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Abstract

We introduce a notion of fractional Laplacian for functions which grow more than linearly at infinity. In such
case, the operator is not defined in the classical sense: nevertheless, we can give an ad-hoc definition which
can be useful for applications in various fields, such as blowup and free boundary problems.

In this setting, when the solution has a polynomial growth at infinity, the right hand side of the equation is not
just a function, but an equivalence class of functions modulo polynomials of a fixed order.

We also give a sharp version of the Schauder estimates in this framework, in which the full smooth Hélder
norm of the solution is controlled in terms of the seminorm of the nonlinearity.

Though the method presented is very general and potentially works for general nonlocal operators, for clarity
and concreteness we focus here on the case of the fractional Laplacian.

1 Introduction

As well known (see e.g. [7, 15,20]), to define the fractional Laplacian of a function' as

—A)u(z) := lim ———=dy, (1.1)
( ) ( ) 0 R\ B. (z) ‘.%' y‘n—&-QS Y

with s € (0, 1), two types of assumptions are needed, namely:

B the function u needs to be sufficiently regular near x,

B the function u needs to have a growth control at infinity.

The regularity condition is indeed needed in order to make the integral in (1.1) convergent near the singularity
(possibly after cancellation). On the other hand, the growth condition at infinity is needed to make the tail of the
integrand convergent: for this scope, usually the most general assumption on w at infinity can be written in the form

|u(y)]

The need of assumptions at infinity is a typical feature of fractional problems (of course, in the case of the classical
Laplacian, there is no need to prescribe this kind of conditions in order to compute derivatives). In this sense,
the study of nonlocal operators presents several conceptual difficulties with respect to the classical case, inherited
from the fact that the behavior at infinity may deeply affect the value of the fractional Laplacian: see e.g. [8, 9] for
rather general examples (in particular, roughly speaking, appropriate oscillations at infinity can make the fractional
Laplacian vanish identically in a given ball, basically independently on the values of the function in such a ball).

In addition, conditions at infinity such as (1.2) often provide a series of additional difficulties in the regularity theories
for fractional operators since this type of assumptions behaves badly with respect to scalings and blowups: as an
example, one can consider a function which is bounded and quadratic near the origin and check that its blowup does
not satisfy (1.2) (in spite of the fact that both the original function and its blowup may be as smooth as we wish).

'For short, in the rest of the paper, the principal value notation in (1.1) will be tacitly understood and not repeated.



The goal of this paper is to provide a natural setting to make sense of the fractional Laplacian under weaker condi-
tions at infinity. Of course, some condition at infinity must be taken in order to avoid the examples in [8, 9], neverthe-
less we give here a framework which is more flexible and compatible with scalings and blowups.

The basic idea for this is that, if the function grows too much at infinity, its fractional Laplacian diverges, but it can
be written as a given function “plus a diverging sequence of polynomials? of a given degree”. For instance, if the
function grows linearly at infinity and s = 1/2, then condition (1.2) is violated and v/—A cannot be defined in the
usual sense. We will see that, in this case, a definition is possible, up to “a diverging sequence of constants”.

From this, one is formally allowed to “take derivatives of the equation” and obtain regularity estimates: in the previous
example, one would say that the derivatives of the constants play no role and, in case one has “polynomials of
degree k — 1 as a remainder”, the equation will be well posed “up to derivatives of order k£” (which make these
polynomials vanish). Clearly, a rather delicate argument will be used to check that this formal idea makes sense at
all, since these additional “remainders” are divergent and so they do not obviously vanish after differentiation.

As a matter of fact, to introduce the general setting of possibly divergent fractional Laplacians and to develop the
related regularity theory, we will use sequences of cutoffs to reduce the problem to the more usual setting and we
will obtain uniform estimates in an appropriate sense. To this aim, we consider® the family of cutoffs

. 1 ifx € Bgp,
Xr(2) = {0 otherwise, (1.3)

and we fix the following setting.

Definition 1.1. Lets € (0,1), k € N,u: R™ — R and f : By — R. Assume that u is continuous in By and

|u(y)]

We say that
(—A)%u L2 fin By

if there exist a family of polynomials Pr, which have degree at most k — 1, and functions fr : B — R such that

(=A)*(xru) = fr+ Pr (1.5)
in By in the viscosity sense, with
lim  fr(z) = f(z) (1.6
R—+o00

forany x € Bj.

We stress again the fact that a classical definition of (—A)® is not available in the setting of Definition 1.1 (not even
for smooth functions) unless one requires condition (1.2) (and, of course, the condition in (1.4) is weaker than the
one in (1.2) when k > 1). In this sense, the notation (—A)®w in the case of Definition 1.1 represents a “divergent”
operator. Nevertheless, as we will see in the forthcoming Corollary 3.2, it is always possible to construct a function f
as requested by Definition 1.1 (in particular, the set of functions w for which Definition 1.1 makes sense is non-void).

Also, as it will be discussed in Corollary 3.8, the notion given by Definition 1.1 reduces to the standard fractional
Laplacian when k = 0.

2ps customary, polynomials of negative degree are set to be zero.
3The choice of the particular cutoff in (1.3) has been made for the sake of concreteness. Other choices are indeed possible as well.



Moreover, it follows easily from Definition 1.1 that
. s k4. s k¥l .
if (—A)*u = fin By, then (—A)*u = fin By. (1.7)

In terms of applications, we mention that condition (1.2) is often “too rigid” in the nonlocal framework: for instance, in
many free boundary problems, it is important to look at blowup sequences with degree higher than one (say, 3/2),
and the blowup will not satisfy (1.2), see e.g. [4,10]. Some ad-hoc arguments have been sometimes exploited in the
literature to overcome this type of difficulties, but we believe that a setting as the one in Definition 1.1 can provide
technical simplifications and conceptual advantages when dealing with these cases.

We also observe that the function f in Definition 1.1 is not uniquely determined, since any fixed polynomial can be
added to fr (and subtracted to Pr) without affecting the setting in Definition 1.1, and so

if (—A)%u Ld fin By, then (—A)*u Ld f -+ P in By for any polynomial of degree k& — 1. (1.8)

Nevertheless, the multiplicity in (1.8) is exactly the one which characterizes f. Namely, we have that f is determined
up to polynomials of degree k — 1, as pointed out by the following observation (whose simple proof is given in
Section 2):

f and (—A)%u L f in B1. Then, there exists a polynomial P of degree at

As an illustrative example of our setting, let us point out that one can compute v/—A u when u(x) = x* in
dimension n = 1, using Definition 1.1 with & = 2. Indeed by a direct computation, one sees that

V_Az2 20, (1.9)

and in fact a more general result will be presented in Theorem 1.5 below.

Of course, from (1.9) and Lemma 1.2, a bunch of “curious” identities follows, such as

\/—ALE2i ) VA2 2 , \/—A:172i -1,
\/—ijim \/—Ainax—i—b,

forany a, b € R (these identities indeed look funny at a first glance, nevertheless they are all correct in our setting).

(1.10)

A counterpart of our construction could be also discussed in terms of extension results and Dirichlet-to-Neumann
operators. For instance, if one looks for the general harmonic function U = U (z, y) in R x (0, +00) with U (z, 0) =
x? and with at most quadratic growth at infinity, one has that U(z,y) = x? — y2 — azy — by. In this sense, one
is tempted (as usual) to identify v/—Axz? with —9,U(z,0) = ax + b, for any a, b € R which is indeed the last
identity in (1.10).

As a matter of fact, an alternative approach to the one given in Definition 1.1 would consist in considering an
extension problem (modulo polynomials), but we followed the procedure in Definition 1.1, since it can be applied to
more general kernels.

Besides the intrinsic beauty of identities such as the ones in (1.10), in our framework, the usefulness of Definition
1.1 lies in its flexibility and possibility of applications to obtain sharp regularity estimates. In this sense, we give the
following result, which can be seen as an optimal bound in Hblder spaces for the derivatives of the solution in terms
of the seminorm of its (possibly divergent) fractional Laplacian and a weak control of the function at infinity, as given
in (1.4).



To this aim, as usual, if m € N, 6 € (0,1) and v = m + 6, we use the notation

I fllem(py) = Z 1D fll oo (By)»

=0
|ID™ f(z) — D™ f(y)l
‘= sup
[ﬂCW(Bl) oAy |$ — y|9
and I fllevsyy = Ifllemsyy + [fler -

It is also convenient to introduce the following k-convention on Hélder norms: we denote

[flev @iy = inf[f — Plov), (1.11)

where the inf is taken over all the polynomials P of degree at most k£ — 1; of course, when v > k — 1, these
polynomials disappear after derivation and we have that

(flevow = [flevo fy>k—1 (1.12)

Notice that the setting in (1.11) is consistent with the multiplicity in (1.8), since, for any polynomial () of degree at
most k — 1, we have that

[f + Qlevw = [flevur)-

With this notation, the precise statement of our Schauder estimates* is the following.

Theorem 1.3. [kth order Schauder estimates for divergent fractional Laplacians] Let s € (0,1), k € N and
u:R" = R.

Assume that u is continuous in By and

, |u(y)]

1/2

Suppose that
(—A¥uZ f  in By
Then, for any v > 0 such thaty ¢ N andy + 2s ¢ N, and any £ € N, it holds that

ullcreas (s, ) < C | [flovBre) + Jue ) (1.13)
/

for some C' > 0, only depending onn, s, 7y, k and £.

We remark that, differently from the usual way of writing the Schauder estimates, the right hand side of (1.13) does
not contain ||u|| oo (g, nor || f|lc(p,)- Thatis, we can bound the whole norm |]uHm+zs(Bl/2) with a contribution of
u coming from outside B, /5, which is encoded in the term .J,, 7, and the oscillation of f in the seminorm [f]cw (B, :¢)-

In this sense, Theorem 1.3 not only applies to divergent operators, but it is also a sharp version of the Schauder
estimates for non-divergent operators (notice indeed that when k = 0, the setting of Theorem 1.3 reduces to the one
of the classical fractional Laplace equation, and in this case Theorem 1.3 provides already a sharp result, compare
e.g. with Theorem 6 in [1], Theorem 1.1 in [18], Proposition 7.1 in [3] and the references therein).

