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ABSTRACT
In this paper we study smooth solutions to a fractional mean curvature flow equation. We
establish a comparison principle and consequences such as uniqueness and finite extinction
time for compact solutions. We also establish evolutions equations for fractional geometric
quantities that yield preservation of certain quantities (such as positive fractional curvature)
and smoothness of graphical evolutions.

1. INTRODUCTION

In the recent literature, an intense study has been performed on some fractional counterparts of the
classical perimeter and of the motion by mean curvature. The interest in this kind of topics comes from
several considerations. First of all, from the theoretical point of view, the analysis of nonlocal and fractional
operators has an ancient tradition, which have been vividly renovated recently by new exciting discoveries.
In particular, a notion of fractional perimeter has been introduced in [7] and its relation with a fractional
mean curvature flow was discussed in detail in [15, 8.

Roughly speaking, given s € (0,1) the fractional perimeter in the whole of R™ of a bounded set F may
be seen as the seminorm in H*/?(R") of the characteristic function of E (and this notion may be also
localized inside a bounded domain 2 C R™). The first variation of the fractional perimeter functional may
be seen as a fractional counterpart of the mean curvature. As s — 1, these notions approach the classical
objects in different senses (see e.g. [5, 19, 40, 9, 2, 10] for details). The limit as s — 0 has also been taken
into account under various circumstances (see e.g. [33, 22]).

These fractional theories of geometric type found very often concrete applications in real-world problems.
For instance, fractional perimeter functionals naturally appear in the large-scale description of interfaces
of nonlocal phase transitions (see [37, 38]). A very natural application arises also in computer science:
indeed, the a square pixels of small side € produce, along the diagonal, an error of order one for the classical
perimeter, but an error of order only €'~* for the fractional perimeter. In this sense, fractional objects are
very useful to “average out” the errors caused by the possible fine anisotropic structure of the media.

Many results of great interest about the fractional mean curvature flow have been recently obtained
in [12, 13, 14]. See also [1] for a detailed study of the fractional mean curvature, with analogies and
important differences with respect to the classical case. The question of the regularity of the minimal
surfaces corresponding to the fractional perimeter has been investigated in [7, 36, 10, 28, 3, 11], several
connections with the isoperimetric problems have been studied in [29, 27, 21| and remarkable examples of
surfaces of vanishing and constant fractional mean curvature have been recently constructed in [20, 6].

In this work we are interested in studying classical solutions to the L?-gradient flow associated to the
fractional perimeter. More precisely, we consider a set Ey and we are interested in a family F; that satisfies
for every x € OF, the law of motion

(1.1) Ox - v =—Hi,

where v is the outer normal to E; and the quantity Hj is the fractional mean curvature defined by
. XEe(Y)

(1.2) Hy(z,FE) :=lims(1 — s)/ ————dy
N0 R\ By (2) |7 — Y[

Here above and in the sequel we use the notation

Xe(Y) = xrm\£(y) — XE(Y),

while xg is the classical indicator function of E, that is 1 on £ and 0 on R™\ E. We also assume that the
parameter s belongs to the interval (0,1). Notice that with this convention the mean curvature of a sphere
is positive (more details on this case will be given in the forthcoming Section 2.1.1). Moreover, under this
convention, the s-perimeter of solutions to (1.1) decreases in the fastest direction; In fact it holds that (see
Theorem 14)

OP,(E)=— | HXw)dH" (y) <O0.
OFE;
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The flow described by equation (1.1) is the natural analog of the mean curvature flow, which has been
studied largely in the literature (see for instance 23], [24], [30], [31], [32] , [35] and references therein). The
mean curvature flow has been used in several contexts that range from modeling interface transition [34]
to obtain topological classification of certain surfaces [31, 4].

The mean curvature flow is a quasilinear geometric equation of parabolic nature that has regularizing
effects as long as the mean curvature remains bounded (i.e. solutions are C'*° in space and time while the
mean curvature is bounded), but it may form singularities in finite time. One of the main topics within
the subject is the study of singularity formation during the evolution. The first important result in this
direction is due to G. Huisken [30] who showed that convexity is preserved by the flow and that singularities
only form at an extinction time at which the surface collapses to a “round point”, that is after appropriate
rescaling convex surfaces are asymptotic to spheres. Later on, it has been proved that in fact the flow
preserves k-convexity for any 1 < k < n — 1 ([31]) and that homothetic solutions play an important role
in the understanding of singularity formation. In this paper we show that H,-convexity is preserved by
the fractional flow (see Section 5) and we observe that in fact spheres are self-similar solutions to the flow
(see Section 2.1.1).

Another important classical example of evolution by mean curvature flow is the evolution of entire graphs
with linear growth. In [24] it is shown that in that case the evolution exists and it is smooth for all times.
The estimates of that work were later localized in [25] to obtain short time estimates for any evolution.
Other graphical evolutions have been studied in [35]. In Section 6 we show that graphical solutions to (1.1)
have bounded H,- curvature for all times and are in fact C*°. A key element of the proof is the preserved
quantity (v - e,)”! which is known as the height function. On the other hand, star-shaped surfaces also
have a preserved quantity and we briefly address this case in Section 7.

Other results that we present here are a comparison principle, the preservation of the positivity of Hj
and some estimates for entire graphs.

The organization of the paper is as follows: Section 2 is devoted to formulate Equation (1.1) for star-
shaped surfaces and entire graphs. We compute in particular the example of an evolving sphere. In Section
3 we show that a comparison principle holds for the flow and as a corollary we find bounds on the maximal
existence time and uniqueness of smooth solutions. Section 4 is devoted to compute the evolution of local
and non-local geometric quantities. Of particular interest is the evolution equation of H, that is given by

at}Is Hs<y) - Hs(l‘) / 1— I/(l?) : V(:U)
——— (x)=P.V. dy + H,(z)P.V. _—
21 -5 o, o gl @R

This equation implies that if the initial condition satisfies H; > 0 then this is preserved by the flow.
This result is proved in Section 5. In Section 6 we prove bounds for graphical solutions and in Section 7
that star-shapedness is preserved by the flow as long as the fractional curvature remains bounded.

2. SOME SPECIAL CASES

In this section, we consider some particular forms of the fractional mean curvature motion, namely the
cases in which the evolving surface is the boundary of a star-shaped domain or it is a graph in a given
direction. A simple and concrete example of fractional mean curvature evolution for star-shaped surfaces
is given by the spheres, in which the equation can be explicitly solved by scale invariance. On the other
hand, planes are trivial examples of graphical evolutions.

2.1. Evolution of star-shaped surfaces. In this subsection we assume that the initial set is of the form

Ey={pw, weS", pe 0, fo(w)}

with v(p) - p = 0 for any p € OFy, where v(p) is the outer unit normal at p.
We deal with the motion of 0F, by its fractional mean curvature. We assume that this evolution is
regular and star-shaped around the origin for all times ¢ € [0,7) That is, we consider

Ey={pw, we S, pe0, flw,t)]}
and oE, = {f(w,t)w, w € S”_l}



with f € C?(S"™! x (0, +00), [0, +00)) N C?(S"! x [0,400), [0, +00)) and f > 0.

