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1 Introduction and notation 1

Abstract

We introduce an electronic model for solar cells taking into account heterostruc-
tures with active interfaces and energy resolved volume and interface trap densities.
The model consists of continuity equations for electrons and holes with thermionic
emission transfer conditions at the interface and of ODEs for the trap densities with
energy level and spatial position as parameters, where the right hand sides contain
generation-recombination as well as ionization reactions. This system is coupled with
a Poisson equation for the electrostatic potential.

We show the thermodynamic correctness of the model and prove a priori estimates
for the solutions to the evolution system. Moreover, existence and uniqueness of weak
solutions of the problem are proven. For this purpose we solve a regularized problem
and verify bounds of the corresponding solution not depending on the regularization
level.

1 Introduction and notation

The paper is devoted to the analysis of electronic models for solar cells including active
interfaces, which take into account energy resolved defect (trap) densities. Different kinds
of such traps occur in the bulk material and others live only at interfaces. These traps are
assumed to be immobile, but during the time being they can change their charge states
by reactions with bulk electrons and holes from both sides of the interface. Additionally
thermionic emission effects for electrons and holes at the interface are taken into account.

Semiconductor models with varying in time densities of ionized impurities, where the
impurities are associated to a fixed energy level have been investigated in [12]. Recently,
in [9], we investigated a model with energy resolved defect densities in the bulk. But there
no active interfaces (and no traps at interfaces) where taken into account.

Our equations are based on models proposed by engineers working on solar cells (see e.g.
[20, Sect. 4.2]). But, for an easier writing we consider here the situation of only one kind
of volume defects and one kind of interface defects. We demonstrate on this example how
such defects can be analytically treated. Since there is only a very weak coupling of the
effects of the different defects our ideas can easily be generalized to any finite number of
kinds of defects in the bulk and at interfaces.

Moreover, we study here a special geometric situation of a heterostructure, which can be
generalized to more complicated geometries. 2 C R? denotes the solar cell domain. The
boundary 92 of € splits up into a part I'p, representing the contacts of the device and
a part 'y, where the device is insulated. Let a hypersurface I' representing the active
interface divide  into the two parts Q% and Q7 (see Figure 1, too). We assume that
the active interface I" and the part of 9€2, where Dirichlet conditions are prescribed, are
strictly separated, that means infyer, yer |z —y| > ko > 0. We denote I'}, = I'p N 7,
Iy, =00\ (TUTp), v = a, 8. Note that I'}, is allowed to be empty for one 7.
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Figure 1: Heterostructure ) with interface I'.

For the analysis we rescale the quantities, such that energies are counted in units of kT,
where kp is Boltzmann’s constant and T is the temperature. In this energy scale for
E € Eg = [E1, B3] we take into account one kind of bulk (volume) defects with given
defect distribution N (z, E'). To include also measure valued distributions of traps on the
energy scale we use a finite nonnegative measure 4 = NdFE on G := ) X Eg proposing
Young measure type properties such that p(x,-) is a Radon measure on Eg a.e. on ) and
T | £ 9(E)p(z,dE) is measurable for all continuous functions g : Eg — R.

This setting allows for p(z,-) = Zszl 0x(2)0E, (2)(-) such that the case of point-like dis-
tributed traps at single energies Ei.p € Eg as discussed in [12] result as special case of
our investigations, too.

Additionally we consider one type of interface defects with distribution Ny (x, F). Similarly
we work with a finite nonnegative measure ur = NpdFE on Gr :=1T" x FEg.

We use the abbreviations

{{g)) ¢=/E 9(E)u(z, dE), <(9>>F1=/E 9(E)pr (z,dE).

Besides the densities of electrons u; and holes uy depending only on the spatial position
x we have to balance the following quantities: The probability that defect states with
defect distribution N(z, E) are occupied by an electron can be interpreted as the density
of defects occupied by electrons on G = 2 x Eg with respect to the measure y. We denote
it by uz, and ugs = 1 — ug corresponds to the density of non occupied defect states with
respect to the measure u. Correspondingly we denote the density of interfacial defects
occupied by electrons on Gr = I' X Eg with respect to the measure ur by wri, and
ure = 1 —up; corresponds to the density of non occupied defect states with respect to the
measure pr.

Moreover, we introduce the charge numbers of electrons, holes, volume and interface traps

AM=-1, M= . A= A3+ 1,

L e —1 for acceptor like traps
’ s 0 for donator like traps

, Ar2 =Ari +1,

—1 for acceptor like traps
Ary = ,
0 for donator like traps
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and use the vector A = (A1,..., A1, Ar1, Ar2) € RS, In the bulk we consider capture/escape
reactions of electrons from the conduction band by unoccupied traps and of holes from the
valence band by occupied traps (see Ry, Ro in (1.5)). Also the interface defects capture
and escape charge carriers from 7, see reaction rates R}, Ry, v = «, 3 in (1.5)).

The electronic model for solar cells with active interface proposed in [20] is a drift-diffusion
model for the charge carriers coupled with ODEs for the defect occupation probabilities
in the bulk us(x,E), w(z, E), (z,E) € G and with ODEs for the defect occupation
probabilities at the interface uri(z, F), ura(z, E), (z, E) € Gr. Additionally there occur
transfer conditions at the interface including thermionic emission of electrons and holes.
The incident light, generating pairs of electrons and holes is treated as a given (time

dependent) source term Gppot in the continuity equations for electrons and holes. Let z

denote the scaled electrostatic potential and let u; = (u, u? ) be the carrier densities with
u] being defined on 7, v = a, 3, ¢ = 1,2. in our notation, the model proposed in [20,

Sect. 4.2] can be written as the drift diffusion system

4 2
-V (5Vz) = f — U +ug + Z )\l<(ul>> + 51“ Z )\Fi<<UFi>>F in R+ X 97
i=3 i=1 (1.1)

%UZ—FVJ;Y_GPhOt_R_«RZ» inR-ﬁ-XQ’y’ fy:a’ﬁ’ 1=1,2,
the ODEs
2u =R —R gu——gu on Ry x su (1.2)
8t3_ 1 2, (%4— 8t3 + PP L, .
the ODEs at the interface
0 0 0
i = Z (R;l - R;2>7 §rlr2 = —pur1 on R4 x supp ur, (1.3)

r=a,

and the transfer conditions at the interface

—j v = ofud — o ul + ((RR (-, uf', urn, urs)))r, )
—jf P = quiﬁ —ojug + (<R1@i(-,uiﬁ,ur1,ur2)>>p onR, xI', i=1,2.

The flux terms and reaction rates in the continuity equations are given by

jg = —DZ-(VUZ + )\iuZVz), y=a,8, 1=1,2,

R = R(uqy,u2) = ro(u1, ug)[ujus — ko),

Ry = Ri(E,u1,us,uq) = r1[urug — krug),

Ry = Ro(FE, ug,us, ug) = rafugusg — kouy),

R}y = R} (E,u],ur1,ura) = riy[ujury — klyuri],

R}y = Ry (E, u3, ur1,urz) = riy[ujur: — kiyura],
where the positive coefficients rg, kg are allowed to depend in a nonsmooth way on the

spatial position and the positive coefficients r;, ks, 1, kf;, ¥ = o, 3, i = 1,2, depend on
(x, E). In the Poisson equation f means a fixed doping profile and dr denotes the surface
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measure on I' such that in the sense of distributions fQ worvdx = fr wv da for all test
functions v.

For the Poisson equation on 92 we suppose
z=2PonRy xTp, v-(eVz)=0onR, xI'y. (1.6)
For the continuity equations for u] besides the transfer conditions (1.4) we assume that
uwl =ul” on Ry xT), v-j7=00onRy xT%, y=a,8, i=12 (1.7)
We complete the model equations by initial conditions for the densities of all species
w(0)=U;, i=1,...,4, wur;=Ur;,, i=1,2. (1.8)
We introduce reference quantities us, ug, uri, urs fulfilling

u?m = kiug p-a.e. in G, u?Dﬁpg = kfjur1 pr-a.e. in Gp.

