t� x

c
sin h� zþ z0

c
cos h� k

2pc
U rp k; hð Þ
� �� �

jrp k; hð Þj
�cos h

0

sin h

0
B@

1
CA
9>=
>;

¼ Eem inð Þ z; t� x

c
sin h

� � cos h

0

sin h

0
B@

1
CA (6)

þEem reð Þ z; t� x

c
sin h

� � �cos h
0

sin h

0
@

1
A; (7)
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with the vacuum impedance Z0¼ 1/e0c¼ 377 X. The emitted wave traveling towards the metal

surface (6) is reflected off the latter leading in turn to an additional contribution of (7) to the

local driving field. The first term in the Green’s-function (A2) of Ref. 30 gives the local field

distribution field caused by the space charge in the vacuum

~E
3D

space x; y; z; tð Þ ¼ �
0

0

1

0
B@

1
CA 1

e0

ð1
z

nvac z0; t� x

c
sin h

� �
dz0

¼ Espace z; t� x

c
sin h

� � 0

0

1

0
B@

1
CA: (8)

In contrast to Brunel’s model,27 Eq. (8) does not lead to a vanishing electric field at the

metal-vacuum interface because typically the major part of the electric field decay occurs

within the metal with a decay length on the order of the Thomas-Fermi screening length of

�0.1 nm. A typical situation (h¼ 45� and k¼ 800 nm) is shown in Fig. 3(c) where the electric

field distributions E?(z) and EkðzÞ are plotted along the coordinate z. The black line shows the

situation at low electric fields, i.e., without any space charge in the vacuum. At higher electric

fields, E?(z) (red line) decays due to both space charge within the metal and that of the emitted

electrons into the vacuum. In contrast, the electric field parallel to the surface EkðzÞ (blue

dashed line) decays in the metal within the skin depth and shows in vacuum a standing wave

out of phase with that of E?(z). The green line sketches the “Brunel” model, i.e., E?(z) van-

ishes exactly at the metal-vacuum interface z¼ 0.

All physical quantities in Eqs. (1)–(8) do not depend on the y-coordinate and the x-coordinate

which occurs exclusively in the combination t0 ¼ t� ðx=cÞ sin h. In the latter moving frame of refe-

rence all quantities do not depend on the x-coordinate either. Thus, we have found for our beam

propagation geometry the effective 1D-dimensional equations of motion for the electric fields, charge

density, and currents involved. Since we already restricted the motion of electrons to the z-direction it

makes sense to consider the z-component of the involved electric fields only. The local electric field

acting on the electrons in the vacuum (i.e., z	 0) is the sum of all fields in z-direction

Elocðz; tÞ ¼ ½Einðz; tÞ þ Ereðz; tÞ� sin hþ ½EemðinÞðz; tÞ þ EemðreÞðz; tÞ� sin hþ Espaceðz; tÞ; (9)

dpi

dt
¼ �e0 Eloc zi; tð ÞH zið Þ: (10)

It is important to note that Eqs. (1)–(10) fulfill the energy conservation of light matter

interaction exactly, i.e., the energy per unit area deposited in the matter equals that missing in

the reflected beam relative to that of the incident beam

1

A

XN

i¼1

ð1
�1

dtd t� ti zi ¼ 0ð Þ½ � c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pi tð Þ2þm2

ec2

q
�mec2

� �
þ e0c

ð1
�1

dt 1�jrp k;hð Þj2
h i

cosh

� jEin 1; tð ÞþEem inð Þ 1; tð Þj2 ¼ e0c

ð1
�1

dt cosh� jEin 1; tð Þj2� jEre 1; tð ÞþEem reð Þ 1; tð Þj2
n o

:

(11)

The first term of (11) is the kinetic energy of the electrons just after re-entrance into the

metal, i.e., at time ti(zi¼ 0). The second term is the thermal energy deposited within the skin depth

of the metal according to the complex Fresnel coefficient rp(k, h). In Fig. 3(b), we show that the

deposited thermal energy per unit area is typically on the order of a few percent of the incident

beam and will be neglected in the following by assuming a perfect conductor, i.e., rp(k, h)¼ 1.
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In numerical calculations, the re-emitted electric field according to (6) and (7) leads to

non-Markovian equations of motion for the electron positions zi and momenta pi because the

entire history of current density determines the light field emitted by the electrons at time t.