In order to write (1.1) more explicitly in dependence of f we extend the function f = f(-,¢), that was
originally defined on S™~!, to the whole of R™ \ {0} by homogeneity, namely we suppose, without loss of
generality, that f: R™\ {0} — [0, +00), with

(2.1) flz)=f (é—|> for every z € R\ {0}.

Notice that we omitted, for simplicity, the dependence on the time ¢ in the notation above. Similarly,
given w € S™ !, unless otherwise specified, we denote by v the exterior normal at the point f(w)w. Hence
we have:

Lemma 1. The external normal v of E can be expressed in terms of f by

Jw—-Vf
VIVIE+
Also, given any w € S™1, for any n € R™ orthogonal to w we have that
(2.3) (Vf(w)-n) (w-v)+ flwn-v=0
Finally, (1.1) is equivalent to
2 2
0uf(w.t) = . (x, E) LS
(2.4) f
f(w,0) = fo(w), for every w € S™ 1,

(2.2) v=

for every w € S" 1 and t > 0,

where * = f(w,t)w.
Proof. First we point out that, by (2.1),

d

(2.5) Viw) w= Ef(nu) =0

T=1

d
= Ef(w)

=1

for any w € S™. Also, if 7+ w(7) is a curve on S"!, we have that
dw? d1

2.6 — 2 _ 2~ _p

(2.6) YT 2 dr 2

and a generic tangent vector at OF is

d
T:=—(fw)=(Vf -@w)w+ fw.
dr
We observe that

(fo=Vf)-T=f(Vf-&)+ o w-(VfO)Vfw)—f(Vfb)=0

thanks to (2.5) and (2.6). This shows that the vector fw — Vf is normal to E. Also, by (2.5), the
component of fw — Vf in direction w is f, which is positive: accordingly, this normal vector points
outwards and this completes the proof of (2.2).

Using (2.5) and (2.2), we also obtain that

I
VIVIE+ 2

and this shows that (1.1) and (2.4) are equivalent (recall indeed that x = f(w)w).

(27) W V=



It remains to prove (2.3). For this, we take 7 orthogonal to w and we use (2.2) and (2.7) to compute

(Vf-n)(w-v)+fn-v

f(Vf-m) +f277-w—f(?7-Vf)

VIVIE+ f? VIVIE+ f?

_ SV +O—f(n-Vf)
VIVIE+ 2 VIVEPE+ f

that clearly equals to zero and proves (2.3). O

For the analogue of (2.4) in the classical mean curvature flow see, e.g., formula (2.8) in [39].

As a matter of fact, from Lemma 1, we can easily present an explicit derivation of (1.1) in terms of
the prescribed normal velocity (we refer to Section 2 of [39] for a similar argument in the classical case).
Indeed, suppose that a smooth, compact hypersuperface of R" is defined by an embedding X : S"~! — R",
and consider the evolution equation in which the normal velocity is some prescribed v (in our case, we will
take v to be —H,, but the argument is general). We then obtain the equation

atX(C7 t) = U<X(<a t)’ t) V(X(Ca t)v t)v

for any ¢ € S"1. A multiplication by the normal vector then yields
(2.8) X (C,t) - v(X(,1),t) = v(X(C, 1), 1).

If the region enclosed by the manifold is star-shaped (say, with respect to the origin), one writes X = fw,
i.e. one considers the diffeomorphism w(-,¢) : "=t — Sn—1,

w(¢,t) = —i)

with inverse mapping ((w,t), and defines

We remark that |w((,t)| = 1, therefore

w((, )2 1
W(C,t) . @w({,t) = 8t@ = 85 =0.
Therefore we can apply (2.3) and conclude that
(2.9) (Vf-ow)(w-v)+ fow-v=0.

On the other hand
X = 0(fw) =(Vf- 0w+ 0 flw+ fow.
Thus, by (2.9),
oX v = (Vf-ow)w-v)+0flw-v)+ fow- w
= Of(w-v)
By substituting this into (2.8), we obtain
Of(w-v)=no.

Then, (1.1) is simply the particular case in which the normal velocity is the fractional mean curvature,
pointing inwards.
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2.1.1. A concrete example: The evolution of spheres. In this section we compute the example of a concrete
evolution, namely we show that the spheres shrink self-similarly in finite time. We think it is a very
interesting open problem to determine whether or not these are the only embedded self-similar shrinking
solutions of (1.1).

Lemma 2. The fractional mean curvature of the ball of radius R is equal, up to dimensional constants,
to R=°. More explicitly, for any x € 0B1(0),

(2.10) Hy(z,B(0)) =w
for some w > 0, and, for any v € 0Bg(0),
(2.11) H,(z,Br(0)) = wR™".

Proof. By rotational invariance of the integrals, we have that H(zy, B1(0)) = H(za, B1(0)) for every
T1, 9 € B1(0), thus showing (2.10). Moreover, if w € S" ! and z = Rw, by changing variable § := Ry,
we see that

. XBr)(¥)
Hy(x, Br(0)) =lims(1 — s) / oy
N0 R"\ By () |R(J) — y’n—}—s
X R
=R"lim s(1 — s)/ XenoBY)
(2.12) ENG R\B, 15 (x) [Tw — Ry["+*
=R *lims(1 — 3)/ —XBl(O)(yB dy
N0 R\ By (z) [w — Y[
=R *H,(w, B1(0)).
This, together with (2.10), proves (2.11). O

1

Corollary 3. Let w be as in (2.10) and Cy :=w (s+1). Let R(t) := (R§™ — Cot)=+1. Then Br(0) is a

star-shaped solution to fractional mean curvature flow with initial condition Bg,(0) and it collapses to the
s+1

.. . . . R
origin in the finite time go .

Proof. We only need to show that (2.4) is satisfied with f(w,t) := R(t) and fo(w) := Ro. For this, we use
Lemma 2 to compute

/I FI2 L 2 C . .
ouf + H, | f} L +01(R3+1 — Cot)5#1 + Hy = w (RS™ — Cpt)5#1 +w R™* = 0,
s
that shows the validity of (2.4). O

From the results in Section 3, we will see that the one provided in Corollary 3 is indeed the unique
smooth solution of the fractional mean curvature flow with spherical initial datum.
It is also easy to check that a similar computation yields an analogous result for the evolution of cylinders.

2.2. Evolution of graphical surfaces. In this subsection we assume that the initial set is of the form
Ey={(z,2),z e R"", 2z € [—o0, u(x)]}.
The appropriate choice of normal in this situation is given by
v(z,u(z)) = \ﬁ%
We assume that
Ey={(z,2),z eR"', z € (o0, u(z, )]}
and OB, = {(z,u(z,t)), v € R" '}
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with u € C? (R”_l x (0, +00), [0, —|—oo)) nee (R”_l x [0, +00), [0, +oo)). In this setting, the geometric flow
in (1.1) is equivalent to
Owu(z,t) = —Hy(z, Ey)\/|[Vul? + 1, for every x € R ! and t > 0,
(2.13)
u(z,0) = up(z), for every z € R*1,

A concrete example in this case is any linear u, which has fractional mean curvature equal to 0.

