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Abstract

We discuss the influence of small phase lags on the synchronization transitions in the

Kuramoto model for a large inhomogeneous population of globally coupled phase oscilla-

tors. Without a phase lag, all unimodal distributions of the natural frequencies give rise to

a classical synchronization scenario, where above the onset of synchrony at the Kuramoto

threshold there is an increasing synchrony for increasing coupling strength. We show that

already for arbitrarily small phase lags there are certain unimodal distributions of natural

frequencies such that for increasing coupling strength synchrony may decrease and even

complete incoherence may regain stability. Moreover, our example allows a qualitative un-

derstanding of the mechanism for such non-universal synchronization transitions.

Systems of coupled oscillators play an important role in various fields. Collective rhyth-

mical behavior can be found in biology, where examples range from cycles in the meta-

bolism of cells, spiking of neurons, or behavior of whole organisms or populations, as

well as in mechanical systems, electrochemistry, or economy. Global coupling through

a common mean field, as in the classical Kuramoto model, is a particularly simple in-

teraction structure and in this case the fundamental dynamical phenomenon is that in

a population of oscillators with slightly varying natural frequencies a coupling above a

certain strength can introduce a synchronous behavior. In the emerging partially syn-

chronized state the oscillators with natural frequencies close to the maximum of the

distribution are entrained, while those with more detuned natural frequencies still oscil-

late independently. For further increasing coupling strength more and more oscillators

become synchronized. Recently, it has been shown that introducing a phase-lag param-

eter into the phase interaction function a counterintuitive scenario can be found where

increasing coupling strength may lead to decreasing synchrony. We show here that this

effect can be induced already by arbitrarily small phase-lags into the original Kuramoto

system, where this effect is impossible.

1 Introduction

It has been pointed out by Kuramoto [1] that a general system of coupled limit cycle oscillators

can be reduced to a system of phase oscillators assuming that they are only weakly coupled.

Assuming also that the natural frequencies of the limit cycles are sufficiently large, a classical

averaging procedure leads to a system of the form

dθk

dt
= ωk −

K

N

N
∑

j=1

Γ (θk(t) − θj(t)) , (1)
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where the phases θk ∈ R mod 2π rotate with their natural frequencies ωk and interact through

a coupling with strength K and a general phase interaction function Γ. We have chosen here

a simple global coupling structure and assume that the natural frequencies are drawn at ran-

dom following a given unimodal frequency distribution g(ω). Recall that a natural frequency

distribution g(ω) is called unimodal if g is even, i.e. g(−ω) = g(ω), and nonincreasing for

ω ∈ [0,∞).

It was the important achievement of Kuramoto to point out that choosing a sinusoidal coupling

function opens the possibility for a deep analytical treatment of the resulting system [1]. Also

more recent analytical approaches, as by Watanabe-Strogatz [2, 3] or Ott-Antonsen [4, 5], cru-

cially rely on the fact that a general periodic coupling function Γ is replaced by its first Fourier

modes only. At the other hand, it is known that many dynamical phenomena arising in globally

coupled oscillator systems, such as clustering [6], heteroclinic cycles [7], chaos [8], or multiplic-

ity of singular synchronous states [9, 10], can be only found in phase oscillators using higher

harmonics in the interaction function, see also [11] for the recent overview.

At the other hand, Kuramoto and Sakaguchi already noticed that after modifying the original

interaction function to

Γ(x) = sin(x + α) (2)

by introducing the phase-lag α as an additional parameter, they were able to adapt the same an-

alytical techniques [12] as in the case α = 0. The variation of the phase-lag parameter α, which

governs the attraction and repulsion between the oscillators, is essential for various interesting

dynamical effects. In particular in spatially extended systems the emergence of self-organized

patterns of coherence and incoherence, called chimera states [13, 14, 15], or macroscopic tur-

bulence [16] can be observed only for a phase-lag α close below the value π/2, where the

interaction switches into the repulsive regime.

