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Semiconductor laser linewidth theory revisited
Hans Wenzel, Markus Kantner, Mindaugas Radziunas, Uwe Bandelow

Abstract

More and more applications require semiconductor lasers distinguished not only by large mod-
ulation bandwidths or high output powers, but also by small spectral linewidths. The theoretical
understanding of the root causes limiting the linewidth is therefore of great practical relevance.
In this paper, we derive a general expression for the calculation of the spectral linewidth step by
step in a self–contained manner. We build on the linewidth theory developed in the 1980s and
1990s but look from a modern perspective, in the sense that we choose as our starting points the
time-dependent coupled–wave equations for the forward and backward propagating fields and
an expansion of the fields in terms of the stationary longitudinal modes of the open cavity. As
a result, we obtain rather general expressions for the longitudinal excess factor of spontaneous
emission (K–factor) and the effective α–factor including the effects of nonlinear gain (gain com-
pression) and refractive index (Kerr effect), gain dispersion and longitudinal spatial hole burning in
multi–section cavity structures. The effect of linewidth narrowing due to feedback from an external
cavity often described by the so–called chirp reduction factor is also automatically included. We
propose a new analytical formula for the dependence of the spontaneous emission on the carrier
density avoiding the use of the population inversion factor. The presented theoretical framework
is applied to a numerical study of a two–section distributed Bragg reflector laser.

1 Introduction

Many applications of semiconductor lasers utilized in miniaturized contemporary photonic integrated
devices for coherent optical communication, optical atomic clocks, atom interferometry, gravitational
wave detection, space–based metrology and optical quantum sensing impose strict requirements on
the coherence of the light source, which can be expressed in terms of the spectral linewidth. The the-
oretical understanding of the governing factors limiting the linewidth is therefore of great practical rel-
evance. After a first prediction by Schawlow and Townes [1], the corresponding theoretical framework
was developed in the 1960s [2, 3, 4, 5, 6]). Later, in the 1980s and 1990s with the rapidly advancing
technology of the fabrication of semiconductor lasers and their applications the theory of the spectral
linewidth was further refined. The following 5 milestones can be distinguished:

(i) The first milestone is the discovery of the enhancement of the fraction of the spontaneous emission
going into the lasing mode in gain–guided lasers and the derivation of a corresponding excess factor
(K–factor) by Petermann [7]. Siegman recognized this effect as a general property of non–Hermitian
laser cavities [8]. Later his discussion of the power–nonorthogonality of the transversal modes and its
consequences was extended to the case of the power–nonorthogonality of the longitudinal modes of
laser cavities [9]. In Ref. [10] it was discovered, that the longitudinal modes can become degenerate for
certain parameter configurations resulting in an infinite K–factor. The occurrence of such exceptional
points is not restricted to lasers but is inherent to non–Hermitian systems.1

1For a recent review, see [11]
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(ii) The second milestone is the discovery of a linewidth enhancement in semiconductor gain materials
caused by refractive index fluctuations in response to fluctuations of the carrier density. Due to gain
clamping, intensity fluctuations (which have negligible direct effect on the linewidth) can cause sub-
stantial refractive index changes, which in turn lead to fluctuations of the phase. The magnitude of this
amplitude-phase coupling is quantified by the linewidth enhancement factor αH or α–factor introduced
by Henry [12]. Later it was found that in DFB lasers the α–factor has to be replaced by an effective
factor αH,eff [13] and a general expression for αH,eff valid for distributed feedback (DFB), distributed
Bragg reflector (DBR) and external cavity lasers was derived in [14].

(iii) The third milestone is the discovery of the possibility of linewidth reduction due to optical feedback
from an external cavity by Patzak et al. [15]. Later a relation to the reduction of the frequency chirp
was established [16, 17].

(iv) The forth milestone is related to the deterioration of the linewidth due to charge carriers injected
into a phase tuning section within the cavity. Amann and Schimpe figured out that carrier noise is the
origin resulting in an additional contribution to the linewidth, if the α–factors are different in the gain
and phase tuning sections [18].

(v) The last milestone is the discovery of the enhancement of the linewidth due to fluctuations of
the shape of the profile of the optical power in the cavity by Tromborg and co-workers [14], which is
particularly important in the vicinity of instabilities [19, 20]. The most sophisticated linewidth theory
including fluctuations of the shape of the power profile was published in [21, 22].

In this paper, we will derive a semi-analytical expression of the spectral linewidth from a modern
perspective step by step in a self–contained manner collecting all necessary ingredients that are
otherwise found only scattered in the literature. The underlying theoretical approach is the classical
Langevin formalism [23] where the deterministic equations for the optical field and the carrier density
are supplemented by noise sources (Langevin forces). By means of these stochastic terms, quantum
field theoretical phenomena (in particular spontaneous emission), which are essential for the laser
linewidth, can be adequately treated within the framework of the semi-classical theory. The correla-
tion functions of the Langevin noise sources are determined by the fluctuation-dissipation theorem, for
which we refer to Refs. [24, 25, 26].

While the starting point of most authors is the Helmholtz equation and an expansion of its Green’s
function [14, 27], it is more transparent to start from the time-dependent coupled–wave equations
and to expand the forward and backward propagating fields in terms of the stationary longitudinal
modes of the open cavity [10] yielding simpler expressions. The linewidth expression derived in such a
manner includes automatically the findings described as milestones (i)–(iii), i.e., longitudinalK–factor,
effective α–factor, and chirp reduction factor. Additionally, we propose a new analytical formula for the
dependence of the spontaneous emission on the carrier density, which is independent of the commonly
employed population inversion factor, i.e., the ratio between the spontaneous rate of downward band–
to–band transitions and the stimulated rate of downward and upward transitions [28]. The new formula
avoids problems with the singularity of the population inversion factor near the transparency density
and is in good agreement with microscopic calculations, see Sec. 9. The theory can be easily extended
to include carrier noise (iv), too, as sketched in the Outlook in Sec. 11.

2 Prerequisites and basic assumptions

We consider edge–emitting semiconductor lasers as sketched in Fig. 1 consisting of an arbitrary num-
ber of sections of different functionality. The transverse cross section is uniform within each section,
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Figure 1: Schematic view of a two–section DBR laser consisting of an electrically biased gain section
and a passive Bragg reflector section, exemplifying an edge–emitting multi–section semiconductor
laser.

but may vary from section to section. The preferred propagation direction of the optical field under
lasing conditions is along the cavity axis parallel to the longitudinal coordinate z. Such lasers are well
described by the traveling–wave ansatz for the main component of the electric field strength

E(x, y, z, t) =
e(x, y)√

2ε0cn

[
Ψ+(z, t)e−iβ0z + Ψ−(z, t)eiβ0z

]
eiω0t + c.c., (1)

employing a scalar approximation and neglecting the dynamics in the transverse (x, y)–plane. Here,
e(x, y) is the suitably normalized real–valued field distribution of an index–guided transverse mode
obtained as solution of a real–valued waveguide equation, β0 = 2πn/λ0 is the reference propagation
constant, n is a reference modal index, λ0 denotes the reference wavelength and ω0 = 2πc/λ0 is the
reference frequency. Here and later symbols not explained have their usual meaning. The prefactor is
chosen such that ‖Ψ‖2 ≡ |Ψ+|2 + |Ψ−|2 is the optical power P with unit W. The left and right prop-
agating fields Ψ± vary slowly both in the longitudinal coordinate z and time t and fulfill the stochastic
time–dependent coupled–wave equations [29]2

ng(z)

c

∂

∂t
Ψ(z, t) +

[
σz

∂

∂z
+ iM(z,N, ‖Ψ‖2) + iD(z, t)

]
Ψ(z, t) = Fsp(z, t, N) (2)

with

Ψ(z, t) =

[
Ψ+(z, t)
Ψ−(z, t)

]
, σz =

[
1 0
0 −1

]
,

and

M(z,N, ‖Ψ‖2) =

[
∆β(z,N, ‖Ψ‖2) κ+(z)

κ−(z) ∆β(z,N, ‖Ψ‖2)

]
, (3a)

∆β(z,N, ‖Ψ‖2) = β(z,N, ‖Ψ‖2)− β0 =
2π

λ0

∆n(z) + βN(z,N, ‖Ψ‖2), (3b)

βN(z,N, ‖Ψ‖2) =
2π

λ0

∆nN(z,N, ‖Ψ‖2) +
i

2

[
g(z,N, ‖Ψ‖2)− α(z,N, ‖Ψ‖2)

]
. (3c)

2For a derivation from Maxwell’s equations, see [30].
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The Langevin forces

Fsp(z, t, N) =

[
F+

sp(z, t, N)
F−sp(z, t, N)

]
,

model the spontaneous emission into the forward and backward traveling waves and are assumed to
have zero mean

〈Fsp〉 = 0.