Remark 4. Equations (2.4) and (2.13) are well posed imposing weaker reqularity conditions on f and u
respectively

3. COMPARISON PRINCIPLE

In this section we show that two surfaces evolving under fractional mean curvature flow that are initially
nested remain nested while the evolution is smooth. More precisely, we have the following comparison
result:

Theorem 5. Let E; and Fy be two smooth solutions to (1.1) in [0,w) such that Ey C Fy. Assume
additionally that Oux(-,t), Ow(-,t) are continuous in [0,T) for xz(-,t) € OF; and y(-,t) € OF,. Then
E, C F,.

Proof. We first assume that Fj is strictly contained in Fy and suppose that there is a time ¢y and a point
x; at which E;, and 0F;, touch for the first time and the normal velocity of E;, at xz; is bigger than the
normal velocity of 0F;, at that point (i.e. the boundaries cross at point of space time). Since 0E;, and
0F;, are tangential at z; the normal vectors agree at that point. Then we have

0= (atht - athJ : VE(ﬂft) = Hs(Et)xt) - Hs(FtyﬂUt)
Moreover, since E;, C F;, we have Hy(Fy,,xy) = H(Fy,, x;), which yields a contradiction.
If Ey is not strictly contained in Fp, then we can proceed as before by observing that the equation holds
in the limit as t — 0. 0

The previous theorem implies a more general result, as stated here below:

Corollary 6. Let E; and F; be two smooth solutions to (1.1) in [0,w) such that 0Ey N OFy = 0. Then
8Et N BFt == @

Proof. By noticing that the evolution of Ef equals the complement of the evolution of E, we have that if
Fy C E§, Theorem 5 implies Fy C (E;)¢. Since 0Ey N 0F, = () implies that either Fy C Ey or Fy C Ef, the
conclusion follows O

Theorem 5 implies uniqueness of smooth solutions to (1.1)
Corollary 7. There is at most one smooth solution to (1.1)
Proof. Assume that Fy = Fy. By Theorem 5, we have that F; C F; and E; C F;. O

By trapping the solution between balls, we obtain estimates about the evolution of the fractional mean
curvature and the extinction time:

Corollary 8. Let R > 6 > 0 and E; a solution to (1.1) such that there are x5 and xg that satisfy
Bg(ﬂ?g) C Ey C BR(JZR), then B 1 (LL‘(;) CE,CB (JZR)

(§5+1—Cot) 71 (Rs+1—Cot) T
In particular, if f € C*(S"! x (0,T)) NC°(S"™' x [0,T]) is a solution of (2.4), with f(w,t) > 0 for
every (w,t) € S*1 x [0,T7], that satisfies 6 < f(w,0) < R, for every w € S™" 1. then

(3.1) (61 — Cot) 71 < f(w, t) < (R — Cyt) 1.
Moreover, the maximal existence time is bounded from above by R;::l.

Proof. The result follows directly from Theorem 5. O



4. THE EVOLUTION OF THE GEOMETRIC QUANTITIES

In this section we study the evolution of local and nonlocal geometric quantities.
We first remark that equation (1.1) is invariant under reparameterizations: Suppose that z satisfies (1.1)
and consider a reparameterization ¢(w,t). Then we have that & = z(p(w, t),t) satisfies

Moreover, by reparameterizing the smooth surface with a time dependent parameter it is possible to obtain

an evolution equation that has tangent velocity equal to 0.

Theorem 9. Suppose that E; is smooth and satisfies the evolution equation (1.1). Then, there is a
parameterization of OF; such that

(4.1) Oyx(t) = —Hy(x(t), Ey) v,
for x € OE;.

Proof. We follow the analogous proof for other geometric flows (see [23] for instance).

Assume that OF; is parameterized by spatial coordinates (wy, . ..,w,_1) € U C R"7L. Then we have that
x(w,t) € OF, satisfies (1.1). We want to reparameterize w in term of new time-dependent local coordinates.
Hence, we assume that the coordinates (wi,...,w,_1) are parameterized by a spatial parameter © =
(01,...,0,_1) and time ¢t. Then we define

1'(0,t) = 2(w(O,1),t)
We have
0T = 0y x(w(O, 1), )0w; + 0(q, )] g=ue.n)

= — H,(I(0,1))v + (1:0w; + (0yz)")]|

q:w(evt) ’

where 7; is the tangential vector 9,,z(w(0,t),t) and (9,z)"T = O,z — (04 - v)v is the tangential part of d;x.
Standard ODE theory implies the existence of a solution to

atwi(®7 t) = (8t$>Tgiij : ij

with w(0,tg) = w (the original parameterization at time ty).
Hence, the surface ['(0,t) satisfies (4.1) for time close to . O

In the next subsection we assume that I'(¢) is the reparameterization of dE; described by Theorem 9.
For simplicity, we still denote the spatial parameter as w € U C R* ! or v € R 1.

4.1. Evolution of local quantities. In this subsection we consider the evolution of some geometric
quantities associated to OF;. We assume that the 0FE; is smooth.

Consider I'(t) satistying (4.1). We start by recalling the definition of the metric g;;, the second funda-
mental form a;; and the square of its norm |A[®. Here we denote by (m;;) the matrix of components m;;
and we use Einstein’s summation convention whenever repeated indices occur. We denote the inverse of
the metric as g” and we raise indices of matrices to indicate contraction by this matrix (e.g. m’ = gmy;).
In this setting, we have:

9ij = 8wlr : awjra
(g”> = (gij)_la
aij =0,V - 0,1 = -v-0,,0,I'=0,v-0,T,

|A|2 = gijaikgklajl-

(4.2)

We also denote -
V'F =440, F0,,T,
which correspond to projecting the gradient of F' on the tangent space (for a globally defined function)

VIXI =9, X7 4+ CI X*,
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where CY, are the Christoffel symbols on the surface.

Theorem 10. Assume that I'(©,t) = OF; is parameterized such that it satisfies (4.1). Then we have that

(4.3) Oigij = —2Hgay,

(4.4) Og” = 2H ",

(4.5) O = VIH,,

(4.6) Oai; = VZ-FVJFHS — Hsaika;?
(4.7) OA|? = 2aiijV]rHs + 2Hsaika§aij.

