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Analysis of improved Nernst—Planck—Poisson models of
compressible isothermal electrolytes.

Part Il: Approximation and a priori estimates

Wolfgang Dreyer, Pierre-Etienne Druet, Paul Gajewski, Clemens Guhlke

Abstract

We consider an improved Nernst—Planck—Poisson model first proposed by Dreyer et al. in
2013 for compressible isothermal electrolytes in non equilibrium. The model takes into account
the elastic deformation of the medium that induces an inherent coupling of mass and momentum
transport. The model consists of convection—diffusion—reaction equations for the constituents of
the mixture, of the Navier-Stokes equation for the barycentric velocity, and of the Poisson equation
for the electrical potential. Due to the principle of mass conservation, cross—diffusion phenomena
must occur and the mobility matrix (Onsager matrix) has a kernel. In this paper, which contin-
ues the investigation of [DDGG17a], we derive for thermodynamically consistent approximation
schemes the natural uniform estimates associated with the dissipations. Our results essentially
improve our former study [DDGG16], in particular the a priori estimates concerning the relative
chemical potentials.

1 Introduction

This paper is the second part of an investigation devoted to the mathematical analysis of an improved
Nernst-Planck-Poisson system first proposed in [DGM13] and extended in [DGL14, DGM15]. In the
first part of this investigation (see [DDGG17a]), we have exposed the model and presented a survey
of the main results. In this paper we deal with the rigorous derivation and the technical framework
concerning:

B The reformulation of the problem in natural variables following the original ideas of [DGM13];

B The construction of thermodynamically consistent approximation schemes that preserve the
natural dissipation mechanisms;

B The a priori estimates for the system.

In particular, we will identify the relative chemical potentials as natural variables in the mass transfer
equations. For these variables, we prove a complex estimate valid for very general structures of the
diffusion tensor and of the bulk and boundary chemical reactions (see Theorem 3.1 below). The esti-
mate relies on an initial compatibility condition which was first introduced in [DDGG16] and represents
a new concept in the analysis of systems subject to chemical reactions. The method is absolutely new
and deserves attention in its own right. It essentialy simplifies and improves our former approach in
[DDGG186].
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W. Dreyer, P-E. Druet, P. Gajewski, C. Guhlke 2

The model. We consider a bounded domain 2 C R? representing an electrolyte. The boundary of
) possesses a disjoint decomposition €2 = I" U X: The surface I" represents an active surface, a
one-sided interface between the electrolyte and an external material (electrode). The surface X is an
inert outer wall. The electrolyte is a compressible mixture of N € N species A4, ..., Ay with mass
densities pq, ..., pn. Each species Ai is a carrier of atomic mass m; € R, charge z; € Z and
possesses a reference specific volume V; € R,. We assume that the system is isothermal. Follow-
ing [DDGG16, DDGG17a], the mixture obeys in |0, T'[x €2 the following system of partial differential
equations

opi | . : .
8’; +div(p; v+ J") =1y fori=1,...,N (1)
dov .
% +div(ov @ v — 8" + Vp = —nf" V¢ )
—e(l+x)Dp=n" . (3)
Here, v denotes the barycentric velocity of the mixture, while for i = 1,..., N the quantities .J*

and 7; denote the dissipative diffusion flux, and the mass production due to chemical reactions for
the sth constituent. In the momentum balance (2), we have introduced the total bulk mass density
0= Zf\il p;, the viscous stress tensor SV*°, the pressure p, and the Lorentz force —n!" V¢ for a
quasi-static approximation of the electro-dynamical phenomena. The function n*" is the density of free
charges. Moreover, ¢ is the Gauss constant, while x denote the dielectric susceptibility of the medium
assumed constant as well.

In order to formulate constitutive equations for the quantities .J, r and p, the free energy of the system
must be specified. Following [DDGG17a] (see [DGM13] for the original breakthrough), we assume that
its density o1 is given in the form o1 = h(, p), where the function h is defined via

N
(B, p) =Y pi i+ B (p) + h™(6, p)
i=1

N
h = K F() ni Vi) (4)
i=1

N N
K™ = kg 0 Zn, Zyl In y;
i=1 =1

Here u®" (i = 1,..., N) are constants related to certain reference states of the pure constituents.
The number densities or concentrations ny, . .. ,ny of the constituents are defined via n; := p; /m;
(z =1,...,N). The mechanical free energy is an increasing function of the dimensionless quantity

Zi]il n; V; =: n -V (a’volume density’ for the mixture). The constant X > 0 is the compression
modulus of the mixture. In the definiton of the mixing-entropy, kg denotes the Boltzmann constant and
0 is the absolute temperature assumed constant. The quantity Ef\il n; is the total number density
and y; := nz/(zllil n;) (i = 1,..., N) are the number fractions summing up to one.

The chemical potentials of the mixture are defined via
pi = 0p,h(0, p1,...,pn)fori=1,... ,N. (5)
Thus, under the particular constitutive assumption (4)

pi=ci+ K ZF(n-V)+ 28 ny fori=1,... N, (6)
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Improved Nernst—Planck—Poisson systems. Part Il 3

where ¢y, ..., cy are certain constants. The following constitutive equations and definitions are as-
sumed:
N
J'==Y M;D fori=1,... N, (72)
j=1
, . 1 2
DW:V<&>+—ﬁWMfmj:LHWN (7b)
9 0 mj
T = —Z@DZ\IJ(D?,...,DE)%{“, D} =~"-p (7¢)
k=1
S*¢(Vv) = n D(v) + A divwld (7d)
N
p=—h(0, p)+ > i pi (7€)
=1
N
nt =% Zp, (71)
=1

In (7a), M is a symmetric, positive semi definite N x N matrix called the mobility matrix, while D &€
RY>3 is the diffusion driving force. In (7c), s € NU{0} is the number of chemical reactions. The vector

¥ € RN (k =1,..., s) does not as usual denote the stoichiometric vector 7*"* € Z" associated
with the reactions. For reasons of notation we set 7% := v** m,fori = 1,... , Nandk =1,...,s.

The reaction potential W is defined on R® and assumed convex (plausible examples in [DDGG17a])).
The entries of the vector D? € R® are called reaction driving forces. The assumption (7d) is the usual
expression for the Newtonian viscous stress tensor: Here D(v) = (0;v; + 0;v;); j=1,...3 While 7 > 0
and \ + % 1 > 0 are the coefficients of shear and bulk viscosity. The constitutive assumption (7e) for
the pressure is called the Gibbs-Duhem equation, while (7f) is actually the definition of the free charge
density.

The equations (1), (2), (3) with the constitutive equations (7) based on the choice (4) of the free energy
density are the constituent parts of a generalised model of Poisson—Nernst—Planck type first proposed
in [DGM13] and extensively developed in [DGL14], [DGM15] and [Guh14]. This model provides a
general description of electrolytes in the presence of electrochemical interfaces for non equilibrium
situations. In this paper, the focus is on mathematical analysis and we will consider for the system (1),
(2), (3) simplified boundary conditions. At first we assume no velocity slip, and Dirichlet conditions for
the electrical potential on the active boundary

v=00n]0,T[x00 (8)
¢ =¢oon]0,T[xI", Vé-v=00n]0,T[xX. 9)
At second, for the diffusion-reaction equations we assume forz = 1, ..., N that
Jvi=—J! (10a)
§F
7y ::Zég(ta Z, ’AYl'M,---anr'M):Yf (10b)
k=1
§F
JO= " gilt, 1) AF (100)
k=1
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W. Dreyer, P-E. Druet, P. Gajewski, C. Guhlke 4

The boundary conditions describe the reaction and adsorption of contituents on the active surface
]0, T[xT in contact with an external bulk. The meaning of the number " € N U {0} and of the
vectors 41, ..., 4% € RY have been explained in the modelling part of the paper [DDGG17a]. Both
are related to the boundary reaction and adsorption phenomena. In particular, each vector %k satisfies
SV 4% = 0. In other words, it is orthogonal to the vector 1T = 1V = (1, 1,...,1) € R". The
vector field RT defining the reaction rates is derived from a potential gr 210, T[xT x RS — Ro +
via
RY(t, x, D) = VpW'(t, z, D) for (t,z) €0, T[xT, D € R® .

Following [DDGG17a], the potential U™ is convex in the D variable, and VD@F(t, x, 0) =0.In(10),
the coefficients 7 € [0, 7] x T’ — span{4',..., 4% } are given.

2 Assumptions on the data and preliminaries.

Notations To get rid of overstressed indexing, we simplify the notation by making use of vectors. For
instance we denote p the vector of mass densities, n the vector of number densities i.e.

pi= (pl,pg,...,pN)G]RN, n:= (nl,ng,...,nN)GRN.

Moreover we define the vector 1 := 1V := (1, 1,...,1) € R", and the vectors of quotients of
charge and mass, and of volume and mass

2@ m. L E)eRY, Lo (BB Ve)eRY,

m m1’ ma’ P my m my1’ mg’ ’my

Using these conventions, we have a. o. the identities

o=1"-p, nF:i-p, n~V:p~K etc.
m m

The diffusion fluxes J*, ..., J" span a rectangular matrix J = {.J/} € R" x R®. The upper index
corresponds to the lines of this matrix. Vectors of R" are multiplicated from the left, as for instance in
1-J =3, Jiwhichis an identity in R?.
The vectors 7!, ..., ~® span a rectangular matrix v = {v¥} € R® x R". The upper index corre-
sponds to the line of the matrix. Vectors of R are multiplicated from the left, as for instance in the
identity = R -~y = >.5_, R7" in RY. Analogously the vectors 4", ..., 4" span a rectangular
matrix 4 = {5F} € R¥" x RV,
Since we assume overall that § = const, we write /(p) for h(6, p).

