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Analysis of a hybrid model for the electrothermal behavior of semiconductor
heterostructures

Annegret Glitzky, Matthias Liero, Grigor Nika

Abstract

We prove existence of a weak solution for a hybrid model for the electro-thermal behavior of semiconduc-
tor heterostructures. This hybrid model combines an electro-thermal model based on drift-diffusion with
thermistor type models in different subregions of the semiconductor heterostructure. The proof uses a reg-
ularization method and Schauder’s fixed point theorem. For boundary data compatible with thermodynamic
equilibrium we verify, additionally, uniqueness. Moreover, we derive bounds and higher integrability proper-
ties for the electrostatic potential and the quasi Fermi potentials as well as the temperature.

1 Introduction

One of the most substantial challenges in todays semiconductor devices is the modeling and simulation of
electro-thermal effects as they can crucially limit the performance of devices. There exist many technical ex-
amples where self-heating effects have a potent impact. For instance, thermal lensing can affect the output
power and beam quality in lasers [2] and in power electronic devices safe-operating area limits have to be iden-
tified [14]. In large-area organic light emitting diodes (OLEDs), where the conductivity additionally increases with
temperature, selfheating can lead to catastrophic snapback effects in luminance [5, 6].

Most interesting semiconductor devices are usually composed from two or more different kinds of semiconductor
material with different types of doping. The numerical simulation for the electro-thermal behavior in semicon-
ductor devices plays a crucial role in the development of new, reliable, and efficient devices in order to reduce
development time and production costs. A widely used modelling approach is to consider a drift-diffusion based
electro-thermal model on the entire domain of the semiconductor heterostructure. Another possible approach
would be to decompose the device structure into different subregions. Then, on subregions of the device where
simplifications can be justified, reduced models are applied and only on the remaining subregion the full drift-
diffusion and electro-thermal description is used. Any numerical simulation, therefore, must not only be compu-
tationally efficient but it must also reflect models that accurately mirror relevant physical properties. It is, thus,
of great interest to provide a sound analytical treatment of hybrid models for the electro-thermal behavior of
semiconductor heterostructures.

Starting from a drift-diffusion based electro-thermal model we construct a hybrid model that retains the strong
coupling of the electro-thermal effects but uses different depths in the description of the current flow. Combining
models for device substructures that are limiting cases of electron or hole densities resulting in thermistor-like
models for highly n-doped or highly p-doped regions and the full drift-diffusion type model on the electronic
relevant subregions, leads to hybrid models with different complexity and coupling interface conditions among
these different subregions. We first consider a drift-diffusion type model for the interplay of electronic and heat
transport in semiconductor devices, where we take into account the thermoelectric effects of Joule heating
resulting from both electron and hole current, and reaction heat as source terms in the heat flow equation.
Moreover, we confine our analytical investigations to the case of Boltzmann statistics.
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A. Glitzky, M. Liero, G. Nika 2

In the device domain €2 we study the following coupled system,

-V (eVY) =C —n+p,
=V jn=—R, jn=—nunVn,
Vjp=—R, jp=—pupVep,
—V - (AVT) = npun|Veon|* + pip| Vipp|* + R(0p — @),

(1.1)

where 1) is the electrostatic potential, ¢, ¢, are the electrochemical potentials, 1" is the temperature, < is the
dielectric permittivity, and C'(T') := N, (T') — N (T) represents the charged donor and acceptor densities,
respectively. The mobilities of electrons p, = 11,(T',n) and holes 11, = 11, (T, p) are considered to be both
temperature and density dependent functions, and A represents the thermal conductivity. Moreover, with the
chemical potentials defined by v,, := 1) — ¢, and v, := —(¢) — ¢p), the generation/recombination term R
and the charge carrier densities n and p are given by,

R= TO('anapaT)np (1 — €Xp @)7

n = Npo(T') exp (7/) — @n;EC(T)) =:en(vn; T), (1.2)
Ev(T) — —

p= Npo(Dyexp (DL 80)y )

with E¢, Ey denoting the band edges and Ny, IV, the densities of state. In particular, they are assumed to
be temperature dependent.

System (1.1) is closed by mixed boundary conditions on I' := Of2 for the stationary drift-diffusion system
combined with Robin boundary conditions for the heat flow equation,

v=v", pon=0l, ep,=¢. onTp,
eV -v=yj,-v=j,-v=0 only, (1.3)
AVT v+ k(T —T,) =0 ondQ,

where I'p and I'y denote the Dirichlet and Neumann boundary parts, respectively and v is the outer unit
normal. Equations (1.1), (1.2), and (1.3) are already written in scaled form. A similar scaled model frame was
used in [12]. For a discussion on the scaling of equations (1.1), (1.2), and (1.3) we refer the interested reader to
[11, Section 3].

We remark that in our model, as well as in [12], the thermoelectric powers are neglected such that additional
thermoelectric effects (Peltier, Thomson, and Seebeck) are not included in model (1.1). For fully thermodynam-
ically designed energy models including all these effects we refer e.g. to [1, 2, 14, 16, 8, 9, 10], where the first
four references concentrate on thermodynamically consistent modeling, [2, 14] discuss also numerical aspects.
The last three references supply a local unique solution for boundary data nearly compatible with the thermo-
dynamic equilibrium by an application of the implicit function theorem in a W1, p > 2. setting in two spatial
dimensions. In [12] the existence and uniqueness of Hélder continuous weak solutions near thermodynamic
equilibria is proved by using the implicit function theorem. To ensure the continuous differentiability of the cor-
responding maps, regularity results from the theory of nonsmooth linear elliptic boundary value problems in
Sobolev-Campanato spaces were applied.

The aims of the paper are twofold. First, to construct a hybrid model for the electro-thermal behavior of semi-
conductor heterostructures by applying coarser models in subregions which reduce the number of coupled
equations in (1.1) from four to two equations in the corresponding subregions. In particular, the coarser model
features an equation for the net current flow coupled to the heat equation, namely

—V - (o(T)Vyp) =0,
~V - (AVT) = o(T)|Ve?,
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Analysis of a hybrid model of semiconductor heterostructures 3

with an effective electrical conductivity o depending on temperature.

The coarsening has the added benefit of producing computationally efficient models for the numerical simulation
of semiconductor devices while maintaining a degree of physical accuracy. Second, to study the analytical prop-
erties of the hybrid model. The key idea is to use for device regions with high doping of one charge carrier type
(e.g. near to contacts) a coarser description by a thermistor model combining heat flow and a simpler model for
the current flow. The more detailed electro-thermal drift-diffusion modelling should be restricted to electronically
relevant substructures where one balances electron and hole currents and generation/recombination processes.
Furthermore, the decomposition of the semiconductor device into different subregions where different models
are applied, requires a formulation of transfer conditions at the interfaces among these different subregions to
ensure that the total current in the normal direction to the interface is continuous. Moreover, we have to guar-
antee that at the interface between the highly n-doped (p-doped) subregions and the subregions where a full
drift-diffusion type model is applied, the electrochemical potentials of electrons (holes) as well as the normal
component of the electron (hole) current density is continuous. In conclusion, we remark that model (1.1) allows
for an existence result for a large class of boundary data. Additionally, it has the property that the heat source
terms in the heat flow equation in (1.1) are always nonnegative. This in connection with the Robin boundary
conditions ensures that the temperature for solutions to the model equations (1.1), (1.3) has to fulfill 7" > T,.

The paper is organized as follows: In Section 2 we derive the hybrid model, the associated assumptions, and
the functional setting for the model, Section 3 deals with the a priori estimates regarding the hybrid model, in
Section 4 we state the main theorem of the paper concerning the solvability of the hybrid problem and give a
guideline of the corresponding proof, in Section 5 we introduce a regularized problem and related a priori esti-
mates, and in Section 6 we prove the existence of a weak solution to the regularized problem using Schauder’s
fixed point theorem. Lastly, Section 7 contains conclusions.

2 Hybrid modeling of the electro-thermal behavior of semiconductor devices

2.1 Reduced model for strongly n- or p-doped regions

For the derivation of the coarser model, we suppose that the band edges E¢, Ey, the densities of state
Nno, Npo in (1.2) as well as the doping densities Np, N4 are spatially constant and only depending on
temperature.

We discuss the case of a strongly n-doped region, where the hole density is negligible. The opposite case
runs analogously. We consider for the model equations (1.1), (1.3) the limit p — 0 whereas the quantities
Vo, Vo, ¥, Vi, v,, n, T and VT remain bounded. Having in mind that 7' > T}, because of p =

Npo exp((vp + Ev)/T) we find 25 — —o0. Moreover, as a consequence

vp = =00, PEpVipp = 0, ppy|Vepp|® = 0, o)
vn+v vp+v .
R=npro(l—e Tp) — 0, R(vp+vp) =npro(l—e T p)(vn—i—vp) — 0.

