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Abstract. We consider an improved Nernst—Planck—Poisson model first proposed by Dreyer et al. in 2013 for compressible
isothermal electrolytes in non-equilibrium. The elastic deformation of the medium, that induces an inherent coupling of
mass and momentum transport, is taken into account. The model consists of convection—diffusion—reaction equations for
the constituents of the mixture, of the Navier—Stokes equation for the barycentric velocity and of the Poisson equation for
the electrical potential. Due to the principle of mass conservation, cross-diffusion phenomena must occur, and the mobility
matrix (Onsager matrix) has a non-trivial kernel. In this paper, we establish the existence of a global-in-time weak solution,
allowing for a general structure of the mobility tensor and for chemical reactions with fast nonlinear rates in the bulk and
on the active boundary. We characterise the singular states of the system, showing that the chemical species can vanish
only globally in space, and that this phenomenon must be concentrated in a compact set of measure zero in time.
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1. Introduction

Increasing the efficiency of actual high-performance energy storage systems requires an exact under-
standing of their fundamental physical principles. Of particular interest is ion transport in electrolytes,
for instance in lithium-ion batteries. In the neighbourhood of interfaces, the classical description using
the Nernst—Planck theory is failing for various reasons (see [11,12]): first of all, the Nernst—Planck model
neglects the high pressures induced by the Lorentz force that affect the charge transport. Secondly, it
does not take into account the interaction between the solvent and the charged constituents. A third
drawback of the Nernst—Planck theory is the widely used assumption of local charge neutrality. This
assumption completely fails in the vicinity of the boundaries where electric charges accumulate. An im-
proved model able to remedy these deficiencies was proposed in the paper [12]. In [11,13], this model was
further extended to include (i) finite volume effects of the constituents, (ii) the viscosity of the mixture
and (iii) chemical reactions in the bulk and on electrochemical interfaces. The improved model rests on
three supporting pillars:

e The universal conservation principles for mass, electrical charge, momentum and energy;

e The entropy principle for bulk and surfaces, which allows to choose thermodynamically consistent
material models;

e A special construction of the free energy-functional, designed in the papers [13,26] for electrolytes.

Throughout the paper, we shall focus on the isothermal case and need to formulate universal balance
equations only for mass, momentum and charge. If the considered electrolyte is a fluid mixture of N
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chemical substances, these equations assume the form
8tpi+div(piv—|—Ji) =r; fori=1,...,N,
di(ov) +div(ov @ v —S) + Vp=—nf" Vo,
—eo div((1+x) Vo) =n",

where the main variables are the mass densities p1, ..., py of the substances in the mixture, the compo-
nents vy, va, v3 of the velocity field and the electric potential ¢. Notice that we overall denote by p the
total mass density Zf\il p; of the electrolyte. In the right-hand side of the Navier—Stokes equations, the
contribution —nf V¢ is the Lorentz or Coulomb force. The density of free charges is nf" := vazl Zi pi
with constants Z1, ..., Zy. Assuming a linear description of dielectric displacement in the electrolyte, the
evolution of ¢ is driven by the Poisson equation with the universal Gauss constant ¢y and the susceptibility
x of the electrolyte, here likewise assumed constant.

The diffusion fluxes J*, ..., JV, the reaction densities 71, ..., 7y and the components S (viscous stress)
and p (thermodynamic pressure) of the stress tensor, represent physical phenomena that dissipate energy.
In order to provide constitutive equations for these quantities, relating them to the main variables, our
model uses the entropy principle as a guideline—after the universal conservation laws, this is the second
pillar.

The chemical potentials, denoted by i1, ..., un, are the essential pivot making the link between the
densities and the thermodynamic consistent description of transport mechanisms. They are defined as
derivatives of a free energy density gy via p; := 0,,0¢ for i = 1,..., N. In the paper, we restrict to free
energy densities of the form oy = h(0, p1,...,pn), where the function h encodes the energetic behaviour
(volume extension and mixing entropy) of the electrolyte without the electromagnetic contribution. Recall
that the absolute temperature 6, which is assumed fixed, is only a parameter (isothermal case).

For the diffusion fluxes, the gradients V(u;/0)+(Z;/0) V¢ for j = 1,..., N are identified as the driving
forces for the diffusion process, and the thermodynamic consistent model postulates the proportionality

N _

: .

J'= _ZMLj(pla-”apN) (V%jt?]wb) fori=1,...,N,
j=1

where the factor {M; ;(p)}ij=1,... n shall be called the mobility tensor. If M(p) is positive semi-definite
for all states, this definition of the diffusion fluxes guarantees that the contribution of diffusion to the
production of entropy is non-negative.

In order to model the reactions 71, ...,y in a similar spirit, we shall make use of constitutive equations
proposed first in [13] to obtain a closure equation of the form

ri=—Y oV (y ),

k=1

where s is the number of active reactions, {y¥} € R**¥ is a matrix of stoichiometric coefficients, and
U : R* — R a convex potential. Here, we denoted by p the vector (p1, ..., un) of chemical potential.
The pressure shall obey the Gibbs—Duhem equation

N N
p=—0+ Y pipi=—h(0 pr,....on) + Y pihp, (0, pr,..ospn).
i=1 1=1
Finally, the analysis of the entropy production shows that the viscous stress S can be consistently chosen
of standard Newtonian form with constant coefficients. We will restrict for convenience to this simplifying
assumption. Together with the Poisson equation to determine the electric potential, the final PDE model
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assumes the form

N s
Opi +div | pjv— Z M; ;(p) (Vhy,(p) + Z; Vo) | = — Z’yf wU(yThy(p)) fori=1,....,N, (1)
j=1 k=1
N N
O(ov) +div(ov ®@v —S(Vv)) + V (—h(p) + Z pi by, (p)) =— Z pi Z; N @, (2)
i=1 i=1
where we omit for convenience every dependence on temperature, and write for simplicity p = (p1, ..., pn)

in the arguments of M and h. We see that, for a known free energy potential h, these equations form a
closed system for the variables p and v. To close the PDE system, we choose the free energy

N

N N N
h(p) = sz' ¢+ F (ZW%) +kpo z % In(pi/m;) —In Z(Pj/mj) ) (3)

Jj=1

where ¢;, m; > 0, V; > 0 are certain constants, kp is the Boltzmann constant, and F' a nonlinear function
describing the volume extension of the mixture. We refer to Sects. 2.1, 2.2, and 2.3 for in-depth discussions
of the three steps of the model derivation after the papers [11-13] and the book [20]. We explain (3) in
Sect. 2.3 in more details.

From the viewpoint of analysis we first remark that, up to the complex looking definition of the
thermodynamic pressure imposed by the multicomponent character, Eqgs. (2) are very similar to the
single-component compressible Navier—Stokes equations. They shall indeed allow the same type of natural
bounds.

However, in the new model, the diffusion fluxes in (1) cannot be brought into the standard diagonal
form assumed by the Nernst—Planck theory, and this for at least two reasons. At first, the matrix M is
subject to the zero column-sum constraint Zf\;l M; ; = 0 due to the fact that we model diffusion fluxes.
At second, the choice (3) of the free energy potential h leads, unlike the case of the standard Boltzmann
entropy p log p, to a nondiagonal Hessian. Hence, the diffusion tensor is in general both nondiagonal and
singular. As to this last point, the equations in (1) cannot constitute a parabolic system for the variables
P1,---,pnN-Indeed, summing up over ¢ = 1,..., N and using the zero column-sup side-condition for M, we
derive the continuity equation 9;p + div(pv) = 0. This shows that one component of the solution vector
is driven by an hyperbolic equation. Thus, whereas classical models of electrochemistry yield diagonal
drift—diffusion or diffusion—reaction systems, the new model for electrolytes exhibits a completely different
structure and must be studied with techniques of mathematical fluid dynamics.

In the present paper, we establish the existence of a global-in-time weak solution. Our result is con-
sistent with the physical definitions and restrictions concerning the objects h, M, R and p. In particular,
we allow for

1. A general structure of the mobility tensor with a non-trivial kernel;
2. Chemical reactions of arbitrary growth rate in the bulk and on the active part of the boundary;
3. A pressure contribution to the diffusion flux, which is encoded in the choice of the free energy.

A feature worth to note separately is the original thermodynamic modelling for the reaction rates. The
choice of ¥ discussed here does not lead to the structure of products of monomials in the concentrations.
As a consequence, energy dissipation yields a control of the reaction terms in Orlicz classes associated
with the dual potential U*  and global-in-time weak solutions can be defined without the help of the re-
normalisation techniques (see [17]) necessary to handle models traditionally called ‘of mass action type’
(see, a. 0., [4,6,17,21-23,30]).

In addition to the existence statements, we are able to characterise the singularities of the system
associated with the vanishing of species. We show that, except for the occurrence of a complete vacuum—
which is entirely non-physical in the range of validity of the model-—the mass density of a species can



119 Page 4 of 68 W. Dreyer et al. ZAMP

vanish only globally in the spatial domain and that this phenomenon is concentrated in a compact set of
measure zero in time.

Our method relies at first on a priori estimates that result from the thermodynamically consistent
modelling, and from the conservation of total mass. The estimates are partly a consequence of known
results for the Poisson equation or the Navier—Stokes equations, but we can regard the estimates on the
chemical potentials of the mixture constituents, in particular in the presence of chemical reactions, as
original (Theorem 11.3). The control on diffusion gradients and the chemical reactions is used to reveal a
relationship between the blow-up of differences of chemical potentials and the entire vanishing of certain
groups of species. In order to exclude the latter phenomenon, a restriction on the initial net masses of
the involved constituents turns out sufficient.

Compactness techniques constitute the second fundament of our method. Note that the Aubin—Lions
compactness Lemma and its generalisations, which are typically invoked in similar investigations (see
for instance [8]), attain their limit in the context of the PDE system (1), (2), (3) due to the complexity
of the relationship between time derivatives (transport) and diffusion gradients. We exploit the original
ideas of [24] based on structural PDE arguments as an adequate substitute. Moreover, we invoke the
compactness properties of the Navier—Stokes operator established first in [28] and extended in [15] to
show compactness for the total mass density.

Since large parts of the modelling work in [12] are original and not yet well known in the mathematical
literature devoted to the analysis of models for the electrolyte, we are not able to quote a direct precursor
for our analysis in the context of electrochemistry. Similar models are known only in the context of
multicomponent gas dynamics. We refer to the book [18] for an overview about models in this area and
for first insights into their strong solution analysis. It is to note that the global weak solution analysis of
multicomponent flow models is, up to few exceptions, widely unexplored. Let us here mention the papers
[31] and [34] where models of compressible mixtures with energy balance, but without electric field, were
studied. These models are not derived from exactly the same thermodynamic principles that are used in
our study: Particularly, the constitutive equations for the pressure, for the diffusion fluxes and for the
reaction terms, are different in [31] and in [12]. The compactness question occurs there like in our analysis
but is solved assuming a special structure of the viscosity tensor, called Bresch-Desjardins condition. The
latter allows to obtain estimates on the density gradient, a device which is not at our disposal here. A
further difference between the two mixture models concerns cross-diffusion, which is described in [31]
and [34] by a special choice of the mobility matrix, whereas we allow for general symmetric positive
semi-definite matrices. Note that the mobility matrix must be symmetric at least in a binary mixture.

Among recent less directly related investigations let us mention: In the context of general diffusion,
[2], [25]; for models with simplified diffusion and pressure laws [4,16]; for the analysis of incompressible
models of Nernst—Planck—Poisson type [5,7,22].

Due to the length of the investigation, let us point out at three main parts in the manuscript. The first
part consists of Sects. 2-7. Here, we derive the model, we set up, for the functional analytic treatment,
an equivalent formulation which exhibits more stability against extreme behaviour (species vanishing,
vacuum), and we propose a survey of the main mathematical results. The second part (Sects.8-11) is
devoted to the construction of approximate solutions respecting the natural a priori estimates. The third
part (Sects. 12, 13, 14) is concerned with the investigation of compactness properties, and with the proof
of convergence of the approximation scheme.

2. Improved Nernst—Planck—Poisson model

The model will be introduced following [13]. It is formulated for the normal regime of the system, in
particular it is assumed that the mass densities of the constituents do not vanish. Throughout the paper,
the bounded domain  C R? is representing an electrolytic mixture. The boundary of { possesses a



ZAMP Improved Nernst-Planck-Poisson models Page 5 of 68 119

disjoint decomposition 02 = I' U X: The surface I' represents an active interface between an electrode
and the electrolyte, where chemical reactions and adsorption may occur. The other surface X represents
an inert outer wall with no reactions and no adsorption.

The mixture consists of N € N species denoted by A;,..., Ay. A molecule of A; has the elementary
mass m; > 0 and, as ions are involved, it carries a multiple z; € Z of the elementary charge €.

We assume that the system is isothermal so that the absolute temperature, denoted by 6, is a positive
constant. Under the isothermal assumption, the thermodynamic state of the mixture at time ¢ € [0, T
is described by the mass densities pi,...,pn of the species, the barycentric velocity v of the mixture
and the electric field E. As usual in electrochemistry, a quasi-static approximation of the electric field is
considered, i.e. the magnetic field is constant and the electric field satisfies E = —V¢. The scalar function
¢ is called electrical potential.

The active boundary T' can be viewed as a mixture of NT = N + N constituents denoted by
Ay, ..., Ayr, where the additional N°** constituents take into account the species of the adjacent exterior
matter, i.e. electrode species. Thus, we only consider surface chemical reactions with participating species
that also exist in the adjacent bulk domains. The surface constituents have the surface mass densities
plfa ] pI];]F-

We consider s € N chemical reactions in the bulk and s' € N surface reactions on the boundary T,
respectively. The k*!' chemical reaction in the bulk (k € {1,...,s}) and on the boundary (k € {1,...,s"})
possesses the general structure

k k Rl k
GEAy ot Ay = b AL e DR A,
R},
k k L &
aF71A1 + - +aF7N1"ANF ﬁ bF’1A1 +"'+bF7N1"ANF.
RL:

The constants af, b¥ and af ,, bfi are positive integers called stoichiometric coefficients. For k =1,...,s,
we define a vectorial coefficient associated with the k" bulk reaction via

YR eRN, AF = (a¥ —bF)m;, fori=1,...,N.

Due to the inclusion of the masses, 7',...,v° are not the usual stoichiometric vectors, but this will
simplify the notation. The forward reaction rate of the k*" reaction is R£ > 0, and the backward reaction
rate is RZ > 0. The net reaction rate of the k*" reaction is defined as

Ry=R. —R) fork=1,...,s.

The same definitions hold for the surface reactions on I'. Here, the vectorial coefficients are defined via

k NP k k k : r
weERY , Af,; = (ar’i—bm)mi, fori=1,...,N",
. T T .
and the surface reaction rates are RL = Rk’f —Rk’b for k =1,...,s". Since charge and mass are conserved
in every single reaction
N N
g v =0 and %7520, for k=1,...,s,
=1 =1

NT NT
Z'y{i’izo and Z;;iy’;i:o, fork=1,...,s".
i=1

=1
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2.1. Balance equations in the bulk

In the isothermal case, the evolution of the thermodynamic state is described by the equations of partial
mass balances, of momentum balance, and by the Poisson equation.

In 0, T[x€) the mixture obeys for i = 1,..., N the partial mass balances
op; ; 2
8/; +div(piv+ J) = nyf Ry.
k=1
Here, v denotes the barycentric velocity of the mixture, while J1,..., JV are called the diffusion fluxes.
The total mass is defined as o = Zf\; pi- Together with v it has to satisfy the continuity equation
0
875 +div(pv) = 0. (5)

Thus, the conservation of total mass yields additional constraints on the diffusion fluxes and the mass
productions:
N N
Zﬁ:o and ZHZO- (6)
i=1 i=1
While the constraint (6)s is a consequence of the conservation of mass in every chemical reaction (cf. (4)),
the side condition on the diffusion fluxes has to be guaranteed by an appropriate constitutive modelling.
The principle momentum balance possesses the expression

0
%—&—div(gv@v—a):gb—l—nFE.

Herein o denotes the Cauchy stress tensor, pb is the force density due to gravitation, and the symbol
n¥ E stands for the Lorentz force due to the electric field. The quantity n’ represents the free charge
density that is defined via

N
F Zi
=e0 Y p;. 7
n eonim (7)

Throughout the paper, we are going to neglect the gravitational force that plays no role in the analysis.
In the electrostatic setting the balance equation for the electric field reduces to the Poisson equation
for the electrical potential,

—eo (1+x) ¢ =n". (8)
Here, x > 0 is the constant susceptibility of the electrolyte.

2.2. Constitutive equations

The constitutive equations for the mass fluxes, the reaction rates and the stress tensor can be derived
from one single free energy density 0w of a general form

Q¢:h(9ap177pN) (9)
The derivatives
oh
Hi = T(aaplw"vpl\/') (10)

are called chemical potentials, In the isothermal setting, the balance equations and the free energy density
yield a local entropy production &€ = £p + Er + &y > 0 with three contributions due to diffusion, ¢p,
reaction, £g, and viscosity, &y (see [3,13,29]). A constitutive model that relies on the free energy function
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of the form (9) implies explicit expressions for the three entropy productions as binary products. From
these expressions, we may derive constitutive equations that yield three separate non-negative entropy
productions. For more details regarding the derivation of the entropy production, we refer to [3,9,29]. In
[3], it is shown how cross-effects revealing the Onsager symmetry can be introduced.

Diffusion fluzes The entropy production due to diffusion reads

N
i i . i i €0 % .
=— J'- D', with D*:=V— — ——F, fori=1,...,N.
D ; 0 0 m,
Here, D', ..., D" are the thermodynamic driving forces for diffusion, The simplest constitutive ansatz

for the diffusion fluxes J*',..., JV that implies £p > 0 is given by
J'=-Y M;;D fori=1,...,N.
j=1

NXxN
sym

depend on p. Moreover, the side condition Zfil J? =0 is complied with if the mobility matrix satisfies

The proportionality factor M € R is called the mobility matriz. It is positive semi-definite and may

N
> Mi;=0 forj=1,..,N. (11)
i=1
For instance, following the paper [12], one can construct M from an empirical mobility matrix Memp(p)
and a linear operator P : RY — RN=1 x {0} via

M :=PT Mepp P, Memyp := diag(dy p1, ..., dv—1pn—1, 1), (12)
where dy, ..., dy—1 > 0 are diffusion constants, and the lines of the matrix P are given by the differences
e’ — e/ of standard basis vectors for i = 1,..., N. In fact, any operator P that satisfies for i = 1,..., N

the condition Zjvzl P;; = 0 can be chosen in (12) in order that (11) is valid. However our analytical
results do not rely on the particular structure (12) of the matrix M.

Reaction rates The entropy production due to chemical reactions assumes the form
S
¢n=-Y RiDJ. (13)
k=1

The driving forces DY, ... D} are defined, for k = 1,..., s, via Dg = Zf\il 7% 11;. To achieve &g > 0, we
assume that the vector of production rates are derived from a convex, non-negative potential

R=-Vpr¥(D®), with ¥:R* — R convex and Vpr¥(0) =0 . (14)

This choice is in fact more general than in [13], where the following potential is employed,

S
_ 1, —BrapDR B DR
U= =Y ghoe e DE (14 bl 4O
k=1

with positive constants o, . . ., as and constants 31, ... (s €]0, 1[, C' € R arbitrary. The latter corresponds
to an ansatz of Arrhenius type, which is widely used in chemistry,
Ry = e~ Bk Ak D (1 — oAk DE) . (15)

Stress tensor The entropy production due to viscosity is £y = %(a +p 1d) : D(v), with the driving force
D(v) = (0;v; 4+ 0jv;)i j=1,....3, and the identity matrix Id. We split the Cauchy stress tensor into a viscous
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part SV1%¢ and the pressure p via ¢ = —pId + SVI5¢. Then, the material pressure can be calculated from
the free energy function (9). The resulting representation is called Gibbs—Duhem equation and reads

N
pi=—h+> pipi. (16)
i=1

The simplest constitutive choice for the viscous stress tensor SV*¢ satisfying &, > 0 describes a Newtonian
fluid. It reads

SVis¢ — 5 D(v) + A\ dive Id, (17)

where 77 > 0 is the shear viscosity, and the coefficient A of bulk viscosity satisfies A + %77 > 0.

2.3. Choice of the free energy function

The constitutive model is derived from a free energy density of the general form (9). To describe an elastic
mixture, the free energy density ot is additively split into three contributions,

N
b= Zpl N;Ef + hmech + hmix. (18)
i=1
The constants uff (1t =1,...,N) are related to the reference states of the pure constituents. The con-

tribution A™°°" is the mechanical part of the free energy that is neglected in the classical Nernst-Planck
theory. The function h™* represents the mixing entropy.

In the presentation of [11,12], the contributions A™¢* and h™ are naturally given as functions of the
number densities nq,...,ny of the constituents. These are defined via n; := p;/m; (i =1,...,N). The
number fractions are defined via y; := n;/ Zjvzl nj fori=1,...,N.

The mechanical free energy is associated with the isotropic elastic deformation of the mixture. It
takes into account different reference partial volumes Vi,..., Vy € Ry of the constituents. Assuming a
constant bulk compression modulus K > 0, the mechanical free energy according to [11] is a function of
the mixture volume vazl n; Vi:

N N N
hmech — (K _ pref) (1 — an ‘/z> + K (Z n; ‘/;) In (Z n; ‘/z> .
i=1 i=1 i=1

Here, prer is a constant reference value of the pressure. Another possible choice, corresponding to a
polynomial state-equation (Tait equation), is

N K N « N
R = (K — preg) <1va> +— ((ZnV> va> ;o> 1
1=1 1=1 1=1

For the sake of generality, we express h™°? in the form

N N
hret = P> i Vi) +C Y miVi,  F: Ry — R convex. (19)
i=1 i=1
Dreyer et al. use F(z) := z Inz 4+ C; for an ideal mixture, whereas the Tait equation corresponds to

F(z) = co % + Cy. The contribution h™* results from the entropy of mixing and is given by

N N
Rix . — <Z ni> kg 0 Zy, Iny;, (20)
i=1

i=1

where kg is the Boltzmann constant.
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2.4. The model for the boundary I

The active boundary I' represents an interface between the electrolyte and an external material. In
the most important application, the external material is an electrode which is likewise a mixture of
Nt ¢ N constituents. Here, we have analogous quantities to those that occur in the electrolyte, namely
the barycentric velocity, and diffusion fluxes and so on. To distinguish between the electrolyte and the
external material, we make use of the suffix ®* in connection with external quantities.

In this paper, we assume for simplicity that the constituents occurring on I' also exist in the bulk,
either in the electrolyte or in the external material. Thus, the interface I is a mixture of NT = N 4 N°xt
constituents. The equations of an interface representing a surface mixture are derivable in the context
of surface thermodynamics, and we refer the interested reader to [1,13,20]. As in the bulk, there are
universal surface balance equations and material-depending surface constitutive equations. To simplify
the surface equations, we assume on ]0, T[xI:

(a) Time variations of the surface mass densities and tangential transport are negligible in comparison
to mass transfer across the surface and to chemical surface reactions.