However, for globally coupled systems and unimodal frequency distributions it was believed

that the phase lag parameter does not introduce significant qualitative changes to the observed

synchronization scenario, in which a single branch of partially synchronized solutions emerges

at a critical coupling strength and continues with increasing synchrony above this value. Only

recently [17, 18], it has been shown that one can find certain unimodal frequency distribu-

tions g(ω) giving rise to non-universal synchronization transitions. These transitions include

decreasing synchronization with increasing coupling strength, incoherence regaining stability

with increasing coupling strength and even coexistence of stable incoherence with a partially

synchronized state. Up to now, in all examples these phenomena where observed for rather

large values of the phase lag parameter, i.e. close to π/2. In the present paper, we will show

that already for arbitrarily small α one can construct a unimodal frequency distribution, such

that the corresponding synchronization transitions display non-universal features. It follows that

the original Kuramoto model with α = 0 is indeed singular in the sense that perturbing α to

arbitrarily small positive values might already induce qualitative changes to the dynamics.

The paper is organized as follows. In Section 2 we introduce the framework of the continuum

limit and recall the Ott-Antonsen reduction, which allows to derive a general form of the self-

consistency equation for partially synchronized states. In Section 3 we proof our main result by

explicitly constructing a specific family of unimodal frequency distributions and studying analyti-

cally the properties of its bifurcation curves. While this construction is based on the analytically
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tractable case of a linear superposition of two Lorentzian frequency distributions, we provide

some numerical evidence that a similar scenario can be also found based on e.g. Gaussian dis-

tributions. Finally, we use these examples to give a qualitative explanation why in certain cases

an increasing coupling strength may lead to a decrease of the synchrony.

2 Partially synchronized states in the continuum limit

Following the classical lines for the analytical treatment of system (1) with a large number N of

oscillators [19], we pass to the limit N → ∞ where we obtain the continuity equation

∂f

∂t
+

∂

∂θ
(fv) = 0. (3)

Using the Kuramoto-Sakaguchi phase interaction function (2), we can write the velocity as

v(θ, ω, t) := ω +
K

2i

(

e−iαr(t)e−iθ − eiαr(t)eiθ
)

(4)

where the continuum version of the global order parameter r(t) is given by

r(t) =

∫

∞

−∞

dω

∫ 2π

0

f(ω, θ, t)eiθdθ. (5)

The continuity equation can be significantly simplified by restricting to the Ott-Antonsen mani-

fold [4] of solutions of the form

f(ω, θ, t) =
g(ω)

2π

(

1 +

∞
∑

n=1

[

zn(ω, t)einθ + zn(ω, t)e−inθ
]

)

, (6)

where then the unknown complex function z(ω, t) has to satisfy the equation

dz

dt
= iωz(ω, t) +

K

2
e−iαGz − K

2
eiαz2(ω, t)Gz. (7)

Here, for any ϕ ∈ C(R; C) we denote by Gϕ the integral operator

Gϕ :=

∫

∞

−∞

g(ω)ϕ(ω)dω. (8)

Note that only solutions with |z| ≤ 1, which form an invariant set for equation (7), give rise to

solutions of the continuity equation (3). For a more detailed exposition of this reduction, see also

[18].

With respect to Eq. (7), we are interested in two types of solutions:

(i) the completely incoherent state z(ω, t) = 0,

(iii) partially synchronized states z(ω, t) = a(ω)eiΩt.
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In [18] it has been shown that the amplitudes a(ω) and collective frequencies Ω of all partially

synchronized states can be found from the self-consistency equation

1

K
eiα =

i

p

∫

∞

−∞

g(ω)h

(

ω − Ω

p

)

dω

= i

∫

∞

−∞

g(Ω + ps)h(s)ds =: H(p, Ω) (9)

with

h(s) :=

{
(

1 −
√

1 − s−2
)

s for |s| > 1,

s − i
√

1 − s2 for |s| ≤ 1.
(10)

More precisely, every pair (p, Ω) ∈ (0,∞) × R determines a solution

z(ω, t) = h

(

ω − Ω

p

)

eiΩt

to equation (7) with K = |H(p, Ω)|−1 and α = argH(p, Ω). Inserting this into formulas (5),

(6) we obtain the corresponding global order parameter

|r| = p|H(p, Ω)| = p/K. (11)

Thus, using equations (9) and (11) we can describe the global structure of the synchronization

transitions for different values of phase lag α, see Fig. 1 for the Lorentzian distribution

g(ω) = Lσ(ω) :=
1

π

σ

ω2 + σ2
. (12)

0

π/2  0

 3

 6

 0

 1

α

K

|r|

Figure 1: Order parameter |r| of partially synchronized states in the Kuramoto-Sakaguchi

model (1)–(2) with Lorentzian frequency distribution L1(ω). Red line: stability boundary of the

incoherent state.

