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An asymptotic analysis
for a generalized Cahn-Hilliard system

with fractional operators
Pierluigi Colli, Gianni Gilardi, Jirgen Sprekels

Abstract

In the recent paper ‘Well-posedness and regularity for a generalized fractional Cahn—Hilliard
system’ (Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 30 (2019), 437-478), the same authors
have studied viscous and nonviscous Cahn—Hilliard systems of two operator equations in which
nonlinearities of double-well type, like regular or logarithmic potentials, as well as nonsmooth po-
tentials with indicator functions, were admitted. The operators appearing in the system equations
are fractional powers A%" and B2 (in the spectral sense) of general linear operators A and B,
which are densely defined, unbounded, selfadjoint, and monotone in the Hilbert space Lz(Q), for
some bounded and smooth domain  C R3, and have compact resolvents. Existence, unique-
ness, and regularity results have been proved in the quoted paper. Here, in the case of the viscous
system, we analyze the asymptotic behavior of the solution as the parameter o appearing in the
operator B?% decreasingly tends to zero. We prove convergence to a phase relaxation problem
at the limit, and we also investigate this limiting problem, in which an additional term containing
the projection of the phase variable on the kernel of B appears.

1 Introduction

A research project that the three of us recently carried out in [15-17], deals with the well-posedness,
regularity and optimal control for the abstract evolutionary system

Oy + A2 = 0, (1.1)
TOp + B o+ F'(¢) = u+ f, (1.2)
©(0) = ¢o, (1.3)

where A?" and B??, withr > 0 and o > 0, denote fractional powers of the linear operators A and B,
respectively. These operators are supposed to be densely defined in H := L?*(Q), with Q C R3,
selfadjoint and monotone, and to have compact resolvents. The above system is a generalization of
the standard or viscous Cahn-Hilliard system (depending on whether 7 = 0 or 7 > 0), which models
a phase separation process taking place in the container 2. The particular sample case A" = B%° =
— A with homogeneous Neumann boundary conditions is included, indeed. The physical variables ¢
and p stand for the order parameter and the chemical potential, respectively, while f is a given source
term. Moreover, F' denotes a double-well potential. We offer three physically significant examples for
F', namely,
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P. Colli, G. Gilardi, J. Sprekels 2

1
Freg(r) := 2 (r* =12, reR, (1.4)
1+r)In(1+7)+ (1 —r)In(l —7r) —cr?,  re(-1,1)
EOQ(T) = 2 111(2) — (1, S {_17 1} ) (1.5)
+00, r g [_17 1]
Foops(r) := —cor? if|r| <1 and Fhops(r) := 400 if [r| > 1, (1.6)

where the constants ¢; in and satisfy c; > 1 and co > 0, so that [}, and Fy.s are
nonconvex. These potentials are called the classical regular potential, the logarithmic potential, and
the double obstacle potential, respectively. In irregular situations like (1.6), one has to split F' into a
nondifferentiable convex part [ (the indicator function of [—1, 1], in the case of (1.6)) and a smooth
perturbation 7. At the same time, one has to replace the derivative of the convex part by the sub-
differential and to interpret as a differential inclusion or, equivalently, as a variational inequality
involving [ rather than its subdifferential, as actually done in [15].

Fractional versions of the Cahn—Hilliard system have been considered by different authors and are the
subject of several papers. As for references regarding well-posedness and related problems, a rather
large list of citations is given in [15]; we recall some concerned and recent literature also here, by
mentioning [1,[28,21,/30,/33]. Moreover, one can find a number of results regarding the asymptotic
behavior of solutions, for the standard Cahn—Hilliard equations, for variants thereof, and for systems
including the Cahn—Hilliard equations: without any claim of completeness, we can quote, e.g., [3,/6,
9-12,,/14,/1820,[23-25,[311/32,[34,/35]. These works mainly deal with the asymptotics with respect to
parameters, or the study of the trajectories and related topics, or the existence of global or exponential
attractors and their properties. A special role in our citations is played by the paper [13], where the
longtime behavior of the solutions as well as an asymptotic analysis similar to the one we address
here are investigated for a fractional system involving the Allen—Cahn equation.

In this paper, we consider the viscous case 7 > 0 within the system (1.1)—(1.3) and study the asymp-
totic behavior of the solution as the parameter ¢ involved in the operator 32’ tends to zero. In this
analysis, a crucial role is played by the orthogonal projection operator P : H — H on the kernel
ker B of B. Indeed, if (¢, jt,) denotes the solution to system (T.7)—(1.3) for an arbitrary 0 > 0, we
prove that (¢, /1, ) converges as o \, 0 to a solution (¢, i) to the system

Orp+ A% =0, (1.7)
T+ —Po+ F'(p)=p+f, (1.8)
©(0) = ¢o. (1.9)

In general, the convergence occurs along a subsequence, but in the case when the limit pair (o, 1)
uniquely solves (T.7)—(7.9), then the whole family (¢, 11,) converges to (i, 1) in the sense made
precise by the statement of Theorem[2.5|below. Moreover, let us point out that the component ¢ of the
pair (¢, 1) is always uniquely determined, as it follows from the continuous dependence result given
by Theorem In the last part of the paper, we also discuss the limiting problem by proving a class
of regularity results, quite interesting in our opinion, for which we have to use some sopbhisticated tools
of interpolation theory. Our approach may be considered as an extension and further investigation with
respect to the asymptotic results of |13} Section 7], in which a phase relaxation problem is obtained at
the limit. Also in the present paper the equation can be seen as an ordinary differential equation,
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Generalized fractional Cahn—Hilliard system 3

but with a nonlocal structure due to the presence of the projection operator P. Our contribution here
gives account of a new line of investigation that in our opinion should be further explored.

The rest of the paper is organized as follows: in the next Section |2} we list our assumptions and state
our results. The corresponding proofs are given in the last two Sections [3|and [4]

2 Statement of the problem and results

In this section, we state precise assumptions and notations and present our results. Our framework is
the same as in [15], and we briefly recall it here, for the reader’s convenience. First of all, the open set
Q) C R3 is assumed to be bounded, connected and smooth. We use the notation

H := L*(Q) (2.1)

anddenote by || - || and ( -, - ) the standard norm and inner product of H . As for the operators involved
in our system, we postulate that

A:DAYCH-—H and B:DB)CH-—H are

unbounded, monotone, selfadjoint, linear operators with compact resolvents. (2.2)

We denote by {)\;} and {\}} the nondecreasing sequences of the eigenvalues of A and B, and by
{e;} and {€};} the (complete) systems of the corresponding orthonormal eigenvectors, that is,

Aej = Njej, Bely = N, and (e, e;) = (e, ¢€j) =0y ford, j=1,2,..., (2.3)
0< A <XA<... and 0< )] <\, <...,with lim \; = lim X, = 400, (2.4)
j—00 J Jj—00 J

where §;; denotes the Kronecker index. The power A” of A with an arbitrary positive real exponent r
is given by

A'v = Z Ni(v,ej)e; forv e Vi, where (2.5)
j=1
Vii=DA") = {v cH: Z X (v, €5) ] < —i—oo}. (2.6)
j=1

In principle, we could endow 1§ with the standard graph norm in order to make 1§ a Hilbert space.
However, we will choose an equivalent Hilbert structure later on. In the same way, for o > 0, we define
the power B of B. For its domain we use the notation