Remark 1.1 Our model is an extensive generalization of the classical van Roosbroeck
system [21] describing charge transport in semiconductor devices due to drift and diffu-
sion within a self-consistent electrical field. First mathematical analysis for this transient
system was done in [18], for more references see [5]. Recently [22] investigated existence
and asymptotic behavior of solutions for the whole space situation. Global existence and
uniqueness of weak solutions under physically realistic conditions in two space dimensions
is achieved in [6]. In [14] the van Roosbroeck system is reformulated as an evolution
equation for the potentials. In this setting a unique, local in time solution in Lebesgue
spaces is available and leads to classical solutions to the drift-diffusion equations in the
two-dimensional case.

To handle the electronic model for solar cells including active interfaces we profit from
techniques approved for the van Roosbroeck system and combine them with new ideas.

The plan of the paper is the following: In Section 2 we collect our general assump-
tions and give a weak formulation (P) of the electronic model for solar cells includ-
ing active interfaces. Section 3 is devoted to a priori estimates for solutions to (P). In
Subsection 3.1 we start with energy estimates and we establish L°°-estimates for solutions
to (P) in Subsection 3.2. Section 4 contains the existence and uniqueness proof for (P).
In Subsection 4.1 we introduce a regularized problem (Pj;) and prove its solvability in
Subsection 4.2. After deriving energy estimates (Subsection 4.3) and L*-estimates for
solutions to (Pas) (Subsection 4.4) which are independent on the regularization level M,
in Subsection 4.5 the existence and uniqueness result for (P) is shown.

2 Assumptions and weak formulation

2.1 Assumptions

Some notation. Let Q C R? be a bounded Lipschitzian domain. The notation of function
spaces in the present paper corresponds to that in [15]. To specify norms, we write ||-||z»
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and ||-|| g1 instead of ||| 1r(q) and [|-[| g1 (). Moreover, let T'y, I'p be disjoint open subsets
of 9Q with 0Q = 'y UTp, where I'y := I'y N T'p consists of finitely many points. Let
QUTy be regular in the sense of Groger [13]. For 1 < p < oo we define Wol’p(Q UTy) as
the closure of the set

{wlg : w € C*(R?), (I'p UTy) Nsupp(w) = 0}
in WP(Q) equipped with the usual norm of the space WP(Q). Its dual is denoted by
WP (QUTy), where 1/p + 1/p’ = 1, see [13]. Correspondingly we use H(QUTy).

For a Banach space B we denote by B, the cone of non-negative elements and by B*
its dual space. We write u™ (u™) for the positive (negative) part of a function u. The
abbreviation a.e. means £%a.e., for the measures p and pur we write p-a.e. and pr-a.e.
The scalar product in R? is indicated by a centered dot. Positive constants which depend
only on the data of our problem are denoted by c.

Now we collect the general assumptions our analytical investigations are based on.
(A1) Q, Q% QF C R? are bounded Lipschitzian domains, T'p, T'y are disjoint open
subsets of 092, 02 =T'p UI'y ULy, mes I'p > 0, I'y consists of finitely many
points (Q UT'y is regular in the sense of Groger [13]).
A part T of a hypersurface devides Q into Lipschitzian domains Q¢ and Q7,
infyerp, yer |t —y| > ko >0, 15 =TpNQ7, I, =00\ (TUTp), v =a,f;

(A2) N and Nr generate Young like measures = NdE on G and ur = NpdE
on Gr. [y w=,dE) <cae. inQ, [p pr(z,dE) <Cae. onl}

(A3)  Gphot € L®(Ry, LY (), |Gphot(t)|| 1o < c faa. t € Ry,
ko € L(Q), ko > ¢ >0 a.e., 7o : @ x R2 — Ry, ro(z, ) Lipschitzian, uni-
formly w.r.t. = € Q, ro(-,y) measurable for all y € R%, ro(-,0) € L>®(9),
ri, ki € LY(G;dp), ki > ¢ >0 prae. on G, 1), kl\, € LY(Gr;dpur),

kL, > ¢ >0 pr-ae. on Gr, 0] € LY(I'), vy =a, 8, i = 1,2;
(Ad) € L®(Q),e>c>0ae onQ, feL}Q), 2PeWb>(Q), 2P|p, = 2P (cf. (1.6));

(A5) D; € L*(Q),D;>e>0ae onQ,i=12
uP = ((u‘f‘D,u’fD), (ug‘D,u’gD),O, 0,0,0), lnuZD € Wheo(QY), with
u Pl =P (cf. (1.7), u]Plr =L, y=a,8,i=1,2,

u; € LOO(G, d,u), u; >c¢>0,i=3,4, uf)@l = kyug p-a.e. in G,

api S LOO(GF, d,u,r), ari >c> O, = 1, 2, U?Dﬁrg = k?lﬁrl Mr-a.e. in GF;
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(A6> U, € Lio(Q), 1=1,2,Us,Uy € Lio(G; d,u), Us, Uy <1, Us+Uyg =1 p-ae. on G,
Uri, Urg € LS°(Gr;dur), Urt, Ura <1, Up1 + Ur2 = 1 pr-a.e. on Gr.

2.2 Weak formulation
We use the vector U = (Uy, ..., Uy, Ur1, Ur,) and we introduce the function spaces
Y := L*(Q)? x L*(G;dp)* x L*(Gr;dur)?, Z = H}(QUTy),

V= L®(Q)? x L®(G;dp)* x L>®(Gr;dur)?,
X = {u = (U1, ..., Ug, ur1, ur2) € Y: u; = (ug u’-g), u) € H(Q7\ 'Y, 7=a,6, i= 1,2},

177

and define the operators A: [(X +uP”)NV,] x (Z +2P)] - X*, R: [X +uP]nV, — X*,
and P: (Z+2P) xY — Z* by

2
(A(u, 2),0)x = Z/ D;(Vu; + \ju;Vz)-Vu;dz, ueX,
i=1 79

2
Rw.ahx =3 { [ {ro(wruz ko) = Gpua}tide + [ (oFus - oful) @ - @) da}
i=1 79 r
+ /G {m (urug — kyug) (U1 +1s —Us) + ra2(uguz — koug) (s +173—a4)} du
+ Z / {r%l(qﬁum — kljur1) (@] + Ure — ary)
Gr

=,

ol (udury — kyurs) (@) + dry — am)} dur, Te X,

2 4
(P(z,u),Z)z /Q{EVZ Vz [f+izl u}z} T ZX;/G u;z dp

2
— Z/ )\FquZ‘/Z\d,U,F, zeZ.
i=1/Gr

Note that here integrals over ) of expressions containing uy, us or Vui, Vug take into
account the values of u] or Vu] on ©7, i = 1,2. Then the weak formulation of the
electronic model for solar cells with active interfaces (1.1) — (1.8) reads as

' (t) + A(u(t), 2(t) + R(u(t)) =0, P(z(t),u(t))=0, fa.a.t>0,
u(0)=U, weHL (Ry, X*)NLE (Ry, Vy), (P)

loc
u—uP e L2 (R, X), z—2Pcl? Ry, Z)NLE (Ry, L®(NQ)).

loc loc loc
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3 A priori estimates

3.1 Energy estimates

To prove the thermodynamic correctness of the model we need three preparatory lemmas.

Lemma 3.1 We assume (Al),(A2),(A4). For any u € Y there exists a unique solution
z € Z + 2P to P(z,u) = 0. Moreover there is a constant ¢ > 0 such that

lz—2lz <clu—ily Yu,@e€Y, P(z,u) =P a) =0. (3.1)

Let S =[0,T], T > 0. Then for everyu € L*(S,Y) there exists a unique z € L*(S, Z)+ 2P
such that P(z(t),u(t)) =0 f.a.a. t € S. Ifu € C(S,Y) then z € C(S,Z) + 2P follows and
the last equation is fulfilled for allt € S.

