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A distributed control problem

for a fractional tumor growth model
Pierluigi Colli, Gianni Gilardi, Jirgen Sprekels

Abstract

In this paper, we study the distributed optimal control of a system of three evolutionary equa-
tions involving fractional powers of three selfadjoint, monotone, unbounded linear operators hav-
ing compact resolvents. The system is a generalization of a Cahn—Hilliard type phase field system
modeling tumor growth that goes back to Hawkins-Daarud et al. (Int. J. Numer. Math. Biomed.
Eng. 28 (2012), 3—24.) The aim of the control process, which could be realized by either ad-
ministering a drug or monitoring the nutrition, is to keep the tumor cell fraction under control
while avoiding possible harm for the patient. In contrast to previous studies, in which the occur-
ring unbounded operators governing the diffusional regimes were all given by the Laplacian with
zero Neumann boundary conditions, the operators may in our case be different; more generally,
we consider systems with fractional powers of the type that were studied in the recent work Adv.
Math. Sci. Appl. 28 (2019), 343-375, by the present authors. In our analysis, we show the Fréchet
differentiability of the associated control-to-state operator, establish the existence of solutions to
the associated adjoint system, and derive the first-order necessary conditions of optimality for a
cost functional of tracking type.

1 Introduction

The recent paper [15] investigates the evolutionary system

a4 Opp + A= P(p)(S — p), (1.1)
Bowp + B o+ f(p) = u, (1.2)
08+ C*S = —P(o)(S — p) + u, (1.3)

where the equations are understood to hold in €2, a bounded, connected and smooth domain in R?,
and in the time interval (0, 7). In the above system, A%*, B*, and C*", with r > 0, ¢ > 0,
p > 0, denote fractional powers of the selfadjoint, monotone, and unbounded, linear operators A, B
and C, respectively, which are supposed to be densely defined in H := LQ(Q) and to have compact
resolvents. Moreover, o and 3 are positive real parameters.

The system (1.1)—(1.3) is a generalization of a diffuse interface model for tumor growth. Such models,
which are usually established in the framework of the Cahn—Hilliard model originating from the theory
of phase transitions, have drawn increasing attention in the past years among mathematicians and
applied scientists. We cite here just [19,20,38,39,/42,/48.|49] as a sample of pioneering papers in this
direction. In this connection, ¢ stands for an order parameter that should attain its values in the inter-
val [—1, 1], where the values —1 and +1 indicate the healthy cell and tumor cell cases, respectively.
The variable S represents the nutrient extra-cellular water concentration, u stands for a source term
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P. Colli, G. Gilardi, J. Sprekels 2

that acts as a control to monitor the evolution of the tumor cell fraction , and the nonlinearity P oc-
curring in and is a nonnegative and smooth function modeling a proliferation rate. Finally, u
represents the chemical potential, which acts as the driving thermodynamic force of the evolution and
is obtained as the variational derivative with respect to the order parameter ¢ of a suitable free energy
functional. In this connection, the nonlinearity f denotes the derivative of a double-well potential F’
which plays the role of a specific local free energy and yields the main contribution to the total free
energy. Important examples for F' are the so-called classical regular potential and the logarithmic
double-well potential, given by the formulas

r*—1)*, reR, and (1.4)
Flog(r) (( +7r ln(l—t—r’)—t—(l—r)ln(l—r)) —cr?, re(—1,1), (1.5)

respectively. In (1.5), the constant cy is larger than 1, so that Fy,, is nonconvex. Furthermore the
function P in (1.7) and (1.3) is nonnegative and smooth. Finally, the datum « appearing in is
given.

In the literature, the diffusional developments in the system have usually been modeled by the Lapla-
cian, that is, the case A* = B?* = %" = —/\, accompanied by zero Neumann boundary con-
ditions, was assumed, where two main classes of models were considered. The first class of models
regards the tumor and healthy cells as inertialess fluids; in such models special fluid effects can be
incorporated by postulating a Darcy or Stokes—Brinkman law, see, e.g., the works [21},23]27}/31-35,
37,/47,/48], where we also refer to [18,[22]. The other class of models, to which the model considered
here belongs, neglects the velocity. Typical contributions in this direction were given in [4},(61[8410,26],
to name just a few.

While the occurrence of more general diffusional regimes of fractional type has been studied for a
long time in the mathematical literature, it was only recently (see, e.g., [1,12,/12-14}[16,[28-30]) that
fractional operators have been investigated in the framework of Cahn—Hilliard systems (for phase field
systems of Caginalp type, see also [5]), and the only investigations of tumor growth models involving
fractional diffusive regimes such as in the system (1.1)—(1.3) seem to be the recent papers [15,[17] by
the present authors.

In particular, in the paper [15], under rather general assumptions on the operators and the potentials,
well-posedness and regularity results for the initial value problem for (1.1)—(1.3) were established in
the case u = 0, under the assumption that & > 0 and 5 > 0. However, some remarks on more
general cases including u € L?(Q), where Q := Q x (0,T'), have been given in [15]. In particular,
under suitable assumptions on the initial data, for every u &€ LQ(Q) there exists at least a solution
(1, ,S) in a proper functional space to a weak version of (1-1] ) (namely, (1.2) is replaced by
a variational inequality involving the convex part Fi of [ rather than f, since F is not supposed to
be differentiable). Moreover, the solution is unique if the domains of the fractional operators A” and
O satisfy suitable embeddings of Sobolev type. Finally, if 32° behaves like the Laplace operator with
either Dirichlet or Neumann zero boundary conditions and f is single valued (like and (1.5)), then
the solution solves equation (1.2) in a stronger sense, and it is even smoother under more restrictive
assumptions on the initial data.

In this paper, we first establish similar results for system (1.7)—(1.3) by assuming & = 0 and 8 > 0
(in fact, we take § = 1 without loss of generality). In particular, we extend some results shown for
this case in the recent paper [17]. Then, we discuss a distributed control problem for the modified
system. Namely, given nonnegative constants ~;, 7 = 1,...,5, and functions ¢q, Sg € LQ(Q) and
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Optimal control of a fractional tumor growth model 3

va,Sa € L*(Q), we consider the problem of minimizing the cost functional
K1 Ko
s S) = 5 [ lo =l + 2 [ 10lT) = ool
Q Q

+ 2 15— 5ol + 5 [ 15@) = SaP + 2 [ Juf,
Q Q Q

where  and S are the components of the solution (u, ¢, .S) corresponding to the control u, which is
supposed to vary under restrictions of the type Uin < U < Upaz-

The choice of this tracking-type cost functional reflects the plan of a medical treatment via the appli-
cation of drugs over some finite time interval (0,7") with the aim of monitoring the evolution of the
tumor fraction ¢ under the restriction that no harm be inflicted on the patient. We remark at this place
that it would be desirable to minimize the duration, i.e., the time 1" > 0, of the medical treatment as
well, in order to prevent that the tumor cells develop a resistance against the drug. However, such an
approach, which was possible (see, e.g., [4]) in the special case when A%’ = B2%° = C%7 = —A,
becomes very complicated in the situation considered here and was therefore not included.

The literature on optimal control problems for Cahn—Hilliard systems is still scarce. In this connection,
we refer the reader to [11,/13], where a number of references is given. Even less investigations have
been made on optimal control problems for tumor growth models. About that, let us refer to the works
[4)7,[9[24, 25|36, /43-47], for various models involving the Laplacian. Concerning the optimal control
of Cahn—Hilliard systems with fractional operators, we just can cite [13,(14], and, to the authors’ best
knowledge, the present paper is the first contribution on the optimal control of the tumor growth model
with fractional operators.

The remainder of the paper is organized as follows. In the next section, we list our assumptions and
notations and present our results on the state system. The next Section[3]is devoted to the study of the
control-to-state mapping and of its Fréchet differentiability. In the last section we deal with the control
problem. Namely, the existence of an optimal control is proved and the first order necessary conditions
involving a proper adjoint system are derived.

2 The state system

In this section, we first introduce the notations and the assumptions needed for the analysis of the
state system. Then, we present our results. We closely follow [15]. First of all, the set Q@ C R? is
assumed to be bounded, connected and smooth, with volume |€2| and outward unit normal vector field
v onI' := 0€). Moreover, 0, stands for the corresponding normal derivative. We set

H := L*(Q) (2.1)

and denote by || - || and ( -, -) the standard norm and inner product of H. As for the operators, we
first postulate that

A:D(ACH-—H B:DBYCH—H and C:D(C)CH-—H are

unbounded monotone selfadjoint linear operators with compact resolvents. (2.2)
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Therefore, there are sequences {\;}, {A;}, {A\j} and {e;}, {€}}, {€]} of eigenvalues and of
corresponding eigenvectors satisfying

Aej = Njej, Bely = N, and Ce] = Ne]

J ]’ J .77
with (e, e5) = (e}, €}) = (ef, €)= by fori,j=1,2,..., (2.3)
0< A <A<, 0<SA <A <... and 0N/ <A <.,
with  lim \; = lim A} = lim X’ = +00, (2.4)
j—00 j—o0 j—00
{ej}, {€}} and {ef} are complete systems in H. (2.5)

As a consequence, we can define the powers of the above operators with arbitrary positive real expo-
nents. As far as the first one is concerned, we have, for p > 0,

VY= D(A?) = {v € H: Z |\ (v e < —l—oo} and (2.6)
o0 J=1
APy = Z M(v,ej5)e; forve VY, (2.7)

and we endow V¥ with the graph norm

2
lvlla,,: (H 1% + || A%v|| ) for every v € V£. (2.8)

Similarly, we set
Vg = D(B") and V7 = D(C’T), (2.9)

with the graph norms

- 1/2 . 1/2
[v]l5,0 == (l0l* +|B70[I*) " and [lvllc,, := ([lv]* + [[CTv]?)
forv € Vg and v € V7, respectively. (2.10)

From now on, we assume:
p, o and 7 are fixed positive real numbers. (2.11)

However, we need the further assumptions we list at once. It is understood that all of the embeddings
below are assumed to be continuous.

