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Abstract

We start from a basic model for the transport of charged species in heterostruc-
tures containing the mechanisms diffusion, drift and reactions in the domain
and at its boundary. Considering limit cases of partly fast kinetics we derive
reduced models. This reduction can be interpreted as some kind of projection
scheme for the weak formulation of the basic electro-reaction—diffusion sys-
tem. We verify assertions concerning invariants and steady states and prove
the monotone and exponential decay of the free energy along solutions to the
reduced problem and to its fully implicit discrete-time version by means of the
results of the basic problem. Moreover we make a comparison of prolongated
quantities with the solutions to the basic model.

1 Motivation

In semiconductor technology the redistribution of dopants in semiconductor het-
erostructures is described by models where drift-diffusion processes of up to twenty
different species (electrons, holes, dopants, differently charged vacancies, intersti-
tials, and dopant-defect pairs) and more than hundred different reactions between
these species like generation/recombination of defects, of electrons and holes, for-
mation and collapse of dopant-defect pairs, ionization of defects and pairs are taken
into account (see e.g. [3, 4, 7, 14]). Forced by such applications from semiconductor
technology we are interested in reduced models where some of the present kinetic
subprocesses are considered to be very fast. From a mathematical point of view such
assumptions of fast subprocesses decrease the number of continuity equations which
have to be taken into account. On the other hand, this reduction of the number of
equations leads to additional nonlinearities in the remaining equations. Often there
occur nonlocal constraints and nonlocal terms in the equations or in the boundary
terms (see e.g. the model equations in [8, 12, 13]).

The first aim of the paper is to present a general scheme how to deduce the re-
duced models from a basic model where all subprocesses are nearly of the same rate.
Second, we show that our scheme provides the possibility to carry over results con-
cerning energy estimates for the basic problem to the reduced ones. These principles
should be of interest also in other fields of applications of electro-reaction-diffusion
systems.

The paper is organized as follows. In Section 2 we introduce a basic model for
electro-reaction-diffusion processes and give some notation. The general assump-
tions and the weak formulation of the basic model are given in Section 3. In Section 4
we introduce our reduction scheme. Section 5 summarizes known results for the ba-
sic model which are relevant for the present paper. Assertions concerning invariants
and steady states of the reduced problem are derived in Section 6, the proof of en-
ergy estimates for the reduced model is given in Section 7. In Section 8 we make
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a comparison between solutions of the reduced and the basic model. Section 9
provides energy estimates for a fully implicit time-discrete version of the reduced
problem. Finally, in Section 10 we discuss four examples for the reduction of the
model equations in the case of fast kinetic subprocesses in more detail.

2 A basic model for electro-reaction-diffusion processes in
heterostructures

We consider a bounded domain §2 with boundary I' = 'y UT'p UT'y and mes 'y = 0.
Let v be the outer unit normal. We look at m electrically charged species X; with
charge numbers ¢; and initial concentrations U;: €2 — R,. Their concentrations
u;: Ry x € — R, as well as their chemical potentials v;: Ry x {2 — R are changing
by chemical reactions taking place in 2 and at its boundary I', by diffusion processes
and, in addition, by a drift which is caused by the inner electric field. The relation
between concentrations and chemical potentials is assumed to be given by Boltzmann
statistics
u; =uw; e, 1=1,...m,

where w;: 2 — R, are given reference densities. The function uy = ZZ’;I Qi
represents the charge density. By vg: Ry x Q@ — R we denote the electrostatic
potential. Moreover, (; := v; +q;vg: Ry X Q — R corresponds to the electrochemical
potential of the i-th species. All functions are suitably scaled.

The driving forces for the particle flux of the i-th species is the gradient of the
electrochemical potential

Ji = —Diu;V (¢ = —Diu;V(v; + givg), i=1,...m,
with given diffusivity D;: 2 — R,.
We consider a finite set of mass action type reactions of the form
alX1++ame‘:\ﬁle++ﬂme

and denote by R and R' the set of pairs (o, 3) of stoichiometric coefficients o =
(o1,...,am), B=(01,...,Bm) corresponding to all reactions running in €2 or at T
For each species the reaction rates RS’ in the volume and R! at the boundary are
written as

RZE: Z Rfﬁ(ai—ﬁi), 2.:1,...,771,

(o, B)ER®

m m
Rfﬁ - k§6($>vo, = -,vm)(HeCk“k — HGCkﬁk)’
k=1 k=1

where the kinetic coefficients kfﬁ: Y x R — R, are fixed functions, ¥ = Q, T
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Now we are able to formulate the electro-reaction—diffusion system modelling the
transport of charged particles. Mass balance for each species coupled with a Poisson
equation for the electrostatic potential vy lead to the following initial boundary value
problem

du; ‘
6155 +V-5+R, = 0 on (0,00) x €,
v-ji = 0 on (0,00) x T,
u;(0) = U; onQ,i=1,...,m,
o (1)
-V - (eVyy) = f*+ qui on (0,00) x Q,
i=1
v (eVug) +1v9 = fF on (0,00) x I'y,
vy = Up on (0,00) x I'p,

Vs

where the initial densities U;: 2 — R, the dielectric permittivity ¢: Q2 — R,
the capacity 7: 'y — R, are given. In many applications from semiconductor
technology all physical parameters @;, D;, k3, €, 7 and f* depend on the space
variable in a non-smooth way.