(b) The interface is fixed in space, i.e. the interfacial normal speed is zero.

(¢) There is no velocity slip and the normal barycentric velocity is equal to the interfacial normal speed,
i.e. we have v = 0 on |0, T'[xT.

Surface mass balances and surface reaction rates In what follows the interfacial unit normal v points
into the external material. Under the assumptions (a), (b), (c¢), the surface mass balance equations on
10, T[T reduce to

r i -

C+J fi =1,...,N,
0= TZF_'_ eyxti OI‘Z' ext (21)

TN — S5 v fori=1,..., N,

Here, we make use of the convention that the N first species on I' are the electrolyte constituents, while
the constituents with indices N +1,..., N 4+ N are the external ones.

It remains to specify the surface mass production rI' due to surface reactions. As in the bulk, the
production 7' is related to the surface reaction rates R by

SF

rf:Z'y]ﬁiRg fori=1,...,NV .
k=1

The interfacial entropy production £ due to chemical reaction is (see [13])

st NT
fgz—ZRgD,E’RZO, D,E’R::Z’y{f,iuf fork=1,...,s" .
k=1 i=1

The entropy production of the surface has the same structure as the corresponding entropy production
in the bulk (13). Thus, in order to satisfy the entropy inequality, an ansatz similar to (14), (15) may be
used. We assume the existence of a potential U' so that

RT = —VpraUT(DTR), OT: R — R convex s. t. Vpra®'(0) =0 . (22)
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Normal diffusion flures Under the assumptions (a), (b) and (c), the constitutive equations proposed in
[13,20] for the normal diffusion fluxes at |0, T[xT" simplify to

N
; r r :
Jl-V:ZMm(uj — ;) fori=1,...,N,
j=1
Next (23)
TNy = = N M (S = pyyy) ford =1, N
j=1
Here, pu!', ..., uk, are the surface chemical potentials of the electrolytic species, whereas the quantities
uly IRTREES ul;v 4 nvexe are associated with the external species. These equations describe the adsorption of a

constituent from the bulk to the surface. The kinetics of this process is controlled by positive semi-definite
matrices

ext ex
MF c RNXN and Mr,ext c RN XN t.

sym Sym

Simpler form of the transmission conditions In the general thermodynamic setting, the surface chemical
potentials are derivatives of a surface free energy. Due to the assumption of stationary surface equations,
and that the boundary is fixed, we are able to formulate all surface equations in terms of the bulk chemical
potentials. From a mathematical viewpoint the equation system (21), (23) only serves to eliminate the
surface chemical potentials p! in order to calculate the external fluxes of the electrolytic species (see the
appendix, section C).

Denoting by R(M") the range of M', we define 3" := dimR(M?"), and we choose basis vectors

41,4 for R(MT). The conditions (21), (23) allow to represent the flux of the electrolytic species via

Jv=—p;—J) fori=1,...,N.
Here, the external response J is a mapping from [0, 7] x T into span{4*,. .. ﬁér}. The modified reaction
term 7 is a map on [0,T] x T x Rgr, which possesses the structure

§1"

T
P=Y Rt @ At 4 ) AF fori=1,... N, (24)
k=1
Moreover, there is a convex non-negative potential WT : [0,T] x T x RS" — R such that Rr(t, xz, D) =
—VpW(t, 2, D) for all (t,z, D) € [0,T] xT' x R, and V¥ (¢, 2, 0) = 0 for all (t,z) € [0,T] x I'. The
data p®t, MU and MT*** are included in the position dependence of J° and W' In the analysis we shall

for simplicity assume that this J° and this T are the boundary data. In applications the solution of a
few additional nonlinear algebraic equations are necessary to compute them.

Electrical potential The boundary condition for the electrical potential can be derived from Maxwell’s
equations for surfaces, which are satisfied in the quasi-static stetting by a continuous electrical potential
(see [13]). On ]0,T[xT" we impose the condition ¢ = ¢y, where ¢ is the given electric potential at
10, T[xT.
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3. Summary of model equations

Domain € Summarising, the evolution of the state (p, v, ) in |0, T[x€ is described by the PDE-system

N

0 i . eq Zj - s
a/;s +div | piv =Y Mij(p) (V(n/0) + % V) | == > A 0pp¥(y' -7 ), (25)
=1 k=1
S0 . N N
% +div(ov @ v — SV¥(Vw)) + V <—h(9, p) + Z i ui> = —eg ( o pi> Vo, (26)
i=1 i=1
N
—eo (L+X) Ap=eq »_ 2= p;. (27)
=1

Here, the chemical potentials yu; are related to the densities via (10), the function A is chosen of the form
(18) with (19) and (20), and S¥*¢ is subject to (17).

Boundary T’ We have on |0, T[xI" the boundary conditions

SF
0=> AR+ (J—J™) v, (28)

k=1
J-v=M"(u—pu") for electrolyte constituents, (29)
Jo -y = Mt (ot — ) for external constituents, (30)
v=20, (31)
¢ =¢o , (32)

where the external chemical potentials p®**, the external potential ¢y and the kinetic matrices M" and
MUt are given. The reaction rates R are satisfying (22). Recall that the conditions (28) represent N
equations and are a shorter form for (21). Alternatively to (28), (29) and (30),

§1"

Jv= Z 3ﬁg,\ilp(t, o A, ﬁér ) AF = g0 for electrolyte constituents. (33)
k=1

Boundary 3 We choose as simple as possible a model on the surface |0, T[x% where basically all effects
can be neglected: No mass flux (p;v+J%)-v =0fori=1,..., N; Complete adherence of the fluid v = 0;
No surface charge Vo - v = 0.

Initial conditions Initial conditions are prescribed for the variables p1, ..., pn. We denote them ,0?, i =
1,...,N. Moreover, an initial state v° is also given for the velocity vector.

4. Notation

To get rid of overstressed indexing, we simplify the notation by making use of vectors. For instance, we
denote p the vector of mass densities, n the vector of number densities, i.e.

pi=(p1,p2,--,pn) ERY, m:=(ny,ng,...,ny) € RY.

Moreover, we define the vector 1 := 1% := (1, 1,...,1) € R", and we introduce the quotients of charge
over mass e° z;/m; =: Z;, and of volume over mass V;/m; =: V; as vectors via

7 ._ 0 N . (W V 1% N

Z:=e (;Tll, %,,;’L) eRY, V.= (m—ll,m—z,,ﬁ) eR™ .

Using these conventions, we have a. o. the identities o =1 -p, nf' =Z - p,n-V =p-V, etc.
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With Ry =]0, +o00[ and Rg 4 := [0, +00[, we define RY := (Ry)" and R{Y, = (Ro.4)".
The diffusion fluxes J',...,J" span a rectangular matrix J = {Jj} € R¥*3. The upper index

corresponds to the lines of this matrix. Vectors of RV are multiplicated from the left, as for instance in
1-J= 21]\;1 J* which is an identity in R3.

The vectors v!,...,v® span a rectangular matrix v = {'yf} € R**N . The upper index corresponds
to the line of the matrix. Vectors of R® are multiplicated from the left, as for instance in the identity
r=R-v=>,_,R +* in RN. Analogously the vectors T, .. mfép span a rectangular matrix yp =

{'y{il} € R *N" In order to describe the reactions, we shall further make use of the abbreviations
R:R* —R*, R:i=—VpaWand R : RS - R¥ | R = -V, 0T,
For notational simplicity, we introduce the positive constant

X =€ (1 +x).

Moreover, since the constants K, kg and 6 play no role in the analysis we shall, for the sake of simplicity,
normalise them to one.

We denote with A\ the Lebesgue measure on |0, T, with A3 the Lebesgue measure on 2, and with A4
the Lebesgue measure on Q. If the context is clear enough, we also employ the abbreviation | - | for the
Lebesgue measure of a set indifferently of its dimension.

Functional classes We define Q; =]0,¢[xQ and S; :=|0,¢[xT. We set Q := Qr and S := Sp. For 1 <
P, ¢ < +00, we employ the notations LP2(Q) = L?(0,T; L1(f2)).
We make use of standard Sobolev spaces for spatial domains and space-time domains. In particular,
recall that W-°(Q) = L*(0,T; W?(Q)). We define W;g(Q) = {u e Wy°(Q) : trace(u) = 0 in LP(S)}.
For a convex, non-negative potential ¥ € C(R®), s > 1 (and for its conjugate ¥*), the vectorial Orlicz
classes Ly (Q; R?) and Ly~ (Q; R*) are well known. We make use of the notation

[DR]L\I/(Q;]RS) = /‘II(DR(t, x)) dx dt.
Qr

For W' ¢ [>=(S; C? (Rér)), we define a vectorial Orlicz class Lgr(S; Rgr) as the set of all measurable
DR § — R¥ such that

DR

Lyr(8:RT) = / UU(t, &, DVR(E, ) dS(x) dt < 4o0.

S

5. Mathematical assumptions on the data

From the thermodynamic viewpoint, the free energy function h, the mobility matrix M and the potentials
U, Ul are the essential objects determining the properties of the constitutive equations. Mathematical
results can be obtained under suitable restrictions to these objects. In addition, restrictions are as usual
necessary concerning the geometry and the quality of boundary and initial states. In this investigation,
we are not concerned with pointing at optimal classes for the second type of data.

Assumptions on the free energy function Our estimates on the (relative) chemical potentials require the
special form (18), where the mixing entropy obeys the precise representation (20). We allow for a certain
generality only at the level of the function ™" which we assume of the form (19).

Thereby, we assume that F belongs to C*(R;) NC(Rg +) and is a strictly convex function. Moreover,
we assume that there are 3/2 < o < 400 and constants 0 < ¢g, ¢; such that

F(s) > cys® —cy, forall s>0, (34)
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and that there are positive constants kg < k1, k2 < k3 and s; > sg > 0 such that

k k
DL F'(s) < forall s €]0,50], kos® 2 < F'(s) <kss® 2 forallse[sy, o0  (35)
S S

For the analysis, we further crucially need that F’ : Ry — R is surjective. This is not satisfied for
instance by the pure polynomial ansatz according to Tait, but it always follows from (35) in connection
with the strict convexity of F. The assumptions (34), (35) cover the typical choice F(s) = s Ins—as
for instance in [12]—in the range of finite densities, but require superlinear growth for large arguments.
The restriction « > 3/2 is imposed by the available methods for the weak solution analysis of (single-
component) Navier-Stokes equations.

Assumptions on the mobility matriz M is symmetric and positive semi-definite. Throughout the paper,
we assume that M is mass conservative, that is

M1 = 0. (36)

Moreover, we assume that the entries of M are continuous functions of the vector p of the partial mass
densities, with at most linear-growth in p.

Except for these few points, the exact structure of the mobility matrix is a delicate topic (in particular,
there are connections to the Maxwell-Stefan theory, see [3,18]). In this paper we restrict ourselves to the
assumption that M has rank N — 1 independently on p. In other words, denoting 0 = A1 (M) < Ao(M) <
... < AN(M) the eigenvalues of the matrix M, we assume that there are positive constants 0 < A < A
such that

A< N(M(p) <A1+ p]) foralli=2,3,...,N, peRY. (37)

Let us remark that due to this assumption, only regularisations of the original ansatz of the paper [12]
are included in the analysis: In formula (12), we must, for example, apply a cut-off from below to the
entries of the empirical matrix Memp.

Assumptions on the reaction rates The reaction rates are derived from a strictly convex, non-negative
potentiall U € C?(R*). It is possible to consider general convex potentials with super linear growth but,
for the sake of technical simplicity, we shall require at least linear growth of the rates via

inf  Apin(D?¥(DR)) > 0, inf  Apin(D?UT(DVRY) > 0. (38)

DReRs DF,RGRSF

As to the adsorption coefficients M and MY *** occurring in the boundary conditions (29), (30) they
play in the analysis a role comparable to linear reactions. We assume them to be symmetric and positive
semi-definite constant matrices. Moreover, in connection to the no slip condition (31), it is no restriction

to require that M" 1% = 0 and Mt 1V “" = 0. Under these conditions, the modified reaction potential
Wl on the boundary fulfils (see appendix, section C for a proof)
inf Amin(D?WF (£, 2, DT'RY) > 0. (39)

DUReRsY (t,2)€]0,T)|xT

Assumptions on the domain Q and the boundary T'.  C R3 is bounded and of class C%!. In connection
with the optimal regularity of the solution to the Poisson equation with mixed-boundary conditions, we
introduce the exponent r(Q, ') as the sup. of all numbers in the range [2, +oo[ such that

—Au=fin [WEB/(Q)]* implies u € Wi (Q)

for all f € [Wplﬁ,(Q)}* and all 3 €]r’, r[ with v’ := (40)

r—1

11t is always possible to achieve the non-negativity, because the model only requires that ¥ has a global minimum in
zero, but its value is not prescribed.
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It is well known that (2, ') > 2 in general (see [19] a. 0.), but there are numerous situations where,
depending on the boundary of the domain and the structure of the surface I', the optimal exponent
satisfies (€2, T') > 3 (see [10] for results and discussions on this topic). We require that

, «a
= <, 41
o= e < (41)

with « from (34). This of course might be a restriction only if a < 2.

Assumptions on the remaining boundary data We consider only non-degenerate initial and boundary data,
whereby we mean that

p’ € L=(9; (Ry)N),

00 € L®(Q; R3),

¢o € L0, T; WH(Q)) N L>(J0, T[x€), (42)
Ao € Wa(10, T[xQ) N L (0, T[x ),
pet e L°°(]0, T[xT; RN™).

Note that the last assumption in (42) guarantees that JO € L>(]0, T[xT; {§,...4° }) (sce the appendix,
section C). Therefore, there are coefficients 71, ..., ;0 € L°°([]0, T[xT) such that

gF
TP = lt, @) AF. (43)
k=1

The reaction vectors: critical manifold For the analysis of our special model of chemical reactions, we
need to introduce a technical notion. Denote W C 1+ € RY the linear subspace given by

~ ~ 8T
W::span{’yl,...,ys, Ao 04 } (44)

Recall that 41, ... ,ﬁér are the reduced reaction vectors associated with the matrix M'. They are elements
from 1+. Call selection S of cardinality |S| < N a subset {i1,...,ig/} of {1,..., N} such that i; < ... <
i|s|- For every selection, we introduce the corresponding projector Ps : RN — RN via Pg(¢); = & for
i €S, and Ps(€); = 0 otherwise. We define a linear subspace Ws C RY via

Ws := span {Ps(vl), - Ps(7°), Ps(31), - ,ps(@ﬁr)}_

The selection S will be called uncritical if dim(Wg) = |S| and critical otherwise.

For every selection S, we denote S® the complementary index set {1,..., N}\S. It can easily be shown
that the manifold

Mg :=RY N U Ws x Pgi(RN) (45)
Sc{1,...,N}, S critical
is the finite union of submanifolds of dimension at most N — 1. We say that the initial compatibility
condition is satisfied if the vector of initial net masses py := [ pdz € Rf satisfies pg & Myit-
Q

6. Identification of natural variables in the equations of mass transfer

The three following factors affect the solution concept and the analysis of Eq. (25):

e State-constraints (p > 0);
e The mobility matrix has a non-trivial kernel (M 1 = 0). The PDE system is not parabolic;
e For weak solutions, the continuity equation ;0 + div(ov) = 0 might generate a local vacuum.
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6.1. State-constraints

The pair of vector fields (p, p) : [0,T]x Q — RY x RY is subject to the algebraic relation = ¥V ,h(p) (cf.
(10)). Obviously: The vector of mass densities p must belong to the domain of the free energy function,
while the vector of chemical potentials belongs to its image.

Meaningful choices of the function h must in general guarantee that the domain of V,h is a subset
of Rf . Indeed, the algebraic constraint on p must be comply with the physical non-negativity restriction
on the mass densities. The vector of chemical potentials ;+ must belong to the image of V,h. There are
models, for instance the special constitutive assumption (18) with Tait equation for F, for which this
image is a true subset of RV.

These algebraic state-constraints are a fundamental obstacle to the application of a functional analytic
method to prove the solvability of the model. In order to overcome this difficulty, we exploit a particular
observation: For the special constitutive assumption (18), we can show that V ,h : Rf — RY is a bijection
if the first derivative of the function F'is surjective onto R. At least for a relevant particular choice of h, the
PDE system is unconstrained in u, and the chemical potentials are a favourable set of variables to perform
existence theory or numerical approximation. This was already noted in the context of multicomponent
gas dynamics (see [18], [25], [7]).

6.2. A ‘hyperbolic’ component

Diffusion and chemical reactions are the dissipative structures that provide a control on the vector pu.

But the fluxes J!,..., JV and the functions rq,...,ry occurring in the system (25) in fact only depend
on the projection of the vector u on the subspace 1+ := {£ € RV : ¢.1 = 0} (see the side condition (11)
for the diffusion fluxes, and the restriction (4) on the vectors v%,...,~v%).

Thus, natural estimates can be obtained only for a (N — 1)-dimensional projection of the vector p.
Due to this observation it was noted in [12] that a change of variables is advantageous in order to define
the solution. It is to note that this tool is also known from precursor investigations under the concept of
entropic variables: We refer to [18] for an overview. Following these ideas, we keep as main variables:

(a) On the one hand, one coordinate of the vector field p, namely the total mass density o = p- 1. This
is the ‘hyperbolic’ component subject to the continuity equation (5);

(b) On the other hand, N — 1 coordinates of the vector of chemical potentials p defined via a projection
onto the linear space 1+ c RY.

The possibility of these choices relies on an algebraic result that we want to afore mention here (See
Sect. 8, Corollary 8.3 for the proof).

Proposition 6.1. Assume that the free energy function h satisfies the ansatz (18), (19), (20), and that the
function F occurring in (19) belongs to C*(Ry) N C(Ro ), is strictly convex, and possesses a surjective
first derivative F'. Let £',...,6N € RN be a basis of RN such that €N =1, and let n*, ..., n"V € RV
be the vectors such that £ - 1) = 5{ fori,j=1,...,N. We define a projector II : RN — RN~1 and an
extension operator £ : RN=1 — RN associated with the basis {fi}izl.,,,N via

N—1

OX:=X-nt,..., X9V Y forXeRY, Eq:= Z q &F for g e RN L

k=1
Then, there are mappings Z € C*(Ry xRN =1 RY) and 4 € C'(Ry x RN~1; R) such that the nonlinear
algebraic equations p = V ,h(p) are valid for p € RY and p € Rf if and only if there are o € Ry and
q € RV such that

p=%0,q), p-l=o and  Hp=gq, p-n" =40, q). (46)
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In view of Proposition 6.1, we equivalently define a solution to the system of Eq. (25) as a pair (g, q),
with a function g :]0, 7[x — Ry and a vector field q :]0, T[x€2 — R¥~1 such that

0% (0, q) + div(Z (0, @) v — M(%(0, q)) (VEq+ ZV¢)) = R(v' - Eq,....7" - £q) 7. (47)
For instance, one might choose £ = e’ (i = 1,..., N —1). In this case, nt=ef—eNfork=1,...,N—1
and n"V = V. Thus, Iy is the vector (i1 — fin, ..., in—1 — pv). For this reason, we propose to call

relative chemical potentials the components of the new variable q.
In order to reexpress also in (26) and (27), the other occurrences of the original variables p, p, we use
the following equivalences relying on (46):

N
p=—h(p) + Z pipi = (—F +id F') (V- %(0, q)) =: P(0, q),

' =Z-p=27-%(0, q).

Remark 6.2. e It might be of importance to allow for a general II, as its choice can be suited to the
structure of the mobility matrix (e.g. (12)) in order to simplify the structure of the diffusion.

e In [14], we relaxed the lower bound in the condition (37) and used another strategy to introduce

relative chemical potentials: define § € ORY via § := p — max;—;

6.3. Vacuum oscillations

Although the pre-suppositions of the free energy model (18) in fact completely fail if the total mass
density is below a lower critical value, the mathematical analysis cannot exclude the occurrence of a
complete vacuum.

For our analytical treatment, a vacuum is characterised by the fact that the variables ¢ and ¢ are
‘decoupled’ because the mapping q — Z(o = 0, q) is trivial on the entire RV~!. A concrete technical
difficulty is raised concerning the compactness. Estimates on time-derivative are available only for the
p-variables and do not transfer one to one to the ¢ variables, since a sequence of mass densities p" =
(0, q") (n € N) such that g, — 0 would converge strongly even if the corresponding ¢" exhibit
oscillatory behaviour.

Since the reaction densities are nonlinear expressions of ¢i,...,¢gn_1, the vacuum-oscillations affect
the concept of the solution at this level: The representation R = —dpr¥ (4! - Eq,...,7* - Eq) for the
production rates is restricted to the set where p is strictly positive. An analogous situation occurs at the
boundary 0, T[xI" whenever it is in contact with a vacuum.

In order to include the possibility of this extreme behaviour, we relax the concept of a solution to (25),
(28), (29), (30). It now contains four entries: the scalar g :]0,T[xQ2 — R, (total mass density) and the
vector field ¢ :]0, T[xQ — RN~ (relative chemical potentials) like in the natural definition, but also the
production factors in the bulk R :]0,T[xQ — R* and on the interface RT :]0, T[xI' — R¥". We define
the vacuum-free set via

Q" (o) :=={(t,z) €0, T[xQ : o(t,z) > 0}.

For the representation of the bulk reactions, we require r = > ;_,; +v* Ry, with the following weaker
condition:

R=R('-&q,....7* Eq) in QT (o). (48)
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We introduce a set ST(p) CJ]0,T[xT as the subset of all (t,z) €]0,T[xT such that there is an open
neighbourhood U, , with the property

M (Usa 1{(5,9) €10, T[xQ : (s, y) = 0}) = 0.
For the concept of the solution, we ask for the representation 7 = er:l Ak R£ together with

RT=R"(t, 2, 4" &q,...,5° - Eq) in ST (o). (49)

7. The mathematical results

7.1. The solution class

For t > 0, we recall that Q; =]0,t[x), Q = Qr and that S; =]0,¢[xT", S = Sr. Exploiting the preliminary
considerations of Sect. 6, a solution vector to the entire system (25), (26), (27) with boundary conditions
(28), (29), (30), (31), (32) and initial conditions (=: Problem (P)) is composed of the scalars p: Q — R,
(total mass density) and ¢ : Q — R (electrical potential) and of the vector fields ¢ : Q@ — RV ~1 (relative
chemical potentials), and v : Q — R? (barycentric velocity field). If we want to account for the possibility
of vacuum, the production factors are not everywhere functions of these components only. Thus, we also
introduce R: Q — R*, R' : § — RS as variables. For a given vector (g, g, v, ¢, R, R"), we introduce
on the base of PrOpOblthH 6.1 the auxiliary variables

p =% 0, q), (50a)
J=-M(p)D, D:=VEq+ 2V, (50P)
r=> "Ry, D=9"-Eq fork=1,..s, (50c)
P=Y 4 Rp, Dpfti=4F-gq fork=1,... 3 (50d)
p = P(Q, q)7 (506)
N (50f)

An essential property of solutions is the mass and energy conservation.