The analysis presuposes restrictions of mathematical nature to the data.

(1) Free energy: In (4), we assume that the function F belongs to C*(R, ) NC(Ry ) and is convex.
We assume that there are % < a < +o0 and constants 0 < ¢g, ¢; such that
F(s) > cogs*—c¢ foralls >0. (11)
In the neighbourhood of zero, we assume that F'(s) behaves like s In s: There are constants
positive constants ky < kq and sg > 0 such that
k k
= < F"(s) < = forall s €]0, 5] - (12)
] S

As explained in the papers [DDGG16], [DDGG17a] we crucially need that F’ : R, — Risa
surjective map in order to obtain an unconstrained PDE system.
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(@)

(%)

Mobility matrix: We assume that the mobility matrix M is given by a mapping M (p) of the mass
densities. The mapping M is defined on Rf and it maps into the set of symmetric, positive semi
definite N x N matrices. Throughout the paper, we assume that M is mass conservative, that is

M(p)1 =0forallp e RY . (13)

Moreover we assume that the entries of M(p) are continuous functions with at most linear—
growth. In this paper we restrict ourselves to the assumption that M has rank N — 1 independently
on p: Denoting 0 = A\ (M) < Ma(M) < ... < An(M) the eigenvalues of the matrix M, we
assume that there are positive constants 0 < A < A such that

A< N(M(p)) <X(1+1p|) foralli=2,3,...,N, peRY. (14)
Reaction rates: We assume that the reaction rates are derived from a strictly convex, non-
negative potential ¥ € C?(IR*). Moreover, U satisfies

W(DR)
| DA

U(0) =0, — o0 for |[D?| — oo (15)

Similarly, we require that the boundary reaction rates are derived from a strictly convex, non-
negative potential U" € L>([0,T] x T'; C*(R*")) such that

UL (¢, 2, 0) = 0 for (almost) all (£, z) € [0,T] x I (16)

For simplicity we explicitly require at least linear growth of the reaction rates (uniformly quadratic
growth of the potentials)

inf Awmin(D*T(DR)) >0, essinf inf  Ap(D*WY(t, 2, DVP)) > 0. (17)
DRe (t,2)€l0, T prrRerst

Domain: The domain {2 C IR3 possesses a boundary of class C%!. In connection with the optimal
regularity of the solution to the Poisson equation with mixed-boundary conditions, we need to
introduce a further exponent (€2, ') as the largest number in the range |2, +oo[ such that

—Au = fin W (Q)]" implies u € W27 (Q)
forall f € W27 (Q)]* and all 8 €], r[. (18)

With the « from (11), we require that

, «
o = <r. (19)
a—1

Initial and boundary data: We assume sufficient (not optimal) regularity
PP e L= (R)Y)
v’ € L®(Q; R?)
do € L°(0,T; W (Q)) N L=(]0, T[xQ) (20)
Do € Wy (10, T[x Q) N LY (0, T[x Q)
7€ L>(0, T[xT: R*).

Moreover we assume as a compatibility condition the validity in the weak sense of —¢y (1 +
X) Bo(0) = Z - p°.
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W. Dreyer, P-E. Druet, P. Gajewski, C. Guhlke 6

Functional classes: We make use of standard Sobolev spaces. Moreover, the vectorial Orlicz classes
Ly(Q; R*) and Ly« (Qr; R*) are then well known. We make use of the notation

Do) = / U(DA(t, ) du dt .

T

For U e L®(S; C?(R*")), we define a vectorial Orlicz class Lyr (S; R ) as the set of all mea-
surable DTR : S — R such that

[DFVR]L@F(S;RéF) = /S\im@’ z, DRR(tv :L‘)) dS(:L’) dt < +o0.

Let us recall (see [DDGG16] for a detailed construction) tha[ there is a non-negative function ®*
C([0,T]?), ®*(t, t) = 0 constructed from the functions ¥, W' such that the variable

piz/pz/«@(e, q) (21)
Q Q

satisfies the estimate [p]c,,. (jo,77; RY) = SUDy, 1,e(0.7] % < +00.

Formulation of the weak problem. Following [DDGG16], [DDGG17a] a solution vector to the initial
boundary value problem (1), (2), (3), (7), (8), (9), (10) with initial conditions (=: Problem (P)) is
composed of the scalars ¢ : () — R, (total mass density) and ¢ : () — R (electrical potential)
and of the vector fields ¢ : Q — RY~! (relative chemical potentials), and v : () — R? (barycentric
velocity field). Since we want to account for the possibility of vacuum, the productions factors are
not everywhere functions of these components only. Thus we also introduce R : ) — R* and
R : S — R* as variables. For a vector (0, ¢, v, ¢, R, R"), we recover all variables of the
system via

p=%(0: q) (22a)
J=—-M(p)D, D:=VEq+ % Vo (22b)
rzZykRk, DY =P . Eqfork=1,... s (22c)
k=1
§F
P=Y "Ry, Df=4"Eqtork=1,.. 3 (22d)
k=1
p=Po, q) (22e)
F z
noo=p-—. (22f)
m

For g € RN~', we denote € ¢ := S " q; &', where €1, N~ € RY are fixed vectors that are

extendable via 1V to a basis of R (details below in Section 4). The vector fieds % and the pressure
function P are associated with (5), (6), and are likewise constructed in Section 4. We next state the
main properties of weak solutions.

(1) Energy conservation: We say that (o, ¢, v, ¢, R, R') satisfies the (global) energy (in)equality
with free energy function h and mobility matrix M if and only if the associated fields and variables

DOI 10.20347/WIAS.PREPRINT.2396 Berlin 2017



Improved Nernst—Planck—Poisson systems. Part Il 7

(22) satisfy for almost all ¢ €]0, T'[

[{3e+3atr0wer+an} o
+ [ {S(Vv) : Vo+ MDD+ (¥(D¥) + V*(-R))}
Q¢
+ [ {80 DER) (B, —RY)

< 1
2 [ LGP+ ga 0w + a6}

0 {nF¢0,t—€0(1+X)V¢'V¢0,t}—/Q{WF%—EO(1+X)V¢'V¢0}

0

+/((f+J°)~i¢o+J0~8q). (23)
S, m

(2) Balance of total partial masses: We say that (o, ¢, v, ¢, R, R') satisfies the balance of total
partial masses if the vector field (cf. (21)) is subject to

p(t)=p°+/0t{/gr+/r(f+<]0)}(s)ds forallt € [0,77]. (24)

with p° := [, p° d.

(3) Natural class: We say that (9, ¢, v, ¢, R, R") belongs to the class B(T', 0, a,tk M, U, ¥T)
if and only if the number

[(Qa Q7 Ua ¢7 R7 RF)]B(T,Q7a,rkM:\I’:‘I’F) =
loll L@ + Ivllwpo g rey + VeVl Lw2sre) + 10l L) + VOl Lot ()
+ HVQHWQI’O(Q;RN—l) + DLy @irs) + [DF’R]L@F(S;R?)

+ ”JHL2, Za + [_R]LW*(Q§RS) + [_RF]L(@F)*(&RJ) + Ip|

T (Q;RIX9)

min 1 5_ 1
pein{l+ g, 3 a}(Q)

+ [Pleg- (o)
is finite (3 := min {T(Q, ), ﬁ})

(4) Weak solution: We call a vector (g, ¢, v, ¢, R, RY) € B(T,Q, a, N — 1, U, U) weak
solution to the Problem (P) if the energy inequality and the balance of partial total masses are

DOI 10.20347/WIAS.PREPRINT.2396 Berlin 2017



W. Dreyer, P-E. Druet, P. Gajewski, C. Guhlke 8

valid, and if the quantities p, ./, r and ', p and n!" obeying the definitions (22) satisfy the relations
= [pevi= [(pos v 5)
Q Q

:/g)p°~w<o>+/czr~w+/g (F+ 06 Vel (0,T]; C\@ RY))

—/gv-nt—/gv@w:Vn—/pdivn—l—/S(Vv):Vn (26)
Q Q Q Q

— [ n) ~ [0 Von  VneCH0.TE e BY)
Q Q

eo (14 x) / v¢.vg:/an V¢ e L0, T; Wi2(Q)), (27)
Q Q
® = ¢ as traces on |0, T[xT

and if r and 7 obey their representation (7c), (10b) in the vacuum free sets Q" (¢) and S™(p)
(IDDGG17a, DDGG17b] for details).

3 Main estimate

We will prove that the boundedness in the class B is a natural property of weak solutions. For one
part, the a priori bounds result from standard methods (Gronwall Lemma) or from known properties of
the Navier-Stokes equations (pressure estimate). However, our estimate on the g variable is original.
The dissipation due to diffusion allows only to control V ¢ while the reactions provide a control only for
the projection on the space

~ ~ 8T
W::span{’yl,...,’ys,vl,...,v } (28)

Call selection S of cardinality |.S| < NN a subset {i1,...,%s}of {1,..., N} suchthati; < ... <
i|s)- For every selection, we introduce the corresponding projector Ps : RY — RY via Pg(€); = &
fori € S, and Ps(&); = 0 otherwise. We define a linear subspace Ws C R via

WS = span{Pg('yl),.._,PS(ys), PS(’SA)V")PS(,?EJ)} .