Proof. The proofs are similar to the local case (see [23] for instance). First, we prove (4.3) by computing
the evolution of the metric: we recall that d,,I" is a tangent vector, thus

(4.8) 9,1 v =0.
Also I satisfies (4.1), and so 0,I' = —Hv. As a consequence,
09y = 0w, (OL) - 0, T + 0,1 - 0, (0,T)
=0, (—Hv) - 0,1 + 0,1 0,,(—H,v)
= — 2H,a;;

and so we obtain (4.3).
Now, since g;; ¢°* = 6F (here we are adding on the repeated index j), using (4.3) we have that

0= 0,0 = 01gi; ¢°* + 95 Oug’" = —2H, a;;"" + ;5 09",
which gives (4.4).
Also, using that v - v =1 and (4.8), we have that
8tV V= 0,
that
Oy, V=0
and
o -0,I'=—v-0,,(0) =v-0,,(Hsv) = 0,,Hs.
Hence, decomposing 0, along the orthogonal directions {v, d,,I,...,0,, ,I'}, we conclude that
O = g70,H,0,T = V" H,.
This completes the proof of (4.5).
Now we use (4.2) and (4.5) and we obtain that
a5 = — O - 00,1 + v - 0,0, (Hsv)
= — V' H, - 0,,0,T + 0,0, Hs + Hyv - 9,,,0,,,v.
Moreover,

1
0= §8wj8wj(y V) = 0, (V- 0upyv) = V- 0,0V + OV - OV

and so we see that
(4.9) Ohayj = =V " Hy - 0,,0,,T + 0,00, Hy — Hy0,,,v - O, v.

Now we assume that we have normal coordinates at z;. Then at z; the metric g;; equals to J;; and the
Christoffel symbols are 0. In particular, formula (4.9) reduces to

8taij :é?wjﬁijs - Hsﬁwiy : &ujy
=0,,0.,Hs — Hsaika;?.

Since in normal coordinates 9,0, Hs = % V?Hs and the latter is a coordinate invariant quantity, this
establishes (4.6).



Now we prove (4.7). For this, we use (4.4) and (4.6), and we see that
(g7 ain) = 0ig”am + g O
= 2H,a%ay + ¢ (Vi Vi Hy — Hoamal)
= 2H.a"%ay, + ¢V Vi H, — Hial a}.
Therefore
(g ai) (9%ap) = 2H,a"aig"az+ g"g"apVi Vi H, — Hya)ai g™ ay
2Hsaijaliajl + aikavl,;Hs — Hsafnamlaﬂ
= H.,a"dlaj + a*V} V) H,.
This and the fact that (recall (4.2))
oA = 097 aing"az)
= 09" an)g" aj + 0(g" az)g” au
= 20,(g"ain)g"a;
imply (4.7).
For further reference, we also point out the following computation in local coordinates:
Lemma 11. For local coordinates {wy, ... ,w, 1} we have that
0 (0,T) = —H,al0,,T — 0, Hyv.
Proof. Since I' satisfies (4.1),
01(0,,I") = 0,,(0]") = 0,,(—Hgv) = =0, Hsv — HO,,v.

On the other hand, by definition
OV = af@wjl“,

which implies the result.

O

4.2. Evolution of non-local quantities. In this subsection we will analyze the evolution of the perime-
ter, the fractional mean curvature and their first order spatial derivatives. In order to simplify the notation

we write the point x(t) € OE; and the unit normal vector v(z(t)) to OFE; at x(t) as
x = x(t) and v := v(z(t)).

We remark that when we integrate on the surface 0E; the integration variable, that we usually denote by
y, depends on ¢, but we do not make explicit this dependence. Note additionally that v - w denotes the

standard dot product on R™ between the vectors v and w.

We observe that the integrand in (1.2) carries a singular kernel, therefore it is convenient to remove
such singularity by using a cancellation. We perform these computations here, and we will use them in
the forthcoming Section 5 to show that the positivity of the fractional mean curvature is preserved by the

geometric flow.
To this goal, we write

Hy (2, By) = H™8 (2, E,) + H™8(2,, E,),

with
(4.10) H8 (3, Fy) = lim s(1 — S)/ XEt_(y)Jr dy, and
N0 C¥ (2)\Bs (w¢) |z =yt
(4.11) H(xy, By) = s(1 — 8)/ XEt—(yL dy,
R\ CH (2+) |z — 9|
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where C}f () is a fixed cylinder centered at x; with flat direction parallel to the normal of the surface at
Z¢, namely

CH(zy) = {x eR"s.t. v =2 +y with |y - v(z)| < Rand |y — (v - v(xy))v(z)| < R}.

In what follows, we denote the surface OE; as I'(w, ) and we assume that is parameterized such that (4.1)
holds. Consider z; € I' and the epigraph of the tangent plane Il at x; given by

(4.12) I(xy, By) == {€ € R" s.t. vy - (§ — 2¢) = 0},

where v is the unit normal to I'(¢) at the point ;.

Note that for R small enough, I'(¢) can be written as a graph over the tangent plane at z; € I'(¢).
More precisely, let v; be the normal vector at z; and let us parameterize 0l (or equivalently, the linear
space perpendicular to ;) in appropriate polar coordinates (r, ¢) € [0, R] x S"72. Then using the implicit
function theorem, near x; we may define a function h such that

(4.13) [(w,t) = 2 + pMa, 0 + ph(p, ©)vr.
Here p is the distance to z; on 01l and M., € JII is defined as follows:

Assume that z; = I'(w,t). Consider an orthonormal frame {v;} on Oll(z¢, E;). Since {0u,,1'}fiz1,..n—1y
span Oll(z;, E;), there are ¢¥(t,) that satisfy

v; = (to)0,, L.
We define ¢/!(t) for t < ty as solutions to the ODE system
(4.14) Oy — cat (0, ) Hy(T(@,t)) =0
(4.15) )=, = " (to)-

Notice that, for technical convenience, we are taking here the backward ODE flow from time ty. Then for
t < tg we define

(4.16) vj(@,t) = ()0,,T(@,1).

We note that v;(w,ty) = v; and {v;(t)} C Oll(xy, E), where x; = I'(w,t) and OIl(zy, E;) is the tangent
plane of I'(w, t).
From (4.14) and Lemma 11

Oy = 0, (#)0,,T (w0, 1) + (1) 0:(0,, T (w, 1))
(4.17) = —(V'H, - vj) v
Moreover,
O(vj-v;) = —(V'Hy - v;) (g - v3) — (V Hy - v3) (v; - v) = 0.
Hence, {v;} remains an orthonormal base of I1(x;, E;).
Now we define

(4.18) M,, o = p'v;, where ¢ € S"72,
In particular, if we denote x; = I'(w, t), from (4.17) we have
(4.19) OiMy,p = —(VVHy - My, 0) vy

We also note that, from equation (4.13) and the quadratic separation of the smooth surfaces from their
tangent planes, it follows that h(0, @) = 0.
Notice also that by symmetry, for 11, := II(x;, ;) and any R > § > 0

(4.20) / RO R

Yt (wo)\Bs () [Tt — Y[
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Then, parameterizing C'y (x;) as z; + pMy, o + pzv, with p € [0, R], ¢ € S" % and 2z € [—R, R], due to
cancellations we have that

H;ing(xt’ E) — th(l o S)/ XE (y) + XHt(y) d
N0 C@\Bs(r) 1Tt — Y|

R 0 1
:sl—s/ / p / ——dz | dp| dy,
( ) sn=2 | Jo h(pye) (22 + 1)%

where II; = I1;(zy, E;). We now compute the derivatives of h.