Here, ng is the real–valued group index, β is the propagation factor, ∆n is the index detuning with
respect to the reference modal index, ∆nN describes the dependence of the modal index on the
excess carrier density N , g is the modal gain, α models optical losses, κ± are complex coupling
coefficients describing a Bragg grating (coupling forward and backward traveling waves) and D(z, t)
is the dispersion operator. The ensemble or temporal average is denoted by 〈·〉. The dependence
of ∆nN , g and α on the optical power ‖Ψ‖2 is due to nonlinear effects like the Kerr effect, gain
compression, and two-photon absorption, which affect the stationary states only slightly but can have
a significant impact on the dynamic properties.

All quantities entering (2) are obtained by weighting the original quantities entering Maxwell’s equa-
tions by the intensity distribution e2(x, y) (normalized to 1) of the transverse mode. If we choose the
origin of z such that the grating given by a complex dielectric function ε(x, y, z) has the property
ε(x, y, z) = ε(x, y,−z), then κ+ = κ− = κ holds. Eq. (2) has to be solved subject to the usual
boundary conditions

Ψ+(0, t) = r0Ψ−(0, t) and Ψ−(L, t) = rLe−2iβ0LΨ+(L, t), (4)

with L being the total cavity length and r0 and rL the complex–valued reflection coefficients at the
facets at z = 0 and z = L, respectively. Scattering matrices establish transition conditions on Ψ at
the interfaces between different sections [22, 29].

The coupled–wave equations (2) must be supplemented with an equation for the (excess) carrier
density N . Although the theoretical treatment is quite general, we will specifically treat diode lasers in
this paper, where the carrier dynamics is governed actually by both electrons and holes. We assume
charge neutrality and consider only the excess carriers in the active region with densityN = n−n0 =
p−p0 (where n and p are the electron and hole densities and n0, p0 are the corresponding equilibrium
densities), neglecting any transport and capture effects. The equation for the excess carrier density,
modeling current injection and recombination dynamics, is given by Eq. (64) below.

Dispersion, i.e., the frequency dependence of the dielectric function, enters (2) first via the group
index ng in front of the time derivative resulting from a linearization of the real part of the dielectric
function with respect to the frequency ω. Second, the dispersion of the optical gain (and associated
refractive index) is described in the time domain by the operator D(z, t), which can be obtained,
e.g., by approximating the gain spectrum by a Lorentzian (or a series of Lorentzians) and a back-
transformation into the time domain. This results in auxiliary differential equations for polarization
functions [31, 32], see Appendix A. Due to the fact, that the spectral width of the gain in semiconductor
lasers is much larger than the width of the cavity resonances,D(z, t) can be expanded again linearly
in the frequency domain. In contrast to [31], we neglect here the dependence of the dispersion operator
on the carrier density N .

Besides Ψ, we consider N as the only further stochastic variable and spontaneous emission as the
only source of noise, neglecting all other noise sources. The theory can be easily extended to include
carrier noise as sketched in the Outlook in Sec. 11. We assume that κ does not depend onN , i.e., we
exclude gain–coupled lasers, and neglect fluctuations of the shape of the power profile. We neglect
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the impact of non-lasing side modes on the linewidth of the lasing mode and employ a single–mode
approximation. Thus the linewidth rebroadening caused by mode partitioning and poor side–mode
suppression, cf. [33, 34], can not be not accounted for.

Regarding the properties of the noise [35], we employ the usual assumptions of ergodicity (ensemble
or statistical average equals temporal average) and stationarity (i.e., 〈ξ(t)ξ(t′)〉 depends only on the
time difference t − t′) of any stochastic variable ξ. The fluctuations are assumed to have Gaussian
probability distributions and delta–correlated covariance functions in time (Markov approximation) and
space, i.e. 〈ξ(z, t)ζ(z′, t′)〉 = 2Dξζ(z)δ(t− t′)δ(z − z′) with Dξζ being called diffusion coefficient.
In order to obtain a Lorentzian shape of the optical spectrum around the lasing frequency, some
approximations have to be employed which are described in Sec. 4.

3 Equation of the field amplitude

Throughout this work, we restrict ourselves to the analysis of the noise at continuous wave (CW) emis-
sion, i.e., at steady-state lasing. Therefore, we expand Ψ(z, t) in terms of the stationary eigenmodes
Φm(z) (longitudinal modes),

Ψ(z, t) =
∑
m

fm(t)Φm(z), (5)

satisfying the equation[
σz

∂

∂z
+ iM

(
z,N, ‖Ψ‖2

)
+ iβD(z,Ωm) + i

ng(z)

c
Ωm

]
Φm(z) = 0 (6)

with

M
(
z,N, ‖Ψ‖2

)
=

∆β
(
z,N, ‖Ψ‖2

)
κ(z)

κ(z) ∆β
(
z,N, ‖Ψ‖2

) ≡M, (7)

∆β
(
z,N, ‖Ψ‖2

)
= β

(
z,N, ‖Ψ‖2

)
− β0 ≡ β − β0 = ∆β. (8)

Here, N and ‖Ψ‖2 are the steady-state carrier density and optical power, respectively, at which the
operator of the eigenvalue problem (6) is expanded (β, M are the corresponding propagation factor
and matrixM ). The complex eigenvalue Ωm describes both, the frequency deviation<(Ωm) = ωm−
ω0 (or the wavelength deviation ∆λm = <(Ωm) dλ/dω|λ0), and the mode damping rate =(Ωm).
The dispersion βD(z,Ωm) is given by the operatorD(z, t) in the frequency domain. Eq. (6) has to be
solved subject to the boundary conditions

Φ+
m(0) = r0Φ−m(0)

Φ−m(L) = rLe−2iβ0LΦ+
m(L)

(9)

following from (4).

In the case of stationary eigenmodes considered here, the two-point boundary value problem (6)
together with the boundary conditions (9) is in fact a quasi-linear eigenvalue problem. The point of
expansion

(
‖Ψ‖2, N

)
of the nonlinear operator must be chosen self-consistently, i.e., it is required

to satisfy the conditions (33) and (68) for the (mean) stationary state given below. Furthermore, in
the presence of dispersion βD(Ωm), the eigenvalue problem is also nonlinear in the eigenvalue. The
problem is similar to the self-consistent field method in electronic structure theory [36] and can be
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treated in a similar way (e.g., linearization of the optical-power and the frequency dependency of the
gain dispersion and fixed-point iteration, where the point of expansion is updated to the most recent
stationary state in each step). Alternatively, the system can be directly propagated in the time-domain
(as it has been done in Sec. 10), until convergence to a suitable CW state has been achieved.

Note that different modes (eigensolutions of (6)) fulfill the orthogonality relation3

(Φm,
∂β

∂ω
Φn) = 0 for m 6= n (10)

with the inner product (distinguished from a standard Hilbert space scalar product)

(Φ,Ψ) =

∫ L

0

(Φ+Ψ− + Φ−Ψ+) dz. (11)

At an exceptional point the expansion (5) includes also a generalized eigenmode [10]. For m = n,
the factor ∂β/∂ω, which can be interpreted as an inverse complex–valued group velocity, is the exact
derivative

∂β

∂ω
=
ng

c
+
∂βD
∂ω

∣∣∣
Ωm
. (12)

In the general case of m 6= n this holds only approximately:

∂β

∂ω
=
ng

c
+
βD(Ωm)− βD(Ωn)

Ωm − Ωn

≈ ng

c
+
∂βD
∂ω

∣∣∣
Ωm
. (13)

A system of ordinary differential equations for the amplitudes fm(t) can be obtained by inserting (5)
into (2), using (6), multiplying from left with [Φ−n ,Φ

+
n ], and integrating along z. In order to exploit the

orthogonality relation (10) with the approximation (13), we have again to expand

βD(ω̃)− βD(Ωm) =
∂βD
∂ω

∣∣∣
Ωm

(ω̃ − Ωm), (14)

where ω̃ = ω − ω0. Note that this is consistent with the slowly varying amplitude approximation.
Transforming back into the time domain yields∫

[βD(ω̃)− βD(Ωm)] fm(ω̃)eiω̃t dω̃ = [D − βD(Ωm)] fm(t) (15)

and

∂βD
∂ω

∣∣∣
Ωm

∫
(ω̃ − Ωm)fm(ω̃)eiω̃t dω̃ = −∂βD

∂ω

∣∣∣
Ωm

[
Ωmfm(t) + i

∂

∂t

∫
fm(ω̃)eiω̃t dω̃

]
= −∂βD

∂ω

∣∣∣
Ωm

[
Ωmfm(t) + i

∂fm
∂t

]
.