The selection .S will be called uncritical if dim(Ws) = |.S| and critical otherwise. For every selection
S, we denote S° the complementary selection {1, ..., N}\S. It can easily be shown that the manifold

M :=RY N U Wy x Pgr(RM) (29)
Sc{1,...,N}, S critical

is the finite union of sub manifolds of dimension at most N — 1. We say that the initial compatibility
condition is satisfied if the initial vector of the total partial masses pg := fQ pldr € Rﬁ satisfies

ﬁO ¢ Mcrit-

Theorem 3.1. Assume that p(t) € {po} ® W forallt € [0,T] (cf. (24)). Let § := dim W and
bl, ..., b° be a basis of W. Then, if dist(pg, M) > 0, the estimate

1 . .
lgllr2@irv—1y < (ko T2 + (6" - 1, .., 0% - )l L2 (gims) + €6 11Vl L2 rv-1%3))

is valid, where ¢, and ko depend on dist(pg, M)

DOI 10.20347/WIAS.PREPRINT.2396 Berlin 2017



Improved Nernst—Planck—Poisson systems. Part Il 9

The critical manifold was first introduced in [DDGG16] and is a new concept in the analysis of systems
with chemical reactions.

Our plan is as follows. The properties of the nonlinear algebraic equation (5) determine the analysis
of the model. Our next Section 4 is devoted to the solution of these equations in the natural variables
of the mass transfer problem. The natural variables are, on the one hand, the total mass density
0= Zf\il pi and, on the other hand, a N — 1 dimensional reduction of the vector 1 that we shall
denote ¢ := Ilu. The variable ¢ € RN~1, that we call vector of the relative chemical potentials, is
constructed via a projection of the vector 1z onto 11 := {X € RV : Zfil X,; = 0}. The reader is
referred to the Section 6 of [DDGG17a] or to [DDGG16] for more background.

After that, we shall turn our attention to the Pde s. In the Section 5 we introduce thermodynamically
consistent regularisations of the problem (P) for which it is easier to prove the solvability. For this
larger class of problems, we then derive the energy and global mass balance identities (Section 6)
and the resulting a priori estimates (Section 7). The Section 8 deals in particular with the proof of
Theorem 3.1.

4 The natural variables. Algebraic statements

As far as the mass transfer part of the problem (P) is concerned, the natural estimates resulting
from the energy identity arise for the total mass density ¢ and for a N — 1 dimensional reduction of
the vector i, its projection on 1. In this section we describe the solution mapping for the nonlinear
algebraic equation (5) in these variables. In particular, this section provides the rigorous derivation of
the statements announced in the Section 6 of [DDGG17a]. For the proofs we mainly follow the lines of
the former study [DDGG16].

4.1 The case of a general free energy

The algebraic relation between partial mass densities p and chemical potentials w is given by
wi = O;h(p1,...,pn)fori=1,...,N. (30)

In the isothermal case we can forget about the temperature-dependence, and h = h(p). Using tools
of convex analysis, we immediately obtain that the relation (30) is invertible if /1 is convex and smooth.
In the remainder of the paper we always denote RY = (R;)Y = {X € RY : X, > Ofori =
L...,N}Land R}, = (Ro4 )V ={X e RY : X; >0fori=1,...,N}.

Lemma 4.1. Leth € C*(RY) N C(R{',) be convex. Let D;; C RY be the set Image(Vh; RY),
thatis Dy = {p € RY : 3p € RY, u = Vh(p)}. Then, the Legendre transform of h, denoted h*,
is a well-defined proper convex function on D, and it satisfies h* € C*(Dj ). Moreover the relation
(30) is valid for i € D, and p € RY if and only if p = Vh*(1).

Proof. Since h € C(Réﬁ), it is a closed proper convex function in the sense of [Roc70]. The claim
follows from the Theorem 26.5 of this book. O O

Next we investigate the possibility to introduce 'mixed’ coordinates to describe the set of solutions to
(30). Let &1, ..., &N € RY be a basis of R such that ¢V := 1. Choose 1, ..., n" € R such

DOI 10.20347/WIAS.PREPRINT.2396 Berlin 2017



W. Dreyer, P-E. Druet, P. Gajewski, C. Guhlke 10

that & -/ = 67,4, = 1,..., N. We define a 'projector’ IT : RY — R¥~! and an extension
operator £ : RV~! — R¥ associated with the basis {£},—;. v via

X = (X-n4 ..., X -9V 1) for X € RY

N-1
Eq::quék forq € RV
k=1

Corollary 4.2. Assumptions of Lemma 4.1. Let &Y, ... N € RY be a basis of R such that £V :=
1. Defineaset 2 C R, x R¥1! via

t1 € D;
@::{(s,q)€R+xRN_1:HtER{gq+ < }

1-Vh*(Eq+tl)=s

Then, 9 is open and there is a function /4 € C'(2), (s, q) — # (s, q) such that (30) is valid for
p € Dj; and p € RY if and only if

=

-1

p=> (Mu)&+.#(p-1,1p) 1

(]

1
o+ #(p-1, u) 1.

I
[

The derivatives of ./ satisfy the identities

1 D2h* ()1 - &
as//(P']l,Q):W, 3qj//(p-]l,q):_L

Proof. Define an open set!d/ C RV~ x R via

U:={(g,t) eERV xR : E¢g+tl € Dj}.

We define a function G : U x R, — RviaG(q, t, s) :=1-Vh*(Eq+t1) — s. We compute the
partial derivatives and we use the strict convexity of D?h* to show that

G(q, t, s) = D*h*(Eq+t1)1-1 >0, 0,G(q, t, s) =D*h*(Eq+1t1)¢ - 1.

Consider now the solution manifold for G = 0 in U x R,. Since G; > 0, we obtain from the implicit
function theorem that there is .2 € C*(9)

G(q, t, s) =0ifandonlyif t = .Z(s, q) .

In particular, 0,.# = G;'(q, t, s) and 0,4 = —G,/G;.

Assume now that (30) is valid for 1 € D and p € RY. We express p1 = SN ' (u-n?) €4 (u-n™) 1.
Then G(Iy, p-n™N, p-1) =0sothat - n™N = .4 (p- 1, p). O O

Corollary 4.3. Assumptions as in Corollary 4.2. Then there is a bijection % : C*(2; RY) such that
(30) is valid for i € D}, and p € RY ifand only if p; = %;(p - 1, Ilp) fori = 1,..., N.
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Proof. For (s, q) € &, we define Z(s, q) :== (Vh*)(€ g+ A (s, q) 1). We may compute that

D2h*e’ -1 D2h*¢l -1
D2h1 - 1

0o, Zi(s, q) = D*h*e’ - & —
D?h*e’ - 1
D2p*1 -1
In these formula, D?h* is evaluated at 1 = £q + .# (s, q) 1. In order to prove that Z is a bijection,

it is sufficient to show that dZ is invertible. Let X = (7, q¢) € R x RY~! arbitrary. Then dZ X = 0
means that for¢ = 1,..., N one has

. + D?h*1 - Eq
i, D2 * -1 r —0.
¢ D7h (5q ( D21 -1 )) 0

(32)
35%)1' (37 Q) =

The uniform invertibility of D?h* yields ¢ = 1 <M> We now multiply this identity with

DZR* 11
nt,...,nN "1 andsincenp’-1 = 0forj = 1,..., N —1,itfollows that qi, . .., qy_1 = 0. Therefore
also r = 0, and the claim follows. O O
The pressure function. The pressure is given by the formula p := —h + Zf;l pi ;. We imme-

diately see under (30) that p = h*(u) where h* is the convex conjugate of . We define a function
P: 2 — Ryvia

P(s, q) :==h"(Eq+ A(s, q)1).
Lemma 4.4. Let (s, q) € 9. Then P € C''(9) satisfies

D2h*1 - &
— S .
D21 - 1

S j *
0P(s,4) = gm0 OuPls,0) =€ VI (n)

In these formula, D*h* is evaluated at 1 = Eq + .# (s, q) 1.
Proof. Define p:= & q+ # (s, q) 1 and p = Vh* (). Then

OsP(s, q) =1-Vh*(u) (s, q) = p- 1 s, q)
0y, P(s, q) = & - V1™ () + 1 - Vh* ()Mo, (s, q) = p- & +p- Ly, (s, q)

—  ~—

and the claim follows from the Corollary 4.2. O O

4.2 Special constitutive choice of the free energy

For special choices of the free energy, we can find more explicit formula than Lemma 4.1. Under the
conditions (4), the relation (30) reads

Vi kg0 .
pi=ci+K—F(V-n)+ B Iny, 1=1,...,N, (33)
my m;
where ¢q, ..., cy € R are certain constants depending on the reference states, > 0 is the absolute

temperature assumed constant and kg is the Boltzmann constant.

Note that the free energy h = h'® 4 h™" 4 LM satisfies the assumptions of Lemma 4.1 if we assume
that the function F' € C%(R.) N C(Ry ) is convex. At first we want to characterise the set D} and
we need a preliminary Lemma.
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Lemma 4.5. There is a function f € C'(RY) such that if the identity (33) is valid for 1 € RY and
n € RY then F'(V - n) = f(u). Moreover, the function f satisfies the following inequalities

m

e (sup p; —sup i) < f(p) < 7 (sup i — inf ;) + 757 In N (34)
and |V f| <m/(V K).ForV € RY we here abbreviate V := inf;_; _ n V;andV :=sup,_; V.