(4.21)

Proposition 12. For a given time t, consider a point x; = I'(w,t) and vy the normal vector to I' at x;.
Let h be given by (4.13) where x, is fized as above. Then denoting by v the normal to I'(w,t), we have that

1 1
Ah(p ) = (Hs(xt) — H,(D)v- yt) 4 (VU H, () - Myyp) + (4 DT, 1)0w),
_ e Dwr(wv t)aﬁiw + A(Mm% 64472F)

Oz.h(p, ) p :

where A denotes the second fundamental form of T'(t) at x; and
oy = ((g%(@)+0p)) (HAT)DT (@, 1)y = phip, ) (DT (@, 1) V" H (1))
~ H(T)(0(p) +0(p?))

Proof. First, we note that from (4.13), w becomes implicitly a function of ¢ and p, but also of z;, hence it
does depend implicitly on ¢. Hence, taking derivatives on equation (4.13) we have

(4.22) D,I'(w,t)0w + I =0z + pOy My, o + pOih(p, ©)vi + ph(p, ©)Ovy.
Note that

(4.23) ol vy =—-H,(T)v-u and Oyxy - vy = —Hg(x) vy - vy = —Hg(xy).

Moreover, since M, is a tangential vector at x;, we have that M.,y - v, = 0, thus

(4.24) —O My, vy = My, p- Oy = My, p - VFHS(J:t),

where the latter identity follows from (4.5). Then, using (4.1) and taking dot product with v; (recall also
that Oy - 1), we have

1 1
8th(p7 90) :; (Hs(xt) - HS(F)V ’ Vt) + VFHS(mt) ’ Mmgp + ;Vt ) Dwr<w7t)atw'
Now we are left to compute d;w. To this end, we multiply equation (4.22) by D,I'(@,t))T, we exploit (4.23)
and (4.24) and we obtain
(DT(@, 1)) DT (w, 1)0w — H(T)DT(@0, 1) v = ph(p, ©)(D,T(@, )"V H ().

D,T(w,t)TD,T(w,t) = (gij(z1)), we have that the first matrix is (g;;(z;) + O(p)). Similarly, since
1)), = 0, the second term is like H (T')O(p). Hence

O =(97(x) + O(p) ) (HL(D) (DT (@,8) v + ph(p, ) (DT (@, 1) "V" H(x)

~H,(T) (0(p) + 0(p")).
as desired. 0

We will also use a rotation that aligns the cylinder C% (z;) with C} (x,). We remark that since the
vectors {v;(t) : i...n — 1} U {y;} are an orthonormal basis of R" we may define for y = y'v;(t) + y"v; the
following rotation

(4.25) Riry = y'uil(T) +y"vsr.
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Notice that in particular y* = y - v;(t) and y" =y - v;.
Then it is direct to show that
Proposition 13. Consider R, given by (4.25) and denote V¥ H,(7) the tangential gradient of H,(z,).
Then it holds that
(1) R, =Id.
(2) 0nRr .y = [(y - vi(1))0wi(t) + (Y - v )0i) |y, = —(y-vi(71)) (Vi(72)- VT Hy(72)) vy +(y v, ) VE Hi(72).

Now we study the evolution of the s-perimeter P, and of the s-mean curvature.

Theorem 14. Let x;, vy and h be as in (4.13). We have the following equations:

(4.26)  OP(B) =~ | Hi(w)dH"'(y) <0,
o8

O(H™) () B p 12 0uh(p, ©)
R TR A l/ AT T *]

6t(HST€g)(CCt) _ 2/ (atl% — aty + (y — l?t) . VFHS Vg — (y — l') * VU VFHS(ZL't)) -V
s(1—s) (OB\CY (1) |zy — y|nte

(4.28) dy

_ 2/ (Opxy — Oy) - v
(OB)\CY! (1) |zy — y|ts

1 . r
+R / / (X + Xm) (2 + RMyw + Revy(x)) = G,
Sn—1 —1

where v is the unit normal vector to OF; at y and I, is defined as in (4.12)

(4.29) V. H, (z) = (n+s)g” (P. V. /]R wdm) D, T,

s(1—s) Wl — y|rete
OrH, / (D — Opy) - v(y)
4.30 —— = P.V. d
0 a9 on o=y
H — H 1— .
—P.V. W)~ (@) )Ly @y / 1- @) viy)
o, |lze —y|"* op, |z —y["e
Also,
—1-s h
(4.31) the function (0, R) x S"23 (p,¢) — P Dihip, fzs is integrable,
(1+h%(p, )2
O(H™) = O(R*™) and
! M,,w -V H,
(4.5 [ Gt ) oot R+ Ronto) P g = o)
sn-1J-1 (14 22)=2

Proof. Formula (4.26) follows from Theorem 6.1 in [27] and (4.27) from (4.21).
To compute the derivative of the regular part we need to compute

i Hs Bae(t), By) — Hi® (ot — h), Ben) _ 1 / Xe(y) / XEn(Y)
h—0 h h\ Jemo% @) |20 — y["+e RMCYH (54 ) |z, — y|nts

We divide the computation as follows:

1 ~ -
[h _ / XE, (y2+s i / XE; (y>n+s and
RP\CHE (2¢) 2 — y| RACE " (24-) |z — Y|

[ w0 o)
RNCH N (o) |Tmn = Y"T5 Jrm\ @t (2 [T — Y|

> |

I, =

SRS



For the first integral we consider a function ¢¢ € C§° that approximates xg,. Then,

(4.33) I = lim I,

/ o (y) / ¢(y)
RNCY (2e) 1Tt — Y™ SR\ () |Te—n — Y[

1
h
1 (y+x0) = 0 (Regny + w1
(434) :E/ gb(y xt) ¢( t,t—hY T Tt h)
R™\C (0)

ly[*e
e (10) -6
Rr\C% (0) |Jo ly|"ts
5, e ST T + iéRt,t(lé)hy’
(4.35) Ry, is given by (4.25)

and yp; = Rt,tf(lfé)hy + xip + (2 — 242p).