(16)

Therefore the amplitudes fm fulfill

(Φm,
∂β

∂ω
Φm)

∂fm
∂t
− iΩm(Φm,

∂β

∂ω
Φm)fm + i

∑
n

(Φm,∆MΦn)fn = (Φm, Fsp) (17)

with

∆M = M −M = (β − β)

[
1 0
0 1

]
. (18)

3It can be derived by multiplying (6) from the left by [Φ−
n ,Φ

+
n ], the corresponding equation for Φn by [Φ−

m,Φ
+
m],

integrating along z, using (9) and subtracting both equations.
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Semiconductor laser linewidth theory revisited 7

In what follows, we employ the single mode approximation and drop the subscript m. Then Eq. (17)
becomes a single differential equation for the complex–valued amplitude f of the lasing mode

∂f

∂t
− iΩf + i

(Φ,∆MΦ)

(Φ, ∂β
∂ω

Φ)
f = Ff . (19)

The new Langevin noise source entering (19) is given by

Ff =
(Φ, Fsp)

(Φ, ∂β
∂ω

Φ)
. (20)

For an analysis above threshold, it is beneficial to derive equations for the modulus |f | and the phase
ϕ of f , because the fluctuations of |f | are damped but those of ϕ are not. For the modulus squared
|f |2 (called intensity in the rest of the paper) it follows

∂|f |2

∂t
+ 2=(Ω)|f |2 − 2=(Φ,∆MΦ)

(Φ, ∂β
∂ω

Φ)
|f |2 = 2<(Fff

∗). (21)

An equation for the phase can be determined from

=
(
∂f

∂t
f ∗
)
−<(Ω)|f |2 + <(Φ,∆MΦ)

(Φ, ∂β
∂ω

Φ)
|f |2 = =(Fff

∗) (22)

and
∂f

∂t
= eiϕ

∂|f |
∂t

+ if
∂ϕ

∂t
=⇒ =

(
∂f

∂t
f ∗
)

= |f |2∂ϕ
∂t
. (23)

The stochastic term on the right–hand side of (21) describes intensity noise, which does not have a
vanishing expectation value anymore: 〈Fff ∗〉 6= 0. It is therefore convenient to rewrite the term by
distilling out the expectation value and introducing two new real-valued Langevin forces F|f |2 and Fϕ
with zero mean as

2Fff
∗ = 2〈Fff ∗〉+ F|f |2 + 2i|f |2Fϕ. (24)

It will be shown below that 〈Fff ∗〉 is real–valued, see Eq. (63). Then, the final equations for the
modulus squared and phase of f read

∂|f |2

∂t
= −2=(Ω)|f |2 + 2=(Φ,∆MΦ)

(Φ, ∂β
∂ω

Φ)
|f |2 + 2〈Fff ∗〉+ F|f |2 (25)

and
∂ϕ

∂t
= <(Ω)−<(Φ,∆MΦ)

(Φ, ∂β
∂ω

Φ)
+ Fϕ. (26)

Now we consider small fluctuations

N(z, t) = 〈N(z)〉+ δN(z, t), (27)

ϕ(t) = 〈ϕ(t)〉+ δϕ(t), (28)

|f(t)|2 = 〈|f |2〉+ δ|f(t)|2 (29)

and expand

β = β(〈N〉, 〈|f |2〉) +
∂β

∂N

∣∣∣∣
〈N〉,〈|f |2〉

δN +
∂β

∂|f |2

∣∣∣∣
〈N〉,〈|f |2〉

δ|f |2 (30)
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around the mean values
〈N(z)〉 = N(z),

〈ϕ(t)〉 = <(Ω)t.
(31)

The mean intensity 〈|f |2〉 is required to satisfy

=(Ω)〈|f |2〉 = 〈Fff ∗〉. (32)

Due to the extreme smallness of the spontaneous emission 〈Fff ∗〉 going into the lasing mode, (32)
can be replaced by

=(Ω) = 0 (33)

above threshold (〈|f |2〉 > 0), which will be exploited in what follows (i.e., Ω = <(Ω)). The intensity
and phase fluctuations fulfill the equations

∂δ|f |2

∂t
= 2=

(Φ, ∂β
∂N
δNΦ) + (Φ, ∂β

∂|f |2 Φ)δ|f |2

(Φ, ∂β
∂ω

Φ)
〈|f |2〉+ F|f |2 (34)

and
∂δϕ

∂t
= −<

(Φ, ∂β
∂N
δNΦ) + (Φ, ∂β

∂|f |2 Φ)δ|f |2

(Φ, ∂β
∂ω

Φ)
+ Fϕ, (35)

being one of the main results of the paper.

4 Lorentzian line shape

The power spectral density of the optical field at z = 0 can be calculated utilizing the Wiener–Khinchin
theorem as4

SE(ω) =

∫∫ ∫ +∞

−∞
〈E∗(x, y, 0, t)E(x, y, 0, t+ τ)〉 e−iωτ dτ dxdy (36)

with

〈E∗(x, y, 0, t)E(x, y, 0, t+ τ)〉 =
1− |r0|2

2ε0cn
e2(x, y)〈f ∗(t)f(t+ τ)〉|Φ−(0)|2eiω0τ + c.c. (37)

Hence we have to calculate the spectral density

Sf (ω) =

∫ +∞

−∞
〈f ∗(t)f(t+ τ)〉 e−i(ω−ω0)τ dτ (38)

with
〈f ∗(t)f(t+ τ)〉 = 〈|f(t)||f(t+ τ)|ei[ϕ(t+τ)−ϕ(t)]〉. (39)

Now we employ here a first approximation: We neglect in (39) the intensity fluctuations because above
threshold they are damped, in contrast to the phase fluctuations, which can been seen by comparing
(34) and (35) 5. Therefore, we obtain

〈f ∗(t)f(t+ τ)〉 ≈ 〈|f |2〉〈ei∆τϕ〉eiΩτ (40)

4We do not address technical issues regarding the non-existence of Fourier integrals of fluctuating quantities here and
refer to the discussion in [37].

5See the discussion in [38].
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Semiconductor laser linewidth theory revisited 9

with
∆τϕ = δϕ(t+ τ)− δϕ(t) (41)

and Ω = <(Ω). The random variable ∆τϕ is assumed to be Gaussian distributed6, such that it holds

〈ei∆τϕ〉 =
1√

2πVar(∆τϕ)

∫ ∞
−∞

e−
(∆τϕ)2

2 Var(∆τϕ) ei∆τϕd∆τϕ = e−
1
2

Var(∆τϕ). (42)

The variance of the phase fluctuations is

Var(∆τϕ) = 〈(∆τϕ− 〈∆τϕ〉)2〉
= 〈(∆τϕ)2〉
= 〈(δϕ(t+ τ))2〉 − 2〈δϕ(t)δϕ(t+ τ)〉+ 〈(δϕ(t))2〉
= 2

[
〈(δϕ(0))2〉 − 〈δϕ(0)δϕ(τ)〉

]
,

(43)

where we exploited 〈∆τϕ〉 = 0 and the stationarity property. We introduce the spectral density of
phase fluctuations7

Sδϕ(ω̃) =

∫ +∞

−∞
〈δϕ(t)δϕ(t+ τ)〉 e−iω̃τ dτ (44)

and the spectral density of optical frequency fluctuations δω(ω̃) = iω̃δϕ(ω̃)

Sδω(ω̃) =

∫ +∞

−∞
〈δω(t)δω(t+ τ)〉 e−iω̃τ dτ = ω̃2Sδϕ(ω̃). (45)

With these spectral densities, the variance of the phase fluctuations can be written as

Var(∆τϕ) =
1

π

∫ ∞
−∞

Sδϕ(ω̃)
(
1− eiω̃τ

)
dω̃

=
1

π

∫ ∞
−∞

Sδϕ(ω̃)

(
2 sin2

(
ω̃τ

2

)
− i sin (ω̃τ)

)
dω̃

=
2

π

∫ ∞
−∞

Sδϕ(ω̃) sin2

(
ω̃τ

2

)
dω̃

=
τ 2

2π

∫ ∞
−∞

Sδω(ω̃)

(
sin
(
ω̃τ
2

)
ω̃τ
2

)2

dω̃.