For the last convergence one has additionally to verify the convergence pv, = Nyo exp((vp+Ev)/T)v, — 0.
However, this is evident from properties of the exponential funtion lim,_, ., xe® = 0.

Motivated by the strong n-doping and the negligible p-density (Np >> N4 = 0) we assume local charge
neutrality. This means that the right-hand side of the Poisson equation fulfils C' —n+p = N} (T) — N (T) —
n + p = 0 and that in the limit n = NE(T). In addition, physical reasons require that the density of positively
charged donors Nt = NE(T) depends on temperature, is increasing, and approaches the total density of
donors N for high temperatures. A similar behavior holds true for the density of negatively charged acceptors
Ny = Ny (T') (see [18]). Hence, we arrive at characterizing the interaction between the electrochemical
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potential of the electrons ,, and the temperature 7" by the following reduced coupled system,

—V - (NS(T)pn(T,NH(T)) V) =0 inQ,

V- (AVT) = NJ (DT, NS (D) Vul n€,
(NS(T) (T, NS (T)Vepn) - v =0 onTn, ¢n = Vo onTp,
AVT -v+ k(T —T,) =0 ondf.

2.2)

In a completely analogous manner, for a strongly p-doped semiconductor region 2 with N4 >> Np ~ 0 we
obtain, under the assumption n — 0 whereas the quantities V,,, Vo, 1, Vi, vy, p, T' and VT remain
bounded, the following reduced coupled system for the interaction of the electrochemical potential of the holes
¢p and the temperature 7',

—V - (Ny(T)pp(T, N4 (T))Vipp) =0 in€,

=V - (AVT) = N3 (T)pp(T, Nz (T)|[Vipp|* i,
(N;(T)Np(Ta Ny (T))VSOP) v=0 onT'y, ¢p="Vepu onlp,
AVT v+ k(T —T,) =0 on 0.

(2.3)

The densities of charged donors and acceptors depend continuously on 7" and are positively bounded from
below and above for T' > T},. Under the assumption that the mobilities ty,, 4y also depend continuously on the
temperature and the density, there are solutions (¢, T’) to (2.2) and (yp, T') to (2.3) (see [3, Theorem 2.1]).

In case of (2.2) we reconstruct approximated quantities (¢*, n*, v}, @, T™) for the unipolar drift-diffusion
system by,
T* =T, n*:=N}HT"), ,vi:=e,'(n*,T%), *:=p,+0.

n

For the case (2.3) we reconstruct the quantities (*, p*, v, ¥, T™) as follows
P> Fp

T = T, p* = NZ(T*% 7U; = 6;1(p*7T*), ¢* = (pp—?};-

2.2 Notation and assumptions

In two spatial dimensions, we consider geometric situations as indicated schematically in Fig. 1 and use the
following notation: €)p is the subregion of the device where we consider the full electro-thermal drift-diffusion
model, €2, is the highly n-doped subregion of the device, and {2, is the highly p-doped subregion of the device.
The device region is defined as = int(Q, U Qp U Qy), Op; = int(Qp U Q;), Iy :=TpNQ;, [ =
int(Qp N Q) forj = n,p,and I := I,, U I,,. By v and vp we denote the outer unit normals at 92 and S2p,
respectively.

We work with the Lebesgue spaces LP(€2) and the Sobolev spaces W 14(2). Moreover, we make use the
following closed subspaces of H' functions: Hllji(QDi) indicates the closure of C'*° functions with compact
support in Qp; U (0Qp; \ I'p;) with respect to the H'(p;) norm, H(Qp) is the closure of C'* functions
with compact support in 2pU(9Qp \ I) with respect to the H'(Qp) norm. In our estimates, positive constants,
which may depend at most on the data of our problem, are denoted by c. In particular, we allow them to change
from line to line.

We discuss the stationary hybrid electro-thermal model which we will introduce in Section 2.3 under the following
general Assumptions (A). In what follows j = n, p,

B Q,Qp, Op; € R? are bounded Lipschitz domains with 2, N €, = 0, mes([;) > 0, mes(I'p;) > 0

with dist(x, 2p;j) > const. > Oforallz € I'p;, i # j, and fNJ- := 0Qpj \ I'pj, Qpj UT'y; are regular
in the sense of Groger [13].
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[ ] goj VV1C>o (Qpj), <K, A€ L™®(0Q),0 < XN < Xae. in, A = constin Qp,

|7
LOO QDJ
k€ L), ||kl L1y > 0, To = const > 0, & = const > 0.

B The temperature dependent quantities for €2, and €2, fulfil: Noo, ﬁpo, NE, Ny € CL(0,00), Ec,
Ey € C'(0,00) and for all £ > 0 there exist N¢, N, E¢ such that |Eq(T)|, |Ev(T)| < Eg,
0 < N¢ < Nao(T), Nyo(T), N (T), N3 (T) < Neforall T € [, 00).

B C, Nyo, Npo : Qp % (0,00) = Ry, E¢, Ey : Qp x (0,00) — R are Caratheodory functions

which are Lipschitz continuous in the second argument such that for all £ > 0 we have, 0 < M{ <
Njo(-,T) < N¢, |Ec(-,T)|, |Ev(-,T)| < Ee, |C(-,T)| < C ae.inQp forall T € [¢, 0).

B r(,n,pT) = ro(-,n,p, T)np, where ro(-,n,p,T) : Qp x (0,00)% ++ R, is a Caratheodory
function with 7o (-, n, p, T) < 7(1 +n + p) a.e.in Qp forall (n, p, T) € (0, 00)3. Moreover,
Iro(-, n1, p1, T1) — ro(s, my p, T)| < ¢(|n1 — n| + |p1 — p| + |11 — T|) ae. in Qp and for all
(n,p, T), (n1,p1,T1) € (0,00)% x [T, 00).

W Qp; x (0, 0)? + R, are Caratheodory functions such that for all & > 0 there exists Hes fie

with 0 < e < i (5 Tyy) < Jig for all (T, n,p) € [§,00) x (0,00)? ace. in Qpj. | (-, T, y1) —
pi( Toy)| < e(|Th — T+ |y1 — yl|) a.e.in Qpj, and for all T, Ty > T, for all y, y1 € (0, 00).

Henceforth, we set £ := E,, H= g = g, N := Ny ,and N := Nr,. We remark that the
assumption on rq allows for radiative, Shockley-Read-Hall as well as Auger recombination.

2.3 Hybrid model in case of {2 = ,, U Qp U

TV I‘Dn

L s
Qn TVD

1y

'y
Qp
I'n

15

Qp
—
I'pp

Figure 1: Schematic geometry of the semiconductor device partitioned into the different subregions.

In Qp we use the quantities R, n, p as they were defined in (1.2). The electro-thermal behavior of the device
occupying £ is now described by the following system of partial differential equations and transfer conditions:

Heat flow equation for 7" in §2

N5 (T) (T, N (T)[Veon | in ),
=V - (AVT) = ¢ npn(T,1)|Veou|? + pup(T, 0) [Veop|* + R(gp — on)  inQp, 24
N (D) (T, N3 (1)) [V 2 n,,

AT -v+kr(T-T,)=0 onl.
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A. Glitzky, M. Liero, G. Nika 6

Continuity equation for electrons for ¢y, in Qpy, := Qp U Qy

V- (N—D‘F(T),un(T7 NB(T))V(Pn) =0 inQy,
V. (nMTL(Ta n)v¢n) =—R inQp,

(2.5)
[¢n] =0, vp - (NEJF(T)/Ln(Tv NE)V%) +vp - (npn(T,n)Ven) =0 on Iy,
On = Vappl =: gpﬁ) onI'p,, Ve, -v =0 otherwise.
Continuity equation for holes for ¢, in {dp, := {2p U €2,
=V - (ppp(T,p)Vepp) = =R inQp,
=V (N4 (T)pp(T, N4 (T))Vepp) =0 in 2y, 2.6)
[ep]l =0, vp - (N4 (T)pp(T, N4 (T))Vepp) +vp - (pup(T,p)Vepp) =0 on I, .
©p = Vappr =: @5 onI'pp, Ve,-v =0 otherwise.
Poisson equation for electrostatic potential 1) in Qp
V- (eVY)=C(T)—n+p inQp. (2.7)
(T ~
If n in €2, is assumed to be equal to N, (T") then the chemical potential v;, = T In g ((T) + Ec(T) =
n()
*1(N+(T) T) in €y, is not necessarily constant, since the temperature may vary. Here EC( ), Nino(T') de-

note the temperature-dependent conduction band-edge and the effective density of states in {2, and e, ~1 T
means the inverse of e,, with respect to the first argument for a fixed temperature 7. Because of o, = ¥ — vy,
we obtain as boundary condition for i) on I},,

Yl1, = @nln, + e (NH(T);T).