In [18] it has been shown that the self-consistency equation (9) can be efficiently used to perform

a bifurcation analysis for general frequency distributions g(ω). In particular, we obtain from the
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limit (p → +0) a bifurcation condition for the onset of synchronization, which coincides with

the stability boundary of the completely incoherent state, given by the singular integral

1

K
eiα = J(Ω) :=

π

2
g(Ω) +

i

2
lim

ε→+0

(
∫

−ε

−∞

+

∫

∞

ε

)

g(ω + Ω)

ω
dω. (13)

3 Main result

In this section we give an explicit construction of a family of unimodal frequency distributions,

which induce non-universal synchronization transitions for any small phase-lag α. Moreover, we

show that for α = 0 the order parameter increases monotonically along the branch of partially

coherent states. To this end we start as in [17] with a linear superposition

g(ω; σ, τ) = τg1(ω) + (1 − τ)gσ(ω), (14)

of two standard distributions where τ ∈ [0, 1] governs mass balance between them and the

width of the second distribution is scaled by σ ∈ (0, 1). Note that other versions of such su-

perpositions can lead to symmetric but non-unimodal distributions, see [20] where multistability

has been reported. A combination of two elementary distributions with different mean frequen-

cies has been studied in [21]. A key assumption in all these cases is to choose the elementary

distribution gσ(ω) to be of Lorentzian type Lσ(ω), which allows for a explicit evaluation of the

corresponding integrals in (13). However, as we will demonstrate below numerically, our con-

struction leads to a similar scenario of nonuniversal synchronization transitions also for other

choices of gσ(ω).

We demonstrate now that for an appropriate choice of parameters σ → 0 and τ → 1, we can

observe nonuniversal synchronization transitions for arbitrarily small values of α.

Inserting the distribution (14) with the Lorentzian (12) into (13) we can perform a contour inte-

gration in the upper complex half-plane and obtain

J(Ω) =
1

2

(

τ

Ω2 + 1
+

(1 − τ)σ

Ω2 + σ2

)

− i

2

(

τΩ

Ω2 + 1
+

(1 − τ)Ω

Ω2 + σ2

)

. (15)

Hence

tan α = F (Ω) :=
Im J(Ω)

Re J(Ω)
= −Ω

Ω2 + A

BΩ2 + C
,

where

A = A(σ, τ) = 1 − τ + τσ2,

B = B(σ, τ) = τ + σ − στ,

C = C(σ, τ) = σ(1 − τ + στ).

It is easy to verify that F (0) = 0 and F (Ω) → +∞ for Ω → −∞. Therefore, varying Ω
from −∞ to 0 we obtain a parametric representation of the curve describing the onset of the

synchronization in the half-plane of the parameters α ≥ 0 and K. Depending on the choice
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K
α

(a)

 0

 1

 2

 3

0 π/4 π/2

Ωmax

Ωmin Ω → -∞

Ω = 0

αmin

 0

 0.5

|r
|

(b)
α = 0.22

 0

 0.5

 0  1  2

K

|r
|

(c)
α = 0.23

Figure 2: (a) Bifurcation diagram for the double Lorentzian distribution (12), (14) with σ = 0.01
and τ = 0.99. Red line: stability boundary of the incoherent state. Blue line: fold of partially

synchronized states. (b)–(c) Synchronization transitions for particular choices of α.

of the parameters (σ, τ) function F (Ω) may be monotonous as in Fig. 1, or non-monotonous

as in Fig. 2(a). We are interested in the latter case, when the function F (Ω) has local extrema

corresponding to folding points Ωmin and Ωmax. To find these extrema, we use the derivative

F ′(Ω) =
BΩ4 + (3C − AB)Ω2 + AC

(BΩ2 + C)2
= 0. (16)

Taking into account that A, B, C ≥ 0 for all (σ, τ) ∈ [0, 1]2, we may encounter two situations.