(46)

We carry out a second approximation by noting that the function sin2
(
ω̃τ
2

)
/( ω̃τ

2
)2 peaks strongly at

ω̃ = 0 for large |τ |, and obtain

Var(∆τϕ) ≈ |τ |
π
Sδω(0)

∫ ∞
−∞

sin2 x

x2
dx = |τ |Sδω(0). (47)

In this step, we have recovered a central property of Brownian motion, as we can observe that the root
mean square displacement of the phase fluctuation grows as ∝

√
|τ |. Inserting (47) into (42) and,

finally, the result into (40) yields

〈f ∗(t)f(t+ τ)〉 ≈ 〈|f |2〉e−
1
2
Sδω(0)|τ |eiΩτ (48)

6See the discussion in [39].
7Note that the spectral density of phase fluctuations is even in the frequency Sδϕ(ω̃) = Sδϕ(−ω̃).
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and

Sf (ω) ≈ 〈|f |2〉
∫ +∞

−∞
e−

1
2
Sδω(0)|τ |+i(ω0+Ω−ω)τ dτ

= 〈|f |2〉 Sδω(0)

(ω − (ω0 + Ω))2 +
(
Sδω(0)

2

)2 .
(49)

This is a Lorentzian centered at ω = ω0 + Ω with the full width at half maximum (FWHM)

∆ω = Sδω(0) (50)

given by the spectral density of the optical frequency fluctuations taken at zero Fourier frequency.

5 Correlation functions

The correlation function of the spontaneous emission noise Ff defined in (20) is

〈F ∗f (t)Ff (t
′)〉 =

〈(Φ∗, F ∗sp(z, t))(Φ, Fsp(z′, t′))〉∣∣(Φ, ∂β
∂ω

Φ)
∣∣2 . (51)

The numerator reads

〈(Φ∗, F ∗sp(z, t))(Φ, Fsp(z′, t′))〉

=

∫ L

0

∫ L

0

〈[
Φ+∗F−∗sp (z, t) + Φ−∗F+∗

sp (t, z)
] [

Φ+F−sp(z′, t′) + Φ−F+
sp(z′, t′)

]〉
dzdz′

=

∫ L

0

∫ L

0

[
|Φ+|2〈F−∗sp (z, t)F−sp(z′, t′)〉+ |Φ−|2〈F+∗

sp (z, t)F+
sp(z′, t′)〉

]
dzdz′

= 2

∫ L

0

‖Φ(z)‖2Dsp(z) dz δ(t− t′)

(52)

with
‖Φ‖2 = |Φ+|2 + |Φ−|2 (53)

taking into account the noise covariance functions [25, 26, 27] for index- and absorption coupling8

〈F±∗sp (z, t)F±sp(z′, t′)〉 = 2Dsp(z)δ(t− t′)δ(z − z′),
〈F∓∗sp (z, t)F±sp(z′, t′)〉 = 0,

〈F±sp(z, t)F±sp(z′, t′)〉 = 0,

〈F∓sp(z, t)F±sp(z′, t′)〉 = 0

(54)

with
2Dsp(z,N, ‖Ψ‖2) = ~ω0nsp(N)g(z,N, ‖Ψ‖2), (55)

where nsp is the population inversion factor (a Bose–Einstein distribution function multiplied by −1).
Since Ψ has the unit

√
W,Dsp must have the unit Ws/m as it is. The diffusion coefficientDf∗f defined

by
〈F ∗f (t)Ff (t

′)〉 = 2Df∗fδ(t− t′). (56)

8For gain–coupling see [40].
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is therefore

Df∗f = Df∗f (N, ‖Ψ‖2) =

∫ L
0
‖Φ(z)‖2Dsp(z,N, ‖Ψ‖2) dz∣∣(Φ, ∂β

∂ω
Φ)
∣∣2 . (57)

The correlation functions of the Langevin forces entering (34) and (35) read

〈F|f |2(t)F|f |2(t′)〉 = 2D|f |2|f |2δ(t− t′) = 4Df∗f〈|f |2〉δ(t− t′), (58)

〈Fϕ(t)Fϕ(t′)〉 = 2Dϕϕδ(t− t′) =
Df∗f

〈|f |2〉
δ(t− t′), (59)

〈F|f |2(t)Fϕ(t′)〉 = 2D|f |2ϕδ(t− t′) = 0, (60)

which can be derived using the transformation rules for the diffusion coefficients [23]

D|f |2|f |2 =

(
∂|f |2

∂f

∂|f |2

∂f ∗
+
∂|f |2

∂f ∗
∂|f |2

∂f

)
Df∗f ,

Dϕϕ =

(
∂ϕ

∂f

∂ϕ

∂f ∗
+
∂ϕ

∂f ∗
∂ϕ

∂f

)
Df∗f ,

D|f |2ϕ =

(
∂|f |2

∂f

∂ϕ

∂f ∗
+
∂|f |2

∂f ∗
∂ϕ

∂f

)
Df∗f ,

(61)

and the relations |f |2 = f ∗f and ϕ = − i
2
ln(f/f ∗). The ensemble average defined in (24) can be

obtained using the formal solution of (19)

f(t) = fhom(t) +

∫ t

−∞
Ff (t

′)G(t− t′) dt′, (62)

where G is the Greens function of (19), having a jump of unity at t = t′. The solution fhom of the
homogeneous equation decays after the turn on of the system and approaches zero. Therefore,

2〈Ff (t)f ∗(t)〉 = 2〈F ∗f (t)f(t)〉 = 2

∫ t

−∞
〈F ∗f (t)Ff (t

′)〉G(t− t′) dt′

= 4Df∗f

∫ t

−∞
δ(t− t′)G(t− t′) dt′

= 2Df∗f ,

(63)

where a factor 2 is canceled by 1/2 encountered in integrating only half of the δ–function.

6 Effective linewidth enhancement factor

The excess carrier density is assumed to obey the rate equation

∂N

∂t
− j(z,N)

qd
+R(z,N) +Rst(z,N, ‖Ψ‖2) = FN(z, t, N) (64)

with the rate of spontaneous and non-radiative recombination R and the rate of stimulated recombi-
nation [29]9

Rst =
<(Ψ∗ · [g − 2iD]Ψ)

dW~ω0

, (65)

9It can be derived by multiplying (2) from the left with [Ψ+∗,Ψ−∗], the complex conjugate of (2) with [Ψ+,Ψ−] and
adding both equations to obtain a balance equation for the electromagnetic energy in differential form (Poynting’s theorem).
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H. Wenzel et al. 12

where the dot product means Ψ1 · Ψ2 = Ψ+
1 Ψ+

2 + Ψ−1 Ψ−2 . Here, d and W are the thickness and
width, respectively, of the active region. The current density can be related to the (sectional) applied
voltage by means of the Joyce model [41]10

j(z,N) =
Us − UF(N)

WLsRs

(66)

with sectional applied voltage Us, resistanceRs, injection current Is, length Ls, and the Fermi voltage
UF. The carrier–density dependent injection current density given by (66), counteracting longitudinal
spatial hole burning, substantially lowers the degradation of the side mode suppression in strongly
coupled DFB lasers compared to a model assuming a constant current density [43]. The frequency
modulation response, albeit not topic of the present paper, is also affected as shown in [44].

Using the ansatz (5), we can approximate the rate of stimulated emission as

Rst =
g + 2=(βD(Ω))

dW~ω0

|f |2‖Φ‖2. (67)

The stationary mean value of the carrier density and its fluctuations satisfy

j(〈N〉)
ed

= R(〈N〉) +
g(〈N〉), 〈|f |2〉‖Φ‖2) + 2=(βD(Ω))

dW~ω0

〈|f |2〉‖Φ‖2 (68)

and
∂δN

∂t
+
δN

τd

+
∂Rst

∂|f |2
δ|f |2 = FN , (69)

respectively, with the inverse differential carrier lifetime (taken at 〈N〉 and 〈|f |2〉)

1

τd

= − 1

qd

∂j

∂N
+
∂R

∂N
+
∂Rst

∂N
. (70)

The FWHM of the Lorentzian line shape is given by the spectral density of the frequency fluctuations
at zero Fourier frequency, cf. (50). This is equivalent to setting the time derivatives of the fluctuations
equal to zero (static limit)

∂δ|f |2

∂t
= 0 (71)

and
∂δN

∂t
= 0. (72)

Furthermore, we omit carrier noise (FN = 0), considering only spontaneous emission noise as men-
tioned in Sec. 2. With these approximations, the carrier density fluctuations are directly related to the
intensity fluctuations by

δN = −τd
∂Rst

∂|f |2
δ|f |2. (73)

We substitute (73) into (34) and obtain

δ|f |2 =
F|f |2

2〈|f |2〉=(hα)
(74)

with

hα =
(Φ, τd

∂β
∂N

∂Rst

∂|f |2 Φ)− (Φ, ∂β
∂|f |2 Φ)

(Φ, ∂β
∂ω

Φ)
. (75)

10For a derivation from the drift–diffusion equations, see [42].
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Inserting (74) back into (73) yields

δN = −τd
∂Rst

∂|f |2
F|f |2

2〈|f |2〉=(hα)
. (76)

Finally, substituting (76) into (35) results in

∂δϕ

∂t
=

F|f |2

2〈|f |2〉
<(hα)