Without loss of generality we will assume that fI' = 0 and vp = 0 (otherwise we
would have to use as a new variable the difference of vy and the solution v, of the
Laplace equation

—V - (eVYy) = 0  on (0,00) x €,

v-(eViy)+ 70 = f5 on (0,00) x 'y,
Vo = wvp on (0,00) xI'p.

Let us collect some notation which we use in the paper. We assume that Q C R? is a
bounded (strictly) Lipschitzian domain. The notation of function spaces LP(, R¥),
H'(,R*), k € N, corresponds to that in [16]. With regard to the definition of
the space H}(Q UTy) we refer to [6, Appendix]. If X is any Banach space X we
write (-, -)x for the corresponding dual pairing. By Ri, L¥ we denote the cones of
nonnegative elements. For the scalar product in R* we use a centered dot. In our
estimates positive constants, which depend at most on the data of our problem, are
denoted by c.

3 Weak formulation of the basic model

Now we shall formulate a general evolution problem corresponding to the basic
model problem introduced in Section 2. We summarize the assumptions concerning
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the data of the basic system our further considerations are based on:

) is a bounded Lipschitzian domain in R?, T := 01,
I'p, I'y are disjoint open subsets of ', T =Tp ULy U (I'p NTy), (2)

I'p N Ty consists of finitely many points;

G €L, u, U € L™(Q), w;, U; > c> 0,

D;eL>*Q), D;>¢c>0,i=1,...,m,

Up:=>"1aUs, ¢:=(q1,-..,qm) € Z™, [ € L*(Q),
e€L®(), e>c>0,7€ LP(n), mesT'p + ||7][z1ry) > 0;

RE, RY are finite subsets of 7y x 7,
(@=B)-qg=0VY(a,B) e RT"UR,

for ¥ =Q, I and (, 3) € R*¥ we define
RE@ = kgﬁ(x,y) (e —e) ze€X, y=(yo,y1, " ,Ym) € R, (4)
CG:=v+qvy, t=1,...,m, where

szﬁ: ¥ x R™*tl — R, satisfies the Carathéodory conditions,

kls(z,y) > cp >0 faa. z € X, Vy € R with yo € [-R, R).

Finally, for the discussion of asymptotic properties we need a further assumption on
the structure of the reaction system which will be introduced later on (see (6)).

For the weak formulation of our basic problem we use as variables the m 4+ 1 dimen-
sional vectors of potentials and densities

v =(V0, V1, Um), U= (U, Uty ..., Up)-

The initial value for u has to be understood as U = (Uy,...,Uy,) with Uy =
> Ui, We work with the function spaces

X = H{(QUTDy) x H'(Q,R™), W = X N L®(Q,R™)

and define operators A: W — X*, Ey: Hy(QUTy) — (Hj(QUTN))*, E: X — X*
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by

(Av,T)x ::/Q { Zp@ewg V¢, + Z Ry (-, v) (= B) .Z} dz
=1

(o, B)ERS

/ S RU(0) (a—B)-TdT,

(a, B)ERT

<EOUO>@O>H3 I:/ {€VUO . VEO - fﬂﬁo} dx + / TV Vg dF,
Q

I'n
(Ev, ) x ::(EOvO,EO)H5+/ > wetvide, e X,
o

where ¢; = v; + qivo, ¢; = T; + ¢iTo, i = 1,...,m. As in [10] a weak formulation of
the basic problem (1) writes as

u(t)+ Av(t) =0, u(t) = Ev(t) faa t e Ry; u(0)=U, b
€ HL (R, X*), ve L2 (Ry, X)N LE(Ry, L2(Q, R™). } ()

loc loc

The concept of solution used in [9] is somewhat weaker.

The stoichiometric subspace S belonging to the system of volume and boundary
reactions occurring in the basic model equations is given by

S:=spanf{a —3: (o, 0) € RY URF} C R™.
Moreover we introduce the notation
U= {uEX Uy = ZC]ZU“ (uy, Vg, ooy (U, L)1) ES}
and
ui:{veX:vgzo, eS8, = v+ guo, izl,...,m}.

One easily verifies that (u,v)x = 0 for u € U, v € U*. Solutions (u,v) to (P) fulfill
the invariance property
u(t) eU+U VteR,.