The first eigenvalue \; of A is strictly positive. (2.12)
Vi C L®(Q), VZcCLYQ), V§cLYQ), and Vi C LY9Q). (2.13)
Y(v) € H and (B*v,(v)) >0, forevery v € V2" and every monotone

and Lipschitz continuous function ¢ : R — R vanishing at the origin. (2.14)

Due to the continuus embeddings (2.13), there exists a constant C, > 0 such that

[0llee < Cullvllaze, Nvlla < Cullvlla, s llvlla < Cillvlls.o, and [v]ls < Ciflvfle, -,

forevery v € Vi¥, v € V{, v € Vg, and v € V7, respectively, (2.15)

where, for p € [1, +00], the symbol || - ||, denotes the norm in L”(£2). The same symbol will also be
used for the norm in L?(()) provided that no confusion can arise.
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Remark 2.1. We have to make some comments on (2.72)—(2.14). The first of these assumptions is
satisfied if A is, e.g., the Laplace operator —A with zero Dirichlet (or Robin) boundary conditions,
while the case of zero Neumann boundary conditions is excluded unless one adds to the Laplace
operator, e.g., some zero-order term ensuring coerciveness. However, it is clear that A could be a
much more general operator. By still considering the Laplace operator with (zero) Dirichlet boundary
conditions as A, we can also discuss the first two embeddings in (2.73). By noting that D(A) =
H?(Q)N HL(Q) and  is smooth, it results that D(A?) € H*(Q2) and D(A?) C H?(2). Hence,
both embeddings hold true if p > 3/8, since €2 is three-dimensional. Finally, we make a comment
on (2.74). Assume, for instance, that B>* = —A with zero Neumann boundary conditions. Then,
V27 = {v e H*) : d,v =0 on T'} and, for every v € V27 and ¢ as in (2.14), we have that
P(v) € HY(Q) (since v € H'(Q)) and

(5 0.00)) = [ (a0 ute) = [ 9o 900) = [T 20

Q
The same argument works if we take the Dirichlet boundary conditions instead of the Neumann ones,
since the functions ¢/ considered in vanish at the origin. More generally, 3%° can be the principal
part of an elliptic operator in divergence form with smooth coefficients. In particular, even though some
restrictions on A, B, and C' have to be imposed in order to fulfill the properties (2.12)—-(2.14), no
relationship between them is needed, and the three operators can be completely independent from
each other.

Remark 2.2. Assumption (2.12) allows us to consider an equivalent norm in V. Indeed, for every
v € V§ we have that

o0

140]> =Y [N (0, )P = AP D l(v, )P = APl (2.16)

j=1 j=1
Hence, since A; > 0, we deduce that
lo]| < A P||APv]| forevery v € VT, (2.17)

so that the function v — ||A”v|| defines a norm in V{ that is equivalent to the graph norm (2.8).

For the nonlinear functions entering our system, we postulate the following properties:

D(F) is an open interval (a, b) of the real line with 0 € (a, b). (2.18)
F:=D(F)— R isaC?®function. (2.19
F(s) > C1s*—Cy and F'"(s) > —Cs

for some constants C; > 0 and every s € D(F). (2.20)
f := F’ satisfies ll{ré f(s) = —o0 and E}% f(s) = +o0. (2.21)

P :R — [0,+00) isbounded and Lipschitz continuous on R
and of class C% in D(F). (2.22)

Clearly, (2.18)—(2.21) are fulfilled by the significant potentials (1.4) and (1.5).

Remark 2.3. The hypotheses (2.18)-(2.21) on F' ensure that the conditions required in [15], i.e.,
F = (F1 + FQ) |(a,b)s where

Fy iR — [0, +00] is convex, proper, and I.s.c., with £ (0) = 0, (2.23)
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F,:R — R isof class C' with a Lipschitz continuous first derivative, (2.24)
FMs) 4+ Fy(s) > —C, for some constant Cyy and every s € R, (2.25)

are satisfied, as we show at once. We first split /" by defining, for s € (a, b),
— [(Fes)ras, s = [ f(s)as
hs) = [T Rl = [ A,
fa(s) == F'(0) —/ (f'(s")"ds' and Fy(s) = F(0) +/ fa(s") ds".
0 0

Notice that F; is nonnegative and convex and that 1 (0) = 0. If (a, b) # R, we properly extend these
functions F; to functions F; defined in the whole of R. One can preserve the mentioned properties of
I, including its lower semicontinuity, by setting

Fi(a) := li\r‘gFl(s), Fi(b) == 151;111)F1(s) and Fi(s):=+oo fors ¢ [a,b].

Moreover, one can ensure that the derivative of the extension Fg is Lipschitz continuous, by noting
that F; = f, already is Lipschitz continuous in (a, b) since its derivative f; = —(f’)~ is bounded
by the assumption on F”. The last condition that we have to check is (2.25), where F}\ is the
Moreau—Yosida approximation of Fl at the level \. We notice that this condition is not equivalent to
an inequality of type F'(s) > —Cs, which follows from and looks rather natural in performing
formal a priori estimates. On the other hand, one can prove that the inequality we need is implied by
the full quadratic growth condition given in (2.20) (see [16, formula (3.1)] for some explanation). For
this reason, we have postulated the latter.

Although some of the results to be presented will not require the whole set of hypotheses made so
far, the statements will be greatly simplified if we do not each time recall the properties of the involved
operators, spaces, and nonlinearities; we therefore make the following general assumption:

All of the assumptions made above on the structure are in force from now on. (2.26)

As mentioned in the Introduction, we only deal with the case a« = 0 and 3 > 0 of system (1.1)—(1.3).
Clearly, we can take [ = 1 without loss of generality. Hence, the Cauchy problem forming the state
system under investigation reads as follows:

Orp + A% = P(p)(S — p), (2.27)
Ovp+ B¢+ f(p) = 1, (2.28)
S+ C¥S = —P()(S — p) + u, (2.29)
©(0) = o and S(0) = S, (2.30)
where ¢ and S are prescribed initial data that are supposed to satisfy
QDQEVEU, So€e Vi, and ag < py<by ae.inf)
for some compact interval [ag , by] C (a, b). (2.31)

In fact, we could solve a weak form of the above problem under milder assumption on the initial data;
however, in order to guarantee a sufficient regularity level of the solution, we need the whole of (2.31).
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Optimal control of a fractional tumor growth model 7

Given a final time 7" € (0, +00), the regularity we can ensure (besides some boundedness to be
discussed later on) is the following:

pe L=(0,T; Vi), (2.32)
@ e W0, T; H) N H*(0,T; V5) N L>(0,T; V57, (2.33)
fp) € L=(0,T; H), (2.34)
S e HY (0, T; H) N L>(0,T;VE) N L*0,T; VA7), (2.35)

so that equations (2.27)—(2.29) are satisfied a.e. in (), where we recall that
Q=0 x(0,7). (2.36)

We notice at once that the first embedding in yields that

p€ L¥(0,T;V2) impliesthat p € L®(Q). (2.37)

At this point, we are ready to present our results. To this end, it is convenient to introduce the following

variational formulation of (2.27)—(2.29):
(@r(t),v) + (A7u(t), A%v) = (P(p(t))(S(t) = n(t)), v)
)

for every v € V{ andfora.a. t € (0,7, (2.38)

(@), v) + (B7(t), Bv) + (f((1),v) = (u(t),v)

for every v € VZ andfora.a.t € (0,7), (2.39)
(0eS(t),v) + (C7S(t), CTv) = —(P( — (1)), v) + (u(t),v)
for every v € V& and for a.a. t (0, ) (2.40)

This is based on obvious properties of the powers of the operators A, B and C/, like the Green type
formula (A%v, w) = (APv, APw) for every v € V;* and w € V.

Before stating our well-posedness theorem, we prove some auxiliary results. The first one is a sepa-
ration property enjoyed by any solution under our assumptions on the data.

Theorem 2.4. Assume (2.31) and u € L?*(0,T; H), and let (11, ¢, S) be a solution to problem

(2:27)—(2-30) satisfying ([2.32)—(2-35). Then it holds for every M > 0 that if || || o < M, then there
exists a compact interval [ayr, bys] C (a,b) such that

ay < <by aein@. (2.41)

This interval depends only on f, the initial datum ¢,, and M.

Proof. Notice that 1 is bounded thanks to (2.37). So, we fix a constant M and assume that || 14|/ <
M. By the assumptions (2:27) on f and (2.37) on o, we can choose ay; € (a, ag) and by € [bo, b)
such that

f(z) <=M forallz € (a,ap;) and f(z) > M forall z € (by,b).

