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ABSTRACT. In this paper we show the existence of non-negative solutions for a Kirchhoff type problem
driven by a non-local integrodifferential operator, that is

~M(|Ju|2)Lrxu=Af(z,u) +|u* 2w in Q,  uw=0 inR"\Q

where L is an integrodifferential operator with kernel K, §2 is a bounded subset of R™, M and f are
continuous functions, ||-|| , is a functional norm and 2* is a fractional Sobolev exponent.

1. INTRODUCTION
In this paper we deal with the following problem

1 ([ ute) — ul)PK (e~ w)trdy) L

= M (x,u) + |u* P u in Q,
u=20 in R™\ ©

(1)

where n > 2s with s € (0,1), 2* = 2n/(n — 2s), A is a positive parameter, {2 C R" is an open
bounded set, M and f are two continuous functions whose properties will be introduced later and L i
is a non-local operator defined as follows:

1

Liula) =5 [ (ue ) + ule ~ y) ~ 2u(2) K ()

forall z € R™, where K : R" \ {0} — (0, 4+00) is a measurable function with the property that
there exists § > 0 and s € (0, 1) such that

2
@ 0 lz|" ") < K(z) <607 2| " forany z € R™\ {0}.

It is immediate to observe that mK € L*(R™) by setting m(z) = min {|a;\2 , 1}. A typical example
for K is given by K () = |z|""™2*_ In this case problem (1) becomes

M (/R %m dy) (—A)u

= Af(z,u) + |u]” " u in £,
u=0 inR™\ Q,

(3)

where —(—A)? is the fractional Laplace operator which (up to normalization factors) may be defined
as

s 1 [ u(ety) +ule —y) —2u(x)
~-ayu@) = [ e dy
for x € R” (see [9] and references therein for further details on the fractional Laplacian and on the
fractional Sobolev space H*(R™)).

Problems (1) and (3) have a variational nature and the natural space where finding solutions for
them is the homogeneous fractional Sobolev space H(€2) (see [9]). In order to study (1) and (3) it is
important to encode the ‘boundary condition’ u = 0 in R™ \  (which is different from the classical
case of the Laplacian) in the weak formulation, by considering also that in the norm [|ul| . gn the
interaction between 2 and R™ \ () gives positive contribution. The functional space that takes into
account these boundary condition will be denoted by Z and it was introduced in [11] in the following
way.

First, we denote by X the linear space of Lebesgue measurable functions u : R” — R such that

the map (z,y) — (u(z) — u(y))’K(z —y) isin L'(Q, dzdy),
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where @ := R?"\ (CQ x CR). The space X is endowed with the norm

) 1/2
@ il = (o + | ) —u PRz —)eay)

It is immediate to observe that bounded and Lipschitz functions belong to X, thus X is not reduced
to {0} (see [18, 19] for further details on space X). Now, the functional space Z denotes the closure
of C’{)’O(Q) in X. By [11, Lemma 4], the space Z is an Hilbert space which can be endowed with the
norm defined as

©) fulls = ( [ @)~ up) K pdedy) ™

Note that in (4) and (5) the integrals can be extended to all R?", since u = 0 a.e. in R™ \ ).

In view of our problem, we suppose that M : Rt — R verifies the following conditions:

(6) M is an increasing and continuous function;

7) there exists mg > 0 such that M (t) > mo = M(0) forany t € R" .
A typical example for M is given by M (t) = mg + tbwith b > 0.

Also, we assume that f : {2 x R — R is a continuous function that satisfies:

t
(8) lim fzt) =0, uniformly in x € Q;
[t|—0 t
t
9) there exists ¢ € (2,2%) such that lim f(@.1) = 0 uniformly in x € §;
[t|—o0 ta—1

there exists o € (2,2") such thatforany = € Q and ¢t > 0

0< oF(z,t) = a/t Fla,s)ds < tf(z.1).
0

Moreover, since we intend to find non-negative solution, we assume this further condition for f

(10)

(11) f(z,t) =0 forany x € Q and t < 0.
An example of a function satisfying the conditions (8)—(11) is given by
0 if £ <0,
flxz,t) =< a(z)tr™ f0<t<l,

a(z)tn=t it > 1,
with2 < ¢; < g, a € L*(Q2) and a(z) > 0 forany x € Q.
1

The weak formulation of (1) is given by the following problem

M(|lullz) (@) —u(y)(p(z) = p(y) K(z —y)dv dy

n

) =@
= [ faute)e@ydo+ [ futo

Q
u€E 4.

(12) PP u(x)p(x)de VYo e Z

Thanks to our assumptions on §2, M, f and K, all the integrals in (12) are well defined if u, ¢ € Z.
We also point out that the odd part of function K gives no contribution to the integral of the left-hand
side of (12). Therefore, it would be not restrictive to assume that K is even.

Recently, some studies have been performed for critical problems in a non-local setting; we refer the
interested readers to [3, 6, 17, 18, 19, 20]. Inspired by the above articles, in this paper we would like



to investigate the existence of a nontrivial solution for problem (12), by extending the result in classical
Laplacian case dealt with in [10].