For (σ, τ) from the hatched region in Fig. 3 we have

A2B2 + 9C2 − 10ABC > 0 (17)

and

AB − 3C > 0, (18)

therefore Eq. (16) has two positive solutions

Ω2
min =

AB − 3C +
√

A2B2 + 9C2 − 10ABC

2B
(19)

and

Ω2
max =

AB − 3C −
√

A2B2 + 9C2 − 10ABC

2B
.
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τ

σ

 0

 0.1

 0.2

 0  0.5  1

Figure 3: Parameter regions where inequalities (17) (hatched) and (18) (shaded) are satisfied;

αmin → 0 along the dashed line, given by (20).

For (σ, τ) outside of the hatched region the discriminant in formula (19) is negative and Eq. (16)

has no solutions at all.

Let us analyze the behavior of

αmin = arctan(F (Ωmin))

for σ → 0 and τ → 1. For the sake of simplicity, we assume

τ = 1 − σ (20)

as shown by dashed line in Fig. 3. Then,

A = σ + σ2 − σ3,

B = 1 − σ + σ2,

C = 2σ2 − σ3.

Inserting this into Eq. (19) we obtain

Ω2
min = σ + O(σ2) for σ → +0.

This yields

αmin = 2
√

σ(1 + O(σ)) for σ → +0.

Therefore for arbitrary α0 > 0 there exists a pair (σ, τ) such that αmin ≤ α0. Hence, we have

proven the following statement.

Proposition 1. For every |α| ∈ (0, π/2) there exists a unimodal distribution of the form (14)

such that the Kuramoto-Sakaguchi model (1)–(2) in the limit N → ∞ exhibits a nonuniversal

synchronization transition.

Remark that the constructed non-universal synchronization transitions for small α require distri-

butions with small width and contain regions where the order parameter |r| has correspondingly

small values, see Fig. 2(b)–(c). This implies that in a finite oscillator system (1)–(2) one needs to
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employ a correspondingly large number of oscillators N in order to resolve this scenario prop-

erly. The singular nature of our construction is also reflected by the fact that we have to avoid

the case σ = 0, τ < 1, where the distribution g(ω; σ, τ) contains a delta-distribution and does

no more satisfy the smoothness conditions that are necessary to justify a reasonable corre-

spondence between the continuum limit (3), (4) and the finite oscillator system (1), see [22, 23].

At the other hand, inserting σ = 0 and τ = 1 into (14), we obtain a single Lorentzian dis-

tribution L1(ω). for which synchronization transitions are always monotonous independently

of α ∈ [0, π/2), see Fig. 1.

Below we show that in our framework it is easy to conclude that for α = 0 nonuniversal syn-

chronization transitions are impossible.

Proposition 2. For any unimodal distribution g(ω), the Kuramoto model (1)–(2) with α = 0
exhibits only a monotonous synchronization transition.

Proof: Relevant synchronization transitions can be obtained from the self-consistency equa-

tion (9) if we insert there α = Ω = 0. Taking into account that g is an even function we obtain

1

K
= i

∫

∞

−∞

g(ps)h(s)ds = 2

∫ 1

0

g(ps)
√

1 − s2ds =: I1(p).

The corresponding global order parameter |r| is given by (11) and reads

|r| =
p

K
= 2p

∫ 1

0

g(ps)
√

1 − s2ds =: I2(p).

Varying p from 0 to ∞ we obtain a parametric representation of the synchronization transition

in the form (K, |r|) = (1/I1(p), I2(p)). For a smooth distribution g(ω) one can easily verify

I ′

1(p) = 2

∫ 1

0

sg′(ps)
√

1 − s2ds ≤ 0

because g(ω) is nonincreasing for all ω ∈ [0,∞). On the other hand,

I ′

2(p) = 2

∫ 1

0

g(ps)
√

1 − s2ds + 2p

∫ 1

0

sg′(ps)
√

1 − s2ds

= 2

∫ 1

0

g(ps)
√

1 − s2ds + 2

∫ 1

0

s
√

1 − s2dg(ps)

= 2

∫ 1

0

g(ps)
s2

√
1 − s2

ds ≥ 0.

This means that d|r|/dK = −I ′

2(p)I2
1 (p)/I ′

1(p) ≥ 0.