A simple, but rather instructive consequence of Theorem 1.3 is a uniform bound on polynomial nonlinearities in
which the nonlinearity does not appear explicitly on the right hand side (but it affects the size of « near the boundary
of the domain):

“Throughout this paper, we will use the standard notation for the complementary set. Namely, given X C R™ we set X© := R™ \ X.



Corollary 1.4. Lets € (0,1),k € Nandu : R" — R.

Assume that u is continuous in By and

, u(y)]

1/2

Suppose that f is a polynomial of degree d and
(—A¥uZf  in By
Then, for any v > 0 such thaty ¢ N and vy + 2s &€ N, it holds that

lullcrzs(p, ) < C Judt,

for some C' > 0, only depending onn, s, ~y, k and d.

We observe that Corollary 1.4 is indeed an immediate consequence of Theorem 1.3, by taking £ := d + 1 there.
As a matter of fact, Corollary 1.4 is new, to the best of our knowledge, even in the case k = 0 corresponding to the
standard fractional Laplacian.

We also say that (—A)*u L3 f in R™ if the setting of Definition 1.1 holds true in Bj (instead of By), forall M > 0.
As a consequence of Theorem 1.3, we also obtain a rigidity and classification result for possibly divergent s-harmonic
functions, as given here below.

Theorem 1.5. [Liouville Theorem for divergent fractional Laplacians] Let s € (0,1), k € Nandu : R™ — R.

Assume that u is continuous and

u(y)]
/R" 1+ ’y|n+2$+k dy < +oo.

Let

_Jk+1 ifse (3, 1),
d(k,s) = { i its € (0,1 (1.14)

Then,

if and only if u is a polynomial of degree at most d(k, s).

We recall that the study of rigidity properties for solutions of nonlocal equations and related Liouville results are a
very active field of research, and this type of results has also important consequences on several aspects of the
regularity theory, see e.g. [6,11,13, 14,18, 20] and the references therein. As far as we know, Theorem 1.5 is the
first result of this type which takes into account the case of possibly divergent operators.

We also point out that the notion given in Definition 1.1 is stable under limits, as given by the following result:

Theorem 1.6. [Stability of divergent fractional Laplacians] Let s € (0,1) and k € N. Let us consider sequences of
functions u,, : R — R and f,, : B1 — R such that u.,, and f,, are continuous in By, and

(—=Aupm = fn in By (1.15)

Assume that u,, — u in Ll(Bl) and locally uniformly in B1, and that f,, — f locally uniformly in B1 as
m — o0, for some functions u € L'(R™) and f : By — R.



Suppose also that

|um (y)]
su — 55— dy <+ 1.16
o [ g e

and that u.,,, converges to u weakly in the following sense:

um(y) ely) _/ u(y) p(y)
R

lim w1+ |y|n+23+k Y

_ AT AT = 1.17
oo Jon T4 [y|rr2st® Y (.17)

for any p € L= (R™).

Then, it holds that
(—A¥uZf  in By (1.18)

Theorem 1.6 is the counterpart, in our setting, of classical approximation and stability results in the fractional setting,
see [5].

The rest of the paper is organized as follows. In Section 2, we recall some ancillary results on polynomials and we
prove Lemma 1.2. In Section 3, we compute the fractional Laplacian of a cutoff function and we expand its possibly
divergent behavior for a family of cutoffs, showing that this procedure is compatible with Definition 1.1 and we provide
a series of consistency results between Definition 1.1 and the standard fractional Laplacian, when the two settings
overlap.

Then, we provide the proof of Theorem 1.3 in Section 4. This in turn will allow us to prove Theorem 1.5 in Section 5.
The proof of Theorem 1.6 is given in Section 6. The paper ends with some auxiliary appendices.

2 Some remarks on polynomials

Here we recall the following elementary, but useful, algebraic observations (the standard proofs, for the convenience
of the reader, are given in Appendix B):

Lemma 2.1. Let PY) pe a sequence of polynomials of degree at most d — 1. Assume that there exist a bounded,
open setU C R™ and a function F' : U — R such that

lim PY)(z) = F(z) 2.1)

j—+o0
forany x € U. Then, F is a polynomial of degree at mostd — 1 and the convergence in (2.1) holds in C™ (U) for

anym € N.

We also provide a variant of Lemma 2.1, which will be used in the proof of Theorem 1.6. For this, we introduce some
notation: for any polynomial P, let U C R"™ be a bounded, open set with smooth boundary and define

1Ploi= swp [ Pla) (o) 2
peC?(U) U
H‘r’”cZ(Rn)gl

Then, we have the following convergence result:

Lemma 2.2. Let PY) be a sequence of polynomials of degree at most d — 1. Assume that P js a Cauchy
sequence in the norm || - || .. Then, there exists a polynomial P of degree at most d — 1 such that PU) converges
to P uniformly inU as j — +o0.

With Lemma 2.1, we can give the proof of Lemma 1.2, by arguing as follows.



Proof of Lemma 1.2. From Definition 1.1, we know that there exist two families of polynomials Pr and PR, with
degree at most k — 1, such that, for any x € B,

pim (—A)"(xru)(w) — Pr(z) = f(z)

and L (=A)*(xru)(z) — Pr(z) = f(2).

Accordingly,

f@) = F(@) = Jim_Pa(z) - Pao).

~—

Since Pr — ]5R is a polynomial of degree at most k£ — 1, we deduce from Lemma 2.1 that f — f is also a polynomial
of degree at most k — 1, as desired. O

We also give the following rigidity result (for general unique continuation principles in the nonlocal setting, see
also [12]).

Lemma 2.3. Let R > r > 0. Let P be a polynomial and u be a viscosity solution of (—A)*u = P in Bg. Assume
thatu = 0 in Bf. Then u vanishes identically.

Proof. We argue by induction on the degree d of P. If d = —1, then P vanishes identically and the claim follows
from the maximum principle.

Suppose now the claim true for all polynomials of degree d — 1. Let ', R’ € (r, R) with R’ > /. For § € R",
with |6| sufficiently small, we see that the function u(?) (z) := u(z + ) — u(z) satisfies (—A)*u?) = P©)
in Brr, with P () := P(z + 0) — P(z), and ul®) = 0 outside B,,. We observe that P(?) is a polynomial
of degree at most d — 1, hence, by inductive hypothesis, it follows that u® is identically zero, and therefore v is
constant.

Since u vanishes outside B,., it thus follows that it vanishes everywhere, as desired. O

3 The role of the cutoff for divergent fractional Laplacians

In this section, we show how a cutoff affects the computation of the fractional Laplacian for a function with prescribed
growth at infinity. We will see that the identities obtained are compatible with the setting in Definition 1.1, namely the
growth at infinity, combined with a cutoff, produces a family of polynomials of a fixed degree.

Theorem 3.1. Lets € (0,1), k € Nandu : R" — R.

Assume thatu € CX (B1) for some o > 2s and

u(y)]

LetT : R"™ — R be compactly supported and with T = 1 in By. Then, there exist a function f,, - : R" — R, and
a polynomial P,, -, which has degree at most k — 1, such that

(7A)S(Tu) = Pu,T + fu,‘r (3.2)
in Bl .
In addition, f, - can be written in the following form: there exists ¢ : By x B§ — R, with

sup  [0;9(z,y)| < 400 (3.3)
z€B1,yEBS



for any v € N, such that
fu,T = fl,u + f2,u + f;,‘rv

where

o= [ ML,

|z — y["+2e
Fru(z) = /B FE=x
and fi . (x):= /BC T(yﬁ;ﬁiﬁézﬁ(f’y) dy.

Proof. We stress that the integral defining f,; . is finite, thanks to (3.1).

Now we compute, for any x € B,

B, |w—y["t?s o |z —y|nt

= Fra(®) + fau(z) / (),

Bs |z — y|nt2s

= frale) + foulo) - [ L) N

Bs ‘y’n+28 ’xy _ yy’n—l-QS
where the short notation z,, := x/|y| and y,, := y/|y| has been exploited.
Now, for any e € 9B; and any z € By /5, we set

|—n—23.

ge(z):=|z—ce

We consider a Taylor expansion of g, in the vicinity of the origin, and we write

ge(2) = D caez™+ Y 0ale,2)2",

|a|<k—1 la|=k
with
sup Coc,e + sup ’82905(67 Z)‘ g 077
|o|<k—1 |a|=k
e€dBy e€dBy

for some (', > 0, which depends only on n, s and v € N".

As a consequence, we have

W) )
|y‘n+25 |$y - yy|n+25 ‘y|n+25 gyy Y
(Tu)(y)
=y Z Cayy Ty + Z Oa(yy: Ty) Ty

o] <k—1 la|=k

(Tu)(y) Z Cay, T° i Z 0a(yy, Ty) z°

~ Jyfnres ]l

||| <k—1

,ﬁm::_/B ()

. |y‘n+2$+|a| Yy
2

Thus, we set

(3.4)

(3.6)

(3.8)



and we consider the polynomial of degree at most k — 1

Py (x) = Z Kra T

laj<k-1

We also define

Y(z,y) = — Z 00 (Yy, Ty) 7.

la|=k
Notice that (3.3) follows from (3.8). Also, with this notation, we deduce from (3.9) that

/B (ru)(y) o = —Pur(z) — 5 (2).

sy 2 oy, —yy

This and (3.6) imply (3.2).

Then, we have the following consequence of Theorem 3.1:
Corollary 3.2. Lets € (0,1),k € Nandu : R™ — R.

Assume thatu € CX (B1) for some o > 2s and

[u(y)|
/]R” T olniasik n ’y‘n+25+k dy < +o0.

LetTg : R™ — [0, 1] be supported in B, and such that

lim 7g =1 ae. inR".
R—+o00

(3.10)

(3.11)

(3.12)

Then, there exist a function f,, : R™ — R, and a family of polynomials P, ., which have degree at most k — 1,

such that, for any x € By, it holds that

i [(=8) () (@) = Pure(@)] = fula).

More precisely, we have that
fu = fl,u + f2,u + f3,u»
where f1,., and fa,, are as in (3.5) and
u(y) ¥(z,y)
fau(z) == / ————=dy,
! Bg |y[rT2sth

with 1) satisfying (3.3).