Now, we notice that, for a.a. s € (0,7T), the value ©(s) belongs to V27 by (2.33). Moreover, the
function z — (z) := (z — by)™ is monotone and Lipschitz continuous on R and vanishes at
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the origin. Hence, we have that 1)(¢(s)) € H by @.14). So, we can multiply (2.28), written at the
time s, by ¥(¢(s)) and integrate over (0,¢) with respect to s. By noting that ¢(o) = 0 (since
wo < by < by ae.in ), we obtain that

S0+ [ (Bets). wlel) ds = [ (u(s) = fes), w(o(s)) ds.

Thanks to the inequality (2.14), the second term on the left-hand side is nonnegative. Moreover, the
right-hand side is nonpositive since ¥(¢) = 0 where ¢ < by, and f(¢) > u whenever p > by,.
Hence, we conclude that /() = 0 a.e. in Q, i.e., that ¢ < by, a.e. in Q. By the same argument,
with 1(z) := —(z + aps)~, one obtains that ¢ > a,s a.e.in Q. O

Theorem 2.5. Under the assumptions (2.31) on the initial data, problem (2.27)—[2.30) has at most one
solution satisfying (2.32)—(2.35). Moreover, if M > 0, u; € L*(0,T; H), i = 1,2, and (s, @i, S;)

are two corresponding solutions to (2.27)—2.30) satisfying (2.32)—2.35) and ||pii||ecc < M fori =
1,2, then the estimate

|41 — NQHLQ(O,T;V") + [lp1 — ¢2|!H1(0,T;H)me(o,T;vg)
A

+ 151 = Sall oo, mimynrz0.mv) < K llus — uallpz0.mm) (2.42)

holds true with a constant K, that depends only on the structure of the system, the initial data, T’
and M.

Proof. We show the uniqueness at the end and first prove the estimate (2.42), noting that the as-
sumption |||l < M is meaningful since the functions p; are bounded due to (2.37). We apply
Theorem[2.4]and find a compact interval [a,y, bas] contained in (a, b) such that

ay < ; <by aein@Q, fori=1,2.

Since f is (at least) a C' function on (a, b), it is Lipschitz continuous on [as, bys]. Let L be the cor-
responding Lipschitz constant. After this preparation, we can start the proof. We set, for convenience,

U 1= U — Ug, [b:= 4] — o, @ = 1 — g, and S := S; — Sy, write (2.27)—(2.29) for both solutions
and multiply the differences by 11, 0y, and S, respectively, in the inner product of H. Then, we sum up
and integrate with respect to time over (0, ¢). By noting that the terms involving (4, Oy) cancel each
other, and adding the same contributions (1/2)[|0()[|> = [ (o(s), dip(s)) ds and [;[S(s)||> ds
to both sides, we obtain the equation

t t 1 1
[1auoRas+ [ eI + 5 1o + 5 15001

1 t t
#3IS@I+ [1sePds+ [ eS| ds

- /0 <P(901(8))(51(S) — () — P(p2(s))(Sa(s) — pa(s)), u(s) — S(s)) ds
—A(ﬂ%@»—ﬂm@maw$ﬁw
+/0 (¢(s), 0rp(s)) ds +/ (u(s), ) ds +/ 1S(s)[1? ds .
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Optimal control of a fractional tumor growth model 9

If we term [ the first integral on the right-hand side, apply the Young inequality to the next three terms,
use the Lipschitz continuity of f, and rearrange, we deduce that

t 1 t 1 1 t
J1auas+5 [ 100Gl + 5 16Ol + 31501 + [ 15613, ds

t t t
1 3
<1+ +1) [e@Pds+ g [P+ [IsE)Rds.
0 2 Jo 2.Jo
Now, we rewrite I as the sum of two terms. The first of these is nonpositive, since P is nonnegative,

and we estimate the other one recalling that P’ is bounded, because P is Lipschitz continuous. By
applying the Holder inequality, and recalling (2.75), we have for every § > 0 that

I —/0 (P(1(s))(S(s) = p(s)), u(s) — S(s)) ds
+/0 ((P(g1(s))) = P(e2(5)))(Sa(s) = pa(s)), pu(s) — S(s)) ds

IN

sup | | /0 l(8)lla l[S2(s) = pa(s)lla [15(s) = p(s)l] ds

5AUW@MHW@W%S

sup |P']2Ct 1
+ 2L [ isatollen + o)

IN

2
a.0) llo(s)lI, ds.

We notice that the function s — (||Sa(s)|c,» + ||u2(s)||4,p)2 belongs to L>°(0,T), thanks to
the regularity and of o and Sy, respectively. Therefore, by choosing § > 0 small
enough, and applying the Gronwall lemma, we obtain the estimate (2.42) with a constant K,; whose
dependence on the data agrees with that specified in the statement.

We now come back to uniqueness. As both u; € L2(0,T;H) and the corresponding solutions
(14, i, S;) are arbitrary in the above argument (since no restriction on M is made), we conclude
that (1, v1,51) = (2, 2, S2) if u; = us, which shows the uniqueness for the solution to problem

(2.27)—(2.30). With this, the proof is complete. O

Finally, we can state our well-posedness and stability result. Here, and later on in this paper, we use
the notation
BR = {u - LQ(O,T, H) . HUHLQ(O,T;H) < R}, (243)

where R is a positive real parameter.

Theorem 2.6. Under the assumptions on the initial data ¢, and Sy, problem
has for every u € L*(0,T; H) a unique solution (u, p, S) that satisfies [2.32)—@2.35). In particular,
(i is bounded. Moreover, for every R > 0, there exist a constant K1(R) and a compact interval
lar,br] C (a,b), which depend only on the structure of the system, the initial data, T' and R, such
that both the estimate

HNHLoo(o,T;VA?P) + [[llos + 1P(0)(S = )l 22 (0,7:m)
+ HSOHleoo(O,T;H)ﬁHl(O,T;VE)OLQ(O,T;Vg") + Hf(%ﬁ)’|L°°(07T;H)

+ 1S et 0,019 Lo 0,13V ) L2 (0,732
< K1<R) (2.44)
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and the separation property
ar < p<brp aein@ (2.45)

hold true for every uw € Br and the corresponding solution (i, @, S). Finally, if R > 0, u; € Bg,
i = 1,2, and (p;, i, S;) are the corresponding solutions, then the estimate

i1 = pallz2o.mve) + llor — w2l o rmnz=orvg)
+ 181 = Sall 0,1,z 0,mv) < Ko(R) [[ur — uellp2(0.1:m) (2.46)

holds true with a constant K, ( R) that depends only on the structure of the system, the initial data, T,
and R.

Proof. Uniqueness follows from Theorem Let us come to the existence of a solution and to the
estimates and (2.46). However, we do not give a complete proof. Indeed, one can adapt the
arguments of [15] on account of Remark[2.3] and we briefly explain the reason for this. The procedure
used there is based on the Yosida regularization of the nonlinearity f, a time discretization of the reg-
ularized system, and the derivation of suitable a priori estimates, and the same line of argumentation
can be followed in our situation. Here is the main remark: in [15], some estimates for 1 have been
derived from estimates of 0/, and this term is missing in (2.27), in contrast to (1.1). In the present
case, an estimate of the norm of p, e.g., in LQ(O, T; H), can be deduced from an estimate of A”p in
the same space as shown in Remark [2.2] by using the assumption on the first eigenvalue \;
of A. Hence, we do not repeat the arguments of [15] with the corresponding modifications. However,
for the reader’s convenience, we sketch the formal proofs of the estimates that would be obtained step
by step in the rigorous procedure in order to prove the existence of a solution. We assume u € By
from the very beginning, so that these estimates eventually lead to as well.

In order to simplify notation, we use the same symbol ¢ without any subscript for possibly different con-
stants that depend only on the structure of our system, the initial data and 7', but neither on u nor on
R . Moreover, the symbol cg stands for (possibly different) constants that depend on the constant R,
in addition, but still not on w. So, it is understood that the actual values of such constants may vary
from line to line and even in the same chain of inequalities. Notice that the notations used for constants
we want to refer to (like, e.g., those used in (2.20)) are different.

First a priori estimate. We test (2.38), (2.39) and (2.40), written at the time s, by u(s), 0yp(s),
and S(s), respectively, in the scalar product of H. Then we sum up and integrate over (0, t), where

t € (0,7) is arbitrary, noting that the terms involving the product 12 0, cancel each other. By also
adding |©2|C5 to both sides (see (2.20)), we obtain the identity

[ 1P as+ [ o) s+ 518701 + [ (Flet) + o
#3180+ [erseifas [ Pees -

=51l + [ (Pl + Co)+ 5 ISlE + [ (u(s).5() s

Recalling the consequence (2.17) of (2.12), taking (2.20) into account and applying the Gronwall
lemma, we conclude that

H:UHLQ(O,T;VX) + H@"Hl(o,T;H)mLoc(o,T;vg)

+ 1SNl L o.msmnzzorvg) + 1PY2(0)(S = w20 < cr- (2.47)
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Consequence. We can also infer that

[P(e)(S — H)H%?(O,T;H) + 1F (@) ||z 0m21 @) < cr-

Indeed, the estimate is right for the first term, since P is bounded by (2.22); for the bound of the
second term, we can argue as in [15| Section 4.4].