Proof. Define a function G : RY x R — R, (i, t) + G(pu, t) via

N
G(p, t) = Zexp ( (i kB)«9 ) —1.
=1

For i € RY, itis readily verified that lim;_, ., G(u, t) = +oo and that lim;_, ;o G(1, t) = —1.
Since G(p1, t) < 0, the solution manifold to G/(y, t) = Ois a curve {(u, f(p)) : u € RN} where
Oif(p) = =Gy (1, f(1)) G, (1, f(12)). Easy computations show that

exp (mz' (pi—ci) =K V; f(ﬂ))

my; kp 0
oif(p) = — : (35)
K Zszl V; exp <mj (Nj_CIJCL_GKVj f(u))
In particular |V f| <mV K. Moreover, if G(u, t) = 0, then setting
B m; (1 — ¢;) — K'Vit
we see that ii; = ¢; +K%t+ %6 Iny; fori =1,...,N.Sincey €]0,1[Nandy - 1 = 1, the
estimates (34) easily follow. O O

We are now ready to prove an inversion formula for the relation (33).
Corollary 4.6. Assume that the function F' € C*(R,) N C(Ry ) is convex.

Define Dj := Image(Vh; RY). Then Di = {pn € RN : f(p) € Image(F', Ry)}. Ifu € Dy,
then

exp (m (i _0123 _GK Vi (1) )

SNV exp (mj (uj—c]iL—Qvafw)> (36)

O;h* () =m; ([F') " o f)(p)

= 0(F" o f) () -

with F'* = Legendre transform of F'.

Proof. If u € Dy, then there is p € Rf such that 1 = Vh(p). Thus, (33) is valid, and Lemma
4.5 shows that F’(% -p) = f(p). Thus, f(r) € Image(F’, R, ) and this first yields the inclusion
D; C {u € RY : f(u) € Image(F’, Ry)}. In order to prove the reverse inclusion, consider
p € RY such that f(u) € Image(F”, R, ). Denote

exp <mi (pi—ci)—KV; f(M))

kg 0
g(p) = [F'17 o f(u), pii=mig(p) —
SV exp (Pl S S0
We easily show that Vi(p) = u. Making use of (35), we see that
O;h* () = K g(p) 9, f () = 0i(F” o f)(n) -
O O
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Lemma 4.7. Assumptions of Corollary 4.6. Assume moreover (12). ThenVh* € C' 1(D;;). Fori,j =

1,...,N
D*h;;(Vh(p)) = (37)
mip;0j | pibs ( ! + Veen _V;+Vj)
kg0 n-V\Kn-VF'(n-V) kgln-V kg0
is valid with V2 - n .= 3"~ V.2 n,;. There further holds
|D*R*(Vh(p))] < Cip-1 (38)

1
27 % . > -
DA (Vh(p) 11 2 Co g

Proof. By direct computation starting from (36) we obtain (37). This entails

—2 -
me 1 4 4
D2h: (Vh(p))| < pi | —= + =2 :
D1 ;(Vh(p))| < pi <k30+ v (Kn-VF”(n-V)+1@99K+ k89)>

1
<cp (1 .
—Cp’( +Kn-VF”(n-V))

The function s F”(s) is asymptotically equivalent to ss~! = const near zero (cf. (12)) and to

ss*% = s ! for s large. Thus, there is a constant ¢y > 0 such that inf,er, s F”(s) > co,
and (38) follows. Further

: pip-1
D*h*1 - e’ =
CTEKFm V) (n-V)?

L P m,+p~11V2~n_Vip~11_p~V
kg \'" (n-V)? n-V. n-V)’
Thus
N
> D%,
ij=1
1) 1 )2V V-1
_ (p-1) N m,p+(p ) n_ p-Vp
KV -n)?2F"(V-n) kgt (V-n)? n-V
2
)2 1 AVVE
- &l - N ey P A
KV -n)?2F"V-n) kg0 Ven
2 -1
=L (mpVVE -V ). (40)
kBGnV

The estimate (39) is a straightforward consequence of (40) and of the Cauchy-Schwarz inequality: we
can express V; p; = (Vi /i) (m; \/n;).In (39), we further make use of F(n - V) > F"(co) >
¢ F" (o) (cf. (12)). O O

As corollaries of Lemma 4.7, note that the functions .# € C'(2) of Corollary 4.2 and P € C*(2)
satisfy for all (s, q) € 2 the following inequalities (cp. (31), Lemma 4.4):

1 K F"(s) 4 .
< <2 < KsF
Cl s — 83‘%(87 Q) — CO ) |8q=/l<5> Q)| = C(] S (5)
"
1 < 0,P(q, s) < M, 104, P(s, q)] <Cs(1+KsF'(s)).

Cl - CO
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Remark 4.8. For the applicability of our approximation methods we are restricted to the case that
Dy = RN In view of the Corollary 4.6 this is basically the case if F" is surjective. In this case,
9 =R, x RN~! and there is no state-constraint on .

Remark 4.9. In the case that the polynomial growth of the function I’ is less than 9/5, we rely in the
analysis of the PDE system on the convexity of the function s — P(s, q) at fixed q. We are able
to establish this property only in the very special case that P is a function of the total mass density.
We note the following trivial observation: Define P as in the Lemma 4.4 and assume that the vectors
Ve Rf andm € Rf are parallel. Then P depends only on the first variable.

5 Approximate solutions. Regularisation strategy

For the existence theory we shall embed the problem (P) into a larger class of approximating, reg-
ularised problems that are easier to solve. These approximations (in the spirit of 'viscosity solutions’)
are constructed in such a way that the integrability of the entire vector of chemical potentials p as main
variable can be expected.

5.1 The regularisation strategy

The regularisation strategy, though not mass conservative, will be chosen thermodynamically consis-
tent, since it consists in two essential steps:

(1) A positive definite regularisation of the mobility matrix M ;

(2) A convex regularisation of the free energy function h.

The method involves three levels associated with positive parameter, say o, 6 and 7. We first modify
the mobility matrix M in order to ensure ellipticity and allow a control on V

Mo(p) = M(p) +old.

The d—regularisation consists in increasing the growth of the (mechanical) free energy modifying the
function F that occurs in the definition of h™" via Fi(n - V) ~» F(n-V)+4d(n-V)* a > 3.
If the original growth exponent of F' is larger than 3, this step can be omitted. We denote h; the
corresponding free energy function, that is

hs(p) = h(p) +0 (p-32)" - (41)

The T—regularisation is a stabilisation for the vector of chemical potentials. It consists in modifying the
function h* (or (hs)*) via

h5(X) = (hs)"(X) +7 > _w(X)), (42)

i=1
Here w € C%(R) is a convex and increasing function for which we impose the growth conditions
co (V]s7[+[s71%) S w'(s)s —w(s) < er (V]s[ + [s*])
() S 2 (1+w'(s) s —w(s)) (43)

w/
W(s) < c3(s)
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For example, we may choose the function

—24/]s] fors < —1
w(s) =<1 +3s-32 for —1<s<1

/

20/ (i/,l) s+ (2 - Q(Q},l)) s+ 20[(;,71) — 1 otherwise.

which satisfies these assumptions. The choice of the regularisation w is by no means unique, the
constants in the latter relation are determined from simple interpolation conditions. Essential for our
purposes is in fact only the sub linear growth for s — —oo that guaranties convexity. The function

;5 is twice differentiable and convex. Making use of the convexity we easily show that the mapping
th,(; RN — Rﬂf is bijective. Interpreting (42) as Legendre transform, we introduce a regularised
free energy function via

hs := convex conjugate of the function h} ; = (h} )", (44)

which is a twice differentiable convex function on Rf. The main motivation for this construction is that
the new free energy function has improved coercivity properties over the variables p and 1 as exposed
in the following statement.

Lemma 5.1. Let the original free energy function h satisfy
co |p|® = er < h(p) < Colp|* + Cy, forallp € RY .

with constants 3/2 < ay < +00 and 0 < ¢y, ¢, Cy, C7 < 400. Let « > 3 be the regularisation
exponent of (41), and w a function satisfying (43). Define

N
O, (X) = (X)) X; —w(X;) for X € RV (45)
=1

Then there are ¢y, ¢; > 0, and o(«v, o) > 0 such thatif T <

hrs(p) > Co (|p|* + 0 |p|* + 7 Pu(p)) — &

forall p € RY and ;1 € RY connected by the identity p = VR 5(1).

Proof. The definition (44) implies that h, s(V A} ;(X)) = hs(V(hs)* (X)) + 7 @, (X). By assump-
tion, p and y are related via

pi=Vhis(n) = V(hs) () + 7' (),

and we obtain for the regularised free energy the identity

hes(p) = hs(V(hs)* (1) + 7 P (1)

= ha(p = 7o) + 7 Y (e (1) = w(p))

Using the properties of 25(Y) = h(Y) + 6 (Y - £)*, we obtain that

hrs(p) > h(p — 7' (1) + 6 ((p— 7w () - L)% +7 Z(Ni W' (i) — w(p)) -
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On the other hand, the condition (43) ensures that w’(y;) < ¢ (1 ' (p) pi —w () Fora > 1,
denote ¢(«), ¢(«) two constants such that |a — b|* > ¢(a) a® — ¢(«) b* for all a, b > 0. If follows
that
hes(p) = h(p— 7w/ (1) + 28 |p — 7/ ()| + 7 Z (113 (i) — w(ps))
> h(p— w’(u)) +min{c, 6, ¢(a)} |p|*
+7 Z (1 o' (i) — w(pi)) — c26 7 ¢() [w' ()"
= h(p — 7w'()) + min{cy 6, c(a)} [pl*
N
+ (1 —cpdc(a)m™ )T Z(Mz w'(pi) —w(p)) = C.

=1

If we assume that C'6 771 < 1/4, then

hT,E(IO)
3 N
> hp — 7' () + min{c26, ()} pl* + 57 Z —w(m) = C.
=1
Making use of the growth of the free energy h and analogous arguments, the claim follows. O

5.2 Approximation scheme

For the existence proof we embeds the problem (P) into a larger class of (approximate) problems
(P: ) characterised by an elliptic diffusion matrix A/, and a regularised free energy h, 5. Since in
this approach it is possible to control the entire vector p, a solution vector consists of the entries u, v
and ¢.