Definition 7.1. We say that (o, q, v, ¢, R, R) satisfies the (global) energy (in)equality with free energy
function h and mobility matrix M if and only if the associated fields and variables (50) satisfy, for almost
all ¢t €]0,T7,

Q/{; ov' + %’ZWW +h(p)} (t) do

Qt St

(é)/{;eo |v0|2+;>‘<IV¢o(0)l2+h<p°>} o /{"F%—xw-v%} do
Q Q

0

+ / (0" o, — YV6- Voo, + /{(H I - Z o+ J° - Eq). (51)
t St
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We say that (o, ¢, v, ¢, R, R') satisfies the balance of net masses if the vector field

pi= [pia= [F0 0z, (52)
Q Q

is subject to

p(t) —p0+/ /T+/T+JO (s)ds for all t € [0,T]. (53)

0

The conservation of energy provides the natural bounds that will allow to define the weak solution.
We introduce what one could call a natural class B, because this class naturally arises from the global
energy and mass conservation identities associated with the model. The class B reflects the regularity of
the weak solution and depends on several parameters
The final time T' > 0, the domain © and the partition I' U ¥ of its boundary (see (40));

The choice of the free energy function h and in particular the growth exponent of (34);
The mobility matrix M, in particular its rank denoted by rk M;
The choice of the potentials ¥ and W' for the reaction densities.

The variables o, ¢ and v will satisfy the conditions
0 € L=*(Qr; Ro4), (
v € Wy 5(Qrs R?), (
Vo € L (Qr: BY), (56
¢ € L®(Qr), V¢ e L=’ (Qr;R?), (
with the exponents a > 3/2 and r(£2,T") > 2 of the conditions (34) and (40), and with

. Ko}
ﬂ = min {T(Q, F), M_} . (58)
For the variables R and R', we consider the conditions
~RELy-(Q;R®), —RT € Lygr,.(S:R*). (59)

For the variable g, a control is achieved on the spatial gradient thanks to the assumption (37). However,
in the context of flux boundary conditions, the bound on the L'-norm is a non-trivial problem. We
shall nevertheless obtain, in Theorem 11.3, the integrability in time via complex estimates involving the
diffusion gradient, the reactions and the conservation of total mass. Under the assumption (38) of at least
quadratic potentials, a natural class for the variable ¢ is then

g€ Wy (@ RV, (60)
Due to the dissipation of chemical reactions, the variable ¢ also satisfies the additional conditions
R s R
(v' - Eq,...,7 - Eq) € Lo (Qr; R®), (3 -E€q,...,4° -&q) € Lgr(Sr; RY ). (61)

The natural class B also encodes an information concerning the conservation of global mass (integration
of (25) over €, (53)). We additionally introduce a non-negative function ®* € C([0,7]?), ®*(¢,t) = 0
constructed from the functions ¥, W' (and thus from R and R') via

O (ty, tg) = sup //R vl + su //R A+ (t2 — t1), (62)
[=R]r 4. (@)<Co i — R]L 0

o) *<s><Co
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for all 0 < t; <ty < T. Here, Cy is an appropriate constant that we will choose later. For a function
u € C1([0,T7]), we define a weighted modulus of uniform continuity via

[u(ts) — u(t2)]
Ucy. (01]) = SUp
lc- 0.z t o) P*(ta, t2)

Definition 7.2. If (o, q, v, ¢, R, RY) fulfils (54)—(57) and (59), (60), (61), we define
[(Qv q, U, (ba R7 RF)]B(T,Q,a,rkM,\I/,\I/F)
= llellzee@) + vllwrogrs) T IVevlliLer(gsrs) + 19l @) + IVl L5 (52

R AR
+ ||qHW21‘O(Q;]RN*1) + D]y (@ire) + [D ]L@F(S;Rér) + H']HLI%(Q;RNxs)

+[~R]ry.(Qire) + [—RF]L@F)*(S;R@) + HPHme{Hé, -3 + [Plcg- (0,77 RN )

where DR, J p are defined in (50), and p in (52). We say that (o, ¢, v, ¢, R, R') belongs to the class
B(T, Q, a,rk M, U, UT) if and only if the number [(¢, ¢, v, ¢, R, R")|5(1, 0, o, rk M, w, wr) is finite.

Definition 7.3. We call a vector (g, ¢, v, ¢, R, R') € B(T, Q, a, N — 1, ¥, U') a weak solution to the
Problem (P) if the energy inequality and the balance of net masses of Definition 7.1 are valid, and if the
quantities p, J, r and 7, p and n’" obeying the Definitions (50) satisfy the relations

= [oow= [ovr): o
Q

Q
= [0 v+ [rovs [G090 voeckor @ rY)), (63)
Q Q St
—/gv~8m—/gv®v : Vn—/pdivn+/S(Vv) 1 Vn
Q Q Q Q
— [0 00~ [n"To-u ¥yeClo.Th CHOs R, (64)
Q Q
X /V(b V(= /nF( V¢ e L0, T; Wp?(Q)) and ¢ = ¢ as traces on 0, T[xT, (65)
Q Q

and if the identities (48) and (49) relating o, ¢, R and R' are valid.

This concept of weak solution is well defined owing to standard estimates.

7.2. Main theorems

Theorem 7.4. (Global-in-time existence) Let Q € C%1. Assume that the free energy function h satisfies
(34) and (35) and that the mobility matriz M satisfies (36) and (37). Let ¥ € C2(R*) and UT € C2(R*")
be strictly convex, non-negative and satisfy (38). Assume that the initial data p° and v°, and the boundary
data ut, ¢g are non-degenerate in the sense of (42), and that one of the following conditions is valid:

(1) a>2;

(2) 2<a<2andr(Q,T)>d;

(3) 3 <a<?, r(QT)>d and the vectors m € RY and V € RY are parallel.

Njwal©o
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Assume moreover that the vector p® = fpo (x) dax of the initial net masses of the constituents has positive

Q
distance to the manifold M.y of (45). Then, for T > 0 arbitrary, the problem (P) possesses a weak
solution in the class B(T, Q, a, N — 1, U, W) (sense of Definition 7.3).

We can characterise the singular states of the system associated with species vanishing.

Theorem 7.5. We adopt the same assumptions as in Theorem 7.4. For every weak solution to (P), the
compact set Ko := {t € [0,T] : min;—1, n p;i(t) = 0} satisfies A\1(Ko) = 0. For almost all t € [0, T]\ Ko,
the domain Q0 possesses the disjoint decomposition Q = Py UV UN; where

(1) Pr={xe€Q : min;—y__npi(t,x) >0} is a set where all components of the mizture are available;
(2) Vi ={z € Q : o(t,x) =0} is a set occupied by a complete vacuum;
(3) Aa(N7) = 0.

If the initial net masses of the constituents belongs to the critical manifold, then it is possible that
certain groups of species are completely consumed after finite time, and the solution then exists only up
to this time. Afterwards, it might be necessary to restart the system with a smaller number of species.

Theorem 7.6. (Local-in-time existence) We adopt the same assumptions as in Theorem 7.4, except that we
require pg € Mrir. Then, there are a time Ty > 0 depending only on the data, and a mazimal time Ty <
T* < 400 such that for allt < T*, there is a weak solution (o, ¢, v, ¢, R, R') € B(t, Q, a, N—1, ¥, W)
in the sense of Definition 7.3 to (P;). Moreover, the following alternative concerning T* is valid:
(1) Pither T* = 400,
(2) Or there is (o, q, v, ¢, R, R') € Neerp- B(t, Q, a0, N =1, ¥, W) that weakly solves (P;) for all
t < T*, such that min,—y __n p;(t) > 0 for allt € [0,T*], and such that

.....

Jm,min pi(t) =0, liminf{lg(t)]| 1 (s rv-1) = +oo.

7.3. Structure of the next sections

Our plan for the next sections is as follows. According to the preliminary Sect. 6, the algebraic properties
of Eq. (10) determines the analysis of the model. Our next Sect.8 is therefore devoted to the proof of
Proposition 6.1. After that, we shall turn our attention to the PDEs. In Sect.9, we introduce thermo-
dynamically consistent regularisations of the problem (P) for which it is easier to prove the solvability.
For this larger class of problems, we then derive the energy and global mass balance identities (Sect.9.3)
and the resulting a priori estimates (Sect. 10). Section 11 deals in particular with a priori estimates for
the variable ¢, one of the most demanding part of the analysis. In order to pass to the limit with the
numerous nonlinearities of the system, it is necessary to obtain compactness statements for the principal
variables (Sect. 12). With this apparatus at hand, we are able to complete the proof of the main theorems
in Sect. 13 and 14 devoted to existence.

8. The natural variables: algebraic statements

As far as the mass transfer part of the problem (P) is concerned, the natural estimates resulting from the
energy identity arise for the total mass density g and for a N —1 dimensional reduction of the vector p, its
projection on 1. In this section, we describe the solution mapping for the nonlinear algebraic equation
(10) in these variables. In particular, this section provides the rigorous derivation of the statements
announced in Sect. 6.
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8.1. The case of a general free energy

The algebraic relation between partial mass densities p and chemical potentials u is given by
pi = 0p,h(p1,...,pn) fori=1,... N. (66)

In the isothermal case we can forget about the temperature-dependence, so h = h(p). Using tools of
convex analysis, we immediately obtain that the relation (66) is invertible if h is a function of Legendre
type on RY, meaning that (cf. [32], chapter 26)

e p— h(p) is strictly convex and continuously differentiable in Rﬁ\_’ ;
e |V, h(p™)| — +oo for all {p™}en such that dist(p™, ORY) — 0 (h is essentially smooth).

Lemma 8.1. Let h € C*(RY) ﬂC(Ré\er) be a function of Legendre type on RY . Let D CRY be the image
V,h(RY), that is Dj = {p € RN : Ip e RY, =V ,h(p)}. Then, the convex conjugate of h, denoted by
h*, is a well-defined strictly convex function on Dj, and it satisfies h* € C*(Dj). Moreover, the relation
(66) is valid for € D and p € RY if and only if p =V ,h* ().

Proof. The claim follows from the Theorem 26.5 of [32]. O

Next we investigate the possibility to introduce ‘mixed’ coordinates to describe the set of solutions to
(66). Let §1,...,§N € RY be a basis of RY such that ¢V := 1. Choose ', ...,n"V € RY such that
&l =067,4,j=1,...,N. We define II : RY — RN~ and £ : RV~! — RY as in Proposition6.1.
Corollary 8.2. Under the assumptions of Lemma 8.1, we define a set 2 C R, x RN~ vig

2 :={(s,q) eERy xRV"1 : FHteR, Eg+tl e D}, and1-Vh*(Eq+tl)=s}.
Then, 9 is open, and there is a function .4 € C (D), (s, q) — M (s, q), such that if (66) holds with
we D} andp e Rf, then

N—1
p="Y (Mp)i& +.#(p- 1, Tp) 1 = (E oM+ .4 (p-1, ) 1.
i=1
The derivatives of .# satisfy the identities
1 D ()1 - ¢

N . IL = - -:1...N_1.
DQh*(‘LL)]]. K 17 an‘%(p I q) Dzh*(ﬂ):ﬂ. . ]l fOTj ) )

OsM(p-1,q) =

Proof. Define an open set U C RV~ x R via

U:={(qg,t) eERV I xR : Eg+tl e D).
We define a function G : U x Ry — Rvia G(¢, t, s) :=1 -V, ,h*(Eqg+t1) —s. We compute the partial
derivatives and we use the strict convexity of D?h* to show that

9G(q, t, s) = D*h*(Eq+t1)1-1 >0, 9,G(q, t, s) = D*h*(Eq+t1)& - 1.
Consider now the solution manifold for G = 0 in U x R;. Since G; > 0, we obtain from the implicit
function theorem that there is .# € C*(2)
G(q, t, s) =0if and only if t = .Z (s, q).

In particular, d,.#4 = G; '(q, t, s) and Oy M = —Gy/Gy.

Assume now that (66) is valid for p € Dj and p € RY. We express p = vaz_ll(u )+ () 1.
Then, G(Ilu, -0, p-1) =0 so that u-n~ = .#(p- 1, Hy). O
Corollary 8.3. Assumptions as in Corollary 8.2. Then, there is a bijection Z : C'(2; RY) such that (66)
is valid for pn € D} and p € RY if and only if p-n™ = 4 (p-1, Up) and p = Z(p- 1, Iy).
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Proof. For (s, q) € 2, we define Z(s, q) := V,h*(€ ¢+ A4 (s, q) 1). We may compute that
D2h*et -1 D2h*¢ -1 D?h*et -1
- 0.5, 4) = Ty
D1 (5 4) = Dapeq
In these formula, D?h* is evaluated at u = £q + .#(s,q) 1. In order to prove that Z is a bijection, it is

sufficient to show that dZ is invertible. Let X = (r, q¢) € R x RV~1 arbitrary. Then, dZ X = 0 means
that for ¢ = 1,..., N one has

. + D2h*1 - &q
i D2 * -1 T— —0.
e D7h (gq ( D211 - 1 )) 0

(67)

Oy Ai(s, ) = DIt - &

The uniform invertibility of D?h* yields £¢ = 1 (%). We now multiply this identity with
N—-1

n',...,nV ! and sincen/ -1 =0 for j = 1,..., N — 1, it follows that qi,...,qn—_1 = 0. Therefore, also
r = 0. This proves that Z is bijective.

To prove the claimed equivalence, suppose first that (66) is valid. Applying Corollary 8.2, we find
that u = (EoI)u + #(p- 1, u) 1. Thus, u - = #(p -1, Uy). The definition of % then yields
V,h(p) = p = V,h(Z(0, I1pn)), showing that p = Z(p, IIp).

Reversely, if p = Z(o, Ily) and p-n™ = 4 (p-1, ), then the definition of 2 yields p = V,h* (E1lu+
w-n™N 1) = V,h*(u), proving that (66) is valid. O

The pressure function The pressure is given by the formula p := —h + Zil pi ;- We immediately see
under (66) that p = h*(u) where h* is the convex conjugate of h. We define a function P : Z — R via
P(s,q):=h*"(Eq+ 4 (s, q)1).

Lemma 8.4. Let (s, q) € 2. Then, P € C1(2) satisfies

D2p*1 - ¢
D2h*1 -1

0:P(s.0) = Fapeg Ou Pl =8 Vuh® —s
In these formula, D*h* is evaluated at = Eq+ .#(s,q) 1.
Proof. Define p1:=Eq+ .# (s, ¢)1 and p = V,h*(p). Then,
0sP(s, q) = 1- Vb (u) (s, q) = p- L AM(s, q),
0q; P(s, q) = & - Vuh' (1) + 1 VB (0) M, (s, q) = p- & + p- Ly (s, q),

and the claim follows from Corollary 8.2. O

forg=1,...,N —1.

8.2. Special constitutive choice of the free energy

For special choices of the free energy, we can find more explicit formula than Lemma 8.1. Under the
conditions (18), (19), (20) the relation (66) reads

- - 1

(2
where c1,...,cn € R are constants related to the reference states, and y; = p;/(m; >_;(pj/m;)) is the

number fraction. Recall that V; = V;/m;. Note that the free energy h = h™f + pmech 1 pmiX gatisfies the
assumptions of Lemma 8.1 if we assume that the function F' € C%(Ry) N C(Rg ) is of Legendre type on
R, . At first we want to characterise the set D} and we need a preliminary Lemma.

Lemma 8.5. There is a function f € C*(RN) such that, if (68) is valid for p € RN and p € RY, then
F'(V - p) = f(u). Moreover, the function f satisfies the following inequalities

¢(max p; —maxc;) < f(u) < Cy (max p; —mine) + C2In N, IViuf ()| < Ch, (69)

where ¢, C; (i =1,2) are positive constants depending on V' and m.
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Proof. Define a function G : RY x R — R, (u, t) — G(p, t) via
N
G(p, t) == Zexp (my (s —¢;) = Vit) — 1.
i=1

For u € RV, it is readily verified that lim; .., G(u, t) = +oo and that lim; 4., G(u, t) = —1. Since
Gi(p, t) < 0, the solution manifold to G(u, t) = 0 is a hyper-surface {(u, f(1)) : p € RV} where
Oif(p) = =Gy (p, f(p) G, (i, f(1)). Easy computations show that
exp (m; (1 —¢i) = Vi
Ouf () = m; — p(mi(pi—ci) = Vif(w)
> j=1 Vjexp (my (pj —¢j) — Vi f(p)

In particular, |V, f| < maxm/min V. Moreover, if G(u, t) = 0, then setting

(70)

yi = exp (m; (i — ¢;) — Vit),

we see that p; = c;+(V;/m;) t+(1/m;) Iny; fori =1,..., N. Since y €]0, 1[N and y-1 = 1, the estimates
(69) easily follow. O

We are now ready to prove an inversion formula for the relation (68).

Corollary 8.6. Assume that the function F € C?(Ry) N C(Ro ) is of Legendre type on Ry. Define
Dj =V, h(RY). Then, D; = {pn € RN : f(u) € F'(R})}. If p € Dj, then

O () = my ([F'] 1 o exp (m; (pi — i) = Vi f(p)) — 9,(F* o ,
(1) ([F']7" o f)(w) SV LV, exp (my 1y — )~ V, 700) (F" o f) (1) (71)

where F* is the Legendre transform of F.
Proof. If ju € Dj;, then there is p € RY such that u = V,h(p). Thus, (68) is valid, and Lemma 8.5 shows
that F'(V - p) = f(u). Thus, f(u) € F'(Ry) and this first yields the inclusion Dj C {u € RY : f(u) €
F'(Ry)}. In order to prove the reverse inclusion, consider u € RY such that f(u) € F'(R4). Define
exp (my (pi —¢i) — Vi f(w))
N
Zj:l Vj exp (m; (p; — ¢j) = V5 f(w))

g(pu) = [F'17 o f(u),  pi==mig(n)

We easily show that V,h(p) = u. Use of (70) yields
Oih* (1) = g(p) 0 f () = 95 (F™ o f) ().
g

Lemma 8.7. Adopt the same assumptions as in Corollary8.6, and moreover assume that F fulfils (35).
Then, V,h* € CY(D;), and fori,j =1,...,N there holds

; i Pj 1 n-V?2
D2h: (Y ,h(p)) = my p; &1 + 2103 _ _ _
1,]( 14 (p)) mZpJ Z+pV pVF//(pv)+ pV

withn - V2 = ]\; V2 n;. There are further constants Cy, Cy independent on p such that
=1 "1
D% (V,h(p)] < Cip- 1 (73)
D (V,h(p)) 11 = Co/F"(p- 1), (74)

W +vj>) , (72)

Proof. By direct computation starting from (71), we obtain (72). This entails

; 1 (max V')?
D2h* . < p g My _ _ 9
‘ hw(Vph(p))l > P (ml + wV <p~ VE (V) + . + 2 max V))

1
<Cp (14— ).
=7 ( +p~VF"<p-V>)
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1 a—=2 _

The function s F”/(s) is asymptotically equivalent to s s~ = const near zero (cf. (35)) and to ss
52~ ! for s large. Thus, there is a constant ¢y > 0 such that infier, s F"'(s) > co, and (73) follows. Further

. -1 An-VZ2 V-1 .V
DQh*ﬂ'el: " pl*p *2+Pi <mi+p n72 - Zp7 _p >
Fr'(p-V)(p-V) (p-V) p-V. pV
Hence,
N
-1)? S1)2V2. Vp-1
ZDQh;kZ: 7(p2 ,/) _ +mp+(p )72 n_2p e
) t(p V)REF"(p-V) (p-V) p-V
2

(p-1)? : p-1
= _ _ vym-p— = 2—— (ym-pVV2.-n—-V.p). 75
VP v) \V"P p-V " p-V( " o) (1)
The estimate (74) is a consequence of (75) and of the Cauchy-Schwarz inequality: we can express V; p; =
(Vi /1) (m; /). In (74), we further make use of F"(p-V) > F"(co) > ¢ F" (o) (cf. (35)). O

As corollaries of Lemma 8.7, note that the functions .# of Corollary 8.2, %; of Corollary 8.3, and P
of Lemma 8.4 all belong to € C*(2) and satisfy, for all (s, ¢) € 2, the following inequalities:

1 F"(s) Ci
— < < < =
o <0t 0) < T ou(s 9 < G Fs)
0% Ch 7 & "
0.0 0)| < G F"(). 10,05, )] < Cus (14 G5 F(s),
1/
g <00 < T o o) < O+ PG (76)

Remark 8.8. For the applicability of our approximation methods, we are restricted to the case that
Dy = R In view of Corollary 8.6 this is basically the case if F” is surjective. In this case, 2 = Ry x RV ~1
and there is no state-constraint on u. Due to the bounds (76), the functions .#, %#; and P are globally
Lipschitz continuous on [0, r] x RN¥=! for all r < +o0.

Remark 8.9. In the case that the growth exponent of the function F' is less than 9/5, we rely in the
analysis of the PDE system on the convezity of the function s — P(s, q) at fixed ¢q. We are able to
establish this property only in the very special case that P is a function of the total mass density. We
note the following trivial observation: Define P as in Lemma 8.4 and assume that the vectors V & Rf
and m € ]Rf are parallel. Then, P depends only on the first variable.

9. Approximate solutions
9.1. The regularisation strategy

The regularisation strategy, though not mass conservative, will be chosen thermodynamically consistent,
since it consists in two essential steps:

(1) A positive definite regularisation of the mobility matrix M;
(2) A convex regularisation of the free energy function h.

The method involves three levels associated with positive parameter, say o, § and 7. We first modify the
mobility matrix M in order to ensure ellipticity and allow a control on Vi

M, (p) = M(p) + o Id.
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The J-regularisation consists in increasing the growth of the (mechanical) free energy modifying the
function F that occurs in the definition of h™® via F(p-V) ~» F(p-V)+ 3§ (p- V), as > 3. If the
original growth exponent of F' is larger than 3, this step can be omitted. We denote hs the corresponding
free energy function, that is

hs(p) = h(p) +6 (p- V)™ (77)
The 7-regularisation is a stabilisation for the vector of chemical potentials. It consists in modifying the
function h* (or (hs)*) via

N

15 (X) = (hs)"(X) + 7 Y w(Xo), (78)
i=1

where w € C?(R) is a convex and increasing function for which we impose the growth conditions

co (VIs™[+]5H) <w/(s)s —w(s) < e (1+V]s[+]s7]%)
W'(s) < ep (14w (s)s —w(s))/e. (79)
W'(s) < ez (s)
For example, we may choose the function
—24/1s| for s < —1

w(s)={ 1s*+3s-2 for —1<s<1l, o:=

/

Wifq) s +(2- g(a/l,l))s + QQ(O}LU —1 otherwise

which satisfies these assumptions. The choice of the regularisation w is by no means unique, the constants
in the latter relation are determined from simple interpolation conditions. Essential for our purposes is
in fact only the sublinear growth for s — —oo that is compatible with global convexity. The function

T s 1s twice differentiable and strictly convex. Making use of the strict convexity, we easily show that

the mapping VA ; : RN — Rf is bijective. Interpreting (78) as Legendre transform, we introduce a
regularised free energy function via

h; s = convex conjugate of the function h} ; = (h 5)", (80)

which is a twice differentiable convex function on Rf . The main motivation for this construction is that
the new free energy function has improved coercivity properties over the variables p and p as exposed in
the following statement.