Vg = D(B?), withthe norm || - || 5, associated to the inner product
(v,w)py = (v,w) + (B°v, Bw) forv,w € Vg. (2.7)
At this point, we can start listing our assumptions. First of all,
r, 0o and 7 are fixed positive numbers, and o € (0, 0y) is a parameter. (2.8)
As for the linear operators, we postulate, besides (2.2), that

either A\ >0 or 0= )\; < A\yand e, is a constant; (2.9)
if A1 =0, then the constant functions belong to V5. (2.10)
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In [15] some remarks are given on the above assumptions. Moreover, it is shown that an equivalent
Hilbert structure on V] is obtained by taking the norm defined by

1A =) X (v, e) P A >0,
=1
loll%,, == ’ (2.11)

(0, e1)” + A7) = |(v,e)) P+ > [N (v,e,)F it A =0,
j=2

and the corresponding inner product, which we term ( -, - ) 4. This equivalence is trivial if A\; > 0. In
the opposite case A; = 0, with the notation

1
meanv = — / v forve LYQ) (2.12)
9] Ja

for the mean value of the generic function v, the equivalence relies on the inequality
|v|| < Cp ||A™v| forevery v € V} withmeanv = 0 if A\; = 0, (2.13)

which is of Poincaré type, since the term (v, e1) appearing in (2.77) and involving the constant func-
tion e; (see (2.9)) is proportional to mean v. Next, the nonlinear potential F' appearing in (1.2) is split
as follows:

F= B—i— T, where (2.14)

B\ : R — [0, +00] is convex, proper and |.s.c. with B(O) =0; (2.15)

7:R — R isofclass C! with a Lipschitz continuous first derivative; (2.16)

itholds liminf s 2F(s) > 0. (2.17)
|s| /oo

Notice that these assumptions are fulfilled by all of the important potentials (1.4)—(1.6). We set, for
convenience,
B:=08, m:=7', and L, := the Lipschitz constant of 7 . (2.18)

Moreover, we term D([3) and D([3) the effective domains of 3 and 3, respectively, and notice that
[ is a maximal monotone graph in R x R. The same symbol /3 is used for the maximal monotone
operators induced in L?(Q2) and L?(Q). Finally, we introduce

P: H — H, the orthogonal projection operator on the kernel of B. (2.19)

As for the data of our problem, we allow the forcing term appearing in (1.2) to depend on ¢ and
assume that:

fr € L*(0,T; H); (2.20)
po € VE" and (o) € L'(9); (2.21)
if Ay =0 then mg:=mean, belongs to the interior of D([3). (2.22)

At this point, we make the notion of solution precise. In the following, we use the notations

Qr:=0x(0,T) fort € (0,7] and Q:=Qr. (2.23)

DOI 10.20347/WIAS.PREPRINT.2741 Berlin 2020



Generalized fractional Cahn—Hilliard system 5

A solution to our system is a pair (¢, 1) fulfilling the regularity requirements

o € H'(0,T; H) N L¥(0,T; V), (2.24)
fio € L*(0,T; V), (2.25)
Ber) € LNQ), (2.26)

and satisfying the following weak formulation of the equations (1.1)—(1.3):

(Orpr(t),v) + (A" e (t), A"v) =0 foreveryv € Vi andforaa.t € (0,7, (2.27)
T (O (1), 5 (t) — ) (B¢ (1), B (5 (t) —v))
+ [ Blan®) + (i) = 50 5(®) =) < (o)l =0) + [ 5w

forevery v € Vg andfora.a.t € (0,7), (2.28)
¥(0) = ¢o. (2.29)

We notice that implies that 3(¢,(t)) € L'(Q) for a.a. ¢ € (0 T'), so that [2:28) has a precise

meaning. In the same inequality, one obviously has to read fQ = +ooifv € V§ and B( ) &
LY(Q).

Remark 2.1. The regularity (2.25) of the second component of the solution is expected even though
(2.27) just suggests p, € L?(0,T;V}). Indeed, for a.a. t € (0,7') the variational equation has the
form

(A"u, A"v) = (g,v) foreveryv € V},

with g € H. From this, one easily derives that u € V3" and || A*"u|| < ||g|| (one can formally test by
A?"u, but a regularization procedure makes the argument rigorous). Since 9y, € L*(0,T; H), we
thus have the regularity (2.25) as well as

Oy + A =0 ae.in(0,7), (2.30)
i.e., the equation holds in its strong form.

Remark 2.2. In the sequel, the symbol 1 denotes the constant function on €2 that takes the value 1
at every point. With this notation, we remark that (2.9) implies that A”(1) vanishes if A; = 0, so that

(2.27) and (2.29) imply that

d
pr / 0, (t) =0 foraa.t € (0,T), whence
mean @, (t) = mq foreveryt € [0, 7] (2.31)

in this case. On the contrary, if A; > 0, no conservation property is expected.

The well-posedness result (cf. [15, Thm. 2.6]) reads as follows:

Theorem 2.3. Let the assumptions (2.2), (2.8)—(2.10) and (2.14)—({2.17) on the structure of the system

and (2:20)—(2.22) on the data be fulfilled. Then, there exists a pair (¢, j1,) satisfying (2.24)—(2.26)
and solving problem (2.27)—2.29). Moreover, the component y, of the solution is unique.
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Remark 2.4. No uniqueness for the component i, of the solution can be expected, in general. How-
ever, in particular situations, /i, is unique, too. This is the case if Ay > 0. Indeed, this assumption
implies that A%" is invertible so that can be uniquely solved for p,. On the contrary, the case
A1 = 0 is much more delicate. A sufficient condition that ensures uniqueness for 1, is the following
(see [15, Rem. 4.1]): 3 is an everywhere defined C'! function and ¢, is bounded. We notice that the
same argument used in the quoted remark also applies if D(3) is an open interval and /3 is a contin-
uous single-valued function on it (like in the case of the logarithmic potential) provided that all of
the values of ¢, belong to a compact subset of D([3).

Let us come to the results of this paper. The first deals with the behavior of the solutions to problem

(2.27)—(2.29) as o tends to zero.

Theorem 2.5. Besides the assumptions of Theorem|2.3, assume that
f> — f stronglyin L*(0,T; H) as o \, 0. (2.32)

Then, for every o > ( there is a solution (¢, |t to problem (2.27)—2-29) such that

0, — @ weaklyin H*(0,T; H), (2.33)
to — ji weakly in L?(0,T; Vi), (2.34)
By, — ¢ weakly starin L>(0,T; H), (2.35)

as o \ 0, possibly along a subsequence, for some triplet (¢, 11, () satisfying
o€ HY(0,T; H), pe€L*0,T;V{") and (€ L™(0,T;H). (2.36)
Moreover, under the additional assumption,
forallv € H such that B(v) € L'(X) there exists a sequence {v,} C Vgl

n—o0

such that v, — v in H and lim 1nf/ B(vy,) /6 (2.37)

the following holds true: whenever (g, li,) is a solution to problem [2.27)—@2.29) for o > 0 and
(2-33)—(2-35) hold for some triplet (¢, 1, ¢), then { = ¢ — Py and the pair (, 1) is a solution to the
system

(Orp(t),v) + (A"u(t), A"v) =0 foreveryv € V} andfora.a.t € (0,T), (2.38)
T(0p(t), o(t) — v) + (p(t) = Po(t), o(t) — v)
+ [ Bleo) + (rlel0) = 50 0) =) < (u(0).0) =) + [ Fo)
foreveryv € H andfora.a.t € (0,T), (2.39)
#(0) = ¢o. (2.40)

Remark 2.6. The above statement looks a little involved. Besides the assumption (2.37) we are going
to discuss in a while, we point out that that no uniqueness for the solution (g5, ity ) is required. On
the contrary, if additional assumptions were made that guarantee uniqueness for (¢, 1t,) (see Re-
mark[2.4) and were assumed, then the statement would look much simpler, namely: as o tends
to zero, the solution (¢, 1t,) converges (in the sense of (2.33)—(2.34), possibly along a subsequence)
to a solution (¢, 1) to problem (2.38)—(2.40). If, in addition, uniqueness holds for the solution (¢, 1)
to the limiting problem, then the whole family {(,, 1t,)} converges to (¢, 1) as o tends to zero.