From Proposition 13 we have ;R ;—1—eny = h [(y - vi(t))0-vi(T) + (y - Vt)a"'y‘r”'r:t—(l—e)h
Moreover, if we denote by R;_T(l_ Oht the inverse of the transpose of Ry, (1, we have

. ¢6(yh7l)R;7£H)h7t5h
ley n+s
|
Rii—1-0nV O (Yni) - R;T(pe)h,t‘s

with

dy

dé] dy,

where

h . (Sh
+ ¢° div,——
|y [+ ¢ (yh?l) lvy‘y|n+s
Vo© -0 )

and so the divergence theorem gives that

¢E(yh,l)Rt_—T(1—£)h,t5h n—1
aCH(0) ] "

Vo (yna) -0 . , B)
= / Vol -0 :i) “ dy + / ¢ (yn,) div, <—:+> dy.
R™\C (0) Yl R™\C (0) Yl

We insert this information into (4.34) and we obtain that

1 [ . 6
I = —/ / gbg(ym) div, (TZS) dy.| d¢
0 |/RM\CH(0) ’Z/|

! ¢6(yh,l)R__T1_g h 5}1 _
s i e T W) | 4
2(0) Yy

1 ) 5
I, = —/ / XE: (yh,l) ley( :Jrs) dy.| de
0 R™\C(0) |y

1 -7
XE (Yn) Ry _oyn.iOn
U e AT ) |
o |Jack (o) |y r

Thus, by (4.33),

(4.36)

13
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where vgv () is the unit normal to the cylinder at y. Now we observe that

X (Rl + Te—n + U(xe — x-n)) — X, (Y + 2en) = X5 (Y + Tn + O(h)) — XB, (Y + 2e-n),

so this function is supported in a neighborhood of size O(h) of a smooth surface. This fact, (4.36) and the
integrability of the kernel |y|~™~* at infinity give that

1 ) (5
[h = —/ / XE; (y—f-l’t,h) ley (Tths> dy dl
0 R\ O (0) Y|

1 =T
XE Y+ T-n) Ry _gyp,1On n—
+/ / (1-0h, Ve o) AH" (1))
0 OCH (0)

= dl +o(1),

as h — 0. Recalling (4.35) and Proposition 13, we have for 7 = ¢ — (1 — )k that

Y- (2 — 2—pn + O Ry —1—ony)
|y|n+s+2h

div, ( o, ) :Ui(t) <0 vi(T) + 1y - Ory ~(n+s)

|y[nTs |y|nFst2

y - (Opxy + (y - vi(t)) Opwi(t) + (y - 1) Ory)
|y[nret2

——(n+s) as h — 0,

Ty — Ty—p + O Re—(1—0nY
h
—0ry + (y - vi(t)) v (t) + (y - v4) Oy as h — 0.

-7 -7
and R Za-one On =R (1-oyns

Additionally, from (4.17) and (4.5) we have that

y - [(y - vilt) Owi(t) + (y, )Ow] = — (y - v) (V' He - vi(t)) (y - i) + (y - ve) (y - V' Hy)
=—(V'H,-y") (y- )+ (y-v)(y - V' H,)

=0.
Hence,
(4.37) lith—(n—f—s)/ X (v + ) y- O dy
: = By )T rere
0 RI\CH (0) [yt
_ (Orwe + (y - vi(t)) Opvi(t) + (y, 1) Oun) - Ve o
+ / Xe (v + ©) e (0 dH" " (y).
aCY(0) |yl

Now we notice that

Y- O . Ohx
—(n+s) = div ( ) :
|y|n+s+2 Y |y|n+s
Then using the divergence theorem we have

- y- O
(n+s)/ Xe, (Y +x) ———— dy =
R™\C¥(0) t( ) |y|rtst2

0 0
[ (Yo [ e (2 Y
EN\CH (1) |y — 24| ES\CYE () ly — x4

Vop,(y) - O .~ Vac;f(y)'aﬂ .-
:2/8 Vor (y) - O 1y 1(y)—/80w( ) e ),

ENCY (x) Y — Te"F® ly — @7t

where vyg, (y) denotes the unit normal to OFE; at y.
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Plugging this into (4.37) we obtain

(438) lim [h :2/ _VaEt (y> ) itx dHn—l(y)
h—0 8Et\C;t(iEt) ‘y — xt‘n s
Voo (y) - ((y — 1) v (L) + (y — )"0 (z)) o
N / XL (y) : n+s dH 1<y)
aCkt (z) |y — 24|

Now we notice that, from the definition of C(0), the normal v¢, (o) is either on the tangent plane at
x; (for the sides of the cylinder) or it is parallel to the normal at x; (at the top and the bottom of the

cylinder). Hence, at the top and bottom of the cylinder we have fvycw (y) - Opvi(t) = —VUH, - v(t)
and vyer (y) - Oy = 0, while along the sides of the cylinder vyei (y) - Opvi(t) = 0 and vere (y) - Oy =
IEZ+:) VI'H,. In addition, Yz, = —1 on the bottom of the cylinder and Yz, = 1 on the top. As a
consequence,

Vacre (Y) - — x) 0 (t — )"0y
/ . xe(y) A | )_ ,E:r(y ! )dH”‘l(y)Z
ACYH (x4) Y — ]

n—2 FH
—2/ /R""SP v (M)s dp dw
sn—2 (p*+1)2

+ / / XE, (l’t + RM,,w + Rzut) RS
sn—2J_1

2M,,w - VU Hy(y)

n+s

(14 22)>2

dzdw.

By symmetry the first term is 0 and
2My,w - VY H(xy)

n+s

(14 22)>

dzdw = 0.

1
/ / X1, (:L’t + RM,,w + Rzyt(:ct))R”_"_s
sn—2J_1

we obtain the first equality of (4.28).
The second equality may be obtained observing that

Y- (O +y-vi(t)0i(t) +y - 1Oy) div <5t:1: + (y — @) Opvi(t) + (y — x)”@tl/t>
= div, ]

—(n+s) |y|ns+2

|y|n+s

For the integral defining I1,, we have

1 / >~<Et (y + xt—h) - >~<Ez_h (y + xt—h)
R™\Cr(0)

I, =~ dy.
’y’nJrs

h

Notice that the integrand is not 0 for y + x4, € E;AFE, ;. Since we assume that 0F; is smooth, we
may parameterize this neighborhood as y = y; + zvsg, (y:) where v, € OF;. Since we assume that the sets
E; are continuous in t, for h small enough, E;AFE,;_j, is contained in this tubular neighborhood. Moreover,
a Taylor expansion in ¢ yields that

Yier = Yr — hOyy + O(h2) and (Y—n — Yt) - Vor,(y) = —howy: - vor, (y) + O(h2>~

Then we have
1 —hvyt-vos, (y)+O(h?) 2
1 / / ——————dzdH"(y)
h Joracr(0) Jo [y = @l

_)_2/ atyt VaEf< )dHn 1( ) as h — 0
0

EACR(O) |Y — Te—n|"T*

This, together with (4.38), proves (4.28).
From Proposition 12, we have that

flfsa h ’ .
. 2 : (p fJ)rs = O(p )7
(1+n%(p,p)) 2
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which is integrable, thus (4.31) follows directly from (4.21). Similarly, we observe that
2My,w - VU H(y)

n+s

(1+22)

dzdw

1
/ / (XEt + XHt) (xt + RMxtw + RZUt(J)t))
Sn—1.J-1

0 r
M,w-V'H,

B / / z tw n+s(xt) dZdw
$n=1 Jmin(h(Rw),1) (1422)>

and equation (4.32) follows from the fact h(0) = 0.

Finally, equation (4.29) follows from [6] and the fact that 0,,x is tangential.