4 Reduction scheme for limit problems with partly fast ki-
netics

We derive weak formulations for reduced problems arising from our basic problem
(P) under the general assumption that during the evolution process the vector of
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potentials v = (vg, ..., v,,) underlies some restrictions which can be described in
that way that the vector v(t) lies in a closed subspace of X only. We assume that
we are given a Banach space X and some linear operator L: X — X such that all v
from that closed subspace of X can be parametrized by means of some vector v € X
with v = Lv. These assumptions are motivated by investigations concerning limits
of fast kinetic subprocesses. For examples we refer to the reductions carried out
in Section 10. Cf. e.g. the definitions of the operators L given in (19), (21), (22)
and (23) and the corresponding choices for X in Subsection 10.1 — Subsection 10.4.
Generally, for the operator L we now assume the fundamental properties

L: X — X linear, continuous, injective, Im L closed in X, U* C Im L. (5)

Starting from our basic problem
u'(t) + Av(t) =0, wu(t)=Ev(t) faa teRy, u(0)=U

we proceed by some kind of Galerkin procedure. We are looking for states v € Im L,
v = Lv. And correspondingly we only consider test functions h € Im L, h = Lh,
h € X. This projection leads to
(u'(t) + Av(t), Lh)x = (L*u/(t) + L*ALB(t), h) 5
=0 Vhe )N(, fa.a. teRy,

(u(t) — Bu(t), LhYx = (L*u(t) — L*ELU(t), h) 5
=0 Vhe )Z', fa.a. teR,.

This motivates the definitions
i:=Lu, A=L"AL E=L"FL.

Since L*: X* — X* is lincar and continuous from u € H] (R, X*) it follows that
L*u € HL (R,,X*). Furthermore, L*u/(t) = (L*u)'(t) fa.a. t € R,. In this
notation we formulate the reduced problem (P) arising from the basic problem (P)
under the additional assumptions concerning the fast kinetic subprocesses described
by the operator L

W)+ AT(t) =0, u(t) = Ev(t) faa. t e Ry, u(0) = L*U,

ﬂ € Hl%)c(R-i-?jZ*) ’ ;5 € leoc(R-H )?)7 (P>
Lve LE . (Ry, X) N LE (R, L®(Q,R™)).

loc

Our aim is to carry over as most as possible of the results from the basic problem (P)
to the reduced problem (P). We assume the properties (5) for L to be satisfied.
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5 Results for the basic problem (P)

In this section we summarize notation, properties and results on energy estimates
for (P) which will be of importance for the analytical treatment of reduced model
equations in the case of fast kinetics of some of the involved processes. For the
proofs of the assertions stated in this section we refer to [9, 10].

Theorem 5.1 We assume (2) — (4). There exists a unique steady state (u*,v*) of
(P) in the sense that

Av' =0, v " =Ev", v eUU+U, v- e W.

For the proof we refer to [9, Theorem 3.1]. Note that our concept of solutions implies
that U; > ¢ >0, i =1,...,m, and therefore the Slater condition in [9],

Z/Umidx>0forallfieSL, k>0, K#0
i=1 V&

is automatically fulfilled.

For the steady state (u*,v*) we define the quantities a} := e% 4% ¢ = 1,...,m,
a*:=(aj,...,a},). Using [9, Lemma 5.1] we obtain that (a*,v§) € M where
M = {(a,vo) €RT x HY(QUTy): [[a = [[af V(a.8) e R2URT,
i=1 i=1

(Eovo, U1, - . ., Upy) € U + U where u; :=u; a; €4 | i = 1,...,m,}.

The operator F is a strictly monotone potential operator with potential ¢: X — R,

9 - T
CIM):/ —|Vvol? — Py + u;(e” — 1 dx+/ —v2dr,
)= J{5IV0F = o0+ S mle D det | G

® is continuous, strictly convex and subdifferentiable. The free energy F: X* — R
corresponds to the conjugate functional of @,

F(u) = ®*(u) = ig}g{(u,v)x —®(v)}, ue X"

If ue (Hy(QUTN))* x L2 (2, R™) then the free energy at the state u is given by

Flu) = /Q {%\wo‘z n Z (ui(ln;—z —1) +m)} dz + /F gvg dr,
=1 N
where FEgvg = ug (cf. [11, Lemma 3.2]). Next, we define the dissipation rate

D(v) = (Av,v)x, veW.
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Note that by the definition of the operator A the dissipation rate is nonnegative for
all v € W. Moreover, we have D(v) = 0 if and only if v € U~ if and only if Av = 0.
We cite the following result concerning the boundedness and the decay of the free
energy from [10, Theorem 3.2].

Theorem 5.2 We assume (2) — (4). Let (u,v) be a solution to (P). Then

lvo (D) || 72 + Z || w; () o (8) || 1 +/0 D(v(s))ds <c¢ VteR,,

where ¢ depends only on the data.

For assertions concerning the exponential decay of the free energy we need the
additional assumption that

M C int RT x Hy(QUTy). (6)

Theorem 5.3 We assume (2) — (4) and (6). Then for every R > 0 there exists a
cp > 0 such that
F(Ev) — F(u*) < cgr D(v)

forallve Mp:={veW: F(Ev)— F(u") <R, EvelUd +U}.

Theorem 5.4 Let (2) —(4) and (6) be satisfied. Then there exist constants A, ¢ > 0
depending only on the data such that

F(u(t)) = F(u") < e M(F(U) = F(u),
[[vo(2) — vl + Z i) =l < ce™? Wt 20

if (u,v) is a solution to (P).