Theorem 1. Lets € (0,1), n > 2s and Q2 be a bounded open subset of R™. Assume that the
functions K, M and f satisfy conditions (2) and (6)—(10). Then there exists \* > 0 such that problem
(12) has a nontrivial solution uy, for all \ > \*. Such solution also verifies

lim [Juy||, = 0.

A—00
The paper is organized as follows. In Section 2 we introduce a truncated problem whose weak solution
will be a weak solution of the original problem (1). In Section 3 we prove some technical lemmas. In

Section 4 we prove the existence of a solution for the truncated problem and our main result. Finally,
in Section 5 we study the sign of the weak solutions of problem (1).

The paper ends with an appendix which presents some detailed motivation for our nonlocal equation,
starting from some classical models for vibrating strings.

2. THE AUXILIARY PROBLEM

In order to prove Theorem 1 we first study an auxiliary truncated problem, by assuming that M is
unbounded (otherwise the truncation on M is not necessary). Given ¢ as in (10) and a € R such that

o .
my < a< 5o, by (6) there exists £, > 0 such that M (ty) = a. Now, by setting

L M(t) if 0 <t <ty,
R P

we can introduce the following auxiliary problem

(13) —M,(JJul|2) Lxu = Mf(x,u) + |u)* 2w inQ,
u=>0 inR™\ ©2

with f and \ defined as in Problem (1). By (6) we note also that
(14) M,(t) <a foranyt > 0.
We obtain the following result.

Theorem 2. Lets € (0,1), n > 2s and 2 be a bounded open subset of R". Assume that conditions
(2) and (6)—10) hold true. Then there exists A\qg > 0 such that problem (13) has a nontrivial weak

. g
solution, for all \ > Xy and for all a € (my, §m0).

3. VARIATIONAL FORMULATION AND TECHNICAL LEMMAS

For the proof of Theorem 2, we observe that problem (13) has a variational structure, indeed it is the
Euler-Lagrange equation of the functional 7, » : Z — R defined as follows

Toow) = 5HL(l) =X [ Plou@)de = 5 [ futo)

2*
dz .

where .
ML (t) = / M, (s)ds.
0
Note that the functional 7, » is Fréchet differentiable in u € Z and forany ¢ € Z
iAW) = Ma(lull3) /Q (u(e) - u(®)) (#(2) — 9(v)) K (@ — y) dudy
(15)

i\ / £, u(@)) () dr — / (@) 2 u(e)p(a)d




Now we prove that the functional J, » has the geometric features required by the Mountain Pass
Theorem.

Lemma 3. Let K, M and f be three functions satisfying (2) and (6)—10). Then there exist two
positive constants p and « such that

(16) Taa(u) > a >0,

forany u € Z with ||ul| , = p.

Proof. By (8) and (9) it follows that, for any € > 0 there exists d = d(€) > 0 such that
(17) |F(z,t)| < elt] + 6t .

By (7) and (17) we get

Taa(u) > PO )z —ex | |u ) de —oX | |u(x)|? dz — 1 |u(x)
, z
2 Q Q 2* Q

So, by using a fractional Sobolev inequality (see [9, Theorem 6.5]), there is a positive constant C' =
C'(€2) such that

2*
dz.

m
Toual) 2 (5 = XC) [lully = SAC [l = € fju

2%
7 -

m
Therefore, by fixing € such that k£ := 70 — e\C > 0, since 2 < g < 2%, the result follows by
choosing p sufficiently small. [l

Lemma4. Let K, M and f be three functions satisfying (2) and (6)—(10). Then there exists ane € Z
with 7, x(e) < 0 and|le]|,, > p.

Proof. We fix uy € Z such that ||ug||, = 1 and uy > 0 a.e. in R™. Now, let ¢ > 0. By using (10) and
(14), we get

t2 " 2%
Tax(tug) < aE — clt"/\/ lug(z)|” dx + o |Q] — —/ lug () 2
Q Q

Since o > 2, passing to the limit as ¢ — +o00, we get that \7&,)\<tuo) — —00, so that the assertion
follows taking e = t,ug, with £, > 0 large enough. U

Now, in order to prove the boundedness of the a Palais—Smale sequence we set

a ) = 1 a t
Ca.x iﬁﬁ%&’ﬁj“(”( )) >0

where
I = {y€C([0,1], Z) : 7(0) =0, Tur(4(1)) < 0}.

Lemma5. Let K, M and f be three functions satisfying (2) and (6)—10). Let {uj }j €N be a sequence
in Z such that

(18) ja,k(uj) — Cq, X,
and
(19) sup {| T \(u;)(@)|: € Z, 9], =1} =0 Vo€ Z,

as j — —+oo. Then {uj}jeN is bounded in Z .



Proof. By (18) and (19) there exists C' > 0 such that

gﬂxw>(ﬁL)'sa

(20) | T A ()| < C and
[l

for any 7 € N. Moreover, by (7), (10), and (14) it follows that

Tar(13) = =T (031

1~ 2 1 2 2 1 1 2
zg@ww»—;Mm%memz(ym—;awwz

(21)

o
So, by combining (20) with (21) and by remembering that my < a < §m0, we can conclude the
proof. U

The following result is needed to study the asymptotic behaviour of the solution of problem (12).