Lemma 9.1. Let the original free energy function h satisfy
colpl® —c1 < h(p) < Colp|* +Cr, for all p e RY,

with constants 3/2 < ag < 400 and 0 < cg, c1, Cp, C1 < +00. Let « = a5 > 3 be the regularisation
exponent of (77), and w a function satisfying (79). Define

N
0, (X) =) W'(X;) X; —w(X;) for X eRY. (81)
i=1

Then, there are ¢y, ¢1 > 0, Co > 0, and 1o(c, ag) > 0 such that, if 7 < 79,

(1) hrs(p) = Co (Ip|* +61p* + 7 e (1)) — 1
(2) DR s(w)|/0 < Co,

forall p e Rf and i € RN connected by the identity p = Vol s(1)-
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Proof. The definition (80) implies that h,s(VhY (X)) = hs(V(hs)* (X)) + 7 @4, (X). By assumption, p
and p are related via p = Vb7 s(1) =V, (hs)* (1) + 7w’ (1), and we obtain for the regularised free energy
the identity

N

hrs(p) = hs(V(hs) (1) +7 @y (1) = hs(p — 7' (1) + 7 Z(m W' (i) — w(pi))
N
=h(p—TW (W) +6((p—7w' (W) V)" +7 > (i (1) — ().
=1

On the other hand, the condition (79) ensures that w’(p;) < 2 (1 + o' (15) i — w(pi))/®. For a > 1,
denote by ¢(a), ¢(a) two constants such that |a — b|* > ¢(a) a® — &(a) b for all a, b > 0. Then,

((p=7w' (1) V)* = (min V)* (¢ — 7w’ (1))

[M] =

> (min V)" (e(a) o — a(a) c§ 7 (3 (1+ /(i) i — (1)) /)
=1

> (min V)% ¢(a) 0® — (min V)* &(a) ¢§ 7% N* (1 + @, (11)).

-
Il

Hence, we find positive numbers &, ¢ and C' depending only on «, V and N such that

N
hes(p) = hlp =7 (1) +E6 p|* + (L =207 1 Y (1o () — w(ps)) — C.

i=1

If we assume that ¢ 72~ < 1/4, then

N
hrs(p) 2 hlp = 7/ () + 6 ol" + 5 7 (s (1) - (i) — C.

We next use h(p—7w' (1)) > ¢o (0— 7 |w'(1t)]1)* — ¢1. By similar arguments, and since oy < a, the claim
(1) follows.

To prove (2), observe that o = sz\; O hk 5(p). For X € RN, recall moreover that dihf s(X) =
Oi(hs)*(X) + 7w (X;) (cp. (78)). Hence, Df’jh;é(X) = Df)j(h(;)*(X) +7w"(X;) 6, ;. Making use of (73)
and of the definition of hj

D) @)l o -V (he)" () _ (o 0= T SN ) _
0 B 0 0 -

Moreover, owing to the choice of w, there is a positive constant ¢z such that w”(X;) < ez’ (X;) for all
X € RY (cf. (79)), and therefore,

Tw" (i) 7w (i)
= N S C3.
0 1V (hs)* () +7 D25z @' (1)
We define Cy := C + c¢3, proving (2). O

9.2. Approximation scheme

For the existence proof, we embeds the problem (P) into a larger class of (approximate) problems (P; ;. 5)
characterised by an elliptic diffusion matrix M, and a regularised free energy h, s. Since in this approach
it is possible to control the entire vector u, a solution vector consists of the entries u, v and ¢.
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In order to define the concept of solution, we introduce also in this case a natural class B for the
approximate solutions. If §, o, 7 > 0, we say that (u, v, ¢) belongs to B(T, Q, a, N, ¥, ¥I') if and only
if

e Wy (Q; RY) and (o, ¢, v, ¢, R, RY) € B(T, Q, a, N —1, ¥, ¥V
with (82)
0:=Vuhis(w-1, q:=Tp, R:=R(y-p), R :=R"(t,x,5 p).

Replacing in [(0, ¢, v, ¢, R, R")B(r. 0.0, v—1,w, wr) the norm of ¢ in W,"*(Q; RN~1) with the full norm
||/~‘||W21=°(Q;RN)a we introduce the natural ‘norm’ [(i1, v, )]|5(7, 0, a, N, ¥, ¥T)-

We say that (u, v, ¢) satisfies the approximate energy (in)equality if and only if the corresponding
vector (g, q, v, ¢, R, R") satisfies the energy (in)equality of Definition 7.1, with free energy function h, g
and mobility matrix M,. For §, o, 7 > 0, we call weak solution to the problem (P; , ) a vector (i, v, ¢)
subject to the energy inequality and such that the quantities

p=Vuhis(n), J=-Ms(p)(V+ZVe),

s sr
r:ZrA}/kRk(vl'uw"v’ys'ML f:Z;}/kRE(taxv;yl',ua"'aﬁ/s ,u)v (83)
k=1 k=1

p="his;(w), n"=p Z,
fulfil the identities (63), (65) and, instead of (64),

—/gv~8t77—/gv®v : Vn—/pdivn—i—/S(Vv) : Vn

Q Q Q Q
N .
— o0 o)~ [ Vorn+ [ 7 Vim0 YuneClo.7h CHRRY). (80

Q Q Q =

Since the second definition in (83) in general implies that Zf\il JU # 0, it is necessary to add this
contribution in the momentum equation (84) in order to preserve the energy identity.

The existence of approximate solutions for the regularised scheme is not a trivial problem, because
there is no monotone or pseudo-monotone structure inherent to the diffusion. We carry over this technical
step in Sect. 14 by means of a time-continuous Galerkin method. It turns out that for parameters d, o > 0
and 7 > 0, weak solutions to (Pr ,,s) exist and develop no vacuum.

9.3. Derivation of the global energy and mass balance identities

In this paragraph, we motivate the thermodynamically consistent approximations (P- , s) by deriving the
natural energy identity. The derivation assumes here only formal character, meaning that the existence
of a solution with increased regularity is assumed to perform the calculations. A rigorous proof of the
existence claim for (P, 5) with energy inequality is, due to its technicality, postponed to Sect. 14.

Proposition 9.2. Assume that there are vector fields u € C*1([0,T] x Q; RY), v € C%1([0,T] x Q; R3)
and ¢ € L*([0,T); C%1(2)) that satisfy, together with their associate variables p, J, v, #, p, nt" defined
in (83), the relations (63), (65), (84) and the initial and boundary conditions

1(0) = p® € COHQ; RY), v(0) = € COHQ; R?) in Q,
b= ¢o € C¥H[0,T] x Q) on |0, T[xT, v=0 on[0,T] x IQ.
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We define p° = Vuhié(,uo). Then, for all t €]0,T[, the vector (i, v, @) satisfies the energy equality (51)
with free energy function h. s and mobility matriz M.

Proof. Due to the additional regularity assumed, it is fairly standard to show that (63), (65), (84) imply
in every t €]0, T that

/atp-w—i/@ww)~W=/r-w+/<f+ﬁ>-w, (85)
Q i=lg Q r

/g(@tv—i-(v-V)v)-n—i-/S(Vv) : Vn—/pdivn:—/{(iJi~V>v+nFV¢}~n, (86)
Q Q Q Q i=1

_ . _ "’LF ,

xQ/w V¢ Q/ ¢ (87)

for all ¢y € WH(€; RY), all n € Wy (€2 R?) and for all ¢ € W' ().
We insert ¢ = p(t) into (85). The definition of p implies that Zivzl pi Vg = VR s(1) = Vp. Moreover,
it yields pr = V,hrs5(p), and therefore dip - u = 0rhy 5(p). It follows that

o i ; .
ﬁt/h7,5(ﬂ)/<v~Vp+ZJ 'V/h') Q/roquF/(erJO) 78 (88)

Q Q =1

We choose ¢ = Z ¢(t) in (85). Recall that r - Z = 0, because v* - Z = 0 for every reaction vector
(elementary charge conservation, see (4)). Thus,

N
/aqub—/<an-v¢+ZJiZi-v¢> :/(f+JO)~Z¢0. (89)
Q Q i=1

T

We differentiate (87) in time, and we choose ¢ = ¢(t) — ¢o(t), This entails

Jomt o= [on oa+ Lo [1v68 ~x [ or-von (90)
Q Q Q Q
Thus, (89) and (90) yield

N
/(anngJrZJiZi-Vgﬁ)

Q i=1

Yo [Ivop -
Q
:/<P+J°>-Z¢o+>z/wt-wo—/atn%o. (01)
I Q Q

If we now add (91) to (88), it follows that
_ N
0 [{hesto) + 51901 = [0 (V"o = [ S0 (Vi 2:90)
Q Q o =1
~rn [u= [t (PR Zo0) X [ Vo Voo [anT e (92)
[refr] [T

Q T
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Next we choose n = v(t) in (86), which shows that

1 1
2/(,9(')tv +o(v-Vu /SVv Vv-i—/ (Vp+nf'Ve) = §/ZJ’ vo?. o (93)
Q
For ¢ = [v()|* 1 in (85), observing that 7 -1 = 0 = 7 - 1 by definition, it follows that [d;0v* — [(ov +
Q Q

SN J7) - Vo? = 0, which directly entails

=1
N .
/g@t02+/gv~V1}2+/ZJt-V’uz:5't/QU2
Q q =1 Q

Q
Thus, (93) now yields

78t/gv2+/S(Vv):Vv+/v~(Vp+nFV¢>):0. (94)
Q

We add (94 ) and obtain that

/{ 00 + hr5(p) + %‘V(MQ}-F/S(VU) : Vv—/] : D—/r-u—/f—u

Q Q Q r
:/(JO-M+(J0+f)-Z¢O)+>z/wt.v(;bo—/atn%o.
r Q Q

We integrate over time and are done. O

The proof of the global mass conservation identities (53) is comparatively simpler. It suffices to insert
p=¢c' fori=1,...,N into (85).

Proposition 9.3. We adopt the assumptions of Proposition 9.2. Then, for allt € [0,T)

pt)=p +/ /r+/r+J0 (s)ds.

10. A priori estimates directly resulting from the energy equality

In this section, we derive a priori estimates on solutions to the problem (P) that result from the energy
identity. In order to include in our considerations both approximation scheme and limit problem, we
consider generic free energy functions for which there are ¢y > 0,co > 0and C; > 0,i=1,2,3and 7 >0
such that for all p € Rj\_f

clpl® +7@u[Vh(p)] = ca < h(p) < Culp|™ + Co 7 @L[VA(p)] + Cs. (95)

In view of Lemma 9.1, the growth condition (95) are precisely the ones to expect from the chosen
stabilisation. Moreover, we consider mobility matrices M, = M(p) + c1d, o > 0, such that M satisfies
(36) and (37). We commence with a few standard estimates.

Proposition 10.1. Let (o, q, v, ¢, R, RY) satisfy the energy inequality of Definition 7.1 with free energy
function h and mobility matriz M fulfilling (95), (36), (37). Then, there is a number Cy > 0 depending
only on Q, T, on the constants c;, C; in the conditions (95), and on the quantity

= [11°l e + 7 11Pw (1)l 21 ) + V00 0l 20) + P02 (q)
+ 1@oll Lo 0,75 wr2(0)) + [1Bo.ellwio ) + Dol e ) + 19l oo (s, ) (96)
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such that, with p, J, etc. obeying Definitions (50) or (83),

[l oo (@) + T I Pw ()l Lo (@) + VeV Loo2(@) + V@ Loe2(q) < Co,
||U||W21*O(Q) + IVl z2(q) < Co,

||DR||LJ, + D" RHL (s) < Co,
ZH ZHL e Q) +[= R]L\D*(Q) + [_RF]L(\PF)* (s) = < Co,

\f||VN||L2 y +min{o, 7} [|p]l£2(@) < Co,
11+ Jllz2(q) < Covo,  |I7w ()l peq) < CoT"/

Proof. Due to the property (95),

[ro0=za [0 +r [ o) -l

Q Q Q

For general velocity fields v € WH2(Q; R3), we invoke (17) to see that

/S(Vv) L Vo = /g ID(v) — ; div v Id|? +/()\+ gn) (divv)2.
Q

Q Q

In the case that v = 0 on 0f2, integration by parts directly yields

/ S(Vv) : Vo = / (0T + (A + 1) (divo)?).
Q Q

For estimating the right hand of the energy identity

[ 00| < 12| [l0llonwl S [lo0l+e [1ooF.
Q Q Q

Q

_ X
© [ ot vonto| < X / Vol +c / Voo(t)?

Q

Owing to similar standard considerations

t
/ (0" dos — XV Vdor}| < / {1l 20 [ 0.ll oy + X 1961300 V0.l 200}
3 0

t t
< (U e + XIV6IE @} +C [ (ooaler ) +1T004 Eaqen):
0 0

The Young inequality further implies that

_/RE:YICZQZ)O S/(\ijr)*(trx7 _%Rr)+/\i/F(t7x74¢0(:ylzv7:Y§FZ))
St

St St
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Since (U1)*(t, 2, —+ RT) = (I1)*(¢, 2, 1 (=R") + 2 0), convexity implies that

T

()" (t, z, —RF)+/¢F(t,x, Ao (32, 54" - 2))
St

(U7)* (8,2, —=R") + Co(lldol < (jo,71x1))-

4

St
i/
St
Recall that J° possesses the representation (43), and therefore

. . N 1 [ . )
[z [0 DO + (@) n 49 < 5 [ 96w DO+ o)
St St St St

Due to convex duality

(D) + (0)*(=R(DY) = = > Ri(D™)4* - p,
k=1
gl—‘
U (t, 2, DOR) + (B0)*(t, 2, —R"(t,z, D™®)) = =Y " Ry (t,z, D"F)4* - pu.
k=1
Thus, for all ¢ €]0, T, the dissipation inequality implies that

e
J{zer+ Xiwer+ Gl 4 r e} o
Q

N
+ / {n |Vo)? 4+ (A +n) (dive)? — ZJ D'+ (¥(DR®) + (\I/)*(R))}

Q:
t

1 T 2 T, * « =
g [ DO+ (8t ~R} < ok © [l + XVl
St 0

Owing to the thermodynamical consistency, we (at least) obtain that Zf\; J*- D' < 0. Moreover, /\—|—% n >
0 implies S(Vv) : Vv > 0. Exploiting the Gronwall Lemma, we thus obtain bounds for the quantities
lVevllLe2q), IVollLe2q) and ||pl|Loe.a gy and 7 [[®y (1) || L1 (@) It next follows that

J{5ev e 1xiver+ Sl 4 r e} o
Q
N . .

+/{n|w2+(/\+n) (divv)2ZJZ~DZ+(\IJ(DR)+(\IJ)*(R))}

Qi =t

1 T AR T\ * I
+s /{\1/ (t, 2, DURY + (85)* (1,2, —RD)} < Co(T).

St

Since A 4+ 27 > 0 this in turn implies bounds for || divvl|2(q), and for ||Vv||2(q). Moreover, the pro-
duction factors R and R' are bounded in Orlicz classes

r
[_R]L(Q)*(Q7Ré) =+ [_R ]L(\ir)*(ST;RSF) S CO?
whereas the reaction driving forces satisfy [D®], (o rs) + [DRR]L@,F(ST;RJ) < (. It remains to exploit

the dissipation due to diffusion and the driving forces D', ..., DV¥. At first we note that — Zfil J Dt =
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> M D'-DJ. Fori=1,...,N the Cauchy-Schwarz inequality and the growth condition (37) on M
(or M,) imply that

N
171 =S M;; DI < (MD : D)/ (Me* - ¢))'/? < (/o + VA) (1 + |p])"/* (MD : D)V/>.
j=1

Therefore, we obtain for the diffusion fluxes that

17O, g o) < €MD = DO L+ [0 (y) < CoIMD = D) g

L1+ Ll(Q L Q) LI(Q
It follows that HJl”Lz,za/(pra)(Q) S Cc (f MD - D>1/2 S C().
Q

We finally want to obtain estimates on the gradients of the (relative) chemical potentials. Here, we
make use of the Assumption (37) that yields

N N
> JD'=>" M;;D"-D) > \|Py. D,
3 7,7=1

where Py is the orthogonal projection on the space 1+. Due to additive splitting of the driving force
= Vu; + Z; Vo, we can obtain that

N
=T DU > (A/2) [PVl - 30 |Z) V6P

We make use of the identity Pjipu = Zf\[:_ll ¢i Py€. Due to the choice of &b, ... ¢N~1 the vectors
P&l PN 71 are a basis of 1+. Thus, there is a constant depending only on the choice of the
projector IT such that |Py1 Vu|? > e [Vq|?. This entails [Vg|? < ¢ (- ZZ]\LI Jt- D' +|V¢|?), proving that
[Vall2(q) < Co. Since M,D - D > o D?, we also see that

N
i i< 9 >
—Z/J D=3 /\VM|2—30 1Z| IVelZ2(q)»
=10 Q

which yields the bound for /o ||V || 12(g). Moreover,
1L Jllr2@) = o |l - Dlr2(q) < evVo (Vo |Vl + Vo Vol q))-
Due to the conditions (79), we verify that |w'|* < ¢ (1 + ®,,) and this directly yields
I’ ()| e (@) < e N7 (R () + Dl F ) < 7/ Co.

At last we can verify that the function w = /1 + |u| possesses a distributional gradient in L?(Q) and,
making use also of the growth property of ®,,, we prove the bound

1 —
IVwllzz@) < 5 IVallLz@) < Coo 1z,
[wll (@) < 19+ [V]plll=1(@) < ¢ (1 + 1P (1)l L1(q)) < Cor™!
Hence, the Sobolev embedding theorems and its extensions yield ||w||z2.6(0) < Co 7. O

Lemma 10.2. We adopt the assumptions of Proposition 10.1. Assume moreover that for almost all t €
10, T, the electrical potential ¢ € L>(0,T; W2(Q)) satisfies

—X AP(t) = nF'(t) in W2 (Q)]F,  ¢(t) = ¢o(t) as traces on T,
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with ¢o € L>=(Q) N L>(0,T; WHA(Q)), 8 = min{r(Q, ), ¢ } Then,
[l (@) < lldollL=() + ¢ Hp||L°°=”(Q)a

191l oo (0,7 wr8(0)) < € l@ollLos0,7; wrs(@y) + oL (q))-

Moreover, [n" V¢ L= F @) < NnF | oo (@) IVl L5 (q) whenever 3> o

Proof. We only need to recall that o > 3/2 and the definition of the exponent (2, T") > 2 (see (40)). The
estimates for ¢ are standard consequences of second order elliptic theory, whereas the bound for nf' V¢
follows from the Holder inequality. O

Next we can derive the uniform continuity estimate that results from the mass balance equations.
Proposition 10.3. Assumptions of Proposition 10.1. If p satisfies the identity of Definition (53), then

[Plcy- (jo.17) < Co-

Proof. Let 0 <t; <ty <T. Note that by assumption p(ts) — p(t1) f{fr + f 7+ J%)}. We note that
ty

to to 2]
FEA=l o] ] 1|
[—R]L g« <Co
th Q t Q t Q
We argue similarly with the other right-hand side terms. Recall the definition of the natural class B to

show that ‘ﬁ(tg) — ﬁ(tl)‘ < Co q)*(f,l, tg). ]

In the course of the proofs, we shall also need bounds of more technical nature obtained via Holder
and Sobolev inequalities. We denote « the growth exponent of the function A at infinity and g :=
min{r(Q, I'), 3a/(3 — )™} the optimal regularity of the electric field.

Lemma 10.4. We assume that the bounds in Proposition 10.1 are valid. Then,

lovll ge < el IWlwogg < Co.

L7555 (Q)
1/2
levll e, o < IVEVIz=2@) 12l e ) < Cor
lov?]l 1. &5 g S cllellz=e 10l < Cos
. 211(2a—3)/(5a—3) 2 5a—3)
lov?l szs ) < cllov [y lov || £ < Co,
N N
> T S [v]|26¢q) < CoV/a.
i=1 L1:3/2(Q) i=1 L2(Q)

Further, we shall need an improved bound on the pressure. This is also fairly standard and, therefore,
we postpone the proof to the appendix.

Lemma 10.5. Assume that the relation (84) is valid:
o Ifa >3, then ||pHL1+1/a(Q) < Cy;
e If3/2<a<3,r(QT)>d and1-J =0, then ||p||L1+%_é(Q) < Cp.

The only piece of information still missing in order to obtain a bound in the natural class is the
estimate on the vector ¢. This is the object of the next section.
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11. A priori estimates for the (relative) chemical potentials

In this section, we show that a combination between the estimates on the reaction driving forces D®, DI'R|
the control on the gradient of the relative potentials (q1,...,qn—1) = I (cf. Proposition 10.1) and the
balance of total mass (Proposition 9.3) allows to control also the L?-norm of these functions in the sense
of the natural class B.
The starting point is a given pair (o, q) € L>*(Q) x L*(Q; RN ~1). We define p := Z(0, q), p := [ pdx
Q

and p := E£q (see Sect.8). An essential ingredient of the proof is the balance of total mass valid for all
t €]0,T[ implying, with the linear space W of (44),

a(t) € ('} @ spanfy!, ..., 3. AT} = ("} O W (97)

At every point where ¢ > 0, we may resort to the representations

_ _ 1
Opihp) = ci + Vi F'(p- V) + — Iny,, (98)
pi — px = Eq- (' —e*) = (Eq+ M (0, q) 1) - (¢ — ")
_ _ _ 1 1
:ci—ck+(‘/i—Vk)F'(p~V)+< lnyi—lnyk). (99)
m; mpg

Here, yi = (pi/mi)/ 3_;(p;/m;)-
We commence stating an obvious estimate, that results from Proposition 10.1.

Lemma 11.1. Define Py : RN — W the orthogonal projection on the subspace W. There is C' depending
only on ) such that

1Pw il 2@y + 1Pw il z2(s) < C (1 +11Vallz2 (@) + (D] ry @) + [P 1,0 (s))-

Proof. Consider the vectors v* € RN k € {1,..., s} associated with the bulk reactions. Since we assume
(38), then obviously ||-|[z2(q) is controlled by [DR]L\P(Q;RS). Since v*-1 = 0 for all k, there is a constant
ew,n depending on W and the choice of the projector II such that [V (- u)| < ew,in |VIIu|. We also obtain
(trace theorem) that ||p - v[[z2r) < C[|i - ¥|[[wr.2(q). Thus,

I Yrz2es) < C IVl p2grav-nxey + [ DR 2@ re))
S C(HVHILL”Lz(Q;R(Nfl)x:E) + cy [DR]L\P(Q;RS)) S C().