Equation (4.30) follows now by combining (4.27) and (4.28) and taking R — 0 (another proof of (4.30)
can be obtained using formula (B.2) of [20]; using Lemmata A.2 and A.4 there, one also obtains an
expansion of the quantity in (4.30) as s approaches 1). O

Remark 15. An equation analogous to (4.30) was obtained in [20] in a different context. Their results
imply that

Hy(y) — Hy(x)
om, |l —y|"*

1— .
s(1 —s)P. V./ Mdy — AP as s — 1,
om, T —y|"te

s(1—-s)P.V.

dy — App,H as s — 1

which recovers the classical evolution for the mean curvature H under evolution by mean curvature flow.

5. PRESERVATION OF THE FRACTIONAL MEAN CURVATURE

In this section we show that the geometric flow preserves the positivity of the fractional mean curvature.
We need the following lemma that excludes the possibility of compact hypersurfaces with fractional mean
curvature equal to zero (we state the result for smooth sets for the sake of simplicity):

Lemma 16. Let E C R" be a set with C*-boundary and such that Hy(x, E) =0 for any x € OE. Assume
that E is bounded in one direction, i.e. there exist w € S"' and M € R such that

(5.1) Ec{zeR" z-w< M}

Then E is a halfspace (unless it is empty).
In particular, there exists no compact hypersurface with vanishing fractional mean curvature.

Proof. The proof is based on a sliding method. Roughly speaking, we take a plane of normal direction w
and we slide it from infinity till it touches F, and then we compare the fractional mean curvatures at a
touching point to obtain the desired result. The details of the proof go as follows. We suppose that

(5.2) E +#@.
Let
My :={z€R", z-w< M}
and M, = inf{M, E C Iy}
Notice that M, € R, thanks to (5.1) and (5.2). In addition, E is a subset of II,;, and there exists z; €
(OFE) N (0p,). We claim that E' = I, (up to sets of measure zero, and this will end the proof of
Lemma 16). Indeed, if not, the positivity set of the function
XE = Xy, = 2X1,\E
would have positive measure and therefore

0 - / Xe(Y) = Xty ()

|$t - y|n+s

dy = Hy(zy, E) — Hg(x,1p,) =0 =0,

and this is a contradiction. O
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Theorem 17. Let E; be a compact solution of (1.1). Assume that Hg is differentiable and that Ey has
strictly positive fractional mean curvature. Then, E; has strictly positive fractional mean curvature for
every t € (0,7).

Proof. Suppose the contrary. Then, if £ = E; is the evolving surface, we have that H(z, E;) > 0 for
any x € OF; and any t € (0,¢), but
(5.3) H(z, FEf) =0,

for some Z € 0F;, with t € (0,T).
Notice that z; € 9F, and the function
t — Hg(xy, Fy)
attains its minimum in the interval [0,7] and the endpoint ¢ and therefore 8,H,(z¢, E;)| 7 < 0. Since it is
also a spatial critical point for Hy, we have that VH,(z, E;) ‘t:f = 0. From (4.30) in Theorem 14 and (1.1)

we obtain that
H,
(1) =) [T
om, Y — Te_p|"Te

However, since 8tHs(xt,Et)|t:£ < 0 we have that Hy(y) = 0, which due to Lemma 16 contradicts the
compactness of Fj. O

dH" " (y) = 0.

Following the same proof we can show for a non-compact solution that

Theorem 18. Let E; be a solution of (1.1). Assume that Hy is differentiable, that Ey has strictly positive
fractional mean curvature and that OF; is uniformly spatially C? in [0, T]. Then, E; has strictly positive
fractional mean curvature for every t € [0, T].

Proof. Proceeding as in the proof of the previous we can show that E; has strictly positive fractional mean
curvature for every ¢ € [0, 7] or there is a ¢y such that E; has vanishing fractional mean curvature for every
t> 1.

Now we show that H, cannot become identically 0. For this, up to a dilation, we take a scale for which
the evolving surface is locally a smooth graph in balls of radius 2 centered at the surface. Let ¢ be a
nonnegative function supported in the unit ball B; and ¢ = 1 in B% . Fix x; = 2(0,t) € OF; and € > 0.

Consider the function v : R™ x [0,7") defined

v(y,t) = e (Sis—(_y)s) + 6) — de Py — x),

where 0 is chosen such that v(y,0) > 0 and C}, Cy are real constant to be determined. Notice that § can
be chosen independently of € > 0
Using equations (4.30) and (4.1), and denoting by 14 the normal at z;, we have, for y € JF},

Ou(y,t)
= Cpe? (S(H—(y)) + e) + et (QP.V. A=)~ Hy) . +2H,(y)P.V. / Mdz)

l—s om |z —y|"te op, |z =yl
+ 0256_62%(9 — ) + Hs(l"t)é@_cgt’/t -Vo(y — )

— Oyt (SJ(H—@)) + e) +25(1— s) (P.V. /{)E vt Zvlwt) ) o Hs(y)P.V./ Mdz)

1—s |z — y|n+s or, |z =y
Pz — 2¢) — Py — 4)

OF, |z — y|mts
+ Hs(zt)(Se*C?tVt -Vo(y — x4).

+ 25 (1 — s)de”“*'P.V. dz + Code™ oy — 1)

Now we claim that

(5.4) v(y,t) = 0.



18

Since this holds for t = 0 (as long as J is sufficiently small), to prove (5.4) we can argue by contradiction
and assume that there is a first time ¢ and a point 7 such that v(g,¢) = 0. Such a point is a local minimum
and it holds that

atv(@?ﬂ < 07
PV/ U(Z7E) — U(?J?ﬂdz >0
OF;

|Z _ g|n+s
6C1f Hs(g)
s(1—2s)

and

+ e) = b (5 — 7).

Hence, we have

0> 0w(y,T) = Croe”®'p(y — x7) + 25 (1 — s)de” PPV, A —_gbiy )
(55) O8; ‘Z_y‘n s

+ 0256_02%@ —xf) + Hs(xg)ée_cﬁug‘ Vo(y — xz).

dz

Now we claim that

(5.6) |y — 7| < 1.
To this end, we argue by contradiction and suppose that |§—z;| > 1. Then, using (5.5) and the assumption
on the support of ¢, we find that

¢(z — x7)

0>2s(1—s 5e_CQtP.V./ — dz > 0.
( ) y|n+s

OFE3 |Z -
This is a contradiction and so (5.6) is proved.
Now we improve (5.6), by showing that there exists ¢y € (0, 1) such that

(5.7) 15— 27 < 1 — e

Again, we argue by contradiction and suppose that |y — 27| € [1 — €y, 1). Since ¢ is smooth and vanishes
along 0By, we have that ¢(y — z7) + |[Vo(y — z7)| < Cep, for some C' > 0. Hence, using (5.5), and
taking K > 0 such that

