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Exponential moments for planar tessellations
Andras Toébias, Benedikt Jahnel

Abstract

In this paper we show existence of all exponential moments for the total edge length in a unit
disc for a family of planar tessellations based on Poisson point processes. Apart from classical
such tessellations like the Poisson—Voronoi, Poisson—Delaunay and Poisson line tessellation, we
also treat the Johnson—Mehl tessellation, Manhattan grids, nested versions and Palm versions. As
part of our proofs, for some planar tessellations, we also derive existence of exponential moments
for the number of cells and the number of edges intersecting the unit disk.

1 Setting and main results

Random tessellations are a classical subject of stochastic geometry with a very wide range of applica-
tions for example in the modeling of telecommunication systems, topological optimization of materials
and numerical solutions to PDEs. In this paper we focus on random planar tessellations S C R? which
are derived deterministically from a homogeneous Poisson point process (PPP) X = { X, };c; on R?
with intensity 0 < A\ < oo. The most famous example here is the planar Poisson—Voronoi tessellation.

Since several decades, research has been performed to understand statistical properties of various
characteristics of S such as the degree distribution of its nodes, the distribution of the area or the
perimeter of its cells, etc. For the classical examples it is usually possible to derive first and second
moments for these characteristics as a function of the intensity A, see [OBSCQ9, Table 5.1.1] and
for example [M89, [M94] IMS07|. However, to derive complete and tractable descriptions of the whole
distribution of these characteristics is often difficult.

In this paper we contribute to this line of research by proving existence of all exponential moments for
the distribution of the total edge length in a unit disc. More precisely, let B, C R? denote the closed
centered disk with radius 7 > 0 and let |S N A| = v1(S N A) denote the random total edge length
of the tessellation S C R2? in the Lebesgue measurable volume A C R?, where v, denotes the
one-dimensional Hausdorff measure. We show for a large class of tessellations that for all @« € R we
have that

Elexp(a|S N By])] < oo. (1)

As a motivation, let us mention that the information on the tail behavior of the distribution of |S N B |
provided by is an important ingredient for example in the large deviations analysis of random
tessellations. If additionally the tessellation has sufficiently strong mixing properties, namely that there
exists b > 0 such that |S N A| and |S N B are stochastically independent for measurable sets
A, B C R? with dist(A, B) = inf{|x — y|: x € A,y € B} > b, then the cumulant generating
function

lim n~2log E[exp(—|S N B,])]

ntoo
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A. Tébias, B. Jahnel 2

exists, see [HJC18, Lemma 6.1]. This can be used for example to establish the limiting behavior of
the percolation probability for the Boolean model with large radii based on Cox point processes where
the intensity measure is given by |.S N dx|, see [HIC18]. Moreover, existence of exponential moments
plays a role in giving proper bounds on the acceptable decay of the path-loss function in the context
of percolation for the SINR graph based on Cox point processes, see [118] for details.

Let A = A\ A° denote the boundary of a set A C R? and write x = (1, 75) for z € R2. Apart
from the classical Poisson—Voronoi tessellation (PVT), where

Sv = Sv(X) = (Jofw e R*: |o — Xi| = inf |z — X},

i€l
and its dual, the Poisson—Delaunay tessellation (PDT), where

Sp = Sp(X) = U {sX;+ (1 —5)X;: 3z € Sy(X) with |x—XZ-|:\x—Xj]:]iglégx—Xk\},

i,j€l, s€[0,1]

we also consider the Poisson line tessellation (PLT), where

SL = SL(X) = U {iL‘ € R22 X1 COS X@Q + Zo sin X@Q = XiJ}.
1€l X;eERx[0,7)

As an extension of the PVT also the Johnson—-Mehl tessellation (JMT) is covered by our results, see

for example [BRO8]. For this consider the homogeneous PPP X = { (X, T}) }ie; on R? x [0, 00)
with intensity 0 < A < oo and define the Johnson—Mehl metric by

dJ(($7S)a (yvt)) = |$ - y| + |t - S|7 (2)

where we use the same notation | - | for the Euclidean norm on R? and [0, o). Then, the JMT is given
by

Sy = SJ()?) = U@{x € R*: dJ((xa 0)> (Xi,Tz')) = ig dJ((%O)» (XJaTJ))}

el

Going slightly beyond the setting of Poisson tessellations we also consider the Manhattan grid (MG),
see for example [HHJC19]. For this let Y = (Y, Y},) be the tuple where Y, = {Y;,}icr, and
Yy = {Yhh}igh are two independent simple stationary point processes on R. We assume throughout
this paper that the random variables # (Y, N[0, 1]) and # (Y, N[0, 1]) have all exponential moments.
Then the MG is defined as

Su=5uY)= |J ®Rx{Vis})U({Yjs} xR).

i€ly, jel,

Note that Sy is stationary, similarly to all previously defined tessellations, however, unlike them, it is not
isotropic. One can make Sy isotropic by choosing a uniform random angle in [0, 27), independent
of Y, and rotating Syt by this angle. Our results for the MG will be easily seen to hold for both the
isotropic and anisotropic version of the MG.

Next, let us denote by (OZ‘)Z‘GJ the collection of cells in the tessellation S, where J = J(S). Formally,
a cell C; of S is defined as an open subset of R? such that C; NS = @ and OC; C S. In view of
applications, it is sometimes desirable to consider nested tessellations (NT), which we can partially
also treat with our techniques. For this, let .S, be one of the tessellation processes introduced above,
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Exponential moments for planar tessellations 3

defined via the point process X©) with cells (C})ie, Which now serves as a first-layer process. For
every i € J, let S; be an independent copy of one of the above tessellation processes, maybe of the
same type as .S, with potentially different intensity or maybe of a different type, but all S; should be of
the same type. Denote X the underlying independent point process of .5;. Then the associated NT
is defined as

Sy = Sn(X© XM ) =S, ul JSinCy).
ieJ

Here, UiGJ S; N C; will be called the second-layer tessellation. This definition of a NT originates
from [V09, Section 3.4.4], where this class of tessellations was defined as a special case of iterated
tessellations.

Finally note that all subgraphs of tessellations having the property inherit this property by mono-
tonicity. In particular, our results cover the cases of the Gabriel graph, the relative neighborhood graph,
and the Euclidean minimum spanning tree, since they are subgraphs of the PDT, presented in decreas-
ing order with respect to inclusion.

Having defined the types of tessellations we consider, we can now state our main theorem with its
proof and all other proofs presented in Section

Theorem 1.1. We have that (1) holds for allcc € R if S is a

(i) Poisson—Voronoi tessellation, (i) Johnson—Mehl tessellation,
(iii) Poisson—Delaunay tessellation, (iv) Poisson line tessellation, or
(v) Manhattan grid.

Note that using Holder’s inequality and stationarity, the statement of Theorem[1.1]and all subsequent
results remain true if B, is replaced by any bounded measurable subset of R.