For the proofs of the last two theorems we refer to [9, Theorem 5.2, Theorem 5.3].
Theorem 5.3 is based on an indirect proof such that the decay rate of the free energy
in Theorem 5.4 can not be given explicitly. There are papers where for special
situations an explicit rate of convergence is proved. Gajewski and Gértner [5] did
this for the van Roosbroeck system with magnetic field. Desvillettes and Fellner [2]
provide an explicit rate of convergence for a reaction-diffusion system of two species
and the reaction 2X; = X, and one invariant and for a system of three species, the
reaction X7 + Xy = X3 and two invariants, respectively.

Additionally, in [10] we proved that (P) has at most one solution. Under some
restrictions concerning the order of the reactions we there obtained solvability and
global bounds for the solution to (P). Now we derive energy estimates for the reduced

problem (P).
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6 Invariants and steady states for the reduced problem (P)

We define

UI:{ﬂEX*Iﬂ:L*U, uEU}

as well as

ui:{’ﬁef(:v:m@ui}.
We obtain the relation (u,v)3 =0 Vu € U, vo e+,

Lemma 6.1 Let (@,0) be a solution to (P). We suppose (2) - (4) for (P) and (5)
for L. Then the invariance property

ut)—L'U el VieR,
18 fulfilled.

Proof. Let h € U* be arbitrarily given. Then Lh € U+ and (AL, Lﬁ) x = 0. Here
we used that (Av, ) =0 for v € W, v € Ut. We evaluate

%(N, by = (L*ALT, h) ¢ = (AL®, Lh)x =0

which proves the assertion. [

The steady states for problem (P) are pairs (u*,v*) fulfilling
AV =0, W =FEv", " —L'Uel, Li*eW, v* € X.

Theorem 6.1 We suppose (2) — (4) for (P) and the properties (5) for L.

i) Then (u*,v*) is a steady state of (P) if and only if (u*,v*) is a steady state of
(P) and @* = L*u*, v* = Lv*.

ii) There is exactly one steady state of (P).

Proof. 1. (=). If (u*,v*) is a steady state of (P) then Av* = 0 which implies that
v* €Ut C Im L. Since L is injective there exists a unique 0* € X with v* = Lo*.
Next we define @* := L*u* and obtain that o* = L*u* = L*Ev* = L*ELv* = Ev*.
Moreover, @ — L*U = L*(u* — U) € U and Av* = L*ALv* = L* Av* = 0.

2. (). If (u*,v*) is a steady state of (ﬁ) we define v* := Lv*, v* := E Lv*. Then
the relation @* = Ev* = L*ELD* = L*u* is satisfied. Furthermore, from A" =0 it
follows 0 = (A0*,7%) ¢ = (ALD*, Lt*)x = D(v*). Thus v* € U+ and Av* = 0. Next
we show that u* — U € U. Let T € U+ C Im L be arbitrarily given. Then 7 = L7,
7€ Ut and by @ — L*U € U we conclude (u* — U,T)x = (L*u* — L*Uv); =
(Ev* — LU, v)z = (u* — L*U, )¢ = 0 which gives the assertion.
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3. (Existence). The existence of a steady state of (ﬁ) follows by step 1 and
Theorem 5.1.

4. (Uniqueness). If we would have two steady states of (P) (@*,7*), i = 1,2, then
by the second step v** = Lv*, i = 1,2, would be components of the steady state
of (P). By Theorem 5.1 the steady state of (P) is unique which means v*! = v*2
Since the operator L is injective it follows v*!' = 9*2. From u*!' = u*? we find
ﬂ*l — L*u*l — L*u*Q — ﬂ*2, 0O

7 Energy estimates for the reduced problem (f’)

We define the energy functionals and carry over the convex structure from (P) to
(P). At first we introduce the functional ®: X — R,

®(D) := ®(LD).

By the properties of L and ® (cf. Section 5) this functional is continuous, strictly
convex and subdifferentiable and the relation

0®(v) = L*0®(Ly) = L*ELy = Ev
holds. Again, the free energy F: X* — R is defined as the conjugate functional

of @,
F(@l) :== (@) = (BL)* (@) = sup {<a, W5 — @(La)}.

veX
On the other hand, since ® is convex and continuous (cf. [15, Sect. 3]) we have

F(u) = (L*®")(u) = inf {F(u): v € X*, L*u =u}, (7)

where F'is the free energy for the basic system. If F is subdifferentiable at u, u = Ev
then we obtain N
F(u) = F(u) where u = 0®(Lv) = Ew. (8)

Finally, we introduce the dissipation rate D: X N {0 € X: Lt € W} — R for the
reduced system (P) by

D(v) := D(Lv) = (ALv, Lv)x = (L*"ALv, ) 5
= (A0, )y, TeXn{v:LveW}
Since D is nonnegative for all v € W it follows that D(?) > 0 for all ¥ with Lt € W.