We analogously observe that |1-4] is controlled by | DTR|, which is bounded by the data in L and, due to
(38), also in L*(]0, T'[xT'). We make use of the fact that ||u-9[|L2(q) < C (| V(-3 L2+l 14| 2 10, T[Xp))
and the claim follows.

We next setup a preliminary tool for the main estimate of this section.
Lemma 11.2. Let € > 0. For u € LY(Q), define
Ac(u) :={zcQ :ulx) <e '}, Bu):={zcQ:ulx)> -t}
For all § > 0, there is C* = C*(8) depending only on Q such that for all u € WH(Q)
min{As(Ae(u)), As(Be(u))} = 6

—
ull L@y < C*(8) (IVull L) + + max{Az(Ac(w)), A3(Bc(u))}).
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Proof. We at first show that for all 6 > 0, there is ¢ = ¢(d) depending only on  such that

lullzry < c(6) [ [Vullz @) + max / |, / |
A B

for all uw € Wh(Q), for all A, B C Q such that min{|A|, |B|} > 0. (100)

Otherwise, there is dp > 0 such that for all j € N, one finds u; € WH1(Q) and A;, B; C Q, |A;], |B;j| > do
and

sl = 3 | IVl +maxq [ 1ufl [ 1o
Aj B;

Consider @; := u;/|u;| 1) Then, ||u;llwiiq) < |Vallri@) +1 < 5! 4 1. Consequently, there are a
subsequence (no new labels) and a limiting element @ € L' (2) such that @; — @ strongly in L'(£2). But
since Vii; — 0 strongly in L'(£2), @ must be a constant. Since also u* [4;] + |a~||B;| — 0, it obviously
follows that @ = 0. Thus, 1 = ||@,||11 (o) — 0, a contradiction.

For u € L'(2), we apply (100) with the choices

A={zeQ ul)<e},B:={zecQ: ulx)>—c'}L
It follows that either min{|A|, |B|} < § or that

_ 1

[ull i) < e(d) | [Vullpr o) + max /IUW /Iu ¢ ] <@ UIVullzie) + - max{|4], |Bl}).
A B

O

We define 5 := dim W, and we choose b',... . b° € W to be some basis of W. We call a selection
S C {1,...,N} critical if the span of the vectors Ps(b'),..., Ps(b%) is a true subspace of Pg(R"). For
all critical selections, the manifold W := span{Ps(b'), ..., Ps(b°)} @ Psc(R") has at most dimension
N —1.

The critical manifold is defined via (45).

Theorem 11.3. Assume that p(t) € {po} @ W for all t € [0,T]. Let § = dim W and b',...,b% be a basis
of W. Then, if dist(pg, Mcpit) > 0, the estimate

1 s *
lallz(rn—1) < ¢ (ko T2 + [|(b" - oy b° - 1)l p2(gsme) + € IVallL2 (g rev-1x3y)
is valid. Here, c¢f and ko depend on dist(pg, M crit).

Proof. For t €]0, T, we define ro(t) := 7 _; [|b" - ()| 1(0), and do(t) := [V ()| 11 (-

Preliminary Consider the function ¢; := yu; —max;—; . yp; fori =1,...,N. Then, ¢ <0 componen-
twise.

Moreover, §; possesses the generalised gradient V§; = Zgzl V(i — prig) X B,,» where the set B;, obeys
the definition B;, := {z € Q : p;, = max;—1,_ n p;}. Recall that, for all i # i, the vector e’ — e belongs
to span{n',...,n¥~1}. Therefore, we can show that

N N
Jvaoi=Y [190-m)wi<e Y [ Fao]=cd
Q

io:lBiO ioleiO
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First step Now, exploiting Lemma 11.2 with u = ¢; (recall that (ji+ =0fori=1,...,N), we obtain for
d, € > 0 and t €]0, T'[ the alternative

6 ()]l 21y < C*(8) (do(t) + €' X3())

As({z @ qi(t, ) = 1)) <6 (101)
Due to the definitions of ¢, iy and to the Assumption (99), there holds, in B;, C €,
(ji = C; — Cio =+ (f/; — ‘ZO)F/(V . p) + (n’% h’lyl — ﬁlo h’lyio).

Hence,

Iny; < 7 Iny;, +m; (Gi +2]cloc +  sup N\Vj — Vil |F'(V - p)]). (102)

m J,k=1,...
We define € := 8|c1\oo’ ag :=sup; p—; _n |Vj — Vi|. For 0 < e < ¢ and t €]0,T7, we also define
Ac(t) = {a « [F'(V - p(t,2))| < 1/(4age)}.
Due to the inequality (102), the set inclusion

(o @it w) < —L} N A(t) C{x : wilt, 2) <e 26} (103)
is valid. We next observe that the set Q\ A.(¢) can be decomposed via
MA(t) = CHHUC (1),
Co(t) == {o + F/(V - plt,2)) < —1/(dage)},
CH(t):={x : F'(V-p(t,x)) > 1/(4age)}.

Due to the asymptotic behaviour of the function F” (see (35)), there are e; > 0 and k1, ko > 0 depending
only on F' and aq such that

e C-(t) = In(V - p(t,x)) < —% and x € CF(t) = (V- p(t,x))* ' > k—;

In particular, it follows that

C- C{x: Jpax pi(t,z) < miiﬂ—/ e e} (104)
Thus, invoking (103) and (104), we obtain that
{z Gt 2) <=2} N (A\C (1))
CH{x :yi(t, x) < 6_%} U{x : _71{1aXNpi(t,m) < mii\? e_%}. (105)
On the other hand, we readily see that
_ € o
A3(CF (1) < [lol| ey (max V)™ (kz) . (106)

Thus, if A3({z : G;(t, z) > —1}) < 6, we can invoke (105) and (106) to see that

|
m‘H

m;
As({z : yi(t,x) <e 2¢}U{z : max pi(t,z) < —Loe e })
i=1,...,N min

’

(6% Ak ¢ :
> A3(9Q) = 0 = [lol| T 0 () (max V) (ifz) '
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For all 0 < e < min{ep, €1} and 0 < §, we therefore obtain from the latter and from (101) that

1G: (8[| 1) > C*(6) (do(t) + € A3(£2))
—

m; k ,
Ag({x cyi(tr) <e 2 e}U {x b mapri(t,z) < mii e_el}) > A3(Q) =6 —Cpe®

=1,...,

<

The second inequality would further imply that

oL
JCE N / pi + 1pill o) (5 + Co e )

Q S k1
{z:yi(t,z)<e €} {z:max;—1, . N pi(t,m)gme €}

1 ’ L
<mie” 26 nl] o) + e © Aa(Q) + [lpill () (6 + Coe®) @

For all 0 < € < min{ep, €1} and 0 < , we therefore can conclude that

1 C1
G ()|l () > C*(6) (do(t) + e3(Q) = pi(t) <0y (50/ + max {67 6_€}> ; (107)

where Cy, C7 are certain constants depending on the data, but independent on ¢ and p.
Second step Let ¢ €]0,T[. Consider 41 € {1,..., N}. Then, we claim that there are constants cg, ¢; > 0,
depending only on the vectors b', ..., b and a critical index set J D {i1} such that

inf [1g;(®)llzr @) = co (16 (D) — errot)- (108)

We prove this claim inductively. Let us at first describe the induction step. Suppose that K C {1,..., N}
is any non-critical index set. Then, by the definition of such a set, there are for all £ € K coefficients
Ak AR such that

ZAE Py (b') = ZAW Z)\Z Prce (bY).
Hence, scalar multiplication with ¢ ylelds

ldkllni < sap |Af| (ro(t) +35 sup |b°|s max 1651121 2)-
£=1,....3 0=1,...,5

Choosing k € K such that ||quHL1(Q) = maXjek ||Qj||L1(Q) and ¢ € K¢ such that max;cxe H(joLl(Q) —

llgellL (), it follows that

1
§ > - Gl 1oy — .
llgellzr () > 5 b N (Ijig}§||qg||L @) — Ao T0(t))

Suppose now that for the non-critical selection K D {i1} of cardinality m > 1, we already know that
there are positive constants co(m), ¢1(m) such that

min |1g;| 1@y = co(m) 14 [lz1 (@) — ex(m) ro(t). (109)
Then, invoking the two latter inequalities, the strictly larger selection K (m + 1) = K U {¢} satisfies

in 19l @) = min{min [16;21 ), 1Gellz @)}

. ~ )\ o0
> min{eo(m), s} 1di 12 (0) — max{er (m), s} ro(®).

We apply this inductively starting from the selection K (1) = {i;}. If K (1) is critical, we are done already.
Otherwise, since K consists of only the one element 41, it satisfies (109) with ¢p(1) = 1 and ¢;(1) = 0.
Thus, we find some strictly larger selection K(2) satisfying (109) again. After a finite number of steps,
we must reach some critical selection J D {i;}, proving the subclaim (108).
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Now, assume that for parameters 0 < e < min{eg, €1} and 0 < § the inequality
16, (D)llz1 @) > 25 (C7(8) (do(t) + €7 A3(Q)) + exmo(t))
is valid with the constants ¢y, ¢; from (108). Then, there is a critical selection J 2 {i} such that
inf {1g;(t)zr(@) > €7(0) (do(t) + e A3(9)).
Employing the first step of the proof (cf. (107)) then yields

1 Ci
meaxpj( ) < Co(0a” +max{e, e ¢ }).
j

Thus, we have proved the new alternative
i Ollrce) > £ (C*(8) (do(8) + € Aa(82)) + 1 70(8))
=
1 G
mea,}cﬁj (t) < Cp (6o + max{e, e ¢ }), for a critical selection J D {i;}. (110)
J
Third step By assumption dist(pg, Merit) > 0. As we assume that p(t) € p¥ @ W, there holds Ps(p(t))
|

Ps(p®)@Ws for every selection S. For every critical selection J, the definition (45) implies that |P;(p(t))
dist(po, Merit) > 0. This in turn implies that

maxﬁj(t) Z ]\[71 diSt(ﬁo, Mcrit)~
jeJ

€
2

Thus, there are §y > 0 and & > 0 depending only on dist(pg, Meit) such that the hypothesis in (110)
yields a contradiction for all § < g and 0 < € < min{eo, €1, €0} With do := dist(pg, Merit), one indeed
may choose

Cl }

do = min{1, (4NC) 1 & —mm{wCO

|0 1R |
Conclusion We define k := C’*(%")e_1 A3(Q). For k > ko = C’*(%‘J))\g(Q) [min{eo, €1, €}, the
alternative (110) implies that the set
{t = colldi (DllLi() — C* (%) do(t) —ermo(t) = k}
has measure zero. Hence,

1
co [1di lz21@) — C* (%) ldoll 20,y — c1 Irollzzor) < ko T

Lemma 11.1 provides the bound for 7 and, since we control the gradients of ¢ in L?2(Q), the claim now
follows easily. O

If the vector of initial net initial masses pg is on the critical manifold, then the argument of Theorem
11.3 does not apply, and can prove only a local-in-time version of the estimate.

Lemma 11.4. Assume that (97) is valid. Define

T* :=inf{t € [0,7T] : JlninNﬁi(t) =0}.
Then, there is a time Ty > 0 depending on By (cf. (96)) and on inf,—1 _ n pY such that T* > Ty, and
||q||L2(Q”RN—1) < 007,5 fO’I’ allt < T*.

Proof. We recall Proposition 10.3, and we see that |p(t) — p°| < Co ®*(t,0) for all t € [0,T). Thus, if Ty
is such that inf;—; _ x p? — Co @*(Tp,0) > ¢o > 0, we obtain that inf,—1,. N pi(t) > co for all t € [0, Tp).
Due to the first step of the proof of Theorem 11.3, relation (107), it then follows that

16:(D)ll 1) < C* (%) (do(t) + € A3(9)),

almost everywhere on [0, Tp] for all i = 1,..., N, §; appropriate, and all € < min{eq, €1 }. O
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12. Compactness

Our aim in this section is to derive a general compactness tool in order to pass to the limit with approx-
imate solutions to the problem (P). We will discuss here the passage to the limit with the parameters &
and o. The limit passage for 7 — 0 can be dealt with comparably simpler methods: see Sect. 14. Since
we do not want to specify with which of the approximation parameters—3 or c—we pass to the limit,
we will consider families indexed by a generic parameter € > 0.

We thus study compactness for a ‘solution family’ {(oc, ¢, v¢, ¢c, RS, RI")}c~o which might for
example correspond to free energy functions {h.}.~¢ and mobility matrices { M }c~o. In this section, our
minimal assumptions are that h.(p) > co|p|* — ¢1 for all p € RY, and that M.£ - & > A|Py.€|? for all
¢ € RN. These conditions are satisfied with constants o > 3/2, ¢g, ¢; and A independent of e.

Moreover, for both limits of interest (o, § — 0), we can assume the validity of a representation

— — 1
9p;he(p) :Ci"‘Fe/(V'p)Vi‘FE Iny;, (111)
where Fi(s) = F(s) + es®. Here, F' is a function of Legendre type on R, , with surjective derivative.
The map Z = % € C(]0, +o0o[xRN~1; RY) introduced in Corollary 8.3 to reparametrise the densities,
satisfies the estimates (76) with uniform constants. Remark 8.8 thus shows that the family {#}cs¢ is
bounded uniformly in C%1([0, 7] x RY¥=1) for all r < +oc. Hence, as € — 0,

X — Z uniformly on compact subsets of [0, +-0o[xRN "1, (112)

where Z € CH (R x RN=1) N O (R4 x RV~1) corresponds to the limit free energy (e = 0 in (111)).

In order to obtain the compactness, we shall need the information on distributional time-derivatives
contained in the system (63), (64) (or (84) instead). For technical reasons, it is convenient to express these
information in an older (though elementary) fashion (see [24], Lemma 5.1 for the inspiring precursor of
all Aubin-Lions-type techniques). For the sake of brevity, we introduce an auxiliary vector 4 associated
with the solution vector (o, ¢, v, ¢, R, R') and the auxiliary quantities (50), (83) via

A:=(J, ov, 1, 7, Vv, pv@0v,v® (1-J), p, nf Vo) e [LY(Q)]“, (113)

where a = 5N + 34 is the number of scalar components of the vector A. Due to the structure of the weak
formulation, the identities

fpe(t) 1 fpo X0 ffzj‘:o,l«im’j(fle) - Diq
fQ(t)ve(t% 7 Q(t)vo-7 57 ; (114)
J Oc n 2 Q0 ] g‘gz]‘:&l g&j(AE) . Djn

VEe[0,T], V (1, n) €CHRY) x CLHQ; RY).

are valid. Here, "7 (A), i, j = 1,2 are certain linear combinations with bounded coefficients of the entries
of the vector A. The following observation is elementary.

Remark 12.1. Consider a family {(oc, ¢%, v¢, ¢c, RS, R)}.~o which satisfies a uniform bound in the
class B(T, ©, a, N —1, ¥, U!'). Define and auxiliary quantity A€ in the fashion of (113). If the represen-
tation (114) is valid, then there is a subsequence {e, }nen such that for almost all ¢ € [0, T the sequences
{pe,, (t) }nen and {oc, v"(t)}nen converge as distribution in €.

Proof. Define w® := (p°, o v°), and let Y be the Banach space W, (; RY) x Wy (Q; R3). Obviously,
the identity (114) implies the bound [|9;w*|| 10,7,y +) < Co supejo,1] All[L1 (@)« - Moreover, for arbitrary

to
0 <ty <ty < T, the family { [ w(t)dt}c=o is uniformly bounded in L2*/(1+*)(Q) (second bound in
ty

Lemma 10.4), hence compact in Y*.
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We invoke Lemma 4 and Theorem 1 of [33] to show that w€® is in a compact subset of L?(0,T; Y™*)
for all 1 < p < +o0. Hence, we find w € L'(0,T; Y*) and can extract a subsequence {¢, }nen such that
w — w € LY0,T; Y*) and w (t) — w(t) in Y* for almost all ¢ €]0, 7. O

At first we need to extract weakly convergent sub-sequences.

Lemma 12.2. Consider a family {(oc, ¢°, v¢, ¢e, RS, RV)}eso which satisfies a uniform bound in the
class B(T, Q, a, N —1, U, WY). Define auziliary quantities p, Je, 7€, 7€, pe, nf' and A€ in the fashion of
(50) (or (83)) and (113). Assume that (114) is valid. Assume that for almost all t €]0,T[, ¢(t) satisfies
in the weak sense —X Apc(t) = Z - p(t) in Q with the boundary conditions v - Vo.(t) = 0 on ¥ and
de(t) = @o(t) on T'. Then, there are

peL™QRY), JelI* ¥ (QRYY), —ReLy(QiR®), —R' € Ly(sRY),
v e WP(Q; R, pe LN Q)N Lmte 5-ak(Q), ¢ e Lo(Q) N LX(0,T; WHP(Q)),
and a subsequence {e, }nen such that as n — oo:
p — p weakly in L*(Q; RY),
P (t) — p(t) weakly in L*(Q; RYN)  for almost all t € [0, T],
P — p strongly in C([0,T]; RY),
Je,, — J weakly in LZ%(Q; RN*3),
R — R weakly in L*(Q; R®), R™* — R' weakly in L(S; R* ),
v — v weakly in W;’O(Q; R?),
Pe, — p weakly in LG 5-0)(Q),
e, — ¢ strongly in Wy °(Q),
Z - pNoe, — Z-pVo weakly in L'(Q; R?),
Qe, V" — pv weakly in LQ’%(Q; R?),
(0c, v)(t) — o(t) v(t) weakly in L%(Q; R3)  for almost all t € [0,T],
O, V" @V — pv ® v weakly in L%(Q; R3%3).
Proof. Using the bounds in the natural class B, we at first extract a subsequence such that
P — p weakly in L¥(Q; RY), p — p strongly in C([0,T]; RY),
Jo. — J weakly in L> 7= (Q; RN*3),

R — R weakly in L'(Q; R®), RV — R' weakly in L'(S; Rgr),
102 1
v — v weakly in WZI’O(Q; R3), p., — p weakly in prmin{y 375}(@),
0c, v — & weakly in LQ’%(Q; R3), 0c, V" @ v — € weakly in L%(Q; R3%3),
e, — ¢ weakly W, '(Q), nl V., — ki weakly in L'(Q; R®).

We now make use of the identity (114) via Remark 12.1. Thus, for all ¢t € [0,7], we realise that the
entire sequence {p(t)} converges as distributions. Since it is uniformly bounded in L*(Q2), we obtain
that {p(t)} weakly converges in L*(Q2). The limit must be identical with p(t) for almost all ¢ € [0, T.
Thus, making use of Remark 12.3 hereafter, p» — p strongly in [W,°(Q)]*, and this allows to show that
0" v — pw as distributions in @. Clearly £ = pwv.
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Next we define ¢(t) € W12(Q) to be the unique weak solution to the problem —x A¢(t) = Z - p(t)
with the boundary conditions —v - Ve (t) = 0 on ¥ and ¢(t) = ¢o(t) on I'. Due to Remark 12.3 we can
verify, for almost all ¢ €]0,T7, the strong convergence ¢, (t) — ¢(t) in W'?(Q). Thus, it also follows
that Z - p» V., — Z - pV¢ weakly in L'(Q), implying that k;, = nf” Vé. Remark 12.1 implies that
0c, (t) v (t) converges as distributions to o(t) v(t) for almost all ¢ €]0, T, and therefore also weakly in
L2/(+0)(Q). Since 20/ (1 + @) > 6/5, it also follows g, v — ow strongly in [W,°(Q)]*. This in turn
allows to show that g, v» @ v» — pv ® v as distributions, that means 5: 0V R . O

Remark 12.3. o Let 1 < p < +oo. Let K : LP(Q) — WHP(Q) be a bounded, compact operator.
Assume that {u, }neny C LP(Q) is a sequence such that u,(t) — u(t) weakly in L?(Q) for almost all
t €]0,T[. Then, K(u,(t)) — K(u(t)) strongly in WHP(Q) for almost all ¢ €]0, T
o If v, — v weakly in W,"°(Q) and u,(t) — u(t) strongly in [W12(Q)]* for almost all ¢ €]0, T'[, then
Up vy, — uv weakly in L1(Q).

We next can obtain the strong convergence of the velocity field. This result is in principle known (see

[28], page 9).

Corollary 12.4. Assumptions of Lemmal12.2. Then, there is a subsequence such that o, |v» — v|? con-
verges to zero strongly in L*(Q) and pointwise almost everywhere in Q.

Proof. Consider a sequence {v™} of smooth vector fields such that v™ — v in W21’0(Q; R3) for m — oo.
Due to Lemma 12.2, g, |v¢" —v™|? is readily seen to converge to g [v —v™|? weakly in L*(Q) for n — oo.
On the other hand, using the continuity of the embedding W12(Q) c L"(Q) for r < 6, we show for all
a > 3/2 that

lofv— 'Um|2||L1(Q) < lollzoea (@) Ilv = Um”iz:m/(a—l)(@ <cllollLa(g) llv— Um||$/v21,0(Q)~
With similar arguments

€n €n

1
loe, [v = v™ Pl 25 llee, [0 = vPllLiQ) = o, [v™ = vl r1 @)

1
>3 llee, [0 = vPllLr@) = cllee, L@ v = 0™ 310,

Thus, limsup,, . ||, [v" —v|?||1 (@) < Co [lv — v™||? Letting m — +o0, the claim follows. [

Wl 0 ) .
12.1. Conditional compactness statements

We now can prove the conditional compactness of the family {p}.~o. We will need the following auxiliary
statements.

Lemma 12.5. Consider a family {#}eso C C(Rg 4 x RN=1 RY) fulfilling (112). For x € Ry x RNV -1,
we denote x = (z1, Z). Let K C L'(; RY) be a weakly sequentially compact set, and K* C L*'(Q) a
sequentially compact set. Let ¢*, ¢°,... € C>(Q) be a countable, dense subset of C(2; RY).

For all § > 0, there are C(5) > 0, m(J) € N such that, for all 0 < €1, €2 < 1/m(9)

192 (w') — %22 ()| 11

<o (14 3 1wl | w00 Y [ - e o
=1

i=1,2 5
for all wt, w? € LY (; Ry x RVN™1) such that
Z(w') e K, wieK* weW (RN fori=1,2.
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Proof. Clearly, it is sufficient to prove the existence of C'(§) and m(d) and, for all 0 < €1, €2 < 1/m(d),
the inequality

12 (w') = 2 (w?)|[ L0

<¢ Z ”wiHWLl(Q) + 0(5) Z /(%61 (wl) _%Gz(uﬂ)) . ¢i
i=1,2 i=1 |4
for all w!, w? € LY(Q; Ry xRV ~1) such that Z¢ (w') € K, wi € K* and w' € WH(Q; RV 1) fori =1,2
and such that |2 (w') — 2 (w?)| 11 (o) = 6. We argue by contradiction. If the latter claim is not true,
there is dp > 0 such that for all n € N and i = 1,2, we can find 0 < €;,, < 1/n, w®™ € L1(; Ry x RVN-1)
such that Z¢» (w™") € K, wi"™ € K*, w"" € Wh1(Q; RN~1) (i = 1,2) satisfying the properties

||%61-,n (wl,n) — Pe2n (w2,n)||L1(Q)

> 50 Z Hu—)i,n ‘Wl’l(Q) +n Z /(%51,11 (wl,n) — g2 (wQ,n)) . ¢z (115)
i=1,2 i=1 |
|2 (wh™) — g2 (wz’")”Ll(Q) > do. (116)

Since we assume that 2 (w"™) € K for i = 1,2 and since K is a bounded set of L'({2), we obtain first
that [|[@""|w1.1(q) < C for all n € N. Thus, we can extract a subsequence that we not relabel such that
for almost all z € € there exists @' (x) := lim, .o W""(2).