(5.8) H,(z) < K for every x € OF},

we see that

_ —x) —C _
0 > 2s5(1—s)de “*P.V. < zt_) - Oz — CKe %teg
op, |z —g|"*
: 1-C
> Se " |25 (1 - s)P.V./ %dz — CKey
(OE)NBy 2 (x7) |z — g|nts
So we multiply by 612 and, if ¢, is small enough, we find that
d
0 > s(l— s)P.V./ —  OKe
(8E{)ﬂBl/2(2¢g) |Z - y|’l’b *

> 27"%s(1— s)H" ' ((0F;) N Byya(zi)) — Keo.
The smoothness of the surface gives that
'anl((aEg) N Bl/Q(Q?{)) 2 Co

for some ¢y > 0. The last two inequalities easily give a contradiction if €y is small enough, and so we have
established (5.7).
Now we set rg := 1 — ¢y and we choose (' large enough, such that

(5.9) G =

where K is as in (5.8).
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Notice that, by (5.7) and (5.9),
(5.10) Cide™'o(y — x7) + Hy(z)6e P g - V(7 — x7) = 0.
Let also Cs so large that

Cy > sup -
yeBry(z) Oy — f)

25 (1= s)de [ domostzom),
dE;

|z — g|+s
In this way, and using again (5.7),

¢(z — x7) — d(y — )
OE; |z — g|"ts

Then, we plug this information and (5.10) into (5.5) and we obtain a contradiction. This proves (5.4).
Then we take y = x; and send € — 0 in (5.4) and we obtain that H(z;) remains positive. O

25 (1 — 5)de =PV, dz 4+ Cyde™2tp(j — ) > 0.

6. ESTIMATES FOR ENTIRE GRAPHS

In this section we assume that the surface is an entire graph with linear growth. That is the surface
can be parameterized by (z,u(x,t)) and |Du|(z,t) — 0 as |z| — oo is uniformly bounded for all times.
Moreover, u satisfies

Ou = —+/1+ |Dul?> Hy(E,).
Theorem 19. Let v be the normal vector of a graphical surface evolving by (1.1) and e any fized vector.
Let v = (e-v)~t, then
v < Sup{v<'> 0)7 0}7
where C'is such that limsup,,_., v(z,t) < C

Proof. Let us assume that the surface is parameterized according to (4.1) and v satisfies (4.5). Then
vy = —v?(e- V' H,).
From Theorem 14 we have that

T

. y—z)-¢
e -V H, = (n+s)s(1— s)P.V./ xEt(y)Wd%

where e’ is the tangential component of e at ;.
Noticing that (n + s)% = —div, <$), it follows from the divergence theorem that
T
e v
e-VFHs:2s(1—s)/ e vly)

om, |2 —ynte

Since e = e — v~ }(z)v(x), it holds that e’ - v(y) = v} (y) — v (x)v(z) - v(y). Then, if v attains a
maximum at x, we have that e’ - v(y) > 0 (and similarly e’ - v(y) < 0 at minima). We may conclude from
the maximum principle that v does not have interior maxima (resp. minima). O

Noticing that for an evolving graph it holds that
(en-v)™t = /14 |Dul?
we have
Corollary 20. |Dul is uniformly bounded in time.
Also, we have the following regularity result:

Corollary 21. If u satisfies (2.13) then u is smooth.



20

Proof. Since v is uniformly bounded above and below and

iz [T @) ),
w-as(t-s [ ey =,

we have from [16] that v is C*. Now following the proof in [3] we can conclude that u € C*°(R"x[0,00)). O

Theorem 22. Let v = \/1+ |Du|?, then the quantity vH, is uniformly bounded in terms of the initial
condition.

Proof. Considering the set II as the epigraph of the plane z = u(x,t) + Vu(z, t) - (2 — x1) + u(xy, t), we

may write
Vu(zz,t)-(z—a:t)—l—u(wt,t) dz
H(x, E) =s(1 — 5)/ / —dx
et JuGes (2 = ulwn ) + o — z)
1 Vet (555) s
:8(1 — 8) m —n_Hd.I'
Rn—1 |I' — xt| “(%f;:zﬁtvt) <22 + 1)T
Let z, = % and zy = Vu(zy, t) - 7=74. Then
B — —Hg(x,t) + Hyv(xy, t)
| — 2]
and
T — Ty

Oz = V(—Hgv(xyg, 1))

|z — x|
As a consequence, we have

OyHg(xy, E) =s(1 — s)/ ! ( Ozu — — OtZm — |, and
( =

moon [T — N (2 ) (22 )

Du - D(—H,v)

1+ |Dul?

Assume that a maximum (resp. minimum) point of vHy is attained at (xy,%). Then D(—Hgv) = 0,
Orzy = 0 and Oyzy,, = 0 (resp. < 0) and only identically 0 if vHj is constant. Then we conclude that there
are no interior maxima or minima for this quantity. U

0t(vHs) = Hs—f—UatHs(.%'t,E).

Remark 23. The previous estimates imply that if there is decay at infinity Hy, remains bounded for all
times.
7. ESTIMATES FOR STAR-SHAPED SURFACES
We show an estimate for star-shaped surfaces that is analog to Theorem 19

Theorem 24. Let v = (z-v)~'. Then there exists T* > 0 such that v(t) < C in [0,T*), where C' depends
on v(0) and sup |Hy|.

Proof. We assume like in the proof of 19 that the surface is parameterized as in (4.1), then we have
o =— 02, v+ -1
=v*(H, — 2 - V' H,)

Following the computations in the proof of Theorem 19 we have that

T
z-VIH, =2s(1 —s / wd )
( ) om, |z —y[** /
since 27 =z — - v(z)v(z) = (r —y) + (y — - v(z)v(x)) we have
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z- V'H, 2/ (w—y)~v+(y)dy+2/ v (y) —v’l(w)i(l‘)w(y)dy
s(1—s) op, |lr —yl"*e OF, |z — y|"ts
—1() _ 21 .
oty [ D) ),
OE, |z —y["te
Accordingly, we have
—1(,\ _ o1 .
D0 = o2 <(1 (1 ) H, — 25(1 8)/ v y) —w (x)i(x) v(y) dy) .
OE, |z — y[ts
Hence, at a spacial maximum of v we have
8t(r%§xv(-,t)) <(1—-5%(1—29)) I%%XU(~,t)2HS.
Then we find that
(1) < maxgn (-, 0)
maxv(-,t) < :
G I — (1 —5*1~—s))t maxgn v(-,0) supgx o7y Hs
Notice that the bound can be extended as long as H, remains bounded. 0

The previous computation yields a gradient bound and that star-shapedness is preserved:

Corollary 25. Assume that f satisfies (2.4). Then, if Hy remains bounded, |V f| is bounded for a fized
time that depends of the initial condition and bounds of H,.

Proof. Notice that z = fw and v = —£4=%_ Then z - v = ——o .
f / v FPHIV 2 A/ F2HIVEI2

Then v < C' is equivalent to
V2 + VP <O < Cmax f2(:,0),
which gives the desired result. 0
Corollary 26. Assume that E; is a solution to (1.1) and that Ey, then E; remains star-shaped.
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