=(hα)
+ Fϕ, (77)

which can be considered as a defining equation for the so–called effective Henry’s α-factor

αH,eff =
<(hα)

=(hα)
. (78)

If αH,eff 6= 0, the Langevin force resulting in fluctuations of the intensity leads also to fluctuations
of the phase. By virtue of the different integrals in the numerator and denominator of (75), the car-
rier dependence of the propagation factor, nonlinear gain (gain compression), absorption (two–photon
absorption) and index (Kerr effect) as well as gain dispersion are accounted for. The impact of longi-
tudinal spatial hole burning and multi–section cavity structures (e.g., including Bragg gratings, passive
sections or external cavities) is also correctly described. If all of these additional effects are neglected,
for a Fabry–Pérot (FP) laser the α–factor is recovered

αH =
<
(
∂β
∂N

)
=
(
∂β
∂N

) =
4π

λ0

∂∆nN
∂N

∂g
∂N
− ∂α

∂N

, (79)

cf. Eq. (96) for χ = 1, which is usually negative at typical lasing wavelengths in this notation (i.e.,
the index decreases if the net modal gain increases). The second equality is obtained using (3c).
The derivative ∂α/∂N of the modal absorption in (79) is often neglected, cf. [45]. One should keep
in mind that αH is not a constant but depends on the carrier density (and the wavelength) because
modal index and gain vary differently with carrier density.

7 Spectral linewidth

Collecting the results of the previous sections, we can now calculate the spectral linewidth. Rewriting
(50) as

∆ω =

∫ +∞

−∞

〈
∂δϕ(t)

∂t

∂δϕ(t+ τ)

∂t

〉
dτ (80)

and inserting the equation of the phase fluctuations (77), we obtain

∆ω =
α2

H,eff

4〈|f |2〉2

∫ ∞
−∞
〈F|f |2(t)F|f |2(t+ τ)〉 dτ +

∫ ∞
−∞
〈Fϕ(t)Fϕ(t+ τ)〉 dτ, (81)

where we have taken (60) into account. Inserting (58) and (59) results in the remarkably simple ex-
pression for the spectral linewidth

∆ν =
∆ω

2π
=

Df∗f

2π〈|f |2〉
(
1 + α2

H,eff

)
. (82)
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In the following, we will rewrite this expression in terms of the intra-cavity photon number

Iph =
1

~ω0

∫ L

0

P <
(
∂β

∂ω

)
dz =

P0

~ω0

∫ L
0
‖Φ‖2<

(
∂β
∂ω

)
dz

(1− |r0|2)|Φ−(0)|2
. (83)

where
P (z) = 〈|f |2〉‖Φ(z)‖2 (84)

is the stationary optical power inside the cavity and

P0 = (1− |r0|2)〈|f |2〉|Φ−(0)|2 (85)

is the outcoupled power at z = 0. Moreover, we define the rate of spontaneous emission into the
lasing mode

Rsp =

∫ L
0
‖Φ‖2nspg dz∫ L

0
‖Φ‖2<

(
∂β
∂ω

)
dz

(86)

and the longitudinal excess factor of spontaneous emission

K =

(∫ L
0
|Φ|2<

(
∂β
∂ω

)
dz
)2

∣∣(Φ, ∂β
∂ω

Φ)
∣∣2 . (87)

Now, (82) can be written as

∆ν =
KRsp

4πIph

(
1 + α2

H,eff

)
(88)

which is the standard form found in the literature [14, 39].

The mode profile Φ(z) entering (83), (86), and (87) is obtained by solving (6), (33) and (68) self-
consistently above threshold. Thus, Φ is a mode of the active cavity affected by spatial hole burning.
The expression for theK–factor generalizes the one given in [10] for non-uniform and complex–valued
group velocity (∂β/∂ω)−1 and is in basic correspondence with [14, 46, 47], but fundamentally different
from the modified K–factor introduced in [48].

At an exceptional point, the mode is orthogonal to itself, i.e., (Φ, ∂β
∂ω

Φ) = 0, and the K–factor ap-
proaches infinity. However, one has to keep in mind that at an exceptional point the single–mode
approximation used here fails. Instead, for the description of the dynamics in the vicinity of such a
point one has use at least one eigenmode and the corresponding generalized eigenmode [10].

8 Impact of a passive section, chirp reduction factor and the
Fabry–Pérot case

8.1 Linewidth of a laser consisting of a gain chip subject to feedback from an
external cavity

We consider a laser consisting of one active section for z ∈ [0, l] with length l and an arbitrary
number of passive sections (including an external cavity) for z ∈ [l, L] with total length L − l. The
active section is of the Fabry–Pérot (FP) type having no Bragg grating (κ = 0 for z ∈ [0, l]). The
passive sections may contain Bragg gratings but no excess carriers (N = 0, ∂β/∂N = 0, Dsp = 0,
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Semiconductor laser linewidth theory revisited 15

Figure 2: Schematic illustration of a two-section DBR laser featuring an active gain section and a
passive Bragg grating as considered in Sec. 8.

Rst = 0 for z ∈ [l, L]). The reference plane is located just inside the active section so that a
possible finite reflectivity at the interface between active and passive sections belongs to the passive
sections. Furthermore, we neglect spatial hole burning (i.e., ∂N/∂z = 0), nonlinear gain and index
(∂β/∂|f |2 = 0, ∂Rst/∂|f |2 = Rst/|f |2) and gain dispersion (βD = 0, ∂β/∂ω = ng/c). See Fig. 2
for an illustration of the device.

The solution of (6) in the active section is given by

Φ±(z) = Φ±(l)e∓i(∆β+
ng
c

Ω)(z−l) (89)

and hence
Φ+(z)Φ−(z) = Φ+(l)Φ−(l) (90)

holds. Furthermore we define the left and right reflectivities

r+ =
Φ−(l)

Φ+(l)
and r− =

Φ+(l)

Φ−(l)
≡ r0e−2il(∆β+

ng
c

Ω). (91)

The derivative of r+ can be expressed as (see Appendix B)

∂ln(r+)

∂ω
= −2i

∫ L
l

Φ+Φ− ∂β
∂ω
dz

Φ+(l)Φ−(l)
. (92)

Therefore,

(Φ,
∂β

∂ω
Φ) = 2

∫ l

0

Φ+Φ−
∂β

∂ω
dz + 2

∫ L

l

Φ+Φ−
∂β

∂ω
dz

= 2Φ+(l)Φ−(l)

[
l
∂β

∂ω

∣∣∣∣
active

+
i

2

∂ln(r+)

∂ω

]
= 2lΦ+(l)Φ−(l)

∂β

∂ω

∣∣∣∣
active

χ

(93)

where we introduced the parameter

χ = 1 +
i∂ln(r+)

∂ω

2l ∂β
∂ω

= 1 + i
c

2lng

∂ln(r+)

∂ω
(94)

as in [14]. We omit |active in what follows. Furthermore

(Φ, τd
∂β

∂N

∂Rst

∂|f |2
Φ) =

1

|f |2
(Φ, τd

∂β

∂N
RstΦ) =

2

|f |2

∫ l

0

Φ+Φ−τd
∂β

∂N
Rst dz

=
2

|f |2
Φ+(l)Φ−(l)

∂β

∂N

∫ l

0

τdRst dz

(95)
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holds. Then from (75), (78) and (79)

αH,eff =
Re
( ∂β
∂N
∂β
∂ω

χ∗
)

Im
( ∂β
∂N
∂β
∂ω

χ∗
) =

Re
(
∂β
∂N
χ∗
)

Im
(
∂β
∂N
χ∗
)

=
Re (αHχ

∗ + iχ∗)

Im (αHχ∗ + iχ∗)
= −Re (αHχ− iχ)

Im (αHχ− iχ)

(96)

and

1 + α2
H,eff =

Re2 (αHχ− iχ) + Im2 (αHχ− iχ)

Im2 (αHχ− iχ)

=
(αHReχ+ Imχ)2 + (αHImχ− Reχ)2

Im2 (αHχ− iχ)

=
(
1 + α2

H

) |χ|2

Im2 (αHχ− iχ)

(97)

follow. Similarly, we obtain

Df∗f =

∫ l
0
‖Φ‖2Dsp dz∣∣∣2 ∫ l0 Φ+Φ− ∂β

∂ω
dz
∣∣∣2

1

|χ|2
. (98)

Hence, the product of (97) and (98) is given by

Df∗f

(
1 + α2

H,eff

)
=

∫ l
0
‖Φ‖2Dsp dz∣∣∣2 ∫ l0 Φ+Φ− ∂β

∂ω
dz
∣∣∣2

(1 + α2
H)

Im2 (αHχ− iχ)
(99)

and the spectral linewidth can be written as

∆ν =
∆νFP

F 2
(100)

with the chirp reduction factor

F = −=(αHχ− iχ)