Let us denote by (E;);cx the collection of edges in the tessellation .S, where K' = K (.S). Our proof
of Theorem[1.1]for the PVT, JMT and PDT also reveals that exponential moments exist for the number

of cells intersecting B,
V:#{ZEJCZmBl#Q)}, (3)

and the number of edges intersecting B,
This is the content of the following corollary.

Corollary 1.2. For the Poisson—Voronoi tessellation and the Johnson—Mehl tessellation, we have for
alla € R that

Elexp(aV)] < oo (5)
and
Elexp(aW)] < co. (6)

Moreover, for the Poisson—Delaunay tessellation, (B) and (6) hold for some o > 0.

For the NT, existence of exponential moments for 1/ for the first-layer tessellation can be used to
verify () for Sn. More precisely, we have the following resuilt.
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A. Tébias, B. Jahnel 4

Corollary 1.3. Consider the nested tessellation.

(i) If for the first-layer tessellation holds for all « € R and for the second-layer tessellation
holds for all o« € R, then also Sx satisfies () for all o« € R.

(ii) If for the first-layer tessellation (5) holds for some o € R and for the second-layer tessellation ()
holds for some o« € R, then also S satisfies (1) for some ac € R.

As we will explain in Section the statement of Corollary[1.2]is false for the MG based on indepen-
dent Poisson processes on the axes. However, in the special case, where in the NT is composed of
MGs in both layers and the second-layer MG is based on stationary Poisson processes, for this Sy
we still obtain () for all & € R. This is the content of the following result.

Proposition 1.4. Consider the nested tessellation and assume that the second-layer tessellation is
given by Manhattan grids based on two stationary Poisson processes and the first-layer tessellation is
also a Manhattan grid satisfying (1) for all « € R. Then, (1) holds for the nested Manhattan grid also
for all o € R.

Let us mention that for the tessellations studied in Theorem [1.1] considering Palm versions of the un-
derlying point process does not change existence of all exponential moments. We want to be precise
here since there are multiple different possibilities to define Palm measures in this context. For the
PVT, JMT and PDT, we denote by X* the Palm version of the underlying unmarked PPP and denote
by S* = S(X*) its associated tessellations. For the PLT we denote by X ™ the Palm version of the
underlying PPP only with respect to the first coordinate. This roughly corresponds to Sf = Sp,(X™)
being distributed as S1, when conditioned to have a line crossing the origin with no fixed angle. The
distribution of the Palm version Sy; = Sy (Y™) of the MG is given via the distribution of Y*, the
Palm version of (Y5, Y},). Palm distributions of NTs can be defined correspondingly, see for exam-
ple [HHJC19, V09].

Corollary 1.5. For all tessellations S for which Theorem|1.1]implies (1) for all « € R, we also have
for all o € R that

Elexp(a|S* N By|)] < 0. 7)

The remainder of the manuscript is organized as follows. In Section [2 we present the proofs of the
statements above. In Section [3| we discuss extensions, relations and limitations of our results and
their proofs. We note that in the case when S is a PVT, was verified for small a > 0 in [T18]
in the context of SINR percolation based on Cox point processes. In view of this line of research,
in Section and more precisely in Proposition we present conditions under which can be
guaranteed in the case when the underlying PPP is replaced by some Cox point process.

Further, in Sections[3.2/and[3.4]we discuss relations between the arguments used in the proof of The-
orem(f.7]and also connect to prior work. In this context, let us mention that it is a simple consequence
of the works [C03| [H04] that for all o > 0

Elexp(aN*)] < oo, (8)

where N* denotes the number of Poisson—Delaunay edges originating from the origin under the Palm
distribution for the underlying PPP.

Finally, in Section [3.4) we discuss possible extensions of our results to additively and multiplicatively
weighted PVTs and in Section we verify the afore mentioned absence of exponential moments for
V and W for the MG.
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Exponential moments for planar tessellations 5

2 Proofs

We will use the following notations in this section. We let ()., respectively B,., denote the box of side
length > 0, respectively the closed ball of radius > 0, centered at the origin 0. For A C R, we will
write A for the closure of A. For our results, it obviously suffices to consider & > 0 instead of o € R.

2.1 Poisson-Voronoi tessellations: Proof of Theorem [1.1] part (i)

We follow the lines of the proof in [T18, Theorem 2.6], where it was shown that E[exp(a|SyNQ1])] <
oo for some a¢ > 0. One main step in this proof was Lemma [T18, Lemma 3.5], which states that,
given the distance R between o and the nearest point of X to it, Sy N ()1 is determined by X N Q. r
for a suitably chosen ¢ > 1. Now we argue that after replacing (), with By, the following stronger
version of the aforementioned lemma holds, which allows to handle also the case for all . Note that
for the PVT we can identify for each X; € X its Voronoi cell C;.

Lemma 2.1. Letb > a > 0. If X N By # () we have

Sy NV Ba| <) 1{X; € Byy3.}|0C; N B|. 9)

iel

Proof. Since XN By, # (), we can choose X; € X N B,. We claim that for any edge of Sy intersecting
with B,, the corresponding edge in the dual PDT connects two points in By 3,. Indeed, assume
otherwise, then there exists v € B,, X; € X N B}, 4, suchthat [v — X;| = min{|v — Xj|: [ € I}.
However, since v € B, and X; € B}, we have

lv—X;| < max |y—z|=2a+ (b—a)=0b+a,
YyEBq,2EBy

further, since X; € By 5,
v — X;| > dist({X;}, B,) > (b+3a) —a >b+a.

This contradicts with the assumption that |v — X ;| = min{|v — X)|: | € I}, hence the claim follows.

Thus, for any Voronoi edge intersecting with B, C By, the corresponding Delaunay edge has both
endpoints in X N By 3,. In particular, the Voronoi edge is in OC; for some j such that X; € X N
By 34- The sumin (9) includes the length of the intersection of any such Voronoi edge with 5, among
the summands at least once, and this concludes the proof. O

Recall that almost surely, any cell of the PVT is a convex polygon and therefore it is bounded.

Lemma 2.2. For alla > 0 and Voronoi cell C;, we have |0C; N B,| < 2ma.

Proof. It C; C B,, then |0C; N B,| equals the perimeter of C;, and it is elementary to show that this
perimeter is at most 27ra. On the other hand, if C;  B,(x), then C; N B, is a convex polygon since
both C; and B, are convex. In particular, |0C; N B,(x)| is bounded from above by the perimeter of
C; N B,, which is again at most 27a. O

Using Lemma and Lemma we have the following immediate consequence, which roughly

states that, in case of the PVT, the total edge length in a ball is dominated by a constant times the
number of Poisson points in a larger ball, if existence of points is guaranteed.

DOI 10.20347/WIAS.PREPRINT.2572 Berlin 2019



A. Tébias, B. Jahnel 6

Corollary 2.3. Letb > a > 0. Then, if X N By, # (), we have that |Sy N B,| < 2ma#(X N Bpi3q)-

The proof of Theorem [1.1] for the PVT now rests on the idea that it is exponentially unlikely to have
large void spaces, using the existence of all exponential moments for Poisson random variables.