The functional F is convex and lower semicontinuous. If (@,7) is a solution to (P)
then OF (u(t)) = 0(t) f.a.a. t € Ry. Moreover, OF (u*) = 0* € U*. Thus along any
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solution (%, 7) to (P) the function ¢ — e (F(u(t)) —]5(17*)) with A € R is absolutely
continuous and we obtain (cf. [1, Lemma 3.3])

N (F(u(t) = F(i) = (F(L'U) = F(@))

= [ {MFGs) - F@) + (@(9). 0F () - 0F (@)} ds
0 i (9)

— /Ot eAs{)\(ﬁ(ﬂ(s)) — ﬁ(ﬂ*)) — (AW(s)),5(s) — '17*>)~{} ds
— /Ot e/\s{)\(ﬁ(ﬂ(S)) _ ﬁ(ﬂ*)) B <g(’ﬁ(s)),'ﬁ(s)>)~{} e,

Theorem 7.1 We suppose (2) — (4) for (P) and (5) for the operator L. Let (@,v)

be a solution to (P). Then

Fa) + /0 " B@(s)) ds < F(U) Vi €R,.

Proof. 1. We set A = 0 in the relation (9). Since along solutions (u,v) to (P) it is
guaranteed that Lv € W for a.a. s € Ry we have that (A(v(s)),v(s)) 5 = D(v(s)) >
0 for a.a. s € R,. This leads to the desired estimate if one takes into account that

by (7) we have F(L*U) < F(U). O

Theorem 7.2 Let (2) — (4) and (6) for (P) as well as (5) for the operator L be
satisfied. Then there ezists a constant X > 0 depending only on the data such that

F@(t) — F(@*) < e ™(F(U) - F@)) vt>0 (10)

if (W, ) is a solution to (P).

Proof. 1f (w,v) is a solution to (Nﬁ) then for a.a. s € R, the following properties
are fulfilled. We have u(s) = Ev(s) and therefore by (8) and Theorem 6.1 and
Theorem 7.1

F(u(s)) — F(@*) = F(EL¥(s)) — F(u*) < F(U) — F(u*) =: R.

Moreover Li(s) € W and, since by Lemma 6.1 L*(ELi(s) — U) = Ev(s)— L'U € U
we find ELv(s)—U € U. Thus Lv(s) belongs to a set Mg occurring in Theorem 5.3
on which there is given an estimate of the free energy by the dissipation rate. By
Theorem 5.3 we conclude that

F(i(s)) — F(@*) = F(ELU(s)) = F(u*) < caD(L¥) = cgD(¥) = cr(A(0(s)), 8(s)) ¢

Setting now A = 1/cg we thus obtain from (9) the estimate (10). O
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8 Comparison with solutions to the basic problem

Let (@, v) be a solution to (P). We ask in what sense we can prescribe the behaviour
of a solution to (P) by means of solutions to (P). For this purpose we define for
quantities v € X and uw € X* quantities v € X and u € X* by prolongation

o= Ly, u:=ELb. (11)

According to Theorem 6.1 we find by applying the transformation (11) to the steady

state (u*,v*) of (P) that
(', 5") = (BLY, 10°) = () (12)
corresponds to the steady state of (P). Additionally, ¢f. (8), for @, where F' is

subdifferentiable, we have F (1) = F(u). This means for the steady states Fu) =
F(u*) and for solutions (&, v) to (P)

F@ut)) = F(u(t)) faa.tecR,. (13)

Moreover we obtain the following conclusions from energy estimates for (P) and (P).

Theorem 8.1 We suppose (2) — (4) and (6) for (P) as well as (5) for the operator
L to be satisfied. Let (u,v) be a solution to (P) and let (u,v) be prolongated via
(11) from a solution (W,7) to (P). Then there exist constants \, ¢ > 0 depending
only on the data such that

|[F(u(t)) = Fu()] < ce™,

||\’(70(t) — ’Uo(t)HHl + Z Hﬂz(t> - uz(t>HL1 S C€_>\t/2 f.CL.CL. t e R+.
i=1

Proof. Because of (12) and (13) we obtain by Theorem 7.2 that

F(u(t)) — F(u*) < e ™(F(U) — F(u*)) faatecR,. (14)
Therefore Theorem 5.4 and the triangle inequality lead to the first estimate. For all
(W, 09) € X* x H}(QUTy) with u — u* € U and Eyvy = Uy the estimate

[F0 — w5l + Z IV = /4|72 < o(F(@) = F(u?)) (15)

is valid (cf. [9, p.827]). By relation (11) we find uo(t) = Eo(Lv(t))o = Eovo(t).
Next we show that u(t) —u* € U f.a.a. t € R.. Let v € U+ C Im L be arbitrarily
given. Then 7 = Lv, v € U and by Lemma 6.1 we conclude

(W) — ", T)x = (LU(t) — L'u", D) ¢ = (Bo(t) — ", %) 5 = (@(t) — 7", )¢ = 0 ace.
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which gives the assertion. Thus we can apply inequality (15) to (u(t), vo(t)) as well
as to (u(t),vo(t)) f.a.a. t € Ry. Together with (14) and Theorem 5.4 we obtain

190(t) = vo ()7 < e(llvo(t) — vllzn + llvo(t) — vgllEn) < ce

Analogously we find

1V at) = )3 < e faa teR.. (16)

Using (13), Theorem 7.1 and the estimate Y ;" ||a;]l;1 < F(u) + ¢ for elements
u = Ev with v € X we have [|u;(t)||zr < c a.e. in Ry, From Theorem 5.2 it follows
|lwi(t)||zr < ¢ for all t € Ry. Therefore, using (16), we conclude for i = 1,...,m

that
() — wi®)lzr < 1/ awa(t) =/ walt Hme )+ ()]

< ce ™% ae. in R,.