Setting rp(k, h)¼ 1 corresponds to U[rp(k, h)]¼ 0 and removes the last term in the time argu-

ment of vacuum current in (7). Setting additionally jz� z0j cos h � 0 and ðzþ z0Þ cos h � 0 in

the time argument of vacuum current of (6) and (7) [and consequently z cos h � 0 in (1) and

(2)] results in a set of Markovian equations of motion (i.e., without retarded memory effects)

for Eqs. (1)–(10). We justify this approximation with the following argument.

The largest electric fields perpendicular to the metal surface [Fig. 3(a)] are obtained for large

h. In this case, the wave vector kz ¼ ðx=cÞ cos h of the standing wave along the z-coordinate is

very small, i.e., in the vicinity of the metal surface, the electric field variations due to the stand-

ing wave can in good approximation be neglected relative to those created by the space charge in

both metal and vacuum or the skin depth of the penetrating wave [Fig. 3(c)]. In the z¼ 0, z0 ¼ 0

approximation, the transversal electric fields do not depend any longer on the spatial coordinate

of the electron which leads to the following modified expression for the local field:

Eapprox
loc ðz; tÞ ¼ ½Einð0; tÞ þ Ereð0; tÞ� sin hþ ½EemðinÞð0; tÞ þ EemðreÞð0; tÞ� sin hþ Espaceðz; tÞ: (12)

In Eq. (12), exclusively the dynamic space charge Espace(z, t) causes a position dependent driv-

ing force (10) for the electrons in the vacuum. This modification neither destroys the t0 ¼ t
�ðx=cÞ sin h symmetry of the problem nor does it violate the energy conservation of light-

matter interaction [Eq. (11)].

B. Field-induced extraction of electrons from the metal target

The generation rate of vacuum electrons tunneling from the metallic target through a bar-

rier is defined by the WF of the metal and the electric light field. In typical experiments, the

electric fields due to the standing wave created by incident and reflected waves have values

between 1011 and 1012 V/m or hundred to thousand volts per nanometer [Fig. 4]. At such high

electric fields, various tunneling models (a recent review of such models can be found in

Ref. 2) predict a transmission probability of electrons from Ttunnel(100 V/nm) � 0.1 up to Ttunnel

(Eloc> 1000 V/nm) � 1 through the triangular barrier [Fig. 2(d)]. We calculated the transmis-

sion probability Ttunnel(Eloc) for copper by means of the Wentzel-Kramers-Brillouin (WKB)

approximation the result of which is shown in Fig. 4(a). The transmission coefficient

Ttunnel(Eloc) is essentially determined by the work function [WF in Fig. 2(c)] of the metal. In

our calculations we take WF¼ 5 eV for copper. For calculating the maximum generation rate

Fmax of free electrons with Ttunnel(Eloc)¼ 1, we approximated the conduction band electrons of

copper as a degenerate free electron gas with the Fermi velocity vF and a density equal to the

atomic density ne¼ qCu¼ 8.47� 1022 cm�3 in a copper crystal

Fmax ¼
3

16
qCu vF � 2:5� 1034 e� s�1 m�2: (13)

The electron density and Fermi velocity are characteristic for the particular metal and inde-

pendent of the driving laser source. The extraction of electrons from the metal is organized in

our model calculations as follows. We start with an ensemble of N electrons each having a van-

ishing momentum pi¼ 0 and initially residing at zi¼�0.1 pm within the metal. Due to the spa-

tial positions, the local field in the vacuum (10) does not act on such electrons directly. In each

time step Dt, we calculate the probability for the emission of an electron into the vacuum with

the help of

PemissionðtÞ ¼ Fmax A Dt Ttunnel½Elocð0; tÞ�: (14)

At this point, the normalization area A comes into play which was introduced in the equations

for the charge density (3) and current density (4) in the vacuum. In order to avoid numerical
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artefacts, the product A
Dt has to be chosen in such a way that the emission probability

Pemission(t)< 0.1 is small throughout the experiment. Depending on both Pemission(t) and a ran-

dom number, the electron i is emitted into the vacuum by a sudden change of zi¼�0.1 pm to

zi¼þ0.1 pm without changing its momentum pi¼ 0. In this concept, the number of contributing

electrons N is undetermined at the beginning of the experiment since the local field Eloc(0, t) is

not known beforehand.