In order to define the concept of solution, we introduce also in this case a natural class B for the
approximate solutions. If §, o, 7 > 0, we say that (i, v, @) belongs to B(T, 2, o, N, U, Wl if
and only if

(Q? q’ U? ¢7 R? RF) G B(T7 Q’ a7 N - 17 qj? \I]F)
with ¢ := VA7 s(u) - T and q := Il

R, = Ri(DY), DP:=~F.pfork=1,...,s, (46)
Rl = ]A%E(t,x, DF’R), ﬁ,z’R =AF . pfork=1,..., 5"
Wy (Q: RY).

We say that (i, v, ¢) satisfies the approximate energy (in)equality if and only if the corresponding
vector (o, q, v, ¢, R, RF) satisfies the energy (in)equality (23), with free energy function /. 5 and
mobility matrix M,. For § > 0,0 > 0 and 7 > 0 we call weak solution to the problem (7; , s5) a
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vector (i, v, ¢) € B subject to the energy inequality and such that the quantities

p = Vhz (1)
Vi 1z
J=—-M,(p)D, D:=—+4+-—V
(p) T Ve

r=> *Ru(DY), Df=(y'-p,....7"p)

k=1

e (47)
N ~ ~ ~ ~8T
P=> 4"Ry(t,z, DY), D" =" p. 4 p)

k=1
p= h:,&(U)

m
satisfy the identities (25), (27), and instead of (26)
—/gv-m—/gv@v:Vn—/pdivn—i—/S(Vv):Vn (48)
Q Q Q Q

= [ 000’ -n(0)— [ n"V¢-n— J'-Vm-v VneCH[0,T[; CHYR?)).
/ﬂg n(O)/Q b-n /Q<Z n n e CH0.T]; CH(Q:RY))

Since the definitions (47) imply that Zf\;l JU # 0, it is necessary to add this term in the momentum
equation (48) in order to preserve the energy identity.

6 Derivation of the global energy and mass balance identities

In this section we derive the energy identity naturally associated with the problem (P). In the context
of its thermodynamically consistent approximations (PTW;), the increased regularity of the solution is
sufficient to derive an identity.

Proposition 6.1. Assume that there are vector fields ;1 € C%1([0,T] x Q; RY), v € C%([0,T] x
Q; R3) and ¢ € L>([0,T]; C*(2)) that satisfy together with their associate variables p, J, r, T,
p, nt" defined in (47) the relations (25), (48), (27) together with the conditions

1(0) = p° € COY (4 RY), w(0) =0 € COY(Q; R?) inQ .
b= ¢y € COH[0,T] x Q)) on]0,T[xT, v =00n[0,T] x ON. )

We define p° = Vh 5(u°). Then, for allt €]0, T, the vector (1, v, ¢) satisfies the approximate
energy equality, that is, it satisfies the energy equality (23) with free energy function h, s and mobility
matrix M.

DOI 10.20347/WIAS.PREPRINT.2396 Berlin 2017



W. Dreyer, P-E. Druet, P. Gajewski, C. Guhlke 18

Proof. Due to the additional regularity assumed, it is fairly standard to show that

Jow-v=[orryvo= [rvs [G+0)0 (50
/Qg@tv-n-l—/gg(v-V)v-n—f—/QS(Vv) : Vn—/gpdivn
/ZJZ /n Vo-n (51)

S (14+y) /w V(= /nC (52)

forallyy € WHH(Q; RY), allp € Wy (Q; R?) and for all ¢ € W' (Q).

We choose ¢ = p(t) in (50). The Lemma 4.4 implies that Zf\il pi Vi = VhIs(n) = Vp.
Moreover, the definition of p yields = Vh, 5(p) and therefore O,p - 1t = O;h, 5(p). It follows that

N
&/hT,a(p)—/ <v-Vp+ZJi-Vui> Z/r-qu/(erJo)-u. (53)
Q Q i—1 Q r

We choose 1 = = ¢ in (50). Recall that r - = = 0, because AP = = ( for every reaction vector
(atomic charge conservatlon Thus

N
/atn ¢ — /<nFU-V¢+ZJi%~V¢>:/(f+J°)~§¢O. (54)
i=1 ‘ r
We differentiate (52) in time, and we choose ( = ¢(t) — ¢o(t), This entails
1
/nf¢=/nf¢o+w&/ Vo> — e (1+x) /wt-wo. (55)
) Q Q Q

Thus, (54) and (55) yield

o(1+x) S G e
5 8t/Q|V¢\ /Q<n v V¢+;Jmi w)

z/(f+J°)-§¢>o+eo<1+x)/V@-WO—/nf’czﬁo. (56)
T Q

Q
If we now add (56) to (53), it follows that

/{m €°1+X>|V¢|}/ (Vp+nP V)

/ZJ’ (Vi + Zqub /ry/fru

z/(JO-u+<J0+f’>-ﬁ¢o>+eo(1+x) /V@‘V%—/”f(?m (57)
T [9]

Q
Next we choose 77 = v(t) in (51), which shows that

1/(Q<9t112+g(2)-V)112)—|—/S(Vv) : Vo
2 Q Q
1 [N
+/u-(vp+an¢):—§/ZJ%-WQ. (58)
Q Q5
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For 1) = v* 1 in (50), observing that -1 = 0 = 7- 1 by definition, it follows that [, 0,0 v* — [, (0 v+
SV J) - Vo? = 0, which directly entails

N
/Q@tUQ—{—/QU'VUQ+/ZJi'VU2:8t/QUQ, (59)
Q Q 0 Q

Thus (58) yields

—8t/g02+/S(Vv) ; VU+/'U-(Vp+nFV¢):O. (60)
Q Q Q

We add (60) to (57):

/{ 0v® + h,5(p) + (1+X) Vol }+/ S(Vv) : Vv

—/6’J-D—/7’~u—/fu
Q Q r

:/(Jo-u+(J0+f)-g¢0)+eo(1+x)/wt.vgzso—/nf(po.
I Q

Q

We integrate over time and are done. O O

The proof of the global mass conservation identities is comparatively simpler. It suffices to insert
W =c¢lfori=1,..., N into (50).

Proposition 6.2. Assumptions of Proposition 6.1. Then for allt € [0, T

ﬁ(t):ﬁ0+/0t{/ﬂr+/r(f+ﬁ)}(s)ds.

7 A priori estimates directly resulting from the energy equality

In this section we derive a priori estimates on solutions to the problem (P) that result from the energy
identity. In order to include in our considerations both approximation scheme and limit problem, we
here consider generic free energy functions satisfying the following growth assumption: There are
c1>0,c0>0andC; >0,i=1,2,3and 7 > 0 such that for all p € RY

cr|p|® + 1 D,[Vh(p)] — ca < h(p) < Cr|p|* + Co 7 @, [Vh(p)] + Cs . (61)

Moreover we consider mobility matrices M, = M (p) + o ld, o > 0, such that M satisfies (13) and
(14). We commence with a few standard estimates.

Proposition 7.1. Let (o, q, v, ¢, R, RY) satisfy the energy inequality (23) with free energy func-
tion h satisfying (61) and mobility matrix M satisfying (13), (14). Then, there is a number Cy > 0
depending only on €1, on the constants c;, C; in the conditions (61), and on the quantity

Bo = [0l + 71120 (1) |10 + (/20 0° |22 + ol 2(@)
+ ||¢0"L°°(O,T;le2(§2)) + H¢0,tHW21’O(Q) + ||¢0¢”LQ/(Q) T H]||L°°(S;R§F) ’
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such that

ol 2oy + 7 [|Pu(i) | e (@) + V@Vl Lo 2(@) + [Vl e 2(@) < Co
[ollwoq) + IVallz@) < Co

||DR||L@(Q) + HDFRHL ) < Co

Z 170 2.2 )+ = Bliae @ + [FR L gry09) < Co

\/_HVMHH y + min{o, 77} [|ullz2sq) < Co
11 T2 < Covo, 7w (w)lloeaig) < Cor'/®

Here the quantities p, .J, etc. obey the definitions (22) or (47).
Proof. Due to the assumption (61)

[no0=a [ lpor+r [ om0 -all.

For general velocity fields v € W12(Q; R3)

2 2
/S(Vv) : Vo = / 1 |D(v) — = divold]* + /()\ + = 1) (dive)?.
Q Q 4 3 Q 3
In the case that v = 0 on Of2
/ S(Vv) : Vo = /(n Vo> + (A + 1) (dive)?).
Q Q

For estimating the right hand of the energy identity

]/ 1) bt \<\m\/|p||¢o < [l e [ jour

60(1+X)/QV¢-V¢0 SW/QWQKQP%—C/Q]V%P.