Proof. The idea of the proof is to use Theorem 3.1 with 7 := 7 for any fixed R, and then send R — +o0.

by (3.3), forany x € By and y € Bg,

(tru)(y) Y(2,y) _ Cluly)]
|y’n+23+k = |y|n+23+k’

for some C' > 0, and the latter function of ¥ lies in Ll(Bg), thanks to (3.11).

Consequently, by (3.12) and the Dominated Convergence Theorem,

. * . (TRU) (y) 1/}('7:7 y)
lim f7 . (z)= lim dy = /
B

R—+4c0 R—+4o00 Bg |y‘n+25+k

. |n+25+k
2

Then, (3.13) follows by taking the limit in (3.2).

uly) ¥(z,y)
ly

(3.13)

(3.14)

(3.15)

Indeed,



Remark 3.3. We stress that, in view of (3.7) and (3.10), the function v/ does not depend on u and thus the quantity
in (3.3) is universal.

Remark 3.4. It is interesting to notice that, from (3.4) and (3.14),

fu,r = fu - f3,u + quﬂ—-

Remark 3.5. From Definition 1.1 and Corollary 3.2 (used here with 7 := X R, in the notation of (1.3)), we can

write (—A)%u L3 fuin By, forany u € C{ (B1) (for some o > 2s) that satisfies the weak growth condition in
(3.11).

Remark 3.6. From Corollary 3.2 and Remark 3.5, it also follows that, for any u € C’%C(Bl) (for some o > 25),
the family of cutoffs x r used in Definition 1.1 can be replaced by another family of cutoffs 7, without changing
the explicit expression of f,.

Another useful consequence of Theorem 3.1 is that the pointwise convergence of fr in Definition 1.1 can be
strengthen according to the following result:

Corollary 3.7. Letk € N, u and fr be as in Definition 1.1. Then, forany m > 0, if R' > R we have that

. m U
it |07 (fre = = Plieimy <€ [ M dy. 3.16)
R

with C > 0 only depending on n, s and m, where the inf is taken over all the polynomials P with degree at
mostk — 1.

Proof. We define v := (1 — x2)u. Obviously, v = 0in Bz and |v| < |ul, so
v e CL.(By)forsome a > 2sand J,, j, < Jy ) < +00. (3.17)
Moreover, if R > 2,
(Xr — x2)u = (Xr — X2)v.
Hence, from (1.5),
(—A)*((xr — x2)v) = (=A)*((xr — x2)u) = fr = fa+ Pr— Po = fr — f2+ Pg, (3.18)

where f’R := Pr — P, is a polynomial of degree at most £ — 1, and the equation holds in Bj in the sense of
viscosity.

On the other hand, (3.17) allows us to use Theorem 3.1 on the function v (with 7 := x g and 7 := x2). We thus
obtain that

(=A)*((xr = x2)v) = Poxr = Poyxa + foxr = foxe
= P’U7XR + (flﬂ) + f27U + fT:XR) - (fL’U + f2:U + f;,xg) = P’U7XR + f;:XR - f;,xg

- /U’X
R Br\Bs ’y‘n+25+k
in By in the viscosity sense, where P, . := P,y — Py, is a polynomial of degree at most k — 1.

Comparing this identity with (3.18), we obtain that in By

u(y) ¥(z,y)

’y | n+2s+k ’

fR:f2+P1§+/

Bgr\B2

10



where Pp, := PD,XR — Ppis a polynomial of degree at most k — 1.
Therefore, for any m > 0 and any large R’ > R,
D™ (fr — Py — fr+ PR)llLo(B)) = D" VR Rl L~ (B,)> (3.19)

e (4) ¥(@.9)

uly) iz, y

Vp r(x) = / dy.
Bp/\Br |y[rr2sth

From (1.4) and (3.3), we know that

wwl o [ W)

1 g gllcms,) < C ),
(B1) X Br/\Br ‘y’n+2s+k B, ‘y’n+25+k ’

for some C' > 0 possibly depending on m. This and (3.19) imply that

u
ID™(frr — P — fr+ PR)lleo(By) < C /B M dy, (3.20)
R

which gives (3.16). O

As a consequence of Corollary 3.7, we have the following consistency result when k& = 0:

Corollary 3.8. Letu : R™ — R be bounded and continuous in By and such that

lu(y)|
— 2 dy < +o0. 3.21
/Rn T+ [y ¥ 821

Let f be bounded and continuous in B.

Then
(=A)%u = f in By in the viscosity sense

is equivalent to

(—A)%u 2 f in By in the sense of Definition 1.1.

Proof. We take cutoffs as in (1.3). Suppose first that (—A)*u = f in By in the viscosity sense. Then, for R > 10,

(1= Xxr/2(y)) uly)
|z —y["+e

(A (xpjou) = f + / dy (3.2

n

in Bj in the viscosity sense. Now, we set
w:= (XR — XR/2)U-
Notice that w vanishes outside Bp, hence

XRW = wW.

Also, w = 0 in Bs, so we can exploit Theorem 3.1 to w with k = 0 and get that, for any € Bj,

(=A)*((xr = XR/2)u) (@) = (=A)*w(z) = (=A)* (xrw)(2)

_ . _ w(y)Y(r,y) u(y) Y(z,y) (3.23)
= Sra@) Lo (@) + fuen () = Br\Bx  |y|"T I _/BR\BR/z [y |2 W

11



Since w is smooth in Bj, this identity also holds in the viscosity sense. Hence, from (3.22) and (3.23), we find that

(=AY (xru) = (=A)*((xr— XR/Q)U) + (=A)*(xr/2u)
_ u(y) ¥(z,y) (1= Xr/2 () u()
- /BR\BR/2 |y|n+28 dy+ I+ /" ‘$ — y‘n+25 %
= fr

in B1, in the sense of viscosity. We remark that fr — f in By as R — +00, thanks to (3.3) and (3.21). Hence,
we are in the setting of Definition 1.1 (here with ¥ = 0 and Pg := 0), and so we conclude that (—A)Sugf in By,
as desired.

Viceversa, we now suppose that (—A)Sugf in By. From Definition 1.1 and the fact that £ = 0, we have that Pr
is always zero, and so we can write that (—A)*(xru) = fgr in By in the sense of viscosity, with fr — fin By
as R — +o0.

We observe that x pu approaches u locally uniformly in R™. Also, we can use here Corollary 3.7: since in this
case k = 0, we have that (3.16) reduces to

u
D™ (frr — frR)ll Lo (B)) < C / | 1(1?1)2‘5 dy,
BS, [yl

for any m > 0. In particular, taking m = 0 and sending R’ — 00, we obtain that, for any x € By,

|f($) B fR(:U)| - R’hmoo |fR/ (SL‘) - fR(CL')| S R/E\Igoo HfR/ B fRHLOO(Bl) < ¢ /Bc ||yt|67<l:l«lk)2|s dy

St

As a consequence, we have that fr converges to f uniformly in By as R — +o0.

From this, we can exploit Lemma 5 in [5] and conclude that (—A)®u = f in the viscosity sense in By, as desired.
O

Another consistency result is that if (—A)%u LA f and u has growth at infinity better than the one required by
Definition 1.1, then it satisfies the same equation “in a better class, up to the invariance allowed by Definition 1.1”.
The precise result is as follows:

ko,
Lemma 3.9. Let the setting of Definition 1.1 hold true and let (—A)*u = f in B1. Suppose that

u(y)|

for some j € N, with j < k. Then, there exist a function f and a polynomial P of degree at most k — 1, such

that f = f 4+ P and (—A)*u Z f in By.

Proof. Letv := (1 — x4)u and w := y4u. Of course, v is zero (and thus smooth) in By and, from (3.24), we have

that ()|
vy
/]Rn T [g[nr2std |2t dy < +o0.

So, we can apply Remark 3.5 with & replaced with j and find that

(—AYw 2§, :/ u(y) Y(z,y) .

By |yl
4

12



thanks to (3.14). By definition, this means that
u(y) Y(z,y
(=A)*(xrv) = /B_ |(y)”+§3+3) dy + ¢r + Qr, (3.25)
4

in the viscosity sense in B1, for some g such that o — 0in By as R — 400 and a polynomial )z of degree
at most j — 1.

On the other hand, from Definition 1.1, we have that

(=A)*(xgu) = f + ¢r + Pr, (3.26)

in the viscosity sense in By, for some ¢ such that g — 0in By as R — +00 and a polynomial Pg of degree
less than or equal to & — 1.

By subtracting (3.25) to (3.26), we obtain

uy)¥(z.y) ,

Fron+Pa= [ e dy — on - Qr = (~A) (xalu —v)) = (~A) () = (~A) (xaw)

4

in the viscosity sense in B1. This says that the following limit exists:

lim (¢r+ Pr—¢r— QR),

R—+o00

which in turn boils down to the existence of the limit

lim (Pr— Qp).
R;rfm( r— QR)

As a consequence, from Lemma 2.1, we know that

lim (Pp — - P
R;TOO( r — Qr) = P,

for some polynomial P of degree at most k — 1. Thatis, we take f := f + P and ®p := ¢p + Pr — Qr — P,
and we see that  — 0 as R — 400 and, from (3.26),

(=A)*(xru) = f+ Pr+Qr

in By, in the viscosity sense. Since the degree of Qr is at most j — 1, this says that (—A)%u = f in By, as
desired. O

For us, Lemma 3.9 is useful since it allows to take fixed cutoffs in Definition 1.1 and reduce to the case of the
standard fractional Laplacian, as formalized by the following result:

Corollary 3.10. Let the setting of Definition 1.1 hold true and let (— A)*u k finB.Letalsop > 1 andw = x,u.
Then, there exists a polynomial P of degree at most k — 1 such that

et e [ D s

BQQBS |.'L' -

in By in the sense of viscosity, where f := f + P.

13



Proof. From Definition 1.1, we can write, in By and in the viscosity sense,
(=A)*(xgu) = f + ¢r + Pr,

where Pp is a polynomial with degree at most k — 1 and ¢ — 0 as R — +00. We also set v := (1 — x,)u.
Notice that v = 0 in B1. We can apply Remark 3.5 to v and find that, in B,

: v o(y) U,
are = [ e [ TN gy

By |7 —y[nts ¢

- Tyl YT stk W
/BQ\BP |z — y|nt2s Bnpg YT

where we used the obvious notation By \ B, = @ if p > 2.