In a completely analogous manner, with ¢, = 1)+, and v, = e, 1 (N (T); T) in Q,, the boundary condition
for ¢ on I, is,
w|1p = SOP|IP - egl(NZ(T)’ T)

Let 7 : Qp — [0, 1] be an arbitrarily fixed C'' (2p) function such that
T, =0, 7|, =1, |Vr|<e (2.8)

We are looking for ¢ fulfilling at the union of interfaces I := I, U I}, the discussed boundary conditions and
express this in the form,

Y€ T(p— ey (N (T);T)) + (1= 7)(on + e (NF(T): T)) + Hi ().

On the remaining part of the boundary 0€2p \ I, homogeneous Neumann boundary conditions are formulated,

eVi-v=0 ondQp\I.

To simplify the above governing equations we introduce the following notation in the entire domain €2,

lifz € Qp lifz € Qp
1 n 2 P
X)) = xTr) =
X (@) {0 otherwise , X {0 otherwise ,
dn(n,T) = x' (1 = X* )N} (1) (T, NH(T)) + X" x> (T, ), (2.9)
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Analysis of a hybrid model of semiconductor heterostructures 7

dp(p,T) = x*(1 = X" )N (T) (T, N3 (T)) + x" x*ppn (T, p), (2.10)

RQ(n)p7 T’ ()OTHQOP) = X1X2R(n7va) @nv@p)a (211)

hQ(”an T, V‘Pn, v90p7 Pny 9017) - dn(nv T)|v90n’2 + dp(p7 T)‘VSOPP

(2.12)
+RQ(n7p7 T7 ©n,y SOP)(SDP - gpn)

Using the above notation equations (2.4), (2.5), (2.6), (2.7) and their respective interface and boundary condi-
tions take the following form:

Heat flow equation for 7" in §2

_v : ()\VT) = hﬂ(n7p7T7 VSDmVSOpySDm(Pp) in Q7

(2.13)
AVT v+ k(T —T,) =0 onT.

Continuity equation for electrons in p,

V- (d’rL(na T>v90n) = _RQ(n7p7 T7 Pns Sap) in QDH:
[n] =0, [dn(n, T)Vey-vp] =0 on Iy, (2.14)
¥n = ()07]13 onl'py, Ve, -v=0 on GQDH\FDH_

Continuity equation for holes in {2py,

-V (dp(p7 T)VSOP) - —RQ(TL,p, Tu Pny 9017) in QDp7
lepl =0, [dp(p, T)Vep-vp] =0 onlp, (2.15)
¥Yp = SOpD on FDpa VQOP -v=0 on 8QDP\FDP.

Poisson equation for electrostatic potential 1) in Qp

V- (eVY)=C(T) —n+p inQp,
Y =7(pp — e (N3 T)) + (1= 7)(n + e (N T)) onl, (2.16)
Vi -v=0 ondQp\ I

2.4 Concept of solution

With 7 as in (2.8), we use the abbreviation,

+ ~ N ~
VP () = (1 — 7(x)) ((pn +Tln g:()((i)) + EC(T)> + 7(x) <cpp —Tln g;{oi;; + EV(T)>.

Let s > 2 denote an exponent which will finally be fixed in Theorem 3.1. A weak formulation of our hybrid model
is as follows. Find (v, ¢n, ¢p, T') € [(WP +H} () NL>®(Qp)] x [(pF +H, (Qon)) "W (Qpy) ] %

DOI 10.20347/WIAS.PREPRINT.2636 Berlin 2019
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(5 + Hpyp(Qpp) N WHH(Qpy)] x {T € HY(Q) : InT € L>®(Q)}, such that

/ €V¢-dex:/ (C(T) —n+p)pdr Vi € H (Op),
Qp

Qp

/ dn(n, TV, - Vg, dx + / dp(p, T)Vp - Vip, dx
QDD

Qpp

= / r(n,p,T) (1 — exp wy@" —Pp,)dr Vi, € HY.(Qpy), i = n,p, (P)
Qp

/AVT-VTd:E%—/ﬁ(T—Ta)TdF
Q r

:/hﬂ(n7p7T7v¢n7v¢p7¢N7¢p)de VT€H1(9)7
Q

where d,,(n,T),dy(p,T), and ho(n,p, T, Ven, Vop, on, @p) are defined in (2.9), (2.10), and (2.12) re-
spectively. We remark that the choice of the definition sets for (1, @, Pps T') and Assumptions (A) ensure,
n.p € L), pn(T.n), wp(T.p), r(n,p,T) € L), Nj(T), (T, NH(T)) € L®(S),
Ny (T), pp(T, N (T)) € L*=(Qp), dn(n, T') € L>(€2pn). dp(p,T) € L>=(Cpp),

ha(n,p, T, Von, Vo, on, 0p) € L¥2(Q), and P € H'(Q) N L®(Q).

3 A priori estimates for the hybrid model

If there is no confusion of misunderstanding we leave out the arguments in the functions i, iy, 70. Moreover,
we do not explicitly write the temperature dependencies of N;g, NB, Ny, Ec, Ev, Ny, Ec,and Ey .

Lemma 3.1 We suppose Assumption (A). ThenT' > T, a.e. in 2 for any solution (1), ¢y, @p, T') to (P).

Proof. By Assumption (A) the right hand side of the heat flow equation (2.13) is nonnegative. Thus, the test of
the heat flow equation in (P) by —(7" — T,)~ gives

//\|V(T—Ta)\de+//<a((T—Ta))2dF <0
Q r
which proves the lemma. [

Lemma 3.2 We suppose Assumptions (A). Then there exists a constant ¢, > 0, depending only on the data,
such that

||hQ(n7p’ Ta V@n»VQOpaSOn,‘Pp)”LI(Q) < Ch, ||(pn||L°°(QDn)7 HQOPHLOO(QDP) < K’

where K is defined in Assumptions (A), for any solution (1, ¢y, ¢p, T') to (P).

Proof. 1. Using the test function (v, — K) T, (pp — K)*) € HE (Qpa) x Hpy,(Qpp) with K from assump-
tion (A) for the equations for ,, and ¢, we obtain

o=/ %mﬂWWWJWWM+/ dp(p, T)|V (0 — K)o
Qb Q

Dp

+/QD r(n,p,T) (expw — 1)((<Pn —K)t - ((pp—K)+) dz.

Discussing the four different cases ¢, (¢p) > K (< K) we find that also the integrand in the second line
is always non-negative (note that rq is also non-negative). Thus the integrands in all occurring integrals are
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nonnegative. (If the integral of a nonnegative function is zero then the function itself is zero.) The positivity of
N, Dy fin, fp in Qp, of dp(n,T) in Qpy, and of d,(p, T') in Qp), guarantee that V(p; — K)* = 0 a.e. in
Qpi due to (p; — K)T € HL.(Qp;). This leads to ¢; < K a.e. in p; for i = n, p. On the other hand,
testing by (—(¢n + K) ™, —(¢p + K)7) gives the estimates ¢; > —K a.e. in {dpj;, which together ensure
||<Pi”Loo(QDi) < Kfori=n,p.

2. We use functions 73 € C1(Qp;) with 73(z) € [0,1], |Vri(x)] < €in Qps, 1i(x) = 1for x € Tpy,
7i(x) = Ofor z € Qp, 1 = n,p. Note that ¢ > 0 depends on the geometry of the problem. We test the
continuity equations by (¢n — Ty, ¥p — Toy ) € Hiy, (Qpn) X Hpy,(2pp) and obtain,

/ he (19, T, Vo, Vo, ons ) dit
Q

:/ Ny unVen - (aVel + on V) da +/ Ny ppVep - (TpV%? + ¢ V1p) d
Qn QP
\V4 2
S/Ng:un( [Vieyl
Q“

2
Due to the definition of hq (1, p, T, Vion, Vop, @n, ¢p) in (2.12) and the fact that Ng, N, and piy,, pp are
bounded from above we have

’vSOn‘Q

+2|VeP 12 4 2K%¢%) da + / Ny pp( + 2|Vl |? + 2K%¢%) da.
Qp

HhQ(napa T7 V@m V@pa Pns (pp)HLl(Q) S4Nﬂ{ / <|v907?|2 + KQ/C\Q) dx
o (3.1)
—I-/ (IVey |” + K2€2)d1‘} =: ¢p.
Qp

Since o € HY(Qp;), i = n, p, are given functions, the last assertion follows. [
i

Lemma 3.3 We suppose Assumptions (A) then for ¢ € [1,2), there exist constants cg > 0,andcpr > 0,
depending only on the data, such that

1T wrag) < cqr T2y < er

for any solution (v, ©n,, ©p, T) to (P).