Proof. 1. The problem P(z,u) = 0 may be written equivalently by Py(z — zP) = g(2”, )
with g(2”,u) and the Lipschitz continuous and strongly monotone operator Py: Z — Z*,

2 4 2
(9(z2), )2 = /Q (743" Aw)g — V=" O}z + 3 /G Nugdp+Y /G Ariursg dpr,
=1 =3 =1

r
(PoBiz = | 9y Vids, 5.7€ 2
Q

To show g(zP,u) € Z*, for the last two terms we argue as follows: Because of (A2) we
have

/Guz+227du < clluisall2(@iam 19l 2, /G uriy dpr < clluril|2Gpau) 1012, Y € Z, i =1,2.
T

Therefore, for all right-hand sides g(z”,u) € Z* there is a unique solution to Py(z —2") =

g(zP,u) and (3.1) follows immediately. As a direct consequence we obtain the result for
the time dependent functions. [

Remark 3.1 If (u,z) is a solution to (P) then v € C(R4,Y). Thus, by Lemma 3.1
z— 2P € C(Ry,Z) and for all t € Ry the relations P(z(t),u(t)) = 0 in Z*, u;(t) >
0 ae. on,i=1,2, ui(t) >0 p-a.e. onG,i=3,4, up;i(t) >

0, pur-a.e. on Gr, i =1,2,
are fulfilled.
Lemma 3.2 i) We assume (A1) — (A6). If (u,z) is a solution to (P) then for all t € R4

us(t) +ua(t) =Us+Us =1, 0<wuz(t), wa(t) <1 p-a.e. onG,
urt(t) +ure(t) =Ur1 + Upa =1, 0 <wupi(t), ur2(t) <1 pr-a.e. on Gr.

ii) We assume (A1) — (A6). Then there exist constants ¢ > 2 and ¢ > 0 such that

2
lzlwra < {1+ luillpzoreen } (3.2)

i=1

for any solution (u, z) to (P).



8 A. Glitzky

Proof. 1) The result for uz and u4 is obtained as in the proof of [9, Lemma 3.2]. By
similar ideas, now testing the ODEs for up; and upg by ur(BST(y))™ XS () (
o

BEF (y) is the intersection of G and the ball centered at y with radius ¢ and x denotes
the characteristic function) and letting ¢ | 0 the assertions for upry and upy follow.

where

ii) We use the notation of the proof of Lemma 3.1. According to Groger’s regularity result
for elliptic equations with nonsmooth data [13, Theorem 1] and (A4), (Al) we can fix a
q = q(Q,¢e) > 2 such that, if

vy e Hy(QUIN) : (Poy, )z = (9.7), g€ W M(QUTy), y€ Hy(QUTy)
then y € W, 9(QUTy). We set
2q / 2q q ;g

r=—,

—2 T+ T =2 9
Note that g(z”,u) € W=14(QUTy). We use again (A2) to estimate

/Guz‘+2z?dﬂ < clluiell g (g Wl e < cllwivall o g 19lwras

/G uriy dpr < CHuFiHLs/(GF;d#F)||3//\HL5(F) < CHUFiHLs’(GF;duF)Hgnwl,q’a =12
r

Groger’s regularity result thus implies
2

2 4
D D
22 o <ellg(z2 ) lww—sa <e (4D lill e+ il posagy + D il s )
i=1 i=3 i=1
Therefore, due to (A4) and part i) of Lemma 3.2 the desired estimate follows.  [J

Lemma 3.3 We assume (A1) —(A6). Then for all T > 0 there exist constants c; > 0,
¢ > 0 such that

t 2
/0 { > (HT%UY“F?”D(GF,MFWHrgzuguFl”Ll(Gr,dur))+Z‘/F0?u?—0iﬂufda’}d8
y=a,8 =1

t 2
< c+/ {c+ S {rl2V N/ Ve ey + CTHuiHU(Q)}}ds Vi >0
0 i=1
for any solution (u,z) to (P).
Proof. Due to (A1), for v = «, 8 we find Lipschitz continuous functions ¢7 : Qr — [0, 1]

with ¢” =0o0n T}, ¢ =1 on T and |V¢?| < 1/kg. Testing the equations for u;, i = 1,2,
on Q2% by ¢“, adding them and having in mind Lemma 3.2 i), (A4), (A5), (A6) we obtain

2 t
i=1 0 Qo 9]
t 2
+ / { / (rfqufurs + rrqusury) dur + Z /(a?u? - a?uf) da} ds
0 Gr i—1 T

2
= Zl {‘|Ui‘|L1(Qa) + /Ot {C+ /a %|VU@' + \iw; Vz|dz }ds} Yt > 0.

(riujug + rquu3)¢ad,u,} ds

axFEg
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The terms in the first line can be left out since they are nonnegative. The last term in the
last line can be estimated as follows where at the end Young’s inequality is used

D;
/ — |Vu; + \ju;Vz|de < c/ VUi 2Vi/u; + Aiy/u; Vz| dz
Qo Ko [QL
< THQV\/ui + Aiv/U; VZH%z(Qa) + C7-||UZ'HL1(QO¢).

Similar results are obtained by testing the equations for u;, i = 1,2, on Q7 by ¢%, only
the term [(ofug — af u? ) da then has the opposite sign. Combining both estimates, the
assertion of the lemma follows. [

Using 25 u'lyD, ugD and U3, Uy, ury, urs from (A5), we define functionals Fy, Fy: Y, — R,

Fifu) = [ S19(: =)o

2 4
ﬁ2(u) ::/Qz{ui(ln% - 1)"‘“?}(11""2/(;{“1‘1“% —ui—i-ﬁi}du
=1 i=3 1

7
2
+ Z/ {uriln = — ur; + ur; } dpr,
— Jar ur;

where z is the solution to P(z,u) = 0 (see Lemma 3.1). The value F}(u) + Fy(u) can be
interpreted as free energy of the state u. Because of (A4) we find for u € Y the estimate

Fy(u)+Fy(w)
2

2 4
> C(Hz — 2PN llwinwllp + > us | g an + D llur lnuFi”Ll(Gp,dup))_a
=1 =3 =1

We extend ka, k =1,2, to arguments from the space X* by the definition
Fp=(Ff|x)*: X* - R, k=12

The star denotes the conjugation (see [3]). Following the ideas in [9, Subsection 3.4] we find
that the free energy functional F' := F} + F; is proper, convex and lower semicontinuous.
For u € Yy the relation F(u) = Fi(u) + Fp(u) is fulfilled, F|y, is continuous. Moreover,

ifueYy, u>dand (ln;‘—lllj,lng?g,ln%—z,lng—i,lng—g,lngiz) € X, then

Uy (%) us Uy uri ura2
AMz—2P)+ (ln—,In—=,In=,In —,In —,In —=) € IF (u).
( ) ( Uf) uQD uz U4 UL UFQ) (u)

Theorem 3.1 We assume (Al)—(A6). Let (u, z) be a solution to (P) andT € Ry. Then
F(u(t)) < (F(U) 4+ cp)e™ vt € [0,T],

where cg > 0 is a constant independent of U and T. Moreover, if

Gphot = 0, uPul = ko, lnuzD + X\;2P is constant on QV, vy =a, 3, i = 1,2, (3.4)
and if
ko uaD D ~D
kiky = uPul p-a.e. on G, k—gl = u,le—D’ kLl kly = u]"ud”, pr-a.e. on Gr, (3.5)
1 1

v = a, (3, then ¢y can be chosen as zero.
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Proof. 1. We use formally the test function

Uy U2 us Uy uri ura2
A(Z—ZD) (11’1 111 D’l ~—,1n~—,ln~—,ln~—
u1 5 us Uy uri ur2

for (P) and apply Brézis formula (see Lemma 6.1 or [2, Lemma 3.3]). (To derive the
desired result precisely, one has to use test functions

9 9 4 ) ) o
Az —2P) + (lnu—]lj,ln ué,l ] ,In o ,In — ol ,In um)’ u‘szmax{u,é},
uy uz’ wy Ui’ ure
0 <6 < min{ Z.rilig{essﬂinf Ui, essﬂinf uP}, g%jr}l{esg’iﬂnf Ui}, Ei%{eGsilynpf Uri}}, (3.6)

and then one has to take the limit § | 0, see steps 1,2 in the proof of [9, Theorem 3.2].)
2. We estimate a.e. in {2
€