DOI 10.20347/WIAS.PREPRINT.2741 Berlin 2020



Generalized fractional Cahn—Hilliard system 7

Remark 2.7. As observed in the forthcoming Remark if is not assumed, a weaker con-
clusion can anyway be obtained: the variational inequality is fulfilled by all the test functions
v € V5°. Indeed, it is stressed in the remark that assumption (2.37) is used in the proof of Theo-
rem just to extend to any v € H the validity of proved for test functions v € V°.

Remark 2.8. So, if (2.37) is assumed, then every limiting pair (¢, 1) satisfies (2.39) with arbitrary test
functions v € H. This has the following important consequence: there exists some & satisfying

€€ L*0,T;H) and €€ B(p) aein@, (2.41)
TOp+p—Pp+E&+m(p)=p+f aein@. (2.42)

Indeed, if we set
§i=p—1ohp—p+Pp—m(p)+ f (2.43)

then £ belongs to L?(0, T'; H), equation is satisfied, and becomes
/ﬁ < (& ¢(t) —v) /ﬁ forevery v € H andfora.a.t € (0,7). (2.44)

But this exactly means that £(t) € ag(cp(t)) = B(p(t)) fora.a.t € (0,T),i.e., the second condition
in (2.41). If instead is not assumed, then is satisfied only for test functions v € Vz°,
as said in Remark [2.7} Nevertheless, the definition (2.43) still yields £ € LQ(O T; H) and implies
that (2.42) is satisfied. However, in this case, is only true for v € , and this means that for
aa.te (O, T) the function () belongs to the subdifferential of the functlon Vil 2 v fQ
Notice that this subdifferential is a subset of the dual space (V/5°)* and might contain elements that do
not belong to H (in the sense of the Hilbert triplet (V3°, H, (V5°)*)). Moreover, if a function u € H
belongs to such a subdifferential, then it is not clear whether it also belongs to the subdifferential in A
(i.e., that of the function H > v > fQ , S0 that we cannot conclude that £ € () a.e. in Q.
About this matter, let us quote the paper [5] for related issues.

Remark 2.9. A sufficient condition for (2.37) to hold true is the following (satisfied in all of the concrete
cases, at least if o is small enough):
H*(Q) c V5. (2.45)

In order to construct the sequence {v, } for a given v € H, we solve the Neumann boundary value
problem

1
/vnz—l— —/ Vo, -Vz= / vz forevery z € H'(Q). (2.46)
Q nJa Q

Since v € H, we have that v, € H*(Q) and thus v,, € V3°, by (2.45). Now, if we take z = v, in
(2.46) and use the Cauchy—Schwarz inequality in the right-hand side, then we easily find that

|lvall < [|v|| and H%anHQ < %H’UH2 foralln € N. (2.47)

Hence, there are a subsequence {v,,, } and some w € H such thatv,,, — w weakly in H. Moreover,
since Vv, — (0,0,0) strongly in H x H x H by (2.47), we easily infer from that w = v.
A fortiori, by the uniqueness of the limit point, the entire sequence {v,, } converges weakly in H to v.
But then, by the weak sequential lower semicontinuity of norms,

|v]] < hmlnf |va]] < limsup [Jo,|| < ||v]],

n—oo

where the latter inequality follows from (2.47). We thus have ||v|| = lim,,_, ||vy,||, and the uniform
convexity of H yields that v,, — v strongly in H.
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Now, denoting by BE and . the Moreau—Yosida e-approximations of BA and [, respectively (see,
e.g., [7, p. 28]), we account for the definition of the subdifferential 5. = 03, and the identity obtained
by testing (2.46) by 3-(v,) € H'(Q). We have that

Buten) = [ Bete) < [ peten)on—0) = = [ o) Vo <0,
Q Q Q Q

and we deduce that

A@mséﬁwsé%mwwmmoéamséaw

by letting € tend to zero. This implies the inequality “<” in (2.37). Since the opposite inequality clearly
follows from the lower semicontinuity of the function z — fQ B(z) in H, we finally conclude the validity

of (2.37).

Notice that Theorem [2.3]ensures the existence of at least one solution to the limiting problem (2.38)—
with the regularity specified in (2.36). Our next result deals with partial uniqueness and continu-
ous dependence of the solution. This will be proved in the last Section 4, which is devoted to the study
of the limiting problem.

Theorem 2.10. Let the general assumptions on the structure be fulfilled, and assume that @ satisfies
(@-27). Moreover, let f; € L*(0,T; H), i = 1,2, be two choices of the forcing term [ appearing in
2:39), and let (5, ;) € HY(0,T; H) x L*(0,T;V3") be two corresponding solutions to problem
with f = f;. Then we have

o1 = p2llL0.m:m) < Cedll f1 = foll 2078 (2.48)

with a constant C'.; that depends only on T, the Lipschitz constant L., and T'. In particular, if f €
L?(0,T; H), then the first component  of the solution (i, 1) to problem (2.38)—[2.40) is uniquely
determined.

In our final result, we require some regularity of the data and further assumptions on the structure that
are satisfied in all of the concrete cases of interest, and we prove a regularity result. As a byproduct, we
obtain a sufficient condition for the uniqueness of the second component p of the solution. Sufficient
conditions for uniqueness in a different direction are given in the forthcoming Remark [4.5]

Theorem 2.11. Let the general assumptions on the structure be fulfilled. In addition, assume that
Vi C H' () for some positive integer n, (2.49)
VI CcH"Q), feL*0,T;H"Q)) and ¢, € H"(Q) forsomenc (0,1], (2.50)

and let (p, 1) with
o€ HY(0,T;H) and p<€ L*0,T;V3") (2.51)

be a solution to problem (2.38)—[2.40). Then ¢ enjoys the further regularity
p € L*(0,T; H'(Q)), (2.52)

and there exists some & satisfying (2.41)—(2.42). In particular, even the second component (i of the
solution is unique if (3 is single-valued.

DOI 10.20347/WIAS.PREPRINT.2741 Berlin 2020



Generalized fractional Cahn—Hilliard system 9

Throughout the paper, we widely use the Cauchy—Schwarz and Young inequalities, the latter in the
form

1
ab < §a? + 5 b*> forevery a,b € Randd > 0. (2.53)

Moreover, in performing a priori estimates, we use the same small letter ¢ for (possibly) different
constants that depend only on the structure of our system but o, and on the assumptions on the data.
In particular, the values of ¢ do not depend on the regularization parameter \ we introduce in the next
section. On the contrary, some precise constants are denoted by different symbols (see, e.g., (2.13),
where a capital letter with an index is used).