Evaluating numerically the bifurcation condition for a superposition (14) of two Gaussian distri-

butions

Gσ(ω) =
1√
2πσ

e−ω2/(2σ2), (21)

we obtain a qualitatively similar bifurcation scenario, see Fig. 4(a), with various types of nonuni-

versal synchronization transitions (see panels (b)–(e)). Note that we have chosen here the pa-

rameters τ = 0.9 and σ = 0.01 more distant from the singular situation described above.
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This shows that one can expect nonuniversal synchronization transitions close to α = 0 in a

similar way also for other frequency distributions, which do not allow for an analytical treatment

as presented above.

K

α

(a)

α 
=

 0
.6

α 
=

 0
.6

5

α 
=

 1
.1

 0

 2

 4

0 π/4 π/2

 0

 0.5

 1

|r
|

α = 0
(b)

 0

 0.5

 1

|r
|

α = 0.6
(c)

 0

 0.5

 1

|r
|

α = 0.65
(d)

 0

 0.5

 1

 0  1  2  3

K

|r
|

α = 1.1
(e)

Figure 4: (a) Bifurcation diagram for the double Gaussian distribution (14), (21) with σ = 0.01
and τ = 0.9. Red line: stability boundary of the incoherent state. Blue line: fold of partially

synchronized states. (b)–(e) Synchronization transitions for particular choices of α.

4 Discussion: Interacting subpopulations

In all examples for non-universal synchronization transitions, it is an essential feature that the

distribution of natural frequencies g(ω) is composed as a sum of two elementary distributions

with significantly different widths. Based on this, we will now try to give a qualitative explanation

of the observed phenomena by interpreting the globally coupled system (1)–(2), with distribu-

tion (14) as a system of two subpopulations P1, Pσ, one of them distributed according to g1(ω)
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 0

 0.5

 1

0 3K

|r
|

α = 0.5
(a)

 0

 0.1

 0  1K

|r
|

α = 1.1
(b)

 0

 4

-0.1  0.1ω

g(ω)

(d)

 0

 4

-0.1  0.1ω

g(ω)

(e)

g(ω)

(c)

 0  1K
-0.1

 0

 0.1

ω

 0  5

Figure 5: (a), (b): Synchronization transitions with global order parameter |r| (bold) and subpop-

ulation order parameters |r1|, |rσ| (magenta, blue). Dotted lines: subpopulations without mutual

coupling. (c): frequency distribution g(ω) (grey scale) and boundaries of the synchronization

window (black curves) for varying K. (d), (e): frequency distribution g(ω) and synchronization

windows for K = 0.4 and K = 0.7 (shaded intervals). Other parameters as in Fig. 4.

and the other one according to gσ(ω). Respectively, the sizes of the subpopulations are

N1 = τN and Nσ = (1 − τ)N

and the corresponding relative order parameters are given by

|r1| = τ

∫

∞

−∞

g1(ω)a(ω)dω

and

|rσ| = (1 − τ)

∫

∞

−∞

gσ(ω)a(ω)dω.

We compare now the synchronization of the two populations with global coupling and without

any mutual coupling. Fig. 5(a),(b) shows the behavior of the corresponding order parameters for

the globally coupled case (solid) and the stand alone subpopulations (dotted). We use again a

superposition (14) of two Gaussians with the same parameters as in Fig. 4. For α = 0.5, i.e.

in the range of the classical synchronization transition, the populations interact in an expectable

way, see Fig. 4(a). Without the mutual coupling the oscillators from the narrow population Pσ

synchronize at much smaller coupling than those of the wider population P1. Under global cou-

pling the synchronization starts also by entraining almost only oscillators from Pσ, however at a
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considerably higher threshold. The synchronization within P1, supported by the already estab-

lished synchrony within Pσ, sets in much earlier and it is higher than in the stand alone case. For

α = 1.1 we observe a quite different scenario, see Figure 5(b). Again we observe the onset of

synchronization mainly within Pσ. But with the oscillators from P1 being entrained little by little,

they eventually start to suppress the synchrony within Pσ. This happens because due to the

phase lag the increasing synchrony induces a shift of the synchronization window. Figure 5(c)

shows how the overlap of the synchronization window (region between black curves) with the

peak of the frequency distribution decreases. In this way, the entrained oscillators from P1 sup-

press the synchrony within Pσ, on which their own synchrony relies, until the synchrony of

the whole population breaks down. As shown in Fig. 4(c), there is also a bistability of the two

regimes of cooperation and suppression possible.

Acknowledgments. We thank S. Strogatz and D. Pazo for fruitful discussions.
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