Di(Vu;+Aiu; Vz) - V(In 5 + Ai(2— 2P > 5\2V\/u_i + iV V2 = cug|V(InuP+ 2 2P) 2,
Gphot(In 25 + /\i(Z—ZD)) < |Gphot!(Jus] + [ u?| + [z = 27)),
ro(uiuz — ko) In 4% > —c|In —u?ug\

o\tw1u2 0 u{quD = ko '
The last line follows by a case by case analysis. Have in mind that all considered reactions

are charge conserving. Moreover, we find by the monotonicity of the logarithm function
and by uPuy = kius3 (see (A5)) that p-a.e. on G

ULULUS
o
uP ugus

r1(ujug — kjug) In = ri(urug — krug) In Ziﬁé‘ >0,

TQ(UQU;), — kQU4) In 1%2—364 = TQ(UQU;; — kQ’LL4) In u2u3 +1In k1k2 > —c(|u2\ + )‘ In klk%
Uy UU4 Uz uy

Additionally, using that u§Paurgy = k:%ﬂpl (see (A5)) we establish that up-a.e. on Gr

o « o Ul uratry ur2
iy (uiure — kfyur:) In wDlrqur; = rpy (ufure — kpyur) In £ ka Tur >0,
B 8 B aD
B B B U} Upgliry B (B 8 uj ups Ekpyuf
roq (U ure — kpqury) In 45— = ri, (v urs — kn ury) | In + In
1 (U rUrt) P Draur: 1 (U rUrt) K2 ury ke uD
B, aD
B8 B kpqug
> —(rpuiurs + )| In el
rig(u§ury — kfqurs) In ugurins _ . (uury — klyurs) | In A2401 -+ In ity
r2lU2Ur1 r2Ur2 wS Dirurs r2(UUr1 r2Ur2 ka wpDugD
k k
> —(rfquSury + ¢)| In aD gD
8 i
B8 (. B B8 U Ur1Ur2 B8 /B 38 [ Uy Ur] kg k
e (Us U1 — kours) In —25——= = ri, (ubury — kpott In +1In
FQ( 9 UT'1 T2 F2) ’BDUF1UF2 1"2( 2 UT'1 T2 FQ) kmum u‘f‘Du'gD

B8 . B k%lkl'?
> _(TFQUQUFl +¢)|In weDy PP b

and by u]” |r = & 1,2, v = a, 3, (see (A5)) we conclude that
o, o 551“?“?[)_ a, o 5ﬁ1‘7?u§1_0 T i —1.9
(aiui—aiui)nuw —(Uluz—aiuz)ng_ﬁu@— a.e.onl', =12
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According to our assumptions (A3), (A4) and (A5) we find from step 1 and the previous
estimates

Flut)) - (U)+E/ 12V /T + Ao/ V2|25 ds

/ Z -l ) (19 P 2022 3o+ i 252 e 1 B8 e )

Lt 1B o8 I Beg? d
+e 0( +||Tr1U1UF2HL1(GF,dMF))Hnk(ﬁlu?DHLoo(GF,dup) s

t
e / (14 1 ey 10 2 e ey s

t
k
+e / (1+ rfyusurt | 21 p ) 10 =5 23 ﬁDan(Gndw)d

t 2
4 [ Gl {3 (il + aPln) + 12 = 22 } s
0

3. If (3.4) and (3.5) are fulfilled, then the right-hand side of the previous estimate is zero.
Therefore the last assertion of the theorem follows immediately. For the more general
situation we argue as follows: Using (A3), (A4), (A5) and Lemma 3.3 the right hand side
in the previous estimate can be majorized by

t 2
/ >~ (ellulln + 11z = 2P 1% + 1) + SI2V i + A/ V222 ds.
0 =1

Since 25:1 luillzr + |12 = 22|14 < eF(u) + ¢ for z with P(z,u) = 0, Gronwall’s lemma
supplies the desired result. [

Remark 3.2 Theorem 3.1 guarantees that the electronic model for solar cells including
interface kinetics and energy resolved defect densities in 2 and at the interface I' is thermo-
dynamically correct. The free energy functional F' is something like a Lyapunov function.
Namely, under the special assumptions (3.4) and (3.5) (meaning that the data is compati-
ble with thermodynamic equilibrium) the function t — F(u(t)) is monotonously decreasing.
For the more general case of data the free energy may be increasing, but its growth can be
estimated by Theorem 3.1.

Remark 3.3 If rq is independent of ui, uz and Gppet 1s independent of time, and the
Dirichlet values and reaction constants fulfill

Gphot
7o
instead of (3.4) in Theorem 3.1 and if additionally (3.5) holds true, then the free energy

on solutions F(u(t)) decreases monotonously, too. This can be seen by substituting the
second and third estimate in step 2 of the proof of Theorem 3.1 by

D, D
UIUQ :k0+

, Inw] Py \zP is constant on Q' v=a,06,i=1,2, (3.7)

D, D
Gphot Upu2 Uy Uy
rol uius — ko — In—7—F2>—|ln——7m—|,
7“0 ul ’LL2 k + phot

which is obtained by a case by case analysis, too.
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3.2 L*®-estimates of the solution

Have in mind that Lemma 3.2 provides global upper and lower bounds for us, ug on G
and uri, ure on Gr. To prove upper bounds for the densities of electrons and holes we
argue in two steps. Starting with estimates of the L>(R,, L?)-norm of u;, i = 1,2, (see
Lemma 3.4), the final estimate is obtained by Moser iteration in Theorem 3.2.

Lemma 3.4 Under the assumptions (Al) — (A6) there exists a monotonous function d :
Ry — Ry depending only on the data (but not on T') such that

2
Do llu®)lpe < d(IF(W)legs) Ve S =1[0,T]
1=1
for any solution (u, z) to (P).

Qt(vlyv2707 cee 50)5

1) o) (3:8)

Proof. For problem (P) we use the test function e

v; = (u; — K)*,  where K > K := max (1, 1Ulv, max
i=1,2, v=a,0

will be fixed later. The choice of K ensures that v} (0) =0, v27|p73 =0,y=a,8,i=1,2.

2t

2
€ 2
- zzl /Q vi(t)* dx
¢ 2
= / e25{ / Z {v? — Di(Vv; +Au;Vz) - Vo + Gppotvi + ro (-, w1, u2) (ko — u1u2)vi} dz
0 Q=1
2
+ Z/(af‘uf— a?uf)(v?— v) da + / {ri(k1ug — wiua)vr + ro(kous — ugus)ve } dp
=1 r G

+ > / {rpy (kfyurt — ujure)v] + riy(klyurs — ugur:)vg } dNF}dS
G
y=a,f" T

t 2
< /0 2 N { — ellvill?n + clluill o IV 2l zallvill i + cllvillZe + ¢ S (o7 |2aqp + ck?} ds.