It is important to note that the resulting space charge n3D
vacðx; y; z; tÞ and the electric field

Espace originating from it depend critically on the cycle/wavelength of the optical driving field.

The relevance of the space charge field for Ka generation can be estimated by considering Fmax

during an optical half cycle

Eestimate
space kð Þ � Fmax e0

e0

k
2c
: (15)

For a driver wavelength of 800 nm, one estimates a value of Eestimate
space ð800 nmÞ ¼ 600 V=nm,

much smaller than typical amplitudes of the optical field of several thousands of V/nm. As a

consequence, the space charge has a negligible influence on the electron extraction for short

wavelengths. For long wavelengths, however, Eestimate
space ð5000 nmÞ ¼ 3800 V=nm influences elec-

tron extraction and, thus, x-ray generation strongly.

The “Brunel”-model27 is a limiting case of our theory. Setting WF¼ 0 (i.e., neglecting any

barrier) and using an arbitrarily high electron density in the metal the generation rate diverges

FIG. 4. (a) Electron extraction probability due to quantum mechanical tunneling as a function of the electric field amplitude

perpendicular to the metal surface E? ¼ Einj1þ rpðk; hÞj sinðhÞ. (b) Generated x-ray flux per surface area, i.e., Ka photons

into solid angle 4p/lm2 as a function of E? for a 50 fs driver pulse at k¼ 0.8 lm (blue curves) and an 80 fs pulse at

k¼ 3.9 lm (red). The curves labeled “without interaction” (dashed lines) are calculated by neglecting both the space charge

due to electrons in the vacuum and the radiation reaction field. The latter allows for radiative damping and results in the

correct energy conservation in the light-matter interaction. The solid lines labeled “with interaction” include the space

charge in the vacuum.
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(Fmax ! 1), i.e., the metal becomes a non-saturable reservoir of electrons. Neglecting in this

limit the radiation reaction field [Eqs. (6) and (7)] corresponds exactly to the theory presented

by Brunel. For typical electric fields applied in experiments, the infinite generation rate Fmax !
1 leads to unrealistically high space charge densities [Eq. (8)] in the vacuum, i.e., nvac(z, t) �
nmetal. Furthermore, the missing radiation reaction field allows for an unrealistically high

absorption of 20%–80% of the incoming photon flux [cf. Fig. 2(a) of Ref. 27] in the sub-100 fs

time regime in which no highly ionized plasma has formed yet.

C. Deceleration of electrons and K-shell ionization within the metal target

After re-entering the metal target, the accelerated electrons do not experience the electric

field of the laser anymore and are decelerated by energy loss mechanisms within the metal.

Overall, K-shell ionization of target metal atoms plays only a minor role for the energy loss. In

Fig. 5(a), we plot the cross section rK for K-shell ionization in copper as a function of electron

energy.33 When multiplying this cross section with the density of copper atoms in the target

one finds rK(300 keV) qCu¼ (600 lm)�1, i.e., only a small part of all accelerated electrons cre-

ate a hole in the K-shell of Cu atoms in a 20 lm thick copper layer, a metal tape target typi-

cally used in experiments. The ratio of Cu Ka photons generated per electron is shown as a

function of the kinetic electron entrance energy We in Fig. 5(b) for different angles of incidence

(solid lines). Around an electron energy of 150 keV this ratio first saturates and then decreases,

because the electrons start to be transmitted through the Cu tape. Between 20 keV and 200 keV,

the ratio follows approximately (We /900 keV)2 (dashed line) showing the importance of high

FIG. 5. (a) Cross section rK for K-shell ionization in copper as a function of the electron energy (1 b¼ 10–24 cm2). (b)

Calculated ratio Cu Ka photons/electron (solid lines) for a 20 lm thick Cu tape as a function of the electron entrance energy

We for different angle of incidence h as indicated. The dashed line shows that between 20 keV and 200 keV the ratio follows

approximately (We/900 keV)2.
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energy electrons for efficient X-ray generation. The deceleration trajectories in the metal target,

including K-shell ionization processes, are a material property and independent of the driving

laser source.