That is, in By and in the viscosity sense,

(—A)*(xav) = - / dy+ ér + Pr,

B2\B, |z —

u(y) dy+/ ) u(y) Y(z,y)
BSNBS

y‘n+23 |y|n+25+k

where ]53 is a polynomial with degree at most £ — 1 and &R — 0 as R — 4o0. Consequently,

(=A)*(xrw) = (=A)°(xru) — (=A)°(xrV)
_ u(y) B u(y) ¢ (z, y)
= I+ /BQ\BP |z — y|nt2s 4 /BgmB;; |y|nt2stk

which means that, in By,

k u(y) u(y) ¥(@,y)
—A)w = f+ / o dy — / —— " dy. (3.28)
(=4) Ba\B, 1T — [P+ BsnB |y[nF2stk

dy + ¢r — ér + Pr — Pr,

We remark that w is a compactly supported function, hence (3.24) holds true for 5 = 0. Thus, from (3.28) and
Lemma 3.9, we obtain that

U(z,y)
_Aswgf+/ u(y)dy_/ Ldy+p
(—A) B\B, [T — Y[ B5nBs |y |2 TR

in By, where P is a polynomial of degree at most k — 1. This and Corollary 3.8 imply (3.27), as desired. O

It is interesting to point out that, in the setting of Definition 1.1, the functions fr and f are not necessarily smooth,
hence one cannot deduce from Corollary 3.7 that “ fp converges to f in C"™(B7)”. Also, in principle, one cannot get
rid of the additional polynomials in Corollary 3.7, since they come from the polynomial invariance of Definition 1.1.

In spite of this, it is possible to give a sharper version of Corollary 3.7, by introducing a notion of “optimal represen-
tative” for the functions f in Definition 1.1, which, in principle, are only “well defined up to polynomials of degree
k — 1. This will be accomplished by looking at “projection over the orthogonal space to polynomials”. Namely, for
any g € L?(By) we look at the minimum of ||g + P||12(p,) among all the polynomials P of degree at most k& — 1.
We remark that such minimum exists, since the space of polynomials is finite dimensional, and it is unique, due to
the strict convexity of the norm, so we define the minimizing polynomial as Pgﬁ.

Then we set
gt =g+ P (3.29)

In this setting, we have:

14



Lemma 3.11. Let the setting of Definition 1.1 hold true. Then

G fh = (3.30)
a.e. in By. Also,
f% — f is a polynomial of degree at most k — 1. (3.31)
Furthermore, for any m > 0, we have that
14 = filloms,) < C / |y|n+2s+k dy, (3.32)

with C' > 0 only depending onn, s and m.

u(y)|
VR :—/ ——d
B, ’y‘n+2$+k

175 = FHl 28y < Cvg. (3.33)

For this, we observe that, for any function g and any polynomial P with degree at most k£ — 1, we have that

Proof. We set

We claim that

(g + P)* =g (3.34)

Also, from the minimizing property of Pg'i we see that gti is orthogonal in Lz(Bl) to all the polynomials of degree at
most k — 1 and therefore, for any functions g and h, we have that

lg = RlZa(z) = (6 = B) = (P = PO)IZa(a) 035
=lg* = h¥|32(p,) + |1 PF = Pil32s, = 9" — BH1132s,)-

Now, for R' > R, let Pr_ be such that

| fr — fr — Prr Rllpeo(By) = min || frr — fr — Pllpo(By);

where the minimization is meant over all the polynomials P of degree at most £ — 1. From (3.16) (used here with
m = 0), we know that

|frr = fr — Pr Rll2(B)) < IfrRr — frR — Pr RllL~(B,) < CVR-

Hence, in view of (3.35), we have that

|Ff = (fr+ Pl p2(s) < Cv.

This and (3.34) give that
If5 — FEllz2(s) < Cvn. (3.36)
Thus, we can pass to the limit as R’ — +-oc and use Fatou’s Lemma to obtain (3.33), as desired.

Notice that, from (3.33), up to a subsequence we obtain (3.30).

Then, from (3.30), we have that, a.e. in By,

b 1 i _ — 1 f
f=r= REI-&I-Ioo(fR fr) = REIEOO P

15



This and Lemma 2.1 imply that fti — f is a polynomial of degree at most & — 1, and this proves (3.31).
Then, in view of (1.8) and (3.31), we have that (—A)*u L3 ft.
This fact and (3.30) give that we can use Corollary 3.7 with the function f]ﬁ%: in this way, we fix
m>=k+n+2 (3.37)

and we have from (3.16) that, for any R’ > R,

ID™(fh — i)l o (my) < Cg. (3.38)

Now we recall the Gagliardo-Nirenberg Interpolation Inequality (see e.g. pages 125-126 in [16]), namely, for any ¢ <
m € N,

% 1_# m %
1Dl 25,y < C (Il oy 1Dl oy + Iz, ).

for some C' > 0. Taking ¢ := ff%, — fﬁz and using (3.36) and (3.38), we conclude that, for R’ > R large enough,

1D (ff = Fill2s,) < Cvr, (3.39)
forany i € {0,...,m}, up to renaming C' > 0.

Now, since we do not know if flﬁ% is sufficiently smooth, we perform a technical argument to take limits. Namely, we
set

Ep = fh— fh (3.40)
From (3.33) and (3.39), for any ¢ € C5°(B1) and any ¢ € N™ with |¢| =i € {0, ..., m}, we have that
Do = (-1)' [ &rD'¢ = (-1) /B (ff— F)Do

B1 B

= im0 [ = fope= tim [ D= e

R'—+c0 R'—+o00 /B,

< Cvn [ 161 < Cvn l0lzqs,
1
Then, by the density of C5°(By) in L?(By), this inequality holds for any ¢ € L?(By), and thus

D*¢ro

B
[D*€RllL2(B,) =  sup :

=L < Cvp.
o£scr2(B) 19llL2(m)

Accordingly, since this is valid for all |¢| = i € {0,...,m},

I€rllwm2(B,) < Crr,
up to renaming constants.

From this and the Sobolev Inequality, recalling also (3.40), it follows® that

Ifh - fﬁHCW'(Bl) = [I€rllm B,y < CVR,

with m’ = m — [ §] — 1, up to renaming C' > 0. This is the desired result in (3.32), up to renaming m in the

statement of Lemma 3.11. O

*We use the standard notation for the integer part of a real number. Namely, given ¢ € R, we denote by | o] := max{m € Zstm <

o}.
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4 Schauder estimates for divergent fractional Laplacians

This section is devoted to the proof of Theorem 1.3. For this, we first give a uniform bound for solutions, as stated in
the following result:

Lemma4.1. Letf € (0,1), meN,s e (0,1) andu : R" — R.

Assume that u is continuous in By and that

, u(y)
Ju,0 = /Bc PE dy < +00.

1/2

Suppose that
(=A)Yu=f in By

in the viscosity sense. Then
el o s0) + 1l Bnony < € (IFlemss ey + Juo)

for some C > 0, only depending onn, s, m and 3.

Proof. By contradiction, we can suppose that there exist sequences of functions u; and f; such that (—A)suj =
f]' in By, with

0; = 113l (s ) + I lom (o sy > 3 (Uilomsgsn) + Juso)- (41)
We define f
~ ] g J
U= —— and f;:==.
J @j J @j
Then, ~
(—A)Sﬁj = fj in By. (4.2)
Also, ™
. Jillem(Bgg 100)
| FillemBog o) = = <1 (4.3)
J
and o
z jlem+s(By) 1
[filem+s ) = Tl < 7 (4.4)
due to (4.1).

In particular, we have that Hf] Hcm+g(399/100) < 2. From this, up to a subsequence, we may suppose that

fj converges to some f in Cm+f3(ng/100). (4.5)

We also remark that

~ PR 1
[f]cm+3(399/100) <l - fj]Cm+B(399/100) + [fj]cm+6(399/100) <|f- fj”Cerﬂ(B%/loo) + 3’

which goes to zero as j — 4-00. This means that Dmf is constant in Bgg /100, hence Dm“fvanishes in Bgg /100
and

f is a polynomial of degree m. (4.6)
Moreover,
Ju~ 0 1
Ju.0=—— < —, 4.7
u;,0 @j X ] ( )



thanks to (4.1).

Now, from (4.2) and Lemma 5.2 in [3] (see also the remark after it), we have that

HajHLOO(BW/mo) <C <|’~Izj“L°°(BQ9/100) + Jﬂjuo)’ (4.8)

for some C' > 0.

Also, by Proposition 7.1(a) in [3], we have that, for any fixed a € (0, 2s),

1]l ce By )n0) < C (HfjHLOO(Bg7/1OO) + 1%l o By j100) + Jﬂj,0>7
for some C' > 0. Hence, making use of (4.3), (4.7) and (4.8), we conclude that ||ﬂj||ca(39/m) is bounded uniformly
in j and so, up to a subsequence, we may assume that u; converges to some  in LOO(Bg/lo).

As a matter of fact, from (4.7), we also know that u; converges to zero a.e. outside Bl/g, hence we can extend @ to
be zero outside By /1o and write that

i i — @ |2 (y) — a(y)|
J—lI-&I-loo ”u] UHL (B9/10) + /R” 1+ ‘y|n+2s Y O’ (4.9)
with
u = 0 outside By /5. (4.10)

Hence, exploiting (4.5), (4.9) and Lemma 5 in [5], we can pass (4.2) to the limit and find that
(—A)*i = f in By (4.11)

From this, (4.6), (4.10) and Lemma 2.3, we obtain that u vanishes identically.

This and (4.11) give that f = 0in Bg/19 (and in fact, from (4.6), we have that f = 0in Bgg/100)- Consequently,
recalling (4.5) and (4.9),

[wjll oo (By16) + 1 illcm (Bog 100)

1=, o, = M 15l 5y/00) + I3]0 (B r00)
= i G — @l oo By10) + 15 = FllemBog o) = 0
which is, of course, a contradiction. O

To address the Schauder estimates of Theorem 1.3, we now provide a simpler, suboptimal version (this result can
be obtained by a suitable iteration argument from the existing literature, but we give the precise statement and the
details of the proof for the reader’s convenience):

Lemma 4.2. Lets € (0,1), u be continuous in By, withu € L>(R™), f : B — R and suppose that
(=A)Yu=f in By
in the viscosity sense. Then, for any~y > O for which~y ¢ N andy + 2s ¢ N,
lullorrzscs, ) < € (I llcnm + Il )

for some C' > 0, only depending onn, s and~y.