The exponents ¢ > 2 and r are taken from Lemma 3.2 ii) and (3.3). For the treatment
of the reaction terms we refer to (A3) and Lemma 3.2 i). Moreover, due to (A2) we
have [[villr2(can < cllvillzz@)s 107 |22 @Graue) < €llvi lz2r), @ = 1,2. Now we apply the
trace inequality (6.1), the estimate (3.2) and the three variants of the Gagliardo-Nirenberg
inequality (6.2)

1 1/r’ 1/r' 1
lvill2s < cllvillpt il lviller < ol ol Noill o < ellosl |35 ol 2

with r and 7’ from (3.3). At the end, Young’s inequality gives for all ¢t € S

2t 2 t 2 2
G Il < [ e S {ES Iyl = DIl + il + D} s (39)
i=1 i=1 =1
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with a monotonously increasing function ¢(K'). For K with In K > max;—; 2 [|In uiD lpe+1
we estimate

2

2
F(u) > Z/ {u;(In 5 —1) —|—uzp}dx > Z/ u;(In K — max Ilnuf||pe — 1) da
=1 7Q ? i—1 ¥ {z0;>0} k=1,2

2
> (lnK — InuP||;e —1 e
> (In fnax g [ ); |vi | 21
1=

Now we fix K > K as a monotonously increasing function of | F'(u)]| sy fulfilling

DO

2 -
_ c[F(w)llecs)
[ V; < <
; leillos < In K — maxy_1 ||[InuP||pe~ — 1

(compare Theorem 3.1); then the term in front of the Hl-norm in (3.9) is negative. It
results

2
e ui(®)lI72 < € ce(K)(IF ()3 + 1)
i=1
Since u; < v; + K this proves the lemma. O

Lemma 3.2 and Lemma 3.4, guarantee that for solutions (u,z) to (P) for all ¢ € S the
norm |[|2(t)|lyy1.a(q) is bounded by a continuous function of ||F'(u)|¢(s) depending on the
data but not on T'. The exponent ¢ > 2 is results from Lemma 3.2 ii). We write shortly

2r
k= (”VZ”LOO(S,Lq(Q)) + 1) . (3.10)

Now we establish the upper bounds for the densities of electrons and holes. The proof is
based on Moser iteration techniques. Such techniques e.g. are used in [10] for problems
from semiconductor technology, in [6] for the classical van Roosbroeck system and in [8]
for spin-polarized drift-diffusion systems.

Theorem 3.2 Let (Al) — (A6) be satisfied. Then there exists a constant ¢ > 0 and a
continuous function d of [|[F(u)||c(s) depending only on the data (but not on T') such that

2 2
Yol <er) (Slelg [[ui ()] Lr + 1)7 2Ol < d([F(w)lles) VEes
i=1 i=1 °
for any solution (u, z) to (P).

Note that supeg [|ui(s)l[zr < c(|F'(w)llo@s) + 1), @ = 1,2, on solutions to (P) and that
this right hand side is bounded by Theorem 3.1.

Proof. Using for (P) the test functions

~

pelt (v’f_l,vg_l,(),...,()) € L*(S8,X), p=2™, m > 1, where v; := (u; — K)", i =1,2,
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with K from (3.8) we obtain
2
et Z/ vi(t)P dx
i=1 7%
‘ 2
= / pe%{ /Q Z {vf — Di(Vv; +\u; Vz) - vafl + Gphotvffl + 7ro(ko — ugu2)v } dz

+Z/ oou — J uf )(('Uf)pil _ (v?)pfl) da
+ / {r1(krus — wyug)o? ™" + ra(kyus — uzuz)o ™'} dp

+ Z / {riy (kfyury — wfura) (0] )P~ + iy (kfyurs — udurt) (vg)P~ 1}dNF}d
y=a,8

Regarding (A3), (A4), (A2) and Lemma 3.2, applying the trace inequality (6.1) for (v])?/2,
Holder’s, Gagliardo-Nirenberg’s and Young’s inequality we continue by

2 . 9 )
eptZHvi(t)Hip S/eps{/ Z{cp(uz‘\VZHva*l\ + 0P + (Zuk—l—l)vf*l) _ €|va/2|2}dx
i=1 0 Q3
+ep Y / P4 1) dF} ds

y=a,8
t 2
2 2
< [ S ettt o + Dl
i=1

+ep(of 12+ 30 Ny +1) = ello?’* )3} as
y=a,8

t 2
< [For{wer™ (s + 1) as)
0 i=1

where « is defined in (3.10). In summary it results the estimate

2 2
Z Hvi(t)Hip < CPQT,{Z SEE(HUZ‘(S)HZEP/Q +1) vVt e S. (3.11)
i=1 i=1°

Defining
2

an =3 {sup [u@)in + 1}, m=0.1...

i=1 = €8
the inequality (3.11) implies

— m+1_o_ m__ m
amgcmﬁafn,lﬁcmw(m D24 o< 2 2-m .2 1a% :

and we continue estimate (3.11) by

vaz \|L2m<cm2{sup||vz e+ 1.
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In the limit m — oo, we find

ZHUZ HLoo<CI£Z{SUp||UZ HL1+1} VteS.

Because of u; < v; + K the desired estimate for u;, 1 = 1,2, follows and then the assertion
for z is a direct consequence of Lemma 3.2 ii) and the Sobolev embedding W14(Q) —
L*>(92) for ¢ > 2 in two spatial dimensions. [

4 Existence and uniqueness result for (P)

4.1 A regularized problem (Py/)

In order to show the existence of solutions to (P) we study a regularized problem (Pys)
defined on an arbitrarily fixed time interval S = [0,T]. For M > M* := max {1, |U|y}
let pps : RS — [0, 1] be a Lipschitz continuous function fulfilling

u ) u maxy|Uyfy...,|U .
PM 1 T |u‘ < / 9] 1 r2

Additionally, we introduce the projection

—M for y<-—M,
om(y) = y for ye[-M,M], yER,
M for y>M,

and define the operators Ays: (X +uP) x (Z 4+ 2P) — X*, Ryr: [X +uP] NV, — X* by
2
(Andu, 2), @) x = / S Di(Vus + Ailows (u)]* V2) - Vi da,
Q=1

(RM(U),@X::/GpM(u){rl(u1U4—k1U3)(al+a4—ag) +Tg(UgUg—kQU4)(ﬂ2—l—ﬂg—a4)}du

+ Z / rFl ujure — kpyurt) (@] + dr — Ur1)
r=a,8
+ rig(ugurs — kfyura)(Uy + tr1 — am)} dpur

2
+ 3 | puu)(ofu? — oful) (@ — @) da
i=1 T

+ / pM(u){ro(u1u2 — ko) (U1 + U2) — Gppot(ur + ﬂg)} dz, wueX.
Q
We study the regularized problem

() + Ap(u(t), 2(t) + Ry(ut () =0 P(z(t),ut(t)) =0, fa.a. tes,

(Par)
w(0) =U, u € H(S, X*), u—uP € L*(S,X), z — 2P € L*(S, 2).

Solutions (u, z) to (Pys) fulfil uw € C(S,Y) and z — 2P € C(S, Z).
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4.2 Solvability of (Py)

In this subsection the constants may depend on M and S. We work with an equivalent
formulation of (Pys). We decompose u in the form u = (v,w), where v = (uy,u2), w =
(us3, uq,uri, ure) and make use of the spaces

V2= L*(Q)% YV'= L3(G;dp)* x L*(Gr; dur)’, X2 = (H'(Q%) x H'(Q}))% X = (X?)",

where H'(Q)) = H{(Q UTQ). We define operators AY: L?(S, X?) — L?(S, X%),
Ro: (L2(S, X2)+vP)x L2(S,Y*) — L2(S, X?*), A, : (L*(S, X?)+vP) x (L?(S, Z)+2P) —
L2(S, X%) and Ry : (L2(S, X?) +vP) x L?(S,Y*) — L%(S,Y*) by

2
(A%v — ’UD),{)\>L2(S7X2) = / / Z DV (v; — vP) - Vo, dz ds,
SYQ =1

2
(Au(v, 2),0) L2(5,x2) :://ZDi(vviD+)\i [oar(vi)] ' V2) - VT dz ds,
SIQ =
<RU(an>v’l/)\>L2(S,X2) = /<RM(U+,’U)+), (i]\a O)>X ds, Ve L2(Sa X2)7
s

(R (v, w), @) 12(5,y4) := /(RM(er,w”L),(O,@))X ds, @€ L*(S,Y?).
S
Let v € L?(S,Y?) and w € L?(S,Y*). Then (v,w) € L?(S,Y) and by Lemma 3.1 there is
a unique solution z with z — 2 € L2(S, Z) N L>(S, L=(Q)) of
P(z(t), v (t),w" (t)) =0 faa. tcS.
By 7.: L?(S,Y?) x L?*(S,Y*) — L?(S,Z) + z” we denote the corresponding solution
operator such that z = 7, (v, w). Then the system

(v —vP) + A (v —oP) = —Ry(v,w) — Ay (v, T, (v, w)),

(v —vP)(0) = (U1, Uz) =P, v —2P e W2,
w' 4+ Ry(v,w) =0, w(0) = (Us,Uy,Ury,Urs), we H'Y(S,Y?), (4.2)
is an equivalent formulation of problem (Pys). Note that here
W?:={veL*S,X?:v e L*(S,X*)} c C(S,Y?).