= 1− c

2ngl
=
(
∂ln(r+)

∂ω

)
− αH

c

2ngl
<
(
∂ln(r+)

∂ω

)
(101)

and

∆νFP =

∫ l
0
‖Φ‖2Dsp dz

2π〈|f |2〉
∣∣∣2 ∫ l0 Φ+Φ− ∂β

∂ω
dz
∣∣∣2
(
1 + α2

H

)
(102)

being the linewidth of a FP laser having the cavity length l and the reflection coefficient r+(Ω) at
the rear facet. Eq. (101) agrees with [49] (if the different sign of αH is observed) and [16] and others
if the differently chosen harmonic time dependence (eiω0t as used here versus e−iω0t) is observed.
Introducing an effective length of the passive cavity

lp = − c

2ng,p

=
(
∂ln(r+)

∂ω

)
, (103)

the chirp reduction factor can be written as

F = 1 +
ng,plp
ngl

− αH
c

2ngl
<
(
∂ln(r+)

∂ω

)
. (104)
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Thus the second term on the right–hand side of (101) can be interpreted as the ratio of the round-
trip times in the passive and active sections. The chirp reduction factor allows an estimation of the
reduction of the linewidth by a passive section or an external cavity for given group index, length and
Henry’s α–factor of the active section.

8.2 The relation to static frequency chirp reduction

The roundtrip condition
r+r− = 1 (105)

following from (91) can be transformed into equations for the modulus

<
(
ln(r−(ω̃, g))

)
+ <

(
ln(r+(ω̃))

)
= 0 (106)

and the phase
h(ω̃, g) ≡ Im

(
ln(r−(ω̃, g))

)
+ Im

(
ln(r+(ω̃))

)
= 2πm (107)

with m ∈ Z. Let the modal index in the active section vary due to a fluctuation of some parameter
such as carrier density or temperature. From (107) it follows

δh =
∂h

∂ω
δω +

∂h

∂n
δn = 0, (108)

where δn ≡ δ∆n and 1/∂n ≡ 1/∂∆n. The ω–derivative of h is

∂h

∂ω
= =

(
∂ ln(r−)

∂ω

)
+ =

(
∂ ln(r+)

∂ω

)
+ =

(
∂ ln(r−)

∂g

)
∂g

∂ω
. (109)

The ω–derivative of the threshold gain g can be determined from (106),

∂g

∂ω
= −
<
(
∂ ln(r−)
∂ω

)
+ <

(
∂ ln(r+)
∂ω

)
<
(
∂ ln(r−)
∂g

) = −1

l
<
(
∂ ln(r+)

∂ω

)
(110)

taking into account
∂ ln(r−)

∂ω
= −2il

ng

c
(111)

and
∂ ln(r−)

∂g
= l(1− iαH), (112)

following from (91) and (8), such that

∂h

∂ω
= −2l

ng

c
+ =

(
∂ ln(r+)

∂ω

)
+ αH<

(
∂ ln(r+)

∂ω

)
(113)

is obtained. Furthermore, (91) and (8) imply

∂ ln(r−)

∂n
= −2il

2π

λ0

(114)

and
∂h

∂n
= −4πl

λ0

. (115)
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Therefore,

δh = −2l
ng

c

[
1− c

2ngl
=
(
∂ ln(r+)

∂ω

)
− αH

c

2ngl
<
(
∂ ln(r+)

∂ω

)]
δω − 4πl

λ0

δn = 0 (116)

and

δω = −ω0
δn

ng

F−1 (117)

is gained. For the solitary laser with r+(ω̃) taken at a fixed ω̃ = Ω, the same analysis results in

∂h

∂ω
= −2l

ng

c
(118)

and

δωs = −ω0
δn

ng

. (119)

Therefore in a laser with a passive section or an external cavity, fluctuations of the frequency δω due
to a fluctuation of some parameter in the active section are reduced (or enhanced) by the factor

δω

δωs

=
1

F
(120)

compared to a the solitary laser, as stated in, e.g., [16, 17]. If the active section is not a single FP
cavity, the chirp reduction factor can be generalized to [50]

F = 1 + <

(
(1 + iαH)

∂ln(r+)
∂ω

∂ln(r−)
∂ω

)
. (121)

8.3 Linewidth of the Fabry–Pérot laser cavity

We start from (88) and employ the same approximations resulting in (100) and (101). The rate of
spontaneous emission into the lasing mode (86) is

Rsp(N) =

∫ l
0
‖Φ(z)‖2nsp(N)g(N) dz∫ l

0
‖Φ(z)‖2<

(
∂β
∂ω

)
dz

=
c

ng

nsp(N)g(N). (122)

The expression (122) should be compared with

R̂sp(N) = βspV Rrad(N) (123)

often used in rate equation based modeling [51], where βsp is the dimensionless spontaneous emis-
sion factor (ratio between the spontaneous emission going into the lasing mode and the spontaneous
emission into all modes), V the volume of the active region and Rrad = BN2 the rate of radiative
spontaneous recombination (B bimolecular recombination coefficient, unit m3s−1). Equalizing (122)
and (123) at the lasing threshold yields

βsp =
c

ng

nsp(Nth)g(Nth)

V Rrad(Nth)
, (124)

which is of the order 10−5 for typical edge–emitting lasers.
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The photon number (83) can be written as

Iph =
P0

~ω0

∫ l
0
‖Φ(z)‖2<

(
∂β
∂ω

)
dz

(1− |r0|2)|Φ−(0)|2

=
ng

c

P0

~ω0 ((1− |r0|2)|Φ−(0)|2)

∫ l

0

[
|Φ+(0)|2e2=(β)z + |Φ−(0)|2e−2=(β)z

]
dz

=
ng

c

P0

~ω0((1− |r0|2)|Φ−(0)|2)

|Φ+(0)|2
(

e2=(β)l − 1
)
− |Φ−(0)|2

(
e−2=(β)l − 1

)
2=(β)

=
ng

c

P0

~ω0

|r0|2
(

e2=(β)l − 1
)
− e−2=(β)l + 1

2=(β)(1− |r0|2)
.

(125)

The complex mode frequencies of the FP cavity are the solutions of

Ωm =
c

ng

[
mπ

l
−∆β − i

2l
ln
(
r0r

+(Ωm)
)]
. (126)

To ensure =(Ω) = 0 for the lasing mode, from (126) follows the usual threshold condition

αout ≡ −
1

l
ln(|r0r

+(<(Ω))|) = 2=(β) ≡ g − α. (127)

In what follows, we set rl = r+(Ω) (reflectivity seen by the laser at z = l). From (127) it follows

Iph =
ng

c

P0

~ω0

|r0|2
(

1
|r0rl|
− 1
)
− |r0rl|+ 1

2=(β)(1− |r0|2)
=
ng

c

P0

~ω0

1 + 1−|rl|2
1−|r0|2

|r0|
|rl|

αout

=
ng

c

Pout

~ω0αout

,

(128)

where we used the relation between outcoupled power P0 and total output power Pout

P0 =
Pout

1 + 1−|rl|2
1−|r0|2

|r0|
|rl|

. (129)

The final result is

∆νFP =
KFP

4π

c2

n2
g

~ω0nsp(α + αout)αout

Pout

(
1 + α2

H

)
, (130)

where Petermann’s K–factor of the FP cavity

KFP =

(∫ l
0
‖Φ‖2<

(
∂β
∂ω

)
dz
)2

∣∣∣2 ∫ l0 Φ+Φ− ∂β
∂ω
dz
∣∣∣2 (131)

can be similarly derived as

KFP =

[
(|r0|+ |rl|)(1− |r0rl|)

2|r0rl| ln(|r0rl|)

]2

(132)

in agreement with [27, 9]. Eq. (130) together with (129) was used by several authors, e.g., [12, 52, 53].
However, one should be aware of the approximations involved in the derivation.
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The original Schawlow–Townes formula [1] is obtained by setting KFP = 1, nsp = 1, α = 0,
αH = 0 and relating the outcoupling losses αout to the spectral FWHM of a cavity resonance by
∆νcav = c/ng · αout/2π to

∆νST =
π~ω0

Pout

(∆νcav)2. (133)

There are two reasons why this differs from the original formula by a factor of 4. First, in [1] the half
widths instead of full widths are used (factor of 2). Second, in [1] the sub-threshold case is considered
resulting in a further factor of 2, which can be seen as follows: Below threshold the spectral density
can be directly calculated from (19) for ∆M = 0 by Fourier transformation via