Lemma 6. Let K, M and f be three functions satisfying (2) and (6)—(10). Then

lim Ca, X — = 0.
A——+o00

Proof. Let e € Z be the function given by Lemma 4 and let {\;},_ be a sequence sucht that
/\j — 4-00. Since J,, » satisfies the Mountain Pass geometry, it follows that there exists 5 > 0
verifying 7, A (tre) = max Ja, A(te). Hence, J, ,(tae)(e) = 0 and by (15) we get

(22) tallellz Ma(t3 lellZ) ZA/f(x,txe(x))e(w) dl’+t§*_1/ le(2)?

Now, by construction e > 0 a.e. in R™. So, by (10), (14) and (22) it follows

el = 6 [ )

which implies that ¢, is bounded for any A > 0. Thus, there exists 5 > 0 such that ¢y, — (3 as
] — 400. So, by using also (14) and (22) there exists ) > 0 such that

(23) )\j/Qf(:E,t,\je(x e(x) dr + % _1/| N> dx = ty, a(t?\j lell7) < D

for any j € N. We claim that 3 = 0. Indeed, if 3 > 0 then by (8), (9) for any ¢ > 0 there exists
d = d(e) > 0 such that

P, t)] < 26t + qo |t
and so, by the Dominated Convergence Theorem,

/f(x,tA].e(x))e(@ dx%/f(x,ﬂe(x))e(x) dx as j — +oo.
Q Q

By remembering that \; — 400, we get
lim )\j/ f(z,tye(z))e(x) dx—kti*_l/ le(2)]* dz = +oo
J—+oo Q ! Q

which contradicts (23). Thus, we have that 5 = 0. Now, we consider the following path 7. (¢) = te for
t € [0, 1] which belongs to I'". By using (10) we get

1~
24) 0 < can < max Tua(1(1)) < Jun(bre) < M lel7)

By (6) and by remembering that 5 = 0 we have
li ]\/J\a 2 lel|%2) =0
N Hf (3 llellz) )



and so by using also (24) we can conclude the proof. Ul

We conclude this section by proving the following proposition. This technical result will be useful in
applying the concentration-compacteness principle (see [15, Theorem 2]) to prove Theorem 2.

Proposition 7. Letp € R, 6 € (0,1), u € L* (R").
Let eitherU x V = Bs(p) Xx R" orU x V =R" x Bs(p). Then

(25) lim ™ / / (@)P|z —y|* " *drdy =0
00 v{jz— y\<6}
and
(26) hm/ / (z) |z —y| " * dvdy = 0.
=0 Ju Jvnfje— y|>6}

Proof. We set

2/2*
= 2 d
s ( / o) )

(27) %13(1) & =0.

and we remark that

Also we observe that, using the Holder inequality with exponents 2* /2 = n/(n — 2s) and n/2s, we

have
2/2* 2s/n
2* da:) (/ 1 d:U> < 065(525,
Bs(p)

(28) / lu(z)|? de < (/ lu(x)
Bs(p) Bs(p)

for some C' > 0 independent of § (in what follows we will possibly change C' from line to line).
Moreover

(29) (U xV)n{le—y| <0} C Bas(p) x Bas(p).

Indeed, if (z,y) € U x V = Bs(p) x R™, with |x — y| < §, we have that
pP—yl<lp—a[+]r -yl <5+,

and so we get (29). On the other hand, if (z,y) € U x V' = R™ x Bs(p) with |z — y| < §, we obtain
p—al <lp—yl+ly—2| <o+,

and this completes the proof of (29).

Now we use (29), we change variable z := x — y and we conclude that

|/ ) Ple = ol o dy
zeU JyeVn{|z— y\<(5}
< / / () 2z — 22 da dy
x€Bas(p) Y y€Bas(p)N{|z—y|<d}

§/ / lu(z) 2|22 do dz
r€Bas(p) J 2€Bs

< 052_23/ lu(x)|? d.
z€Bas(p)



Using this and (28) we obtain

2] ju@Ple - o dedy
U JVn{lz—y|<d}

< 05_25/ ]u(x)|2d:1: < C¢;.
z€Bys(p)

This and (27) imply (25).

Now we prove (26). For this, we fix an auxiliary parameter K > 2 (such parameter will be taken
arbitrarily large at the end, after sending 6 — 0). We observe that

(30) UxV C (Bgs(p) x R") U ((R*\ Bgs(p)) x Bs(p)).

Indeed, if U x V = Bs(p) x R", then of course U x V' C Bgs(p) x R™, hence (30) is obviuous.
If instead (z,y) € U x V = R" x Bs(p), we distinguish two cases: if t € Bks(p) then (z,y) €
Brs(p) x R™;if x € R™ \ Bgs(p), then

(z,y) € (R"\ Brs(p)) x V = (R"\ Bgs(p)) x Bs(p).

This completes the proof of (30).