Solvability of (Pys) is obtained by proving that the system (4.1), (4.2) has a solution. First
we give a short overview of this proof. For an arbitrarily fixed o € W2 4 v” we solve

w 4+ Ry(@,w) =0, w(0) = (Us,Uy,Ur1,Ura), we HY(S YY), (4.3)

and get w = 7,0 with a solution operator T,,: W? + v?” — H'(S,Y*) (see Lemma 4.1).
The problem
(v —vP) + A(v — vP) = —Ry(T, To?) — Ay (T, To(T, TuyD)),

(v —oP)(0) = (U1, Up) — 0P, v—oP e W? (4.4)
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consists of four independent linear parabolic problems for uf, u’lg , us, u’g and fixed given

right hand sides from L?(S, H'(Q}))* . Thus there exists a unique solution v = Q% to this
problem. The operator Q is completely continuous (see Lemma 4.2). Using Schauder’s
fixed point theorem we obtain a fixed point v of Q (see Lemma 4.3). Then (v, 7,v)
corresponds to a solution to (4.1), (4.2). Now we give the detailed proof.

Lemma 4.1 We assume (A1) — (A6). Then for all © € W2 + v there is exactly one
solution to (4.3). Moreover || Toy0l|c(sy4) < ¢ for all© € W2+vP and

178" = T®lloys < {8 =P lrasysy + D 157 = 82 rags parys |
y=a,8

for all %, 9% € W240P.

Proof. Since for w € L?(S,Y*) the map w — R, (v, w) is Lipschitz continuous uniformly
w.r.t. v, by [7, Chapt. V, Theorem 1.3] problem (4.3) has a unique solution w = 7,,v with
a solution operator T,,: W2 +vP — H'(S,Y*). Since a.e. on S

[Ru@ ') = Ru@ w?)llys < (5"~ Py + 32 07 = 7 paqeye + ot — w2y
y=a,8

for all (%, w?), (92, w?) € L*(S, X) we derive by testing (4.3) (for (v*,w!) and (9%, w?))

by w! —w? and by using Gronwall’s lemma the Lipschitz-estimate of Lemma 4.1. Testing

(4.3) by w = 7,0, taking into account that pps(u) = 0 for u with |u| > M and again
using Gronwall’s lemma the uniform estimate for || 7,0||¢(s;y4y results. [

Lemma 4.2 We assume (A1) — (A6). Then the mapping Q: W2 +vP — W2 4+ oP is
completely continuous.

Proof. Let {v,} € W2+ v? be bounded. According to [16, Theorem 5.1] and (6.1) we
may assume that there exists an element v € W?2 + v such that v, — v in L?(S,Y?),
Uy — 07 in L2(S,L3(T')?), v = a, 3. Let

Vp = QUp, v = Q0, wy = Ty, w="T,0, 2z, = 7.2(671)1'071)) z = ,TZ(E)\) w)

Lemma 4.1 and Lemma 3.1 ensure that w, — w in L?(S,Y*) and z, — z — 0 in L?(S,2).
Testing (4.4) for v, and ¥ by v, — v € L%(S, X?) it results

%H(vn —0)(t)]2» +/0 ellon — o5 ds
¢ 2
< C/o { /ﬂ; {‘[UM@m)]*—[GM(@)]ﬂ\Vz| IV (Uni — 03)| + |V (20 —2)| |V (Uns — U@)‘} dae

+ (I =lly=+ > m—mumw\wn—wm)uvn—w}ds vie s,
r=a,8
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By Holder’s inequality and Lemma 4.1 we conclude that
2
l[vn — U||L2(S,X2)

< cllon = vllzags xo {10 = Bllzesysy + D 15 = D llzaqs.cow) + 20 = 2llis 2
y=o,f

" 21 [/OT/Q o (@ni)]* = loar (@) 77 [V2]* do ds} 1/2}-

7

Properties of superposition operators give that the square bracket term in the last line
tends to zero if n — oo. Finally we find that v, — v — 0 in L?(S, X?). Next we estimate

l(on = v)'ll2(s,x20)
<R (@n, wn) = Ro (@, W) 225, x24) + A (0n—=0) | 125, x24) + [ A0 (@ 20) = Ao (T, 2) [ 125, x2+)

< C{an —vl[z2(s,x2) + U0 — VllL2(s,y2) + Z g = V7 lz2(s,22(r)2) + llwn — wllp2(s,y4)
r=a,8

| /OT /Q loas (Gun)]* — [oas (G2 V= azas] ) =0

2
+ lzn — 2llz2(s5,2) +
i=1

for n — oo, and we obtain v, — v — 0 in W?2. The continuity of the operator Q follows
by similar arguments. [

Lemma 4.3 We assume (A1) — (A6). Then there exists a fixed point of the mapping Q.

Proof. For given v € W2 +vP | let z = T,(v, 7,,0) and v = Q0. We use ¥ := v — v as test
function for (4.4), take into account (A4), (A5) and (A6) and use for R, that pps(u) =0
if |u|o > M and apply (6.1), Lemma 3.1, Lemma 4.1 and Young’s inequality. Then, since
1720, To0) || g2 < c(1 4 ||0 — vP||y2) we find

t t
[B(6)132 + e /0 7%z ds < e+ /0 (14101 + 2 113 2ye + (1 + izl )72 ) s
=,

t
< c+/ (5|[@)%2 +c (1 + 8]}z + 0 —vP)22) )ds Ve S.
0

Thus there is a constant € > 0 such that for all k > 0
t
(0 + [ 1R ds)

t S
e+aekt/ {{Hﬁuaﬁua—vmaﬁ/ (I71% + 115 — vP|%2) dT}e*kseks}ds
0 0

o B B N s B N ekt_l
A S Ca (Ol ORI /0 (Il + =0 1) dr }
s€

IN

IN
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We take now k > 3¢ and obtain

t
supe ™ ([o(6)=+ [ o)l ds)
tes 0

3_ .1 _ b
< Zet 2oup {e ([(0) — o7 R +/ [5() — v” | ds) }.
2 24es 0

Once more using for the reaction terms that pys(u) = 0 for |u|o > M, and again applying
Lemma 3.1 and Lemma 4.1 we estimate

[ 2(s.x2) = sup (=Ry(0, Tud) — AY(D) — Ay(, 2),0) 12(5,x2)
|’U||L2(S,X2)§1

IN

¢ (1Pl r2s,x2) + Izl c2gs,my + 110 = vP 2y + 1)

<c (HWL?(S,X?) + 119 = 0Pl r2(sy2) + 1)

(Pl + [sup (e (1900 s + [ 1965)-07 s ) Jo] 4 1).

IN

The non-empty, bounded, closed and convex subset of W2 + P,

M= {v eW? 4P sup {e*kt(na(t)n%ﬁ + /Ot 712 ds)} < 3¢,

)

possesses the property that Q(M) C M. Since Q by Lemma 4.2 is completely continuous
the assertion of Lemma 4.3 is guaranteed by Schauder’s fixed point theorem. [

Theorem 4.1 We assume assume (Al) — (A6). Then there exists a solution (u,z) to
problem (Pay).