Proof of Theorem([1.1| part (i). Let
R=inf{r >0: B,NX #0} (10)
denote the distance of the closest point in X to the origin. Then we have for all » > 0 that
P(R > r) = exp(—Ar?m). (11)

Note that by definition, P(#(X N Bg) = 1) = 1. Now, in the event { R < 1} we have that By N X #
(), and therefore by Corollaryapplied fora = b =1 and x = o, we obtain

|Sv N By| < 27#(X N By). (12)

On the other hand, in the event { R > 1}, we can apply Corollary[2.3/for z = 0,a = 1and b = R to
obtain that

1Sy N By| < 21#(X N Bpys) < 2r(#(X N Bgr) + #(X N (Brys \ Br)))

13
= 27 (1 + #(X N Bgys \ Br)), "

almost surely. Therefore, for o > 0 we have

exp(a|SyNB1|) < exp(2ma#t(XNBY))1{R < 1}+e*™ exp(2ma# (XN (Bgrys\Bg)))1{R > 1},

(14)
and Theorem(1.1]part (i) follows as soon as we verify that the right-hand side of has all exponential
moments.

Note that so far we have not used that X is a Poisson point process, only that P(#(X N Bg) =
1) = 1, which holds for a large class of simple point processes. Now we estimate using particular
properties of the PPP X. First, since # (X N By) is Poisson distributed with parameter 167\, the
expectation of the first term in is finite for all « > 0. As for the second term, note that conditional
on R, #(XN(Bgr3\ Br)) is Poisson distributed with parameter A((R+3)? — R?)m = A\(2R+6),
and hence, using the Laplace transform for Poisson random variables,

Elexp(2ma#(X N (Brys \ Br)))1{R > 1}] < Elexp ((2R + 6)A(exp(2ma) — 1))].  (15)

Finally, note that for any non-negative random variable Z we have E(Z) < Y 7 /P(Z > k) and
thus, for ¢ = 2X(exp(2rar) — 1), implies that

- = log k = M7 (log k)?
Elexp(cR)] < 1+ P(exp(cR) > k) = 1+3_P(R> —22) =1 (-2,
exp(cR)] < 1+ P(exp(eR) 2 k) = 143 P(R = 222) = 143 exp (-2
k=1 k=1 k=1

(16)
Since the right-hand side of is finite, also the right-hand side of is finite, which concludes the

proof. O

DOI 10.20347/WIAS.PREPRINT.2572 Berlin 2019



Exponential moments for planar tessellations 7

2.2 Johnson-Mehl tessellations: Proof of Theorem [1.1] part (ii)

The arguments for the JMT are similar to the ones used in Section for the PVT. To start with,
we have the following lemma, which is an analogue of Lemma in the Johnson—-Mehl case. For
(7,5) € R?2 x [0,00) and 7 > 0 we write B; (x, s) for the closed ball of radius r around (, s) in the
Johnson—-Mehl metric, see (2).

Lemma 2.4. Letb > a > 0. If X N Bj # 0, then S; N B, is determined by X N By s,. Thatis,
forany x € Sy N By, ifj € I is such that dy((X;,T}), (x,0)) = infre; dy(( Xy, Tk), (,0)), then
(Xj771]‘) € Bl;]+3a'

Proof. Assume that there exists 7 € I such that (X;,7;) € B; and that S; exhibits an edge having
a non-empty intersection with 3,, and let x € B, be a point of such an edge. Then, using the triangle
inequality, since

d;((x,0), (X, T3)) < dy((,0), (0,0))+ds((0,0), (Xi, T3)) = || +ds((0,0), (X;, T3)) < a+D,
and for any j € I with (X;,T}) ¢ Bj. ,, we have

dy((z,0),(X;, 1)) =T; + |z — X;| > (T;+ |X]) = || >b+3a—a=bb+2a>b+a
> dJ((CU,()), (Xmﬂ))a

and the result follows. O

Proof of Theorem|[1.1] part (ii). We start with two preliminary observations. First, let £ denote the set of
(closed) edges of Sj. By construction of a JMT, any ' € £ has the property that there exist precisely
two points (X;, T;), (X;, T;) (depending on E) such that for all z € E

dJ(('zv 0)7 (X’La Tz)) = dJ((Zv 0)7 (XJ7T])) = }gé?dJ((zv O)’ (XkaTk))

In this case, we will write £ = ((X;, T}); (X, T})). We claim that for any finite subset I of I,
#U(Xi, T3 (X5, Ty)) = 4,5 € Lo} < 341 (17)
holds. Indeed, the set on the left-hand side of is in one-to-one correspondency with the set
D(lp) = {i,j € Io: I((X;, T1); (X;,Ty)) € €}

Since the JMT is a planar graph, so is its dual, and thus D(1) has cardinality at most 31, thanks to
the Euler formula for planar graphs.

Second, we provide an upper bound on the contribution of any single Johnson-Mehl edge in | S;N By |.
All edges ((Xi, T)); (Xj, T])) € & are either hyperbolic arcs or straight line segments, see [OBSC09,
Property AW2, page 126]. By convexity, we have that

(X3, T0): (X5, T))) N Bi| < |0By] = 2. (18)

Now, let us define the closest point to the (space-time) origin in the Johnson—Mehl metric

R'=inf{r > 0: 3 € I with d;((0,0), (X;,T;)) <r}. (19)

DOI 10.20347/WIAS.PREPRINT.2572 Berlin 2019
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Now, in the event { R’ < 1}, we have B} N X # (), and thus an application of and Lemma
fora = b =1 gives

’SJ N Bl| < 27#{((Xi>Ti)3 (Xj>Tj>): (XhTi)v (Xj>Tj) = le]}

Thanks to (T7), the right-hand side is at most 67# (X N BY). On the other hand, in the event { R’ >
1}, we can apply Lemma(2.4|{for a = 1 and b = R’, which together with yields

1Sy N By | < 20#{ ((Xi, T0); (X5, Ty)) : (X5, T0), (X5, T}) € By} (20)

Now, note that _
P(#(Bp NX)=1)=1. (1)

Thus, since in the JMT almost surely each vertex has degree three, we have almost surely
#((X, T0): (X5, T3)) (X3, T3) € By, (X5, T)) € Brysh = 3.
Further, thanks to (17), we have
#H (X0, T); (X5, Ty) (X0, T), (X5, Tj) € Bl \ B} < 3#(X N (Brys \ Br)).

This implies that the right-hand side of (20) is bounded from above by 674 (X N (Bg43\ Br)) + 6.
We have arrived at the assertion that for o« > 0
exp(a|Sy N By|) <exp(6ra#(X N B)I{R < 1}

~ 22
+ exp(6ma#(X N (B,s \ Bi)) + 6ma)1{R' > 1}. @

We now use particular properties of the PPP X. Since ()Z' N By) is Poisson distributed with parameter
Leb(Bj) (here Leb denotes the Lebesgue measure on R?), the first term on the right-hand side of
is finite for all &« > 0. As for the second term, since the Johnson—-Mehl metric is equivalent to the
Euclidean metric in R3, there exists M, > 0 such that

lim sup log Leb(Bl.5\ B)) < M.

r—00

Therefore, we have
Elexp (67‘(‘&#(5(: N (Bjis \ Bi)))] < Elexp (Mo(R')?(exp(6ra) — 1))].