Now we compute

[ )Pl — oI dedy
z€BKs(p) v yeERN{|z—y[>5}

:/ / () 222 d d
(31) z€BKs(p) v zER™\Bs

o / lu(z) 2 da
x€Bks(p)
S CgK(Sa

where (28) has been used again in the last step.
Now we observe that if z € R" \ Bks(p) and y € Bs(p) then

z—pl |r—p
|90—y|Zlfc‘—pl—ly—plz| 5 |+‘ 5 |

Sle—pl K& o le—pl
=2 2 T2

— |y —p|
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As a consequence, using the Holder inequality with exponents 2*/2 = n/(n — 2s) and n/2s, we

infer that
z€R™\Bks(p) Y y€Bs(p)
SC/ / u(z) |z — p| ™" dx dy
z€R™\Bgs(p) v y€Bs(p)

~cr | ju(a) P — p| " do
zER™\Bks(p)

(32) 2/2* 2s/n
<Csm (/ |U(ZE) 2% d:L‘) (/ |J] _p|—(n+25)n/25 d:L‘)
z€R™\ B s (p) 2€R™\Brcs(p)
2 i 2s)n/2 i
n —((n+2s)n/2s n—1
<C$ HU”Lz*(Rn) (/ p~ ((rF2s)n/25)+( )dp)
K§
2s/n
n 2 —n2/2s
= CO" Jull3 (<K<s> )
=CK "[[ull}m
By collecting the results in (30), (31) and (32), we obtain that

/ / (@) 2le — y[ "2 da dy
V{jz— y|>a}
/ / lu(z) |z — y| " dz dy
z€Bgs(p) JyeR*"N{|z—y|>5}
+/ / lu(z) |z — y| "> de dy
z€R™\ B s(p) JyEBs(p)

< Céxs + OK"[|ull7or gy

From this, we send first & — 0 and then X' — 400 and we readily obtain (26) (recall again (27)). [

4. PROOF OF THEOREMS 1 AND 2

Proof of Theorem 2. By Lemmas 3 and 4 the functional 7, , satisfies the geometric structure re-
quired by the Mountain Pass Theorem (see [16, Theorem 2.2]) Now, it remains to check the validity
of the Palais-Smale condition. Let {Uj}jeN be a sequence in Z verifying (18) and (19). Since by
Lemma 5 {uj}jeN is bounded in Z, by applying also [11, Lemma 4] and [2, Theorem IV.9], up to a
subsequence, there exists © € Z such that u; converges to u weakly in Z, strongly in L(€2) with
q € [1,2%) and a.e. in §2. Also, in particular there exists 1 € L?({2) such that

(33) luj(z)] < h(z) forany j € Nandae. x € Q.

We point out the above inequality and convergences are also verified in all R", since u; = 0 = u
a.e. in R™ \ Q; in particular we shall assume that h(z) = 0 for a.e. z € R™ \ 2. Moreover, up to a
subsequence, there is v > 0 such that ||u;||,, — «, so by using (6) it follows that Ma(||uj||2) —
M,(a?) as j — +oo.

Now, we claim that
(34) w3 — llully  as j— +oo,

which clearly implies that u; — win Z as j — +4o00. By [11, Lemma 4] we know that {u;}; y is
also bounded in H3(£2). So, by Phrokorov's Theorem we may suppose that there exist two positive



measures 4 and v on R” such that
(35) (=A)u;Pde = p and  fuy]* = v
in the sense of measures. Moreover, by [15, Theorem 2] we obtain an at most countable set of distinct

points {z;},. . positive numbers {v;},_;, {1}, and a positive measure [ with Supp fi C Q) such
that

(36) v=1[u*de+) v,
ieJ
and
(37) p=(A) uffde + i+ Y pide, v < Spd 7
ieJ

with S the best constant of the Sobolev embedding.

Our goal is to show that the set .J is empty. We argue by contradiction and suppose J # (). Then we
fix i € J and for any § > 0 we set ¢5(z) := ¥ ((z — ;) /0) where ¢ € C§°(R™, [0, 1]) is such that
¢ =1in B(0,1) and ¢ = 0in R"™ \ B(0, 2). Since for a fixed § > 0 {su;} ;. is bounded in Z
uniformly in j, by (19) it follows that 7, , (u;)(t)su;) — 0 as j — o0, that is

M) [

R2n

() (uj () —ui(y)) (s(x) — vs(y)) K (z —y) dz dy
(38) = —M,(||u;l5) /R% Us(y) Juj(z) — wi(y) | K(z — y) de dy
+ A/Qf(%Uj(flf))%(ﬂﬁ)uj(x)dﬂf+ /Q Juj(2)|* s(x)dz + 0;(1),

as j — +oo.

By the Cauchy-Schwartz inequality we have

[ ) a(0) = ) (05(0) = ) K o — ) ddy

(39) < (

where the last term in the right-hand side is finite uniformly in j.

Now, we claim that

(40) lim l lim /R% |uj(x)|2 [ths(x) — 1/15(y)|2 K(x —y)dzx dy} = 0.