Proof. According to Lemma 3.2 the right hand side of the heat flow equation belongs to L!(£2) and has a L'
norm bounded by c;,. Using the theory of entropy solutions for elliptic problems with Robin boundary conditions
(see e.g. [4, Theorem 3.3]) gives the desired leq(Q) estimates. The trace inequality in 2D then ensures the
L?(T) estimate. [

Lemma 3.4 We suppose Assumptions (A) then there exists a constant ¢y, jp > 0, depending only on the data,
such that,

10/T | oo () < oy
for any solution (1, ¢r, pp, T) to (P).

NA(T) N7 (T)
ﬁnO(T) NPO(T) }}y and use K from

Assumptions (A). We note that () — K — E — K;1T)" € Hll(QD) and that for L > 0,

Proof. 1. We introduce the constant K := max { maxr{In }, maxr{In

z?_l € H{ (Qp) where zz, ;= min(L, (v — K — E — K1T)"), m=2% keN,
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and that these functions extended by zero belong to Hl(Q) and can be used as test functions for the heat
equation on whole €):

/ AVT -V lde = / AVT - Vzlda
Q Qp

= /Q (nun\VsonIQ + pp|Vop* + R(n, p, T, oy 0p) (0p — wn))ZT_l dx
D

+/ K(T, — T)z7 1 dl
rnQp

> —c||T 2 (ry HZTLn_l HL2(rmﬁD)

since the Joule heat and reaction heat in {2 are nonnegative. Using this and the fact that £, A = const on {2p,
a test of the Poisson equation by m zf’_l yields with wy, := zf

m(C(T) —n +p)zda
Qp

= meV - Vz?_l dz
Qp

= meVy-K-E-K\T+K+E+KT) V" 'da 3.2)
Qp

4 -1
:/ Ma\VwL\zqtmeKlVT-VzZ”*ldx
Qp m

> 25/Q |Vwg|* dz — em 1T p2ry HZLm_1HL2(m§D) :
D

Note that z;, > 0 leads to ¢ > 0, and thus using the lower bound T}, for T" from Lemma 3.1 and the L*°
estimate for ¢, from Lemma 3.2 we derive

EV - ¢ + (Pp)zm—l
T L

— E
< (C’—G—Npoexp%)z? 1 <z L

(C—n+ p)zzl_1 < (é + Npo exp
(3.3)

Because of Gagliardo-Nirenberg’s and trace inequality in 2D we estimate

_ 2
122y < IozliZegapy + ¢ < cllwzl iy vzl g + e

HZ?_IHN (TNQp) = ”wLHL4 (rrdp) T &

1/2 1/6

5/6 1/2
wnl3a gy < € lwel oy, Iwrlliian < cllwelion, lwelira, ) lwclita,,)
7/4
< cllwrll gy Iwel i,

apply Young's inequality, use that mesI'; > 0 and continue the estimate (3.2) by

2
lwellzop) < em T L2y + HwLHm @) T+ T2y + 1) llwelfr g, + o
From Lemma 3.3 we find
2 2
lwzl2aog) < em® (& + D(llwl ) + cr)

2 2
<mPmax{e(cp + 1), er}(lwrlfa g, + 1) = §m8(”wL||L1(QD) +1).
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k
Defining ay := 1 + HzLHiQk, k € N, the previous estimate guarantees the recursion

k—2 k—2 k—1 k+1 k
< glH2t+2 (28)k+2(k 1442822 < (28)2 a2

(3.4)

Here we used that S5~ 2 27 < 2% and Y572 27 (k — i) < 281 for k > 2. To derive the starting estimate for
a1 we setm = 2 (k = 1) in (3.2) to obtain
2
HZLHHI(QD) <c HZLHLl(QD) tc2 ”ZL”L2(m§D) .

Because of embedding, trace and Young’s inequality we find

—~ 1 2 o
allzollpiap) < e llzollgap) < 1 1z o) + 461,
e lzzll 2 rrmy) < €2 2Ll gy < 4HZLHfﬂ(QD)%-402

Thisleadsto a; = 1+ HzLH%Q(QD) <1+ HZLH%H(QD) < ¢ which induces together with the recursion formula
(3.4) the L™ bound for z;, = min(L, () — K — E — K1T)"). Since the estimates do not depend on the
value of L, we can pass to the limit . — co and find an upper bound ¢ > 0 for ¢ — K — FE — K, T'. Therefore,
by Lemma 3.1, o o

Y ¢+ K+ FE c+K+FE

L K< — LK.

TS T + £ < T, + 1
2. Similarly we obtain a lower bound for 1) /T by using test functions of the form

—mzP € HE(Qp) withZg = min(L, (v + K + E+K1T)7), m=2" keN,

where y~ := max(0, —y). Note that then the second line in (3.2) is rewritten as
— | meVW+K+E+KT—-K—-FE—-KT) Vzi" lda
Qp

:/Q D) e|Vz 2 |2+ meK VT - VZ7~aa,
D

where the second expression again can be substituted by the weak formulation of the heat flow equation, tested
by m?’f‘l continued by zero to a function in H*(2). Moreover, Z;, > 0 leads to ¢ < 0 such that

¢—<Pn_EC —m—1
T L
_ -, — FE
< (C—G-Nnoexp %)ZL 1< czZ] L

—(C—n+pzFpt< (6 + N, exp

Finally we end up with a lower bound ¢ < 0 for 1) + K + E + K, T. Therefore, by Lemma 3.3,

c—-K—-F c—-K-F
>—— K1 > —— — K. g
= T 1= T 1

Nl

s)

Theorem 3.1 Under Assumption (A), there are exponents s, t > 2 and constants cr,t, Cp. s, CT,00, Cip,00 > 0
depending only on the data and the underlying geometry such that

HSDZHW1 5(Qpy) < Cyp,s, T=n , D, HTHWI () < CTt, HTHLOO < CT, 005 HwHLOO(QD) < Cop,00)5

for any solution (1, ¢r,, pp, T) to (P).
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Proof. 1. The estimates from Lemma 3.2, Lemma 3.3 and Lemma 3.4 and the bounds for Ec and E'y ensure
constants ¢4, ¢4 > 0 only depending on the data and the underlying geometry such that

— 0w, —E Ev—
gdgn:NnoexpM#C, p:Npoexpw <%¢; ae.infp,
here N { K+E } c N {K+E + } oo
w c;:=Nexps ——— —c¢ cqg:=Nexps—— +¢ .
Cq 1V €xXp T, /T (> Cd P T, /T

Using additionally the upper and lower bounds of the mobilities ti,, 14, and Nzg and NNV, the estimates (3.5),
and the resulting upper bound for 7o and Lemma 3.2 we find that the L norm of the right hand sides of the
continuity equations is bounded by a constant cg > 0. The supposed regularity of gof;), cpf and the regularity
result of Groger [13, Thm. 1] for elliptic problems guarantees an exponent s > 2 and an ¢, s > 0 depending
only on the data and the underlying geometry such that ¢, € W15(Qpy), p, € W*(Qp,) and

H‘PTLHWLS(QDD) ) H‘Pp”wl,s(QDp) < Cop,s-

2. Consequentely, the right-hand side of the heat flow equation (2.13) belongs to Ls/z(Q) and the LS/Q(Q)
norm is bounded by some constant ¢ > (. Here we used for the reaction heat that ||<Pi||Loo(QDi) < K,
1 = n, p. We apply regularity results for second order elliptic equations with non-smooth data in the 2D case.
According to [13, Thm. 1] there is a t* > 2 such that the strongly monotone Lipschitz continuous operator

A: HY(Q) — HYQ)*,
(AT, w) := /()\VT-Vw—I-Tw) dz, we HY(Q),
Q

maps W () into and onto W —14(Q) forall T € [2, t*]. Here, W ~1¥(€2) means W' (Q)* with =1
Next we define t € (2,t*] by

t* if 6[1 2t*}
s—2 Tt —2

2s " s S 2t*

4—s s—2 t* — 2

1+1
t

This definition guarantees that L*/2(Q) «— W~14(Q) = W' (Q)*. Remark 13 in [13] then ensures W 1t
estimates for solutions to problems of the form AT = F(T), where F is any mapping from W12(€) into
W —LE(€2). For our problem under consideration we use

Fr)w) = |

(hQ(nvvaa VSOna VSOZM Pn,s Spp) + T) wdx + / K(Tfl - T) de‘,
Q

r

for all w € WH'(Q). Thus, we find a cr > 0 such that the weak solution 7" to the heat flow equation
belongs to W"*(Q) and ||T||yy1.1(y < crt- The continuous embedding of W'*(€) in L>(2) ensures
T oo () < ¢r,00- Moreover, together with Lemma 3.4 we therefore obtain [|¥[[ 00 () < €y,00, Which
finishes the proof. [

4 Statement of the existence result for the hybrid model
Theorem 4.1 Under Assumptions (A) there exists a weak solution (1, ¢y, @p, T') to (P).