3 Asymptotic analysis

This section is devoted to the proof of Theorem The construction of the solutions (¢, 1t,) men-
tioned in the statement relies on a priori estimates on the solutions to a regularized problem, as done
in [15] to solve problem (2.27)—(2.29) with a fixed 0. Hence, we briefly recall that regularization proce-
dure. For A > 0 (small enough if needed), let 3 be the Yosida approximation of [ at the level X (see,
e.g., [7, p. 28]). The corresponding Moreau regularization 3 of /3 is thus given by

B/\(S) = /0S Br(s)ds' fors € R,

since $\(0) = 0 due to (2.15). Then, the regularized problem consists in looking for a pair (¢, p)
satisfying the regularity requirements

w) e H'(0,T; H)N L>(0,T; V) N L*0,T; VE7) and )y € L*(0,T;VE'),  (3.1)
and solving the following system:

(Dup (1), v) + (A" (t), A"v) =0 foreveryv € V] andfora.a.t € (0,7), (3.2)

A A A A A
T(at(po' (t)7 U) + (BO-SOU (t)? BO'U) + <6>\(900 (t)) + 7T<(,00. (t>) - fo(t>7 U) = (No‘(t)a U)
forevery v € VZ andfora.a.t € (0,7), (3.3)
(3.4)
We notice that the variational inequality (2.28) is replaced by the equality (3.3) in the approximating
problem (since 3, is an everywhere defined Lipschitz continuous function). The existence part of
Theorem is proved by solving the above regularized problem (cf. [15, Thm. 5.1]) and showing that
its solution (9005, ué) converges as A \, 0 (in a suitable topology, possibly just along a subsequence)
to a pair (¢, fty) Which turns out to solve problem (2.27)—(2.29). This solution, where now o is a
varying parameter that we intend to approach zero, will be the good candidate for Theorem 2.5

03 (0) = ¢p.

Before starting to estimate, it is worth observing that Remark [2.1] applies to both equations and
(3:3). This is obvious for the former. As far as the latter is concerned, one has to replace A and r by B
and o, respectively, and notice that 3 is Lipschitz continuous, so that ) + f, — B (@) — m(@)) €
L*(0,T; H). This justifies the last regularity condition for ¢ in (in contrast with (2.24)) and
implies the strong form of both equations, i.e.,

o + A7 =0 ae.in (0,7), (3.5)
TO0) + B} + Ba(@)) + (@) = ul + f, ae.in(0,7). (3.6)
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We also recall the convention on the symbol c for possibly different constants made at the end of
Sectlonl 2| Moreover, since (2.32) implies that f, is bounded in L2(0,T; H), we allow ¢ to also depend
on a bound for the correspondlng norm.

First a priori estimate. We test written at the time s by y,(s). At the same time, we insert
+(s) to both sides of written at the time s and multiply it by 9, (s), then integrating over (2.
We sum up both equalities, noting that a cancellation occurs, and integrate over (0, t) with respect
to s. We obtain

1
[rareias e [ e+ G (o imaor + | e
=2 (ol +1B70lP) / Ao+ [ (e —m(@os

Even the last integral on the left-hand side is nonnegative. We estimate the terms on the right-hand
side by accounting for the assumptions (2.21) and (2.32) on ¢, and f,, respectively, and owing to the
Lipschitz continuity of 7. Recalling also (2.7), we have that

oo

loll® + 11B7¢oll* = lwollise = Y (1 + (N)*)l(go, €})?

J=1

(2+ (X)*) (o, I* < 20l -

Mg

1

/QEA o) _/5(%00)>

| —m@noct < 5 [ 0@ we [(EGIR+ 1@ +1) ds

<.
Il

<3 o +c/ ()2 ds +c.

Therefore, by rearranging and applying the Gronwall lemma, we conclude that
IA" o\l 2.0y + 1192 | o,smy + 1102 oo omvg) + 183 (@) | omizry < ¢ (87)

From this and (3.5) we deduce that

HAQT/@ HLQ(O,T;H) <c. (3.8)

Second a priori estimate. Our aim is to improve the estimate concerning ,uA Indeed, for the follow-
ing we need that

lall2orwy < c. (3.9)
We notice at once that this and (3.8) would imply that
3| 202y < € (3.10)

The desired estimate trivially follows from (3.7) if A; > 0. So we now deal with the other case \; = 0
and apply a well-known trick based on the assumptlon 2.22) and the consequent inequality

Ba(s)(s —mg) > do|Br(s)] — Co, (3.11)
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Generalized fractional Cahn—Hilliard system 11

which holds for some Cy > 0 and every s € R and A € (0, 1), where §; is such that the interval
[mo— o, mo+0do] is included in the interior of D(3) (cf. [28, Appendix, Prop. A.1]; see also [22, p. 908]
for a detailed proof). Inequality (3.11) implies that

(B (1), 05 (1) = mol) = Go [|Br(g5 (1))l 22y — ¢ foraa.t € (0,T), (3.12)

and this can be used when testing equation by 2 —mg1. To this concern, we recall that 1 € V3
by and notice that the conservation property also holds for 2, i.e., mean ) (t) = my
for every t € [0,7]. So, for a.a. t € (0,7, we test by ) (t) — mp1 and rearrange a little.
However, we omit writing the time ¢ for a while. We also write & instead of k1 if k is a real number. We
have a.e. in (0, 7") that

1B 1* + (Br(ed), 03 — mo)
= (o, 05 —mo) + (fo — 7Ok — (@), @2 — mo) + (B}, B"myg).  (3.13)

The left-hand side of this equality can be estimated from below by virtue of (3.12). The first term on
the right-hand side can be dealt with by accounting for the Poincaré type inequality (2.13) as follows:

(13- @5 — m0) = (4 — mean i, @5 —mo) < [l — mean iz || [l g5 — mol|
< e A7 (2 — mean )| g2 — moll = el A7 2 — moll
the last equality being due to A"1 = 0. Therefore, by recalling (3.7), we have that the whole right-hand
side of is bounded in L?(0,T') and conclude that
187 L2021 ()) < ¢, whence immediately  ||mean 8 (¢))| 20 < c-
At this point, we can test the second equation by 1 and deduce a bound for mean 42} in L?(0,T).
This and imply (3.9). As already noticed, is proved as well.

First conclusion. As already remarked, in the proof of [15, Thm. 5.1] with a fixed o it is shown that
((pj, u?,) converges as A tends to zero (in a proper topology, possibly along a subsequence) to some
pair (¢, i), and it is proved that such a pair is a solution to problem (2.27)—(2-29). We prove that
the family { (¢, o) }o=0 constructed in this way satisfies all the requirement of the statement. The
starting point is the conservation of the bounds just proved in the limit as A ™\, 0. We have that

o || 1 (0,7511) + HMa”H(O,T;VjT) + 1B @l 0,mm) < €

and we conclude that (2:33)—(2-35) hold true for some triplet (¢, i, ¢) satisfying (2:36). This ends the
proof of the first part of the statement.

Let us come to the second part. So, we assume that { (¢, (4 ) } o0 is @ family of solutions to problem

(2-27)—(2-29) and that (2.33)—(2.35) hold true for some triplet (¢, p, ) satisfying (2.36) as o \, 0,

possibly for a subsequence (however, we always write o instead of the elements of some subsequence

{0}, for brevity). We have to prove that { = ¢ — P and that (¢, ) solves problem (2:38)—(2.40),
by also assuming (2.37).

First characterization. We are going to show that ( = ¢ — Py by proving that
B%p, — ¢ — Pp weakly in L*(Q). (3.14)

To this end, we use the eigenvalues )\;. and the eigenfunctions e;- of B and notice that e;- is orthogonal
to ker B if \’; > 0 while )\;- =0if e; € ker B. We set, for convenience,

A7(¥) :—/O (B7@(1),9(t) €)) dt—(AQ)"/O (0o (1), 90(t) €)) dt
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forvp € L2(0,T)and j = 1,2, ..., and we notice that (3.14) follows if we prove that

lim A7) = 43(0) = [ (o(0) = Pott) w(0) ) 8.15)

for every 1 and j as before, since the linear combinations of the products e;- of such real functions
and eigenfunctions of B form a dense subspace of L?(Q). So, we fix 1) and j. As for j, we distinguish
two cases. Assume firstthat \; > 0. Then, (\)? tends to 1 as o tends to zero. Moreover, holds.
We thus deduce that

lim 476) = [ (60, 0(6)¢) dt = A430)

the last equality being due to the orthogonality between Pp(t) and e;-. Assume now that \; = 0.
Then, we trivially have that A7(¢)) = 0 for every o > 0. On the other hand, we also have that
AY(1p) = Osince ¢; € ker B and ¢(t) — Py(t) is orthogonal to ker B fora.a. t € (0,T). Therefore,
(3.15) is proved in any case.