6—0 |j—+o0

For this, we first fix 6 > 0 and we observe that u;(x) — u(x) a.e. x € Q as j — +oo. Since
u; =0 =wuae inR"\ Q, u;(zr) — u(zr) ae.x € R"as j — +00. On the other hand, by (2),
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(83), the boundedness and Lipschitz regularity of 15 we get, for some L > 0,

/zn [y () [5(2) — ¢5(y)|” K (x — y) d dy

1 —n—2s
5 | ) oste) = dslw) P o — ol dody

L*52 e
<= @) o =y dwdy
n JRPN{|z—y|<6}

4 —n—2s
s )P o — o drdy
m SR |z—y|>6}
)

2572+ 4 L*672+4
(L= +4) |uj(x),2 dr dy < Cg

IN

<C \h(z)|” dady < +oo

with C' = C(n, s,d) > 0. Thus, by the Dominated Convergence Theorem it follows that
lim Juj (@) [¢5(x) — bs(y)|* K (2 — y) da dy

1) s Jpe
=/ u(@)[? [5(x) — ¥s(y)[* K (x — y) dz dy
RQn

with > 0 fixed.

By arguing as above we have

[ )P sta) ) e~ ) oy

< g u(x) P o(2) — (o) 2 — o1 dwdy

<—6 / / D) |z — y* " dedy
Vn{|z— y\<5}

4 / / (@) Pz — y| "2 dudy
0 U JVn{|lz—y|>d}

where U and V' are two generic subsets of R™. Now, we will prove that the term on the right-hand
in (41) goes to 0 as & — 0, by using (42) case by case. First, we observe that when U = V =
R™\ B(x;, ) all the integrals in (42) are equal to 0. When U x V' = B(z;,6) x R"and U x V =
R™ x B(x;,0), we can use Proposition 7 together with (42) to get

lim [u(@)[* [¢5(x) — vs(y)|* K(x — y) de dy = 0.
—VJUxV

Thus, by using these last results we get

lim [ Ju(e)]* [¢5(z) — $s(y)]* Kz —y) dedy =0,

6—0 RQn

and by combining this formula with (41) we prove (40); from this, by using also (39) it follows that
(43)

i | i s 13) [ 05(0) () = 0y0) () = ) o = )y =0
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Now, by Hélder inequality and (2) we observe that, for any x € R",

/ u;i(z) — u;(y) de

|£L’ _ y|n+28

1
i
/Rn\ﬂ |z — y[*

<Clu@+ 2 [ o) - w)l K - s

2

2

(44) <2u;(y)|? +2

/umw—w@uxz
Q

|$ . y|n+25

with C' = C(2) > 0. So, by (35) and (44) we get
imint [ ws(0) [ Jue) ~ () Ko - ) drdy
Jj—+00 Jpn Q
2
/ Juj(x) — i (y) | e

|I . y|n+28

0
> lim inf
— 2|Q| ¢(n, s) JITJ:& . Ps(y) e(n, 5)

dy

— Climinf [ 4s(y) Ju;(y)* dy
Rn

j—+o00
0 1
2 | | C(?’L, 8) R™

w@m—c/ fu(y)|? dy.

B(z;,0)
Moreover, by (8), (9) for any € > 0 there exists 0 = d(¢) > 0 such that
(46) [fa, )] < 2et] +q " .

and so, by the Dominated Convergence Theorem we get
(47) / (@, () )uj (z) s (x)de — / (@, u(z))u(x)ps(z)de
B(z4,9) B(z,0)
as j — +00; we also observe that the resulting integral goes to 0 as 0 — 0. So, by (35) it follows that

/|u] @/)5 x—>/¢5 )dv as j — +o0

and by combining this last formula with (38), (43), (45) and (47) we get

/% w+/%jWUU)U%U

(/m )iy~ /%ﬁww%@+%m,

recalling that M, ([|u;[|%) — M,(a?) as j — +oo. By sending § — 0 and by using (7) we conclude
that v; > Ma(az)m > moC'u; and by using also the inequality in (37) we get

(moc)n/2s

(48) i Z Gln—2s)/25

for any ¢ € J. Now we shall prove that the above expression cannot occur, and so the set J is empty.
By (18) and (19) we get

j—Foo

1
(49) lim (ja,x(uj) - ;jé,x(uj)(uj)) = Ca, -
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g
Moreover, by (7), (10) and remembering that my < a < §m0 we have

Ta() = = 70 o (u5) )

5 Mallwil) = =Mallwgl) Nl + (= = 55 ) [ Jwi(@)] de
o o 2 Q

1
2
0 (2o~ Lo bt + (3 - %) [ 1w
(% — —)/@D& ) |u;(x

By combining (49) and (50) we get

Car (———)/w

from which, by sending 6 — 0 and by using (48), it follows that

1 1Y (meC)v/?
Cax 2 | =~ 57 | Si2sy7as
o 0% S(n—2s)/2s

\/

v

>

which leads to an absurd by Lemma 6. Thus, .J is empty and by (35) and (36) it follows that u;
converges to u in L2*(Q) So, by (19) with ¢ = u;, (46) and the Dominated Convergence Theorem
we have

st M)l =) [ @)@+ [ P

Moreover, by remembering that v; — w in Z, Ma(||uj|]2Z) — M, () and by using (19), (46) and
the Dominated Convergence Theorem we have

2 M(a?) Z_)\/f:z; u(z (x)dx—/|u(x)

forany ¢ € Z. So, by combining (51) and (52) it follows that

" u(a)p(x)dr,

Ma(llulI7) sl — Ma(e®) [lully — as j — oo,
from which we conclude the proof of claim (34).