M faa. te€R,.

Remark 8.1 If the assumptions of Theorem 8.1 are fulfilled and in addition v has
the following reqularity properties

(L@/)O S C(R—i—? Hl)? (L;J)Z S C(R—H L2) N Cw*(R-l-? Loo)u L= 17 RN LT

then the assertions of Theorem 8.1 hold for allt € R,.

9 Energy estimates for a fully implicit time-discrete version
of problem (P)

Our aim is to approximate problem (ﬁ) by a discrete-time problem which saves the
important property of monotonous and exponential decay of the free energy along
trajectories of the discrete-time system to its equilibrium value. In [9, Section 6]
we proved this property for the fully implicit discrete-time scheme corresponding to

(P).

We assume that we are given sequences of partitions {Z,},en of Ry,

Zy={toty,.. .t} =0, theRy, tit <t keN
with t% — 400 as k — oco. Let
hE = tf — , SFi= (tF71 k) R, = sup AE.
keN

For a given partition Z, of R, and a given Banach space B we introduce the space
of piecewise constant functions

Co(Ry, B) := {a:R+—>B () =aF Ve St Wt e B, kzeN}.
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We define the difference operator A, : C,, (R4, X *) — Cn(Ry, X *) by

(A0)F = %(ﬂk —ah, @’ =U,

where U = L*U is the initial value of problem (P). For n € N, we investigate the
problem

Py
T € Co(Ry, X), LT, € Co(Ry, X) N C(Ry, L2(Q,R™)).

This fully implicit scheme can be written in more detail as

eX, Li"eW, keN, @ =LU.

~k | 1k Aok _ ~k—1  ~k _ Tk
u, + h, Av, =u, ", u, = Ev n

n?

First, let us note that solutions of the discrete—time problems (P,,) fulfil the same
invariance property as solutions of the continuous problem (P),

Un(t) eU + LU VteR,, (17)
This assertion proves as follows: Similar to Lemma 6.1 we obtain
(Anln(s),h)g =0 VYhel*, Vs eR,.

Thus .
tn ~
/ An(s)ds =1 —L*UcU VkeN
0

which gives the assertion. Furthermore, each discrete-time problem (ﬁn) has the
same steady state (u*,v*) as the continuous problem (P).

Theorem 9.1 We suppose (2) — (4) for (P) as well as (5) for the operator L to
be satisfied. Let h > 0 be given and let Z, be any partition of Ry with h, < h.
Then the free energy F decreases monotonously along any solution (t,,v,) to the

discrete—time problem (P,), i.e.,

F(tn(t2)) < Fun(t)) < F(U)  for ta =t 20.

If additionally (6) is satisfied, then there exists a constant A > 0 such that

F(un(t)) = F(u") < e ™(F(U) = F(u") ¥t>0

for any solution (t,,v,) to (Py).
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Proof. Let (@, ,) be a solution to (P,). Since @, = E7!, we have 0!, € dF(ul)
which implies B B B

(ul, —w, )z > F(d,) — F(w) Yuw e X*.
We derive some discrete version of the estimate (9). Let £ > j7 > 0 and A > 0. Then
we conclude that

= 3 (@ =) (@) - Fu) + 0 (F(@,) - F( ) |

I=j+1
k
< MM NBL (F(IL) — F(ur)) — e Bl (A3, 3L) X}
I=j+1
k
<3 il ewl{ M (F(ELL) — F(u?)) — D(L’ﬁ;)}.
I=j+1

At first, since the dissipation rate D is nonnegative, by setting A = 0 we obtain
F@@k) < F(@) < F(L'U) < F(U) Yk>j>0

which means

F(in(t2)) < F(un(t)) < F(U) Yty >t > 0.

Next, we fix R > F(U) — F(u*). Since u, fulfils the invariance property (17) and
U, = E,, we find that EL3., —U € U and Li € W for | € N. Thus the Li!, [ € N,
belong to the set Mg defined in Theorem 5.3. If we now choose A > 0 such that
AeMep <1 and set j = 0 Theorem 5.3 implies that

F@@k) — F(u*) < e (F(U) - F(u)) VkeN

n

and the second assertion of the theorem follows. O

10 Examples for the reduction of the model equations in
the case of fast kinetic subprocesses

10.1 Example 1: Some fast volume reactions

Our aim is to reduce the basic model under the assumption that the kinetic of a part
of the involved reactions is very fast. In many applications by physical reasons such
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assumptions are justified (see e.g. [7]). Let R C R be a subset of fast volume
reactions. Then

key — o0 ae. in Q V(a,p) € Ry.