The proof is done in several steps. First, we regularize the hybrid problem (P) by introducing a regularized
problem (Pjs) with regularization parameter M. Second, for solutions to (P;) we derive a priori estimates
and higher integrability properties for the electrostatic potential, quasi Fermi potentials, and the temperature
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Analysis of a hybrid model of semiconductor heterostructures 13

that are independent of M. Lastly, we verify the solvability of the regularized problem using Schauder’s fixed
point theorem (see Section 5 and 6). We remark that the regularization of the hybrid problem (P) consists of a
manipulation of the statistical relation leading to regularized densities which occur in the Poisson equation, the
flux terms, reaction coefficient, and the source term of the heat equation. Hence, if one chooses M > Cy/T>
with ¢ /7" from Lemma 3.4 then the manipulation of the statistical relation, of the solutions to the regularized
problem, does not become active. Hence, if we verify the solvability of the regularized hybrid problem, the proof
of Theorem 4.1 is completed. We further note that the regularization argument is necessary since we are not
able to use the Moser iteration scheme directly for the hybrid problem (P) to obtain a priori estimates, computed
in Lemma 3.4, also for the expression v /T with T" being the frozen argument, as 7" does not satisfy the heat
flow equation.

An immediate consequence of Theorem 4.1 is the following corollary.
Corollary 4.1 We suppose in addition to Assumptions (A) that
goiD = const inpi, 1 = n, p, andgog = @I? in Qp, 4.1)

then there exists a unique solution to problem (P). Moreover, this solution is the thermodynamic equilibrium
and has the form (", @y, 05, T%) = (Y7, oD, 4,05, T,), where 1* € H(Qp) is the unique solution to the
nonlinear Poisson equation in {)p,

P* — 905 - EC(Ta)
Ty

Ey(T,) - (w*—so;?))

-V (ng*) = C(Ta) _NnO(Ta) exp ( 1,

) + Npo(T5,) exp (

with the boundary conditions 1* = P* on I, eV* - v = 0 0n 9Qp \ I where

N(T, ~ N (T,) =~
PP = (1—1) [P + Talnﬁ +Ec(To) | +7 | 9h) — Taln# + Ey(T,) | .
n0\4La NPO(TG)

Proof. Assume that the Dirichlet functions <pZD in Qp;, i@ = n,p, satisfy (4.1) and let (¢, ¢n, Op; T) be an
arbitrary solution to (P) as in Theorem 4.1. Using the test function (¢, — 905, PYp — @5) S H]%)H(QDH) X
Hll)p(QDp) for the equations for ¢,, and ¢, we obtain

0= / dn(n, T) Vg da + / dp(p. T) [ Vipp? da
QDn D

P

+ / r(n,p,T) <exp L 1) (n — ©p) dz.
o T

Hence, the integrands in all occurring integrals are nonnegative. The positivity of d; in p; for i = n, p guaran-
tees that Vp; = 0 a.e. in {lp;. Together with the prescribed boundary values, we obtain ¢,, = go,? = gpl? =
wp. Therefore, all source terms in the heat flow equation (2.13) vanish. This ensures together with the Robin
boundary condition that 7" = T,,. Thus it remains to solve the Poisson equation where n and p on the right
hand side are substituted by the statistical relation

vt — o — Ec(Tw)
Ta

By (T,) - (1/1*—%]?))

n = Npo(T,) exp ( T
a

), p = Npo(T,) exp (

and as Dirichlet function the function 1)* defined in Corollary 4.1 has to be used. [

5 The regularized problem (Pj;)

Let M > 0 and kp/(y) := min{max{y, —M}, M }. Our problem reads as follows: Find (1, ¢y, ¢p, T) €
[P+ HEQp)INL= ()] x [(2D+ Hby (Qom) )OIV %[22+ HE, () N (2]
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(T € H'(Q): InT € L(Q)} with
| evo-Voar= [ (€)= +puTar Ve Hi @),
ap ap

/ dn(npr, T)Vey, - Vg, dx —|—/ dp(pm; T)V ey - Vg, dx
QDn

Qpp

= / T(TIM,]?M,T) (]— — €xXp w)(an _ap) dz v@z € Hllji(QDi)ﬂ 1= n,p, (PM)
Qp

/)\VT'VTdJ?+/I€(TTa)TdF
Q r

:/hQ(nM,vaTaVSOmVSDpaSDnv(Pp)de VT€H1(9)7
Q

where the regularized densities nnps and pjs have to be determined pointwise by

n + E Ey +
ny = Npg exp <kM (;@) - ('OTC> , M = Npogexp <VT(’OP —ky (i)) . (5.1)

5.1 A priori estimates for the regularized problem (Py)

Theorem 5.1 We suppose Assumption (A). Then each weak solution (¢, ¢y, ©p; T) to the regularized problem
(Pas) fulfills with the exponents s, t > 2 from Theorem 3.1 and the constants T, K, cr, Cy /T Cp,s5 CT ity CT 00,
and ¢y, o from Assumption (A), Lemma 3.2, Lemma 3.3, Lemma 3.4, and Theorem 3.1 the estimates I" > I,
a.e. infl,

ill Loy = Ko eillwrsipy < coss i =10, (9Tl 1) < cy/rs

1T 2y < ery 1 Tllwrey S eres 1Tl gy < €roor ¥l o) < Copyo0-

Proof. We apply the techniques used in Section 3.

1. The estimates of Lemma 3.1 and Lemma 3.2 remain valid with the same constants for solutions to the regular-

ized problem (Pyy) if one substitutes hq (1, p, T, Vo, Vop, ©n, ©p) by ha(nar, par, T, Von, Vo, on, ¢p),
see especially (3.1). As a consequence, the estimates of Lemma 3.3 remain also valid with the same constants,

especially [|T[ 2 (py < cr.

2. Next we follow the proof of Lemma 3.4, use that the (regularized) right hand side of the heat equation is
nonnegative and apply the estimate for |||, - (r)- Note that instead of (3.3) we argue now with

— E
(C —npy +pM)z£”71 < <C’ + Npo exp vty k:M(g))zZ“l

T T
— E
< (C’ + Npo exp %)2}771 < czzhl.

Then exactly the same arguments as in the proof of Lemma 3.4 ensure that [|¢)/T'[| ;.0 (q,,) < Cyy7 With ¢y 7
from Lemma 3.4.

38.Step2, T > Ty, |

90i||L°°(QDi) < K guarantee the estimates for the regularized densities

+FEc Ey+ _
Ccqg < ny _NnOeXp{kM (?) _<PnT}, M = NpoeXP{VT% —ky (;@)} <cy

a.e. in Qlp (with ¢ , ¢4 defined in (3.5)) not depending on the regularization level M, which enable us to repeat
all steps of the proof of Theorem 3.1 with exactly the same constants now for solutions to the regularized
problem. [
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6 Existence proof for the regularized problem

Theorem 6.1 Under Assumption (A) there exists a weak solution (1, oy, ©p; T') to the regularized problem
(Pa)-

Note that the constants in this section on the solvability of the regularized problem (Pj) are allowed to depend
on the regularization level M.

The proof of Theorem 6.1 is based on Schauder’s fixed point theorem. First, we shortly introduce the iteration
scheme, then we consider relevant subproblems with frozen arguments, and finally we show the continuity of
the fixed point map.

6.1 Iteration scheme
We define the non-empty, convex, bounded, closed set

N = {<90n790p7T) € H'(Qpn) x H'(Qpp) x WHM(Q) -
lenll@p,) » 1€l < evrms ITlwron ) < et 6-1)
—K<pn o <K T>T, a.e.inQ},

where ¢ g1 > 0 will be defined in (6.8) and Lemma 6.2, tj; > 2 and ¢r¢,, > 0 will be introduced in (6.10)

and Lemma 6.3. We construct a fixed point map Q : N' — N, (¢n, ¢p, T) = Q(Pn, Pps T) by the following
three steps:

1. For given (¢, @p, f) € N and 7 from Subsection 2.3 we define the H*({2p) function

N (1)

- - . N (T)
PP =1 -1) <<,0n +Tln o + EC(T)) + r(gop —Tln N:)(T) + Ey (T)) (6.2)

and obtain by Lemma 6.1 a unique weak solution v € @ZD + H}(QD) to the nonlinear Poisson equation

Fn+Ec(T) )

V- (eV4) = C(T) - Nua(D)exp (s () - 2

~ Ey(T)+, UNY (6.3)
+ Npo(T') exp (T_kM(?)) in Qp,
v=v" onl, eVy-v=0 ondQp\l.
2. We set now
+ Ec(T
fing = Nuo(D) exp (kar () - SOic”),
T T 6.4
V(T) + v o9
pm —Npo(T)exp< = —kM(?)).
Our regularization ensures the uniform estimates
cv <y, pu < €, (6.5)
0 < enru < du(@ar, T), dp(Bar, T) < rror (6.6)
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Next, we solve the continuity equations for electrons and holes with frozen (regularized) coefficients dn(nar, T)
d,(pa,T') and reaction rate coefficient 7 := r(nuar, pas, T') for a weak solution (¢, ¢p) to

~V - (du(7ir, T)Vipn) = Ra(fing, Bar, T 0n, 9p) in Qpa,
[on] = 0on I, Hdn(ﬁM7T)Vg0n . I/D]] =0on I,,
on = @2 onTpy, Ve, -v =0 elsewhere,
6.7)
—V - (dp(prr. T)Vpp) = —Ra(7ing, Bars Ty ons p) in Qpp,
[¢p] = 0on I, [[dp(ﬁM,T)vcpp : VD]] = 0on I,

Yp = %? onI'p,, Vg, v =0 elsewhere.