Proof. Due to Lemma 4.3 there exists a solution v of the problem

(v —vPY 4+ A%(v —vP) = —Ry(v, Tyv) — Ay (v, T, (v,Tyv)),
(v —vP)(0) = (U1, Us) —vP, v—ovP e W2

Putting w = T,,v € H'(S,Y*?), the pair (v, w) fulfills the equations (4.1) and (4.2) which
are an equivalent formulation of problem (Pys). O

4.3 Energy estimates for (Py,)

Lemma 4.4 We assume (A1) — (A6). Then, for any solution (u, z) to (Pas) and for every
t € S the inequalities u;(t) > 0 a.e. on Q, i = 1,2, u;(t) € [0,1] p-a.e. in G, i = 3,4,
uri(t) € [0,1] pr-a.e. in Gr, i = 1,2, are fulfilled.
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Proof. Let (u,z) be a solution to (Pys). We use the test function —u~. Taking into
account that

(V’U,Z + AZ[O-M(U’L)]+VZ) : V’LLZ_ < 07 _Gphotui_ < 07 1= 17 27
(ufui —ko)(u] +uy) <0 ae. on
(uiuf — krud)(uy +uy —ug) <0,
(ugug — kobf)(uy +uz —uy) <0 p-ae. on G;
(] " ufy — kriufy) (0] + upy — upy) <0,
(unguffl kroufy)(ug ™ +up, —upy) <0 pr-ae. on Gr v = a, 3

(ofuft — Jﬂu’mr)(ula - uzﬁ_) <0 ae. onl, i=1,2,
we find that |lu™(¢)||3- <0 for all t € S. We argue now as in the proof of Lemma 3.2 to
verify the remaining results of the lemma. [

We work with a regularized free energy functional F](\} which is compatible with the regu-

larizations done in problem (Pj;). Let 0 fulfill (3.6). Writing for quantities y the expression

y? := max{y, 0} and using the function

Iny it 0<y<M,

In(y) =
mM—1+4 if y>M,

we introduce the functionals F 'Y — R by

FM2 /Z/ (I (y°) — Inu? dydx—i—Z// (I (y°) —Inw;) dy dp
+Z/ / (I (y°) —Inup;) dydur  if u e Yy,
i=1 ur;

and ﬁ]‘\s“(u) = 400 for u € Y \ Y. Additionally, we set
Fio = (Fifolx) : X* >R, Fy=F+F,: X" —R,

with F] from Subsection 3.1. Note that the function [j; has the same essential properties
as the In-function occurring in the definition of F, and that for u € Y we have F?{,(u) —
F9,o(u) and F{,(u) — FY;(u) as § | 0, where FY,,(u) means F§,,(u) for § = 0. Especially,
by the definition of F} and lp; we have for u € Y and z with P(z,u) = 0 that

Iz = 22115, llus g, Juillpr < cFYy(u) +¢  i=1,2. (4.5)

Lemma 4.5 We assume (A1)~ (A6). Let (u, z) be a solution to (Pyr) and u® = max{u,d}
for 6 < M fulfilling (3.6). Then for all T > 0 there exist constants ¢, > 0, ¢ > 0
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(independently on M and &) such that

t
/0 Z {HPM(U(S)"”IZl(UY>6(UF2>6||L1(GF,duF) + ||:0M(ué)rgz(ug)é(uFl)lSHLl(GF,dup)} ds
Y=o,

t 2
gc+/ {Z{T/JM(uf)\VlM(uf)+Ain|2dx+cT\ufHLl(Q)+c||V(ui—u?)||L1}
0 Q

=1

+c(1—|—M<5—1—62)}ds vt > 0.

Proof. According to Lemma 4.4 we have u > 0 for solutions to (Pjs). Similar to the proof
of Lemma 3.3, testing in (Pjs) the equations for u;, i = 1,2, on Q by ¢, adding them
and leaving out nonnegative terms on the left hand side we here obtain

t 2
LA wtoeiguns + tugur) dur + 3 [ o (ofus - oluf)daf as
o “Jar i=1 /T

2
= ZZI {‘|UiHL1(QQ) * /Ot {CJF/Q &Wui + Aioy (ui)Vz| dz } ds} Vi e S.

a KQ
Because of ppr(u) =0 for |u|s > M we find
ot (u0) [(6]) (wr2)® + () (ur1)*] < pae () [ urs + wura] + (M6 + 62).

Since ops(u’) = opr(u) and Vud = op(ul)Vip (ul) we estimate the drift-diffusion term
finally using Young’s inequality and opr(u?) < ul by
Vi + Nioar (u3) V| < [V + Xoy (u)Va| + |V (u — us)]
< op(ud)|Vin (ud) + X V2| + |V (0 —u)]
< 7oa (ud)|Viar(ud) + AV + erful| + o V(u; — uf).

7

This together leads to
t
{082 ) a2 Uiy + s ) o) .

2
+3° [ oww)ierur - oful)daf as
=1

;2
<ct [{X{r [ ontudIViartud) + 2T do+ ecljudlznoy + el Vs — a1}
0 Q

i=1
+e(l +M5+62)} ds Vies.
Similar results are obtained by testing the equations for u;, i = 1,2, on Q7 by ¢, only the

term [r. pas(u)(ofu — Jf uf} )da then has the opposite sign. Combining both estimates,
the assertion of the lemma follows. [
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Lemma 4.6 Under the assumptions (Al) — (A6) there exist constants c1(T), co(T) > 0
not depending on M such that

FO (u(t)) < ei(T),  Jus(®) Inwi(®)||p2 < eo(T), i=1,2, VteS§

for any solution (u,z) to (Pas).

Proof. Let (u,z) be a solution to (Py), let § < M fulfill (3.6), and let u® = max{u,d}.
Then u € H'(S, X*), u >0, z — 2P € L*(S, 2),

why == ((ZM(U?) - lnuzp)i:m, (ZM(u?) - lnﬁi)izw, (ZM(u‘SFi) - lnﬂpi)i:m) € L*(S, X),

and A\(z(t) — 2P) € OF (u(t)), wi,(t) € OFY,(u(t)) faa. t €S (note that Iy (u?) = In
a.e. on S x I'p, i = 1,2, and by Lemma 4.4 we have Iy (u) = lnul, i = 3,4, lM(u‘SF)
In(ud,), i = 1,2). Thus, according to Lemma 6.1, we get for (3, := w$, + A(z — 2") that

‘ t
[FLu(®) + Fira(u®)] | = /0 (W/(s), Gy (5)) x ds
t
= [ Rastls) + Aus(u). 2(6)). o)) x s
= [ {Rara60) + Aur (051, 2060) €y o) — ()} s,

where 0° = (R (u®) — Ras(u) + Apr(u? ,z) — A (u,2),¢3)x — 0 for 6 | 0. Since all the
reaction terms containing the factor pys(u’) become zero if ]u‘s\oo > M, we have for these
terms only to discuss the situation u¢ < M, and here is Ij7(u) = Inu. We arrive at

2
D, D
—(Rar(a), x < e (U S ) (i 252 e+ | 2885 .0
=1
2

) D D
+clGpotllioe{ 3 (Il + muPpe) + =22 }
=1
5 5 5 kﬁ aD
+e (L4 [loas (¥ )rgy (u)? (ura) | 1 G, duﬂ)H%”Lw (Grdur)
5 5
+ e (1+ ||par (u”)rpg(ug) (UFI) 2t (G dpr) )HQTHLW(GF dur)

kY
(U lpas )iy () (e 1 e ) 555 1

Having in mind that on solutions [ops(ud)]* = op(ul) < ul, Vip(ud) = V(ud)/opr(ud),
i =1,2, using (A4), (A5) and Young’s inequality we find

—(An (e, 2) () x

/ ZD o (u {\V(ZM( 0 4+ Xi2)|? = V(I (ud) + \iz) - V(lnuiD—)\izD)} dz

2
Z( 68|l 2 [V (I + AizP) |2 — §/ oar )|V (L (wd) +)\iz)|2dx> a.e. on 8.
i=1 Q
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Putting both estimates together, using Lemma 4.5, taking 6 | 0 in the previous three
estimates and using (A3), (A5) and (4.5) we arrive at

F(u(t) — FO(U) < c / (1+ FY (u(s))) ds,

where ¢ depends on the data, but not on M. Due to the choice of M we have Fy,(U) =
F(U). By Gronwall’s lemma we obtain the first assertion of the lemma, and the last result
of the lemma follows by (4.5). O