K-shell ionized target atoms emit characteristic X-rays by filling their core holes with

outer-shell electrons. The (spontaneous) characteristic emission covers a solid angle of 4p. The

core hole lifetimes are of the order of a few femtoseconds, and thus, the duration of the gener-

ated hard X-ray bursts is determined by the much longer duration of the driving laser pulses

and electron traveling time along the deceleration trajectories in the target.

In our theory, the electron target interaction which results in the Ka and Bremsstrahlung

emission was calculated using a Monte Carlo method.34 For the K-shell ionization cross section,

we use the semiempirical formula introduced by Ref. 35, for the stopping power data from

NIST36 and for the Bremsstrahlung spectrum the Bethe-Heitler formula. We also included reab-

sorption of x-ray photons within the copper tape. Since we use only the Ka photons emitted in

the forward direction (the direction of the driving laser) in time-resolved experiments, the reab-

sorption of x-ray photons within the copper tape depends also on the angle of incidence h as

shown in Fig. 5(b).

Treating the electron-target interaction as a separate step in the model allows for calculat-

ing the number of emitted Ka photons in a certain experimental geometry from a known energy

distribution of re-entering electrons and the results shown in Fig. 5(b).

D. Beam profile of the driving laser

The equations of motion (1)–(14) give the energy distribution ED(We) of electrons (We:

electron energy) reentering the target for an arbitrary incident pulse Ein(t) with plane phase

fronts [cf. Eq. (1)] hitting the metal target under an angle of incidence h

ED Weð Þ ¼ 1

A

XN

i¼1

ð1
�1

dt d t� ti zi ¼ 0ð Þ½ � � d c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pi tð Þ2 þ m2

ec2

q
� mec2 �We

� �
: (16)

Together with the results shown in Fig. 5(b), we can now calculate the number of emitted

Ka photons per unit surface area with the help of the functional

Ka½E0
in 
 einðtÞ; h�; (17)

where we have split the input field into an amplitude E0
in and a normalized time-dependent

function ein(t). In a real experiment, there are no input pulses with infinitely broad plane wave

fronts but typically a gaussian beam profile on the metal target. Thus, for a comparison with

experiments we have to integrate over the beam profile

Kbeam
a Ein tð Þ; h; dFWHM½ � ¼

ð1
�1

dx

ð1
�1

dy� Ka E0
in exp �2 ln 2 
 x

2 cos2h� y2

d2
FWHM

 !

 ein tð Þ; h

" #
;

(18)

with dFWHM being the full width at half maximum (FWHM) of the intensity profile of the driv-

ing laser. To be independent of the focusing conditions, we define

Kgauss
a Ein tð Þ; h½ � ¼ Kbeam

a Ein tð Þ; h; dFWHM½ � �
ð1
�1

dx

ð1
�1

dy exp �2 ln 2 
 x
2 cos2h� y2

d2
FWHM

 !" #�1

;

(19)

which gives the amount of Ka photons per unit surface area for a gaussian beam profile of the

driving laser.
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III. RESULTS AND COMPARISON WITH EXPERIMENTAL DATA

We now discuss key results of our theoretical model. First, acceleration trajectories zi(t) of

electrons in the vacuum are presented for different experimental conditions, followed by a

detailed discussion of how the energy distribution of reentering electrons depends on the en-

semble of trajectories. In addition to the dependence on the electric field amplitude E0
in, the

driver wavelength k, and the angle of incidence h, we consider the response to very short elec-

tric field transients having an identical spectrum but different carrier-envelope phases /cep.