Thus, in order to finish the proof of Theorem [1.1| part (ii), it suffices to show that ()2 has all expo-
nential moments. For this, note that there exists €5 > 0 such that

lim sup log P(R > r) < —&o. (23)

r—00

Hence, using that E(Z) < >~ P(Z > k) holds for any non-negative random variable Z, we can
estimate for ¢ > 0

Elexp(cR?)| f: (exp(cR?) > k) = iIP’(R’ > @) < iexp ((—50 + 0(1))(1053—123/2)

k=1 k=1 k=1

The right-hand side is finite for all ¢ > 0. This implies Theorem [T.1] part (ii). O
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Exponential moments for planar tessellations 9

2.3 Poisson-Delaunay tessellations: Proof of Theorem [1.1] part (iii)

We will distinguish between different types of edges contributing to |Sp N By |. Let (X, £) denote the
random Delaunay graph with vertex set X and edge set £ where forall E' € £ we write £ = (X, X)
where X;, X; € X are the edge endpoints. We define three different kinds of edges depending on
the position of their endpoints. Let us write for¢ > 0

1 gl,t - {E - (X“X]) S (C:: Xz € Bt,Xj S B4t}

2 52715 - {E — (XZ,X]) S 51 Xl € Bt,Xj € Bl(l:t}

3 53715 = {E = (Xz,Xj> S (C/’: X,L',Xj c Btc}

Note that forany ¢ > 0, £ = & U E2 U E; 4. In particular, we can split |Sp N By |, forany ¢ > 0, as

3
1SoN B[ =Y > |[ENB. (24)

i=1 Ec&;

Then, by Hélder’s inequality,

Elexp(a|Sp N By])] < fIE[eXp <3a Z BN B1|>}1/3

EGgi,t
and we can deal with the different edge sets separately.

Let us partition R?\ {0} into 16 disjoint areas s; = {(rsin¢,rcosp): (i—1)7/8 < p < ir/8,r >
0} and define the random radius

T=inf{r>6: XN(B,\B1)Ns; #0and X N (B \ B;)Ns; # Pforall 1 <i <16}, (25)

which is the (random) first radius larger than 6 such that all target areas in a certain regular dart-board-
like partition of Bs, have at least one pointin B, \ B; and one in By, \ B,.. Since T is almost surely
finite, Theorem part (iii) follows as soon as we verify that for all : = 1, 2, 3, we have

E[exp <a Z |EﬂBl|>} < 00
Ee&; T

forall o > 0.

We first show that the total length of edges with both endpoints close to o has exponential moments
for small a.

Proposition 2.5. For sufficiently small oo > 0, Elexp(a ) pee . [E N Bi)] < 0.

Proof. Note that for any edge £/ € £ we have |E N By| < 2. Further, the subgraph of the Delaunay
tessellation (X, £) induced by X N By, is a simple planar graph, Euler's formula for planar graphs
implies that

#{E N (By x By)} < 3#{X N By}.

Thus, since £, C € N (By X By) forall t > 0, it suffices to show that E[exp(a#Xyr)] < oo
holds for sufficiently small o > 0, where for ¢t > 0 we write X; = X N B;. Note that X, is Poisson
distributed with parameter 16w \¢2.

DOI 10.20347/WIAS.PREPRINT.2572 Berlin 2019
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Using a union bound and the homogeneity of the Poisson point process X, we have for r > 6

P(T >r) <16(P(X N (B, \ Bi)Ns1 =0)+P(X N (Bs \ By)Ns1) =0))
< 16( exp(—A(r* — 1)m/16) + exp(—3X\r*m/16)) < 32exp(—Ar’r/32),

where we used that (r — 1)2 > r2/2 holds for all 7 > /2. Now we compute for o > 0

Elexp(6a#Xyr)] = Elexp(6a#Xyr)1{T € [k — 1,k)}]

hE

B
Il
5

<3 Elexp(6a# Xy ) 1{T € [k — 1, k)}]

hE

B
Il
5

Elexp(6a# X)) 1{T > k — 1}]

M)

k=T
< i (Elexp(120#X4,)|P(T > k — 1))1/2
k=T
<32 Zexp (16k*mA(exp(12a) — 1))1/2 exp (— A(k — 1)27r/32)1/2
k=7

:322exp ((16k2(exp(12a) —1)— (k- 1)2/32) )\77r>’

where in the second inequality of the second line we used HAlilder’s inequality. The sum is finite for
small @ > 0, namely, if 16(exp(12a) — 1) < 1/32,i.e., if @ < 2471 1og(513/512) =: a., which
concludes the proof. O

Now, we verify that edges with one endpoint relatively close to o and one very far away from o do not
contribute to the edge length in B.

Lemma 2.6. The random variable ) ;.. . |FE N B| is equal to zero almost surely.

In the proof of this lemma, we shall use the equivalent construction of the PDT [M94), Section 1.1],
according to which for X;, X; € X and E = (X}, X;), the assertion that £ € £ is equivalent to the
property that there exists X, € X \ {X;, X;} such that the interior of the closed ball circumscribed
over the points X;, X, X}, contains no point of X'. We call this ball a defining ball of I; almost surely
with respect to X, all edges of the PDT have precisely two defining balls, with £’ being their common
chord.

Proof of Lemmal2.8 Let k € N.Inthe event {T" € [k — 1,k)} any edge £ = (X;, X;) in & r
that also intersects B; has a minimal length given by 4(k — 1) — 1. Thus, any defining ball for £
has radius at least 2(k — 1) — 1. On the other hand, the diameter of any of the outer segments
(Bak \ Bg) N s; is bounded from above by 3k /2. Thus, for k& > 6, the defining ball for E covers at
least one of the outer segments. But all outer segments contain at least one vertex not equal to X; or
X. This contradicts the construction of Delaunay edges, and thus such an edge cannot exist. Since
T > 6 by construction, this implies the claim. O

Next, we show that edges with both endpoints far away do not contribute to the edge length in B;.
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Exponential moments for planar tessellations 11

Lemma 2.7. The random variable ) ... . |E'N B| is equal to zero almost surely.

Proof. Letk € N.Inthe event {T' € 3[k—1,k)} anyedge E = (X;, X;) in & 7 that also intersects
By has a minimal length given by 21/(k — 1)2/4 — 1, which follows from basic geometry. Now, by
the construction of Delaunay edges, there are two balls which define the edge E. Now, the straight line
[ obtained by extending E to infinity in both directions does not contain the origin, and hence R? \lis
the union of two open half-planes one of which does not contain 0. We consider the defining ball that
has center, say z, in this half-plane. Note that x lies on a line perpendicular to the edge F.