〈f ∗(ω)f(ω′)〉 = 2πSf (ω)δ(ω − ω′) (134)

with the result

Sf (ω) =
2Df∗f

(ω −<(Ω))2 + (=(Ω))2 =
2Df∗f

(ω −<(Ω))2 +
(
Df∗f
〈|f |2〉

)2 , (135)

where we have used (32) and (63). This is a Lorentzian with the FWHM

∆νsubthr =
Df∗f

π〈|f |2〉
, (136)

which is a factor of 2 larger than (82) (for αH,eff = 0).11

9 Population inversion factor

The population inversion factor12 introduced in (55) and used in (86) and (130) is given by [28]

nsp(N) =
1

1− exp
(

~ω0−qUF(N)
kBT

) , (137)

where UF is the Fermi voltage (spacing of quasi–Fermi potentials of holes and electrons), q the ele-
mentary charge, kB the Boltzmann constant and T the temperature. It has a singularity at the trans-
parency density Ntr, where ~ω0 = UF(Ntr) and g(Ntr) = 0. Therefore, the replacement

rsp(N) ≡ nsp(N)g(N) = nsp(α + αout) (138)

with constant nsp often employed is critical because for high–Q–cavities with low α and αout the spon-
taneous emission is underestimated. We calculated the modal gain, the spontaneous emission into the
lasing mode and the inversion factor employing a microscopic numerical simulation based on a 8× 8
k · p band structure calculation and a free carrier theory of the dielectric function with phenomenolog-
ical corrections for many-body effects such as band–gap renormalization, Coulomb enhancement and
transition broadening [54]. The results for a 5 nm thick InGaAs quantum well emitting around 1064 nm
embedded into an AlGaAs-based waveguide structure are compared with analytical models in Fig. 3.
The increase of the absorption (negative gain) at small increasing carrier densities observed in the
simulation is caused by band–gap narrowing, shifting the absorption edge to longer wavelengths [55].

11See [6] for a more thorough discussion.
12Sometimes it is called ‘spontaneous emission factor’ which could be misleading.
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Figure 3: (a) Modal gain (blue) and rate of spontaneous emission (green), left axis, and population
inversion factor (red), right axis, versus carrier density obtained from a microscopic simulation (sym-
bols) and analytic models (solid lines) for a fixed wavelength λ0 = 1064 nm. The dashed green line
is the spontaneous emission computed using a constant population inversion factor nsp = 2. See the
Appendix A for the consideration of the gain at a fixed wavelength within the framework of the present
model. (b) Microscopically computed gain spectra for carrier densities ranging fromN = 1·1018 cm−3

to 1 ·1019 cm−3. The position of the fixed wavelength λ0 is shown by a blue line, the peak gain position
is indicated by a red line.

The gain at a fixed wavelength is modeled as

g = g′Ntr ln

[
max(N,Ncl)

Ntr

]
(139)

and the modal spontaneous emission as

rsp =
g′Ntr

2
ln

[
1 +

(
N

Ntr

)2
]

(140)

with differential gain g′ = 19 · 10−22 m2, transparency density Ntr = 1.7 · 1024 m−3 and gain
clamping density Ncl = 7 · 1023 m−3. Eq. (140) exhibits the correct asymptotic behavior rsp ∝ N2

for N � Ntr and rsp = g for N → ∞. The agreement of rsp between simulation and model is
remarkably good without the need of introducing any new parameters. The singularity of the inversion
factor at N = Ntr is clearly visible in Fig. 3. If a constant value of nsp = 2 is used, the spontaneous
emission is considerably under– or over–estimated (depending on the respective carrier density).

10 Numerical results for a DBR laser

We consider a simple two-section DBR laser as sketched in Figs. 1 and 2, consisting of an active
gain section (without Bragg grating) and a passive Bragg reflector section (without active layer). In the
simulations described below, within the active section of the DBR laser, we assume the logarithmic
gain model (139) supplemented with the nonlinear gain saturation factor

g(z,N, ‖Ψ‖2) = g′(z)Ntr(z) ln

[
max(N,Ncl(z))

Ntr(z)

]
1

1 + ‖Ψ‖2/Psat(z)
, (141)
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Table 1: Parameters of the simulated DBR laser.

parameter symbol unit value first used
reference wavelength λ0 m 1.064 · 10−6

front facet reflectivity |r0|2 0.3 (4)
rear facet reflectivity |rL|2 0 (4)

internal optical loss (both sections) α m−1 60 (3c)
group index (both sections) ng 3.9 (2)

built-in index detuning (both sections) ∆n0 0 (143)
active section

length l m 1 · 10−3

differential gain g′ m2 18.62 · 10−22 (139)
α–factor αH −1 (79)

transparency carrier density Ntr m−3 1.7 · 1024 (139)
self-heating induced index tuning νs A−1 9.16 · 10−3 (143)

gain clamping density Ncl m−3 0.8 · 1024 (139)
index clamping density Ncl,i m−3 0.01 · 1024 (142)
gain saturation power Psat W 5.866 (141)

dispersion peak amplitude gD m−1 50 (153)
dispersion peak frequency detuning ωD rad s−1 0 (153)

dispersion HWHM γD rad s−1 83.25 · 1012 (153)
thickness of active region d m 4 · 10−6 (64)

width of active region W m 10 · 10−9 (65)
series resistance Rs Ω 1 (66)

Fermi voltage derivative dUF

dN
Vm3 3 · 10−26 (145)

defect recombination coefficient A s−1 4 · 108 (144)
bimolecular recombination coefficient B m3 s−1 1 · 10−16 (144)

Auger recombination coefficient C m6 s−1 4 · 10−42 (144)
injection current I A [0, 300] · 10−3 (66)

passive section
length L− l m 3 · 10−3

coupling coefficient κ m−1 200 (7)
cross-heating induced index tuning νc A−1 1.83 · 10−3 (143)

and the refractive index model with square–root–like dependency on the carrier density

∆nN =
λ0αHg

′Ntr

π

√max(N,Ncl,i)

Ntr

− 1

 . (142)

Note, that at the transparency carrier density Ntr, the fixed parameter αH is the α–factor from (79),
whereas ∆nN vanishes. Other changes of the refractive index, including self–heating–induced self-
and cross–heating contributions, are modeled by [29]

∆n(z) = ∆n0(z) + ∆nT (z), ∆nT (z) =

{
νsI, z ∈ [0, l]

νcI, z ∈ [l, L]
, (143)

where I is the injection current into the active (gain) section. We employ the commonly used cubic
model for the rate of non-radiative and spontaneous recombination of the carriers in the active section
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R(N) = AN +BN2 + CN3, (144)

is approximated by describing Shockley–Read–Hall recombination, direct band-to-band recombination
and Auger recombination. Finally, the current density (66) in the gain section is approximated by

j(z,N) =
I

Wl
− dUF

dN

N − 1
l

∫ l
0
N dz

WlRs

, (145)

where the derivative of the Fermi voltage dUF/dN is taken at a fixed carrier density.

The numerical solution of the coupled–wave equations (2), (4), (64), (151) in the time domain were
performed with the software package LDSL-tool developed at the Weierstrass Institute [56]. The
set of parameters characterizing the simulated DBR laser is listed in Table 1.

Several characteristics of the steady states obtained in the numerical simulations of the DBR laser with
an upsweep of bias current are shown in Fig. 4. The almost-periodic jumps towards the steady-state
defined by the adjacent longitudinal optical mode and corresponding changes of the state characteris-
tics are induced by the self–and cross–heating modeled according to Eq. (143). While the self-heating
of the active section is mainly responsible for the fast shift of the lasing wavelength to longer values
and periodic jumps to the shorter-wavelength state, the cross–heating induces a reduced shift of the
peak wavelength of the DBR reflectivity and, therefore, the corresponding shift of the mean lasing
wavelength, see Fig. 4 (c). The maximum emitted optical power, see Fig. 4 (a), and the minimal (aver-
aged) carrier density, see Fig. 4 (e), within each period coincide well with the maximum field reflection
provided by the Bragg grating shown in Fig. 4 (g).

The overall decay of the estimated spectral linewidth, see Fig. 4 (b), reflects its inverse proportionality
to the field intensity, see Eq. (82). The decay of the linewidth within each period is consistent with
the decrease of the modulus of the effective linewidth enhancement factor αH,eff , see Fig. 4 (d), the
increase of the chirp reduction factor F shown in Fig. 4 (f), and the behavior of Petermann’s K–factor
plotted in Fig. 4 (h). The narrowest linewidth within each period is observed at the long–wavelength
flank of the DBR reflectivity just before the transition to the neighboring state. The dependence of F
and αH on the deviation of the lasing wavelength from the peak wavelength of the DBR reflectivity
confirms earlier findings [16, 57, 58] that F increases and the modulus of αH decreases at the long–
wavelength flank of the reflection spectrum.