By Lemma 6.2 there exists a unique weak solution (on, ) € (¢f + Hp,(Qpn)) X (@5 + Hp,(Qpp)) to
(6.7) that satisfies the following estimates,

H(PiHL"O(QDi) <K, HSOiHHI(QDi) = CMHY H(PiHWLSM(QDi) < cms, fori=n,p, (6.8)

for some exponent s); > 2. These estimates are uniform with respect to (@, ©Op, Tv) eN.

3. The above estimates combined with (6.5) and (6.6) ensure that the right hand side of the heat flow equation,

—V - (AVT) = ha(7ing, par, T, Voo, Viop, on, @p)  n Q)

(6.9)
AVT v+ k(T -T,) =0 onl

with ho (nar, par, f, Von, Vp, on, ¢p) belongs to LSM/Q(Q) and has a uniform L5¥/2 bound for all pos-

sible (@n, @p, f) € N. According to Lemma 6.3 there exists a unique weak solution 7' € H'(Q) to (6.9). For
some tp; > 2 it fulfils
1T lyrinr () < ety and T > T, (6.10)

Therefore, in summary (¢p, ©p, T) = Q(Pn, Pp, f) eN.

6.2 Solvability and properties of solutions to subproblems

Lemma 6.1 (Poisson equation) We assume (A). Let (¢p, @p, T) € N be arbitrarily given and JD be con-
structed by (6.2). Then there exists a unique weak solution | € wD + Hll(QD) to the nonlinear Poisson
equation (6.3). There is a constant ¢, 1 > 0 not depending on the choice of (y,, fp’p, T) € N such that

[l < ey

Proof. 1. Due to Assumptions (A), the function {/;D representing the Dirichlet boundary conditions belongs to
H'(Qp), H¢DHH1(Q : < cforall (@n, ¢p, T') € N. By the properties of the exponential function, for given
D

s 3 0P + HEQp) = (HH (D))",

Pn,Pp

(&n, @p, T') € N the operator B(

(Biz 5 m,v) = eV - Vodr
(5077«750177 ) QD

—l—/Q (Nno(f) exp (kM(;)—$n+§C(T)> —Npo(f) exp(Ev(?—'_&p—kM(;i)) — C(f))vdx,

v € H{(Qp), is strongly monotone, coercive, and hemi-continuous (note that || V- || ;- is an equivalent norm
on H{ (Qp) since mes(I) > 0). Thus, by the Browder-Minty theorem [7] the problem B(@ s Tv)z/; = 0 has
n,$Pp,
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a solution. Since the operator is strongly monotone, the solution v € {ED + HII(QD) to B(% & T)w =0is
unique and gives us the unique weak solution to (6.3).
2. With the test function ¢ — ? € H} (Qp) we find
~ 112 ~ ~ ~
e P i PV U PP Ll Catl PP
H H{ (Op) H{ (Qp) H(Qp) (M) LY(Qp)

Here we used the bounds for ¢;, N;9, Ey and E¢, and T > Ty,. Applying Young'’s inequality and the fact that
HwDHHI(Q | < cwe verify that ||| ;1 < ¢y, 1 independent of the choice of (@n, @p, T) € N. O
D

Let (Pn, Pps T) € N and let v/ be the weak solution to (6.3) and 72, and Py be defined by (6.4). Since E¢,
Ev, ¢n, and @, have upper and lower bounds and 7" is bounded from below by 77, we obtain the estimates

K+ E 5o+ Eo(T K+E
Bt < ks i —LWSM—F - 7
Ta T Ta (6.11)
K+E FEy(T)+o K+FE '
oy EHE BV 2+¢p—k:M<Q’f>§M+ te
Ty T T T,

Since the exponential function is monotonously increasing, this estimate carries over to the corresponding ex-
ponentials which leads to the estimates for the regularized densities 123, and pjs. Exploiting additionally the
boundedness of the mobility functions, upper and lower bounds for the ionized dopant densities Ng in 2, and
NZ in Qp we obtain positive constants cpr.,, Caro such that

ey <ny, py < ey inlp,
0 < cpu < gnM = dn(ﬁM,T’) < cpmo a.e.inQpp, (6.12)

0<cpu < cij = dp(;EM,TV) < cmo ae.inQpp

uniformly for all (@, @p, T) e N.

Lemma 6.2 (Continuity equations) We assume (A). Let (¢, ©Op, JN“) € N and let 1) be the weak solution
to (6.3) and nips and pas be given by (6.4). Then there exists a unique weak solution (¢, ©p) € (b +
Hp,(Qon)) x (¢ + Hiy,(Qpp)) to (6.7). It fulfils

HSOiHLOO(QDi) < Ka H‘piHHl(QDi) < CMHYS HSOiHleSM(QDi) < ¢, i = n,p,

for some exponent s); > 2. The estimates and sy are uniform with respect to ($y,, aEp, T)e N.

Proof. 1. We define ps : R? — [0, 1] to be a fixed Lipschitz continuous function with

0 if max{[y|, |z|} > 5,
ps(y, z) = . s
1 if max{[yl,[=[} < 3.

and use the notation c?nM and JPM from (6.12), and 7. Because of (6.12) the operator Aé 5, 7) : (cp,? +
NI ¥ps
Hlljn(QDn)) X (@gp + HE(QDP)) - Hlljn(QDn)* x Hll)p(QDP)*’
S 1S

(@“@p,f)(@m 9019) = A(@“@p’f) ((907"“ @p)? (@m 9017))

with the argument splitting

<Ak(g$m¢pvf) ((‘Pm @p)v (9/5’/17 (/ﬁp))a (¢n7 @p)) =

1 ~ _ ~ $n — _ _
> / dip V@i - Vg d +/ ps(Pns op) r(exp fn_p 1)(% — %) dz,
i=n,p” D Qp T
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?; € Hp:(Qpi), is an operator of variational type (see [15, p. 182]). Have in mind that the main part (in
the arguments &y, ;) is monotone, continuous and bounded and the regularized reaction term is bounded
and the mapping (¢, ©p) — ps(n, wp)(exp{w} — 1) is Lipschitz continuous. Since the operator

S
(Sznﬁpp

(en,95) € (#h) + Hp, () X (@5 + Hp,(Qpp))-

2. Using the test function ((¢5 — K)*, (¢5 — K)*) € Hpy, (Qpn) x Hp (Qpp) for the equation
o - (¢2, apf) = 0 with K from Assumption (A) we obtain

(6”761)7,1—‘)
0= 3 [ dulVie - K P

i=n,p

T)(gon, ¢p) additionally is coercive, the equation A~ 0 T )(wn, ¢p) = 0 has at least one solution
nHI¥ps

+/QDps(<pmsop) (exp(p%—1>((¢5—K)+—(¢§—K)+)dw-

Discussing the four different cases 902 (@5) > K (< K) we find that the integrand in the last line is always
non-negative (note that pg and 7 are also non-negative). Thus, (6.12) ensures that cpf < K a.e. in Qpj,
i = n, p. On the other hand, testing by (— (¢ + K)~, (gpﬁ + K)7) gives ¢ > —K a.e.inQp;, i = n,p.
Therefore, if we choose S > 2K, each solution to A% _ )(cpn, gop) = 0 is a weak solution to (6.7), too.

( nvsopv
The estimates of Step 2 can be done in exactly the same way but leaving out the factor pg to obtain the upper

and lower bounds for all weak solutions (¢n, ¢p) to (6.7), such that [|¢; | Lo () < K. @ = n, p.