Moreover, as wi" € K*, we can extract a subsequence such that w!™ — wi strongly in L'(Q) and
almost everywhere in (). Consequently, we obtain for a subsequence and for i = 1,2 that

w™ — w' = (w, w') strongly in L'(€; RY) and a. e. in Q.

Now using that Z¢» (w"™) € K, we can pass to a subsequence again to see that Z¢» (w"™) — u’ weakly
in LY(Q; RY) for i = 1,2. The property (112) and the pointwise convergence of w®" yield u’ = Z(w?).
We next use the second implication of (115), that is,

S| [ iy g @i | < en

=14

so that Z(w') = Z(w?) almost everywhere in Q. Hence, Z-» (w!") — < (w*™) — 0 weakly in L(Q)
and pointwise. This implies that Z¢.» (w!™) — Z» (w?™) — 0 strongly in L'(2) and that the condition
(116) is violated. O

We now state and prove our main compactness tool.

Corollary 12.6. Consider a sequence {#"},en C C(Roy4 x RN"L RY) fulfilling (112). For n € N,
let w™ : [0,T] — L'(Q; Ry x RN™1) be continuous. Assume that |J,, oy Usepo,m{wt (t)} is compact in
LY(Q), and that there is Cy independent on n such that |[@™|| 11 (g, ry—1y + V@™ |11 (g;rr-1) < Ci.
Assume moreover that || Z (w")| .o (0;rv-1) < C1, and that the sequence {Z " (w" (t))}nen converges
as distributions in ) for almost all t.

Then, there is a subsequence (no new labels) for which there exists p(t, x) := lim, oo Z(w"(t, x))
for almost all (t,z) € Q, and Z(w"(t,x)) — p strongly in L'(Q; RY).

Proof. For simplicity let Z" := %. For n € N, the assumptions imply that 2" (w"(t)) € L*(€; RY)
for all t € [0,T]. We define K C L*(€%; RY) via K := [, e Usepo,m{#Z" (w"(t))} By assumption K is
bounded in L%(£2) and thus also weakly sequentially compact in L'().
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By assumption again, the set K™ := |, ey U e(0,77{w? (1)} is compact in LY(). For 6 > 0, we find the
constants C'(0) and m(d) € N according to Lemma 12.5. For all n € N such that €, < 1/m(d), we apply
the inequality of this Lemma with €1 = €5, €2 = €,,4p, w' = w™(¢) and w? := wW"*P(t) (p € N arbitrary).
For t € [0, T it follows that

12" (w" (£)) = 2" P (" TP (1)) |10y < 0 (L+ [[@" (0w @) + [0 P (O lwrr ()

©) 3| (@@ ey - @) . )
=g
We integrate the relation (117) over the set |0, 77 and this yields

|%" (w") — " (W) | gy < 6 (T +2 sup ||w“||wf,o(@)

:10
m T
<S(T+C)+C(6 Z (Z™ (W™ (t)) — Z"P (WP (1)) - ¢ .
0//

The vector fields Z™ (w™) weakly converges in L' (€; RY) for almost all # to some element p € L>*(Q; RV).
Invoking the triangle inequality,

T

1]y - amrwr @) o) < 2 s /T / (0) - p(t) - &'
0

k>n
0 [Q

It follows that

sup 12" (w") = B (W )| L) < 0(T+ C) +2C(8 Z 21;13
p= n

o\ﬂ

/ (B (W (1)) — p(t)) - 1]
Q

Due to the uniform bound in L%, the functions g, (t) := f( "(w™(t)) — p(t))- ¢ are uniformly bounded

in L*°(0,T") independently on n. Hence, invoking the Fatou Lemma

T T

timsupsup [ | [ (@ (w(0) - ple)) - o'| = tmsup [ | [ (" ") = p6) -

n—oo k>n n— oo

2 14 0 1o
T
< /liﬂsip /(%n(w"(t)) —p(t) - 0"
0 Q

The vector fields 2™ (w"(t)) weakly converges in L' () for almost all t. Hence, the right-hand is zero in

S{(%k(wk(t)) —p(t) - ¢*

lim supsup || 2" (w") — Z" P (w"P)|| 1) < 6 (T + C)
n—oo p>0

and, since 4 is arbitrary, limsup,, . sup ¢ [|[ 2" (w™)=Z" P (w"*?)||,1(q) = 0. This means that {Z" (w™)}
is a Cauchy sequence in L'(Q). In particular, we can extract a subsequence such that lim,, o Z"™(w™)
exists almost everywhere in Q. O

= 0. It next follows that

T
the latter inequality, and limsup,,_, . supys,, |
T 0
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Corollary 12.7. We adopt the same assumptions as in Lemma 12.2, and we assume moreover that the
family of the total mass densities {0c(t)}e>0, tejo, 1 95 compact in LY(Q). Assume further that the family
of transformations {%<}c~o fulfils (112). Then, p» — p strongly in L*(Q; RN ). Moreover, for almost all
(t, x) € Q such that o(t, x) > 0, there exists q(t, x) := lim, oo ¢ (¢, ). The identity p = Z(o0, q) is
valid at almost every point of the set QT (o) = {(t, z) : o(t, z) > 0}.

Proof. We consider a subsequence {e, },¢cn fulfilling the convergence properties of Lemma 12.2. We define
w"™ = (ge,, ¢°), and verify easily that all requirements of Corollary 12.6 are satisfied. We apply this
Corollary to first show that p» = % (p., , ¢°») converges strongly in L'(Q) and pointwise almost
everywhere.

In order to also show that {¢°»} converges strongly, we resort to the representation (111) and to the
definition of Z~. For k =1,..., N — 1, they yield

_ - 1
G =" Vohe, (A7 (0e,. ¢7) = 0" e+ FL (07 - V)V + — Iny™). (118)
As {n',...,nN =1} are chosen to form a basis of {1}*, we can represent for i # j arbitrary the vector
e — e/ with a linear combination of the Y r " ab? n¥, hence
1

1 L _ -
o Iy = e ek (V- V) FL (V) g

We now choose j as the indice associated with the largest number fraction, which implies that |(1/m;)
Inys"| <InN/minm. For i = 1,..., N, we deduce the inequality

|y | < CQA+IF., (o - V)| + lg™]).

Recall that F.(s) = F(s) + es® with a > 3, while F is associated with a growth exponent ap < a. We
multiply with min{o.,, 1} and, using the growth conditions (35) for F' and the uniform bounds for p
in Lo for €, o¢ in L' and for ¢°» in L2, it follows that

|| min{gen, 1} In yf"”me{a’,z)(Q) < C’0- (119)
€n

Since y;" = p;"/(m; >_,;(p5"/m;)) converges pointwise, we can choose a subsequence such that min

{0c,, 1} Iny{"™ — min{p, 1} Iny; strongly in L'(Q) and pointwise almost everywhere in Q.
Making use of (118), we then verify that

= 1
min{o.,, 1} ¢* — min{o, 1} 7" - (c+ F'(p- V)V + — Iny) pointwise a. e. in Q.
m
It remains to observe that (min{o.,, 1} — min{p, 1}) |¢®*| is uniformly bounded in L?(Q) and tends to
zero in LY(Q), to show that lim,, ., ¢ (¢, ) exists for almost all (¢, z) such that o(t,z) > 0. O

In order to pass to the limit in the boundary reaction terms, we also discuss the strong convergence
of the relative chemical potentials on the boundary |0, T'[xT.

Lemma 12.8. Assumptions of Corollary 12.7. Then, for almost every (t, x) € ST (o), there exists q(t, x) :=
lim,, 00 ¢ (8, ).

Proof. By definition, the surface ST (p) is relatively open and possesses an open neighbourhood U in Q
such that |U N {(t,z) : o(t, z) = 0}| = 0. Thus, for (to, 2°) € S*(p) arbitrary, there is R > 0 such that
the cube Qg(to, ) with radius R > 0 and centred at (¢, 2°) is contained in U. For all € > 0, there is a
constant ¢ = ¢(f2, €) such that

||u||L1(FR(IO)) S € ||VU||L1(QR(r0)) =+ 6(67 Q) ||U’HL1(QR(OEO)) fOI‘ all u € Wl’l(Q).
Here, I'r and Qx denote the intersection of ' and © with Qr(2°), the three-dimensional cube with radius
R centred at 2°. With the help of this inequality, we obtain for almost all t €]ty — R, to + R| that

lg (8) = 4|1 (0n@r )y <€ (Vg™ D) + Vel @) + cle, D) llg™ (1) = a1 @n@ro)-
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Integrating in time, it follows that
to+R to+R

[ 1670 = a0l eaeon dt < Coet e D) [ 1070~ a(Ollprioneo de
to—R to—R

to+R
Now as (Jto — R, to + R[xQ) N Qr(z")) is a subset of U, Corollary 12.7 implies that [ |l¢“(t) —
to—R
to+R

q(t))| L1 (@p(20y) dt — 0. Hence, limsup,, .o [ [l¢™(t) — q(t)|| L1 (rp(z0)) At = 0. O
to—R

It remains to enlighten the global convergence property of the variables {¢°*} inclusively of the set
where vacuum possibly occurs. The following statement is a simple consequence of the a prior: estimates,
so we might spare the proof for the sake of being concise.

Lemma 12.9. Under the same assumptions as in Corollary 12.7, there is a subsequence such that ¢°» — q
weakly in W, °(Q).
With the help of the compactness statement, we can now identify all remaining weak limits.

Corollary 12.10. Assumptions as in Corollary 12.7. Let J, p, r and 7 denote the weak limit of J*, p., ,
re and 7 constructed in Lemma 12.2. Then, for almost all t €]0,T], the following identities are valid:

J=-M(p)(VEq+ZV¢), p=Ploq),

r= Z 7 Ry (DT with DE =% - £q in Q" (o),
k=1

T
7= Z'Ayk R (t,z, DB with D™ = 4% - £q on S* (o).
k=1

Proof. Exploiting the convergence properties stated in Corollary 12.7 and Lemma 12.2, we see that
Je, = —M(p™) (VEG™ + ZV ¢e,) — —M(p) (VEq+ ZV )

weakly in LZ%(Q). Since P., — P on compact subsets of [0, co[xR¥ =1 the pointwise convergence
of {p} and {¢*} yield P, (oc,, ¢*) — P(o, q) pointwise in QT (o), while | P, (o, , ¢)| < cod — 0
pointwise in Q\QT (0). The other claims are proved similarly. O

We now resume the results of the section formulating our main (conditional) convergence statement.

Proposition 12.11. Consider a family {(oc, q¢, v, ¢, RS, RT)}eso which satisfies a uniform bound in
the class B(T, Q, o, N — 1, ¥, W), Assume the condition (112) for the family {%#}cs0, the condition
(114) on the time derivatives, and that {o.} C C([0,T]; L' (Q)) with {0e(t) }repo, 1], e>0 compact in L' ().
Then, there are a limiting element (o, q, v, ¢, R, RY) € B and a subsequence {e,}nen such that all
convergence properties stated in Lemma12.2, Corollary12.4, Corollary12.7, Lemma12.8, Lemma12.9 and
Corollary12.10 are valid.

We finally note an important consequence of Proposition 12.11 concerning the lower semi-continuity
of the energy identity.

Corollary 12.12. Assumptions of Proposition 12.11. Let {(oc, ¢, v¢, ¢c, RS, RT")}cs0 satisfy for € > 0
the energy inequality with mobility matriz M. > M, and free energy functions h. having the property

pf—pe Ré\{Jr = limiglfhe(pe) > h(p).

Then, the limiting element (o, q, v, ¢, R, R') constructed in Proposition 12.11 satisfies the energy in-
equality with free energy function h and mobility matriz M.
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The proof is rather obvious. For the limit passage 6 — 0, the free energies {hs}s>0 converge uniformly

on compact subsets of Rf (see (77)). For the limit passage 7 — 0, we use that the family {h,},¢ is
constructed via convex duality (see (80)) and that the dual functions hZ converge uniformly on compact
subsets of RY (see (78)).

12.2. Compactness of the total mass density

We showed that boundedness in the energy class together with the existence of weak time derivatives
implies the compactness of the solution vector if the condition {o.(t)} C K* for all ¢ is satisfied, where
K* is a fixed compact of L!(£2). Using an extension of the method of Lions for the compressible Navier—
Stokes operator, we can show that this condition is satisfied for the approximation schemes of interest to
us. We in fact show the compactness in C([0,T]; L'(£2)), which is a stronger statement.

Proposition 12.13. Consider a family {(oc, ¢, v¢, ¢c, RS, R1)}cs0 C B which is uniformly bounded in
the natural class B(T, 0, a, N — 1, ¥, U') and satisfies the assumptions of Lemma 12.2. Let {J}cso C
L?(Q; R3) be a family of perturbations such that J¢ — 0 strongly in L*(Q) as ¢ — 0 and such that

limsup, o |(J - Vln o) lzig) =0 ifa >3,
Je=0 if%<o¢§3.

Suppose that the identities

/&@w!@w+IWV¢—!m¢@, (120)

Q

—/@eve-am—/geif@ve : Vn—/pe divn+/S(W€) 1V
Q Q Q Q

:/mww@+/U°WWf*/ﬁV%W, (121)
Q Q Q

are valid for all ¥ € CH([0,T[; C'(Q)) and all n € CL([0,T[; CH(Q; R?)). Assume that either a > 9/5,
or that 3/2 < a < 9/5 and the vectors V and 1V are parallel. Then, for every sequence {en}nen, the
sequence {0, hnen is compact in C([0,T]; LY(Q)).

Insiders in mathematical fluid dynamics will directly conclude from the representation of the pressure
p = P(p, q), with P increasing in g and with Vg controlled, that the total mass density must be compact.
For readers less familiar with the Lions theory, a sketch of the proofs allowing for independent reading is
given in the appendix, section B.

13. Existence of solutions

Weak solutions to (P) are defined in the spirit of viscosity solutions by passing to the limit 0 — 0 and
then ¢ — 0 in the approximation scheme (Pr—¢ ¢.5)-

Proposition 13.1. We adopt the assumptions of Theorems 7.4, 7.6. For o > 0 and 6 > 0 assume that there
is (n70, v70, ¢y 5) € B(T, Q, a, N, W, W), subject to the energy inequality and to the global conservation
of partial masses, that weakly solves (Pr—o.0.5). Then, (P) possesses a weak solution (as stated in Theorems
7.4,7.6).
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Proof. We first show the claim under the assumptions of Theorem 7.4 (Global existence).
The validity of the mass conservation identity (63) implies that the vector of net masses p°° €

Ca-([0,T]; RY) satisfies
p70(t) € {°y @ W for all t € [0,T).
We apply the bounds in Sects. 10 (statements 10.1-10.5) and 11 (Theorem 11.3), and we obtain that

[(Qa,& q<7757 Uo-?éa ¢o’,(57 Rméa RFJL&)]B(T,Q,@E,N—l,\I/,\I/F) < 0(65 BO)v
(00,6, 47°, V7, o5, R7?, RF’U’(;)}B(T,Q,a,N—L\P,\IIF) < C(By).

Here, we distinguish the regularisation exponent «s > 3 and the original growth exponent 3/2 < a < 400
of the free energy function.

Moreover, time integration in (63) and (84) means that (114) is valid.

We fix 6 > 0. By construction, the condition s > 3 is valid. With the help of Lemma A.2 in the
appendix, we verify that

(122)

1((L-J7) - VIngss) " ||lpi) — 0 for o — 0. (123)

As the bounds (76) imply that (112) is valid, Proposition 12.13 applied with J° := 1 -.J° now guarantees
that the family {0, 5}o>0 is compact in C([0,T]; L*(Q)). It remains to apply Proposition 12.11 in order
to obtain the convergence to a weak solution (os, ¢°, v°, ¢s, R®, R™9) € B(T, Q, as, N — 1, ¥, ¥T) to
(PT:O,J:O,5)~

For the passage to the limit 6 — 0 the reasoning is the same. The second of the bounds (122) is avail-
able. Since there is no perturbation J° in the mass conservation equation, Proposition 12.13 guaranties at
once the uniform in time compactness in C([0,T]; L*(2)) of {0s}s>0, and Proposition 12.11 guarantees
the convergence to a weak solution to (P).

In order to prove the additional claims of Theorem 7.5 concerning the singularities, we recall the
inequality || min{g, s, 1} lny?’5||Lmin{a',2}(Q) < Cp (derivation in (119)), where yf"s are the associated
number fractions. With the pointwise convergence of the densities and Fatou’s Lemma, this inequality
always implies that the limiting number fractions are strictly positive almost everywhere outside of the
vacuum set.

It remains to discuss the case of Theorem 7.6 about local-in-time existence. Due to Proposition 10.3,
[ﬁa’é]Cq)*([O,T];RN) < Cp. We can extract sub-sequences such that p”° converges weakly in L%(Q), and
p7% converges uniformly on [0, T]. We define a time Ty 5 via

5o =Mmf{t €[0,T[: _inf Nﬁ‘i”‘;(t) =0}

We know that 17 5 > Ty > 0 where Tj is fixed by the data (cf. Lemmall.4). At first we can extract a
subsequence such that T ; — T™. Due to the continuity of p, we see that 0 = inf P70 (T7 5) — inf p(T™).

Consider now T” € [0, T*[ arbitrary. Then, for all 0 < oo(T* —=T"), and 6 < 6o(T* —T"), we establish
the estimates (122) with T replaced by T”. We then finish the proof as for Theorem 7.4 with T replaced
by T". By definition, we now have limg_p+ min;—1___n p;(T") = 0. Hence, there must exist an index i1
such that p;, (T™) = 0. For t < T*, we then consider the function ¢;, = p;, — max;—1,. n i; < 0. We can
introduce constants

’
[}

ap ‘= 757 00, bO = PR 00 (124)
2|9 ) 2llol oo (@) /

and show that the set Ag(t) := {x € Q : o(t,x) > ag} satisfies \3(Ag(t)) > by for all ¢t €]0, T[. Since
As({x € Q : o(t,x) > k}) < Cp/k, we easily construct a set Ay (t) := {x € Q : a3 > o(t,x) > ap} such
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that )\3 (Al (t)

) > by/2 for all t €]0,T[. Now observe that o € A;(t) implies |F'(V - p(t,z))| < C(F, ao, ay).
Thus, for ¢ €]0,T]

and xz € A;(t)
o Iy = [VIC(F, ao, a1) = |lelloo < max g < [V]C(F, o, a1) + [|coc-

maxm

For t €]0,T[ and = € Ay(t) it follows that ¢;, (f,x) < —— Inp;, (t,z) + C(F, ag, a). Due to the Jensen
i
inequality

1 -
s Gir | > h—r—-2+———C
(A1 (D) / || = N 1 :
Ay (t) b el Alfu) -
In this way, we easily see that liminf; .7« ||, (t)||11(q) = +oc. O

Due to Proposition 13.1, it is sufficient to prove the solvability of the problem (P;—¢,s) in order to
complete the proof of the existence theorems. We are going to carry over this last step by means of a
Galerkin approximation described hereafter.

14. Galerkin approximation for (Pr—¢,5,5)

We choose

(1) A countable, linearly independent system n', n?,... € WOI’OO(Q; R?) dense in WOI’Q(Q; R?), in order
to approximate the variable v;

(2) A countable, linearly independent system ¢!, ¢%,... € Wp™(Q) dense in Wr*(Q), in order to
approximate the variable ¢;

In order to approximate the variables 1, we need a countable system !, 2, ... of W1 (Q; RY) dense
in W12(Q; RY). For technical reasons, we have to require additional properties of this set. For n € N,
and 4,7 € {1,...,n} such that i < j, we introduce the products 77/ = n* -7/ with n',...,n" from (1). By
means of an obvious renumbering, we denote these functions 7° for s =1,...,n(n+1)/2. For all n € N,
we assume that there is p = p(n) > n such that the following additional conditions are valid

1 € span{yt, ... ¢P}
7° 1 € span{yt, ... P} foralls=1,...,n(n+1)/2 (125)
b0 Z, (5 Z € span{yl,. .. P} forall s=1,...,n.

Obvious corollaries of this property are

{v € span{n',...,n"} = |v|?1 € span{y',... P} (126)

¢ e span{Ct,...,("} = (¢ + ¢o) Z € span{yp', ..., pP(M},
For n € N, we are looking for approximate solutions
p e CH[0,T); Whe(Q; RM)), o™ € ([0, T]; W™ (€ R?)), ¢, € CH([0,T]; Wh>(Q))  (127)

following the ansatz

i =Y a )t @), =S b0 @), bn =0+ Y crlt) ¢ (a) (128)
/=1 =1

where the vector fields a = a(™ € C*([0,T]; RP), b = b™ € C([0,T]; R") and ¢ = ¢™ € C'([0,T]; R?)
are to determine.
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Our approximation scheme is (Pr, 5) as described in Sect.9. We choose 7 = 1/n, and we project this
scheme on the Galerkin space. In order to state approximate equations, we need to recall the definition
(80) the free energy functions h, 5. In this point, we introduce the abbreviation

B (1) = F) 2= V5 10) = V()" (1) '), (129)

In order to approximate Eq. (25), we consider for s € {1,...,p(n)} the equations

Jow @y vr = [(@ o+ 37 Vo o) 00+ [+ 0w
Q

Q r
Tt = —M( (") (V" + Z V). (130)
Introduce a matrix-valued mapping p — A (1) = {a; ; (1) }i j=1,... p(n) via
wsth) = [ R 00705 = [R50 + 1 1) 8.0 0] (131)
Q Q

Owing to the convexity of h} and of the function w, we see that A'(u) is symmetric and positive semi-
definite. Due to the ansatz (128) for u™, we can now express (130) in the equivalent form

AL (1) a' () = Fa(t), blb), (),
P [y e ve s [yt [0+ 00 0

Q Q T

In order to approximate Eq. (84), we consider for s € {1,...,n} the equations

/%’* -1 o™ /%’* - —I—/hm ) divn®

— /S(Vv”) 2V — /(Z JE W)™yt — /Z-%*(u”) Von-n°. (132)
Q =1

Q

Introduce p — Az( ) = {a ) }ig=1,..n

U
* i j * 1 n i j
/% ot = (Tl + ) T (13)
Q

Owing to the non-negativity of V,,h} and of ', we see that A?(u) is symmetric and positive semi definite.
Due to the ansatz (128) for v™ and p”, we can express (132) in the equivalent form

A (u™ () V' (1) = F?(a(t), b(t), c(t)),

—— [y e o+ [ ) div
Q

Q

—/S(w Vn° —/ZJ“ V)v /Z@*(m)wn.né

Q Q

In order to determine ¢,, we use the ansatz ¢, = an + ¢o and we consider the projection onto
span{¢!,...,("}* of the Poisson equation, that is

« [ V6 V¢ = x [Voo-ve [ 2 (134)
Q Q

Q
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We make use of the ansatz (128) for ¢,,, and we see that the vector ¢q,. .. ¢, can be determined via for a
linear system Ac = f where

Ay :=>‘</v<i~v<j fori,j=1,...,n

fi ::—)Z/V%-Vgi—i—/z-%’*(,u")(i fori=1,...,n.
Q Q

Since the matrix A is by assumption invertible, we obtain that ¢ = A™!f =: f(a).
Overall, the Galerkin approximation (130), (132), (134) has the form

(o ) () -(FEIIR)

We consider the initial conditions
a(0) = a®" € RP,  b(0) = "™ € R™. (136)

Here, we require for the reason of consistency that

=l W = V,hs(p”) in LN RY),
"
0" = Z by it — v in LY(Q; R3) as n — oo.
=1
We moreover assume that ||u0’”||Lac(Q) < Cy which, by definition, implies for ¢ = 1,..., N that
P> = 5 (1%™) > co(n) > 0 everywhere in (. (137)
At first we can obtain local existence for the problem (135), (136).