Assume first that the edge-defining ball centered at x contains the origin. Let s, denote the infinite
segment containing x. We claim that in this case, for sufficiently large k, the area Bi.j2 N s, is com-
pletely contained in the defining ball centered at x. Indeed, since || > 1, it suffices to check that the
diameter of By, 2 \ B is smaller than the minimal radius of the ball, \/(k: —1)2/4 — 1. Using basic
geometry, we see that this is the case for all k > 7/(8 cos(m/8) —4) ~ 1.7501. But since By />N s,
contains a vertex unequal to X; and X, this is a contradiction again to the construction of Delaunay
edges and thus the ball cannot contain the origin.

Let us then assume that the edge-defining ball centered at « does not contain the origin. Then, the
ball must be very large. More precisely, by Pythagoras’ theorem, || must be at least such that (k —
1)2/4—1+ (Jz| — 1)* = |z|* and hence, |z| > (k — 1)?/8. But in this case, for sufficiently large £,
the area (B}, \ By/2) N s, is completely contained in the defining ball centered at x, which is again
a contradiction in the event that all 32 areas contain points. To be more precise, this is true once & is
so large that the ball centered at = that has a diameter tangential to B; with both endpoints situated
on 0B(;_1)/2 completely contains s,. Using elementary geometry, this holds whenever 2/(k — 1) <
cos(m/32), in particular for all k > 3. Since 7" > 6 by construction, the lemma follows. O

Next, let us write X* to indicate the intensity \ in the underlying PPP and write S = Sp(X?). We
have the following scaling relation.

Lemma 2.8. Let o, A, > (. Then we have the following identity in distribution

a|SH N By| = alSy™ N B.|/r. (26)

Proof. Since X*, XM are homogeneous Poisson point processes with intensities A, )\/TQ, respec-
tively, we have that X*/"* N B, equals XN B; in distribution. Thus, S*"* N B, is equal to a rescaled
version of S* N B in distribution where the length of each edge is multiplied by . This implies the
statement (26). O

Proof of Theorem([T.1| part (iii). Let us fix the pair (c, \). Using Lemma it suffices to show that
there exists a > 0 such that

E[exp (&lsg/azﬂBa’/a)} < 00 (27)

for some a > 0. Thus, we only have to lift Proposition from sufficiently small o to all cv. Let
r > 0 be sufficiently large such that a/r < a., where a, was defined at the end of the proof of
Proposition [2.5 representing our bound below which the exponential moments exist.

Note that Proposition holds also true if B; is replaced by B, and « is replaced by «/a, for all
a > 0, where we used that the observation ball B, enters the proof of the proposition only via
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|E N B,| < 2a. Further, observe that the value «. is independent of the intensity parameter of the
underlying PPP. These together with Lemmas [2.6|and [2.7]imply that for any \’ > 0, we have

E[exp <a}51)3‘, N BT‘/TH < 00.

Choosing ' = \/r? implies with a = r everywhere. This concludes the proof. O

2.4 Poisson line tessellations: Proof of Theorem [1.1] part (iv)

We use the notation of Section Since for any line [; = {z € R?: x4 cos Xio+xesinX;o = X1}
of St, we have |[; N By | < 2, it suffices to show that the number of lines of Sy, intersecting with B; has
all exponential moments. Now, a line /; in R? intersects with B if and only if its distance parameter
X1 is at most one, independently of its angle parameter X 5. By construction, the number of such
lines is Poisson distributed with parameter 27 A\, which thus has all exponential moments. 0

2.5 Manhattan grids: Proof of Theorem (1.1 part (v)

By stationarity, it suffices to verify the statement for (), instead of B;. Note that for any edge F in Sy,
either EN Q1 = D or |[EN Q| = 1. Since Y, and Y}, are independent, it follows that for all o > 0,
we have
Efexp(alSy N Q)] = Elexp (a(# (Y N Q1) + #(Yi N Q1)))]
= Elexp (a#(Y, N [—1/2,1/2]))]E[exp (a(#Yn N [-1/2,1/2]))]

Thanks to the assumption that #(Y;, N [—1/2,1/2]) and #(Y, N [—1/2,1/2]) have all exponential
moments, the assertion follows. Note that an application of Hélder’s inequality would give the same
result without the independence assumption on the point processes Y., Y}.. [l

2.6 Number of edges and cells: Proof of Corollary 1.2

We start with verifying (6) using different arguments for each of the three tessellations that we consider
(JMT, PVT, PDT). Following this, we can easily derive (5) using (6) (in all cases).

Proof of (6) for the JMT for all « > 0. The assertion follows from a closer inspection of the proof of
Theorem|1.1]part (ii) in Section [2.2] Indeed, the proof of Lemma|[2.1]implies that for b > a > 0, in the
event {X N B; # ()}, we have almost surely that

W < #{((X:, T); (X5, T5) : (X0, Th), (X5, T5) € Bylisa}- (28)

Recalling the distance R’ of the closest point of Xto (0,0) from and applying fora=0b=1
inthe event {R' < 1} andfora = 1 and b = R’ in the event { R’ > 1}, and using the planarity of
the JMT, for a > (0 we obtain

exp(alW) < exp (3a#(XNB))1{R’ < 1}+exp (3a+3&#()?ﬂ(8}]%/+3 \ B{)))1{R' > 1}.

Having this, the proof of (5) for all & > 0 follows analogously to how the proof of Theorem|[1.1]part (ii)
was completed having (22). O
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Exponential moments for planar tessellations 13

Proof of (6) for the PVT for all « > (. This proof is a combination of different assertions for the JMT:
The one of Theorem part (i) and the one of (6) for the JMT for all v > 0. Recall that all edges of
Sy are straight line segments. Hence, writing £ for the edge set of Sy, we have that forany F € &,
|EN By| = vi(EN By) < 2. Combining this with Lemma|2.1]and arguing analogously to the proof
of (6) for the JMT, we obtain

exp(alW) < exp (3a#(X N By))1{R < 1} +exp (3a+ 3a#(X N (Brys \ Br)))1{R > 1}.

(29)
Now, since # (X N Bjy) is Poisson distributed with parameter 167\, the expectation of the first term
is finite for all @ > 0. As for the second term, conditional on R, #(X N (Bgrys \ Bg)) is Poisson
distributed with parameter (2R + 6)7\ (cf. Section . Thus, the second term on the right-hand side
of is stochastically dominated by exp(3c) exp ((exp(3c) — 1)(2R + 6)m\). The finiteness of
its expectation for all > 0 follows from the existence of all exponential moments of R (cf. (16)). O

Proof of (6) for the PDT for small o > 0. The assertion follows from a closer inspection of the proof
of Theorem u part (i) in Section Using the edge sets & ¢, £4, &3 introduced in the beginning
of Section for t > 0 and the random variable 7" defined in (25), HAdlder’s inequality implies that it
suffices to show that there exists o > 0 such that

E[exp (a#{E €&r: ENBy # (Z)})] < 00

holds for all ¢ € {1,2,3}. For i = 2, 3, Lemmas[2.6|and[2.7)imply that the sets #{E € & r: E N
By # 0} are in fact empty almost surely. Now, for i = 1, we have that

Y IENBI|<2#{E € Ex: EN By # 0} < 2#{€N (Bar X Bar)}.