Second a priori estimate. We would like to test by 0,1t even though 0,11 does not appear in
the equation (in contrast to (1.1)). In fact, the estimate we derive here by a formal procedure should
be performed rigorously at the level of the discete scheme, which can contain that time derivative
multiplied by a viscosity coefficient that tends to zero at some point of the procedure. So, we test
(2:27) and (2.29) formally by Ot and 0,5, respectively. At the same time, we formally differentiate
(2:28) with respect to time and test the resulting equality by ;. Then, we sum up and integrate with
respect to time, as usual. Since the terms involving the product 0,1 0;¢ cancel each other, we obtain
the identity

3 14017+ 017+ [ 130l s
+ [aserds + 3 les
= SIARO)IP + 5 10 O) | + 5 1075l
+ /O t (u(s),3S(s)) ds — /0 t(f’(s)atso@), Oep(s)) ds
+ [ (PNS) — (o). () — 215(5) s 2.49

The integral containing u can be handled using Young’s inequality, and the one involving [’ is easily
treated using the second inequality in and (2.47). We postpone the estimate of the last integral
and first deal with the initial values appearing on the right-hand side of (2.48). By using the initial
conditions for ¢ and S, we write and at the time ¢ = 0 in the following way:

(A% + P(0)) 1(0) = P(0)So and  9,p(0) = p(0) — B* 0o — f(sp0) (2.49)
Since P is nonnegative, by multiplying the first identity in by 14(0), we have that (see (2:17))
(P(90)So, 1(0)) = ((A% + P(0))u(0), p(0)) = [|A2(0) > = A [|(0)|*,
whence
11(O)]| < AT 1P(po0)Soll < e [ A2u(0)]* < |u(0)[| | P(¢0)Soll < ¢ (2.50)
and, on account of , we also deduce from the second identity in that
10: ()| < e+ 11B* @oll + [ f (o)l < c.

Finally, we deal with the last integral on the right-hand side of (2.48), which we term [ for brevity.
We perform an integration by parts in time, recall that P’ is bounded by (2.22), and invoke (2.50). By
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recalling that || - ||, denotes the norm in L”(£2), we then have

[=— // )(S — 1)u(S — 1)

= =5 | PEOISO — 0o + 5 [ Plan) (50 n(0)’

// ©)0p(S — M)
<cto / 100() 12 (IS )2 + [1a(s)]12) ds

Finally, we notice that
T
| S + ) 12) ds < cn.
0

by (2.47) and some of the embeddings in (2.13). This allows us to apply Gronwall’s lemma, whence
we conclude that

[ell oo o.mvg) + 1062l Lo 0,15 2200,mv7g) + 1S 1007y (073v5) < CR- (2.51)

Third a priori estimate. By taking v = pu(t) in (2.38) and recalling that P is nonnegative and
bounded, we obtain the following inequality for a.a. t € (0,7)

1Au@1* < (Pp())S(t) = dip(t), u(t)) < e (ISllz=o:) + 10l Lo 073 ) | (B
By accounting for Remark [2.2] we deduce that
[ell oo 0,738y < cr- (2.52)

In particular, the norm of 1 in L>°(0,T'; H) is bounded by some constant cg. Since the same holds
for S due to (2.47), we infer that

[P(0)(S — M)HLOO(O,T;H) <cgr. (2.53)

Consequence. By comparison in (2.27), we deduce that
1A% pal| oo o sy < [[P(0)(S = )| oo 0,081y + 10ep oo 0.0
Combining this with and (2.51), we conclude that
114l oo o sv20y < R - (2.54)
Then, the first embedding in yields that 1 is bounded (as claimed in the statement) and that
litlloo < cr - (2.55)
By comparison in (2.29), we also deduce that

18]l L2 0,127y < cr - (2.56)
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No better estimate for .S is available, since u € L?(0,T; H), only.

Fourth a priori estimate. We recall that Remark provides a splitting of f as fi + fo2, with
f1 monotone and vanishing at the origin and f> Lipschitz continuous. So, we can write (2.28) for
a.a.t € (0,7) in the form

B¥o(t) + f1(e(t) = pul(t) — drp(t) — fale(t)),

and test this identity by f1(¢(t)). More precisely, in the correct argument f is replaced by its Yosida
regularization, which is monotone and Lipschitz continuous and vanishes at the origin, and the equa-
tion itself is replaced by a scheme, which is obtained by discretizing time differentiation and for which
the analogue of () belongs to Vg". Hence, assumption can actually be applied. Here, we
formally apply it to the above identity with v = () and 1) = f;. We obtain that

[f1(e@)I* < (B> (t) + fi(0(t), file(t) = (u(t) — dup(t) — falp(t)), fr(e(1)))
< |l = Owp — fo o)l oo o,y | f1(0())]] -

On account of the previous estimates, and by a comparison in (2.28), we conclude that

1 f1(@) L omm) + @l Lo 0,rv2e) < cr- (2.57)

Conclusion. This concludes the formal proof of the existence part of Theorem and of esti-
mate (2.44). As already said, in the rigorous argument the above bounds are established for the
solution to an approximating problem, and one has to perform some limiting procedure. The estimates
provide convergence of weak and weak-star type. However, even strong convergence in L?(0, T; H)
for the approximations of ¢ and S'is obtained. Indeed, the embeddings V,§ C H and V7 C H are
compact due to (2.2), so that one can apply the Aubin—Lions lemma (see, e.g., [40, Thm. 5.1, p. 58]).
Therefore, the nonlinear terms can be correctly managed.

Separation. Let us come to estimate (2.45). This is a trivial consequence of the above estimate and
Theorem Indeed, this theorem can be applied with M := cr + 1, where cp is the constant that
appears in (2.55). The corresponding compact interval [ag, bg] of the statement is nothing but the
interval [ayy, bys] considered in (2:47), which depends only on the structure of the system, the initial
data, 7', and R.

Continuous dependence. Also (2.46) is a trivial consequence of a fact already proved, namely, of
Theorem Indeed, if u; € Bgr, i = 1,2, then the L> bound for the corresponding 1i; is ensured
by (2:44), and Theorem|[2.5|can be applied with M/ = K/ (R) + 1. Hence, we can take as K»(R) the
constant K, that appears in (2.42). Also this constant depends only on the structure of the system,
the initial data, 7" and R. O

Remark 2.7. The existence part of Theorem 2.6 is closely connected to the existence result proved
in [17, Theorem 3.4], where, however, no statement concerning separation or uniqueness was proved.
For purposes of control theory, however, it is indispensable to have uniqueness, since otherwise no
control-to-state operator can be defined, and this seems to be available only under the assumptions
made here.
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3 The control-to-state mapping

The results of the previous section ensure that we can correctly define a control-to-state mapping
to be used in the control problem under investigation. Taking into account that the cost functional to
be minimized depends only on the components ¢ and S of the solution corresponding to a given wu,
we set

Yy == L*(0, T; V3), Y= H'(0,T; H) N L>(0, T; V§),
Ys = C°([0,T); H) N L*(0,T; VZ), and Y:=Yy x Ys, (3.1)
and define
8 :L*0,T;H) =Y, i=1,2,3, and §:L*0,T;H)—Y,
by setting, for u € L*(0,T; H),
S1(u) := p, 82(u) := ¢, S3(u) := 5, and 8(u) := (p,9),
where (u, ¢, S) is the solution to (2:27)—(2-30) corresponding to w. (3.2)

More precisely, we need to consider the restriction of these maps to By for any given radius R > 0.
The choice of the space Y mainly is due to the following fact: the inequality (2.46) implies that

[8(u1) — 8(u2)lly < K2(R) [Jur — uzll L2010y forevery uy ,us € Bp. (3.3)

A very important consequence of the separation property (2.45) and of the regularity of f ensured by
(2.19) is the following global boundedness condition:

1 £%(82(u)||lee < K3(R) fork =0,1,2, and every u € B, (3.4)
where K3(R) depends only on the structure of the system, the initial data, 7', and R.

The Fréchet differentiability of the maps S is strictly related to the properties of the linearized problem
we introduce now. To this end, we fix w € L*(0,T; H). The linearized system associated with 7 and
the variation h € L*(0,T; H) is the following:

OHE+A*n=P@)(—n)+P@ES —R),
W+ B+ (@)=,

W+ CC=—-P@)(C—n)—P@ES —m)+h,
£(0)=0 and ¢(0) =

where 7 := 8, (T), @ := 8»(7), and S := 83(w). We also write the weak formulation of (3.5)-(3.7):
the identities

(0:£(t), v) + (APn(t), Av)

= (P@@(1)(C(t) = n(t),v) + (P'(@(1) £(t) (S(t) — (L)), v) (3.9)
(9:(t),v) + (B7E(t), B7v) + (f'(2(t)) £(t),v)
= (n(t),v), (3.10)

P'(@(1) £(t) (S(t) —7(t)),v) + (h(t),v) (3.11)
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have to hold true for every v € V¥, v € V, and v € V{, respectively, and for a.a. t € (0,T). We
have the following results.

Theorem 3.1. Suppose that the assumptions (2.31) on the initial data of problem (2.27)—2.30) are
fulfilled, and letw € L*(0,T; H) and h € L?(0,T; H). Then the linearized problem (3.5)—(3.8) has
a unique solution (1, £, C) satisfying the regularity requirements

ne L*0,T; V"), (3.12)
£€ HY(0,T; H)NL>™(0,T;V5) N L*0,T; V57, (3.13)
¢ € HY0,T; H)N L>™(0,T; VZ) N L*(0,T; VAT). (3.14)

Moreover, if R > 0 andw € Bg, then this solution satisfies the estimate

1§ Olly < Ka(R) |2l 220,18 (3.15)

where the constant K4(R) depends only on the structure of the system (2.27)—2.29), the initial data
wo and Sy, T', and R.