Remark 3.1. The same argument shows that, for every v € L2(07 T;V5°), the weak convergence
B°v — v — Pvin L*(0,T; H) holds true as o tends to zero. In fact, the convergence is strong:

B°v — v — Pv strongly in L?(0,T; H) forevery v € L*(0,T;V5°). (3.16)

Indeed, fora.a. t € (0,7), B°v(t) — v(t) — Pu(t) strongly in H by [13, Lem. 7.5]. Moreover, the
Lebesgue dominated convergence theorem can be applied since

o0

1B o) =Y (X)*I(u(t), €)) < Z(l + (X)) (), eI = llv(®)lI5,,

J=1

fora.a.t € (0,T) and every o € (0, 0q], and |[v( - )||%.,, belongs to L'(0, 7).

To conclude the proof, we have to show that (, i) solves problem (2:38)—(2.40) under the further

assumption (2.37). The first equation obviously follows from (2.27) due to (2.33)—(2.34), and the initial
condition (2.40) is satisfied as well since (2.33) implies weak convergence in C°([0, T]; H). So, it

remains to verify the variational inequality (2.39). To this concern, it is convenient to give different
formulations of both and (2.39). This procedure is based on the lemma stated below, which
follows from the classical theory of variational inequalities of elliptic type in the framework of Convex
Analysis. However, for the reader’s convenience, we also give a simple proof.

Lemma 3.2. Let V' be a Hilbert space, V* its dual space, (-, -) the duality pairing between V*
andV,anda :V x V — R a continuous bilinear form. Moreover, assume that

1V — (=00, 400] is convex, proper and lower semicontinuous, (3.17)
o : V. — R s convex and Géteaux differentiable,
and v, : 'V — V™ s its Gateaux derivative. (3.18)

Then, forevery uw € V and g € V'*, the variational inequalities

a(u,u —v) + 71 (u) + (yo(u),u —v) < {g,u —v) + ¥ (v) foreveryv €V, (3.19)
a(u,u —v) + 71 (u) + 2 (u) < (g,u—v) +71(v) +72(v) foreveryv € V, (3.20)

are equivalent to each other.
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Generalized fractional Cahn—Hilliard system 13

Proof. Assume (3.19) and let v € V. Since 7, is convex and 7, is its derivative, we have that

Yo(u) < (v2(u),u —v) +72(v),
whence the chain
a(u,u —v) +71(u) + Y2 (u)

< a(u,u —v) +31(u) + (y2(u), u — v) +72(v)
<A{g,u —v) +71(v) +72(v)

follows, that is, (3.20). Assume now (3.20) and let v € V. By writing (3.20) with w in place of v and
then choosing w = u + ¥ (v — u) with ¥ € (0, 1) (whence u — w = J(u — v)), we obtain that

Ya(u,u —v) + 5 (u) + Y (u) <V {(g,u—v)+71(u+9(v—u))+5(u+d(v—u)).
By rearranging and dividing by 1}, we deduce that

M) =i+ 9w —w) | Fo(u) = Fa(u+ 9 - u)
9 9

On the other hand, the convexity of 7; implies that

() < DRI 0] 5 )

a(u,u —v) + <{g,u—v).

By combining these inequalities, we deduce that

Y2(u) = Yo(u + I(v — u))
9

and letting 7} tend to zero, we obtain (3.79). O

< (g,u—v) +7(v),

a(u,u—v) + 4 (u) +

As already announced, we use this lemma to replace both (2.28) and (2.39) by different variational
inequalities.

First alternative formulation. We first observe that for every v € V}§ as required implies
the same inequality for every v € V3° since V5° C V3. Now, by recalling that L is the Lipschitz
constant of 7, we replace the latter variational inequality by an equivalent one by applying lemma with
the choices

V=V, a(u,v) :fQB"uB")— <(u,v) foru,v eV,

v)
v) = [, B(v) and F(v) = [ (FW) + L=v?) forveV,
and, fora.a.t € (0,7), u= goa( ) and g = ua( )+ fo(t) — Oy (1) -

Notice that 7, actually is convex (since 7’ + L, > 0 a.e. in R) and Gateaux differentiable and that
its derivative 75 is given by (y2(u),v) = (7(u) + Lru,v). Hence, we deduce that the variational
inequality (2:28) required just for every v € V5° is equivalent to

T(at@cr(t)a (pa(t) - U) + (Bgcpg(t), BU(SOU(t) - U)) — L, (@U(t>> Qpa(t> - U)
" / A (0) < (o) + 5l0) () =) + [ @0

forevery v € V5% andfora.a. t € (0,7, (3.21)
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where, for brevity, we have set

o~ = ~ L’R’ 2

a(s) == p(s) +m(s) + 5 S fors € R. (3.22)
We fix what we have established:

the variational inequality (2.28) implies (3.21). (3.23)

Second alternative formulation. Similarly, we would like to show that (2.39) is equivalent to

T(Dep(t), o(t) — v) + (p(t) — Po(t), o(t) — v) — Lz ((t), o(t) — v)
+ [ ateo) < (1) + F0.00 =) + [ a0
forevery v € V5° andfora.a.t € (0,7). (3.24)

Unfortunately, this does not seem to be true, in general, and we prove the following:
the variational inequality (2.39) with v varying in V5° is equivalent to (3.24). (3.25)

To this aim, it suffices to apply the lemma with the same 7; as before and obvious u and g, but with
V' = V3° and a defined by a(u,v) := (u — Pu,v) — L (u,v) foru,v € V3°,

Conclusion of the proof. In view of (3.23) and (3.25), our aim is first to verify (3.24) by starting from

(3.21) (implied by (2.28)), while (2.39), as it is, will be proved at the end by accounting for (2.37). How-
ever, the left-hand side of contains the quadratic term associated to the map v — — L, fQ [v]2.
This term is unpleasant since the related map is concave. To get rid of it, we adapt the procedure
introduced in [13] to the present case. We set, for convenience,

ki=—, po(t):=e " (t) and p(t) :=e " p(t) foraa.te (0,7T), (3.26)

and we notice that w — [, e~ **"w? is the square of an equivalent norm in L(Q). At this point, we

pick an arbitrary v € L?(0,T; V5°), write (3:27) by taking v(t) as test function, multiply by e =", and
integrate over (0,7"). We obtain

T

/0 T(e_’“ (8tg0(,(t) — /igog(t)), e "y — U)(t)) dt + /0 e M| B, ()| dt
B / e (B (1), Boo(t)) di + / e (0,
0 Q
< /0 e (1o (t) + £(1), (9 — 0)(1)) dt + /Q e a(v). (3.27)

Well, we want to take the limit as o tends to zero in this inequality. As for the first term on the left-hand
side, we have that

/0 (e (O (t) — ri (1)) gy — 0)(1)) dt = /0 (0000 (), 9o (£) — () dt

T
T T K
= 2o = F ol = [ r(@uont). 7 o(0) .
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Generalized fractional Cahn—Hilliard system 15

By observing that p,, converges to p weakly in H'(0,T; H), thus weakly in C°([0, T]; H), so that
po(T') converges to p(T") weakly in H, we therefore have that

o\0

lim inf/O (e (Do (t) — ks (1)), €y — v)(1)) dt

v

S I =Sl = [ (@unte). e (t)

- /0 T(e_ﬁt (8t90(t) - lﬁ@(t)),e_”t(gp — U)(t)) dt .