18



Proof. We write v = m + 6, with m := || and § € (0, 1). The proof is by induction over m. When m = 0, the
claim follows from Proposition 7.2(b) in [3] (or Corollary 3.5 in [18]).

Now suppose that the claim is true for some m € N and we prove it for m + 1. That is, we assume, recursively, that

[ullgm+ores (g, ) < C <||f||0m+9(31) + ||u||L°°(]R"))a (4.12)

and we prove the same statement for m + 1 in the place of m (up to renaming C' and possibly resizing balls).

For the sake of simplicity, let us first deal with the case

0 +2s>1. (4.13)
For this, we take an incremental quotient of order m + 1, that is we fix w1, ..., wmt1 € S™~1 and we let v :=
D,(lwl""’w’”“)u and g := D](lwl"”’w'”“)f (recall the notation of finite differences in Appendix A. Then, for small h,

we have that
(=A)*v=g in By

in the viscosity sense. Then, we take ¢ € C5°(B4) with ¢ = 1in By /3 and we define w := ¢v. In this way, we
obtain that, for any x € B1/16,

|z — gyt | — y|rt2s
4.14
(1~ g(y)) DL+ ) 1
= g(x) + n ‘.%' _ y‘n+25 dy

Notice that, if, for any € 31/16, we set

1—
\Ij(x) (y) = |IL' _ ;Tflzi)Qsa

we have that ¥(*) vanishes in Bl/g and so U(®) ¢ Ll(]R”). Therefore, by Lemma A.2,

(W1yeesWm+1)
1_¢y D ul\y x W1 ,yee W
/n ( ( |)x) _hy‘n+25 (y) dy = /n o )(y> Dl(z 1 +1)u(y) dy

= [ D e ) uy) dy = G),

with
Gl (B, 1) < C R [ul| poo m)-

Hence, (4.14) gives that (—A)*w = H in By /16, with H := g + G and, by Lemma A.1, we have

1H || o8, 1) < I9llco (s, 1) + 1Gllco By 1) < CR™ (HfHCm+1+9(Bl/8) + HUHLOO(R"))-

That is, using the claim with m = 0 and once more Lemma A.1,

HngVUMMH)UHCG+25(31/32) - Hw”(ﬂ”%(fﬁ/Ba)
< O (IHloos, 1) + 0l r))
< CW™ ([fllonmrrsoqs, ) + lullos ey + lullomins, )
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Dividing by A™1, sending h — 0 and recalling again Lemma A.1, we thus find that

ID™ | coras(p, ) < C (HfHC’m+1+9(31/8) + [lull oo (rny + |!uH0m+1(Bl/4)>-

This, together with (4.12) and (4.13), gives that

lullgmersosae s,y < € (Iflmsrsoqpy) + lullien ).

up to renaming C' > 0, which is the iterative version of (4.12) (up to renaming constants and resizing balls), as
desired.

If, on the other hand, the condition in (4.13) does not hold, i.e. § + 2s € (0, 1), then the previous proof must be
done step by step, namely, one takes NV € N so large that & := 1/N < 6 + 2s. Then one considers the functions

U(Q?) — D}(lwl,...,wm)u(x +wm+1) . D}(lwl,...,wm)u(m)

and  g(x) == D) f(@ 4 wr) — DY) f(z).
Then, the argument above would give a bound like
[ullgm+atoras(p, ) < C (HfHCm+&+9(BI) + HUHLOO(Rn))-
Hence, one repeats this argument over and over to get
lullgrssarosss(s, y < C (I fllgmsasoqs,) + lulloqen )
for every j € {1,..., N}, which gives the desired result in the end. O

Now, we deal with the Schauder estimates in the case of the non-divergent fractional Laplacian, corresponding
to k := 0 in Theorem 1.3. This case is dealt with explicitly in the following result:

Proposition 4.3. [Sharp Schauder estimates for the classical fractional Laplacian] Let s € (0,1), u : R” — R
and f : Bi = R.

Assume that u is continuous in By and that

, [u(y)l
Ju0 = /B PIREES dy < +o0.

c
1/2

Suppose that
(=APu=f in B

in the viscosity sense. Then, for any v > 0 for whichy ¢ N andy + 2s ¢ N,

lullos2:(s,.) < € ([flowim + Juo): (4.15)

for some C' > 0, only depending onn, s and ~y.

Proof. Since we are dealing with interior estimates, up to resizing balls, we will assume that

(—A)°u=f in By. (4.16)
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We take 7 € C§°(Bs, [0,1]) with 7 = 1 in B and we set v := Tu. We also define

f(x)::/nMWdy:/Jg wdy

|z —y|+2s s oyl

and  g(a) = f(x) + ().

Hence, from (4.16), we see that, for any x € B3/2,

(_A)sv($) _ / u(x) — T(y) u(y) — g($)

|z — y[r 2

n

Then, from Lemma 4.2, we know that

[Wlviansyy < C ([0l + lgllor sy ) (@.17)

for some C' > 0.

Now we observe that, from (4.16) and Lemma 4.1,

uly
o)l gy = loll ey < Nl ooy < C ([f1m<34> + [ dy) e

c |
up to renaming C' > 0.
Also, foranym € Nandany z, T € B3/2,

: u(y)|
pf) <o | — Mg
‘ ( )’ B ‘x_y‘n—l—?s-i-m
m g m £/~ = |u(y)|
and  [D"f(z) - D" f(z)| < Clz — 7| T =y
2

with C' > 0 depending on m. As a consequence,

; |u(y)]
I leria <€ [ it

and therefore

; uy)|
19llcr(Bs ) < W llov(Bs ) + 1 llev(By ) < W fllcr(s,) +C /Bc [ (4.19)
2
We also observe that © = v in B and thus

vl crres(y) = lullevres sy (4.20)

So, we insert (4.18), (4.19) and (4.20) into (4.17) and we conclude that

u(y)|
||U’HC’Y+23(B1) < C (”fHC'Y(Bg/Q) + [f]C'Y(B4) + /BC |y|n+23 dy ) (421)
2

for some C' > 0.
Also, from (4.16) and Lemma 4.1, if we write v = m + (3, with m := || and 5 € (0, 1), we have that

u(y)
||f||Cm(B3/2) <C ([f]cm+5(34) +/B |’y’7<z+2’s dy> :

c
2
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Therefore, summing [f}cm+;3(33/2) = [flc(B,,,) to both sides of this inequality, we find that

uly
[Fllen(Bsye) < © [f}cv(Bz;)*/ | 7532'3 dy | -
BS |yl

So, we plug this information into (4.21) and we conclude that

uly
Jullossy <€ (Moo + [ )
Bs |yl

up to renaming C > 0, and this is (4.15), after resizing ballls. O

From Proposition 4.3, we obtain a Schauder estimate for the cutoff equation, as detailed in the following result:

Proposition 4.4. Lets € (0,1),k € Nandu : R" — R.

Assume thatu € Cy} (B1) for some o > 2s and that

. u(y)]

1/2

Let f,, be as in Corollary 3.2. Let also
y>k—1 (4.22)

such that~y ¢ N and~ + 2s ¢ N. Then, it holds that
lullgvees(p, ) < C ([fu]C‘Y(Bl) + Ju,k)v (4.23)

for some C' > 0, only depending onn, s, v and k.

Proof. We write v = m + 6, withm € Nand 6 € (0, 1). From (4.22), we infer that
m>k—1. (4.24)

We take a family of cutoffs x r as in (1.3) and we exploit Theorem 3.1 with 7 := x4. Then, if we set v := y4u, we
obtain that, for any = € B,

(=A)*v(z) = Puyy() + fuxa (@), (4.29)
and P, ,, is a polynomial of degree at most k& — 1.

In particular, from (4.24), we see that [DmPu,x4]CG(Bl) vanishes. Thus, from (4.25) and (4.15), we find that

\\U\|Cv+25(31/2) = H’UHCvHs(Bl/Q)
<C ([Pu,m + fuxalcv) + Jv,o) (4.26)
=C ([fu,X4]CV(Bl) + Jv,O) .

Now we set

~ —1Du z,
F(@) ::/B (x4(y) ’y‘n)ﬁgw( Y) g 7

5
where 1) is as in Theorem 3.1. Notice that

Dmf(w):/g (xa(y) — 1) u(y) D™p(z,y) dy

‘y’n+2s+k ’
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and therefore | ( )|
U

for some C' > 0 (notice that the dependence of C' on @Z) here is inessential, due to Remark 3.3).

Also, from Remark 3.4, (3.5) and (3.15), we know that

fu,x4 = fu - f3,u + f’lj,X4 = fu + f

This and (4.27) imply that

[fu,X4]C’Y (B1) X [fu]CW (By) T+ C Juk- (4.28)
Furthermore,
oo = / \(X4:l(2?i)| dy < / I(X4:J)r(21i)| g
52 |yl B4\By s Y
| (xau) ()]

<C e dy < C Jy k.

T BBy, lyrtReR T
So, we insert this and (4.28) into (4.26) and we obtain the desired result. O

By combining Definition 1.1 and Proposition 4.4, we obtain:

Corollary 4.5. Lets € (0,1),k € Nyu:R" - Rand f : By — R.

Assume that u is continuous in By and

Juk = / M dy < +o0.

251k
Be, [yl e

Suppose that
(—A¥uZ f  in By (4.29)

Then, for any
vy>k—1 (4.30)

such thaty & N and v + 2s € N, it holds that

lullgrvees(p, ) < C ([f]cv(Bl) + Ju,k)a (4.31)

for some C' > 0, only depending onn, s, v and k.
Proof. First of all, we prove the result under the additional assumption that
u € Cf(By) for some a > 2s. (4.32)
In this case, we fall under the assumptions of Remark 3.5, and so we have that
(—=A¥uZ f, inB. (4.33)

Also,
(~Ayuf f inB, (4.34)
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Consequently, by (4.34) and (4.33), in view of Lemma 1.2, it follows that f — f, is a polynomial P, of degree at
most £ — 1.

From this and (4.30), we obtain that [ fu]cv(B,) = [f]c(y)- This and (4.23) imply (4.31).