Proof. We notice that the coefficients P(®), P'(¥), f(¥), as well as 7i, are bounded functions.
Moreover, if 7 belongs to some B i, then the L bounds are uniform, i.e., they just depend on R and
not on u. On the contrary, S might be unbounded. However, as stated in Theorem , it is smooth.
So, the linear system is not worse than the nonlinear one and can be solved by the same argument
(which we do not repeat here) based on time discretization that has been used in [15] (see also [13] for
the linearized system associated with the Cahn—Hilliard equations). This first leads to a solution to the
variational problem (3.9)—(3.11) and then to the strong formulation (3.5)—(3.7). However, we perform
at least some formal estimates that can justify both the regularity asserted in the statement and the
validity of estimate (3.15). To this end, we fix R > 0 and assume that u € By at once.

Also in this section, i.e., in this proof and later on, we adopt a convention on the constants similar to
the one used in the previous section: ¢ stands for possibly different constants depending only on the
structure, the data, and 7", while the notation cy indicates an additional dependence on R.

First a priori estimate. We formally test ( 3.17) by 7, 0;¢, and C respectlvely, sum up and
integrate over (0, ). Moreover, we add the same quantltles (1/2)]1&(¢) fo s), 0&(s)) ds
and fOtHC(s) |* to both sides of the resulting identity, in order to recover the full norms in V3 and V3
on the left-hand side. Also in this case a cancellation occurs, and we have that

[ as+ [ oo ds+ 3 11, + 5l + [ Ice1E, ds
= [ (P -~ nts.nts) - ) s
[ (P €6 (516) = 76D, (91 s
+ [ (66 £ &6 ds + [ (16) +(6).€06)) s .19

The first integral on the right-hand side is nonpositive, while the next one, which we term I, needs
some treatment. By using the Hoélder inequality, two of the inequalities (2.15), Remark and the
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Young inequality, we obtain that
r< e [ I 16 - T ) - o) s
< ¢ [ 5O+ 7)) (1)l + 1)) ds
< 3 [hamas+ 5 [ 166z ds+e [ (BIE,+ TR ds.

where we notice that the function s — [[S(s)[|2. . + [I7i(s)[|%,, belongs to L>(0,T’) and that
its norm is bounded by a constant like in (2.44), due to Theorem applied to u. By treating the
last terms of (3.16) using the Schwarz and Young inequalities, and applying Gronwall’s lemma, we
conclude that

0l z20,zve) + 1€l 0,152 0,15vg) + €1 e 0,750 12007077

< cr||P|l20,7;m) - (3.17)

Second a priori estimate. We estimate the right-hand side of (3.5). On account of the embed-
dings (2.13), we have a.e. in (0,7") that

IP@)(¢ —n)+ P'@) & (S =l < eIl +lInll) +cllella 1S — 7lla
< c (Il + llmll) (ISlie.r +lI7lla,p)-

On account of (3.17), we conclude that

IP@)(C —n) + P'(@)§(S = @)z < cr |z - (3.18)

Since also yields an estimate for 9,£, a (formal) comparison in allows us to conclude that
1A% 0] 20 1oy < er Bl 2.m) i€y ||77||L2(0,T;vjv) < cr [Pl 20,7 - (3.19)

Third a priori estimate. We test (3.7) by J;( and integrate in time, as usual. On account of (3.18)
and the Young inequality, we obtain that

[1ageras+ gicrcn < 5 [ 1o ds +enlllio
We thus deduce that

19C 20,1 + €Nz 0,7:vz) < erl|bllr20,7m) - (3.20)

Now that 0,( is estimated, a comparison in (3.7) provides a bound for C*7(. Hence, we conclude that

HCHHl(O,T;H)mLoo(o,T;VT)mm(o,T;VQT) < Cr HhHLQ(O,T;H) : (3.21)
C C

This ends the list of the formal estimates and formally leads to a strong solution satisfying (3.15).
Even though uniqueness formally follows by taking h = 0, we remark that it can be proved rigorously.
Indeed, by assuming the regularity (3.12)—(3.14), the procedure used to obtain the above estimates is
justified. O
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Theorem 3.2. Assume for the initial data of problem (2.27)—[2.30). Then the control-to-state
mapping & defined in is Fréchet differentiable at every point in LQ(O, T; H). More precisely,
ifu € L*(0,T;H) and h € L*(0,T; H), then the value (D8)(t)|h] of the Fréchet derivative
(D8)(w) in the direction h is given by the pair (£, (), where (1,£, () is the solution to the linearized
problem associated withw and h.

Proof. Fix any © € L?*(0,7T;H), and let (1,3, S) be the corresponding state. For every h €
L2(0,T; H), let (u", 0", S™) be the state corresponding to @ + h. Finally, let (1, &, () be the so-
lution to the linearized problem (3.5)—(3.8) associated with z and h. We set, for convenience,

=t —p—n, &i=¢"-7-¢ and (":=5"-5-(. (3.22)

According to the definitions of differentiability and derivative in the sense of Fréchet, we have to prove
that the (linear) map & +— (&, () is continuous from L?(0,T; H) into Y and that there exist a real
number & > 0 and a function A : (0, h) — R satisfying

o A(s
1€ Ml < ARl 2o rn) and  Tim 2

=0. 3.23
m = (3.23)

The first fact is ensured by once R is chosen larger than ||%|| o (,7;x). Hence, we fix R >
1@ 220,711y once and for all. As for the construction of A, we set h := R — ||| 2(0.7.), and we
assume that ||| z2(0. 7.1y < h. This implies that % and @ + & belong to B, so that Theorem
can be applied to both of them. We thus derive uniform estimates for the corresponding states, hence
for the coefficients of the corresponding linearized systems. This entails uniform estimates for the cor-
responding solutions. In order to establish (3.23), we observe that (7", £, (") satisfies the regularity
properties

n" e L=(0,T; Vi),
e H'(0,T; H) N L>(0,T; VE) N L*(0,T; VE7),
¢" € H'(0,T; H) N L>®(0,T; VZ) N L*(0,T; VA7),

and solves the problem (in a strong form, i.e., the equations are satisfied a.e. in (), since all the
contributions are L? functions)

oM + A%l = Q1 (3.24)
O + B + Qf =", (3:25)
¢+ CF ¢ = —Qt (3.26)
n"(0)=0, €"(0)=0, and ¢"(0)=0, (3.27)

where Q" and Q% are defined by

1= P")(S" ") = P@)(S — ) = P@)(C—n) — P@)¢E(S - 7).
Q3= f¥") — 1@ - f(@)¢.
It is convenient to rewrite the functions Q? by accounting for the Taylor expansions of P and f. Usig
the formula with integral remainder, it is immediately checked that

1
Qs = '(@)&" + Ry (" —9)>, where R} := /0 (1=0)f"(®+0(¢" —p))do, (3.28)
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while it is more complicated to find a convenient representation of Q’f. However, simple algebraic
manipulations show that

Ql =P@) (" —n") + (P(¢") — P@)[(S" = 5) = (u" — )]
+P @S —me"+(S—n R (-9, (3.29)

where
1
R} = / (1—=0)P"(@+0(" —9))db.
0
Notice that, by (3-4), both R and R% are bounded uniformly with respect to h:

IR} oo + || RS0 < cr - (3.30)

After this preparation, we start estimating. To this end, we test (3.24), (3.25), and (3.26), by nh, 8t§h,
and Ch, respectively. Then, we sum up and integrate in time. There is a usual cancellation. By adding
the same contributions to both sides similarly as in the previous proof, we obtain

[ant s+ [lag i ds+ 3 1€ o1k,

F 21+ [ I s

= [(@te1a) o) ds — [ (@) ) ds

v [(ewnoge) s [Icwras .31

We have to estimate only the integrals involving Q? and QS. The first term produces four integrals,
termed [; for j = 1,. .., 4 for brevity, which correspond to the four summands, in that order, of (3.29).
Clearly, I; is nonpositive. As for 15, we use the Holder inequality and the embeddings as well as
the estimate applied with u; = u + h and u, = . Hence, by omitting the integration variable s
to shorten the lines, we have for every 6 > 0

t
I < C/o le" = Blla (118" = Sl + 11" = 7ll) (1" [la + 16" ]l4) ds
t
< 0/0 le" = Blls.o (15" = Sl + 6" =7l) (10" a,p + 11" le,7) ds

t
<3 [ (IR, + ) ds
0
c _ — _
+ 5 l" — SOH%OO(O,T;Vg)mSh - SH%Q(O,T;H) + ||l — M||2L2(0,T;H))

t
CR
<8 [ (1B + 16IR:,) ds + 2 1o
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Next, by also accounting for (2.44) applied to iz and S, we similarly have that

t
Iy < C/o 1S = Zlla €™ lla (" 11 + 1™ (1) ds
t
< C/o (ISlle. + 174, p) 16" 5,0 (10" | + 1IC"1T) ds

t t
<3 [ ds - en(1+) [ (I, + It ds
0 0

and for the fourth contribution, thanks to (3.30), we obtain that
t
L < cn [ I8 =l " = BIR " = ¢l ds
0

t
< CR/ (ISlle.- + 17lla,p) 16" = Bl o (11" lla,p + 1€ e, 7) ds
0

IA

t
CR
3 [ Uy + 1) s+ 5 Wl -

Finally, we estimate the term involving Qg by accounting for (3.28) and (3.30) in this way:
t ¢
- [@aghds = - [(@ + By - 97,06 ds
0 0
t t
< cn [ 1€ 10" 1 ds + cn [ lle* I loig" | ds
0 0

t Cc t CR
<5 [ o Pas+ 2 [1E s+ F bl
0

By treating the last two terms of (3.31) in a trivial way, recalling all the inequalities derived above,
choosing ¢ > 0 small enough, and applying the Gronwall lemma, we conclude that