Therefore, we have proved the Palais-Smale condition and by the Mountain Pass Theorem we obtain
a critical point w € Z for the functional 7, » at level ¢, ». Since J, x(u) = c4x > 0 = J, A(0) we
conclude that u # 0. O

Proof of Theorem 1. By Theorem 2, for any A > )\ let u, be a solution of problem (13). Now, we
claim that
(53) there exists A* > ) such that |luy||, < to forany A > \*.

where {g is given as at the beginning of Section 2. We argue by contradiction and suppose that there
is a sequence {/\j}jeN C R such that HUAJ- Hz > to. Since uy, is a critical point of the functional
Ta, A;» Py using also (7) and (10) it follows that

1~ 1
S M) = =Ml 1) a1
2 o

e 1 2 _ (1 1 2
=\ Mo~ ¢ [[ur [, = oMo = @ | to,

v

Ca, Aj
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which contradicts Lemma 6 since mg < a < zmo. So, by (53) we get M, (||luxll3) = M([|uall)

which inplies that u, is a solution of problem (1) for any A > A,.

Moreover, arguing as above we have
1 1 9
Cax = 5o~ ;a Juallz

o .
and so, since mg < a < 5o and by Lemma 6, it follows that Ahm lurll, = 0.
—+400

5. EXISTENCE OF NON-NEGATIVE SOLUTIONS

In this section we study the sign of solutions of problem (12). For this, we first introduce the following

technical lemma.

Lemma 8. Letu € Z. Then the absolute value of u, denoted by |ul, is in Z.

Proof. We fix a > 0. Since u € Z, by costruction there exists w € C§°(£2) such that

a
(54) lu = wllx <5

Now, forany € > O and € R", we set v, (z) := (€2 + w?(z))"/? — c. We observe that v, = 0 = w
in R™ \ € and it is a smooth function by construction. Hence, v. € C5°(€2). Also, we have v (z) —
lw(x)| a.e. z € R" as € — 0. Since |ve| < |w| for any € > 0, by the Dominated Convergence

Theorem, v, — |w]| in L*(R™) as ¢ — 0.
On the other hand,

WVl g

|V'Ue‘ = —(62 +w2)1/2 >

uniformly in €. Therefore, by the boundedness and Lipschitz regularity of w it follows that

[ve() — [w(@)] = ve(y) + w(y)| [ K(x —y)
< 2 (Jve(z) = ve()” + [ w(@)| — [w(y)| [*) K(z —y)
< C min {1, |z — y|2} K(z —y) € L*(R" x R™).

which is clearly finite thanks to (2). Thus, by the Dominated Convergence Theorem we get v, — |w|

in X as € — 0, in particular

a
5 Joe = hwlllx < 5

for € sufficiently small, say € < €, with € = €(a) > 0.
By (54) and (55) it is easy to see that

lful = vell x < Mlul = |wlllx + [[Jw] = vellx <flu—wlx + llw] = vel x <a.

This concludes the proof.

g

Corollary 9. Let all the assumptions of Theorem 1 be satisfied and assume (11) in addition. Then
problem (12) has a non-negative solution uy for all A\ > \*, where \* is the parameter given in

Theorem 1.
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Proof. We fix A > A\*. Let uy € Z be a solution of problem (12), given by Theorem 1. By Lemma 8
we have u, € Z. So, by (12) with ¢ = u, we get

M (Jfuxll7) / (ux(@) — ux(y)) (uy () — uy (Y)) K (x — y)de dy

R2n

_ ALf(x,uA(x))uA(x) dz + /Q fuz (@)
Now, we observe that
(ur(x) = ua(y)) (uy () — uy (y))

= —uf (@)u; (y) = uy (2)uf (v) = (u; (@) = uy () < = Juy (@) —uy W],

for a.e. z, y € R™. Moreover, by (11) we get f(x, uy(x))u, (x) = 0 for a.e. z € R". Thus, by (56)
it follows that

0< —/ [ux (@) = uy ()| K (@ — y)dw dy — /Q [y (@) do < = Jlu |1

which implies u, = 0. U

(56)

*

dz.

2

APPENDIX A. SOME MOTIVATION FOR A FRACTIONAL KIRCHHOFF EQUATION

The goal of these last pages is to give some motivation for the problem studied in this paper. For
this, we would like first to recall some basic facts on the classical Kirchhoff equation: our explanations
will be oversimplified, and even crude in some parts, and we will not attempt a rigorous mathematical
justification of all the asymptotics that we are going to discuss heuristically.

We will consider the one-dimensional case for simplicity. For this we take the physical model of an
elastic string constrained at the extrema. For concreteness, the string will be represented by the graph
of afunctionu : [—1,1] x [0, +00) — R, and the end-point constraint reads u(—1,¢) = u(1,t) =0
for any ¢ > 0. As usual we will write u = u(z, t), where z is the space variable and ¢ is the time.