Thereafter, we analyze the time structure of the generated hard x-ray pulses. Finally, the gener-

ated flux of Ka photons is calculated for driving pulses with gaussian beam profiles [Eqs. (18)

and (19)] and compared with experimental results.

A. Acceleration trajectories of electrons in the vacuum and energy distribution of

reentering electrons

After its “birth” in vacuum, a free electron is accelerated in the first half cycle of the elec-

tric field of the driving pulse and smashed back into the metal target in the next half cycle of

opposite sign. The trajectory depends sensitively on the phase of electron birth within the opti-

cal cycle. In the case of negligible space charge, the electrons generated in the first quarter of

the optical cycle do not enter the metal target at later times. Starting with phase / ¼ p=2 the

electron enters the metal target with an additional amount of energy (solid line in Fig. 3(a) of

Ref. 21). Electron birth within the phase range from / ¼ p to 2p creates no accelerated elec-

trons since the electric field points into the wrong direction. In Fig. 4(b), we show the generated

x-ray flux per surface area, i.e., Ka photons into solid angle 4p/lm2 as a function of the electric

field perpendicular to the surface E? for driver pulses with a center wavelength and pulse dura-

tion as indicated. The respective dashed curves labeled “without interaction” are calculated by

neglecting both the space charge due to electrons in the vacuum [Eq. (8)] and their radiation

reaction field [Eqs. (6) and (7)]. The two dashed curves in Fig. 4(b) are of similar shape and

essentially shifted along the logarithmic x-axis by the ratio squared of the two wavelengths,

confirming the I� k2 rule empirically found in recent experiments.21 The so-called vacuum

heating of free electrons in the electric field of the driving pulses,1,27 i.e., electron acceleration,

represents a key step of the generation scheme. At a fixed electric field strength, one expects

higher kinetic energies of accelerated electrons for a longer acceleration period in time, corre-

sponding to a longer optical period or wavelength k of the driving pulse. The red dashed line

for k¼ 3.9 lm in Fig. 4(b) is somewhat steeper at low electric fields E? because the finite tun-

neling barrier [Fig. 2(d)] leads to a reduced extraction rate at low fields [Fig. 4(a)].

The solid lines in Fig. 4(b) labeled “with interaction” were calculated including the space

charge due to electrons in the vacuum [Eq. (8)] and their radiation reaction field [Eqs. (6) and

(7)]. At short driver wavelengths (k¼ 800 nm, blue solid line), the x-ray generation sets in at

lower electric fields E? and reaches a higher value of saturation compared to its counterpart

without interaction (blue dashed line). The result for k¼ 3.9 lm (red solid line) shows a similar

behavior with an additional pronounced dip around field strengths of E?� 800 V/nm. The ori-

gin of the latter is the space charge of vacuum electrons [Eq. (8)] having its strongest influence

at intermediate field strengths. At low electric fields, space charge effects are absent as the tun-

neling barrier [Fig. 2(d)] limits the density of vacuum electrons to a small value. At extremely

high electric fields E? such as in experiments with k¼ 800 nm drivers (cf. blue curves), the

extraction rate saturates [cf. Eq. (14)] and leads to the scenario discussed in Fig. 3(c). For inter-

mediate field strengths E?� 800 V/nm (red line) E?(z) decays due to both space charge within

the metal and the space charge of the vacuum electrons. For even higher field strengths, how-

ever [black line in Fig. 3(c)], the decay of E?(z) is again dominated by the space charge in the

metal [black line in Fig. 3(c)].

The electric field due to the space charge in vacuum [Eq. (8)] has different effects on elec-

tron extraction and acceleration. A large space charge during the phase of electron extraction

reduces the extraction rate [Eq. (14)] because ~Espace [Eq. (8)] points into the direction opposite

to ~E? ¼ ~Ein þ ~Ere [Eqs. (1) and (2)]. In contrast, during the phase of electron acceleration
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towards the metal surface, ~Espace and ~E? add up leading to higher kinetic energies of the re-

entering electrons. The latter effect dominates for short driver wavelengths [k¼ 800 nm: blue

solid line in Fig. 4(b)], whereas the reduced extraction rate is important for long driver wave-

lengths [k¼ 3.9 lm: red solid line in Fig. 4(b)].