Now we consider the general case. For this, we take p € C§°(B1) and consider the mollifier p. (z) := ¢ ™" p(z/¢).
We consider the convolutions u. := u * p. and f. := f % p. and we know (see e.g. formula (3.2) in [19])
that (—A)%ue = fein B99/100, as long as ¢ is small enough. Since (4.32) is satisfied by u., we can apply the
result already established and conclude that, up to resizing balls,

|ue (y)|
”UaHszs(Bg/m) <C ([fa]CW(Bg/m) +/Bc Wdy ) (4.35)

3/4

for some C' > 0. In particular, u. converges to u in CVJ“QS(Bl/Q) and, by taking limits, we have that
lim [[uellcre2s(By 1) = Nullorens(s,n)  and lim(felon sy, < [flovs): (4.36)
Furthermore, if y € B§/4 and £ € B.(y), we have that

1€l <yl + 1§ —yl <yl +e <20yl

and therefore
|ue(y)]
/Bf |y|rt2stk < Be

[w(E)|p=(y — &)
d¢| d
» » [/Bs(y) |y|n+25+k f] Y

<¢ | dy < C dy| de (437
< /B§/4 [/Bs(y) |E|nt2stk E] ys /B;/2 /Rn €| 2sTE y| d¢  (4.37)

[u(§)]
¢/ Wdf = CJup
B1/2
So we plug (4.36) and (4.37) into (4.35) and we obtain (4.31). O

With this we are now in the position of giving the proof of Theorem 1.3:

Proof of Theorem 1.3. We claim that
lullgvees(p, ) < C ([f]C’”f(Bl;k) + Ju,k>, (4.38)

for some C' > 0. We observe that when «v > k — 1 the claim in (4.38) follows from Corollary 4.5 and (1.12). Hence,
we can now focus on the case in which

v<k—1. (4.39)
We take v to be a solution of
(=A)*v = f inBy, (4.40)
with v = 0in BY.
Then, from Proposition 1.1 in [17], we have that
vlles@®ny < CllfllLee(B) (4.41)

for some C' > 0.
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Also, from Proposition 4.3,

[Wllmiznsy ) < € (Iflenm + uo)- (442
Since, from (4.41),
Ju0 < C vl mny < C | fllzee(ny), (4.43)
we deduce from (4.42) that
[Wllmsansy e < € (flenmy + 1 lem, )- (4.4

Also, from (4.40) and Corollary 3.8, we have that (—A)*v 9 fin Bj.
From this and (1.7), we conclude that (—A)®v s fin By.

So, we define w := u — v and we have that (—A)*w L 0in B1. Hence, we take 7 := k — 1 4 ¢, for a fixed, small
€ > 0, and we are in the position of using Corollary 4.5 (notice indeed that 7 satisfies (4.30)). In this way, we obtain
that

||w”cfy+2s(31/2) <CJyk. (4.45)

We also point out that
Jwk < Juk + Jo g < Juk + Cllflle(m) (4.46)

where (4.43) has been used once again.
Also, ¥ + 2s = v + 2s, due to (4.39), and so
[wllove2s (B, ) 2 lwllor2s (s, ) 2 lullovzs s, ) = vllores s, -

Using this, (4.45) and (4.46), we find

lllgraeqi, o) < € (Iellmsonay o) + Juk + 1 lz=(s) )

This and (4.44) imply that
lullovres(p, ) < C ([f]CW(Bl) + 1 ll ooy + Ju,k>-

Now, since this estimate is valid for f satisfying (—A)*u L3 f, it must be valid also for f + P, for any polynomial
P of degree k — 1 (recall (1.8)). Consequently, we can write

[ullgv+es(p, ) < C inf ([f + Plovsy) + I1f + Pllzesy) + Jch)-

From this and Lemma C.1, it follows that (4.38) holds true, as desired.

We remark that (4.38) is indeed the desired result in (1.13), except that we wish to replace [f}C’y(Bl;k) with
[f]C’W(Bl 0) and Ju,k with Ju’g.

For this, we observe that both [f]m(Bl ;) and Ju,j are decreasing in j € N (up to multiplicative constants). Hence,
when ¢ < k, then (1.13) follows directly from (4.38).

On the other hand, when ¢ > k we see that (—A)%u £ f in By, thanks to (1.7). So we can apply (4.38) with ¢
replacing k, which is the desired result in (1.13). O
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5 Liouville Theorem for divergent fractional Laplacians
By using the Schauder estimates in Theorem 1.3 at any scale, we can now give the proof of Theorem 1.5.

Proof of Theorem 1.5. We first suppose that (—A)%u £ 0in R™ and we show that « is necessarily a polynomial
of degree at most d(k, s). For this, we take

_Jk+2-2s ifse (3,
T \k+1-2s ifse (0,

)
].

1
1
2

Notice that v + 2s > k and
k+2 iftse(3,1)
= 2s| = 27 007
m = Ly + 2] {k+1 its e (0,1].
In particular, we have that

m >k +2s. (5.1)

Now, for any j € N, j > 1, we define u;(z) := u(jz). Then, (—A)%u; £ 0in Bj, hence Theorem 1.3 gives that

D™ ull oo ;) = 37 " II1D™ Ul poe (B, ) < T " Nujllovees(m, ) < CT" Juy ok

v stk [u(y)|
=Cj= m/ |25k Y-
B 1Y

So we can send j — 400 and use (5.1) to see that D"« vanishes identically, hence u is a polynomial of degree
less than or equal to m — 1, as desired.

Now, we prove the converse statement. Namely, we show that

all the polynomials P of degree at most d(k;, s)

. (5.2)
satisfy (—A)*P = 0in R™.

The proof of this is by induction over k. If k = 0, then d(k,s) = 1ifs € (%, 1) and d(k,s) = 0if s € (0, 3].
Hence, if P has degree at most d(k, s), it follows that P is affine if s € (3, 1) and constant if s € (0, 3], and

J AL
[ |

n L Jy|nt2e

In any case, (—A)®P is well defined in the standard sense, and (—A)*P = 0 in R™. Accordingly, by Corollary
3.8, we have that (—A)*P 2 0inR".

This is the desired result when & = 0. Hence, we now suppose recursively that the claim in (5.2) holds true for & — 1
and we prove it for k.

For this, we take a polynomial P with degree at most d(k, s) and, for any fixed i € {1,...,n}, we set Q; := 0; P.
Notice that (); is a polynomial with degree at most d(k, s) —1 = d(k—1, s). Therefore, by the inductive hypothesis

we know that
(-A)¥Q; =0 inR™ (5.3)

Furthermore, by Theorem 3.1 and Remark 3.4 (recall also Remark 3.6), we know that, fixed M > 0, for any large
R >0,
(=A)*(trP) = fp+gr+ Pr  inBy, (5.4)

26



where T € C§°(BR, [0,1]) with 7r = 1in Bg_1 and ||V 7g|| L (rn) < 4, Pr is a polynomial of degree k — 1

and
n(@) _/C (tr(y) = 1) P(y) ¥(,y) dy.

= ’y | n+2s+k

R—1
We define
CR,i = (—A)S(&-TRP).

We claim that
CRi = pR,i + ERJ , Where pR,i is a polynomial of degree k — 2

ande,i—>0 in By as R — +o0.

To check this, we observe that
8Z'TRP = TR+181‘TRP.
Thus, fixed M, we can use Theorem 3.1 (with 7 := Tr41, v := 0;7r P and k replaced by k — 1) and find that, for
any x € By,
(=A)(OirP)(z) = (=A)(Tr110iTrRP)(2)
sty + [ CmPE) =GP g, [ OmeP)
Ban S

= PRZ-(x)—i-
g _ ynt2 _ g|nt2
|z — y|t2s e o —y|ntes

Jr/ Tr1(Y) (0iTrP)(y) ¥ (x, y) dy
; ,

c |y|n+2s+k71
2M

for some polynomial ]537,-, which has degree at most £ — 2. Now, for large R, the terms supported in By vanish,
namely we can write that

TRH(y)fy?;Ei)k(i) viz.y) dy = Pri(x) + (ri(2),

(—A)S(aiTRP)(SC) = pR,i(.T) + /

Br\Br-1

with
z Tr+1(y) (0iTRP)(y) Y (2, y)
CRJ (37) . /BR\BR—l - |y|n+]§s+k—l dy'

Hence, to prove (5.5), we need to show that

Cri—0 in By as R— 4oc. (5.6)

To this aim, we recall (3.3) and we compute, for large R,

Tr+1(y) GiTrP) () Y(2y) o | - PO,
|y [ 2stE—T U [y |n2sHE—T Yy
Br\BRr-1 Y Bgr\Bgr-1 1Y
Rd(k,s)
< C - dy < CRd(k‘,S)—QS—k"
Br\Br_ ’y‘n—f—Qs-l—k—l

up to renaming C' at any step. The latter quantity is infinitesimal as R — oo, thanks to (1.14). This estab-
lishes (5.6), and so (5.5).