Next, by (3.14) and the lower semicontinuity of the norms, we have that

T T
lim inf / e > B, ()| dt > / e (o — Po)(t)||* dt.
0 0

o\0

By also recalling (3.16), we can write

T T

}Ti{‘% i e_QHt(BU%(t), Bav(t)) dt = /0 G_QHt((QO — Po)(t), (v — Pv)(t)) dt .

By taking the difference, we deduce that

T T
nmmf( / =2 B, (1) || dt — / e—%t(Ba%(t),B%(t))dt)
a0 \Jg 0

> / e || (p — Py)(t)]? dt — / e (o — Po)(t). (v — Pu)(t))
- / e (o — PR)(1), (9 — Po)(t) — (v — Po)(t)) dt
- / e (o — Po)(t), (i — v)(1)) dt

the last equality being due to the orthogonality between (¢ — Pyp)(t) € (ker B)* and (Py —
Pv)(t) € ker B. Moreover, by observing that the functional w — [, e">**a(w) is lower semicon-
tinuous on L?(Q), and recalling that ¢, converges to ¢ weakly in L*(Q), we deduce that

liminf/e_%ta(%) 2/6_2”t&(g0).
Q Q

o\0

This ends the treatment of the terms on the left-hand side of (3.27). Concerning the right-hand side,
we have to overcome the difficulty due to the coupling between 1, and . To this end, we introduce
the notation

t
(1xw)(t) := / w(s)ds foreveryw € L*(0,T;H)andt € [0,T]
0

and deduce from (2.30) that
o + A (1% o) = 0.
Hence, we have that

| e 0. (=01 O) e = [ 000
_/o e (A g (), A™(1 % o) (1)) dt—/o e 2™ (e (t),v(t)) dt .
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Now, from (2.34) we deduce that 1 * p, converges to 1 * u weakly in H*(0,7;V3"). Since the
embedding H'(0,7;V3") C L*0,T;V}) is compact, we infer that 1 x u, converges to 1 *
strongly in L?(0, T’; V). In view of (2.38) and (2.40), we deduce that

T

tim [ e o0 o = 0)(0) dt = [ (). )

_ /0 2 (AT (t), AT (1% ) (1)) dt — /0 e (pu(t), (1)) dt
_ / e (u(t), (0 — 0) (1)) dt

Finally, by recalling (2.32), we see that the term involving f, and the last one of (3.27) do not give any
trouble. Therefore, we conclude that

/0 (e (Op(t) — rp(t)), e (0 — v)(B)) dt
" / e (o — Po) (1), (9 — v)(1)) dt + /Q e ()

T

< [ e o)+ £ (o= o)) i+ /Q e A (o), 3.28)

and this holds for every v € L?(0,T; V5°). On the other hand, is equivalent to
(e (p(t) — rp(t)), e (p(t) — v)(t))
e (o = PRID.plt) 1) + [ ¢ Gla)

< ult) + F(0) 000 = 0) + [ )
Q
fora.a.t € (0,T) and every v € V5°. By multiplying by e*** and recalling that < = L, /T, we obtain
as claimed. Recalling (3.25), we have proved that the variational inequality is satisfied for
every test function v € V3°. At this point, we account for (2.37), not yet used up to now, and show
that actually holds for every v € H. To this end, for a given v € H with E(v) € L'(2) without
loss of generality, it suffices to take a sequence {v,, } given by (2.37), test (3.24) by v,, and let n tend
to infinity. One obtains for v without any trouble. This completes the proof.

Remark 3.3. Going back to the above proof, one justifies what has been announced in Remark [2.7}
if is not assumed, one anyway arrives at the variational inequality required for every
v € V5° instead of for every v € H. Indeed, has been only used at the end, in order to extend
to any v € H the validity of already proved for test functions v € V3°.

4 The limiting problem

In this section, we prove Theorem and Theorem As far as the former is concerned, some
preliminaries are needed. We refer to |15, Sect. 3] for more details. We set

V"= (V4)" and || 4, := the dual normof || - |4,
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and we use the symbol (-, - ) 4, for the duality pairing between V" and V. Itis understood that H
is identified with a subspace of V" in the usual way, i.e., in order that (v, w) 4, = (v, w) for every
v € H and w € V. Moreover, we introduce the subspaces Voi’" of ij’" by setting

Vo :=V4 and Vi :=V," if A >0,
Vo i={veV): meanv=0} and V" :={YeV,": (¢,1)4, =0} if\;=0.

Next, we define A" : Vi — V" by the formula
(AgTv,wYa, = (A"v, A"w) 4, foreveryv € VJ andw € V}.

It turns out that the range of AZ" is V; " and that AZ" is an isomorphism between V; and V. Thus,
we can set Ay ?" := (A2")~! and obtain an isomorphism between V; " and V. It also turns out that

(A"Ag*" 4, ATv) = (1h,v) 4, foreverytp € Vi andv € Vj. (4.1)

Finally, the following formula holds true:

1d

(O, A62T¢>A,r ~ 5%

)14, ae.in(0,T), foreverys € H'(0,T;V; ).

In particular,

t
/ (0np(s), Ay ¥ 1p(s)) ards > 0 foreveryp € HY(0,T;Vy ") with 0(0) = 0. (4.2)
0

Proof of Theorem We just prove the continuous dependence part, since uniqueness for the
first component follows as a consequence. We set, for convenience, f := f1 — fo2, ¢ := 1 — 2, and
W= 1 — ta. Now, we write equation at the time s for these solutions and take the difference.
Then, we test the resulting identity by v = Ay ? ¢(s), where we observe that ¢(s) € V", since
o € C°[0,T]; H) by and mean ¢(s) = 0if A\; = 0 by the conservation property (2.37), so
that v is a well-defined element of V. Moreover, we have that A;*"¢ € L>(0,T;V}). Integrating
over (0, t) with respect to s, where ¢t € (0, T) is arbitrary, we obtain the identity

[ 0ets) g eea ds [ (Aruts). 4 o) ds 0.

Now, the first term on the left-hand side is nonnegative by (4.2). Hence, by also noting that © €
L*(0,T;V}) and applying (#-1), we deduce that

![w@mm»@so. “3)

At the same time, we write (2.39) for f; and (@;, it;), @ = 1,2, test them by ¢, and 1, respec-
tively, add the resulting inequalities to each other, and integrate over (0, t) as before. Then, the terms
involving (3 cancel out. By denoting by I the identity map of H and rearranging, we have that

SO + [ (7= Photo).(s)) ds
< [0+ uo)e(6) ds = [ (wlorls)) = o) ds. wa
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We observe that [ — P is the projection operator on the orthogonal subspace (ker B)L. It follows
that (I — P)v,v) = ((I — P)v,(I — P)v) > 0for every v € H, so that the second term on
the left-hand side of is nonnegative. By adding and to each other, and accounting for
this observation, an obvious cancellation, the Lipschitz continuity of 7w and the Schwarz and Young
inequalities, we deduce that

S < 7 [5G s+ 0+ L) [ et Pas

By applying the Gronwall lemma, we conclude that the desired estimate (2.48) holds true with a con-
stant C,4 as in the statement. O

Finally, we prove Theorem The proof we give is based on the study of the auxiliary problem of
finding ¢ € H'(0,T; H) satisfying

T(0:0(t) ¢()—v)+(¢@%—P¢@%¢@)—0)

+ [ Blo®) + (ro(e) = x(0).0() — 0
< (g(t),0(t) —v) + / B(v) foreveryv € H andfora.a. t € (0,7), (4.5)
Q
¢(0) = oo, (4.6)
for given
g€ L*0,T;H) and ¢y € H. (4.7)

We have subtracted the constant 7(0) to m(¢(t)) in (#5) in order to use the inequality |7 (s)—m(0)| <
L. |s| for s € R without any additive constant. This is needed in the sequel, indeed. Since Eis convex,
P is linear and 7 is Lipschitz continuous, this problem has a unique solution ¢ provided that the initial
datum also satisfies

B(¢o) € L'(9). (4.8)
In the forthcoming Lemma 4.2 we prove a regularity result by applying a particular case of [29, Sect. I,
Thm. 2] which we present here in the form of a lemma.