Owing to similar standard considerations

{n" doy — €0 (1+x) Vo Vo,}

.
t

< / {In" e 0.l o 0y + €0 (1 + X) 1Vl 2() 1V G0l 2}
0

t
< [ 500+ 0 (1 0) 190l
t
0 [ Uonilgy + Vonuliaen}-
The Young inequality further implies that

—/ RU4%. = 6 s/ (B7)* (¢, 2, — RY)
St St

+/ @F(t,w,4¢o(&1-g,...,fy§ .
St

3
~—
~—

DOI 10.20347/WIAS.PREPRINT.2396 Berlin 2017



Improved Nernst—Planck—Poisson systems. Part Il 21

since (UT)*(t, z, —1 R") = (UT)*(t, 2, 1 (—R") + 3 0), convexity implies that

ko 1 S s
_/ Rllgf}/k'ﬁ@l S_/(\IIF) <t7$7 _RF>
St 4 S
[ G g )
S

Recall that J° possesses a representation J° = ZZ; 2& 4%, and therefore
Pops [ W LD+ [ (@Y (k1)
St St St
1 R .
<3 [ ¥ D)+ Collslmes)
St

Due to convex duality

WD) + (W) (~R(D™) = — 3 Re(DM)A* -
WE(t,x, DU 4 (B0) k2, —RE(t2, D7) = = R(t,w, DM AR g

Thus, for all t €]0, T'[, the dissipation inequality implies that

/Q{ggmw|v¢|2+ﬁrpra+7<bw<u>}<t>

+/ {77|Vv[2+()\+77 ) (divo)? eZJ% D'+ (¥(D%) + (\I’>*(—R))}

1
2 Js,

t
<G4 C / No1Gaie + €0 (14 X) [ V6|20 }

(U (¢, 2, DVRY + (V)4 (t, 2, —R")}

Owing to the thermodynamical consistency, we (at least) obtain that Zf\il Jt - D' < 0. Moreover,
A+ %77 > 0 implies S(Vv) : Vv > 0. Exploiting the Gronwall Lemma, we thus obtain bounds for
the quantities [|\/g vl z2(g). |V 1~2(q) and [|pllz=.(q) and 7 [ @, (s1)|| =1 (q) - It next follows
that

/{%Qv“r}160(1+x)!V¢!2+2|p|“+7¢w(u)}(t)
Q

+/ {nyvU\2+(A+n ) (div v)? ez,ﬂ D'+ (U(D%) + (W)*(—R»}

1

+ 5 {@F(ta Z, DF’R) + (qu)*(ta €, _RF)} < CO(T> :
St
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Since A + 27 > 0 this in turn implies bounds for || div v||z2(), and for ||V v]|2(q). Moreover the
production factors 12 and R are bounded in Orlicz classes

(= R]L g (@:rs) + [~ R'] ry < Co.

L(@,F)* (ST§R§

whereas the reaction driving forces satisfy

~

[DR]L\IJ(Q;RS) + [DF’R]L@F(SﬂR‘éF) < Co.

It remains to exploit the dissipation due to diffusion and the driving forces D', ..., DV . At first we
note that —6 Zf\il J'-D' =03, M;;D"-D’.Fori=1,..., N the Cauchy-Schwarz inequality
and the growth condition (14) on M (or M,) imply that

N
[J1 =Y M;; D'| < (MD - D)2 (Me' - )2

j=1

< (Vo +VX) (L +|p)/* (MD - D)2
Therefore, we obtain for the diffusion fluxes that

7 1/2 1/2
T @ e o) < elMD - DE)[}q) (1 + llo(t)][0)

(Q)
< Co||MD - D) g

, 1/2
It follows that ”‘]lHLQ’Qf“ <c (fQ MD - D) < Cy.

o (Q)
We finally want to obtain estimates on the gradients of the (relative) chemical potentials. Here we
make use of the assumption (14) that yields

—0 ZJ’ D'=9¢ ZMW«D"-DﬂzeMPpDP.

3,j=1

Here P;. the orthogonal projection on the space 1. Splitting the driving force D* = 6= (Vy; +
ZL V¢), we can obtain that

N
. . A
6> J-D'> oY 1Py V| — IVo|?.

i=1

34 ‘3‘
6

We make use of the identity Py e = S~ " ¢; Py &% Due to the choice of &', ..., €N ~1, the vectors
Pyi€l, ... P&V~ are abasis of 1. Thus, there is a constant depending only on the choice of the
projector IT such that | Py 1 V> > crp [Vg|?. This entails |[Vg|? < ¢ (=62 SN, Ji- D + |V¢]?),
proving that || V¢ 12(q) < Co. Since M,D - D > ¢ D?

N
Co > —6? Z/Qf D'z /Q\V/L\Q =30 |2 IVolZaq)
=1

which yields the bound for 1/ ||V || .2(¢)- Finally

|- T2y = o 11 - Dlr2q) < e Vo (Vo [Vl gy + Vo [Vl ) -
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Due to the conditions (43), we verify that |w’|* < (1 + ®,,) and this directly yields
I o ()l mn@) € 7 17 @u() 1) < 7 Co-

At last we can verify, making use of the growth property of ®,, that the function w = /1 + |u|
possesses a distributional gradient in L?((Q) and is bounded in L°>!(Q) via

1 _
[Vw|| 2y < 3 IVillz2g) < Coo™ V2,
Jwllzeer @) < 1] + [Vl 1) < 19 + [P () |02 () < CoT7 1

Thus, wHLQ,G(Q) < CU’T. O O

Lemma 7.2. Assumptions of Proposition 7.1. Assume moreover that for almost all t €]0,T|, the
electrical potential € L>(0,T; W12(Q)) satisfies

—eo (14 x) Ag(t) = nf'(t) in [Wp*(Q)]*,  é(t) = po(t) as traces on T,

with ¢y € L>=(Q) N L>=(0,T; WHA(Q)), 8 = min{r(, T), (33’#} Then

9l @) < llPollLes(q) + cllpllz=e(q)

(63)
91 oo 0,0, wra0)) < € (Dol oo 0,0 wrs@)) + ol e (@) -
Moreover, if 5 > o/
F F
In VchLoo,ﬂ%(Q) < I |lzeee(@) VOl Lot (@) - (64)

Proof. We only need to recall that & > 3/2 and the definition of the exponent (€2, T") > 2 (see (18)).
The estimates (63) are standard consequences of second order elliptic theory, whereas (64) follows
from the Hélder inequality. O

Next we can derive the uniform continuity estimate that results from the mass balance equations.

Proposition 7.3. Assumptions of Proposition 7.1. If p satisfies the identity of Definition (24), then
[Pleg- o) < Co.

Proof. Let 0 < t; < ty < T. Note that by assumption p(ts) — p(t;) = fttlz{fgr + Jo(F+ T}

We note that
to to to
ERINEE [
t1 Q t1 Q t1 Q

We argue similarly with the other right-hand side terms. Recall the definition of the natural class B to
show that ’ﬁ(tg) — p(t1)| S O() (I)*(tl, tg) ]

< sup
i=1,...,N,[-R]L . <Co

In the course of the proofs, we shall also need bounds of more technical nature obtained via Hélder
and Sobolev inequalities. We denote a the growth exponent of the function A at infinity and 8 :=

min{r(Q, I'), 524y} the optimal regularity of the electric field.
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Lemma 7.4. We assume that the bounds in the Proposition 7.1 and Lemma 7.2 are valid. Then

||@v||L26gaa(Q)Scngnw o lollyzag) < Co

lovl v 2o o) < IIVEVIL=2@) 0l < Co

lov?|l s, e cllellz=e@ Ivlly0) < Co
@

Lt (Q)

lovll sgzs ) < ¢ || v?]|erdl3o) || g o2 BT/ <

bl L35 (@)

<1

=1

N

ZJiU

=1

||UHL2,6(Q) S OO \/g
L2(Q)

L43/2(Q)

Further we shall need an improved bound on the pressure. This is also fairly standard, and therefore
we give the proof in the Appendix.

Lemma 7.5. Assume that the relation (25) is valid:

B /fa > 3, then ||p||1+1/0(g) < Co;

W f3/2<a<3,r(QT)>dandl-J=0,then|pl .2 < Co.

iraQ =

The only piece of information still missing in order to obtain a bound in the natural class is the estimate
on the vector ¢. This is the object of the next section.

8 A priori estimates for the (relative) chemical potentials

In this section we show that a combination between the estimates on the reaction driving forces
DR, DV and the control on the gradient of the relative potentials (g1, . .., qy_1) = Il (cf. Propo-
sition 7.1) and the balance of total mass (Proposition 6.2) allows a control in time on the L?—norm of
these functions in the sense of the natural class B.

The starting point is a given pair (o, q) € L>%(Q) x L*(Q; RY~1). We define p := %(o, q), and
p = Eq if |q| is finite. An essential ingredient of the proof is the balance of total mass valid for all
t €]0, T'[ implying

> . s A ~ 47 .

p(t) € {p°Y @ span{~',... 7% 4", .. AT Y= (Yo W. (65)

At every point where o > 0, we may resort to the representations

Vi 1
Oh(p) =c;i+ K—F'(p- L)+ kg — Iny; (66)

i m;

pi— = Eq- (¢ =€) = (Eq+ M (0, ) 1) - (¢' =€) (67)
:Ci—Ck—FK(%—;—’;) Flip- L)+ kg ( ,lnyi—miklnyo.
Let 5 :=dim W and b',...,b° € W be abasis of W (0 < 5 < s).

We call a selection S C {1,..., N} critical if the span of the vectors Ps(b'),. .., Ps(b®) is a true
subspace of Ps(RY). The manifold Wg := span{Ps(b'), ..., Ps(b*)} @& Ps:(RY) has at most
dimension N — 1.

The critical manifold was first introduced in the paper [DDGG16] and is defined via (29). We commence
stating an obvious estimate, that results from the Proposition 7.1.
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Lemma 8.1. Define Py, : RY — W the orthogonal projection on the subspace W . There is C
depending only on § such that

[ Pw pllz2q) + 1 Pw el 2(s)
< C 1+ IVall2@) + [Plw@ + DT FLes) -

Proof. Consider at first a vector v € RN, k € {1,...,s} associated with the bulk reactions.
Since we assume at least quadratic growth of the potential U (17), then obviously ||/ - 7’“||L2(Q) <
[DR] 1, (9 r+)- By assumption, v*- 1 = 0 for all k. This means that there is a constant ¢y, depending
on W and the choice of the projector IT such that |V (7" - 11)| < ey [VIIp|. We also obtain (trace
theorem) that ||z« - v* || z2ry < C || - ¥*|lwr1.2(q). Thus

HM 8 ||L2 <C (HVHMHH(Q;R(N—UXB) + ||DR||L2(Q;R5))
S (HVH,U”L%Q;R(NA)M) + ¢y [DR]L‘I,(Q;Rs)) S OO .