Notice also that

0i(=A) (TrP) = (=A)*(0iTrP) + (=A)*(TROP) = (=A)*(0iTrP) + (=A)*(TrRQ:).
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Accordingly, by (5.4) and (5.5), we obtain that, in B,
(—A)*(TrRQ:) = 0;(—A)*(TRP) — (=A)*(9;7rP) = 0ifp + 0igr + 0iPr — Pri — (- (5.7)

Notice that, in view of (3.3), we have that 9;gr — 0. Also, 0; Pr is a polynomial of degree k£ — 2. In consequence of
these observations and (5.7), we have that (—A)*Q; ot 0; fp in Byy. From this, (5.3) and Lemma 1.2, we obtain
that there exists a polynomial )} of degree at most & — 2 such that 0; fp = Q.
This implies that, in By,

fp is a polynomial of degree at most k — 1. (5.8)

On the other hand, from Remark 3.5, we know that (—A)* P Ld fpin Bps. Using this and (5.8), and recalling (1.8),
we can write (—A)* P X 0in By Since M > 0'is arbitrary, it follows that (—A)* P L 0inR", as desired. O

6 Stability of divergent fractional Laplacians

The goal of this section is to prove Theorem 1.6, namely that the divergent fractional Laplacian is stable under limits
that are compatible with the viscosity setting. For this, we first consider the simpler case in which the functions vanish
in By (the advantage of this setting being that the smoothness assumption in Remark 3.5 is obviously satisfied).
The precise result goes as follows:

Lemma6.1. Lets € (0,1) and k € N. Let us consider sequences of functions v, : R — R and g,,, : B — R
such that v, = 0 in By and g.,, is continuous in By, with

[vm (y)]
su ——2—— dy < 400, 6.1
me%/" 1+ |y|n+2s+k Y + ( )
and N
(=A) v, = gm in By. (6.2)
Assume that g,, — g a.e. in By as m — +o0, for some function g : B; — R.
Suppose also that
lim vm(y) ¢(y) dy = v(y) y) 6.3)
e A '
for any ¢ € L>°(BY), for some functionv : R™ — R withv = 0 in B;.
Then, it holds that
(-AyvEg  in B (6.4)

Proof. We can use Remark 3.5 and (3.14) and find that, for any x € Bj,

(-8 tm@) £ £, () = - | %der / Wdy_

B2\B1 |z — S

From this, (6.2) and Lemma 1.2, we obtain that

Um(y) vm(y) ¥(z,y)
gmm):_/ dy+/ dy + Pp(z),
( Bo\By |7 — y["+% Bs  |y[nrEsTh (@)

where P, is a polynomial of degree at most & — 1.
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We stress that, fixed x € By,

inf Jz—yl> inf |yl —|o[=1-|a],
yEB2\B1 yEB2\B1

and so the function y W belongs to L>°(By \ By). Thus, in view of (3.3) and (6.3), we have that, for any
fixed x € By,

. v(y) v(y) ¥(z,y)
lm P,(x) =gz +/ —= —/ — T 7 dy.
oo (z) = g() o\, T — Y| Yy e |y[ntestE Yy

2

This and Lemma 2.1 imply that there exists a polynomial P of degree at most k — 1 such that

P(z) = g(x) +/ U;y|1)1+28 dy — /B W dy. (6.5)

B\ B |z — S

Also, using (6.3) with ¢ := X (0, +00)(v(¥)), we see that

vy (y) . Um(Y) X(0,400) (V()) [um (y)]
——=—dy = lim dy < sup dy,
/Bf |y |25tk m—+oo J ge |y|nt2stk meN J Be |y|nt2sth

which is finite, thanks to (6.1). With a similar computation on v_, we thus conclude that

[v(y)|
——=—dy < +00.
/Bf |y‘n+23+k

So, we can use Remark 3.5 on v and obtain

k v(y) v(y) (@, y)
—Asvx:fq,x:—/ dy—l—/ e d
( ) ( ) ( ) Ba\Br ‘x_y‘n-i-?s B |y’n+25+kz
From this, (1.8) and (6.5), we deduce that (—A)*v(x) £ g, as desired. O

With this preliminary result, we can complete the proof of the stability theorem, by arguing as follows:
Proof of Theorem 1.6. We set

Um = (1 - Xl) Um,, Wm = X1Um,
vi=(1-x1)u and w:=yiu.
By construction, v,,, — v and w,, — w locally uniformly in By, as m — +o0.
In light of (1.15) and Corollary 3.10 (used here with p := 1), we know that
_ U u T
B

Bo\B, |z —y["+? o y|nrEsth

in B1 in the sense of viscosity, where

and P,, is a polynomial of degree at most k£ — 1. Thus, from Corollary 3.8 and (1.7) we obtain that

AV k7 U (y) [ um(®) Y(z,y)
(-8 um & ot [ a- | dy.

Bo\B, |z —y["+? o |y[rrasth
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Hence, in view of (1.8), we obtain that

ok Um(y) [ um(y) Y(z,y)
(=A) wp = fim +/ dy /B dy.

Bo\B, |z —y["+% o y|nrRsth

As a consequence, for any z € By,

(—=4) v ()

Um (y) um(y) ¥(z,y)
fm(z) — (fm(w’) + /B B, Wdy_ /B |y|n+2s+kdy> (6.8)

c
2

U (y) / um (y) (2, y)
/]5’2\31 |:1j _y|n+2s B§ ‘y|n+2s+k ( )

U u(y) Y(x,
g(x)::—/B g/y|7)1+25dy+/3 Wdy.

2\B1 |z — S

(=8)%um () = (=A) wn(z)

1=

Let also

Notice that, by (3.3) and (1.17), we have that g,,, — g pointwise in Bj.
Also, fixed any p € (0, 1), by (3.3),

|um ()| [um (Y)] [V (2, y)]
sup [Vgm(z)| < sup C (/B Wdy+ 5 |y|n 2R dy

zE€B, TEB, 2\ B1 ‘37 - S

|um(y)] / |um(y)]
< C / e dy + [ o dy |
( Ba\By (1 _ p)n+2s+1 Bg ’y‘n+25+k

which is bounded uniformly in m, thanks to (1.16). Accordingly, by the Theorem of Ascaoli,

gm — g locally uniformly in Bj. (6.9)
Thus, from (6.8) and Lemma 6.1, we conclude that
(—A)¥vEg  inB. (6.10)

Now we prove that
(—AYwE f—g inB. 6.11)

For this, we take ¢ € C§°(B1). We let U € By be the support of ¢ and we fix ¢ > 0 suitably small (also
in dependence of U and Bj). We take p € C3°(B1) and ps(z) := ¢ "p(x/e). We consider the convolu-
tions Wy, ¢ 1= Wy, * Pz and Ny ¢ 1= hyy, * pe. Notice that w,,  is smooth and compactly supported in 311/10-
Then (see e.g. formula (3.2) in [19]) we have that (—A)*wyy, ¢ = hy, ¢ in U in the smooth sense. Therefore we can
write that

[ tmeo= [ 8V umep = [ (~AFwnc
U U n
[ meareo= [ wn-aye
" Bi1/10

Hence, forany m’, m € N,

/ (hm,s—hmf,em] <[ ume - wwll-8))
U Bi1/10
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Since wy, € L'(R"), by sending £ — 0, we thus obtain that

/ (hun = o) %0’ S / |wm — Wi | [(=A) ]
U Bi1/10

(6.12)
= [ 1w = | (=261 < Cllwm — sy Ilcagan
B1
From the convergence of u,,, in L'(B1), we also have that
i = xaullpysy) = e flus = ullps,) = 0. (6.13)
From (6.12) and (6.13), it follows that h,,, is a Cauchy sequence in the norm || - ||, introduced in (2.2). From the
uniform convergence, we also know that f,, is a Cauchy sequence in the norm || - || . Moreover, by (6.9), we have
that g,,, is also a Cauchy sequence in the norm || - ||
Since
Pm:gm+hm_fm7 (6.14)
these observations imply that P, is also a Cauchy sequence in the norm || - || and so, in consequence of

Lemma 2.2, we obtain that P, converges uniformly to some polynomial P of degree at most k — 1 in U, for
anyU € Bj.

This and (6.7) imply that f,,, converges locally uniformly in B1. Hence, writing Ay, = fin — Gm, We conclude that Ay,
also converges locally uniformly in B; to some function h.

We are therefore in the position to use Lemma 5 in [5] and deduce from (6.6) that (—A)%w = hin By in the sense
of viscosity. Hence, by Corollary 3.8, we can write (—A)*w 2 hin B.

Passing to the limit in (6.14), we obtain that
P=g+h—f

and so (—A)%w 2 f—g+ PinBy.
From this, (1.7) and (1.8), we conclude that (6.11) holds true, as desired.

Now, by (6.10) and (6.11), we obtain that

(—A)u=(~AYv+ (~A)PwE g+ (f—g) =/,

as desired. O

A useful consequence of Theorem 1.6 is also a stability result under convolution, which goes as follows:

Proposition 6.2. Letk € N, s € (0,1). Assume thatu and f are continuous functions in By, with

/ —\u(y)\ < 400 (6.15)
R

w1+ ‘y|n+25+k

and
(—A¥uZf  in By

Lete > 0,p € C°(B1) and pe(z) :== e "p(x/e). Letu. :== u * p. and f. := f * p.. Then
0

sk .
(=A)*ue = foin Bgg 100,

as long as ¢ is small enough.
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Proof. We know that
(=A)*(xru) = f +nr + Pr

in By, in the viscosity sense, with np — 0in By as R — 400 and Pp is a polynomial of degree at most k& — 1.
As a matter of fact, by choosing the “optimal representative” in Lemma 3.11, we can also suppose that

ngr — 0 uniformly in Bj. (6.16)

Let also
VRe(®) = (xRY) * pe().
Hence (see e.g. formula (3.2) in [19]) in 399/100 we have that
(_A)SUR,E = fe + MR * pe + PR * pe.
Hence, by Corollary 3.8,
0
(_A)SUR,E = fe + 1R * pe + PR * pe.
So, by (1.7), we have that
k
(=A)°vRe = fe + MR * pe + Pr * pe. (6.17)

Now we check that
PR = p. is a polynomial of degree at most k — 1. (6.18)

For this, we can reduce to the case of monomials, and compute, for any oz € N™ with \04| < k — 1, that

2% % pe = /Rn(w —y)*p(y)dy =) <§> wﬁ/n(—y)o‘_ﬁps(y) dy,

B<a
which is a polynomial of degree at most k£ — 1. This observation proves (6.18).

Then, from (1.8), (6.17) and (6.18), we conclude that
k
(—A)*vre = fe + 1R * pe. (6.19)
Our objective is now to send R — 400 and use the stability result in Theorem 1.6. To this aim, we define
@)= [ Juty)l oot~ v dy.

We observe that

vz (y)
399/100
see (4.37). Moreover, we have that
vrele) < [ un) )] pele — ) dy < (o). (621

In addition

—n n S U y
|(xru) ()] pe(z — y) < e |uly) XB. (@) (¥) < (Jo| +1)"*? +kﬁ”||3/!£L+)2|‘”““'

This and (6.15) allow us to use the Dominated Convergence Theorem and take the limit as & — oo (for a
fixed € > 0). In this way, we see that, for any fixed x € R",

Jlim one@) = [ lim (o) (@)po — ) dy = ve(o).
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This, (6.20) and (6.21) allow us to use again the Dominated Convergence Theorem to take the limit as R — +o00

and obtain that
|UR,€(x) - UE(ZL‘)’

tim |25t

R—-+o00 B

dz = 0. (6.22)
39/100
Also, vg . — u. and, in view of (6.16), f- + 1 * p. — [ locally uniformly in Byg /109 as R — +o0c. From this,
(6.21) and (6.22), we can exploit Theorem 1.6 and deduce from (6.19) that

(_A)Sus i fe

in Bgg /100, as desired. O

A Appendix A. Summary of the finite differences method

We recall here the classical method of the finite differences (or incremental quotients). Given w € R", we consider
the shift operator acting on functions, namely 7;, f(x) := f(x + w). Of course, if w = 0, this operator boils down
to the identity operator, which will be denoted by 1.