Ee€& r

Now, the proof of Proposition [2.5]shows that the expression on the right-hand side has some (but not
all) exponential moments. We conclude (6) for small o > 0. O

Proof of (5) for the PVT and JMT for all o« > 0 and for the PDT for small « > (. Note that any edge
of the PVT, PDT or JMT that intersects with B is adjacent to precisely two cells intersecting with B1,
whereas if W = 0, then V' = 1, and thus we have the trivial bound V' < 21V + 1. Thus, the assertion
for any given a;/2 > 0 follows from the assertion (6) for the same «. O

2.7 Nested tessellations: Proof of Corollary [1.3/and Proposition

Proof of Corollary[1.3. We write S’ for a fixed tessellation process that equals .S;, i € J, in distribu-
tion, and we define V' according to (3) for the first-layer tessellation .S, so .J is associated to S,,. For
a, 8 > 0, let us write

Mo = Elexp(alS"N Bil)],  and N =Elexp(8V)],

where M, Nj are defined as elements of [0, co]. Then, we need to show (i) that if M, < oo
and Ny < oo for all o, f > 0, then E[exp(7|Sx N Bi|)] < oo holds for all v > 0, and
if there exists o, 3 > 0 such that M, < oo and N3 < 00, then there exists v > 0 such that
Elexp(y|Sx N Bi|)] < oo. First, using Hoélder's inequality, we can separate the first from the second
layer process,

Efexp(a|Sx N Bi)] < E[exp <2a S snan Bly)]E[exp@ayso N B,
ieJ: C;NB1#D
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where by assumption E[exp(2a|S, N B;|)] < oo. For the other factor, note that we can bound

E[exp <2a Z ]SiﬂCiﬂBl\)} :E:]E[exp <2a Z ]SiﬁCiﬂBﬂ)

i€J: C;NB1#£D ieJ: C;NB1#D
<E E[exp (2a > !SmBl!) H
:E_ H E|:€Xp (20(’51ﬂ31’> oi|:|
CieJ: CiNB1#£0

ieJ: C¢QB175®
=E[M;,] = E[exp(V 1og Mau)] = Niog .

il

as an inequality in [0, co]. From this, (i) follows immediately. As for (i), let us assume that M, <
oo holds for some o > 0 and Ng < oo holds for some 3 > 0. Then, the moment generating
functon R — [0,00], 8 — Nj is continuous (in fact, infinitely many times differentiable) in an
open neighborhood of 0, which implies that limg_,o Ng = Ny = 1. Analogous arguments imply that
lim,_, log M, = 0. Hence, there exists o > 0 such that Ny, 17, < 00, which implies (ii). O

Proof of Proposition[1.4 We verify the statement with B; replaced by ()1 in (T). According to the
assumptions of the proposition, let the first-layer tessellation .S, be a MG satisfying () for all « > 0,
and letus write Y° = (Y2, Yh") for the corresponding pair of point processes on R. We can enumerate
the points of Y. N [~1/2,1/2] in increasing order as Y,° N [~1/2,1/2] = (P;)Y,. Similarly, we
can enumerate the points of ;> N [—1/2,1/2] in increasing order as Y;° N [—1/2,1/2] = (Q )jv“l
We further write Py = ()9 = —1/2 and Py 41 = Qn,+1 = 1/2. Note that ENVH(P P_y) =

S Q- Qi) = L.

Now, the collection of cells of S, is given as (C;;)i=1,. Ny+1,=1,..N,+1, Where C; ; is the open
rectangle (P,_1, P;) x (Q;-1,Q;). We write S, ; for the second-layer tessellation corresponding to
Sy inthe cell C; j and Y™ = (Y, Y”) for the associated pair of Poisson processes on R. Here,
there exist Ay, \, > O such thatforalli € {1,..., N, + 1} andforall j € {1,..., N, + 1}, Y
has intensity A\, and Y;J has intensity A;,. Now note that for all i € {1,..., N, + 1} and for all
j € {1,..., N, + 1}, all vertical edges of S;,j intersect C; ; in a segment of length P; — P;_; and
all horizontal edges of 5; ; intersect C; ; in a segment of length (); — ;1. Thus, we obtain that

Np+1 Ny+1 .
S N Qi = 15,1 Qu+ S (A= Poy) S #(Y 1(Q51,Q)))
i=1 j=1
Ny+1 Np+1

Z —Q,1) Z# N (P, P)).

By HAlilder’s inequality, it suffices to verify the existence of all exponential moments for each of the
three terms on the right-hand side separately. The first term has all exponential moments thanks to
the assumption of Proposition Further, by symmetry between the second and the third term, it
suffices to show existence of all exponential moments for one of them; we will consider the second
term.

Since, for fixed i € {1,..., Ny + 1}, #(V"7 x (Qj-1,Q;))j=1...N,+1 are independent Pois-
son random variables with parameters summing up to A, it follows that their superposition N; =
Zjvzvlﬂ #(Y N (Qj-1,Q;) is a Poisson random variable with parameter \,. Further, conditional
on (PN, (N;)M ! are independent.
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Exponential moments for planar tessellations 15

Now, fix @ > 0, and let K, > 0 be such that for all x € (—o0, ] we have exp(z) — 1 < K,z.
Using that P; — P;,_; < 1 forall i and Zé\f;rl(Pi — P,_1) = 1, we estimate

SCIC SICEVED SPTCLIREER)) BTN SR IIY)
sfe e (2 3 (7~ 2os) ] =2 T Bl (ot - P
=E Nlj exp (A exp(a(P; — P,y) — 1>)} < E[Nlj exp (KaAva(P; — Pm)}
~Eexp (Ngjj KaAa(P; = Py) ) | = exp (Kadve),

Since the right-hand side is finite (note that it is even non-random), we conclude the proposition. [

2.8 Palm versions of tessellations: Proof of Corollary[1.5]

We handle each case separately.

Proof of Corollary[1.5 for the PVT. Corollary [1.5] follows directly from Lemma [2.1] and the Slivnyak—
Mecke theorem. Indeed, since Lemmas and use no information about the distribution of X
but only the definition of a Voronoi tessellation, these lemmas remain true after replacing S* by S.
Next, the Palm version X* of the underlying PPP equals X U {o} in distribution by the Slivnyak—
Mecke theorem, in particular, it contains o almost surely. Thus, using the aforementioned versions
of Lemmas (fora = b = 1) and , we deduce that |S N Bj| is stochastically dominated by
27(#(X N By) + 1). This random variable has all exponential moments, hence the corollary. [

Proof of Corollary|[1.5 for the JMT. This is analog to the proof for the PVT where instead of the Lem-
mas[2.1]and [2.2) we use the Lemma[2.4] and equation (18). O

Proof of Corollary|[1.5 for the PDT. We verify Corollary via a straightforward geometric argument
given Theorem part (iii) and the assertion originating from [CO3, [H04]. (We expect that an
alternative proof using arguments of the proof of the theorem is possible, see Section [3.2]) Indeed,
recalling N* defined before (8) and the fact that S* equals the Delaunay tessellation of X U {o}
in distribution, we verify the following lemma. Its proof uses the characterization of Delaunay edges
explained after Lemma([2.6)in Section

Lemma 2.9. Almost surely with respect to X, all edges in the Delaunay tessellation of X U {0} that
are not contained in the Delaunay tessellation of X connect o to one of its Delaunay neighbors in
X U {o}.