To guarantee that the reaction terms remain bounded a.e. in €2 we have to require

e =eC V(a,B) € RY (18)
Having in mind that ¢ € S* (cf. (4)) the relations (18) mean that we have to look
for states (u,v) where the vector of chemical potentials ve, = (v, ..., v,,) fulfills the
property

(@=0)-¢=(a—p)va=0 ¥(a,f)eRyg.

In other words, v (t, ) € Sy a.e. in R, x Q where
Sy :=span{a — 3: (a, ) € R{Y.

Sy is a closed subset of R™. We introduce M := dim S = m —dim S,. Then there
exist a permutation matrix I1, a set of indices {iy,...,ip} and a linear, injective
mapping L: RM — R™ with Im I[I7'L = St such that a.c.

e, = LUy, where Tgp = (Viys-- - 0in)s Lown = @y (L0) n151s - - - » (Lol )m)-

By the closed range theorem, since the mapping Lis injective, and Im Lis closed, the
adjoint operator L* is surjective. Pointwise we have v., = 11~ chh The mapping
I1-'L can be carried over to an operator on space functions I1™ IL: (HYM — (HY)™
Since IT is bijective and linear the operator 11~ 17 is linear, injective and continuous.
Thus the complete transformation of the potentials , v = (Vg, U ) to v = (v, Vep) 18
prescribed by v = Lv where the operator

1 0
L:= | HNQUTN) x (HYM — H}(QUTy) x (HYH)™ (19)
0 'L

is linear, injective, continuous and Im L is closed. Again we obtain that the adjoint
operator L*: (H}(QUTN))* x (HY)*™ — (HY{QUTN))* x (H')*M is surjective.

Lemma 10.1 The operator L has the property
U+t c ImL.
Proof. Let v € Ut be given arbitrarily. Then v = (0,¢) + (1, —q)vo. Because of (4)

and v € Z/{j we have ¢, ( € St C€ S5 = Im L such that ¢ = Lq, ¢ = L(. Therefore
v=L(vy,( —qug) € Im L. O
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10.2 Example 2: Some fast boundary reactions

Next, we reduce the basic model under the assumption that the kinetic of a part
of the involved boundary reactions is very fast. Let Ry C R be the subset of fast
boundary reactions. Then

kg — o0 ae. on ' V(a, B) € Ry.
Analogously we define
So :=spanf{a — 3: (a,) € Ry} (20)

By the same arguments as in the case of fast kinetics for volume reactions the limit
case of fast boundary reactions now leads to conditions for the traces of the vector
of chemical potentials

Y(ve) € Sy

Here v denotes the trace operator. Again we define M := dim 83~ Let L': (H)M —
(HY)™ be the linear, continuous, injective operator, let {iy,..., iy} be the set of
indices and let II be the permutation operator as derived in Subsection 10.1 which
would ensure that

v, = LV, v = (viy,...,05,,), Ven €Sy (a.e. on Q)
for Sy defined in (20). Then we have v(ve,) € Sy, too. We define the operator

L: HY(QUT ) x (HHYM x (HY(Q)™™ — H3(QUTy) x (HH™,

21
L5 = (3, I (L + (0,0")), 7= (B, ', 0"). -

By the properties of IT and L’ the operator L is linear and continuous.
Lemma 10.2 The operator L is injective.

Proof. Since L is linear it suffices to show that from Lv = 0 it follows v = 0: Let
Lv = 0. Then (Lv)y = vy = 0. Since II is bijective we have L'v’ + (0,0”) = 0.
Because of L'v" = (v, (L'V")ar41, - -+, (L'0")m) we conclude that (L'v'); = v} = 0,
i=1,...,M. This implies L'v' = 0 and thus v” = 0, which in summary gives v = 0.
0

Lemma 10.3 Im L={ve X: y(va)(x) € Sy a.e. onT}.

Proof. 1. Let v € Im L. Then v = (o, 1"} (L'v' + (0,v"))) = Lv where v =
(0, v',v") € HI(QUTy) x (HHYM x (HY(Q)™ M. Thus v € X. Since v" €
(H ()™M we have v(IT71(0,v”)) = 0. And therefore by the construction of the
operators IT and L’ it follows v(ve,) = (LT L'v') € S a.e. on T
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2. Let be v € X with y(vey) € Sy. We set v = (g, v/,v") with Ty = v, v/ =
(Vigy .-, 04y, ) and

U;, = (L/(Uilv s 7UiM))j+M - (HUGh>j+M7 j=1...,m—=M,

and obtain that v = Lv. O

Thus by Lemma 10.3 Im L is closed and the operator L*: Hg (QUI y)* x (H*)*)™ —
H}(QUTN)* x (HY)M x (H3(Q)*)™ M is surjective.

Lemma 10.4 The operator L has the property
Ut c ImlL.