Proposition 14.1. There is € = e(n, a®", b°™) such that the problem (135), (136) possesses a solution in
CL([0, €]; R? x R™).

Proof. Recall (137). Consider the matrix A'(u f D2 b s(u) )bt (cf. (131)). Owing to the strict

0,8 "Th,

convexity of h% s on compact sets, A'(u”) is positive deﬁmte and therefore invertible, and ||[A(u°)] 71| <
C(a% n). The ‘matrix A?(p°) (cf. (133)) is uniformly invertible because V,h% s is strictly positive on
compact subsets of RY, and ||[[A%(u%)] 7| < C(a®, n).

The block-diagonal matrix A in (135) satisfies det A = det A' det A%. Thus, A is invertible at a°, v°,
and standard perturbation arguments yield the claim. O

Next we want establish a continuation property for the solution, and we need a priori estimates.

Proposition 14.2. Assume that the approzimate system (135), (136) possesses a solution (a, b) € C*([0,
T*[; RP x R™) for a T* > 0. Then, u", v" and ¢, satisfy the energy identity with free energy h,, s and
mobility matriz M, .

Proof. We apply the ideas of Proposition9.2. We can multiply (130) with p". Due to the additional
property (125) and to (126) on the system {t',... 1P}, we can also multiply (130) with Z ¢,. Second,
we multiply (132) with v™. Due again to the additional property (125) and to (126) we can also choose
[v™|? 1 as a test function in (130). The claim follows. O

Next we verify a continuation criterion.
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Proposition 14.3. Under the assumptions of Proposition 14.2, there is a constant C(n) independent on
time such that ||pu" || Lo o, 7+1x ) + [V | 2o (0,7*]1x2) + |PnlLo=(0,7%1x0) < C(n).

Proof. We want to obtain a L* bound for p". By construction, for ¢ €]0, T*[ arbitrary,

c—Z/\/ﬁ<f/ ") < Co.

Now we prove: There is ¢ = ¢(n) such that |x|1L/o§ < c||lz - 9|21 (q) for all z € RP. Otherwise there

is for each j € N a 27 € RP such that |:Uj\<1,é2 > j|||la? - |Y2| 11 ). Thus, [||27 - 92?19 < j7 with
zJ = 2 [|29| . For a subsequence, 2/ — Z in RP, ||, = 1. But since |||z - ¢['/?||11(q) = 0, we obtain
that z-¢ = 0 in , and due to the choice of the system {w!, ... 1P}, it follows that = 0, a contradiction.
Hence,

C(n)

Tn

I OI1Y2 ) < k(n) [a(t)]1L2 < k() e(m) 11" O 1) < =2 Co

and this implies that [|u" | ge<(j0,7+1x2) < C(n). The properties of Z* entail

f f % .
1o Vo, %n] o (u™) >c(n) >0

From the bound f,%’* "(t)) -1 [v™(t)[* < Co, we obtain that |[v™[| s (jo,7+]x0) < Co ¢(n) . Analogously,
f [V (t)]? < C’o implies that ||V, e (0,r+)x0) < C(n), and since ¢, = ¢ on [0,T*] x I, the claim
follows O

Corollary 14.4. Let T > 0. Then, the approzimate system (135), (136) possesses a solution (a, b) €
CL([0, T]; R? x R™).

Proof. Owing to Proposition 14.1, there is 7% > 0 such that (135), (136) possesses a solution (a, b) €
CH([0, T*]; R? x R™). Since |[u™||p(o,rx0) < C(n), we have infi—y  n infio re)x0 % (1™) > c(n),
hence the matrix A(u™(t)) (cp. (131)) is invertible for all ¢ € [0, T*] with |[AL(u"(¢))] 7| < C(n). The
matrix A%(u"(t)) (cf. (133)) is likewise invertible, and the norm of the inverse satisfies a uniform bound
I[A2(pu™ ()]~ < C(n) on [0,T*]. Due to Proposition 14.3, the functions p™(T*), v"™(T*) and ¢, (T*)
belong to L () and their norm in this space is bounded independently on t.

Thus, the problem (135), with initial data (a(T™),b(T*)) possesses solution in an interval [T, T +
e(n)], and the claim follows reiterating this argument. O

Proposition 14.5. Let n € N and T > 0. The Galerkin approzimation (130), (132), (134), possesses a
solution with the reqularity (127) such that the dissipation inequality is valid with free energy function
hr,.s and mobility matriz M,.

Uniform estimates
We define 7, := 1/n and

* n * n 1 / n * n
=X (1") = Vulhs)™(0") + —w'(0"),  pni=he 5(0").

The family {u™, v™, ¢ }nen satisfies the bounds of Proposition 10.1 and Lemma 10.4 due to the energy
identity. Since 1 € span{v!,... 9P}, the balance of net masses is also valid, hence also the bound of
Proposition 10.3. In order to obtain a uniform bound for {p,}, we make use of the identity Vp, =

SN b s(um) V=2 pr V. Tt implies that

[
VDl . < |lp" || o) IV L2(@) < Coo /2. (138)

L7 (@)
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We combine with the bound for {p,} in L>!(Q) to obtain, via the Sobolev embedding, that {p,} is
bounded in L*%%/G+)(Q).

With the uniform estimate for {Vé, } in L>2(Q), we bound {Z - p" Vé, } in L>2/(2+2) ().

In order to extract weakly convergent subsequences for all relevant quantities, it remains only to show
that the norms ||u"||12(g) are bounded independently on n. We next sketch the arguments to obtain this
bound. We consider perturbed mass densities

= V() (1) = 7~ (),

Owing to Proposition 10.1, ||7"™ — p™|| pec.a (@) = Tn |/ (™) || Loo.a (@) < Co n~1/%" The approximate vector
of net masses p" € C1([0,T]; RY) defined via p"(t) = [ p"(t) dz satisfies by assumption p"(0) — p° for
Q

n — oo. Therefore, for every € > 0 we find ng(e) such that for all n > ng

SN

ﬁn(t) € Bi(ﬁo) oW = Bi(po) D Span{Vl, O a’ysa ’?13 v 7;)/5 }
Hence, the quantities 7 (t) := [ " (t) dz fulfil 7(¢) € B, ,,,—o (p°) & W for all n > ng. For all € > 0 and
9)

ng € N such that € 4 cnga/ < % dist(p®, Mesit), the distance of #*(t) to the critical manifold remains
strictly positive. The definition (129) implies that p = V,hs(r™), which means that (cf. (98), (111))

R 1
W= ek B V)V 4 — g, (139)

where g7 = ri"/(m; 32, (r}/m;)) are the associated fractions. This is the structure required to apply
Theorem 11.3 (cf. (98)). Hence, a uniform estimate is available in L?(Q; RV ~1) for the relative chemical
potentials (n! - p™, ..., pN "1 un).

To obtain an estimate for the complete vector u, we choose the index ¢ associated with the largest
fraction g > 1/N. By means of (139), we see that max; u?* > co + Fi(r"™ - V) V;. Obviously, we also can
state that max; ul* < ¢1 (1 + |F}(r™ - V)|). Thus, employing the growth conditions (34) and(35), there
are sets A, (t) C  and constants ag, by > 0 such that A3(A4,(¢)) > ap and | max; u?(t, )| < by almost
everywhere on A, (t). We do not detail this construction here, referring to the relations (124) and the proof
of Lemma A.1 for similar ideas. Applying Lemma 11.2, and using the fact that [|[Vu™||12(q) < Co o~1/2

we obtain the bound || max u"||r2(q) < Clao) (0712 + by).

Passage to the limit n — oo
Due to the condition (125), we can multiply Eq. (130) with ¢p =v™-n*1, s € {1,...,n} arbitrary. We
obtain that

/atgnv”-ns—/gnv”~v<v”-ns> :/<1~J”>-V<v”-n5>.
Q Q Q

Thus, it follows that

/@(@nvn) -n® —/Qnﬁtv”-ns —/Qn (" - V)" -’ —/Qn (" ®@v™) : Vn®
Q

Q Q Q

= [ ver )

Q
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Rearranging terms

Q/at@nv”»nsg/gn (0" ") : VnSQ/m-J")-vw“-nS)
= /gn (O™ + (V" - V)u") - .
Q

Making use of the latter identity and of (132)

/8t onv") -’ f/ n (VT @V -V = /pn divn® — /S(VU”) -Vn?

Q Q
N . —
—I—/(ZJ”’Z-V)US-v”—/Z-p”ngSn-775. (140)
o =t Q
Due to the identities (130) and (140) we obtain for all ¢ € [0, 7] the representation
[on(®)-v Jotv . ffEJ 01 LI (A") - DIy
n . = 0 . n
s{gn(t)v (t)-n S{QO(t)U (t)-n fzj 0.1 LI (A™) . Din
for all ¢ € [0, 7] and for all (¢, ) € span{e, ..., P} x span{n',...,n"}.

Here, .%; j(A™) are linear combinations in A naturally defined by the right-hands of (130) and (132).
Since the systems span{t', ..., %P} and span{n',...,n"} are dense in C' for n — oo, we easily show
that there is a subsequence such that p™(t) and g,,(t) v™(t) converge as distributions for all ¢ €]0, T'[. Thus,
the conclusions of Lemma 12.2 are valid and we can produce a limit element (u, v, ¢). In particular, the
limit ¢ € L°°(0,T; W12(Q)) is a weak solution to —x A¢ = Z - p in Q with v - qu =0 on ]0,T[xX and
¢ = ¢ on |0, T[xT. Hence, the estimates of Lemma 10.2 apply, with which it is proved that (u, v, ¢) €
B(T, Q, a, N, ¥, ¥,

In order to obtain the strong convergence of the sequence, we make use of the identity Vp" =
D?h; s(u™) V™. We can show that [D?h% 5(u™)| < C o, (cf. proof of Lemma A.2, relation (2)). Hence,
as in (138), we see that ||V, | 12.20/0+0)(g) < Co o~1/2. With this uniform bound on the spatial gradient
and the distributional convergence for all ¢, we conclude from standard arguments that {p™} converges
strongly in L'(Q; RY).

Then, owing to the uniform bound ||u"{|12(g) < Co, we can show that p := lim,, ., 4" exists almost
everywhere in Q). Here, we start from the representation (139) and repeat the argument of Corollary 12.7.
We obtain pointwise convergence in the whole of ) because the vacuum can be excluded for o > 0 (see
the estimate in Lemma A.1).

It remains to identify (u, v, ¢) € B(T, Q, a, N, ¥, ') as a weak solution to the problem (Pr—¢ ,.5)
Passage to the limit in the energy identity is unproblematic if it is relaxed to an inequality (see Corol-
lary 12.12).

Passage to the limit in the integral identities is also straightforward up to one instance: The sequence
1-J"®v™ does not satibfy a better uniform bound than in L'3/2(Q; R3*3). However, recall that 1 - J" =

o (VN ur + 3N Z;V,). Thus, for a test function ¢ € C2(Q), k€ {1,...,N} and £ =1,2,3

N N
/]l-J,?v?-VC:—U/ZM?&C(U?-VC)—FU ZZ- /amnv;-vg.
o 5 i=1 =1
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Since u"™ — p strongly in L?(Q), we then can show that

/]1 Jp g vga—a/zmak (ve - V) + EN: /3k¢vz‘VC=/]l‘JkW-VC.
=g Q

Q

Thus 1-J"®v"™ — 1-.J ® v as distributions.
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Appendix A. Proofs of some auxiliary statements
A.1. Proof of Lemma 10.5

The proof relies on the availability of a solution operator to the problem
divX =/finQ, X =0ond9Q, (141)
for all f having mean value zero over €2, so that for all 1 < ¢ < +o00 the estimates

[ XNwra) < eq[fllza, 1 XLa@) < cqllfllgpaar - (142)

are valid. For details about the solution operator, see among others [15], section 3.1.

Due to the natural estimates, the density satisfies a bound in L°%(Q). We begin with the case o > 3.
For all n € CL([0,T[; CL(€; R3)) the function p obeys

/pdivnz—/gv-@m—/gv@v : V77+/S(Vv) : Vn
Q Q Q

Q
N

[ o= [o )+ [0 Voo

Q i=1 Q Q
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We make use of the estimates

. < [e] @
/Qv M| S levll o e o 176l 2. g8y 5

Q
. 2 . .
Jevow: Ul <levl g o) IVl < e, o
Q
/ S(Vo) : V| < ¢lIVollzo IVl 20, (143)
Q
N N
JOSURIIIE p o IVl
Q =1 =1 L1’3/2(Q)

/nF Vo 1| < [0 Vo =) Inllr=@) < clln” Vol r=a(@lnlle(o,r:wr=)-
Q
Let ¢ €]0, T and consider according to (141) a solution to the problem

divX = o(t) —o(t) in 2, X =0 on O

Since 9(t) = ||ool|z1 (o) for all ¢ as a consequence of (63), (142) yields
[X[wre@) < elle®)llze@) + leollLr@)-
The identity (63) also implies that

N
—/Q@ﬂﬂ = /Qv : vw+/2ﬂ Vi =0 for all € CL(0,T; C*(Q)),
Q Q Q !
and since we assume « > 3, this yields

N

ol 2o w2 ) < llevlizz) + 1Y I lle2(@) < Co-

i=1
The properties (142) hence imply that || X¢[|12(q) < cllotllz2(0,7; wr2(Q)+) < Co. Owing to the inequalities
6a/(5a — 6) < 2 and 3o/ (2c0 — 3) < «, we see with the help of the bounds (143) that | [ p div X| < Cj.

Q

1/a

Thus, [po < Cp, and since o > cp*/* the claim follows.
Q

If o < 3, then we assume that 1 -.J = 0 and, for all n € C([0, T[; CL(;R3)), p satisfies

/pdivn:—/gvﬂm—/gv@)v : V77+/S(Vv) : Vn—/govo-n(O)—k/nFVqﬁ'n.

Q Q Q Q Q Q
We apply the estimates (143) for the right-hand except for the last one. The exponent 3 of (58) satisfies
8 > min{3, 7(Q, I')} > o by assumption. Hence, Sa/(8 + «) > 1. Since 3a/(2ac — 3) > 3, and since
W13(Q) is continuously embedding in L4(f2) for all ¢ < +o0,

F * < F e e < [e3 .
[nf V| < 10"Vl g Ml o = Colil, g g s o
Q
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It can be shown using (63) that o is a solution to the continuity equation in the sense of renormalised
solutions (see [28] or [15]) and that, for all s > 0 and ¢ € CL(0,T; C1(2))

—/gsatw = /st~Vw+(1 —9) /ps divwv .
Q Q Q
Defining r := 2a/(2s + «)
[0*(t) divo(t)|r o) < IIdivo()llzze) lo(®)za @) < Colldivu(t)lrz(q)
Thus, |0 divo||L2.r(g) < Co. Moreover, defining 7 = 6a/(6s + )
lle@®)* v®)llLr @) < lle@)Za @) I0()lls@) < Collo(®) Lo,
and this shows that |0° v|[12.7q) < Co, T = 6a/(6s + ). Making use of the Sobolev inequality

[ &0 < ColTvllnray + 1lar @) < Collvl,
Q

2(0,7; W sa6s ()

For the choice s = 2a — 1, it follows that ||(o*)’ l £2(0,1; w160/ (6+0) ())+) < Co. Now we consider a solution
to the problem div X = ¢°(t) — g°(¢) in Q with X = 0 on 9Q. Hence, [|.X || f (9,7, w1 .s0/20-3)(2)) < Co and

[ X¢llp2.60/6a-6(q) < Co due to the properties (142). We see again that [ p div X is finite, and Lemma
Q
10.5 is proved.

A.2. Special estimates for o > 0 and 7 > 0

In the case o > 0, the dissipation inequality provides /o ||V p|/z2(g) < Co, hence a gradient bound for
all coordinates of the vector pu. We recall that we can always express p = Vﬂhiﬁ(u). Hence, Vp =
(V- Dzhj’é(p)), and the inequalities (73) or Lemma 9.1, (2), imply that

[Vpl < ColVpl, (144)
where C' is independent of all approximation parameters.

Lemma A.1. Assume o > 0. Then, ||1n ollwrog) < Co o—1/2

Proof. Due to the global mass conservation ||o(t)|[z1(q) = Mo for all ¢t €]0,T[, we find parameter ey >
0, o > 0 depending only on the data such that, for all ¢ €]0, T,

Hz e Q et > o(t) > e}] > o

Let 1 >~ > 0. Due to (144), |[VIn(o + )| < C|Vpu|. Thus, /o [|[VIn(e+7)|/z2(@) < C. Applying (100)
(see the proof of Lemma 11.2)

N 1
/Iln )+ < C () <V1n(9(t) + )L +1n 60) :
We integrate in time and obtain that ||In(o + ) z21(g) < Co (1 + o~ /2). We let v — 0, and obtain a
control on || In g||z2.1(g). Due to (144) and the Sobolev embedding, the claim follows. O
Lemma A.1 allows to show the following statement.

Lemma A.2. Assume o > 0. Then, |[(1-J7)-VInos)™|r1g) < Cov/o.



ZAMP Improved Nernst-Planck-Poisson models Page 57 of 68

Proof. For a while we are now going to forget about the § indices. We compute that

* o D2h:]1]1 o = DZhiﬂ 'ﬁz o
ij=1 c =1 e
where €1, ..., €71 are chosen as to form an orthonormal basis of 1+. Thus, introducing for k=1, ...,
the driving forces Dy, := Vu{ + Zi V¢, we obtain that
D2h:1 -1 = D2l gt D2h:1- 2
Vng, = ———(1-D) + Tif(ELD)—TiV%.
N oo - 0 %o

Making use of the identity — >V | J47 = o (1 - D)

D2h*1 -1
N o5

N— 1D2h*1 é-f (N

N
—ZJi’”~VanU =0

i=1

(1-D)*

Z Z Jz o
=1
N—-1

g

D2l -7 (L
P (s e

=1
Since |¢/- D| < c|UD|<cvVMD-Dfor £ =1,...,N — 1, it follows that

N N
(Z Ji,o) (gi . D) Zji,a

i=1
N
(Z J> Voo
=1

ITID| 20y < Co Vo,
L2(Q)

LY(Q)

N
Z Ji,a

i=1

|Véollr2(q) < Covo.
L2(Q)

LY(Q)

119

N

) (€ D)~
D2h:1 - EZ (Z Ji,a> _(gff.D) D2h*]l 4 <Z Ji’“-qua) . (145)

We invoke Lemma 9.1, (2), and find a constant Cy such that [D*h(u?)|/0, < Ca. Together with (145),

this implies that [|((1-J) - VIngs)* | 11(q) < Co C1 /0.

Appendix B. Compactness of the total mass density

O

In Sect. 12, we showed that boundedness in the energy class together with the existence of weak time
derivatives implies the compactness of the solution vector if the condition g.(t) € K* is satisfied, where
K* is a fixed compact of L'(Q). The aim of the present section is to give readers enough insights into the
proof of Proposition 12.13 as to allow independent reading of the paper. We commence with a preliminary

remark.

Remark B.1. Under the assumptions of Proposition 12.13, we apply Lemma 12.2 and we find a weakly

convergent subsequence and limiting elements such that

- / 0 (B0 + (v V) = / 00 %(0), (146)

Q Q

—/Qv(aﬂﬁ(v ~V)77)—/p divn+/S(W) : V77=/Qov°-?7(0)—/nFV¢-m (147)
Q

Q Q Q Q
for all ¢» € C1([0,T[; C*(Q)) and for all n € C1([0,T[; CL(Q; R?)).
There is a branching in the proof: We consider separately the cases a« > 3 and 3/2 < a < 3.
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B.1. The case o« > 3

We are going to establish after Lions convergence properties associated with the effective viscous flux
De, — 1 divur. Here, we abbreviate ' := A+ 2n > 0.

Lemma B.2. Let p, v and o denote the same weak limits as in Remark B.1. Then,
(pe, —n' dive™) o, — (p—n' divv) g as distributions in Q.
Proof. Let ¢ € C1(0,T). Consider for t €]0, T[ the weak solution . € W12(Q) to the auxiliary problem

—Ae = 0.(t) ¢(t) in Q with 1. = 0 on 9. Then, \|1/)E||Lm(O’T; W2e(@) < ¢ |locll Lo 0,1; L (02))- Moreover,
due to (120), the time-derivative u = 01}, is a weak solution to

—Ou = (0e(t) C(1)e = (1) (= div(ee v + J)) + 0c(t) ¢'(t), u=0on .
Hence, since 6a/(6 + o) > 2 for a > 3
106ell L2 0,0 w29 < c¢ (loe vNlz2(@) + 1T L2 (@) + lleell L2.6/50)) < cc Co.
For ¢ € C}(Q) arbitrary, we consider the field X¢ := —¢ V). Then,
[0:X ([ 22(@) < Co, VX [[ra(q) < ¢ l1¥ellzoe 0,7 w2o (supp p)) < Co-

Define 1) € W12(2) to be the weak solution to the auxiliary Problem —Awy = o (t) C(t) in [Wy*(2)]*.
Then, it is readily proved (use Remark 12.3) for X = —V ¢ that

X¢ — X strongly in L*(Q), 0;X¢ — 0;X weakly in L*(Q),
VX¢— VX weakly in LY(Q).