10"l c20rsve) + 1" | . o.rivg) + 1S | oo o msmnzzo.rvi) < cr 1Bz -
A

If we term C'r the value of the constant ¢y of the last inequality, then we obtain (3.23) with A defined
on (0, R) by A(s) := Cr s?. This completes the proof. O

4 The control problem

As announced in the Introduction, the main aim of this paper is the discussion of a control problem for
the state system studied in the previous sections. For this problem, we assume that

ki >0, fori=1,...,35, ¢qg, SQ € Lz(Q), and g, Sq € Lz(Q), (4.1)
Umin 5 Umaz S Loo(Q)) and Umin S Umaz a.C. in Q

Then, the cost functional J and the set U, of the admissible controls are defined by

K K
3u..5) =3 [ ool + 2 [ 1o(T) = ol
Q Q

+ 2 [ 15— sof+ 5t [ 150 - saP+ 2 [ fuP, «3)
Q Q Q

Upd := {u € L2(07T,H) D Umin < U < Upge @.€.100 Q}, (4.4)
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and the control problem is the following:

Minimize J(u,,S) under the constraints that « € U,y and
(1, ¢, S) is the solution to (2.27)—(2.30) corresponding to . (4.5)

For the above problem, we prove the existence of an optimal control, and we derive the first-order nec-
essary conditions for optimality. This involves an adjoint problem for which we prove a well-posedness
result. We recall that the control-to-state mapping S is defined in (3.2) and state our first result.

Theorem 4.1. Under the assumptions (4.1)—(4.2), the control problem has at least one solution,
that is, there is some u € U, satisfying the following condition: for every v € U,, we have that

J(w,2,5) < J(v,p,S), where (p,S) = 8(u) and (¢, S) = 8(v).

Proof. Since U, is nonempty, the infimum of J under the constraints given in is a well-defined
real number d > 0, and we can pick a minimizing sequence {u,} C U,q. Hence, denoting by
(f4ns Pn, Sn) the state corresponding to u,, for n € N, we have that J(u,,, ,, Sn) — dasn — oco.
Since U,q is bounded and closed in L(0, T'; H) (in fact, it is even bounded and closed in L>(Q)),
we can assume that

u, — u weaklyin L*(0,T; H) (4.6)

for some uw € U,,. Moreover, we can choose some R > 0 such that U,y C Bpg. Therefore, we
can apply Theorem to u, and deduce that (u,, @n, S,) satisfies the estimate (2.44), as well
as the separation and global boundedness properties and (3.4), for all n € N. Hence, for a
subsequence indexed again by n, we have that

[t — T weaKly star in L>(0,T;V27) | (4.7)
©n — P weakly starin Wh(0,T; H)n H'(0,T;Vg) N L*0,T;V3),
S, — S weakly starin H1(0,T; H) N L>(0,T;VZ) N L*0,T; V27). (4.9)

It follows that the initial conditions (2.30) are satisfied by the limiting pair (@, .S). Moreover, thanks
to the compact embedding Vi3 C H ensured by (2.2), and consequently of Hl(O,T; V§) into
L?(0,T; H), we deduce that

©n — P stronglyin L*(0,T; H).
Since f and P are Lipschitz continuous in [ag, bg], we also infer that
flen) = f(®) and P(p,) — P(p), stronglyin L*(0, T H).
It follows that (72, P) solves (2.28). From the above strong convergence and the weak convergence of
{1n} and {S,} atleastin L*(0,T'; H ), we deduce that { P(,,) (.S, — in) } converges to P()(.S —
fi) weakly in L'(Q). Hence, the limiting triplet (z, 3, S) satisfies equations and as well,

i.e., (1, @, S) is the state corresponding to the control . On the other hand, we have that

3(u,%,5) < hﬁ}infﬂ(um%ﬁn) =d,

by semicontinuity. We conclude that w is an optimal control. O
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The rest of the section is devoted to the derivation of the first-order necessary conditions for optimality.

Hence, we fix an optimal control = € U,q4 and the corresponding (7,3, .S) once and for all. If we
introduce the so-called reduced cost functional J by setting

J(u) = J(u, So(u), 85(u)) foru e L2(0,T; H),

we immediately find from the convexity of U, that the Fréchet derivative (DJ)(u) € £(L*(0,T; H);
R) must satisfy i
(DJ)(@)[v—1u] >0 foreveryv € Uy,

provided that it exists. But this is the case due to the obvious differentiability of the quadratic functional
J and the differentiability of the operator 8, which takes its values in Y C (C°([0, T]; H))?. Hence,
by accounting for the full statement of Theorem we can even apply the chain rule and rewrite the
above inequality as

i /Q (7~ 90+ k2 | (P(T) — pa)é(T) + va [ (5= Sa)¢

Q
+’€4/(§(T) —SQ)C(T)+/£5/E(U—E) > 0 forevery v € Uy, (4.10)
L Q

where ¢ and ( are the components of the solution (7, &, €) to the linearized system (3.5)—(3.8) asso-
ciated withw and h = v — .

As usual in control problems, a condition of this sort is not satisfactory, since it requires to solve the
linearized problem for infinitely many choices of h € L*(0,T; H), because v is arbitrary in U,q.
Therefore, we have to eliminate £ and ¢ from (4.10), which can be done by introducing and solving a
proper adjoint problem. This is a backward-in-time problem for the adjoint state variables (g, p, r') that
formally reads as follows:

A*q—p+P@)(g—7r) =0, (4.11)
— (g +p)+B¥p+ f'(@)p— P @S —m)(q—7) = k(@ = 9q), (4.12)
—Or +C¥r —P(@)(g—1) = r3(S—So), (4.13)
(¢ +p)(T) = ro(P(T) — o) and r(T) = ra(S(T) = Sa) . (4.14)

However, in order to give this system a proper meaning according to the regularity that we will prove,
we need some preliminaries. First, due to the density of V3 in I, we can identify /1 with a subspace
of the dual space V57 := (VZ)* of Vg in such a way that (v,w) = (v,w) for every v € H
and w € Vg, where (-, -) denotes the duality pairing between V;7 and V3. Now, thanks to the
obvious formula (B* v, w) = (B’v, B°w), which holds for every v € V2% and w € V§ and, owing
to the above identification, can also be read in the form (B%*7v, w) = (B°v, B°w), one can extend
the operator B%? : V2% — H to a continuous linear operator, still termed B2?, from V5 to V7 by
means of the above formula, namely,

(B*v,w) = (B%v, B°w) forevery v,w € V3. (4.15)

At this point, it is meaningful to postulate the following regularity for the adjoint variables:

g€ L=(0,T; Vi), (4.16)
pe L*(0,T;Vg) and dy(q+p) € L*(0,T;V57), (4.17)
r€ H'Y(0,T; H)N L®(0,T; VZ) N L*(0,T; VZT) . (4.18)

DOI 10.20347/WIAS.PREPRINT.2616 Berlin 2019



P. Colli, G. Gilardi, J. Sprekels 22

Indeed, then all of the equations, as well as the final conditions, have a precise meaning, by also ac-
counting for the properties of the other ingﬂadients which we recall for the reader’s convenience: P(%),
P'(@), f'(¢), and 11 are bounded, and S € H'(0,T; H) N L>(0,T;V§), whence, in particular,

S € L>(0,T; L*(Q)). However, we also consider a variational formulation of the adjoint system,
which makes sense in a much weaker regularity setting for (¢, p, '), namely,

q € L>(0,T;VE), peL*0,T;V5), and 7€ H'0,T;H)NL*0,T;VZ).  (4.19)

We require that

/0 {(A7q, A7) — (p,v) + (P(@)(g —1),v)} ds = 0

for every v € L*(0,T; VY), (4.20)

/0 [(q+p.0w) + (B"p, B0) + (F'@)p— P'@)(5 — 1) (g —r).v) } ds

_ / (g1,0) ds + (g2, v(T))

forevery v € H'(0,T; H) N L*(0,T;V3) vanishing att = 0, (4.21)
T
| A-am) + €070 - (P@)a - 1).0) } ds
0
T

:/ (g3,v)ds foreveryv € L*(0,T;V7), (4.22)

0
r(T) = ga, (4.23)

where we have introduced the abbreviating notation

g1 :=K1(®—9q), 92 = ka(P(T) — @), g3 := Kk3(S —Sq), ga := ka(S(T) — Sq). (4.24)

Also for brevity, and in order to shorten the exposition, we have omitted the integration time variable
termed s. We will do the same in the following.

Clearly, (4.16)—(4.18) and (4.11)—(4.14) imply (4.19) and (4.20)—(4.23). In fact, these problems are

equivalent. The proof given below makes use of the Leibniz rule proved in [12, Lem. 4.5] (and well
known under slightly different assumptions), which we here state as a lemma.

Lemma 4.2. Let (V,H, V*) be a Hilbert triplet, and assume that
y € H'(0,T;H)NL*(0,T;V) and z¢€ H'(0,T;V*)N L*0,T;H). (4.25)
Then the function t — (y(t), z(t))sc is absolutely continuous on [0, T'|, and its derivative is given by

d

T (y,2)3c = (¢, 2)3c + v+ (2, y)v ae in(0,T), (4.26)

where (-, - )3c and v+ ( -, - )y denote the inner product in H and the dual pairing between V* and 'V,
respectively.