For k € {1,...,5"}, we analogously observe that |u - 4¥| < |D"R| which is bounded by the
data in Lgr and therefore in L?(]0, T[xT") (17). We make use of the fact that |1 - 4*||12(q) <
C (V- ) ez + Il - A¥[ 2o, 7ixr) ), and the claim follows. O

As a preliminary tool to the main estimate of this section, we have the following Lemma.
Lemma 8.2. Lete > 0. Foru € L'(Q), define

A(u):={z€Q:ulx) <e'}, Blu) ={r €Q : ulx) > —e'}.
For > 0, there is C* = C*(8) depending only on 2 such that for allu € W1 (Q)

min{As(Ac(u)), A3(Be(u))} > 6

lmpl/esthat
lullzi@) < C7(0) (IVullr @) + ¢ max{As(Ac(u)), As(Be(u))}) .

Proof. We at first show that for all 6 > 0, there is ¢ = ¢(¢§) depending only on €2 such that

lullzra < () (HVUHLI(Q)eraX{ Ay \u\}) )
A B

for all u € WH(Q), forall A, B C Q such that min{|A|, |B|} >§.

Otherwise, there is dy > 0 such that for all j € N, one finds u; € W'(Q) and A;, B; C €,
|Aj|7 |B]| > (50 and

el > g (ijrumwmax{ Iy \uj|}>.
A; B;

Consider @; := u;j/||u;| 11 ). Then, |G |lwri) < (VU] + 1 < j7! + 1. Consequently,
there are a subsequence (no new labels) and a I|miting element u € Ll(Q) such that u; — u
strongly in L*(£2). But since V; — 0 strongly in L'(2), @ must be a constant. Since also u™* |A;| +
|u~| |B;| — 0, it obviously follows that % = 0. Thus 1 = ||, || 1) — 0, a contradiction.
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Foru € L'(2), we apply (68) with the choices
A={zeQ ux)<e'}, B:i={rcQ: ulx)>—c'}.

It follows that either min{|A|, |B|} < ¢ or that

follrey < <(0) (19l +max{ [ 11, [ el })

1
c(0) (IVull oy + - max {|A4], |B]}).

We now prove the main result 3.1. First we recall the statement.
Theorem 8.3. Assume that p(t) € {po} & W forallt € [0,T). Lets := dim W and b, ... b be
a basis of W. Then, if dist(pg, M) > 0, the estimate
1 S *
lall2qry—1y < (ko T2 + 101 - - 0% - )l L2gsms) + <6 11Vl p2 (g riv-1xsy)
( )
is valid, where ¢, and ko depend on dist(pg, M)

Proof. Fort €]0, TY, we define 7(t) := S5 _, [|b" - w(t)|| L1 )s and do(t) := || Va(t)| L1

Preliminary: Consider for i = 1,..., N the function ¢; := p; — max;—,__n ;. Theng < 0
componentwise.

Moreover ¢; possesses the generalised gradient V§; = Zgzl V(i — pig) XB;, Where the set B;,

obeys the definition B;, := {x € Q : p;, = max;_;__n p;}. Recall that for all i # iy, the vector
et — e’ belongs to span{f’l ., EN71Y Therefore, we can show that
/|qu-<t>|:2/ — i) |<c2/ Va(t)
Q i0=1 i0=1
= Cdo
First step: Now, exploiting Lemma 8.2 with u = ¢; (recall that cj;r =0forz =1,...,N), we obtain

for §, e > 0 and t €]0, T the alternative

13 ()21 (0) < C*(0) (do(t) + € A3(€2))
or (69)

A({z : gi(t, 2) > —=1}) <6

Due to the definitions of ¢, io and (67), there holds in B;, C 2

g Vi
o= g (2= ) P ) 0L T 2 )

m; My

Thus

Iny; < 72 g, + 725 (G + 2|cloe + sup |52 = T F' (7 p)). (70)

jk=1, .N
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1
8 |c|oo

.o 7= SUD; 11 N 1Y L’;| andfore > 0andt €]0, T

mj m

Ad) = {2 [P plt. )] < o)

Due to the inequality (70), the set inclusion

We define ¢y :=

{2 Gt, 1) < =2 N A S {o : yilt, @) < e ZhoTe) (71)
is valid. We next observe that the set €2 \ A.(t) can be decomposed via

Q\A(t) = CH () UC (1)
Co(t) ={a + F'(5 - p(t,2)) < — g0}

Due to the asymptotic behaviour of the function F” (see (12)), there are ¢; > 0 and kq, ks > 0
depending only on F' and a such that

k
xeC(t) = ln(% p(t,x)) < M
€
+ |4 a—1 152
reCHl) = (Lop(t2)* ' > 2
€
In particular, it follows that
Co S{z: max pi(t,z) < .;vi@_?l% (72)
1=1,..., min;—i,... N E

Thus, invoking (71) and (72) we obtain that
{z Gt z) < =N (Q\CI(1)

C ot gty o) Se w0 ULz : max pit7) <

Ly

e el (73)

<I3

Here m := max;—;,__nym; and V := min,;—; _n V;. On the other hand we readily see that

/

o (€
M(CHO) < el s (507 () 74

i=1,...,

Thus, if \s({z : ¢;(t, ) > —1}) < &, we can invoke (73) and (74) to see that

e

|
o |2

)

a/
€
5
Forall 0 < e < min{e, €1} and 0 < 0, we therefore obtain from the latter and (69) that

16:(t) |20 > C*(0) (do(t) + € As(2))
implies

No({o s pilt,e) < e T} U{e s max pi(ta) <

i=1,...,

<13

> A3(2) = — lollz=ag) (%)a

VR

e

) > X\g(Q) — 6 — Coe'.

o |7
—

(o : itr) S e Pw0 Uz : max pit7) <

=1,...,

I<I3|
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We further note that

/pi(t)é/ m pﬂr/ b
Q {z:yi(t,x)<e 2kBOe} {z:max;—1_ . N pi(t,x)< €}

,,,,,

L
+l1pill L) (0 4+ Co e ) or

__Mi _ _; o 1
<mie 2ks0¢ |[nflperio) + e e Ag(Q) 4 [|pill Loca(q) (6 + Coe™) e

Forall 0 < e < min{eg, €;} and 0 < &, we therefore obtain that

d:(t) ][z @) > C(8) (do(t) + € " A3(€2))
implies (75)
1 _ G
pit) < Co (007 +max{e, e™ ¢ }),
where Cy, C'; are certain constants depending on the data.

Second step: Let ¢t €]0,T[. Consider i; € {1,..., N}. Then, we claim that there are constants

co, c1 > 0 depending only on the vectors b', . .., b* and a critical index set J D {41} such that
inf|g;(t)ll2r0) 2 co (ldn ()21 —exrolt). (76)
We prove this inductively. Suppose that X' C {1,..., N} is any non-critical index set. Then, by
definition, there are for all k € K coefficients A¥, ..., \¥ such that
=D A P(b) =D A =D N Pre(bY)
=1

Thus, elemetarily

lsllzre) < sup !Ae\(ro()JrSésup 6o max[1d; 220 -

----------

Choosing £ € K such that ||§k||L1(Q) maxc i ||%||L1 and { € K° such that max;c g« ||q]||L1(Q)
HQeHLl it follows that

g{%@} 15111 @) = m(maXHqJHLl — [Aso70(t)) -

Applying this iteratively, we prove the subclaim (76). Now, assume that for parameters 0 < ¢ < ¢
and 0 < 4, the inequality

16, (D)l| 1oy > 5 (C7(8) (do(t) + €7 As(Q)) + ea 7o (1))

is valid. Then, there is a critical selection J O {i; } such that
inf [16(8) |10y > C*(9) (do(t) + €7 As(2)).
Employing now the first step, (75),

1 Cy
max 5;(8) < Co (6% + max{e, ¢ <))
J
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Thus, we have proved the new alternative

16, (W)l 1oy > 55 (C7(8) (do(t) + € As(Q)) + ex 7o(t))

implies that there is JJ D {4} critical such that (77)
1 C
max 7 (t) < C (69 +max{e, e« })
je

Third step: By assumption dist(pg, M) > 0. Thus, for every critical selection .J, the definition (29)
implies that | P;(p(t))| > dist(pg, M) > 0. This in turn implies that

max p;(t) > N ™' dist(pg, Men) -

JjeJ

Thus, there are g > 0 and & > 0 depending only on dist(pg, M) such that the hypothesis in (77)
yields a contradiction for all § < dp and 0 < ¢ < min{eq, €, € }. For dy := dist(pg, Mei) one
may choose

o —
dp = min{1, (4NC) }, € mm{mcO C—Cllo}
|In 4NC()‘

Conclusion: We resize k := C*(%) e 7! A\3(2). For k > ko = C*(%2) A3(Q) [min{eo, €1, &},
the set of times such that

{t + colldu®llpe) — C* (%) do(t) — crmolt) > k}

has measure zero. Thus, standard arguments show that

N |

co 14 r21@) — C* (%) doll r20,r) — 1 7ol 2y < ko T

The claim follows easily. O

If the vector of initial total partial masses pg is on the critical manifold, we can prove that species do
not vanish only locally in time. We will then rely on the following simple observation.