Since 2 > 6a /(5o — 6) and « > 3a/(2a — 3) (this is exactly the case for a > 3), we can show that the
assumptions of Lemma B.3 after this proof are satisfied. Thus,

0e V- 0, X+ 0, v° @0 1 VX = 0v-0,X + ov®@wv : VX weakly in L'(Q).
Moreover,
/S(VUE) VX =n /D(VUE) VX4 A /divve div X¢
Q Q Q

:—77/1}6-AXE—n/ve-V(diva)—i—)\/divv6 div X

Q Q Q
=7 /ve'curlcurlXﬁ—Qn/UE~V(diVX€)+)\ /divv6 div X©
Q Q Q
=7 /curlve-curlXE—l—()\—l—Qn) /divv€ div X°©.
Q Q

Hence, in view of the choice of X,

/S(Vve) VX =1 /divvE 0cC + /{77’ div v Ve - Vo + 1 curlv® - (Vipe x Vo) }.
Q Q Q

We also note that [ pe div X = [pc 0c ¢ — [ pe Vipe - Vio. Moreover,
Q Q

Q
/(Jf V)X | < TN (0 VX s o2y — 0.
Q
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Multiplying the Navier—Stokes equation with X € and the limiting equation with X, we then easily obtain
that [ (o (pe — 7' dive) o — [Co(p—1n' divo)e. O
Q Q

The following Lemma recalls the fundamental technical observations due to Lions ([28], page 17-21)
about the compensated compactness of the acceleration terms (see also [15], section 3.4).

Lemma B.3. Assumptions of Proposition 12.13. Let a > 6a/(5a — 6) and b > max{2,3a/(2a — 3)}.
Consider {X}¢s0, X C L*(Q; R3) such that for e — 0

X¢ — X strongly in L*(Q; R?), 0,X¢ — 0, X weakly in L**(Q;R?)
VX® — VX weakly in L"(Q;R?).
Then, 0cv¢ - 0, X+ 0. v @0v¢ 1 VX — pv- X +ov®@v : VX weakly in L(Q).
We next use an important property of our regularisation.

Lemma B.4. Let o, satisfy (120). Then, o. € C([0,T]; L*(Q)), and for all t € [0,T]

t
/Qe(t) In Qe(t) - /QO In go +//Q€ divo® < ||(jE -Vin Qe)JrHLl(Q). (148)
Q Q 0 Q

Denote o a weak limit of {o.,}. Then, o € C([0,T]; L*(Q)) and for all t € [0,T]

/g(t) In o(t) —/go 1ngg+/t/g divv = 0. (149)
Q Q 0 Q

Proof. Owing to Lemma A.1, we can rely for ¢ > 0 on the fact that Ino. € WQ’O(Q). Making use of
well-known smoothing techniques in time, of which we spare the details here, we can multiply Eq. (120)
with the function 1 + In .. If follows for almost all ¢ €]0, T’ that

¢ t
/(ge(t) In o.(t) — 00 lngo)Jr//gE divve—//jf.VhlgE:O.
0 Q 0 Q

Q

The first claim (148) follows. The second claim (149) follows from the fact that g is a renormalised solution
to (146). This was shown in [28] (for instance on page 14, see also [27], Lemma 2.3) and [15], section 3.5.
In order to state (148), (149) for all t € [0,T], we need that o¢ and o belong to C([0,T]; L*(2)). This
was proved in [28], page 23. O

The compactness of the mass density will follow from a last observation. Comparable ideas are to find
for instance in [28], section 8.5.

Lemma B.5. If p, v and o denote the weak limits according to Remark B.1 then, for all { € CY(Q) such
that ¢ > 0 in Q, there holds
liminf/pen O, C > /pg(—l—co liminf/(gen —0)%¢.
Q Q Q

Proof. We note that p., = P, (0c,, ¢°*) with the functions P, of Lemma 8.4. Due to the estimates (76),
we can rely on the property

P., — P uniformly on compact subsets of [0, +oo[xRY 1. (150)
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Moreover, due to Lemma 8.4, OsP., > co. For arbitrary non-negative u € C1(Q), we therefore obtain
that (P, (0c, 4) — Poy (1, ¢°)) (g0, —u) > co (oc, — u)?. Hence,

lim inf/pen Oe, C — /pu§ >lim inf/Pen (uy ¢°*) (0e, — u) ¢ + co lim inf /(gsn —u)?¢.
n—oo n—oo n—oo
Q Q Q Q

Since VP, (u, ¢") = 05 P, (u, ¢°) Vu + ZN Y9y, P.,, (u, ¢°) Vg;", Lemma 8.4 and the estimates (76)
imply that

VP, (u, ¢ < e {[ul*™" [Vul + [u]* Vg [}.
It follows that ||V P, (u, ¢")|[12(@) < Cu Co. Since moreover |P, (u, ¢=)| < C'|ul®, there is a = a, €
L>(Q) N W,°(Q) and a subsequence such that
P. (u, ¢°*) — a weakly in W,"°(Q).

We easily show that [ P, (u, ¢**) (0e, —u) ¢ — [a(0—u)(. Note that the inequality P, (u, ¢**) < ¢ |u|®
Q Q
implies that |a| < ¢|u|®. We obtain that

liminf/pen QEHC—/p’LLCZ /a(g—u)§+co liminf/(gen —u)? (.
Q Q Q Q

It suffices now to approximate g in L'+%(Q) with functions u of C1(Q). O
Lemma B.6. Assumptions of Proposition12.13 for o > 3. Then, for every sequence {€,}nen such that
the convergence properties of RemarkB.1 are valid:

1. 0., (t) — o(t) strongly in L*(Q) for all t €]0,T].

2. The family \J,cn{0e, } is sequentially compact in C([0,T]; L' ().

Proof. We consider an arbitrary sequence of times {t,}neny CJ0, T such that t, — t* for n — oo. We
choose for j € N a non-negative function f; € C*(R) with the following properties

=0 for s < j71
fi(s) 4 €0,1] forse i1, 2571, |fi(s) <ej
=1 for s > 2571

We define functions ¢, € CHQ) via ;. (¢, x) = fi(t, — t) f;(dist(x, OQ)). Note that (j, — ¢; ==
fi(t* —1t) f;(dist(z, 09)) uniformly in @ for n — oo. Moreover, |V4(; | < c¢j and

Wl _a—2
1Gim = Xpo.t] Xell 2. <c(j) = (151)

a2 (Q) ~
We then rephrase

/pen O, Cj,n = /(pen - 77/ div ven) Oe,, Cj,n

Q Q

+ 7' / div v oc, (Gin = X[o.6,] X2) + 1 / dive®™ g,
Q Qt,,
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With o,, := [|(J** - VIn o, ) T||11(q), the identity (148) yields

77l /(«Qen (tn) In Oc,, (tn) — 00 In QO) + /pen Oe,, Cj,n

Q Q
< /(Pen . T]/ div yén) oc, ij + 17' /div ven 0c, (ij = X[0,,] XQ) + oy,
Q Q

Moreover, owing to (149),

' /(Q(t*) In o(t*) — 00 Ingo) + /p@Cj,n = /(p —n' divv) oG + 1/ /divv 2 (Gin = X[o,64] Xe)-
Q Q Q Q
Thus, subtracting the two latter identities

7 / (e, (tn) Inoe, (tn) — o(t") Ino(t)) + / (e, 0c,, =P 0) Cjin

Q Q
< / ((pe,, —n' dive ™) g, — (p— 1" divv) 0) (jm
Q
+ 77/ /diV V" e, (Cj,n — X[o] XQ) _ n’ /diVU 0 (Cj,n = X[0,t*] Xq) + on. (152)
Q Q

Due to (151), we can bound

/diV v Oec,, (Cj,n — X[0,t,] XQ) < H div v Oe,, ” 2

141
R G = Xpo.ta) Xl 2. 20, < Coj /e,
Q

(@)

Moreover, we easily show that [[(j. — X[o.¢+] XQ”LQ’% < cj Ve 4t —t*|Y/2, and therefore

(@)

/divv 0 (Cim = Xo,) X)| < Co (571 + [t — t]1/2).
Q
Since (p,; — ¢ uniformly in @, Lemma B.2 implies that

lim [ ((pe, — 7' dive™)oc, — (p—1' dive) o) (i

n—oo

Q

= lim [ ((pe, — 7' divo™)o., — (p—7n' divv) o) = 0.

n— 00

Q
Further, Lemma B.5 implies that

n—oo

lim [ (pe, 0, —P0)Cjn = lim /(pen Oc, —P0) (> lim /(Qen —0)%¢
n—oo n—oo
Q Q Q

=co lim [ (0c, = 0)* ((j = Xjor) o) + o lim /(Qen ~0)?
Q Q-

1+L—2
. . 1 E
>0 in [ (@ - 0P ~imsw o, - olfe (3) -

Qy
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For a certain r > 0, it follows from (152) that

o timsup [ (o, () In e, (1) = o(t") Ino(t) + o limint [ (20, — 0 < Caj ", (153)

n—oo Q Qt*
where we also use the assumption that lim,,_. 0, = 0. Since g, € C([0,T]; D*(Q2)), we show easily that
0c, (tn) — o(t*) as distributions in Q, and this added to (153) yields

0, (tn) — o(t*) strongly in L' (). (154)

We now deduce both claims of the Lemma.

In order to establish (1), we choose t,, = ¢ € [0, T fixed. Then, due to (154), we see that o, (t) — o(t)
strongly in L*(€2). The claim (1) follows

In order to prove (2), we observe that g., € C([0,T]; L'(Q2)) for all n € N and that also p €
C([0,T); L'(£2)). This was observed in Lemma B.4. If |J, .y{0c,} is not compact in C([0,T]; L'(£2)),
we find §p > 0 and a subsequence {ny} such that max;co 7y [|0e,, (t) — o(t)|[L1(@) = do, hence also
a ty € [0,T] such that [loc, (tx) — o(tk)l[z1(e) = do. We can always extract a subsequence such that
ty — t* € [0,T], an applying the result (154), it follows that o, (tx) — o(t*) strongly in LY(Q). O

B.2. Thecase 3/2 < a < 3

If we cannot rely on the condition o > 3, additional technical problems occur. Nevertheless, the passage
to the limit can be carried over using an extension of the method of Lions (a > 9/5, [28], Chapter 5) and
Feireisl, Novotny and Petzeltovd (3/2 < a < 9/5, [15]) . Here, we have to assume that the approximate
solutions satisfy global mass conservation exactly (the perturbation J¢ in (120), (121) vanishes). In
particular, it holds that

- / 0 (B + (v - V)p) = / 00tb(0) for all p € C1([0, T[; C*(©)). (155)
Q Q

Lemma B.2 and the further reasoning have to be modified. Here, we will stick to the approach of Feireisl,
Novotny and Petzeltovd in [15]. One introduces for k € N the cut-off function

Tk (0c) := min{o., k}.

It is possible to extract a subsequence (which might be a different one for all values of k), and to find
ax € L*(Q) such that Ti(o.) — ar weakly in LP(Q) for all 1 < p < co. Exploiting the a priori bounds,
it follows that

o’ 1 %
I7320(0) = 2Olven < (4o = 2c.0) 2 B ol ooy < Ca (1)

so that |lax(t) — o(t)||L1 o) < Co (k‘)fo‘/al. Thus, aj, is an approximation of po. Now, the arguments of
[15], Lemma 4.4 allow to prove that the limit g is also a renormalised solution to (146), and to obtain
the following statement.

Lemma B.7. Let o, satisfy (155). Define

L) =42 Y o=t
olnk+po—k otherwise
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Then, for all € > 0, the function g, belongs to C([0,T]; L*(2)) and for all t € [0, T

/Lk(Qe)() /Lk 00) + /Tk div v = 0.
Q

Q Q
Denote o the weak limit of {oc, }. Then, o € C([0,T]; L*(Q)) and for all t € [0,T)]

[r@o - [ Laten +//Tk<g> divo =0,
0 Q

Q Q

S—_ =

Proof. We can reproduce the proof [15], Lemma 4.4 (see also the section 4.6) one to one. O
With the same method as in Lemma B.2, one moreover proves
Lemma B.8. Let p, v and p denotes the weak limits according to RemarkB.1. Then, for one subsequence
possibly depending on k
(pe,, — 0" divo™) Ti(oc, ) — (p —n' divv) ap weakly in L*(Q).
We next can establish the essential property of Lemma B.5 also if a < 3.

Lemma B.9. For allt € [0,T] there holds:

limsup/(pen T1(0e,) — pax) > co limsup/(Tk(Qen) — ag)”.

Q¢ Q¢
If {P.,} is moreover a family of convex functions of o (see Remark8.9), then

limsup/pen Ti(0e,) > /ka(Q) + ¢o 1im8up/(Tk(Qen) — Ti(0))*.

n—oo n—oo

Qt Q+ Q+

Proof. For arbitrary non-negative u € C''(Q), we have

(Pe, (0c,» 4) = P, (u; 4)) (Tilee,) — Tho(u)) = co (Th(oe,) — Ti(u))*.

As in the proof of Lemma B.5, we use that the functions P, (u, ¢°*) have a bounded gradient in L?(Q)
for fixed u. Exploiting the weak convergence p., — p and 7; k( ) — aj, we can show that

nmsup/pgnn.(g%) /ka /ﬂ (ax — Ti(u ))+cOhmsup/m(g%)ka(u»?-

n—oo n—o0

Qt Qt

Here, B(u) denote a weak limit of P, (u, ¢°*). Since ax < k almost everywhere in @, it is possible to
represent ay = Ty (ay). Therefore, we can approximate a;, with functions Ty, (u), u € C1(Q), and it follows
that

limsup/pen Tk (0c,) — /pak > co 1imsup/(Tk(g6n) — ak)z.
n—‘oco n— oo

Q1 Q1 Q

If P is a convez function depending only on g, then we follow [15], Lemma 4.3. O
At last we mention the equivalent of Lemma B.6.

Lemma B.10. 1. o (t) — o(t) strongly in L' () for almost all t €]0,T].
2. The family \J, en{0e, } is sequentially compact in C([0,T]; L' ().
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Proof. We have
/ pe, Tio(ee,) = /(Pen — 1 dive™) Ti(ee,) + 11 / dive® Ti(ee,)
Qtn Qtn Qtn

- / (pen — 1 divo™) Ti(ge,) — 1 / (Li(ee, (ta)) — Li(e0)):

Qtn Q

Invoking Lemmas B.7 and B.8

lim sup / De,, T (0e,)

n—oo

Qt
~ [ diveya -y imiat [ (Fate ) = o)
Qt
/pak - /leU ar, — Tk (o /leUTk -7 1iminf/(Lk(gen( n)) — Li(00))
Q Q Q
— oo [aive(@-Ten+n | [ Lutetn ~tmint [ Litee, (t)
Q1 Q Q Q

From Lemma B.9, we obtain the inequality

co limsup/(Tk(gen) —ap)? + 1/ lgggf/(lzk(gen)(tn) — Li(o)(t)) < =o' /diV’U (ar — Tr(0))-

n—oo
Qt Q2 Qt
Now we distinguish two cases, according to whether the density satisfies a bound in L?(Q). If o > 9/5,
the density is bounded in L?(Q), hence the right-hand of the latter relation converges to zero for k — oo.
If @ < 9/5, but the function P is convex in the first argument, there is the stronger statement

co timsup [ (Tulee,) = Tule))? +of timint [ (Lalee,)(t) ~ Le@)(®) < o' [ divo (o~ Ti(o)).

n—oo

Q¢ Q Qt
Thus, using that both terms on the left-hand are non-negative
Co limsup/(Tk(gen) —Ti(0)? < -1 /divv (ar, — Tx(0)) = -0’ nh_)néo divo (Tg (o, ) — Tr(0))
Qt Qt Qt
< [0l div vl r2q) limsup || Tk(ee, ) — Te(0)llL2(q0)-

N

This shows that cq [|ax — Tk (0)[22(0,) < 7| || divvl[z2(g). If 3/2 < a < 9/5 and if P depends only on g,
we thus can prove that ay — T (o) is uniformly bounded in L?(Q), and converges at least weakly to zero
in this space. Thus, in both cases, it follows that

¢o limsup lim sup/(Tk(QEn) ag)? + hm inf lim 1nf/(Lk(ge)(tn) —o(t) Inp(t))

k—oo n—oo k—oo m—oo

Qt Q
= ¢ limsuplimsup/(Tk(gen) —ay)? + hmlnf liminf | (Lg(oc, )(tn) — L (0)(t)) < 0. (156)

k—oo n—oo k—oo m—oo

Qt Q
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Now we introduce, for k > 2 and n € N, the variables uy . such that ug., Inuge, = Li(ge,). Denoting
1 the inverse of the function ¢ +— ¢ Int in the range [2, +00], we have

0 if 0., <k,
Qe,, — Uk, — -
Oc,, — Y(0c, Ink + 0., — k) otherwise.

Thus,
l[ur.e, () = 2, D)lzr @) < (e, W)l Lo (@) + o)) k7 (157)
We make use of the latter to show that
Uke, (tn) = Uk,e, (tn) — Oe,, (tn) + 0, (tn) — 0(t) as distributions for k,n — oo.
It follows that lim infy, ,,—co s{ Uk e, (tn) Inug e, (£) > s{ o(t) In p(t). Using the definition of uy ., and (156),

we conclude that the equality sign is valid, showing that u (t) — o(t) strongly in L'(2), and thus due
to (157) also that o, (t,) — o(t) strongly in L'(Q). The claims follow using the same argument as in
Lemma B.6. 0

Appendix C. The boundary reduction

We prove that the boundary conditions (28), (29), (30) allow to compute the flux of the electrolytic
species as a function of a (N — 1)-dimensional reduction of the vector p from the bulk and of the data.
We make use of the algebraic equations

T‘F o (MI‘ + MF,ext) :U'F _ _MF - MF’eXt,U,eXt, (158)

which result from (28), (29), (30), in order to eliminate the occurrences of the surface potentials u!". Note
that (158) makes sense if we reinterpret, via trivial extension, the matrices MT and MT** as positive

ext

semi-definite elements of RY. *N" The vectors wand p®** are trivially extended as well according to the

sym
scheme g1 ~ (i, 0) € RN x 0N and p®* ~ (0, u®*) € 0N x RN™". For the sake of simplicity, we do not
introduce explicitly these operators by means of additional symbols.

For the solution to (158), a linear subspace V := span{~+g, ... ,’yfr}@R(MF’eXt)EBR(MF) is introduced.

We introduce
e The numbers d'' = dimV and 8" := dimR(M?") < d¥;

o The positive eigenvalues A1, ..., A\;r with orthonormal eigenvectors b',. .., b of M r.
r . .
e Vectors byry1,...,bgr € RN such that {by,...,bgr} is a basis for V;
e The abbreviation d*** = rk M***, the nonzero eigenvalues A§*', ..., A5, with orthonormal eigenvec-
tors el,...,ed™ € RN of MText,
The latter notations imply that M ¢ = S \ext ek ek for 4 j = 1,...,N'. Recalling now that
©,J k=1"k i g
{bl,...,bdr} is a basis of V, there are coefficients {A;};—1. s ¢=1, q4v and {Aijl}j:ln.’dext# ¢=1,...d"
such that
d- d-
=D Ajbt, = A (159)
=1 =1

Employing these notations and properties, we see that

dcxt

dF SF §F
,',,F _ (MF + MF,ext)uF :Zbk ZAj,k: RF,j _ ijk )\gxt ej . MF _ Zbk )\k: bk . MF~
k=1 j=1 j=1 k=1
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Moreover, there is a representation

Jr dext dr
Ml" ext Z Z AJ X )\ext Mext bk —. Z wy, bk. (160)
k=1 \j=1 k=1

Due to the two latter relations, (158) is equivalent to

{ZleJkRFJZd“[ljk/\e’“ei Pl = A bl =wp — A by fork=1,...,5",

161
Zj:1A37kRF’j—EjzlAj,k)\?(t . F:wk for k=5"+1,...,d". (161

Choose W from (22). We introduce an auxiliary potential ¥ € C 2(IRdF) via

dcxt §F

i 1 . 1

V(X) = WH(AX) + 5 SN (A X)? 3 >N X7
k=1 =

With X = (b - p0, .. b8 - pl) € RY and Vo= (b' - p,..., 0% -p) € R¥ the identities (161) are valid if
and only if

—0¥(X)=w-—-DY. (162)
Here, D € R %" is the rectangular matrix

D= (E) D = diag(A, ..., Aer) € RS X5 (163)

It can be verified that ¥ is strictly convex on R and the following statement is then obvious.

Lemma C.1. The solution to Eq.(161) at the point X = (b' - ub',..., 6% - pF) € RY and Y = (b -
[y b5 - p) €RY s given by X = 0UF (DY — w).

In view of Lemma C.1, the flux J, in (28) possesses the equivalent representation

gf‘

Ty = A (b= p") b =N (V; = 0,0 (DY —w)) ¥,
i=1 ]

in which Y = (b - g, ... b5 ) € R5" . We introduce a potential ¥T € C’2(]R§F X ]Rdr) via
~ 1 O ~ — ~
U (Y, w) =5 DY Y — ¥ (DY — w) + ¥ (~w) + DY - 9" (~w). (164)

Then, at the point Y = (b' - p,. .., b 1) we obtain the equivalence
§F
J, = Z(@yi\ilr(Y, w) — (D OT* (—w));) b'. (165)
i=1
We reinterpret the identity (165) by defining
e A modified reaction rate vector field RT € C1(R% x RY" ) via RV (Y, w) := —ay\i/ ( w),

e Modified reaction vectors 4% := b* and driving forces D R =4k . ufork=1,.

Lemma C.2. Making use of the potential UT from (164), we define

" 8"
o= é{(DFR )3F == oy UL(D"E, w) ¥, JZ
k= k=1
with wy, 1= Z AJ kA e - et for k= .,dF and 3;(w) == \; ;0*(—w) fori=1,...,8". Then, the

conditions (28) (29), (30) imply that J, = —# — J°.
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It remains to show that 7 has the desired structure of a reaction term.

Proposition C.3. Assume that ' € C? (RSF) is a strictly convex, non-negative potential satisfying (38).

Assume that M and MY are positive semi definite elements of RZJ;XNF. Let 8" := 1k M. We

define the reduced potential U* via (164). Then, VANS C’l(R§F X Rdr) is non-negative, and the function
Y — WYY, w) is of class CQ(Rgr), strictly convez and coercive for all w € RY .

Proof. Due to the representation (164), W' is of class C' and even of class C? in the first variable. The
second derivative D?WT is given by

D*" =D - D' D2F*(DY — w))D.
Due to convex conjugation, the identity D?*U*(DY — w) = [D*¥(X)]~! is valid at the point X =
OU*(DY — w). The definition of ¥ induces D2¥(X) = D*¥*(X) + D. Here, we denote by D € R xd"
the matrix diag(A1,. .., Asr,0,...,0), and ¥ := WI(AX) + 1 397 Next( ;. x)2.
Therefore, DU (Y, w) = D — D [D20!(X) + D]~ D. By definition (recall also the definitions (159)
of the matrices A and fl), for n € R arbitrary

dext
- 1 -
D> (X)y - = D> (AX) Ay A+ 5 3 N (A
i=1
> inf{Amin (D), AT, NG} ([N + [Anf?) 2> co [nl?,

where we make use of the Assumption (38). The latter estimate and elementary arguments yield Ampin
(D?UT) > co Amin (D) /(co + Amax(D)). O
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