Forany h € (0,1)and w € S™ !, we set
W= The — 1.
Then, for any (w1, .. .,wq) € (S""1)? and any h € (0, 1) we consider the finite difference operator

D](—Lwl,...,wd) = DZl v Db}jd

Notice that, since the shift operators commute with themselves, we also have that D,(Lwl""’wd) = D;jd e Dﬁl.

The finite differences of order d approximate the derivatives of order d (after a renormalization of size hd), as pointed
out in the following result:
Lemma A.1. There exists £ : R™ — [0, 1]% such that
—d y(Wisewq) 8df
h Dh f(a;) = Z 7(1’ + h& (a:)wl + 4 hfd(:c)wd) W1iy - - - Wdiy-

o0x;, ...0x;
1<, ig<n 1 td

Proof. We argue by induction over d. When d = 1, we use the Mean Value Theorem and we see that
Dyt f(z) = f(z + hwi) — f(2) = V(2 + h&i(2)wr) - (hw),
for some &; : R™ — [0, 1].

This is the desired claim when d = 1. Hence, we now suppose that the claim is true for d — 1 and we prove it for d.
For this, we assume that

Pl pltast) g ()

ad—l
- O by (@t B (@) wa) w1 -y
1<in,...ig_1<n 81‘i1 e &’Ijid_l

and we use the Mean Value Theorem to see that
8d71f

8901-1 e (%cidfl

ad—lf

8%1‘1 NN 833id_1

(z 4+ h&(z)wy + -+ + héa—1(@)wa—1 + hwq)
(z+ h&(x)wr + - + héa—1(x)wa—1)

n d
= Y e ha o b)) (e,

iq=1
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for some & : R™ — [0, 1]. These observations easily imply the desired claim. O

We also give the following integration by parts formula:

Lemma A.2. Let f € L'(R") andg € L°°(R"). Then

[ Dgwl,...,w)f(x)g(@dm: i F(@) D) g ) da,

Proof. We argue by induction on d. If d = 1, then
| Dps@a@de= | g b g@)do— [ f@)glo)do
n Rn R™
= | f@glz—ho)de— | f(z)g(x)de= | f(z)D,* g(z)dz,
R™ R™ R™

as desired.
For the inductive step, we compute recursively that
D f(a) gy dw = | DD (@) g() d
Rn n

= Dzdf(x)Dg_wl’""_wd_l)g(a:)dm: A f(ac)D;wdDg_wl""’_wd_l)g(:c)dx

— [ f(z) DS g(2) da,
Rn

which is the desired result. O

B Appendix B. Proof of Lemmata 2.1 and 2.2

One proof of Lemma 2.1 can be done by exploiting the finite incremental quotients of order d (as discussed in
Appendix A), to show that D?F vanishes.

Another simple, and more geometric, argument is based on the idea that polynomials are, after all, a finite dimen-
sional space, and finite dimensional spaces are closed, with respect to any equivalent norm. The details are the
following.

Proof of Lemma 2.1. Up to a translation, we suppose that
0eU. (B.1)
Also, without loss of generality, we can suppose that
m in the statement of Lemma 2.1 is larger than d. (B.2)

We define N to be the number of multi-indices . € N™ for which |u| := p1+- - -+ ppn, < d— 1. In this way, we can
endow RY with an ordering and consider the map 7" from RY to the space of polynomials of degree at most d — 1,
which is given by
RY 5a= {au}w<d—1 > T(a) == Z a,zh.
|pl<d—1
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We fix distinct points q1, . .., qq € U € R™. Then, on RY, we consider the two norms

d
lally ==Y 1T(a)(a)]
1=1

and lall2 == [|T(a)llom -

ltis interesting to remark that ||-||1 is indeed a norm. For this, suppose that ||a||; = 0. Then, itfollows that T'(a)(¢;) =
Oforanyi =1,...,d, hence the polynomial T'(a), which has degree at most d — 1, vanishes on d different points,
and so it has to be zero, which in turn implies that a = 0.

We also write

() — (4) it

PV = Z a;’ ",
|pl<d—1
with a\7) = {a,&j)}\u\gd—l- We remark that
T(aW)) = P,

Therefore, given > 0, if 5, 5/ € N are sufficiently large (possibly in dependence of 7)), we have that

Ha(j) _ a(j’)Hl <,
thanks to (2.1), and so a) is a Cauchy sequence in RY , with respect to the norm || - || .

From the equivalence of the norms in R it thus follows that a9 isa Cauchy sequence in RV, with respect to the
norm || - ||2. Consequently, given n > 0, if 7, j' € N are sufficiently large,

12 a9 = ally = [PD — PO,

Therefore, we have that PO isa sequence of functions that is of Cauchy type in C™(U), and so it converges to
some function P* in C™(U).

In particular, the sequence PU) is bounded in C™(U). From this and (B.2) we obtain that, for any p € N"
with |p| < d —1,
sup | PV gmy = sup [ D*PY| ooy 2 [DFPI(0)] = p! o],
JEN jEN
thanks to (B.1). Hence, for any 1 € N™ with |u| < d — 1, up to a subsequence, we have that a9 a,
as j — oo, for some a; € R. Thus, possibly passing to a subsequence and using (2.1), we have that, for
anyz € U,
F(z)= lim PY(z)= 1 () gt = * b
(@)= lim PO@)=lim > afe= ) as
|pl<d—1 |pl<d—1
that is the desired result. O

Proof of Lemma 2.2. We use the setting given by the proof of Lemma 2.1, and we define the norm in RN given, for
a= {a',u}lméd—l’ by

lalls ;==  sup / Z ay, " p(x) dx.
U

‘PGC?)(U) <d—1
ooyt IS4
We see that a,(f) is a Cauchy sequence with respect to the norm || - ||3 and so it converges to some a* =
{aX}u<a—1 € RY, with respect to the norm || - |[.

From the equivalence of the norms in RY we conclude that

0= lim |laf —ajll= lm_[P9—T(@)|onw),

which implies the desired result. O
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C Appendix C. Reabsorbing lower order norms

The scope of this appendix is to show the following result:

Lemma C.1. Letk € N,y € (0,400) \ N, with
7] < k-1, (C.1)
and f € CV(By). Then
inf || f — Pllrec(my) + [f = Plevsy) < Clflor k)

where the inf is taken over all the polynomials P of degree k — 1, and C' > 0 depends onn, v and k.

Proof. We write v = m + 6, withm := |y] € Nand 6 € (0,1). We set

fMM:E:mﬂm%

al<m
G —m/ mlmﬂ)—mmmﬁ

and Z Gia

|a|=m

We observe that Tf, Gﬁa and Rf are linear with respect to f and, in particular,

Rf+g - Rf + Rg,
for any functions f and g.
Notice also that, if |a| = m

(Gralcosy < CID™ fleos,) < Clflcvs)-
Moreover, a Taylor expansion of f gives that
f= Tf + Rf.

Fix also a generic polynomial P of degree at most k£ — 1 of the form

P(z) = Pi(z) + Py(z),

with Pi(z) := Z Doz

|a|<m

and Py(x) = Z Pz’
|o¢|€[m+1,k—1]

Then, using the inf notation in the statement of Lemma C.1,
i%f If = Pllree(sy) + [f — Plevs) = 13111}1{;2 |f = P1 — Pal|peo(By) + [f — P — Polcvmy)
Sf|lf =Ty = Palloe(sy) + [f = Ty = Plona
= i]r312f |Rf — Pallzeo(y) + [Rf — Polov(my)

= i};Qf | Ry—pyllLoo(By) + [Rf—Pylcv(B)-
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Now, we observe that, for any function g and any x € By,

[Q}CW(BI) > ]Dmg(x)|x—‘9Dmg(0)| > ‘Dmg(l') N Dmg(0)|

Since D™ Ry, (0) = 0 for any function h, we can apply the latter estimate with g := R;_p, and find that
[Rf—p)cv(my) = D" Ry—py ()],
and thus, taking supremum over = € By,
[Ri-polcr(By) 2 1D Ry—pyllree(my)- (C3)

Now we observe that, for any function g with g(0) = 0 one has that

9]l zoo(5,) = sup |g(z)] = sup |g(x) — g(0)] < [|VgllLe(s,)-
r€B] reB1

Since, for any function A, it holds that D’ Rj,(0) = 0 forany j € {0,...,m — 1}, we can apply this estimate
repeatedly and find that

[BhllLoe () < CIVRA L)) < - < CIID™ Ryl oo (5y),

up to renaming C' > 0.

From this and (C.3), we obtain
|Rf—p,llLoo(By) < C[Rf—p,)cv(y)-

So, we insert this information into (C.2) and we obtain
LS = Pllzees +1f = Plev) < 2 ilBr-plov )
=2 iEQf[Rf — Rp)Jcv(By) = 2 i11D12f[Rf — Pl
We also remark that, since v > m, it holds that
[h = P — Pcvpyy = [h — Palovsy),
for any function h and any polynomial P of degree at most m, hence (C.4) gives that
inf If = Pllree(sy) + [f = Plovpy) <2 ing[Rf — P — P)Jcv(py)-
We choose now P := Q — T, where Q is a generic polynomial of degree at most m. In this way, we obtain

nf | f = Pllzee (s + [f = Plews) <2 ngf[Rf +T5 — Q — Pcv(py) =2 ngf[f —Q — Py

Since Q + P, is now the generic polynomial of degree at most £ — 1 (notice indeed that m < k — 1, in view of
(C.1)), we obtain
inf ||f = Pllre(p) + [f = Plovs) < 2 flf = Plews,),

as desired (recall (1.11)). O
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