4.4 Further estimates for (Pj,)

Theorem 4.2 Under the assumptions (Al) — (A6) there is a constant ¢*(T) > 0 not
depending on M such that for any solution (u, ) (Par)

[ull oo (s,v) < ¢ (T). (4.6)

Proof. 1. Let ¢ > 2,7 and 7’ be chosen as in Lemma 3.2 ii) and (3.3) and let (u,z) be a
solution to (Pps). By Lemma 4.4 and Lemma 3.2 ii) it results

l®) i < |1+ Sy p [l | WEes. (4.7)

2. Let v; = (u;—K)*, i =1,2, where K is given in (3.8). We test (Pys) by 2(v1, v2,0,0,0,0).
Estimating [0/ (w;)]" by v; + K, using Lemma 4.4, (4.7), (6.2), the trace inequality (6.1),
Young’s inequality, Lemma 4.6 and (4.5) we obtain

> lli®)7 < / Z = 2ellvillFpn + cllvill - Iz lwrallvill s + 2]z il

1=1,2 1=1,2

loils + 3 0] oy + 1)} ds

y=0o,p
<[5 {= et +aldurlalin 3 ol + e} s
i=1,2 k=1,2

By |kl < ||vk||(LT172) T||vk||i/2r, by inequality (6.3) for p = 2 and by Lemma 4.6 we get

— €
e 3 Neillerllvilln S Tonllye < 37 {Slloill + el loeli2: }

i=1,2 k=12 i=1,2 k=12
€ € 2
< 3 Sl + [ ol ol + el ]} < 3 el +e
=12 2 2¢(T) =12

By the previous estimates and inequality (4.7) we find positive constants ¢(7"), k indepen-
dent of M such that

loi()|lr2 < e(T), i=1,2, Hz(t)HIz/{’,l,q +1<kK(T) Vteb. (4.8)

3. Similar to the estimates in the proof of Theorem 3.2, but estimating [oas(u;)]™ by
v; + K and using #(T) from (4.8) instead of k we can verify that ||v;(t)| 1~ < ¢(T) for all
t € S which leads to the desired upper bounds for u;, ¢ = 1,2, on S. Since by Lemma 4.4
the quantities us, u4, ury and ure lie in [0, 1] for all ¢ € S, the proof is done. O
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4.5 Existence and uniqueness result for (P)

Theorem 4.3 We assume (A1) — (A6). Then there exists at least one solution to (P).

Proof. Note that it is sufficient to show the existence of a solution to (P) on any finite
time interval S = [0,77]. We call such problems (Pg) and choose the regularization level
M = 2c*(T) (see Theorem 4.2). Then Theorem 4.1 guarantees a solution (u, z) to (P37).
The choice of M ensures that the operators Ry; and R as well as the operators A;; and
A coincide on this solution. Therefore (u, z) is a solution to (Pg), too. O

Theorem 4.4 Under the assumptions (A1) — (A6) the solution to (P) is unique.

Proof. We prove uniqueness on every finite time interval S := [0, T]. Let (u*, 2%), k = 1,2,
be two solutions to (P). We find a constant ¢ > 0 such that ||u*(t)||y, |VZ*(t)|1« < c
faa. t €S, k=1,2, where ¢ > 2 (see Lemma 3.2 ii), too). Let u := u! —u?, 7 := 2! — 22

According to (3.1) we obtain
ZONm <cla@®)|y faa. tels. (4.9)

We test (P) by u € L?(S, X) and take into account Lemma 3.2 i) and the fact that the

reaction rates are uniformly locally Lipschitz contlnuous in the state variable. With the
1-2/r
H( m)
from (3.3), with inequality (4.9), the trace inequality (6.1) for ||z} |7, (ry and with Young’s
inequality we conclude as follows

I+ Y / €|[Ti2nds

i=1,2
2

t
SgA{ {Wmuwvgmemmr+MWMmehr+}:Hmw;m}+”m@}®

i=1 y=a,B

Gagliardo-Nirenberg inequality ||| - (qr) < Hqu m)H ;| =1,2,y=a,0, forr

ST

2 2—-2 _
300 + elll 35 192" a3} + el } s

IN

O\N

—

— —
N

013 + el Va2 } + el } ds

t
< [{X slmlis + el fas vees.
0

i=1
Therefore Gronwall’s lemma leads to w =0 on S, and (4.9) completes the proof. [
5 Remarks and generalizations of the results of the paper

1. In the paper we studied the simplest situation of a heterostructure {2 with active inter-
face as indicated in Figure 1 consisting of two materials Q% and Q7 and an active interface



6 Appendix 25

I' in between. The presented results can easily be generalized to the situation of multi-
material-heterostructures with several active interfaces. But for the analytic treatment we
need that active interfaces and the parts of the boundary of €2, where Dirichlet boundary
conditions are prescribed, are strictly separated (see Lemma 3.3 and Lemma 4.5).

2. In our paper we restricted for an easier writing to the case of exactly one kind of traps
in the volume and one kind of traps at the interface. The results of the paper remain
true, if different kinds of traps (in possibly different subdomains) and different kinds of
traps on interfaces are considered. Such models are presented in [20], there also the 1D
simulation tool AFORS-HET for the simulation of solar cells and solar cell characterization
methods are introduced. Especially in solar cells with polycrystalline materials there
occur simultaneously acceptor like and donator like traps at grain boundaries which have
Gaussian like profiles with respect to their energy distribution where both profiles are
slightly shifted against each other.

3. Of course also volume or interface traps which can be occupied by multiple charge
carriers can be treated by our technique. We would have to use then charge numbers ap-
propriate for this situation and we would have to introduce additional ionization reactions.

4. In [11] we presented a (formal) generalized gradient flow formulation for electro-reaction-
diffusion systems on heterostructures and with active interfaces. This paper is an extension
of the ideas in [17] to heterostructures and to active interfaces, where at interfaces the
following effects are taken into account: drift-diffusion processes and reactions of species
living on the interface and transfer mechanisms allowing bulk species to pass the interface.

For the case of closed systems the equations discussed in the present paper can be writ-
ten as a generalized gradient flow, too, provided that the rate coefficients of the genera-
tion /recombination of electrons and holes kg, of the bulk ionization reactions k;, of the
ionization reactions at the interface k:gz and the coefficients a;’ in the thermionic emission
interface condition, ¢ = 1,2, v = «, 8, fulfill Wegscheider conditions allowing for detailed
balance of the reactions under consideration. Have in mind that in our notation the trans-
fer coefficients o are incorporated in the boundary value functions ulP (see assumption

(AD)). i

6 Appendix

Let 2 C R? be a bounded Lipschitzian domain. We use Sobolev’s imbedding results (see
[15]) and the following trace inequality which can be derived from [15, p. 317, equ. 5] by
a modified application of Hélder’s inequality

-1
ol omy < caallollte v g el Yo € HYQ), g>2. (6.1)
Moreover, we take advantage of the Gagliardo-Nirenberg inequality

wllze < e w]| P2 w]in P Yw e HY(Q), 1< p < oo (6.2)

(see [4, 19]). As an extended version of this inequality one obtains that for any ¢ > 0 and
any p € (1,00) there exists a c5, > 0 such that

lw|| 2 Yw e HYQ). (6.3)

-1
[wlZy < 6 llwnfwllz [[wlifn + csp
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This inequality is verified in [1] for bounded smooth domains and p = 3. But (6.3) is
true for bounded Lipschitzian domains and p € (1,00), too, since (6.2) is valid in this
situation, too. Finally, we make use of the following chain rule, which can be derived from
[2, Lemma 3.3].

Lemma 6.1 Let X be a Hilbert space, X* its dual, S = [0,T]. Let F : X* — R be
proper, convex and semicontinuous. Assume that u € HY(S,X*), f € L*(S,X) and
f(t) € OF (u(t)) f.a.a. t € S. Then Fou:S — R is absolutely continuous, and

du

dZ;“(t) - <a(t),f(t)>x faa tes
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