For further use, we can indeed identify this finite string with an infinite string, that is constrained
outside (—1, 1), i.e. consider the function u : [—1, 1] x [0, +00) — R, with u(z,t) = 0 forany = €
R\ (—1,1) andany t > 0.

Then, the acceleration uy; of the vertical displacement w of the vibrating string (that from now on will
be assumed suitably small with respect to the length of the string) must be compensated, by Newton’s
law, by the elastic force of the string and by the external force field f: so we obtain the classical
equation for the vibrating string:

Uy = Mg, + f
If we look for stationary solutions, i.e. solutions u(x) that do not depend on time, the equation boils
down to

(57) Mug, + f =0.

To a first approximation, for homogeneous strings, the elastic tension term M is simply a positive
constant mg. Several corrections to the model were proposed in order to take into account some
discrepancies between the theory and the experimental data, since ‘it is well known that the classical
linearized analysis of the vibrating string can lead to results which are reasonably accurate only when
the minimum (rest position) tension and the displacements are of such magnitude that the relative
change in tension during the motion is small’, see [7].

A classical modification of the above model is then to suppose that the tension increases if so does
the length of the string. This ansatz is coherent with the common experience that a taut string reacts
more strongly than a slack one. It is conceivable then to make the above ansatz quantitaive and
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suppose, for simplicity, that the tension, for small deformations of the string, takes (at least for small
elongations of the string) the linear form

(58) M(0) = mg + 20¢,

where b > 0 is constant and ¢ is the increment in the length of the string with respect to its rest
position (in which the string has length 2), i.e.

1
(59) 62/ V1+u2de —2.
-1

For small deformations, /1 + u2 =1 + % up to higher order terms, and so
1 1
(= —/ u? de.
2J

1
M:mo+b/ uﬁdac:mo%—b/uidx,
-1 R

By plugging this into (58) we obtain

where we used the notation for which u is defined to vanish outside (—1, 1). By inserting this into (57),
one obtains the classical version of the Kirchhoff equation

—+00
(60) M (/ ui da:) Uge + f =0,

o

with M (t) = mgo + bt. As a historical remark, we mention that the equation was first introduced
in[12, 13] and then, probably independently, proposed in [7, 8]; see also [14] for a comparison between
the theory and the experimental data.

We observe that the first term in (60) can be interpreted in a variational way, as arising from an energy
of the form

1~ Feo
(61) §M </ ui dx) ,

where M is a primitive of M.

With this respect, the Kirchhoff equation of nonlocal type that we studied originates from the idea that
the energy in (61) does not depend on the ! norm of the function that parameterizes the graph of
the string, but rather on its H* norm, namely we replaced (61) with

(] B2 )

or even with more general kinds of fractional norms. In this sense, while the “nonlocal” feature of the
tension in the classical Kirchhoff equation surfaces from the average of a “local” object (namely ui),
in the equation we took into account the “nonlocal” aspect of the tension arises from an object which
is “nonlocal” as well. In general, we think it could be interesting to study even more general models in
which the tension of the string is related to “nonlocal” measurments of the modification of the string
from its rest position. Some of these models may be variational in nature (as the one considered here),
some others may be not.

Another way of obtaining the model we study from the classical Kirchhoff equation goes as follows.
Following [4], for o € (0, 1), we consider the o-length of the string as follows. Let ' := {(x1,z5) €
R%s.t. 29 < u(z1)} be the subgraph of u. We assume that the oscillation of the string does not
exceed a size of order ¢, i.e. |u| < eand so OF C {(z1,72) € R? st. 23| < €}. Then we define
the length of the string in the set () := [—1,1] X [—¢, €] as

lo(u) =I(ENQ,R*\ E) + I(Q\ E, E\ Q),
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where, for any couple of disjoint measurable sets X, Y C R? we set
drd
I(X,Y) = / Y
xxv |7 — Y

It is known that (up to a suitable rescaling) ¢, tends to the classical length of the string as 0 — 1
(see [1, 5]). Of course, the fractional length of the string at rest here is simply ¢,(0), and so the
difference between the fractional length of the string and its original value is

Uy = U, (u) — £,(0).

So it is conceivable to replace in the model the dependence from the classical length with the depen-
dence of this “nonlocal” version of length, i.e. to substitute (58) with

(62) M(ly) = mo + 2bl,.
Moreover, /, may be computed in terms of u thanks to the following geometric observation. Let
Et = {(z1,19) ER?st. 0 < 29 < u(71)},
E™ = {(z1,25) € R?st u(z;) < x5 < 0},
W+ =R x (0, +00),
W~ =R x (—00,0)
and Qi =QN W,

Then
lo(u)
= I((Q\E)UE",(W\EHUE)+I(QT\EUE", W™ \Q)
= [(Q \E",WI\E)+I(Q \E,E")
+I(EY, W\ E")+ I(ET,E7)
HIQT\NETWN\Q)+ I(E-, W™\ Q)
and
l(0) =1(Q™, W)+ I(Q", W™\ Q).
Moreover
Q™ WH —I(Q \E , W'\ ET)
= I(Q*\E*,EJF)+I(E*,W+\E+)+I(E*,E+)
and

QT W\Q) - IQT\ET, W™\ Q) =I(E", W™\ Q).
As a consequence
ly = I(Q \E ,E")+I(E*, W\ E")
(B W\Q) — Q" \ B, EY)
—I(E~, W\ EY) = I(E*,W~\ Q).
By collecting all the terms involving £ and £~ and using that 7(X,Y") = I(Y, X) we obtain
6, = I(EY,WH\E")—I(EY,W~\ E")
(63) +I(E=,W-\E")—I(E-,W*\ E").