Proof. Let v € Ut be given arbitrarily. Then v = (0,¢) + (1, —q)vy € X, where
¢ € 8t is constant. By Lemma 10.3 we have to show that v € {v € X : y(ve)(2) €
Sy a.e. on '} = Im L. First, since ¢ = const and ¢ € St C Sy we find that
¥(¢) = ¢ € 8. Second, by (4) ¢ € St C 8 and it results v(qvg) = qv(vo) € S
a.e. on I'. Therefore we obtain (¢ — qug) = v(ver) € Sy and v € X which together
means that v € Im L. [0

10.3 Example 3: Fast diffusion of some species

Without loss of generality we now assume that for the last m — k species
D;— o0, 1=k+1,...,m,

(otherwise additionally permutation matrices must be used). To guarantee that
the flux terms in the last m — k continuity equations remain bounded a.e. in €2
we have to require that V{; = 0 which means v; + ¢;v9 = (; = const a.e. in €,
1 =k+1,...,m. Thus the chemical potentials v; may be expressed by (; — g;vg for
1=k+1,...,m. We define the operator

L: H{(QUTy) x (HY x R™* - H}QUTy) x (H)™,

N (22)
Lv = (UO> V1, ... Uk, <k+1 — Gk+1%0, - - -, <m - quO)7

where U = (Ug, ... Um) = (Vo,- -+, Uk, Cht1s - -5 Cm). We get v = Lv with a linear,
continuous, injective operator L. Im L = Hy(QUI y) x (H")*x (H}(QUT y)+R)™*
is closed in X. Again the adjoint operator L*: (H}(QUTy))* x (H')*™ — (H}(QU
Cn))* x (HY)** x R™* is surjective and the relation

Utc Im L

is satisfied. For the last assertion we argue as follows. Let v € U+ be given ar-
bitrarily. Then (; = v; + q;vg is constant for ¢ = 1,...,m and we obtain that

v=L(vo,. .., Uk Chrt1y---sCm) € Im L.
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10.4 Example 4: Fast diffusion of some species and fast re-
actions between these species

An example for such a reduction is the elimination of electrons and holes from
electro—reaction—diffusion systems prescribing problems from semiconductor tech-
nology by the assumptions that the diffusion of the electrons and holes as well as
the generation/recombination of electrons and holes is very fast (D, D, — oo,
k — oo in k(e * —1)). These assumptions are very common in the modeling of
dopant diffusion in semiconductor technology (see e.g. [14]). In [10, 11] we carried
out this special reduction and investigated the concrete arising problem.

Without loss of generality we now assume that for the last m — k species
D;— oo, 1=k+1,...,m
(otherwise again permutation matrices have to be used). Moreover we suppose
kag — 00 V(o,8) €Re:={(a,8) eRUR 1 ; =B, =0,i=1,....k }.

To guarantee that the flux terms in the last m — k continuity equations remain
bounded a.e. in €2 we have to require that V(; = 0 which means v; + q;vg = (; =
const a.e. in €2, i = k+1,...,m. Thus the chemical potentials v; may be expressed
by (;—q;vo fori = k41, ..., m. Moreover to keep the reaction terms for all reactions
from R, bounded it is necessary that ¢ -« = ¢ - § for all («, 8) € R,. If we define

S<> = Spa’n{(ak—i-l - ﬂk-ﬁ-la N ﬁm) : (avﬁ) € Ro} - Rm_k
then the relation ((xy1,...,(m) € S.,t c R™* must be satisfied. Let K :=

dim S,* = m—k— dim S,. Then there exists a linear, injective mapping L, : RX —
R™* and ¢° € R such that

(<k+17 R Cm) = L<><07
Im L, = S,* is closed and L} is surjective. Let M := k+ K. We define the operator

L: HY(QUTy) x (HYF x RY — H}(QUTy) x (HY)™,

~ (23)

Lv = (U()? U1y .-y Uk, (LOCO)I — 4g+1%0, - - -, (Loco)m—k - qmvo)?
where v = (Vg,...,0p) = (Vo, ..., 0, (..., C%). We thus obtain v = Lv with a
linear, continuous, injective operator L with closed range. For the injectivity one
argues as follows: From Lv = 0 we obtain vg = --- = v, = 0, L,(° = 0. Since L, is

injective we find (¢ = 0.

Again the operator L*: (H}(QUTx))* x (HY)*™ — (H}(QUTy))* x (H})* x RE
is surjective.
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Lemma 10.5 The operator L has the property

Ut c Im L.

Proof. Let v € U+ be given arbitrarily. Then ¢; = v; + g;v is constant and ¢ € S*.
Therefore (_L(a — () for all («, 5) € R, which induces that the shorted vector

(Ck+17 ey Cm) - SQJ_ - Im LO‘

Thus there exists an (¢ € RX such that ((ri1,...,Cn) = LoC°. Now, for 7 =
(o, .-, 0p) with v; = v, @ = 0,...,k, and U4y = i =1,...,K, we have
v=ILve ImL O

<&
7

Remark 10.1 In [12, 13] we considered pair diffusion models from semiconductor
technology. These model equations can be obtained by a reduction from systems of
type (1) by a suitable operator L with properties (5). Also in [8] such a reduced model
18 1tnvestigated. But, in the three cited papers we did the required energy estimates for
the reduced models by hand and did not use the principle introduced in the present
paper in Section 6 — Section 8 to carry over the results concerning energy estimates
for the basic system to the reduced one.
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