3. Next, we show that there is at most one weak solution to (6.7). If there would be two different solutions
(¢n, pp) and (Pn, @p), the test function (v, — P, 0p — Pp) € Hp, (Qpn) X Hlljp(QDp) for (6.7) yields

0= Z/ it V(s — 30)[? da

i=n,p QDI
+ / ?( exp w — exp w) (<Pn —¥p — (Pn — @p)) dx
Qp T T

Because of mes I'p; > 0, (6.12), the monotonicity of the exponential function, and ¥ > 0 we obtain ((pn, gop) =
(n, @p)-

4. Now we verify the uniform H estimate for the weak solution to (6.7) by testing with (¢, — p2 . 0, — gopD) €
H} (Qpn) X Hﬁp(QDp), using Halder's inequality and the fact that 7" > T, and ¢; € [~ K, K] a.e. in Qp;
from Step 2:

Z/ din|V (g @?)2dx+/ (exp¢ —Pp 1)(<pn—<pp)da:
QDI QD T

i=n,p

d; 2K
< E / M (IV(pi — @) + VP \)dx+2Kr(1+2cM)cM2exp{T
QDI

a

b mes(a).

= n,p

Exploiting again (6.12), the non-negativity of 7, the monotonicity of the exponential function, and that <pl-D
Hl(QDi) are given functions, and using the constants ¢, from (6.12), 7, and K from Assumption (A), we end
up with the bounds ”%HHl(QDi) < cp,mt, @ = n, p, where the constant ¢, 1 does not depend on the

special choice of (&, @p, T) € N.

5. Whsum regularity: Note that we supposed that {)p; together with the Neumann boundary fNi are regular
in the sense of Groger. Because of (6.12) and uniform estimates for right hand sides resulting from the gen-
eration/recombination reaction in 2p for all (¢, ©p, T') € N the regularity result of Gréger [13] ensures an
exponent sy > 2 such that |[illy 1 () < €Ms, @ = n,p. These estimates are again uniform with

respect to (&, (pfp,f) eN. O
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Lemma 6.3 (Solution to the heat flow equation) We assume Assumption (A). Let (¢, ¢p, T ) € N and let
1) be the weak solution to (6.3) and (¢, pp) be the weak solution to (6.7). Then there exists a unique weak
solution T € H' () to (6.9). It fulfils T > T, a.e. in Q). Moreover there is an exponentt; > 2 and a constant
crty > 0 such that

HT”WUM(Q) < Tty

with cr¢,, > 0 independent of the special choice of (¢, Pp, T)eN.

Proof. The results of Lemma 6.2, (6.12) and the boundedness of 7 ensure a cgrps > 0 such that

<c 1=n
LSJW/Q(QDi) >~ CHM, » Dy

CEM\V%!Q‘

On — ©p (6.13)

F( eXp = — 1) (Yn — ¥p) < cHm.

LoM/2(Qp)

Therefore the right hand side, hq (T, Pars T, Vo, Vop, on, ¢p), of equation (6.9) has a uniformly bounded
L*M/2(Q) norm, sp7/2 > 1forall (3, §p, T) € N. Thus, the linear heat equation (6.9) with Robin boundary
conditions has exactly one solution T" € HI(Q) We define the exponent 5, which will also be of importance

in the proof of Lemma 6.6, Step 3.
4SM

2+ sm
and find similar to Step 2 of the proof of Theorem 3.1 by Gréger’s regularity result [13] (with Sj7, s tar instead
of s, t*, t) an exponent tj; > 2

2 < Sy =

< sm (6.14)

. . SMm Qt?\/l
tM |f,\ |:, - ]
i Sar — 2 -2 N I
' 25 ., Sm 2t ’ tm -ty ’

4 -5y Sy —2 ty — 2

(depending only on the geometric setting and the data) and a constant c7¢,, > 0 such that ||THW1,tM(Q) <

ey, uniformly for all (&r,, @p, T) € N. (Here we used (6.13) and that the definition of ¢, guarantees that
LSM/Q(Q) s LgM/2(Q) — W-bin(Q) = Wbty (Q)*)

Since the right hand side of the heat equation (6.9) is nonnegative, the test of the equation by — (7' — T},)~
yields the desired estimate T > T, a.e.in Q. [

6.3 Continuity properties of the fixed point map Q

We prove that the fixed point map Q@ : N +— N is continuous and completely continuous in two steps. First
we verify continuity properties for the solution to the nonlinear Poisson equation with respect to the arguments
(Pn, ©Op, Tv) see Lemma 6.4, Lemma 6.5. In the second step the continuity properties of Q itself are demon-
strated in Lemma 6.6.

Lemma 6.4 We assume Assumptions (A). Let (&', (ﬁé,f’), (@n, &p,f) € N with gt — &; in H*(Qpy),
i = n,p, and T — T in WYt (Q). Then the by (6.2) defined boundary value functions P!, P fulfil
PP P in HY(Qp).

Proof. Note that our assumptions on N;, Ny, Zvno, Npo, E@, Ev, and on the function 7, defined in (2.8),
are tailored to guarantee this weak convergence. The parts in (6.2) with ¢; follow directly from gZﬁ — @, in
H! (Qpi), i = n, p. We demonstrate here exemplarily the weak convergence for the term

. NiH(T -~ NH(T
7T In AL) —~7T1In ADi() in H(Qp).
Nio(T) Nno(T)
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The compact Sobolev embedding of W7 (Q) into L>°(£2) ensures T' — T'in L>®(Qp). Moreover, T! — T
in WhtM (Q) yields that VI — VT in L?(Qp)?. Letv € H'(Qp) be arbitrarily given. Clearly we have

o NB(T) = Np(T)
(T In P~~~ Tlni)vdx%O
Qp Nn[) (Tl) Nno (T)
For the part with the gradients we use the following decomposition

~  NATH  ~ NH(T
/ V[T(Tlln#—Tln ( ))] -Vovdr =1 + I, + I3,
Qp NnO(Tl) NnO(T)

where

NA(T -~ NNT
5L ;:/ (Tllng TIn ,\D( )>VT Vuvder — 0
Qp NnO(Tl) Nn (T)

dueto T — T'in L(Qp) and 7, v € HI(QD).

+ Tl + (T 1 +
R R R e o

because of ‘

TZHHl ) <c¢ve H' (Qp), T' — Tin L®(Qp), and Lebesgue’s theorem.
D

= I'—T) - Vur nNB(Tv) T nm
Iy = QDV(T T)-v [1 Nno(f)—l—T(l o ))]d z— 0

since Vo times 7 times the term in the brackets can be used as test function for the weak convergence of
VTt =~ VTinL?(Qp)2. O

Lemma 6.5 We assume Assumptions (A). Let (&L, GL,TV’), (P> By T) € N with 3t — &; in H (Qpy),
i =mn,p, and Tt — T in WHtM(Q), let ! and 1) denote the corresponding unique weak solutions to (6.3).
Then ! — ) in L" (Qp) forallr € [1,00).

Proof. 1. Let 1) be the solution to (6.3) with the boundary function @ZD and let Jl € @ZDZ + Hll(QD) be the
unique solution to the linear elliptic problem with mixed boundary conditions

-V (€V12)\l) = C(T) — Nno(f) exp (]{M(;)_W)
+ Nyo(T) exp (E‘V(T)_HEP_]?M(;)) n b, (6.15)

@Zl = JDZ onl, 5V7$l cv=0 ondQp\I.
Then w! = v — zZl solves the linear elliptic problem with zero right hand side and with mixed boundary
conditions with the Dirichlet function w?! = {ED — {val. The mapping which associates to the boundary value
function wP! the solution w! € wP' + H}(Qp) of the linear elliptic problem is bounded and linear, and
therefore continuous. According to [17, Prop. 4.2, p. 159] this operatorAis also continuous with respect to the
weak topology such that w?! — 0 in H'(Qp) implies w! = ¢ — ' — 0in H'(Qp) and ¢! — ¥ in
L2(Qp).

2. We test (6.3) for 14! and (6.15) for ¢! by ! — ¢! € H (O) and obain
l N ~ _ l l

ol -9 HH () /QD(C(T)C<T>>(¢ ~ ") dz

S/QD(Z/{(wl 6517@53711[) —Z/[(wjgn’gzp’f)) (wl _Jl)d.%

= /Q (U, s B T U, B B, TO+U, B, By T U, G s T) ) (80 d,

D
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where

Eyv (T
u(¢7 Pn,s SopaT) ::NPO(T) €Xp (V(jq)—l_spp_k‘M(;e

Since the exponential function is monotonous we have
U, 8,3, T = U, G, 3, TH) (' =) < 0.

Moreover, using the assumptions on K¢, Ey, Ny, Npo and the fact that the triples (Gﬁl, @é, fl)

%)_‘Pn‘i‘EC(T) ) ]

)) —Nno(T)exp(k‘M(T T

(@n> Pp, T) € N we estimate
U, By Gy T') = U, @, G, T < ear (19 = 9] + 185 = Gul + 185, = @l + 1T = T1).