Proof. The following statements hold for almost all realizations of X . Let us assume that £ is an edge
in the Delaunay tessellation of X U {o}. If E = (0, X;) for some X; € X, then there is nothing to
verify. Else, £ = (X;, X;) for some X;, X; € X. Now, the Delaunay edge £ is the common chord of
precisely two Delaunay triangles in X U {0}, the third vertex of at least one of them not being equal to
o. But this means that the open out-circle of this triangle contains no point of X U {0}, in particular no
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point of X, and thus this triangle also exists in the Delaunay tessellation of X . Hence, E is contained
in the Delaunay tessellation of X. O

Thanks to Lemma and the fact that for any edge F of S* we have |E' N B;| < 2, we have
|S* N By| < |S N By + 2N*. Now, |S N By| has all exponential moments thanks to Theorem
part (i) and N* has all exponential moments thanks to the main results of [C03| [H04], hence the
corollary. O

Proof of Corollary[1.5 for the PLT. According to the definition of the Palm version S* that we provided
in Section [1] S* equals S, (X**) where X** = X U {(0, ®)}, with ® being a uniform random angle
in [0, ) that is independent of X . (Note that here we also used the Slivnyak—Mecke theorem.) Thus,
S* = Sn{i}, where l = {z € R?*: 21 cos ® + x5 8in ® = 0}. Since the intersection of [ with By
has length 2, the corollary in the case of a PLT follows directly from Theorem[1.1]part (iv). O

Proof of Corollary[1.5 for the MG. We verify the statement with B, replaced by ()1, which is sufficient
thanks to the stationarity of Y, and Yj,. First, let us write Y.* and Y for the Palm versions of Y, and
Yh. Here, Y.* is defined via the property [HJC18| Section 2.2] that

EFOD=E[f Y - X))

V X;eY,n[-1/2,1/2]

for any measurable f taking the set of o-finite counting measures on R to [0, 00). Then the Palm
version Y* is given as [HHJC19| Section I11.B]

A
An + Ay

where U is a uniformly distributed random variable on [0, 1] that is independent of Sy;. Now, we
verify that Y.* x [—1/2,1/2] and Y;* x [—1/2,1/2] have all exponential moments. Using these and
the mutual independence of Y5, Y1, and U, the proof of Corollary [1.5 for the MG can be completed
analogously to the proof of Theorem part (v)in Section We only consider Y.*, the proof for Y,
is analogous. For o > 0 we have

S = (Ve x Ry x R)1{U < }4—(YV*><R,Y}1><R)]I{U>)\}1%}

Elexp (a# (Y} N[~1/2,1/2)))] = E [% ) E;[O 1] exp (a#((Ye — Xi) N [-1/2, 1/2]>)}

- E[% ) ;{0 1] exp (a# (Y, N [X; — 1/L27;(i + 1/2]))}

<E [i XZ ;{07” exp (a(Yy N [-1,1) | = %E[#(YV N[0, 1)) exp (a# (Y, N [-1,1]))]
< %E[#Envm [’o, 1)) *Elexp (20 (Y, N [=1,1]))]'/2 < oo,

where in the first inequality of the last line we used HA(lder’s inequality. O

3 Discussion

In this section we discuss extensions, relations and limitations of our statements in Section[1]and their
corresponding proofs in Section
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3.1 Extensions of Theorem[1.1]to Cox-—Voronoi tessellations

So far we have limited our attention to random tessellations defined via a deterministic rule applied to
a random collection of points given by a PPP, i.e., S = S(X) where X is a stationary PPP. It is natural
to ask under what conditions existence of exponential moments for the total edge length in the unit
disk can be guaranteed for tessellations S(X’) where X is not a PPP but some different stationary
planar point process. As a starting point for future studies, in this section we give an answer to this
question for the Voronoi tessellation based on a stationary Cox point process (CPP) X. Here, a Cox
point process is a PPP with random intensity measure A(dx), see for example [DVJ08] for details. We
have the following proposition.

Proposition 3.1. Consider Sy (X') where X is a stationary Cox point process with intensity measure
A satisfying

limsupilogE[exp (&A(B))] = f(«@) (30)
Bl | Bl

for all o« € R for some function f with f(a) < 0 ifa < 0 and f(a) < oo if a > 0. Then, for
S = Sy(X), () holds for all o« € R.

Proof of Proposition[3.7] By translation invariance we can give a proof for (); replacing B;. First note
that by construction, the Voronoi cells of any simple point process are convex. Hence, Lemmas
[2.2]and subsequently Corollary [2.3]in Section[2.1] also hold for Sy (X') based on the CPP X'. Now, to
accommodate the Cox process, we give a slightly different proof based on the same ideas as used in
the proof of Theorem [1.1]part (i) in Section Let

K =inf{k € Ng: X N Qyy1 # 0}.
Then for o > 0, we have that
Elexp(alSy(X) N Q1)) = > Elexp(alSy(X) N Qi) I{K = k}]

k>0

< ZE[exp(4a#(X N Qrys \ Qr))I{K = k}]

k>0

<> E[exp ((exp(da) = DAQrrs \ Qk) — AQW))]

k>0

< Z]E[exp (2(exp(4a) — DA (Qrq5 \ Qk))] 1/2E[exp ( - 2A(Qk))]

k>0

1/2

where we used Corollary [2.3]for the second line, the Laplace transform for PPPs for the third line and
Hélder’s inequality for the fourth line. Now, under the assumption (30), for sufficiently large £,

Efexp (= 2A(Qx))] < exp(eik?f(—2))

for some ¢; € (0, 00) and for some ¢, € (0, 00) also

E[exp (2(exp(4) — 1)A(Qri5 \ Q)] < exp <02(10k +25) f (2(exp(4ar) — 1)))

and thus E[exp(a|Sy(X) N Q1])] < oo. O
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The condition holds for all & € R for example for almost-surely bounded random intensity mea-
sures where for some ¢ > 0 almost surely A(B) < c|B|. A relevant example here is the modulated
Poisson point process where A(dx) = (A 1{z € E} + A\ 1{z € =°})dx, with = being a stationary
random closed set, e.g., a Poisson—Boolean-model, and A1, Ay > 0, see [CSKM13| Section 5.2.2].