In Fig. 6(a), we plot the trajectories of electrons in the strong electric field of a p-polarized

50 fs pulse centered at k¼ 5 lm (thick solid line) and reflected from a copper target under an

angle of h¼ 45�. The electric field amplitude was Ein¼ 200 V/nm. In Fig. 6(b), we show the

corresponding distribution of entrance energies We at the metal surface (green curve). The indi-

vidual trajectory depends sensitively on the phase of electron birth within the optical cycle and

the space charge field makes all electrons return to the target independent of the time of their

“birth.”

In order to gain a deeper insight into the extraction and acceleration mechanisms, we calcu-

lated the trajectories and corresponding distributions of entrance energies We for an extremely

FIG. 6. Electron acceleration in the strong electric field of a p-polarized femtosecond laser pulse being reflected from a metal

target under an angle of incidence of h¼ 45�. (a) Electron trajectories in the vacuum for a 50 fs pulse (thick solid line) at

k¼ 5 lm with an amplitude of Ein¼ 200 V/nm: the individual trajectory depends sensitively on the phase of electron birth

within the optical cycle. (b) Green solid line: corresponding distribution of entrance energies We at the metal surface. Red and

blue curves: distributions of entrance energies for extremely short pulses (thick solid and dashed lines in Fig. 7) for carrier-

envelope phases as indicated.
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short pulse for different carrier-envelope phases /cep. The trajectories are shown in Figs.

7(a)–7(d), the corresponding energy distributions in Fig. 6(b), and the generated x-ray flux per

surface area in Fig. 8. In addition, we show in Fig. 7(e) the spatial profiles of the electric field

due to space charge Espace(z, t¼ 0) for the different situations. The table in the inset shows the

wavelength k, carrier-envelope phase /cep, and the respective electric field at time zero

E?(t¼ 0). The trajectories for k¼ 5 lm [Figs. 7(a) and 7(b)] clearly demonstrate the space

charge effect on the electron extraction process. A high local driving field during the extraction

process is favorable for overcoming the counterproductive action of the space charge. At the

much shorter wavelength k¼ 1 lm, we observe the opposite dependence on the carrier envelope

phase /cep [Figs. 7(c) and 7(d)]. Here, the electron extraction is almost independent of the

space charge because of the high driver fields. For short driver wavelengths, it is more impor-

tant to have a large field during the phase of electron acceleration towards the metal surface

since the electric field due to the space charge in vacuum (8) adds to ~E? ¼ ~Ein þ ~Ere, resulting

in higher kinetic energies of the reentering electrons.

We summarize this behavior in Fig. 8 where panel (a) displays the x-ray flux generated per

surface area with a mono-cycle pulse as a function of both the driver wavelength k and the

carrier-envelope phase /cep. The generated number of Ka photons into a solid angle of 4p per

lm2 is shown for various driver wavelengths k in panel (b).

FIG. 7. (a) and (b) Electron trajectories for an extremely short pulse at k¼ 5 lm (thick solid and dashed lines) for two dif-

ferent carrier-envelope phases. (c) and (d) Corresponding trajectories for k¼ 1 lm. (e) Spatial profiles of the electric field

due to space charge Espace(z, t¼ 0) [Eq. (8)]. The table shows for the different situations [panels (a)–(d)] the wavelength k,

carrier-envelope phase /cep, and electric field at time zero E?(t¼ 0).
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B. Duration of the generated Ka pulses

The pulse duration of the generated Ka pulses is determined by various factors.

Certainly, the pulse duration of the optical driver pulse sets a lower limit for the temporal

profile of the distribution of energetic electrons reentering the metal tape [Eq. (16)]. Thus,

one expects the shortest Ka pulses for driver pulses as shown in Fig. 7. For such short

pulses, the deceleration trajectories of electrons within the metal target discussed in Sec. II C

represent the dominant contribution to the Ka pulse duration. Here, the shortest Ka pulses

are expected in forward direction, the propagation direction of the driver laser [incoming

beam in Fig. 1] because the projection of electron velocity onto this direction is maximum.