These arguments ensure the estimate,

e (e

~ o~ ‘
L2(Qp) ‘SD” on

u

H! QD) LQ(QD)

a2

!
L2(Qp) 12 QD)> Hd} %Z) ‘ L2(Qp)

which leads because of Step 1 and &', — &, §5§, — Op, T' - Tin L?(9p) to the convergence Y=l =0
in H'(Qp). Therefore, also 1) — 12’ — 0 as | — oo, which together with 121 — b in HY(Qp) from Step 1
ensures 1! — 1 in H'(Qp) and thus, ! — ¢ in L (Qp) forallr € [1,00) as ] — co. [

Lemma 6.6 We assume Assumptions (A). Then the map Q : N' — N is completely continuous.

Proof. 1. Let (Gfm,@lmTl) (@n> Pp, ) € N with @ go — @; in HY(Qpi), i = n,p, and W —~ Tin
Wit (Q), let 4! and 1) denote the corresponding unique weak solutions to (6.3), and let ﬁlM nu, ﬁM,
Par be the corresponding quantities in (6.4). We have to show that (h, b, T = Q(gh, L, T —
(Spm (vaT) = Q(@n, (ﬁpaT) in H'* (QDH) X Hl(QDp) x Whtu (Q)

The assumed weak convergences guarantee (ﬁé — @i in L"(Qp;), ¢ = n,p, and T — Tin L™(Q) for all

r € [1,00). Lemma 6.5 ensures that also 1! — ¢ in L"(2p), r € [1,00). Therefore the Assumptions (A),
(6.11) and the lower bound for the temperatures yield the convergences

l ~1 Tl
~ +FEo(T ~
né\/[ = Nn()(Tl) eXp(kM(/(,/i)—(pnTl()> — npr,
Ey( Tl )+ e
ﬁ po Tl exp( L (Tl)) — DM,

( ,TLM), Mp(Tl7p) _>MP(T pM) in LT(QD)7
N*(Tl> = NS, (T NGT) = (T, NF(T)) in L7 (D),
N (TY = N;(T), pp(T, N;(TY) = pp(T,N;(T)) inL"(Qy,), 7€ [1,00).
Moreover, our Assumptions (A) additionally ensure the following convergences,

dlpp = dn (@, TY) = dpar in L7 (Qpn), CAZ;;M = dp(Phy, T — dpar in LT (Qpyp),

(6.16)
=

= r(ihy, phy, TV = 7 in L"(Qp), 7€ [1,00).

2. With the test function (0}, — ¢n, ¢}, — ¢p) € Hp, (Qpn) X Hpy,(Qpy) for (6.7) we obtain

Z/ {zMV% zMV%} V(e

i=n,p

- On— (pp ~ ('pn SDp l 1
= r(exp —1>—r<exp —1>>( —, — @+ )dx
/szD ( T T! Pnn T PO

(6.17)
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We use the decomposition

dMVSDz_dzMV( (102)+de(10“

A{ Spn Spp . . SOn - Spp
T exp ——=——— =i = (™ —7)exp o
ok — & ¢ — ) ¢h — ok
—I—?[expu — exp ni] +rexp ———2FL
T! T

9017

and take into account that 7', 7" > T}, and ol € [-K,K]ae.in QD1 by Lemma 6.2 such that exp ~

< c. Additionally we exploit that the mapping (¢, ¢p, T') + exp £ ‘p” is Lipschitz continuous on [— K, K]
X [T4, 00). Moreover, by Lemma 6.2 we have |||y 1.1 () < cMs, i = n,p. We define the exponent

ry o= 82];—{12 In summary, because of (6.12) and mes(I'p;) > 0 it results from (6.17) by Hélder's inequality
H'Y(Opi) Op T T " " P P

C'Z Hwﬁ—%
<c Z HV

i= n,p

Il
Wy [iar = 196l

osimy (7= o)

The integral in the first line is nonnegative. Applying Sobolev’s embedding, Young's inequality, the conver-
gences obtained in (6.16) and 7' — T in L2(£2), as well as the bound for [illy 1. (g it follows

H(’Dl - SOiHHl(QDi) — 0, 7= n,p.

L™M QD )

n HTl

L2(Qp)

3. It remains to show for the corresponding solutions to (6.9) that 7! — T € WUM(Q) Our construction of
tar > 2in Lemma 6.3 ensures the embedding L*M/2 () «— W~ bim () = Wt (Q)*, where % + =
M
1. The result of Gréger [13] for the linear heat equation guarantees the estimate,
|7 -

<CHE§2—7LQH <C)E§1—ﬁg‘ (6.18)

HWl’tl\l(Q) - whtm' (Q)x —

L3M/2(Q)

where we defin~ed ﬁb = hg(ﬁﬂw,ﬁM, Tl, Vil Vgoé, o, apzlg) and, in a similar fashion, we defined hq, =
hao(mar, oy, T Vo, Vop, ©n, @p). According to Assumptions (A), the boundedness of the potentials, the
lower bound for the temperature, and the convergences of Step 1 we find

~] Spn Sop

r (exp

~1)(eh=eh) = (e = 1) (np) L), 7€ [1,00)
Furthermore, we use the decomposition
A |V = dint| Vil = (dlyy — dint) IV + dint (Vigh - V(6h—i) + Vi - V(h—4)),

i = n, p, to continue estimate (6.18) by using Hdlder’s inequality (note that due to the definition of 534 in (6.14)
we have 2/5yr = 1/rps +2/sps for rar = 2spr/(sar — 2) and 2/Spr = 1/spr + 1/2)

|7 -7
letM(Q)
2
< d; ’ HV L
Zn: { ’ e LM (Qpi) Vi LM (Qpy)
+C(Hv%’ LSJW(QDi)—i_H Pill o o) HV i) L2(QD1)}
! l
P —P ~ Pn—@
e[ (exp 22 = 1) (0 —h) — 7 exp L — 1) (pn—py) :
T T LEM/2(Q)

which proves the strong convergence of T — Tin Whtm (€2) and finishes the proof. [

DOI 10.20347/WIAS.PREPRINT.2636 Berlin 2019



Analysis of a hybrid model of semiconductor heterostructures 23

6.4 Proof of Theorem 6.1

The set N is nonempty, convex, and closed in H!(Qp,) x HY(Qp,) x WM (Q). Thus, because of
Lemma 6.6, Schauder’s fixed point theorem ensures the existence of a fixed point (¢, Pps T) € N of Q.
For this fixed point we solve according to Lemma 6.1 the problem B, ., 7% = 0 and obtain ¢) € H'Y(Qp).
It remains to show that the quadruple (¢, ¢y, Op, T') lays in the correct spaces in the sense of (Py).

By the definition of N we find that T’ € {u € H*(Q) : Inu € L>(Q)}. Since (¢n, pp, T) is a fixed point of
Q, the regularized continuity equations (middle equation in (P;)) hold true and Step 2 of the proof of Lemma 3.2
done for the hybrid model can be applied with the same constants for the regularized situation if one substitutes
hp by hpw, see especially (3.1). Therefore, the estimates of Lemma 2.3, now for the heat equation with the
regularized right hand side remain valid with the same constants, especially || T'[[ 2 < cr.

Since (o, ¢p, T) is a fixed point of Q, Lemma 6.2 guarantees p; € WM (Qp;), i = n, p. Moreover, the
Poisson equation and the heat equation (first and last equation in (Pp)) are simultaneously fulfilled. Therefore
we can apply the technique of the proof of Lemma 3.4 (see also Step 2 of the proof of Theorem 5.1) to obtain
an L°° estimate for ¢ /T with exactly the same bound cy/7- Now we proceed as in Step 3 of the proof of
Theorem 5.1 and repeat all steps of the proof of Theorem 3.1 to ensure that ¢; € WI’S(QDi), 1=n,p.

Thus, (¥, ¢n, @p, T') is a solution to problem (Py7) which proves Theorem 6.1. [

7 Conclusions

We proved existence of a solution of a hybrid model for the electro-thermal behavior of semiconductor het-
erostructures. The hybrid model couples a drift-diffusion type electro-thermal model with thermistor type models
in different subregions of the semiconductor device. For the proof we employed a regularization technique and
Schauder’s fixed point theorem. Additionally, for boundary data compatible with thermodynamic equilibrium we
verified uniqueness as well.

The method of the existence proof of the paper allows also to treat structures with more than one, not directly
adjacent, differently strongly n-doped or p-doped regions. Moreover, the technique can also be adapted to the
setting of unipolar devices where no €2, or no €1, is present. Additionally, since in the unipolar drift-diffusion set-
ting no generation/recombination of electrons and holes takes place, the governing equations become simpler
to treat.
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