Lemma 8.4. Assume that (65) is valid. Define

T :=inf{t € [0,7] : min_ p;(t) =0}.

i=1,...,

Then, there is a time I, > 0 depending on By (cf. (62)) and oninf,—y _n /3? such that'T™™ > 1y, and
”qHL?(Qt;RN*l) S CO,t forallt < T™.

Proof. We recall Proposition 7.3, and we see that |5(t) — p°| < Co ®*(t,0) for all t € [0, 7). Thus,
if Ty is such that inf,—; _n p? — Co ®*(T,0) > ¢ > 0, we obtain that inf,—; __x pi(t) > ¢ for all
t € [0, Ty]. Due to the first step of the proof of Theorem 3.1, it then follows that

l6: ()l @) < C* (%) (do(t) + € A5(Q2))

on [0, To)foralli = 1,..., N, § appropriate, and all ¢ < min{eg, € }. The claim follows. O
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A Proofs of some auxiliary statements

We prove the Lemma 7.5.

Proof. The proof relies on the availability of a solution operator to the problem
divX = finQ2, X =00n0, (78)
for all f having mean value zero over €2, so that for all 1 < ¢ < +oc the estimates
1 X lwra@) < cqllflla@y, 1 XN za@) < cq | Fllgaar gy (79)

are valid. For details about the solution operator, see among others [FNP01], section 3.1.

We begin with the case a > 3. Then, for ally € CL([0, T[; C1(€; R?)) the function p satisfies

/pdivn:—/gv-nt—/gv@)v : Vn—l—/S(Vv) - Vn
Q Q Q Q
N
—/(ZJZ'V)U'U—/QOUO'U(O)"’/WFVCb'??-
Q =1 & Q
We make use of the estimates
[even| < ol g g 1]

. 2 .
\ [even: a) < 1ol g 1990~ e

N

ZJév

i=1

\ /Q S(Vo) : V| < ¢ Vol 1Vl
1Vl s

N
JOSE R
9 -t 112/2(Q)

\ /Q V6| < In" Vollsonio [l i)

IN

< c|ln” Vol @ lll oo, wra @) -
Let ¢ €]0,T[ and consider according to (78) a solution to the problem
div X = p(t) — o(t) in Q, X = 00n 02

Since 0(t) = || 0ol 1 () for all £ as a consequence of (25), we obtain the estimate

| X lwre@) < c(llo()]|ze@) + lloollzr@) -

The identity (25) also implies that

N
— y = -V J'-Vep = 0 forall cX0,T; CY(Q)),
/ng /Q‘”’ ¢+/Q; ¥ = Oforall y € C(0,T; C1(@))
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and since we assume « > 3, this yields

N
loell 2o w2 < llevllz) + 1) Tz
=1

N
<c IIQvlle,m(Q) +11) T llzag) < Co.

6+a
i=1
Thus the properties (79) imply that

1 Xl 20y < clloell 20, w2y < Co-

Owing to the inequalities 6a/ (5o — 6) < 2 and 3o/ (2ce — 3) < «v, we see that | pr div X| < (.
Thus pr 0 < Cy, and since p > ¢p'/ the claim follows.

If a < 3, then we assume that 1 - .J = 0, then p satisfies for all n € C1 ([0, T'[; C}(; R?))

/pdivn:—/gv-nt—/gvébv : V?H—/S(Vv) - Vn
Q Q Q Q
—/Qovo-n(0)+/nFV¢-n.
Q Q

We apply the estimates (80) for the right-hand except for the last one. Note further that 3a/ (2 —3) >

3, and therefore 8 > min{3, r(2, I')} > o' by assumption. It follows that [% > 1, and therefore

F _ F
[ o Ton] < ISl gl e < Coll

nll o e
(@) L Q) Lee(0,T; W (©2))

It can be shown using (25) that ¢ is a solution to the continuity equation in the sense of renormalised
solutions (see [Lio98] or [FNP01]) and that it satisfies for all s > 0 and ¢» € C}(0,T; C'(Q))

_/QQS%Z/QQSU.V;ZJJF(1_S)/Q/)S div o).

Defining 7 := 2av/(2s + «)
lo*(#) divo(®)l|r@) < [ divo®)]c2) [le®)[7e@) < Colldivo(t)l|rz) -
0° divv|| 2y < Co. Moreover, defining 7 = 6a/ (65 + )
lo()* v(t)[| 7y < o) 7a@) lv(®)] o) < Co llv#)llzs() »

and this shows that || 0° v|| 2.7(g) < Co, T = 6/ (65 + ). Making use of the Sobolev inequality

/QQS e
2

For the choice s = Za — 1, it follows that ||(0®)'||

solution to the problem

Thus,

< Co (VP o ) + 1Pl 2 () < Colll

6 .
L2(0,T; W 5265 ()

1, 6o < (. Now we consider a
L2(0,T; [W ' 6+a (Q)]%)
div X = 0°(t) — 0°(t) in 2, X = 0on 0N
i o < o
We obtain that ||X||LW(O,T;W1’?¢§T$(Q)) < () and that ||Xt||L2,,7§=_76(Q
pr div X is finite, and the claim follows. O

: < Cy. We see again that
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B A special estimate forc > 0Oand 7 > (

In the case o > 0, the dissipation inequality provides /o ||V 1| r2(g) < Cj as an additional informa-
tion. Thus, a gradient bound for all coordinates of the vector p. We recall that we can always express
p = Vh*(u) with the mapping of Lemma 4.7, and therefore

Vo= (Vu-D*h* (). (81)
By means of the inequality (38), this shows that
Vol < CrolVul. (82)
Lemma B.1. Assume o > 0. Then || In o| 105, < Coo™ /2.

Proof. Let1 > ~ > (. Due to (81), (82)

Vin(e+7)| <G

0
QJWIW! < C1|Vpl.

Thus, /o [V In(o + 7)||r2(q) < C.Lete > 0. Fort €]0,7T], we can always show that [{z €
Q :In(o(t) +7) < e '} > 19| - Cy e~ <. Applying (68) (see the proof of Lemma 8.2), we find a
decomposition |0, T'[= I; U I5 such that

Joo 1 i0(t) + )] < C6) ((IVIn(e(t) + Dlsrey + ) tort € 1
H{z € Q : In(o(t) +7v) > -1} <o fort € I.

In particular, choosing v < 2~ e~ /¢,

Jo I In(e(t) + 7)1 < C*(0) (IVIn(e(t) + )z +€7') fort € Iy
Hz e Q: o(t)>27 e/} <6 fort € I.

Due to the global mass conservation, we find parameter ¢, > 0, d; > 0 depending only on the data
such that I, = () for all 6 < 0y and € < €. Thus

/Q!ln(@(t) +)| < C"(00) (IIV Ine(t) + ey + &) fort €]0,TT.

It follows that [, [In(o(t) + )| < C*(do) (Co o712 + ¢;1), and letting 7 tend to zero, the claim
follows. -

The Lemma B.1 allows to show the following statement.

Lemma B.2. Assume o > (0. Then
[((L-J7) - VIng,) |l < Covo.

Proof. Recallthat g, = S | dih 5(u7). For X € RY, recall moreover that d; % 5(X) = 0i(hs)*(X)+
7w (X;) (cp. (42)). Thus

D?.h* (X):Dzj(h(;)*(X)—i—Tw”(Xi)(&,j.

1,7'%71,0
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Making use of (38) and of the definition of h}"T
D2(hs)* 0,0 1-V(hs)* 0,0
| D= (hs)" (1 )|§C1 (hs)™ (1)
(X QJ5
0'5
:C QU5 7-21 lw( )Scl
22X

Moreover, owing to the choice of w, there is a positive constant c3 such that w” (X;) < c3w/(X;) for
all X € RY (cf. (43)), and therefore

W (1) 7w (1)
0rs L V(he) () + 7 3, @ ()
The two latter inequalities imply forz, 7 = 1, ..., N that
D2 * 0,0
MgclJr% =:Cs. (83)
00,5

For a while we are now going to forget about the J indices. We compute that

VIHQU_QU ZDZZJh:Ik' )V/L;r

i,j=1
D1, = D2hL-gl
= V(T )+ Y V),
VN o, ~ 0
where €1, ..., €V~1 are chosen as to form an orthonormal basis of 1+. Thus, introducing for k =
1,..., N the driving forces Dy, := Vpuj, + & V,, we obtain that
D2h*1 -1 s D21 - £ D2l - 2
Ving, = ————(1-D)+ Y —T—= (" D) ——™mV¢,.
\/NQU Zl Qo ( ) Qo

Making use of the identity — S~ | Ji7 = o (1 - D)

N

; D?*h:1 -1
=) J7 Vg, =0—=——(1-D)
i=1 \/NQU
N—1 N N
D?hx1 - ¢ o D?hrl- = io
S S () (€ D) - T (Y V)
(=1 o i=1 9o i=1
N-1 N N
D2hj']l gg 1,0 D2h:ﬂ % 1,0
>-> (D7) (€ D)~ (DT -Ve,). (84
(=1 %o i=1 o i=1

Since |¢° - D| < c|H D|<c¢vVMD-Dforl=1,. — 1, it follows that

ZJ“’ € - D)l <|’ZJi’g||L2(Q) I D|[z2(q) < Co Vo
=1
N

N
1O T) - Voellig <11
i=1

i=1
Thus, (83) and (84) imply that

||((]l . JG) -Vin QJ)+HL1(Q) S OO él \/E

@ [IVéollr2g) < Covo.
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