The overall traveling time of electrons and, consequently, the period over which x-rays are

generated, increases with the target thickness. The lifetime of the core hole in ionized Cu

atoms of a few femtoseconds is short compared to the traveling time of electrons through

the target and has a negligible influence on the time structure of the generated characteristic

x-rays.

FIG. 8. (a) Contour plot of the generated x-ray flux per surface area for an extremely short mono-cycle pulse [cf. trajecto-

ries in Fig. 7 and distributions in Fig. 6(b)] as a function of both the driver wavelength k and the carrier-envelope phase

/cep. (b) Sections of the contour plot for various driver wavelengths k as indicated.
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In Fig. 9, we present calculated temporal profiles for a 20 lm thick Cu target illuminated

under h¼ 45�. The solid line in panel (a) shows the calculated temporal profile of the Ka radia-

tion generated by a 50-fs long pulse at k¼ 800 nm with an electric field amplitude of

E?¼ 3300 V/nm. Such parameters correspond to the experimental situation of Ref. 5 where

field-induced quasi-instantaneous inter-ionic charge transfer has been studied in crystalline LiH.

The integrated charge change DQ(t) around the H-atom [Fig. 2(e) of Ref. 5] is shown in

Fig. 9(a) (symbols) and follows the cross-correlation of a sub-50 fs optical pulse with the Ka
pulse. We find excellent agreement of the calculated with the measured duration of Ka pulses.

In panel (b), we plot the calculated temporal profile of the Ka pulse generated by a 80-fs long

pulse at k¼ 3.9 lm with an electric field amplitude of E?¼ 600 V/nm. (experiment in Ref. 21).

The somewhat longer Ka pulse duration is essentially due to the longer mid-infrared driver

pulse.

C. Angle dependence of x-ray yield

Recent experiments with femtosecond driver pulses centered at k¼ 3.9 lm have revealed a

pronounced change of the generated copper Ka flux with the angle of incidence on the target h
[symbols in Fig. 10(b), Ref. 21]. On the one hand, the electric field amplitude perpendicular to

the metal surface E? ¼ Einj1þ rpðk; hÞj sinðhÞ [Fig. 3(a)] increases with sin h. On the other

hand, the illuminated area on the metal target increases with 1= cos h [(18)] when neglecting

diffraction effects. To get beyond such simple geometric arguments which are in conflict with

energy conservation at large h, we calculated the absorption of the driver field in the target as a

function of the angle of incidence h of an 80-fs pulse at k¼ 3.9 lm (electric field amplitude of

E0
in ¼ 500 V=nm) for two different scenarios. In Fig. 10(a), the red line shows a calculation

without radiative damping and space charge [Eqs. (6)–(8)]. For h> 70�, energy conservation is

violated since more infrared photons are absorbed than contained in the incident beam. A calcu-

lation including radiative damping and space charge (black line) accounts correctly for energy

conservation in light-matter interaction. Here, absorption saturates at about �60%. With radia-

tive damping [Eqs. (6) and (7)] the electric field re-emitted by the space charge electrons inter-

feres destructively with the reflected beam so that energy conservation is fulfilled according to

Eq. (11). In Fig. 10(b), we present the number of Ka photons per laser shot as a function of h
normalized to the red curve at h¼ 59�. According to theory, the space charge (black curve)

enhances the Ka emission slightly for h< 50� relative to the calculation without space charge

FIG. 9. (a) Solid line: calculated temporal profile of the Ka radiation generated by a 50-fs long pulse at k¼ 0.8 lm with

with an electric field amplitude of E?¼ 3300 V/nm. The symbols represent experimental results taken from Fig. 2(e) of

Ref. 5 showing the quasi-instantaneous integrated charge change DQ(t) of crystalline LiH around the H-atom versus the

delay time t occurring during the temporal overlap with a strong optical field. (b) Calculated temporal profile of the Ka
radiation generated by a 80-fs long pulse at k¼ 3.9 lm with with an electric field amplitude of E?¼ 600 V/nm.
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and radiative damping (red curve). For h> 70�, the radiative damping terms of the full theory

[Eqs. (6) and (7)] reduce the Ka emission significantly by attenuating the local field acting on

the electrons [Eq. (12)].