11 Outlook

The theory presented can be easily extended to take into account carrier noise. Including the source
FN 6= 0, we obtain instead of (73) the relation

δN = τdFN − τd
∂Rst

∂|f |2
δ|f |2. (146)

Substituting this expression into (34) yields a simple modification of the Langevin force

F|f |2 → F|f |2 + 2Im
(Φ, ∂β

∂N
τdFNΦ)

(Φ, ∂β
∂ω

Φ)
〈|f |2〉, (147)

leading to two additional additive contributions to the linewidth due to carrier noise and the cross-
correlation between carrier and intensity noise. The same procedure can be applied to the calculation
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of the modulation of amplitude and frequency in response to an external modulation of the current
injection term in (64).

In case of gain coupling, (18) has to be replaced by

∆M =

[
β − β κ− κ
κ− κ β − β

]
(148)

and (30) has to be supplemented by

κ = κ(〈N〉) +
∂κ

∂N
δN. (149)

Note that for loss or gain coupling or for higher order gratings there are additional contributions to the
imaginary part of β. Furthermore, the rate of stimulated recombination (65) has to be modified [59]
and the diffusion coefficient (57) is varied because of non–vanishing 〈F−∗sp (z, t)F+

sp(z′, t′)〉 6= 0 and
its complex conjugate [40, 22].

Fluctuations of the shape of the power profile can be accounted for by a linearization of (2) and (64)
around a steady state, performing a Fourier transformation and solving for the fluctuations δΨ, e.g.,
by the Green’s function method [22] to calculate the noise spectral densities Sξ(ω̃) from

〈ξ∗(ω̃)ξ(ω̃′)〉 = 2πSξ(ω̃)δ(ω̃ − ω̃′), (150)

where ξ is the variable of interest (e.g., phase or intensity).

12 Summary

We have derived in a self-contained manner the spectral linewidth of edge–emitting multi–section
semiconductor lasers starting from the time-dependent coupled–wave equations with a Langevin noise
source. For this, we have expanded the forward and backward propagating fields into the longitudinal
modes of the open cavity and have obtained very general expressions for the effective linewidth en-
hancement factor αH and the longitudinal excess factor of spontaneous emission (K–factor), including
the effects of nonlinear gain (gain compression) and index (Kerr effect), gain dispersion, longitudinal
spatial hole burning for multi–section cavity structures. We have shown that the general linewidth ex-
pression contains the effect of linewidth narrowing due to an external cavity by the chirp reduction
factor F . Finally, we have investigated the dependence of the population inversion factor on the car-
rier density and proposed a new analytical formula. Based on the derived expressions, the spectral
linewidth as well as αH, K and F have been calculated for a two–section DBR laser as functions of
the injection current and the optical output power, taking into account the thermal detuning between
gain and reflector sections. The mode jumps appearing with increasing current are accompanied by
sudden rises of the spectral linewidth due to the rise of the modulus of αH and the drop of F .
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Abbreviations

The following abbreviations are used in this manuscript:
CW Continuous wave
DBR Distributed Bragg reflector
DFB Distributed feedback
FP Fabry–Pérot
FWHM Full width at half maximum
HWHM Half width at half maximum

Appendices

A Dispersion operator

The dispersion operator D(z, t) in Eq. (2) models the frequency dependence of the gain and as-
sociated refractive index. The approach followed here is based on approximating the material gain
spectrum locally around the gain peak by a Lorentzian and supplementing the time-domain coupled–
wave equations (2) with additional dynamical equations for auxiliary polarizations [31, 32, 30]

∂

∂t
P (z, t) = (iωD(z)− γD(z))P (z, t) + γD(z)Ψ(z, t), (151)

where ωD is the frequency detuning between the peak gain frequency ωp and the reference frequency
ω0, γD is the half width at half maximum (HWHM) of the gain curve and

P (z, t) =

[
P+(z, t)
P−(z, t)

]
.

The corresponding dispersion operator in (2) reads

D(z, t)Ψ(z, t) = − i
2
gD(z) (Ψ(z, t)− P (z, t)) , (152)

where gD describes the difference between the maximum amplitude gain g(z,N, ‖Ψ‖2), see Eq. (3c),
and the gain at the reference frequency. The parameters ωD, γD, and gD are obtained from a fit to
a microscopically computed gain spectrum or experimental data. A Fourier transformation of (152)
yields, together with the frequency domain solution of the polarization equation (151), an expression
for the dispersion factor (complex Lorentzian)

βD (z,Ω) =
gD(z)

2

Ω− ωD (z)

i (Ω− ωD (z)) + γD (z)
. (153)

The associated effective gain spectrum entering the rate of stimulated emission (67) reads

geff(z,N, ‖Ψ‖2,Ω) = g(z,N, ‖Ψ‖2) + 2=(βD(z,Ω))

= g(z,N, ‖Ψ‖2)− gD
(Ω− ωD (z))2

(Ω− ωD (z))2 + γ2
D (z)

,
(154)

which is maximal at Ω = ωD, i.e., if the laser operates at the peak gain frequency.
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Figure 5: Illustration of the Lorentzian fitted (effective) gain spectrum and labeling of the dispersion
parameters ωD, γD, and gD. The peak gain is denoted by geff (Ω = ωD) = g and geff (Ω = 0) is the
effective gain at the reference frequency ω0.

An alternative representation of Eq. (152) is obtained with the help of the Green’s function of the
polarization equations (151) as

D (z, t) Ψ (z, t) = − i
2
gD(z)

(
Ψ (z, t)− γD(z)

∫ ∞
0

dτ e(iωD(z)−γD(z))τΨ (z, t− τ)

)
,

where dispersion is induced via the convolution of the integral kernel with the time-delayed field am-
plitude.

B Calculation of derivative of r+

To derive (92) we have to calculate

∂ω ln(r+) =
1

r+
∂ωr

+ =
1

Φ−
∂ωΦ− − 1

Φ+
∂ωΦ+, (155)

where we abbreviated ∂/∂ω ≡ ∂ω. The coupled–wave equations (6) together with their derivatives
with respect to frequency can be written as

∂

∂z
Φ+(z) = −iβ̂(Ω)Φ+(z)− iκΦ−(z),

− ∂

∂z
Φ−(z) = −iβ̂(Ω)Φ−(z)− iκΦ+(z),

∂

∂z
∂ωΦ+(z) = −iβ̂(Ω)∂ωΦ+(z)− iκ∂ωΦ−(z)− i∂ωβ(Ω)Φ+(z),

− ∂

∂z
∂ωΦ−(z) = −iβ̂(Ω)∂ωΦ−(z)− iκ∂ωΦ+(z)− i∂ωβ(Ω)Φ−(z),

(156)
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where β̂(Ω) = ∆β(z) +βD(Ω) +ngΩ/c and ∂ωβ(Ω) is defined in (12). By multiplying the left– and
right–hand sides of these equations by ∂ωΦ−, ∂ωΦ+, −Φ−, and −Φ+, respectively, we get

∂ωΦ−
∂

∂z
Φ+ = −iβ̂(Ω)Φ+ ∂ωΦ− − iκΦ− ∂ωΦ−,

−∂ωΦ+ ∂

∂z
Φ− = −iβ̂(Ω)Φ− ∂ωΦ+ − iκΦ+ ∂ωΦ+,

−Φ−
∂

∂z
∂ωΦ+ = iβ̂(Ω)Φ− ∂ωΦ+ + iκΦ− ∂ωΦ− + i∂ωβ(Ω)Φ−Φ+,

Φ+ ∂

∂z
∂ωΦ− = iβ̂(Ω)Φ+ ∂ωΦ− + iκΦ+ ∂ωΦ+ + i∂ωβ(Ω)Φ+ Φ−.

(157)

Adding all these equations implies

∂

∂z

(
Φ+ ∂ωΦ− − Φ− ∂ωΦ+

)
= 2i∂ωβ(Ω)Φ+ Φ−. (158)

An integration over the passive sections corresponding to the coordinate interval [l, L] yields

[
Φ+ ∂ωΦ− − Φ− ∂ωΦ+

] ∣∣L
l

= 2i

∫ L

l

∂ωβ(Ω)Φ+ Φ−dz. (159)

Due to the reflecting boundary condition, the expression [Φ+ ∂ωΦ− − Φ− ∂ωΦ+] vanishes at z = L
and

−Φ+(l) ∂ωΦ−(l) + Φ−(l) ∂ωΦ+(l) = 2i

∫ L

l

∂ωβ(z,Ω)Φ+(z)Φ−(z)dz (160)

follows. Dividing by −Φ+(l)Φ−(l) finally yields

∂ω log(r+) = −2i

∫ L
l
∂ωβ(z,Ω)Φ+(z)Φ−(z)dz

Φ+(l)Φ−(l)
. (161)
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