Lemma 4.3. Assume that (4.19) and (4.20)—(4.23) are valid. Then (4.16)—(4.18) and (4. 11)—4.14)

hold true as well.

DOI 10.20347/WIAS.PREPRINT.2616 Berlin 2019



Optimal control of a fractional tumor growth model 23

Proof. We first notice that (4.20) implies the pointwise variational inequality
(APq, APv) = (p— P(®)(q —r),v) foreveryv € V} anda.e.in (0,T).

On the other hand, the conditions w € V¥, g € H, and (A”w, APv) = (g,v) for every v € VY,
imply that w & Vjp and A%w = g, as one immediately sees by using the spectral representation.
Hence, we obtain (4.16) and (4.11). The same argument can be used to deduce that r belongs to
L?(0,T;VZ") and solves (@.13), since even d;r belongs to L*(0,T; H) by assumption. The last
condition € L>(0,7; V%) in then follows from interpolation.

Much more work has to be done for the second equations. First, for the same test functions v as

in (4.21), we deduce that

T T
/ {(q + p, ) + (B*p, v)} ds = / (g,v)ds + (92, U(T)) , (4.27)
0 0
where, for brevity, we have set

g=g—f@p+P@ES -n)l¢g—r).

We immediately infer that

< Ipllzzo.rvg) vllL20.1:vg)

T
/ (q +p, aﬂ)) ds
0

9l 20 zsmy [0l 20,2y + Nl gal[ (T -

In particular, we have for some constant ¢ > 0 that

T
/ (q +p, 8tv) ds
0

This exactly means that 9;(q + p) € (L*(0,T;Vg))* = L*(0,T;V57). Thus, we can replace
the expression (q + p, ,v) by —(0:(q¢ + p),v) in [@.27), provided that v € C°(0,T;V5). The
variational equation we obtain is just (4.12) understood in the sense of ;7.

< cllvllz2mvg) foreveryv € C(0,T5Vg).

It remains to derive the first of the final conditions (4.14). To this end, we also assume that v(0) = 0
and exploit once more. Moreover, we can apply Lemmaf4.2lwith V = V5, H{ = H, y = v, and
z=q+p,sincev e HY(0,T; H) N L*0,T;Vg)and ¢ +p € H(0,T;V57) N L*(0,T; H).
Finally, we account for the already proved equation (4.12). We then obtain that

/0 (g’v>d8+(g2’U(T)):/o (q—i—p,@tv)ds—i—/o (B°p, B°v) ds
_ / {=(@(a+p),0) + (B*p,v)} ds + (g +p)(T), v(T))
:/0 (g,v) ds + (g +p)(T),v(T)).

Therefore, we have that ((¢ + p)(T"), v(T)) = (g2, v(T)) for every v with the required properties,
and the desired final condition obviously follows. O
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So, we can choose between the strong form (4.71)—(4.74) and the weak formulation (4.20)—(4.23), ac-
cording to our convenience, in proving a well-posedness result, which is our next goal. We prepare the
existence part by introducing a Faedo—Galerkin scheme with viscosity that looks like an approximation
of (4.11)—(4.14). We recall on the eigenvalues and the eigenvectors of the operators and set, for
every integer n > 1,

Vj”) ;= span{ey, ..., e}, VE(;") := span{e},..., e}, and Vo(n) := span{e], ..., e
Then, we look for a triplet (¢™, p", r™) satisfying
¢ € HY(0, V™), p* e HYO,T; V), and "€ H'(0,T; V"), (4.28)

and solving the system

(—l ohq™ + A%q" — p™ + P(9)(¢" — ™), U)

=0 foreveryv € VA and a.e.in (0,7, (4.29)
(—0(q" +p") + (B*p" + f'(@)p" — P'@)(S — i) (g" — ™), v)

= (g1,v) foreveryv € Vé and a.e.in (0,7, (4.30)
(—&7“" + C*r" — P()(¢" — ™), v)

= (g3,v) foreveryv € Vc(n) and a.e.in (0,7, (4.31)

as well as the final conditions

(q"(T),v) =0, ((q" —l—p")(T),v) = (gg,v), and (r"(T),v) = (94,U),

for every v € VA"), v eV andv € V", respectively. (4.32)

The following result holds true.

Proposition 4.4. The system (#.29)—@.32) has a unique solution (q™, p", ™) satisfying the conditions
(4.28).

Proof. The requirements (4.28) mean that

=D ey, pr() =D pit)e;, and (1) =Y ri(t)e],
i=1 j=1

for a.a. t € (0,T) and some functions ¢} , pj , r} € H'(0,T). Moreover, an equivalent system
is obtained by taking for ¢ = 1,...,n just v = e;, v = €}, and v = €, in the three variational
equations, respectively. Hence, (4.29)—(4.31) becomes an ODE system having the column vectors
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n

Gn = (q}), pn = (p}), and 7, := (r7), as unknowns. This system reads as follows:

n

1 d , n
Z{—E(% ez‘)%qy + AP (ej,e)q7 — (€}, e)p"
j=1
+ (P@)es, e ) — (P@)e], eq)ry } =0,
. / d n l d 1\20 n !/
S { (el @ = (e, e 2w + ()2 (€ e + (F(R)e), )}
j=1

~ (P'@)E ~ Wes €))a} + (P@)S = e )y} = (a1,€).
SO s (el el

j=1
— (P@es,el)a; + (P@)el )i } = (g3, €.
where the index i runs over {1,...,n} in all of the equations, which are understood to hold a.e.
in (0, 7). Thus, thanks to the orthogonality conditions in (2.3), it takes the form
1

- EQ;L+MIQn+M2pn+M3TrL :07

M4Q;L _p;L + M5Qn +M6pn + Myr, = b;”

_T;L+M8Qn+M9Tn = bga
for some (possibly time dependent, but bounded) (n x n) matrices My, kK = 1,...,9, and column

vectors U, , b € L*(0,T;R"). Therefore, one can solve the first equation for ¢/, and replace ¢/, in
the second one by the resulting expression. At the same time, one multiplies the first equation by n and
keeps the third one as it is. This procedure leads to an equivalent system of the form —y/' + My = b
for some matrix M € L>(0,T;R3>"*3") and some vector b € L*(0,T;R3") in the unknown
y € H'(0,T;R3") obtained by rearranging the triplet (g, ,pn ,7») as a 3n-column vector. On the
other hand, the final conditions (4.32) provide a final condition for y. Hence, standard results for ODEs
show the unique solvability. O

At this point, we are ready to solve the adjoint problem. We need, however, the following additional
compatibility condition:

It holds k4 S € V(. (4.33)

Remark 4.5. The compatibility condition (4.33) is satisfied if either k4 = 0 or S € V{i. Obviously,
k4 = 0 means that we do not have a tracking of the solution variable S’ at the final time 7'; while this
is not desirable, it is not too much of a restriction, since one is rather interested in monitoring the final
tumor fraction ¢ (7°) than S(7°). On the other hand, the assumption Sq, € V{7 is not overly restrictive
in view of the factthat S € H*(0,T; H) N L?*(0,T; V™), whence it follows that S € C°([0, T]; V)
by continuous embedding, and thus S(7") € V{; assuming the same regularity for S, is certainly not
unreasonable.

We have the following result.

Theorem 4.6. Suppose that also (4.33) is fulfilled. Then the adjoint system (#.11)—{4.14) has a unique
solution satisfying the regularity conditions (4.16)—(4.18).
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Proof. In order to prove the existence of a solution, we start from the finite-dimensional problem
(4.29)—(4.32), perform an a priori estimate, and let n tend to infinity. Also in this section, we simplify
the notation as far as constants are concerned and use the same symbol c for different constants
that can depend only on the structure, the data, I’, the optimal control %, and the corresponding state
(7,2, 5).

A priori estimate. We write the equations (4.29)—(#.31) at the time s and test them by —3,¢"(s),
p"(s), and —0;r"(s), respectively. Then, we sum up, integrate over (t,7") with respect to s, and
notice that the terms involving the product p”é?tq cancel each other. Moreover, we add the same
quantities ft lp™||* ds and (1/2)]|7"(t)||* = ft n 0yr™) ds to both sides in order to recover the
full norms in the spaces V5 and V2. We then obtain the |dent|ty

1 g n|2 1 p.n 2 1 n 2 Tn2
o ds + 314 @ + S 11+ [ 1 ds
n J; 2 2 ¢
T 1
+ [ o ds + 51 Ol -
t
T T n
- [ (P@@ = mata -~ ) ds+ [ (PEE - mla ). ds
t t

T T T
—/t (f’(@)p”,p“) ds—l—/t (gl,p”)ds—/t (g3, 0r™) ds

S 4G D)+ S I (D + 5 I (T,

T T
+/ ||p"||2d8+/ (r"™, 0yr™) ds . (4.34)
t t

Atfirst, we exploit the endpoint conditions ([#.32). Obviously, ¢"(T') = 0, which entails that A?¢"™(T") =
0, as well as (p"(7T'),v) = (g2, v) forallv € Vé"). The latter identity just means that p™(7") is the
H-orthogonal projection of g, onto V"), which implies that [|p™(T)|| < ||g2|| for all n € N. By the
same token, we can infer that ||r"(T)|| < ||g4| for all n € N. Finally, we insert v = C*"r"(T') €
V(g") in the last identity in (4.32). Recalling that S € C°([0, T']; V5), and by virtue of (#.33), we infer
that g, € V. We thus find that

[T (@) = (7(1),C*r™(T)) = (91, C*™(T)) = (C"gs, CTr"(T)),
whence we infer that |[C7r"(T)|| < |[C7g4l|. In conclusion, we have shown the estimate
l7™(T)lle,r < llgallc,r foralin € N.