Lemma 4.1. Let Ay, A1, By and B, be four Banach spaces with the continuous embeddings Ay C
A and By C By, and letT : Ay — By be a nonlinear operator satisfying JTv € B for every
v € Ay. Assume that

|Tu — Tv||s, < Cy||u—vl||a, foreveryu,v € Ay, (4.9)
|Tv||s, < Collv]ja, foreveryv € Ay, (4.10)

for some positive constants Cy and Cs. Then, for every ¥ € (0,1) andp € [1, +00], we have that

Juv € (307%1)19,10 and HTUH(ﬁo,'Bl) < 00?021719 HUH(AOy-Al)ﬁ,p

¢,p —

for every v € (Ao, A1)9p, (4.11)

with a constant C' that does not depend on 7.

In the above lemma, the symbol || - || x stands for the norm in the generic Banach space X . The same
convention is followed in the rest of the section, where || - || x also denotes the norm in the power X
(however, we keep the short notation || - || without indices if X = H). Moreover, (X,Y ")y, is the real
interpolation space between the Banach spaces X and Y (for basic definitions and properties see,
e.g., [27, Sect. 1.1)).
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Lemma 4.2. Let the general assumption on the structure be fulfilled and assume that the data g and
¢ satisfy

g € L*(0,T; H'(Q)) and ¢y € H"(Q) (4.12)
for some n € (0, 1], as well as (&.8). Then, the solution ¢ to problem (4.5)—4.6) enjoys the further
regularity

¢ € L*(0,T; H'()), (4.13)

and there exists some & satisfying
£ L*0,T;H) and €€ B(¢p) aein@Q, (4.14)
TOp+ ¢ —Pop+E+m(p) —m(0) =g aein@. (4.15

Proof. By still denoting by BA and 3, the Moreau—Yosida approximations of B and (3, respectively, we
introduce the approximating problem of finding ¢, € H'(0, T’; H) that satisfies

TOipx + O) — Py + ﬁ)\(¢)\) + 7T(¢)\) - W(O) =g ae.in@ (4.16)

and the initial condition (4.6). For any data satisfying (while is not needed here) also this
problem has a unique solution ¢,. We perform some a priori estimates. As usual, the symbol ¢ stands
for possibly different constants. In this proof, the values of ¢ can only depend on 7, 7, 2, T" and the
eigenfunctions e;. associated to the zero eigenvalues of B (if any). In particular, they do not depend
on A, nor on the data of problem (4.5)—(4.6). Symbols like C' and C; denote particular values of c we
want to refer to. The first three estimates we perform are in the direction of the inequalities and
(4.10) which we want to satisfy with a suitable choice of the spaces and the operator. For this reason,
they are obtained under different regularity assumptions on the data.

First a priori estimate. Let g; and ¢, ¢ = 1, 2, be two choices of the data satisfying and let
®»,; be the corresponding solutions to the approximating problem. We set for brevity ¢ := ¢ 1—¢ 2,
g = g1—g2and ¢y := Pg 1 — P 2. We write for both solutions, take the difference and multiply
it by ¢. Then, we integrate over ();. We obtain that

3 L1608+ [ 1o+ | (3o - mrona)on

= g/ﬁ‘¢0|2+/@g@+/tzp¢x)¢x—/t(ﬂ(%,l)—W(%,z))%

Since [, is monotone, all of the terms on the left-hand side are nonnegative. By estimating the right-
hand side on account of the Lipschitz continuity of m and the Schwarz and Young inequalities, and
then applying the Gronwall lemma, we easily conclude that

|éx1 — dazlleorm) < Cioo (Hgl — g2ll20,1:m) + || P01 — ¢0,2H) . (4.17)
It trivially follows that
|oa1 — éaz2ll20rm) < Ch (Hgl — g2ll20,1:m) + [P0 — ¢0,2H) : (4.18)

Second a priori estimate. We assume (4.7) on the data. By multiplying (4.16) by ¢, and integrating
over (;, we obtain that

S ACXCIE MEE ERCAT

7 [l + /Q o+ /Q (Poon + /Q (wl0x) = 7(0))or.
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All of the terms on the left-hand side are nonnegative since (3, is monotone and (3,(0) = 0. If
we estimate the right-hand side by using the Lipschitz continuity of m and the Schwarz and Young
inequality, we immediately deduce that

[Pl ozemy < e (gllz20.2:m) + NI doll) - (4.19)

Third a priori estimate. We set V := H'({2) for brevity and assume that the data satisfy g €
L?(0,T;V) and ¢y € V. Before going on, we make an observation. Assume first that ker B = {0}.
Then P =0 and is an ordinary differential equation where the space variable is just a parameter.
In the opposite case, the presence of the nonlocal operator P could be unpleasant. However, we are
reduced to the same situations as before by moving the term P ¢, to the right-hand side and treating
it as a datum. More precisely, in this case, ker B has a finite dimension m > 0 and is spanned by the
first m eigenfunctions (those corresponding to the zero eigenvalues). Since every eigenfunction of B
belongs to the domain Vj of B" for every n € N and we are assuming (2.49), the eigenfunctions (we
are interested in) belong to V', and we have the identities

m m

Pv = Z(v, ej)ef and VPv= Z(v, e;)Ve, foreveryv € H. (4.20)

j=1 Jj=1
Namely, we have that Pv € V even though v only belongs to H. Therefore, in any case, the solution
¢ enjoys some space regularity. Precisely, it belongs to L?(0, T'; V') as well as its time derivative and
we have that

TNV Ox + Vor + By (023)Vor + 7' (02)Vr = Vg + VP¢, ae.in@Q.
By multiplying this equation by V¢, and integrating over ();, we obtain that

3 LIVl s [ ot [ goaver

=5 [ival s [ vo-vour [ (9Po) o~ [ #oniver

t t

All of the terms on the left-hand side are nonnegative. The volume integrals on the right-hand side,
except the one involving P, can be easily treated thanks to the boundedness of 7’ and the Schwarz
and Young inequalities. If P = 0, then we can apply the Gronwall lemma and obtain an estimate
of V¢,. Recalling (4.19), we conclude that

&l Loe0,73v) < Caoo (9]l 2200,75v) + [[P0llv) - (4.21)

We claim that the same estimate holds true even though ker B is nontrivial. In this case, we recall
the representation formula (4.20) and apply it to ¢,. By also accounting for standard inequalities, we
obtain that

| (vPe Vo= [ 3 (01.)7¢, - Von
Qt t =1

_ Zm:/ot«(b’\(s)’e;) /Q V_e;- - V¢A(5)> ds

Jj=1

< ;/0 [pa()I 5TV IV oals)l ds < c/o [62(3)[| [ Va(s)| ds

< cllé 2o + / Vonl?.