We now write separately the first two terms. For typographical convenience we use the notation of
writing the integrating variables next to their integral sign. Also, we set u™ := max{u,0} and u™ :=
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max{—u, 0}: notice that u™ > 0 and u = u* — u™. In this way, ™ = {(21,22) € R?st.0 <
Ty <ut(x)}, B7 = {(z1,72) € R?st. —u(21) < 22 < 0},

I(ET,WT\ ET)
wre) ) o\~ (240)/2
d$1 dxsy dy1 dyz |$1 Y1)~ + |z2 — yo )
and
I(EY, W\ E7)
ut(z1) —u" (y1) (240)/
/da:l/ dxg/dyl/ dys |x1 y1|* 4 |zo — o )
Th _ . 2 2 —(2+0)/2 s o
us, we set ¢ = (1, y1, 22) = (|lz1 — ni]? + |22/?) , we make the substitution z5 :=

1o — Ty and we get

I(ET,WH\ E+) —I(ET,W~\ E")

(64) (1) —u~ (y1)—T2
/ dl’l / dﬂfg/ dyl / dZQ — / dZ2 w
(y1)—x2 —00
Now we observe that
0 +o0
/ dzp V) = / dzy
—00 0
since 1) is even in z,. Therefore

[ oo —u (y1)—22

/ dZQ — / d22 77/)

| ut(y1)—=2 —o0
[ 0 400 0 —u~ (y1)—x2

= / dz2~|—/ dzz—/ sz—/ dze | Y
| ut(y1)—x2 0 —o0 0

0 —u” (y1)—22
= / dzo — / dzy 7%
i ut(y1)—x2 0

hence (64) becomes

I(ET,WH\ EY) = I(EY, W™\ E")

(65) xl) ut (y1)—a2 —u” (y1)—x2
/dl‘l/ /dyl / d22+/ ng w
0 0

At this point, we make the crude approximation

(66) / dzo
0

when ¢’ is of the order of €. As a matter of fact, such approximation is not fully justified when x;
and y; are in a neighborhood of size much smaller than €, due to the singularity of the kernel: since
this appendix is mainly motivational, and should not be interpreted in a strictly rigorous mathematical
language, we neglect this subtle point and just take the ansatz that (66) is reasonable for most of the

points of integration x; and y; and see what happens. Similarly, we observe that, for s := "“ , at

:‘Il y| (to)e
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least formally and in the principal value sense

Ju(z1) — u(y)?
s d
HsR) — / 1‘1/ |x1 _ y1|1+25
= / dx, / dy, lu(z1)]? — w(z)u(yr) + Julyn)|* — u(yr)u(zy)

|$1 _ y1’2+0

(z1) > — u(z)u(y)
—2/dx1/dy |1 — 1 [2He ’

thanks to the symmetric role played by z; and y;.

[l

From (66) we obtain the approximation

ut (y1)—z2 —u” (y1)—z2
/ dzy + / dzo | Y
0 0

~ |z — yu | (ut (1) — u” (1) — 2m2)

= |z — |~ (u(yr) — 22).

Therefore, up to terms that we neglected,

u't(x1) ut (y1)—wz2 —u~ (y1)—22
/ dzo / dzo + / dz | Y
0 0 0

ut (1)
= / dxo|zy — 1| (u(yr) — 212)
0

= —|r =y (Ju (@) P = u (2)uly))-
Consequently, (65) becomes

I[(EX,WH\ E") — I(E+ W\ E)
(68) [ (z1)]? — ™ (21)u(y)
/dx /dy |$1 .

Y1 |2+J

Notice also that a reflection of the vertical variable transforms the set £+ of the function u into the
set E~ for the function —u, and also (—u)* = u ™. Hence the symmetric version of (68) reads

[(E-, W=\ E™) — I(E~,W*\ EY)
(69) /d:m/d 1|U ) +u (z)u (yl).

|21 — y1]?T

Moreover, since, at any point x; either u*(z1) = 0 or u™ (1) = 0, we see that
u(@)* = Ju® () * + Ju (1)

Accordingly, by plugging (68) and (69) into (63) and we obtain the approximation

o= [ [ ap el ) Ly

Hs(R)»

where in the last step we used (67). By inserting this expression into (62) we obtain the approximated
tension

M = mo + 2b|ull7 g
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Hence, a nonlocal model for the vibrating string may be obtained from (57), by considering the above
tension and by replacing the local spatial second derivative with the nonlocal operator —(—A)®: in
this way we obtain the nonlocal equation

—M (JullFs @) (=A)°u+ f = 0.
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