Next, we consider the first two terms on the right-hand side, which we denote by Y; and Y5. We only
need to estimate these terms, since the remaining other ones can easily be handled using Young’s
inequality and, eventually, Gronwall’s lemma. As for Y7, we first integrate by parts, and one of the
important terms we obtain is nonpositive. Then, we account for the Hélder and Youngs inequalities,
the equivalence of norms in V} related to (2.17), and the embeddings as follows:

v; = // ) oilg” — me:1/m<»m<>waw

-3 [ e o -ror- [ [ Peapie -

<om/N@muwnuwwn>w<c+g/UMWW+WWaJ¢

t
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Concerning Y5, we have that

T
Yy < o / IS =l llg® = [l 5" 1« ds
t
1 g n (|2 r P12 ni2
< 5 [ lIP"l5pds+c (142" + ||Ir™(12. ) ds.
t t

By treating the remaining terms on the right-hand side of (4.34) as announced before, and applying
the Gronwall lemma, we conclude that

1 n n
% 10:q ||%2(0,T;H) + llg HL°°(07T%V£)

+ 12" o 0,700 L20,7vg) + 7" 0.7 5) Lo (0,7vz) < c- (4.35)

Existence. The above estimate ensures that, for a subsequence again indexed by n,

1
—0yq™ — 0 strongly in L?(0,T; H), (4.36)
n
q" — q weakly starin L>(0,7;VY), (4.37)
p" — p weakly starin L°°(0,T; H) N L*(0,T; Vg), (4.38)
r™ — r weakly starin H'(0,T; H) N L*>(0,T; V7). (4.39)

We aim at proving that (¢, p, r) is the desired solution to the weak form (4.20)—(#.23) of the adjoint
problem. Clearly, is satisfied, and we have to prove that the variational equations are satisfied
as well. We confine ourselves to the second equation, which is the most complicated one. To this end,
we write an integrated version of (#.30). We fix any integer m > 1, take any v € H*(0,T; H) N
L2(0,T; V™) vanishing at t = 0, and assume that n > m. Then V™ c V") so that v(s)
is admissible in written at the time s, and we can test the equation in the inner product of H.
Moreover, we replace (B**p"(s),v(s)) by (B°p"(s), B°v(s)). Then, we integrate over (0, T') with
respect to s. Now, we observe that v(7") is admissible in the second identity of (4.32). So, by an
integration by parts, we obtain that

/0 {(¢" +p",0w) + (B°p", B°v) + (f'@) p" — P'@)(S —m)(¢" —r"),v) } ds

:/0 (g1,v)ds + (92,U<T))'

Since n > m is arbitrary, we can let n tend to infinity by using (4.37)—(4.39). Concerning, e.g., the
worst term, we recall that S and 7z belong to L°°(0, T'; L*((2)) and observe that ¢" and r™ converge
to ¢ and r, respectively, also weakly in L2(0,T'; L*(£2)). Hence, we have that

P'@)(S =" =r") = P(@)(S —m)(g—r) weaklyin L*(0,T; H).
As the other terms are easier, we conclude that holds for such a function v. At this point, we fix
anyv € H'(0,T; H) N L*(0,T; Vg) vanishing at t = 0 and define v,,, by setting
vm(t) =Y _(v(t),€})e; fort € [0,T].

Jj=1
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Then, v,, belongs to H'(0, T; H) N L2(0, T; V™) and vanishes at t = 0. Hence, we can use it
in the equality just obtained. As m is arbitrary, we can take the limit as ™ — oo. By noting that v,,
converges even strongly to v in H(0,T; H) N L?(0,T; Vg), we conclude that is satisfied for
such a v. By similarly reasoning for the other equations, we can conclude. Hence, the existence part
of the statement is proved.

Uniqueness. By linearity, we can assume that all the right-hand sides of the strong formulation
(4.11)—(4.14) vanish, so that the problem becomes

A%q—p+ P(p)(g—r) =0, (4.40)
—0i(g+p)+B¥p+ f(@p—P@)(S—m(g—r) =0, (4.41)
—Or +C*r — P(®)(q—1) =0, (4.42)
(q+p)(T)=0 and r(T)=0. (4.43)

We cannot adapt the argument used to arrive at (4.35), since no information for 0;q is available now.
So, we proceed in a different way. With the notation

T
(Ixv)(t) :== / v(s)ds foraa.t € (0,7)andeveryv € L'(0,T;H),
t

we integrate (for a.a. t € (0,7)) over (t,T") and obtain a.e. in (0,7")
g+p+B¥(1xp)=1% (P (@)(S—m(g—1) -1+ (f(®@)p)- (4.44)

At this point, we test (@.40) by ¢, (@-44) by p, and (@.42) by r, sum up, and integrate over (¢,T).
The terms invoIving the product rq cancel each other. We also add the same quantities (1/2)]|(1 *

B> = ft (1%p)ds and ft ||7]|? ds to both sides and obtain

[ hvdeas+ [ (P@Na-ra- s+ [l ds+ I0p0I:

1 2 g 2
3 IO+ [ el ds
t

:/ (1x(P'@)(S—n)(g—r)— f(@)p).p)ds

' T T
+/ p(l*p)d8+/ 7|1 ds . (4.45)
t t

All of the terms on the left-hand side are nonnegative. Now, we treat the first integral on the right-hand
side, which we term Y. We first mtegrate by parts. Then, we owe to Young’s inequality and to the
obvious inequality ||(1xv)(#)|* < Tft |v(s)]|* ds, which holds true for every ¢ € [0, T| and every
v € L?(0,T; H). We set, for brevity, w := P'(%)(S — 1)(¢ — r) — f'(?)p and observe that

1 T T
% g—/ ||pH2ds+/ 1+ ]| ds
4 t t
1 T T T
-/ ||p|y2ds+/ T/ lwll2ds’ ds.
4 t t s
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On the other hand, we recall (2.13), .17) and the regularity L>°(0, T; L*(2)) of S and fi. We thus
deduce that

T T T

/ lwl?ds’ < [P@)I2 / 15— 72 llg — rlZds + 17 @)% / Ip]?ds
S T S S

<o [ (1ral+ i+ P ds'

whence

1 T ) T T - , , /
=1 Ipl"ds + [ ¢ [APq||* + [Ipll* + lI7llc,, ) ds" ) ds. (4.46)
t t s

Therefore, coming back to (4.45) and estimating the second integral on the right-hand side as

T 1 T T
[ penas<g [l sl
t t t

and then applying the Gronwall lemma, we easily conclude that (¢, p,7) = (0,0, 0). O

Now that the adjoint problem is solved, we can rewrite the variational inequality (4.10) in a much better
form. Indeed, we have the following result.

Theorem 4.7. Under the assumptions (4.1)—4.2) and (4.33), letw € U,q be an optimal control, and
let (q, p, ) be the solution to the associated adjoint problem (& 11)—{@.14). Then it holds

/(7’ + ksu)(v —u) >0 foreveryv € Ugyg. (4.47)
Q

In particular, if k5 > 0, then u is the projection of —r/ ks on Uy in the sense of the space L*(Q)
with its standard inner product. That is, it is given by

U = min{ Uz, Max{Upmin, —7/K5}} a.e. in@.

Proof. We fix v € U,4 and consider the linearized system with h = v — &. Now, we observe that

the regularity (4.16)—(4.18) is suitable for integrating over (0, T') the equations (3.5), (3-6), and (3.7),
tested by ¢(t), p(t), and 7(t), respectively. By doing this, rearranging and summing up, we obtain
(as before in this section, we omit the integration variable, which we term s for uniformity)

/OT{(at§7Q) + (APTI?APQ) - (P(@(C - 77)7Q) - (Pl(¢>§(§_ﬁ)7Q)}ds
+ [ (@) + (e B7) + (F@)ED) - (19)} ds

+ {(2:C,7) + (CT¢.Cr) + (P@)(C —n).7) + (P'(@) (S —7),r) } ds

:/0 (v —1,r) ds.
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At the same time, we take v = —nin (4.20), v = —¢ in @.21), v = —( in (4.22), respectively, and
note that all the three test functions are admissible in their equations. Then, we sum up, rearrange,
and get

/0 [~ (A%, A4%n) + (p.n) — (P(@)(q — 1))} ds
n / (g +p.08) — (Bp.BE) — (@) p— P@)E —m)g—r).€) } ds
" / [(0r,¢) — (CTr,C7¢) + (P@)(q — 1), ) } ds

- [ mods—(@mem) - [ (g0, C)ds.

Next, we add the identities just obtained to each other. Several cancellations occur, and what remains
is just the following identity:

/OT{(atC’r) + (O O} ds = /OT(U —,7)ds - /OT(QMS) ds — (92,&(T)) — /UT(ga,O ds .

At this point, we observe that the left-hand side equals (g4, (7)) by (#.23), so that the above identity
becomes

/0 (91, €) ds + (g0, €(T)) + / (95,C) ds + (g1, C(T)) = / (0—1,r)ds.

Hence, by recalling the notation (4.24)), and comparing with (4.10), we obtain (4.47). O
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