D. Ka generation with gaussian beams

For a most direct comparison with experiment, we calculated the Ka flux generated by

driving pulses with a gaussian beam profile [Eqs. (18) and (19)]. In Fig. 11, the generated x-ray

flux per surface area, i.e., Ka photons into solid angle 4p/lm2 is plotted as a function of the

electric field amplitude perpendicular to the surface (lines). Such curves were calculated with

the same parameter set as in Fig. 4(b). Applying Eq. (19) leads to a smoothing of the latter

curves since Eq. (18) corresponds to a convolution of the results in Fig. 4(b) with the gaussian

beam profile.

The symbols in Fig. 11 represent experimental results from Ref. 21. Such data lie in-

between the theoretical calculations including the space charge [Eq. (8)] and the radiation reac-

tion field [Eqs. (6) and (7)] (solid lines) and those without the latter mechanisms (dashed lines).

This comparison shows that the details of the quantum mechanical properties of the metal, i.e.,

the work function WF and the maximum extraction current density [Eq. (13)] have a significant

influence on the amount of emitted Ka photons. The theoretical concept presented here focuses

FIG. 10. (a) Absorption of the driver field as a function of the angle of incidence h for an 80-fs long pulse at k¼ 3.9 lm

with an electric field amplitude of E0
in ¼ 500 V=nm. The red line shows a calculation without space charge and radiative

damping. The black line shows results of the full model. (b) Emitted Ka photons per laser shot as a function of h normal-

ized to the red curve at h¼ 59�. The symbols represent experimental results taken from Ref. 21.
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on long driver wavelengths, large angles of incidence, and concomitantly “low” electric field

strengths, i.e., the experiments with k¼ 3.9 lm (red symbols). The overall agreement between

theory and experiment is good and demonstrates that the physical picture presented here

accounts for the key features of the x-ray generation process. Concerning the experiments with

k¼ 0.8 lm (blue symbols) we expect that plasma formation within the pulse duration begins to

play an additional role in the x-ray generation scenario.

IV. CONCLUSIONS

In conclusion, we have presented a theoretical model for describing the physical processes

which underlie hard x-ray generation with metal targets interacting with intense femtosecond

optical pulses. Similar to Brunel’s concept,27 the light-metal interaction is treated with the lin-

ear Fresnel equations for electrons residing in the metal and the vacuum heating model is

applied for electrons in the vacuum. In extension of Ref. 27, we invoke quantum mechanical

tunneling for the extraction of electrons from the metal surface. This keeps the electron den-

sities in the vacuum at realistic values which are—at any time—much smaller than the electron

density in the target. Moreover, the radiation reaction field is included in an effective one-

dimensional propagation geometry, thus allowing for radiative damping and the correct energy

conservation in light-matter interaction. The generated flux of Ka photons is calculated as a

function of the incident optical intensity I, driver wavelength k, angle of incidence h, and

FIG. 11. Generated x-ray flux per surface area, i.e., Ka photons into solid angle 4p/lm2 for gaussian beam profiles

calculated with help of Eq. (19) from the data already shown in Fig. 4(b). The symbols represent experimental data from

Ref. 21.
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carrier-envelope phase /cep of the driving pulses. The different parameters are set to values

close to recent experiments.21 We demonstrate that the theoretical model fully accounts for the

experimental results. It reveals the key quantities governing the efficiency of the x-ray genera-

tion processes. In case of a negligible space charge in vacuum, the theory predicts a characteris-

tic x-ray flux proportional to the incident intensity and the wavelength squared I k2, suggesting

the application of mid-infrared driving pulses for a strong enhancement of the generated x-ray

flux. For optimized focusing conditions, the space charge enhances slightly the x-ray flux for

k< 3.5 lm and causes a gradual saturation at longer driver wavelengths. Such results will allow

for designing a new generation of optically driven table-top sources for femtosecond hard x-ray

pulses.
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