Qt

DOI 10.20347/WIAS.PREPRINT.2741 Berlin 2020



Generalized fractional Cahn—Hilliard system 21

So, it suffices to recall (4.19) and apply the Gronwall lemma to obtain (4.21) also in this case. There-
fore, (4.21) is established and it trivially implies that

DAl z20,mv) < Ca (|9l 20,7y + | Bollv) - (4.22)

Interpolation. Now, let the data satisfy with € (0, 1). We choose
Ag = L*(0,T;V)xV, A :=L*0,T;H) x H,
Bo:= L*(0,T;V) and B, :=L*0,T;H)

and apply Lemmato the operator T : A; — B; that associates to the pair (g, ¢o) the solution

¢, to problem (4.5)—(4.6). Then, (4.18) and (4.22) yield (4.9) and (4.70), respectively. Moreover, by
setting ¥ := 1 — 1), we have that

(Ao, Ar)o2 = (L*(0,T; V), L*(0,T; H))go x (V, H)ga = L*(0,T; H'(2)) x H"(Q)
so that (g, ¢o) € (Ao, A1)v,2 by @T2). It follows that
dx € (Bo, B1)yo = L*(0,T; H'()) and
16l 220,700 < CCYCy (g, $0) |l £2(0.7: 10y x i (9 (4.23)
with a constant C' that does not depend on \. Notice that with n = 1 (i.e., ¥ = 0) is ensured
by @-22).

Fourth a priori estimate. We are close to the conclusion, and we thus assume that the data g and
¢o are as in the statement. By multiplying (4.16) by 0,¢,, integrating over ();, and rearranging, we
have that

o 1 ) o~
T o |8t§b>\| +§/Q|¢>\(t)| +/96>\(¢>‘(t))
1 . [ o
:§/Q|¢0| +/ﬂﬁx(¢o)+/@t(g+P¢A (¢2) +7(0))Depy -

Since //B\A is nonnegative and EA(gbo) < //B\(gbo) a.e. in 2, owing to the Schwarz and Young inequalities
and the Lipschitz continuity of 7, and accounting for (4.8) and (4.19), we infer that

) 1/2
10l 20 < e(llgllizorm + Idoll + 1B(00)112)) @.24)
A comparison in then yields that
183 (@) z20,7:m) < (gl z20,7) + [l doll + Hﬁ(%)HlL/lz(Q)) : (4.25)

Conclusion. At this point, we let \ tend to zero based on (4.23)—(4.25), the compact embedding
H"(Q) C H forn € (0, 1], and the well-known Aubin-Lions lemma (see, e.g., [26, Thm. 5.1, p. 58]).
We deduce that there exists a pair (¢, &) such that
oy — ¢ weakly starin H'(0,T; H) N L*(0,T; H"())
and strongly in L2(0,T; H) ,
Br(pa) — &€ weaklyin L?(0,T; H) , (4.26)
possibly only for a subsequence A, ~\, 0. Then, ¢(0) = ¢, and (@.T5) is verified. Moreover, by also

applying, e.g., [4, Lemma 2.3, p. 38], we infer that (¢, £) satisfies the inclusion in (#-14). On the other

hand, all this implies (4.5) since 3 is convex, so that ¢ is the solution to problem (4.5)—(4.6). This
completes the proof of the lemma. O
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Proof of Theorem[2.11, We apply Lemma[4.2|by choosing
g=n+f—=7(0) and ¢ = po.

Notice that conditions (4.12) are satisfied due to (2.50)—(2.51). We thus obtain the existence of some
¢ satisfying (4.74) and (4.15). The latter reads

7O+ —Pop+E+7(op) —7(0)=p+ f—m(0) ae.in@.

But ( satisfies this equation (see Remark [2.8) since (¢, 1) is a solution to problem (2.38)—(2.40) by
assumption, and this implies for ¢ since 3 is convex. On the other hand, we have that ¢ (0) =
©o = ¢p. Since the solution ¢ to problem (4.5)—(4.6) is unique, we conclude that ¢ = ¢. Therefore,
(2.41)—(2.42) are proved. The last sentence of the statement trivially follows. O

Remark 4.3. We observe that in Theorem we start from a solution (¢, 1) to problem (2:38)—
(2.40) without using sufficient conditions for the existence of such a solution. In particular, is not
accounted for. We also notice that the argument followed in the above proof provides the existence of
a unique solution ¢ to both equation and the variational inequality for a given v without

the use of (2.37).

Remark 4.4. It is possible to slightly modify the proof of Lemma [4.2]in the application of Lemma [4.1]
and to obtain different regularity results in Theorem One can play with the index p in the inter-
polation argument, indeed. If we want to maximize the time regularity, we change the choice of the
spaces B; by taking

By :=L>*(0,7;V) and By :=L>(0,T;H) (4.27)

and start from (4.17) and (4.21) in place of (4.18) and (4.22). Then, we apply Lemma still with
¥ =1 — n, but with p = oo. Instead of (4.23), we obtain that

dx € (L>(0,T5V),L>(0,T;H))y and

ol (Lo 0,3v), L0 0,155 00 < CCYC (g, d0) | 20,7 mm(00) x H(92)

still with a constant C' that does not depend on A. Then everything can proceed as before. At the end
of the proof of Theorem|[2.11] we arrive at the regularity

@ € (L>(0,7;V),L>(0,T;H))y,00 (4.28)

for the first component ¢ of the solution (i, 1) to problem (2:38)—(2-40). We avoid the troubles that
may arise with the exponent oo and do not offer a different representation of the space appearing
in (4.28). We just remark that the regularity is neither better nor worse than (2.41), since it
yields some better time regularity at the expense of a lower space regularity. One can prove that
(L>(0,T;V), L>(0,T;H))y.oo C L>(0,T;H"=(2)) for every € > 0 (in particular, the Aubin—
Lions lemma can be applied also in the modified proof of Lemma[4.2) so that the Sobolev type regu-
larity for o we can obtain is

p € L0, T; H"°(2)) foreverye > 0.

Remark 4.5. Concerning uniqueness for the second component u of the solution to problem (2.38)—
(2.40), we can give sufficient conditions in a different direction. The situation is similar to the one
encountered for problem (2.27)—(2.29) and mentioned in Remark Let us give some detail. As-
sume that (i, 11;), ¢ = 1,2, are solutions corresponding to some data g and f (with the same first
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component, due to Theorem [2.10). By writing (2.38) for both solutions and taking the difference, we
immediately obtain that (A" (3 — o), v) = 0 forevery v € V] and a.e. in (0,7), that is

A"(pn — pi2) = 0. (4.29)

This implies that 11 = s if Ay > 0. In the opposite case \; = 0, we can arrive at the same conclusion
under additional conditions, as we show at once by following the ideas of [15, Rem. 4.1]. However, in
the present case, the condition we assume on the solutions is difficult to verify, unfortunately. Suppose
that D([3) is an open interval, the restriction of 3 to D(f3) is a C' function, and all of the values
attained by ¢ belong to a compact subinterval [a, b] C D(/3). Now, choose d, such that the interval
[a — o, b+ &) is contained in D(). Then, for an arbitrary 6 € (0, ) and fora.a. t € (0,7"), we
can choose v = ¢(t) — 0 (whence ¢(t) —v = §) and v = ¢(t) +  (whence p(t) —v = —4) in the
variational inequality written for (i, 11) and (¢, p2), respectively. Then, by adding the resulting
inequalities, we deduce that

/ﬁ ) < 0(py — o, 1) + /Qg(go—é)—l—/gg(go—iré) a.e.in (0,7).

Division by ¢ then yields that

~

/B( §¢ ) /ﬁ §¢+®
Q

< (1 — p2, 1).

Taking the limit as 0 ™\, 0, we conclude from the Lebesgue dominated convergence theorem that

Ozéﬂw—LMwSWrwﬂJ

Interchanging the roles of 1 and po, we then infer that mean iy = mean s a.e. in (0,77). By
combining this with (4.29), we conclude that (11 = .
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