Another example for which condition holds, and which is unbounded, is the shot-noise field,
see [CSKM13] Section 5.6], where A(dz) = dz Y, ; k(x—Y;) for some integrable kernel x: R? —
[0, c0) with compact support and {Y; };c; a stationary PPP. Indeed, for the shot-noise field, A(B) =
Yoier Jder(z)l{z € B(Y))} < #(Y; € C) [ dak(x) with C = C" & B where C” denotes the
support of k. Now, Z = #(Y; € C) is a Poisson random variable and we denote its parameter p.
Then,

lim sup | B| ! log E[exp(aA(B))] < p(exp(a/d:m(x)) — 1) lim Supg
[Blfoo Bl | B

= plexp(a / den(z)) - 1)

has the desired property.

Note that, more generally, the condition holds if A is b-dependent and A(();) has all exponential
moments. Here, for b > 0, we call A b-dependent if for any two measurable sets A, B C R? such
that dist(A, B) = inf,cayep |t — y| > b, the restrictions A|4 and A|p of A to A respectively
B are independent. Indeed, by stationarity of A, it suffices to verify for B = (@)}, in the limit
N > k£ — oo. Let us assume that A is b-dependent. Then, for fixed k, we can partition (), into
a bounded number of disjoint subsets such that each of these subsets consists of (apart from the
boundaries) disjoint copies of () and the restrictions of A to these copies are pairwise independent.
Using this independence and the existence of all exponential moments of A(Q);), further applying
HA(lder’s inequality for the collection of partition sets, follows. Note that the shot-noise field is
b-dependent, and so is the modulated Poisson process if = is a Poisson—Boolean model.

3.2 Relation of Theorem [1.1] part (iii) to prior work

Consider the PDT Sp. Using the notation of Section[1] let us consider the assertions

Va > 0: Elexp(aN™)] < oo, (31)
Vo > 0: Elexp(alSh N By])] < oo and (32)
Va > 0: Elexp(«a|Sp N By|)] < co. (33)

Recall that is a simple consequence of the main results of [CO3| [HO4|. Further, given and
and the coupling X* = X U {0}, a simple geometric argument implies (32), see Section A
similar geometric proof could be provided in order to deduce from using (31). However, we
did not find a way to derive from (B1). We encountered two main difficulties: First, does not
provide sufficient information about |S N B | if the cell of 0 in S* has a very small diameter. Second,
even if this cell is so large that it covers B, edges of S* connecting two points of X may still cover
this cell and in particular also B;.

We chose the alternative route of verifying without using (31), and then putting and
together in order to derive (32). We expect that can also be proven using an extended version of
our proof for (33), with no reference to (31). However, we chose the proof involving N* because we
found it more straightforward and intuitive.
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3.3 Relation of the proof of Theorem [1.1] part (iii) to part (i)

Lemma|2.8]is easily seen to hold also for the PVT instead of the PDT. This gives rise to an alternative
way of proving Theorem[{.1]part (i), given the original proof of the same statement for small o in [T18],
Section 3.1.2]. Indeed, it is easy to see that the original proof for small o works also with ()1 replaced
by ), and « replaced by «/a for a > 0. Therefore, given this proof, the proof of Theorem
part (iiijcan be completed similarly to how we completed the proof of Theorem part (iii) given

Proposition [2.5/and Lemmas

In contrast, the alternative proof that we provided for Theorem[1.1]part (i) in Section[2.1]is an improved
version of the proof for small « in [T18]. Section shows that if we use the £?-norm, which is the
natural norm for the PVT, it is possible to control the influence of far away Poisson points better. More
precisely, the proof clarifies that given the distance R of the nearest point to the origin, all Poisson
points that are decisive for the Voronoi tessellation in By come from the annulus B3 \ Br (given
that R is sufficiently large). We note that such a statement is not true for the PDT. Indeed, assume
that B, contains exactly one point X; of X. Then X; has degree at least 3 in the Delaunay graph,
all edges connecting X; to one of its neighbors intersect with 57, and given the norm of the closest
neighbor, the norm of the second-closest neighbor can be arbitrarily large.

3.4 Extensions to additively and multiplicatively weighted PVTs

Let us mention that the construction of the PVT can be substantially generalized, giving rise to the
additively and multiplicatively weighted PVT (aPVT, mPVT), also see [OBSCQ9]. For this, as in the

construction of the JMT, consider the homogeneous PPP X = {(X;, T;) }sc; on R? x [0, c0) and
define distance mappings from R? x (R? x [0, 00)) to [0, 00) by

df(z, (y,t)) = o(|lz —yl) +t,  and  df(z, (y,t)) =t 'o(|z —yl)

for some strictly increasing function ¢ : [0, 00) — [0, 00). The associated tessellations are given by

Sav = Sav(X) = Jo{w € R?: df(x, (X;, 7)) = inf df (z, (X, T}))} and
iel Jel
Suv = Suv(X) = | Jofz € R*: df\(x, (X, T0)) = inf 5 («, (X;,T)))}.
il iet
For the additively weighted case with ¢ () = x, we for example recover the JMT. For p(x) = 272,
the associated tessellation is referred to as the Laguerre tessellation, see [LZ08]|. Note that the aPVT
and mPVT can exhibit substantially different behavior than the PVT. For examples, cells can be empty,
cells may not contain their nucleus, or cells may be disconnected. Our proof technics for the JMT can
be used to cover those cases where the distance mapping is a metric, given that the probability that X
contains no point of a ball of radius 7 in the corresponding metric decays at least as exp(—cr_(2+5))
in the limit 7 — oo, for some € > 0. This is indeed the case for example for the JMT (where one can
choose € = 1, cf. (23)), but for instance not for the Laguerre tessellation.

3.5 Absence of exponential moments for the number of edges and cells

In Corollary[1.2] we provide statements about existence of exponential moments for V', the number of
cells intersecting By, and T/, the number of edges intersecting ;. In this section we want to exhibit

DOI 10.20347/WIAS.PREPRINT.2572 Berlin 2019



A. Tébias, B. Jahnel 20

one example in our family of tessellations for which exponential moments for V' do not exist. Indeed,
take the MG where the underlying stationary point processes are PPPs Y., and Y}, with intensity A. By
translation invariance, we can also consider the random variable 1V, the number of cells intersecting
(1. Then we have that

Elexp(aV’)] = E[exp (a((#(Yy N[-1/2,1/2])) + D)((#(Yn N [-1/2,1/2]) + 1)))]

=exp (@ — A+ 2\(exp(a) — 1)) Zexp (AMexp(ak) — 1))\ /k! = cc.

k>0

Since, for the MG based on PPPs, V' and W are of the same order, it follows that E[exp(aWW)] = oc.

Finally, let us mention that for the PLT, it would be rather interesting to try to derive closed form ex-
pressions for the distribution of ' using similar techniques as in [C03] for N*, the number of Delaunay
edges of a typical Poisson point. Then, these representations could potentially be used to derive
asymptotics for the probability of many cells intersecting By, which could subsequently lead to a proof
for the existence of exponential moments for V.
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